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CHAPTER 1

Introduction

In the series of papers [1] [2], [3], [4] written by Murray and von Neumann, they
introduce the notion of Rings of Operators (now called von Neumann algebras) and
their basic properties. One of the most studied classes of von Neumann algebras
is the class of group von Neumann algebras [4], which consists of a von Neumann
algebra LI" associated to every group I". One of the main questions in the theory of
von Neumann algebras is to identify properties of a group that are “remembered” by
the respective group von Neumann algebra.

In [5], Gromov introduced the notion of measure equivalence for groups as a mea-
surable analogue of quasi-isometry. This notion has been studied by many [6], es-
pecially, the invariant properties of groups under measure equivalence. For example,
in [7], Ornstein and Weiss showed that all amenable groups are measure equivalent.
Also, from work by Furman [8] and Popa [9], we know that property (T) is invariant
under measure equivalence.

Recently, Ishan, Peterson and Ruth introduced the notion of von Neumann equiv-
alence for groups and von Neumann algebras [10]. See section 5 for the definition of
von Neumann equivalence. This notion is a generalization of measure equivalence for
groups, which they also extended to the von Neumann algebra setting. One of the
interesting properties of von Neumann equivalence for groups is that many analytic
properties such as amenability, property (T) and Haagerup property are invariant
under this equivalence relation. All these properties have a characterization that
uses unitary representations, and this proof relies on inducing representations via the
equivalence. We use a similar technique in the von Neumann algebra setting using

bimodules, to show that all the above properties for von Neumann algebras are stable



under von Neumann equivalence.

In Chapter 2, we present some basic definitions and results about von Neumann
algebras. We also discuss some basic properties about bimodules, such as weak-
containment, mixingness etc. since we need those to define approximation properties
such as property (T), amenability and Haagerup property. We give definitions of
those properties using bimodules which we will later use in Chapter 4.

In chapter 3, we give the definition of von Neumann equivalence for groups and
von Neumann algebras from [10]. We also present some basic properties of these
notions and present the proof of the theorem from [10] that states two groups are
von Neumann equivalent if and only if their group von Neumann algebras are von

Neumann equivalent.

Theorem 1. Property (T), amenability and Haagerup property for von Neumann

algebras are von Neumann equivalent invariant.

If we have an N-N-bimodule H, we present a way to construct a new M-M-
bimodule through the von Neumann equivalence. Since all the above mentioned
properties have characterizations using bimodules, we use this induction of bimodules
method to show the stability of these properties under von Neumann equivalence.

We also show that L? rigidity is a von Neumann equivalence invariant:
Theorem 2. The property L*-rigidity is von Neumann equivalent invariant.

The notion of L2-rigidity is due to Peterson [11], as an analog of vanishing first £*-
Betti number, defined using derivations and their induced Markov deformations. We
first introduce a way to induce malleable deformations and we show that the induced
deformations uniformly converge if and only if the original deformations uniformly
converge. This proof also extends to L2-deformations. And since L?-rigidity is defined
by the uniform convergence of L?-deformations, this shows us that the L?-rigidity is

von Neumann equivalence invariant.



The notion of proper proximality for groups is due to Rémi Boutonnet, Adrian
loana and Jesse Peterson and first appeared in [12]. This class of countable groups
contain all non-amenable bi-exact groups and non-elementary convergence groups
but they don’t contain any inner-amenable groups. In [10], Ishan, Peterson and
Ruth showed that proper proximality is invariant under von Neumann equivalence.
At the time, a similar notion for von Neumann algebras did not exist. But Ding,
Kunnawalkam Elayavalli, and Peterson in [13] extended this notion to von Neumann
algebras. We give the definition of proper proximality for von Neumann algebras that
uses strong bimodules developed by Magajna in [14], [15], [16]. We show that this

notion is von Nuemann equivalent invariant.

Theorem 3. Proper proximality for von Neumann algebras is von Neumann equiva-

lence invariant.

This thesis is based on the joint work with Dr. Peterson and Dr. Ding.



CHAPTER 2

Preliminaries

We first introduce some definitions and basic properties of von Neumann algebras.

Proofs of the propositions in this chapter can be found in [17] and [18].

2.1 Von Neumann Algebras

Let 3 be a Hilbert space. We define the weak operator topology (WOT) and the
strong operator topology (SOT) on B(JH) as the topologies induced by the seminorms
{z = (& n)|:&neH} and {z — ||z : € € H} respectively.

A s-subalgebra M C B(H) with 1 € M is called a von Neumann algebra if
M =DM"". We can equivalently define a von Neumann algebra by considering the
strong operator topology instead of the weak operator topology. This is an immediate
result of the von Neumann bicommutant theorem, which we state below.

Let 3 be a Hilbert space and 8§ C B(H) be a set. The commutant of 8, is the set

8 ={r e B(H): Sx=aS, VS € §}.

Now let X C H be a subspace. For z € B(H), X is said to be invariant for x (or K is
x-invariant) if zK C K. K is said to be reducing for x if it is invariant for x and z*.
For a x-subalgebra M C B(H), X is said to be reducing for M (or K is M -invariant)
if MK C K.

Theorem 2.1.1 (von Neumann). Let M C B(H) be a x-algebra with 1 € M. Then
we have M =DM"" = M".

We define two new topologies on B(H) called o-strong and o-weak topology, or



0-SOT and 0-WOT. They are induced by the collections of seminorms

{om (S heel?)™: (e e cu30)

and
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respectively. If we embed B(H) in B(H®(*N) by z — x ® id, then the o-WOT (resp.
0-SOT) is the subspace topology induced by the WOT (resp. SOT) on B(H&¢?N). Also
on (norm) bounded sets, WOT (resp. SOT) and g-WOT (resp. 0-WOT) coincide with
each other.

A linear functional ¢ : M — C on a von Neumann algebra M is called normal if
it is continuous with respect to the o-woT. Also ¢ is called positive if ¢p(x*z) > 0
for each x € M. It can be seen that if ¢ is positive, then it is bounded. We also see
that ¢ : M — C is positive if and only if ||¢|| = ¢(1). A tracial state (or simply, a
trace) on a von Neumann algebra M is a positive linear functional 7, with ||7]| =1
and 7(zy) = 7(yx) for z,y € M.

A von Neumann algebra M is said to be tracial if there is a normal trace 7 on
M such that 7 is faithful: # = 0 whenever 7(z*z) = 0. A von Neumann algebra M
is said to be finite if there is a normal faithful center-valued trace on M, i.e., there

exists a unital linear map 7 : M — Z(M) such that
(i) 7(z*x) > 0 for each x € M, and 7(z*z) = 0 implies x = 0,
(ii) 7(zz) = 2z7(x) for each z € Z(M) and v € M,
(iii) for any increasing bounded net z; € M, T(sup z;) = sup 7(z;),
(iv) 7(zy) = 7(yx) for x,y € M.

Also a separable von Neumann algebra M is said to be semi-finite if there is a



faithful, normal, semi-finite tracial weight on M, i.e., there is a map Tr : M, —

[0, oo] such that
(i) Tr(Az +y) = XTr(z) + Tr(y), for z,y € M4, A > 0,
(ii) Tr(z*x) = Tr(xa*) for z € M,
(iii) for every x € M, \ {0}, there exist y € M, \ {0} with y <z and Tr(y) < oo,
(iv) Tr(supz;) = sup Tr(z;) for every bounded increasing net z; € M,
(v) Tr(x) =0 if and only if z = 0.

Define nty = {x € A | Tr(2*z) < oo} . The definition domain of Tr is defined as

n
my = {nyxi | zi,y: € nTr}.
i=1

Tr is extends to mp, as a linear map.

If M is a von Neumann algebra, then we denote by M°P the opposite algebra,
which we will identify as a von Neumann subalgebra of B(L*(M)) via the formula
x°? = Jx*J, where J is Tomita conjugation. On occasion we will have to consider
von Neumann algebras M that contain isomorphic copies of both M and M°P for a
finite von Neumann algebra M. In this situation if a € M, then we will write a° for
the corresponding element in M°P C M, and we will write a°® for the corresponding
element in M°P C B(L?*(M)). In doing so we we hope to avoid cumbersome notation
and confusion as much as possible.

The left-reqular and right-regular representations of a group I' are the represen-

tations A : T' — U(¢?T") and p : T' — U(¢?T") given by

(&) () =¢&(g7 ")



and

(pg€)(-) = &(-9)

respectively. The (left) group von Neumann algebra is defined as LI' = \(I")”. Simi-
larly, we define RI" = p(I")".

Proposition 2.1.2. Let T" be a discrete group. Then 7(x) = (26, d.) defines a normal

faithful trace on LI'. In particular, L' is a finite von Neumann algebra.

Let M be a tracial von Neumann algebra, B C M a von Neumann subalgebra
and let e € B(L?M) be the projection onto L>B C L*M. The von Neumann algebra
(M, ep) generated by M and by the projection ep is called the extension of M by B,

or the Jone’s basic construction for B C M.

2.2 Hilbert Modules
The notion of Hilbert modules were first developed by Paschke [19] and Rieffel [20]
in order to develop the non-commutative analogue of fiber bundles over topological
spaces.

Let A be a C*-algebra. A (right) pre-Hilbert module over A consists of a complex
vector space X which is an algebraic right A-module, equipped with an A-valued

inner-product (-, -) such that for all £,7,¢( € X, A € C, and a € A we have:
(i) (€,€) >0 and (¢,€) = 0 if and only if £ = 0,
(i) (€, +AQ) = (&) + A& ),
(iil) (&, na) = (&, ma,
(iv) (&m* = (n,6).

Lemma 2.2.1. For all 577] € x} we have <£777><777£> < H(Tl77]>|’<£>€>



Now set [|€]| = [|{£,€)]|*/2. Then from the previous lemma ||(&,n)|| < ||€]|||n], and
therefore it follows that || - || gives a norm on X. Moreover, for £ € X and a € A we
have ||¢al| = [|a*(&, &)al|*? < ||€]|||la]|. Thus X is a normed A-module.

A pre-Hilbert module X over A is a Hilbert A-module if it is complete with respect
to the norm [[€] = [1{6,€)] 2.

Example. If A is a C*-algebra, choose X = A with the inner product (£, n) = £*n.
Then this is a Hilbert A-module.

Let £ C B(X;) and F C B(X3) be two operator spaces, i.e., closed subspaces in
B(X;). Now embed £ ® F C B(K;®X;3). We denote by E ®uin F, the C*-closure
of E® F and in the case where both £ and F are weakly-closed, EQF, the o-wWOT
closure of £ ® F. Also if we have two operator spaces E and F', then we can show
that the algebra of completely bounded maps from E to F, denoted CB(FE, F), is
again an operator space using Ruan’s axioms ([21]). So it is now easy to see that any
Hilbert space H = CB(C, H) has an operator space structure.

Suppose M is a von Neumann algebra and H is a Hilbert space. Then on the
algebraic tensor product M @ H we can define an M-valued inner product given by
(x@&y@n)m = (n,&)y*r. This inner product extends continuously to M i, H.
Then the Hilbert M-module structure on M @i, H extends to MQH such that (-, )y,

is separately o-weakly continuous.

2.3 Bimodules

Let M and N be tracial von Neumann algebras. A (left) M-module is a Hilbert

space H together with a normal unital *-homomorphism (not necessarily injective)

m: M — B(H). If 7 is faithful, we say the M-module is faithful. A right M-module

is a Hilbert space H together with a normal unital *-homorphism p : M°P? — B(3H).
An M-N-bimodule (also called a correspondence from M to N) is a Hilbert space

H together with normal unital x-homomorphisms 7 : M — B(H) and p : N°? —



B(H) such that 7(M) and p(N°P) commutes. We refer to 7 as the left action and to
p as the right action. Also we use the notation a&b := m(a)p(b°P)¢, for a € M, b e N
and £ € H. An M-N-bimodule H is sometimes denoted by ;Hy. Also we denote
the collection of all the M-N-bimodules by Bimod(M, N).

For a von Neumann algebra M the trivial M-M-bimodule is the bimodule L2M
with the left and right actions given by = -2 -y = 72y for 2,y € M and 2 € L?>M.
The coarse M-M -bimodule is the bimodule defined by L2M®L?*M with actions x -
(E@n)-y=zf®@ny where z,y € M and &, € L*>M.

Suppose p;Hy; is an M-M-bimodule. We say a non-zero vector £ € H is a central
vector (or M -central vector) if z& = &x for all x € M. A sequence of non-zero vectors
{&.} in H is said to be almost central (or almost M-central) if ||z&, — &,x|| — 0 for
all x € M. These are the equivalent notions to invariant and almost invariant vectors
in the group case.

Let M and N be von Neumann algebras and let J{ be an M-N bimodule, i.e.,
is a Hilbert space endowed with commuting normal *-representations of M and N°P
on H.

We fix a normal faithful state ¢ on N, and let L?(N,¢) be the corresponding
GNS-construction with canonical cyclic vector 1,. We let J-Cé denote the space of left
bounded vectors (with respect to @), i.e., £ € H% if and only if there is K > 0 such
that ||{z|| < K||z1,]|, for all z € N. In this case we may define the bounded operator

L¢ : L*(N, ) = H by Le(z1,) = £x. We also set
H" = {Le | € € HE} = Buoo (L*(N, ), H),

the space of N°P-modular operators in B(L?(N, ), H). The bimodule structure on
HT is then given by pre and post composition and hence this is a dual normal M-N

operator bimodule.



We may check that L{L, € JNJ NB(L*(N,¢)) = N and so we endow an (linear

in the second variable) N-valued inner-product on H* by

<€7 77>N == Lan

In this way we may view H” as a dual Hilbert N-module that is a normal left M-
module.

Conversely, if K is a normal Hilbert N-module and we have a normal representa-
tion of M in By (X) then we may consider the Hilbert space K&y L?*(N, ¢), which is
a normal Hilbert M-N bimodule.

Let M and N be two tracial von Neumann algebras, H € Bimod(M,N), ¢ >
0, EC M and F C N be finite sets and S = {&,...,&.} € H. Then define
V(H;e, E, F,S) as the set of all X € Bimod(M, N) where 3, ..., n, € K such that
}(xfiy,§j> — (:mw,m}! <e,Vr € E,y € F,Vi,j. The Fell topology on Bimod(M, N)
is induced by the basic sets of the form V(H;e, E, F, S).

Now we define weak-containment for bimodules as follows:

Let H and X be two M-M-bimodules. We say that I is weakly contained in X,
denoted by H < K, if H € {K®>®} in the Fell topology on Bimod(M, N). Notice
that this is equivalent to the statement: for any £,n € H and F' C M where |F| < oo,
there exists &,,n, € K such that (x€y,n) = > (x&,y, n,) for every z,y € M.

And we also give the definition for mixingness for bimodules, which is due to
Peterson and Sinclair [22]. This definition is inspired by the mixing representations
in the group setting. We say that an M-M-bimodule I is mizing if for any net

u; € W(M) with u; — 0 weakly, we have

lim sup |<ui§$,n>‘ = lim sup |<xfui,n>’ =0

70 |z <1 70 |z <1
forall £,n € H. If B C M is a von Neumann subalgebra we say H is mixing relative

10



to B if for any net u; € UW(M) with |Eg(au;b)||2 — 0 for every a,b € M, we have

lim sup |<ui£x,n>‘ = lim sup |<x£ui,n>‘ =0

1700 ||| <1 1700 |l <1

for every &,m € H.

2.4 Approximation Properties
Property (T)
Let N C M be a trace preserving inclusion of tracial von Neumann algebras M and N
with trace 7. The inclusion N C M said to have the relative property (T) (or that N C
M is a rigid embedding, or N is a relatively rigid von Neumann subalgebra of M) if for
any € > 0, there exists a finite subset /' C M and 6 > 0 with the following property:
If ¢ : M — M is a trace preserving u.c.p. map satisfying max,cr |[|¢(z) — z|]2 < 6,
then ||¢(a) — alla < €lla|| for all @ € N. We say M has property (T) if the identity
inclusion M C M has property (T). This definition is independent of the choice of
trace on M.

The condition that ¢ be unital and 7-preserving can be relaxed in the following
way: If ¢ : M — M is a c.p. map such that ¢(1) < 1 and 70 ¢ < 7, then the map

¢ : M — M defined by

(p=¢+7—Todif (1) = 1) is a w.c.p. map such that 7o ¢ = 7. Also note that

by Kadison’s inequality, 7 o ¢ < 7 implies

1/2 * 1/2 %
<7 (¢(aa))? < 7(@a)/* = ||all»

I¢(a)]l2 = 7 (¢(a)"é(a))

for each a € M. In particular, ¢ is normal.

11



The definition of property (T) for von Neumann algebras is due to Connes and
Jones [23], and the relative property (T) is due to Popa [24], see also [9]. This notion
is consistent with property (T) for groups, i.e, a group I" has property (T) if and only
if LT has property (T).

There is another characterization of property (T) for von Neumann algebras using
bimodules. This characterization aligns well with the way we defined property (T) for
groups using representations since bimodules are the direct counterpart for unitary
representations in the world of von Neumann algebras. The following theorem gives

us another way to define property (T):
Theorem 2.4.1. Suppose M is a 11y factor. The following are equivalent:
(i) M has property (T);

(ii) If 3 is an M-M-bimodule with almost M -central vectors, then J contains an

M -central vector;

(iii) If H is an M-M-bimodule with almost M-central vectors {&,} and (x&,,&,) =
(&nz, &) = 7(x) for all x € M, then there exists {n,} C H such that each n, is

M -central and ||&, — || — 0.

Amenability
We say a von Neumann algebra M is amenable if it has a concrete representation as
a von Neumann subalgebra of some B(JH) such that there exists a conditional expec-
tation £ : B(H) — M. The existence of E does not depend on the representation
M C B(H). We also have that a countable group I' is amenable if and only if LT is
amenable.

Amenability for groups can be defined in terms of representations: we say a group
I' is amenable if the trivial representation 1p is weakly contained in the left regu-

lar representation, i.e., 1r < Apr. There is an analogue of this characterization of

12



amenability for von Neumann algebras given by the following theorem:

Theorem 2.4.2. Suppose M 1is a finite von Neumann algebra. Then we have M is
amenable if and only if the trivial bimodule is weakly contained in the coarse bimodule,

ie., I2M < LM @ L>M.

Haagerup Property

For groups, Haagerup property is defined as follows: A group I' has the Haagerup
property if I has a mixing representation which has almost invariant vectors. Notice
that this notion is, in a way, at the ‘opposite’ end of the spectrum to property (T)
since mixing representations don’t contain invariant vectors. And we define Haagerup
property for von Neumann algebras simlarly: We say a finite von Neumann algebra
has the Haagerup property if M has a mixing bimodule with almost M-central vectors.
Of course these two definitions are compatible with each other, i.e., a group I' has

the Haagerup property if and only if LI" has Haagerup property.

13



CHAPTER 3

Von Neumann Equivalence

In this section we present some basic results about von Neumann equivalence for
groups and von Neumann algebras. The notion of von Neumann equivalence is first

introduced by Ishan Ishan, Jesse Peterson and Lauren Ruth in [10].

3.1 For Groups

Let 0 : I' ~ M be an action of a discrete group I' on a von Neumann algebra M. A
fundamental domain for the action is a projection p € M, such that {o,(p)}4er gives
a partition of unity, i.e., {o4(p)}ger is a collection of orthogonal projections which
add up to 1.

A wvon Neumann coupling between two countable groups I' and A consists of a
semi-finite von Neumann algebra (M, Tr) and a trace preserving action I' x A ~ M
such that there are finite trace fundamental domains p and ¢, for I' and A-actions
respectively. And we say I' and A are von Neumann equivalent if there is a von
Neumann coupling between them. This is denoted by I' ~,ng A.

This is in fact an equivalence relation. Reflexivity can be seen by looking at the
[-coupling ¢*°T" and symmetry is obvious. The following proposition gives us the

transitivity:

Proposition 3.1.1. Let ', A and X be three countable groups and assume the semifi-
nite von Neumann algebras M and N are (I'; A) and (A,X) couplings respectively.
Consider the natural actions of I' and ¥ on M®N and the diagonal action of A on
MERN. Then MRN has a A fundamental domain and the induced semi-finite trace

on (M@N)A gives a (T', ) von Neumann coupling.

Suppose o : A ~ M is a trace preserving action of a discrete group A on a semi-

14



finite von Neumann algebra M which has a finite trace fundamental domain p and
7w : A — U(H) is a unitary representation. We can give a dual M-structure for MR

by defining the M-valued inner product,

(a®&b@n)y = (n,&)a"b; for a,b e M and &,n € H.

So for s € A and z,y € MK, ((0, @ 75)z, (05 @ Ts)y)y = 0s((x,y)n). Thus the
space of fixed points (M®F ) is a dual Hilbert M*-module. So there is a normal rep-
resentation of M on M®@H given by the left multiplication and thus we can represent
MA on (M@H)A.

If ' ~ M is another trace-preserving action of a discrete group I' on M which
commutes with the action of A, there is a I-invariant trace 7 on M* (Proposition
4.2 in [10]). Define a scalar-valued inner product on (M@H)™ by (y, z) = 7({x, y)n).
Denote the corresponding Hilbert space completion as (M®H)2. Now we denote by
7y the unitary representation I' ~ (M®X)A. In this way we can induce unitary

representations through von Neumann equivalence.

Proposition 3.1.2 (Prop 6.15, [10]). Let 7 : A — U(H) and p : A — W(XK) be two
unitary representations of the group A and let T' x A ~ (M, Tr) be a von Neumann
coupling. If m < p, then we have T < pm, and if m is weak-mizing, then my
has no non-zero invariant vectors. Moreover, Ay is a multiple of the left-reqular

representation of T.

Proposition 3.1.3. Let M be a von Neumann coupling for I' and A. IfT" has property
(T), then so is A.

Proof. Let 7 be a unitary representation of A which has almost invariant vectors, or
equivalently, 15 < 7. Then 1p C (15)n < my. But since I' has property (T), my
contains non zero ['-invariant vectors. So 7 is not weak-mixing implying 7 has a finite

dimensional A-invariant sub representation. So A has property (T). ]

15



Proposition 3.1.4. Let M be a von Neumann coupling for I' and A. IfT" is amenable,

then so is A.

Proof. Notice that if A is amenable, then 15 < Ay. Then 1p C (15)p < (Aa)nm. But
since (Ap)n is a multiple of the left regular representation for I', we have that I is

amenable. O

3.2 For von Neumann Algebras

Let M C M be an inclusion of semi-finite von Neumann algebras where M is a factor.

A fundamental domain for M inside M is a realization of the standard representation

M C B(L*M) as an intermediate von Neumann subalgebra M C B(L*M) C M, i.e.,

an embedding 6 : B(L2M) < M such that 6|y, = id. The fundamental domain is

finite if finite-rank projections in B(L*M) are mapped to finite projections in M.
Notice that if P = B(L*M)’ N M, then we have M = B(L>*M)®P. In fact this is

given by the map B(L2M)QP > T @ x — Tz € M.

Definition. A von Neumann coupling between two finite, countably decomposable
von Neumann algebras M and N consists of a semi-finite von Neumann algebra M
together with embeddings of M and N°P into M such that N°° C M’ N M and such
that each inclusion M C M and N°® C M has finite fundamental domains. A von

Neumann coupling M between M and N is denoted by 5 My.

Two von Neumann couplings My and Ny are isomorphic if there is an iso-
morphism ® between M and N such that @[y = ®|yer = id.

For simplicity of the proofs, we assume the semi-finite von Neumann algebra M
in the above definition is in fact a factor. But most of the properties work even when

M is not a factor.

Definition. Two finite, countably decomposable von Neumann algebras M and N
are said to be von Neumann equivalent, denoted by M ~,ng N if there exists a von

Neumann coupling between them.
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Suppose y My and yNg are M-N and N-(@) von Neumann couplings respectively.
Let Oy : B(L?N) — M and 0y : B(L?N) — N be fundamental domains for N°° ¢ M
and N C N respectively, and set P, = Oy (IB%(LQN))/ NM and P, = Oy (IB%(LQN))/ NN.
Then we have isomorphisms 6y : P@B(L2N) — M and Oy : B(L?N)®P, — N with
Ori(a @ ) = aby(x) and Ox(z @ b) = Ox(x)b for a € Py, b € P, and = € B(L2N).
Now define the composition of the couplings » My and xyNg to consist of the von

Neumann algebra

MRNN = PL@B(L*N)RP;.

Notice that M — MRyN and N — M@yN respectively by 9};[1 x 1 and 1 x 9}}1.
Since Z(M) C P, and Z(N) C Py, we have Z(M)Q@Z(N) € MyN.
From the above construction we can show that von Neumann equivalence for von

Neumann algebras is in fact an equivalence relation, which we give the proof below:

Proof. For any finite, countably decomposable M and N, notice M ~,xg M by
considering the trivial von Neumann coupling B(L*M) with standard embeddings of
M and M°P. This gives us the reflexivity. If My is a von Neumann a coupling
between M and N, then M°P gives us a von Neumann coupling between N and M.
Thus the relation is symmetric.

Now suppose M ~ng N and N ~ng @ realized by the couplings » My and yNg
respectively. Then consider the composition coupling M®yN constructed above.
Using the same notation in the construction, notice that we have isomorphisms
MINN = MRP, = P,@N. Since P, and P, are finite, M®@uyN with the embed-
dings given in the construction gives us a finite fundamental domains for M and Q°P.

Also notice

Ot @ 1)(M) C (03 @ )((NP)Y N M) = ,RN®1

and

(1®6:)(Q%) C (1R6H(N' NN) = IONPRP;.
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Therefore, the copies of M and @) commute with each other. So M®yN is a von

Neumann coupling between M and () and, hence M ~,ng Q. O

These definitions for groups and von Neumann algebras behave well with each

other:

Theorem 3.2.1 (1.5 in [10]). Let " and A be two countable groups. Then I' ~yxg A
if and only iof LT ~ g LA.

Proof. Suppose M is an LI'-LA von Neumann coupling. Identify I and A as subgroups
of UW(LT") and U(LA) respectively, and consider the conjugation actions of I" and A on
M. Since we have a fundamental domain LT' C B(¢*T") C M, the rank-one projection
6] spanned by &, € (T gives us a finite trace fundamental domain for the conjugation
action of I'. Similarly, we get a finite trace fundamental domain for the action of A
on M.

Conversely suppose M is a A von Neumann coupling. Set N = M x (I' x A),
and then we have embeddings LI', LA C N. Suppose p is a fundamental domain
for the action o : I' ~ M, then the embedding 6 : (T — M given by 6(f) =

> ger f(g)og-1(p) is I'-equivariant, and now consider the embedding,

B(AT) =T x I cMxT CcN.

Thus this is a fundamental domain for LI" inside N. Also notice that by looking at
the isomorphism B(¢?T") = ¢>°T" x I" and 0, all finite-rank projections in B(¢*T") have
finite trace in M, and hence they are finite in N. Therefore this fundamental domain
is finite. Similarly, we have a finite fundamental domain for LA in N and therefore,

N is an LI'-LA von Neumann coupling. m
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CHAPTER 4
Invariant Properties

4.1 Inducing bimodules via von Neumann equivalence
A general abstract approach
Suppose M is a von Neumann algebra and we have an embedding N°° C M. Suppose
also that H is an N-correspondence. We let H denote the space of right bounded
vectors, i.e., & € HE if there exists C' > 0 such that ||z€| < C||z|2. We let HE =
BN (L?>N,H) denote the space of left N-modular bounded operators. Each & € H{
gives rise to a corresponding operator Re € H? given by Re(z) = z€, and it is well
known that every operator in H% is of this form.

The operator space H is then a left N-Hilbert module, which we may view as
an N°P-Hilbert module, and M is a Hilbert M-module with a normal representation
of N°? on M given by left multiplication. We may therefore construct the normal

Hilbert M-module as the relative tensor product
g’{:R @Nop M — BMop (LQ (M, Tl“), %@Nop L2 (M, Tl"))

If £ € H and T € M then the operator Re @noo T € HE Qoo M is given
by (Re @no» T)(Z) = € Qo TZ. The span of such operators is weakly dense in

HEQno» M. Note that since we are considering the Connes-fusion with respect to

N°P it follows that if £ € HE, T € M and 2 € N then we have
R:EE ®Nop T — Ré‘ ®Nop IOpT.

Note that N°P acts on L?(M, Tr) via left-multiplication and that the right action

of N on H gives a left action of N°P on H® @ yop L*(M, Tr).
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We let
Ind$2 (3H) = Byor_nor (LA(M, Tr), H @ yo» L (M, Tr)) (4.1)

denote the space of N°P-intertwiners in H® @ yo» M, i.e., T € Ind$}(H) if

(P @ )T = Tx® (4.2)

for all z € N. If S, T € Indy{(H) we then have

(S, Ty 1= 5*T € (N°P) N M.

It therefore follows that Ind3{(H) is a dual normal Hilbert (N°P)"’ N M-module. Note

that we also have a normal left (N°P)" N M action on Ind};(H) via the maps (1 ® x).

A concrete approach
We now suppose that we have a fundamental domain N°? C B(L?*(N)) € M. We
then also have a copy of N C B(L*(N)) C M. Recall that in this setting if we are
given a € M, then we write a°® to denote the corresponding element in N°P C M,
while we will use a? if we view a as an element in M and consider the corresponding
element in M°P.

The fundamental domain then gives a decomposition M = B(L?*(N, ))& P where
P = B(L*(N,p)) N M. We then have a unitary

V: L*(N)® L*(P)® L*(N) — L*(M, Tr)

taking T ® 2 ® g to (zPjy) ® 2, for 2,y € N and z € P. More generally, given a

N-correspondence H we have the following.
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Lemma 4.1.1. There exists a unitary
V:H®L*(P)®L*(N) = HQpyo» L*(M, Tr)

taking £ ® 2@ 4 to £ Qnor (Pyy) @ 2), fory e N, z € P, and & € H.

Proof. Notice that for £,n € H, 21,20 € P and y1,y2 € N,

<v(§ ® Zl ® yl)Jv(n ® Z2 ® y2)> - <§ ®NOP (Piyl ® Zl),n ®Nop (Pin ® Z2>>
- <P1y1, (Lan)Piy2>L2N@L2N<Zh ) 12p

= <€7 77>9'C<y17 y2>L2N<Zl, ZQ)LQP.

And we can check that the above equality holds for any finite linear combination

of such elements and then we can extend the map to the whole space. O
Proposition 4.1.2. Using the notation above, we have an isomorphism of ((N°P)" N
M)-((N°P) N M) bimodules ¢ : HE @ P — Ind5(H) that satisfies

for € € HY and z € P.

Proof. Note that by tensoring with the identity we may view H* ® P as the space
of operators in B(L*(N)® L*(P)® L*(N), H® L*(P)® L*(N)) that intertwine the
operators a° ® ¢®® ® S, where a € N, ¢ € P, and S € B(L*N). We may then
define the isometric map ¢ : HL®@ P — B(L*(M, Tr), H Qno» L2(M, Tr)) by setting
&(T) = VTV*.
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Note that if a,b,c,y € N, d,z € P, and £ € H, then we have

a® @ ((bPic) ® )PV @ 2® ) = a® @ ((bPjc) ® d)*P(§ @ner ((Piy) ® 2))
= &a Qnop (T(yb) Pic ® 2d)

=V(a’ ®@d® @ cPb)({®2®7).

Hence we have

a’ ® ((bPjc) ® d)PV = V(a® ® d°P @ cP;b). (4.3)

We similarly have

(a° ® 1)(bPjc) @ d)°PV =V (a’ ® d°® ® cP;b) (4.4)

From (4.3) and (4.4) it then follows that an operator

T e B(L*(N)® L*(P)® L*(N), K® L*(P)® L*(N))

intertwines the actions of N°° C M and M°P if and only if VI'V intertwines the
actions of N°P and P* ® B(L2N), i.e., T € H*® P if and only if VTV € Ind5}(H).
Hence ¢ : HX @ P — Ind3} (H) is a well-defined isometric bijection.

Moreover, as V and V' both intertwine (N°P)" N1 M it follows that the map ¢ is

(N°P)" N M-bimodular. O

We now suppose that we have a finite von Neumann algebra M C (N°P)" N M.
We then let Indy(H) denote the M-M correspondence Ind5¢(H) ® prL?*(M). In other
words, take the closure of Ind5{(H) with respect to the norm || - ||, which is induced
by the inner product given by (S,T) = 7(S*T") where 7 is the trace on (N°P)" N M.

Then by the above proposition we have Indy(H) = HRL?*P as M-M-bimodules.

22



4.2 Property (T), Amenability and Haagerup Property
Using the previous proposition, we get the following straightforward result about

almost central vectors:
Proposition 4.2.1. If I has bi-tracial almost central vectors then so does Indy ().

Proof. Indeed, if we take the second perspective above then if &, are almost N-central

we have £, ® 1 are almost N® P-central and hence are almost M-central. O]

The following proposition gives us a way to show obtain central vectors in our

original bimodule, given that the induced bimodule contains a central vector.

Proposition 4.2.2. Suppose ng € H and §y = ¢p(ne®@1). If there is a M -central vector

¢ € Indy(H), then there is a N°P-central vector n € H such that ||n—mnoll < [|€ —&|-

Proof. Suppose ¢ € Indy(H) is a non-trivial M-central vector, we can choose this &
to be in Indj¢(H). Indeed, choose & € Indj¢(H) such that [|€ — &l < 3]/¢[|; and let
n be the element with minimal || - ||,-norm in the || - ||-closure of the convex hull of
{ufou* : w € U(M)}. Then n is M-central and is non-zero since || — 7|, < 3|~
Thus we can assume & € Indy ().
So
€ € Bor— ooty (LM N M), H @per L2(M' N M)).

Considering the decomposition L*(M, Tr) ~ L*(M’' N M)®L*M and the fact that

N C M’ N M we see that V Ppaygigi maps into L*(M' N M). Define

77 = PH@i@iV*€VPL2N®i®i G BNOP_NOP<L2N, f}f) ~ g_CNOP

and also notice that ny = Pj4ii V¢V Pr2ygigi- Thus we have

I = moll* < V7€ = &)VII* = [IV*(§ — )" (€ — &)V = II€ — &ll*. N
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Now we can state the following theorem:

Theorem 4.2.3. Property (T) for von Neumann algebras is a von Neumann equiv-

alent invariant.

Proof. Let M, N be two finite von Neumann algebras that are von Neumann equiv-
alent through M and suppose M has property (T). Let H be an N-bimodule with
almost central bi-tracial vectors n,,, then Indy(H) is an M-bimodule with almost cen-
tral bi-tracial vectors &, := 1, ® 1 by Proposition 4.2.1. By property (T) of M, there
exists M-central vectors &, such that lim,, . 1€, — §~R|| = 0. It follows from Proposi-

tion 4.2.2 that there exists N-central vectors 7, with lim, . |7, — 7.|| = 0. O

The following lemma will help us prove the mixingness of the induced bimodule
whenever the original bimodule is mixing, which in turn will give us the stability of

the Haagerup property under von Neumann equivalence.

Lemma 4.2.4. Suppose A and B are von Neumann subalgebras of N and let K be
an N-N bimodule which is mizing relative to B. If the A-A bimodule L*(N,eg) is

maxing, then so 1s 4K 4.

Proof. Let u,, € U(A) be a sequence that converges to 0 weakly, {,n € K. Since

L?(N,ep) is mixing we have for all a,b € N,

| Eg(aunb)||3 = 7(Ep(aunb) Ep(b*ula®)) = 7(au,bEp (b u)a”))

=Tr (aunbeBEB(b* * Tr(u,bepb u,a*epa)

M) =
<unbeBb un,@>T < sup ‘ unbeBb x @)Tr

— 0.
z€(A)
Also because X is mixing relative to B as an N-N bimodule, SUP,e () !(unf’y 77)‘ — 0.
Therefore sup, ¢4 }(unfy n>‘ < Sup,e(x), ‘(unfy n>| — 0. O

Note the above computation shows that if M ~,yg N through M, with N having
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finite fundamental domain @, then for any u, € U(M) converging to 0 weakly, we

have ||Eg(zu,y)|l2 — 0 for any z, y € N®Q.

Proposition 4.2.5. Let M and N be finite von Neumann algebras such that M ~,yg
N through M. Given normal N-N bimodules KX and I, the following hold:

(i) If X < H, then Indy(K) < Indy(FH).
(ii) If H is a mizing N-bimodule, then Indy(H) is a mizing M-bimodule.
(iii) Indy(L*(N)®L?(N)) is a multiple of the coarse bimodule of M.

Proof. Suppose first that X < H. Replacing H with H®*, we may assume that H
has infinite multiplicity. Since K < K, for any &, n € KL, there exist nets {&;} and
{n:;} € H such that (x&y,n;) — (x€y,n) for any z,y € N. As H! is dense in H, for
each i, we may choose sequences {&; ,}, and {n;,}, inside H* which converge to
and 7;, respectively. It’s easy to see that for any p, ¢ € P and a, b € N®P, we have
(a(&n®@p)b,min®@q) — (a(§@p)b,n®@q). As elements of the form £ ® p span a dense
subspace of Indy(X), this then shows (1).

Suppose H is a mixing N-bimodule. Then it’s clear that H®L?*(P) = Indy(H) is

mixing relative to P as a N®P-bimoudle. Notice that

L*((N ® P,ep)) = L*(B(L*N)@P) = L*(M)

and hence it follows from Lemma 4.2.4 that Indy(H) is mixing as an M-bimodule.

For (3), a direct computation shows that

Indy(L*(N)®L*(N)) = L*(N)® L*(P)® L*(N) = L*(M) ® L*(Q) ® L*(M)

as M-M bimodules, where @) is given by the fundamental domain of M C M. There-
fore Indy (L2N®L?N) = (L2 (M) ® L2(M))®=. ]
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Theorem 4.2.6. Amenability and Haagerup property for von Neumann algebras are

von Neumann equivalent invariant.

Proof. Amenability is characterized by having the trivial bimodule weakly contianed
in the coares bimodule, thus this follows from (1) and (3) of Proposition 4.2.5.
Haagerup property is characterized by having a mixing bimodule with almost

central vectors. This is a direct consequence of (1) and (2) of Proposition 4.2.5. [

4.3 Deformations and L?-Rigidity
First, we give brief introduction to malleable deformations. Let M C M be a trace

preserving inclusion of finite von Neumann algebras.

e A malleable deformation a of M inside M is a group homomorphism « : R —

Aut(M) such that ||oy(z) — z|]s — 0 as t — 0 for each z € M.

e An s-malleable deformation (a, B) of M inside M is o as above, together with

B € Aut(M) satisfying 8|y = id, % = id and Bay = a3 for all ¢t € R.

We say that the malleable deformation a; € Aut(M) converges uniformly on (M),
if sup,e(an, llow(z) — x|l — 0 as t — 0. Notice that we have the following basic result

about malleable deformations:

Proposition 4.3.1. Let (M, 1) be a tracial von Neumann algebra and oy : M — M
for t € R a one-parameter group of trace preserving automorphisms of M. The

following are equivalent:
(i) t — oy is pointwise sot-continuous.
(ii) t — oy pointwise strong® topology continuous.

(iii) t — oy is pointwise continuous in || - ||z.
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The following result allows us to induce malleable deformations using von Neu-
mann equivalence and show that these induced deformations converge uniformly if

and only if the original deformations converge uniformly.

Proposition 4.3.2. Let M and N C N be finite von Neumann algebras such that
M ~,ng N through M. Let {a;}; C Aut(N) be a deformation for N and set &y :=
o, ®id € Aut(N®P). If & converges to id uniformly on (M), if and only if oy

converges to id uniformly on (N);.

Proof. First note that it suffices to consider the case N = N as we may replace oy
with Eyoazo Ey. Denote by (H;, n;) the Stinespring dilation coming from oy, where

N = 1 ® 1. Notice that

() — 5 = T(u(2) (@) + 7(x*2) — T(au(z)*x) — T(a(x)2")
< 7(ag(x*x)) + 7(x*x) — T(aw(x™)x) — T(au(x)x™)

= llem = mal,

for x € N. It is straightforward to check that the Stinespring dilation (X&) of
&; coincides with (H;®L*P,n; ® 1), which is the induced bimodule Indy () of F;
through the von Neumann equivalence.

For each t, let & € Gonvll2{u&u* | u € UW(M)} be the vector with minimal norm.
Then € is a M-central vector in H,®L2P. Since (t) := SUDe(ary, |G (T) — 2][2 = 0
as t — 0, we see that ||& — &]|| < e(t). Then it follows from Proposition 4.2.2 that

[[7: = 71|l < €(t), which implies that lim; o sup,¢(y), [[a:(x) — x|l = 0. In fact we have

(@) = 2ll2 < llzme — mllse,
< [l (me = 7)o, + 11 = ne)2lloc,

< 2[lllfln = 7llsc..
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for z € N. O

Notice that we also have the converse of the above result. In fact, if o converges
uniformly on (N);, then &; = oy ® id converges uniformly on (N®P); which in turn
gives us &; converges uniformly on (M);.

The notion of L?-rigidity for von Neumann algebras was introduced in [11] and
can be thought of as the von Neumann algebra counterpart of the vanishing of 1-
cohomology in the left regular representation of groups. The definition of L2-rigidity
which we introduced below is from [22], which is a slight modification from the original
definition in [11].

Let M be a finite von Neumann algebra and let H be M-M bimodule. Then a
derivation ¢ is an unbounded operator § : LM — H such that the domain D(4) is
a || - ||o-dense, x-subalgebra of M and §(xy) = 20(y) + 0(x)y for each z,y € D(J). A
derivation ¢ is closable and real if § is closable as an unbounded operator and there
is an anti-linear involution J on H such that J(z€y) = y*J(&)x* and J(d(z)) = d(z*)
for z,y € M, £ € H, z € D(9).

If § is closable, then it is well known that D(§) N M is again a *-subalgebra and

J restricted to D(d) N M is also a derivation.

Now we define the u.c.p. map ® : M — M by ®'(z) := exp(—td*9) for t > 0
and 2 € D(6) N M. The collection of these trace preserving u.c.p. maps is known

as the Markov semigroup (since ®f o ®* = &' for ¢, s > 0), and we have that

|®(z) — x|]s + 0 ast — 0 for all z € M.

Definition. A finite von Neumann algebra M is L?-rigid if for any trace preserving
inclusion of finite von Neumann algebras M C M, a M-M bimodule H such that H
embeds in (LZM®L*M)®>® when viewed as an M-M bimodule, and any real closable

derivation § : M — H, we have that the induced Markov semigroup {®'} converges
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uniformly on (M), i.e.,

lim sup ||®'(z)— x|, =0.
tA)Oa?G(M)l

The deformations coming from the derivations are known as L?-deformations. We
say that a group I' is L%rigid if its von Neumann algebra LT is L%rigid. In [22], it
is shown that L2-rigidity is stable under orbit equivalence, i.e., if two groups I' and
A have free, ergodic, measure preserving actions which are orbit equivalent and if A
is L?-rigid, then so is I'. But since von Neumann equivalence is closely related to
measure equivalence, and hence orbit equivalence in the group setting, it is a natural
question to ask whether the L2-rigidity is stable under von Neumann equivalence. As

it turns out, the answer to this question is yes.

Theorem 4.3.3. Let M and N be two finite von Neumann algebras with M ~,ng N.

If M is L?-rigid, then so is N.

Proof. Suppose N € N and let § : N — H be a closable real derivation where
H embeds in the coarse bimodule of N when viewed as an N-N bimodule. Let P
be the finite von Neumann algebra coming from the finite fundamental domain for
N such that M C N®P. Then we define the derivation 6 : NQP — H&L2P by
S(x®y)=0d(z)®y for z € N, y € P. Clearly we have HRL?P — (L2M&®L*M)®>
when viewed as an M-M bimodule. Notice that if the L?-deformations coming from ¢
is {n:}, then § induces deformations of the form {n, ®id}. But since M is L-rigid, we
have that {n; ®id} converges uniformaly on (M); and by 4.3.2 we have {n;} converges

uniformly on (N); giving us the L2-rigidity of N. ]

4.4 Proper Proximality

We first give some basic definitions. For further reading on properly proximal von
Neumann algebras and their properties we refer the reader to [13]. An operator system
is a subspace X C B(H) such that 1 € A and A* = A. Suppose A is a unital C*-

algebra and suppose m : A — B(H) is a unital x-homomorphism. We say that X
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is an operator A-system if X is a w(A)-m(A)-bimodule with the bimodule structure
is induced by operator composition. For a von Neumann algebra M, an operator
M-system X C B(H) is said to be normal if the above homomorphism 7 can be
chosen to be normal and faithful.

If X is a normal operator M-system we define the M -topology on X as the topology
induced by the seminorms:

Spol@) = inf {p(a"a) 2 ylw(v'b)2 |

r=a*y
a,be M

where w and p are positive linear functionals on M. We denote by X*, the space
of bounded linear functionals ¢ in X* such that (a,b) — @(axb) is separately ultra-
weakly continuous for each x € X. It is known that if X is a normal operator
M-system, then X* coincides with the linear functionals that are continuous with the

M-topology defined above.

Lemma 4.4.1. Let M be a von Neumann algebra, let F' be a normal M -system and
let E C F be an M-subsystem. If n € E*, then there exists an extension 7; € F* so

that [[7]| = In]l

Proof. Take n € E* with ||n|| = 1. Then there exist Hilbert spaces H;, unit vectors
& € H;, normal representations m; : M — B(H;), and an M-bimodular complete

contraction ¢ : E' — B(Hy, H;) so that for a,b € M and z € E we have

n(axb) = (mi(a)d(z)ma(b)E2, &1)-

We let ¢ : F' — B(H,, Hy) be a completely contractive M-bimodular extension (see
[25]), and then define 7 € F* to be an extension of n with ||7|| < 1 by 7(z) =
(p(x)E2,&). Since ¢ is M-bimodular, for a,b € M and z € F we have 7j(azb) =

(my(a)(z)my (D)€, &), and since m; and 7, are normal we then see that 7 € F*. [
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Corollary 4.4.2. Let M be a von Neumann algebra and let F' be a normal M -system.

Then F* is spanned by states in F*.

Proof. We let A be a normal M-C*-algebra that contains F' as an M-subsystem. By
Lemma 5.3 in [13] we have that A* is spanned by states in A*. The result then follows

from Lemma 4.4.1 O

Lemma 4.4.3. Let M and N be von Neumann algebras and let E and F' be normal
M and N -systems, respectively. If ¢ : E — F is completely positive such that the
restriction of ¢ to M defines a normal map from M to N, then ¢ is a continuous

map between E with the weak M -topology, and F with the weak N -topology.

Proof. To prove that ¢ is continuous with respect to the weak M-topology and weak
N-topology we need to check that if n € F¥ then o ¢ € E*. Note that if n € F* is
a state, then 7y is normal and hence (7 o ¢)a is normal, from which it follows that
no¢ € E* By Corollary 4.4.2 every linear functional in E* is in the span of states,

and the general result then follows. O

Suppose M is a von Neumann algebra, then we define the norm || - || on M
by looking at elements in M as operators going from M into L'M and taking the
operator norm. We denote by K>! the || - ||o 1-closure of the compact operators

K(L*M) on L?M. Now define

S(M) ={T € B(L*M) : [T, JzJ] € K™, Vz € M}.

Notice that clearly we have M C S(M). We say a von Neumann algebra M is properly

proximal if there is no M-central state ¢ on S(M) such that o[y is normal.

Theorem 4.4.4. Let M N be two finite von Neumann algebras that are von Neumann

equivalent through M. If M is properly prozimal, then so is N.
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Proof. Since M ~,yg N, we have M = B(L*M)®Q = B(L*N)®P, M C N®P and
N°P C M°P®Q, where P and @ are both finite. Denote by K3, (M) the norm closure
of the definition ideal mt, of M and let Ky,(M) be the M-M and M°PRQ-M°PRQ)
closure of K9, (M).

Consider S(M) — S(M) ® 1o C M and under this embedding we have

S(M) C{T e M | [T, z] € K(M), for any z € MPRQ},

which lies in S(N; M) :={T' e M | [T, z] € K1,(M), for any x € N°P}.

We claim that id ®@7p : S(N;M) — S(N). Indeed, it suffices to show id ®@7p :
K, (M) — K°>!(N). Since id ®7p is trace preserving, we have id @7p : K} (M) —
K(L?N), and hence it suffices to show that id ® 7p is continuous between M with
the weak M and weak M°PRQ-topologies and B(L?N) with the weak N and N°P-
topologies. This then follows from Lemma 4.4.3 once we observe that the restriction
of id ® 7p defines a normal map from M to N and M°P®R( to N°P.

Now suppose N is not properly proximal, i.e., there exists ¢ € S(N)* that is
N-central and ¢y = 7y. Then ¢ := po (id®7p) : S(N; M) — C is N®P-central
with ¢ ygp = Tngp and hence restricting to S(M) gives an M-central state with

Qﬂ‘M:TM. ]
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