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Chapter 1

Introduction

Two infinite countable discrete groups I' and A are measure equivalent if there is a o-finite
measure space ({2, m) with a measurable, measure-preserving action of I' X A, so that both the

actions I' ~ (€2, m) and A ~ (£2, m) admit finite-measure fundamental domains Y, X C :

Q= |yw=|]xx

vyel A€EA

This notion was introduced by Gromov in [Gro93, 0.5.E] in analogy with the topological notion
of quasi-isometry for finitely generated groups and is fundamental in modern ergodic theory, espe-
cially to the study of measured group theory and orbit equivalence. The basic example of measure
equivalent groups is when I' and A are lattices in the same locally compact group G. In this case,
I" and A act on the left and right of G respectively, and these actions preserve the Haar measure on
G.

For certain classes of groups, measure equivalence can be quite a coarse equivalence relation.
For instance, the class of countable amenable groups splits into two measure equivalence classes,
those that are finite, and those that are countably infinite [Dye59, Dye63, OW80]. Amenability is
preserved under measure equivalence, as are other (non)-approximation type properties such as the
Haagerup property or property (T). Outside the realm of amenable groups there are a number of
powerful invariants to distinguish measure equivalence classes (for example, Gaboriau’s celebrated
result that states that measure equivalent groups have proportional ¢2-Betti numbers [Gab00]) and
there are a number of striking rigidity results, such as Furman’s work in [Fur99a, Fur99b] where
he builds on the superrigidity results of Margulis [Mar75] and Zimmer [Zim84], or Kida’s work in
[Kid10, Kid11] where he considers measure equivalence for mapping class groups, or for classes

of amalgamated free product groups.



If ' ~ (X, p) is a free probability measure-preserving action on a standard measure space, then
associated to the action is its orbit equivalence relation, where equivalence classes are defined to
be the orbits of the action. If A~ (Y, ) is another free probability measure-preserving action,
then the actions are orbit equivalent if there is an isomorphism 6 : X — Y of measure spaces that
preserves the orbit equivalence relations, i.e., 0(I' - ) = A - 0(z), foreachx € X. If E C X isa
positive measure subset, then one can also consider the restriction of the orbit equivalence relation
to . The two actions are stably orbit equivalent if there exist positive measure subsets # C X and
F' C Y such that the restricted equivalence relations are measurably isomorphic. A fundamental
result in the study of measure equivalence is that two groups are measure equivalent if and only
if they admit free probability measure-preserving actions that are stably orbit equivalent [Fur99a,
Section 3] [Gab05, Pygb]. Moreover, in this case one can take the actions to be ergodic.

Also associated to each probability measure-preserving action I' ~ (X, i) is the Murray-von
Neumann crossed product von Neumann algebra L>° (X, 1) x I' [MVN36]. This is the von Neu-
mann subalgebra of B(L?(X, ) ® ¢°T") that is generated by a copy of L>(X, p) acting on L*( X, 1)
by pointwise multiplication, together with a copy of the group I' acting diagonally by o, ® A,
where o, is the Koopman representation o, (f) = f oy ~! and )\, is the left regular representation.
The crossed product L>°(X, ;1) x T is a finite von Neumann algebra with a normal faithful trace
given by the vector state corresponding to 1 ® 6, € L*(X, ) ® (T, and if the action is free then
this will be a factor if and only if the action is also ergodic, in which case L>°(X, 1) is a Cartan
subalgebra of the crossed product. Non-free actions are also of interest in this setting. In particular,
in the case when (X, 1) is trivial, this gives the group von Neumann algebra LI', which is a factor
if and only if I' is ICC, i.e., every non-trivial conjugacy class in I is infinite [MVN43].

A celebrated result of Singer shows that two free ergodic probability measure-preserving ac-
tions I' ~ (X, 1) and A ~ (Y, v) are stably orbit equivalent if and only if their von Neumann
crossed products are stably isomorphic in a way that preserves the Cartan subalgebras [Sin55].
Specifically, Singer showed thatif £ C X and F' C Y are positive measure subsets and § : £ — F

is a measure space isomorphism, then # preserves the orbit structure almost everywhere if and only



if there exists an isomorphism of von Neumann algebras

0 : 1F(LOO(Y, l/) X A)lF — 1E(LOO(X, ,u) X F)lE

such that §(f) = f o @ forall f € L>®(F, VF).

Singer’s result shows that the study of measure equivalence is closely connected to the study
of finite von Neumann algebras, and there have been a number of instances where techniques from
one field have been used to settle long-standing problems in the other. This exchange of ideas has
especially thrived since the development of Popa’s deformation/rigidity theory; see for instance
[Pop06a, Pop06b, Pop0O6c, Pop07a, Pop08], or the survey papers [Pop07b, Vae06, VaelO, loal3,
Ioal8], and the references therein.

Two groups I' and A are W*-equivalent if they have isomorphic group von Neumann algebras,
i.e., LI' =2 LA. This is somewhat analogous to measure equivalence (although a closer analogy
is made between measure equivalence and virtual W *-equivalence, which for ICC groups asks for
LT and LA to be virtually isomorphic in the sense that each factor is stably isomorphic to a finite
index subfactor in the other factor [Pop86, Section 1.4]) and both equivalence relations preserve
many of the same “approximation type” properties. These similarities led Shlyakhtenko to ask
whether measure equivalence implied 1/ *-equivalence in the setting of ICC groups. It was shown
in [CI11] that this is not the case, although the converse implication of whether I/ *-equivalence
implies measure equivalence is still open.

As with measure equivalence, we have a single W *-equivalence class of ICC countably in-
finite amenable groups [Con76], which shows that W *-equivalence is quite coarse. Yet there
do exist countable ICC groups that are not W*-equivalent to any other non-isomorphic group

[IPV13, BV14, Berl5, CI18].



1.1 Measure equivalence and non-commutativity

Returning to discuss measure equivalence, if I" and A have commuting actions on (€2, m) and if
F C Q is a Borel fundamental domain for the action of I', then on the level of function spaces, the
characteristic function 1 gives a projection in L>°(2, m) such that the collection {17}, cr forms a

partition of unity, i.e., > ,__ 1, = 1. This notion generalizes quite nicely to the non-commutative

~yel'
setting where we will say that a fundamental domain for an action on a von Neumann algebra
I'~7 M is a projection p € M such that } .0, (p) = 1, where the convergence is in the strong
operator topology.

Using this perspective for a fundamental domain we may then generalize the notion of measure

equivalence by simply considering actions on non-commutative spaces.

Definition 1.1. Two groups I' and A are von Neumann equivalent, written I' ~,yg A, if there
exists a von Neumann algebra M with a semi-finite normal faithful trace Tr and commuting,
trace-preserving, actions of I' and A on M such that the I' and A-actions individually admit a

finite-trace fundamental domain.

The proof of transitivity for measure equivalence is adapted in Proposition 3.9 below to show
that von Neumann equivalence is a transitive relation. It is also clearly reflexive and symmetric, so
that von Neumann equivalence is indeed an equivalence relation.

Von Neumann equivalence is clearly implied by measure equivalence, and, in fact, von Neu-
mann equivalence is also implied by W*-equivalence. Indeed, if & : LI' — LA is a von Neu-
mann algebra isomorphism, then we may take M = B({*A) with the trace-preserving action
o : T x A — Aut(M) given by o (T) = 0(Xs) p T p;0(NE), where p : A — U(L*A) is the right
regular representation, which commutes with operators in LA. It is then not difficult to see that the
rank one projection p onto the subspace Cd, is a common fundamental domain for the actions of
both I and A. In fact, we’ll show below that virtual WW*-equivalence also implies von Neumann
equivalence.

We introduce below a general induction procedure for inducing representations via von Neu-



mann equivalence from A to I', and using these induced representations we show that some of the
properties that are preserved for measure equivalence and I/ *-equivalence are also preserved for

von Neumann equivalence.

Theorem 1.2. Amenability, property (T), and the Haagerup property are all von Neumann equiv-

alence invariants.

Theorem 1.3. Weak amenability, weak Haagerup property, and the approximation property (AP)

are von Neumann equivalence invariants.

A group I is properly proximal if there does not exist a left-invariant state on the C*-algebra
(£>°T/coI')T consisting of elements in /*°T" /¢, that are invariant under the right action of the
group. Properly proximal groups were introduced in [BIP18], where a number of classes of groups
were shown to be properly proximal, including non-elementary hyperbolic groups, convergence
groups, non-amenable bi-exact groups, groups admitting proper 1-cocycles into non-amenable rep-
resentations, and lattices in non-compact semi-simple Lie groups of arbitrary rank. It is also shown
that the class of properly proximal groups is stable under commensurability up to finite kernels,
and it was then asked if this class was also stable under measure equivalence [BIP18, Question
1(b)].

Proper proximality also has a dynamical formulation [BIP18, Theorem 4.3], and using this,
together with our induction technique applied to isometric representations on dual Banach spaces,
we show that the class of properly proximal groups is not only closed under measure equivalence

but also under von Neumann equivalence.
Theorem 1.4. If " ~,ng A then T is properly proximal if and only if A is properly proximal.

An example of Caprace, which appears in Section 5.C of [DTDW20], shows that the class of
inner amenable groups is not closed under measure equivalence. Specifically, if p is a prime and
F,, denotes the finite field with p elements, then the group SLz(F,[t™']) x F,[t,t']? is not inner
amenable, although is measure equivalent to the inner amenable group (S Lz(F,[t™1]) x F,[t71]?) x

F,[t]*. Using the previous theorem we then answer another question from [BIP18] by providing
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SL3(F,[t™1]) x F,[t,t']* as an example of a non-inner amenable group that is also not properly
proximal.
The notion of von Neumann equivalence also admits a generalization in the setting of finite

von Neumann algebras.

Definition 1.5. Two finite von Neumann algebras M and N are von Neumann equivalent, written
M ~,ng N, if there exists a semi-finite von Neumann algebra M containing commuting copies
of M and N°P such that we have intermediate standard representations M C B(L*(M)) ¢ M
and N°° C B(L*(N)) C M satisfying the property that finite-rank projections in B(L?*(M)) and
B(L*(N)) are finite projections in M.

We show in Chapter 5 that this does indeed give an equivalence relation, which is coarser than
the equivalence relation given by virtual isomorphism. Moreover, if M is a factor then we can

associate an index [M : N]p4, which is given by

[M : Ny = Tr(p)/Tr(q),

where Tr is a trace on M and p and q are rank 1 projections in B(L?*(M)) and B(L*(N)) respec-

tively. The connection to von Neumann equivalence for groups is given by the following theorem:
Theorem 1.6. If " and A are countable groups, then I ~,ng A if and only if LT ~,ng LA.

We show in Theorem 5.8 that the set of indices for factorial self von Neumann couplings forms
a subgroup Z,yg(M) < R*, which we call the index group of M. If M is a factor then we show
that the index group contains the square of the fundamental group of M. The fact that we have the
square of the fundamental group instead of the fundamental group itself agrees with phenomena
predicted by Connes and Shlyakhtenko in [CS05, Theorem 2.4] and leaves open the possibility
that Gaboriau’s theorem implying proportional /2-Betti numbers could still hold in the setting of
von Neumann equivalence. However, we make no attempt to achieve this result here.

We also show that for a countable ICC group I there is a connection between the index group

of LI" and the class S.,;(I") studied by Popa and Vaes in [PV10], which consists of fundamental

6



groups for equivalence relations associated to free, ergodic, probability measure-preserving actions
of I'. Specifically, we show in Corollary 5.12 that Z,yz(LI") contains the group generated by all
the groups in S,y (I).

For the reader who may be more familiar with techniques coming from measured group theory,
we end this thesis with an appendix where we give a direct proof in the measure equivalence setting
that proper proximality is a measure equivalence invariant.

Majority of the content of this thesis is based on the joint work with Dr. Peterson, and Dr. Ruth

in [IPR19], and some on the work of the author in [Ish21].



Chapter 2

Preliminaries

The main techniques we use in this thesis involve von Neumann algebras endowed with semi-
finite normal traces. We briefly discuss some of the facts regarding semi-finite von Neumann

algebras that we will use in the sequel. We refer the reader to [Tak02] for proofs of these facts.

2.1 Von Neumann algebras: Definition and Examples

Let H be a complex Hilbert space with inner product (-, -), and let 3(?) be the algebra of all
bounded linear operators on . Equipped with the involution x — x* (adjoint of ) and with the

operator norm, 3(H) is a Banach x-algebra. One can consider the following weaker topologies on

B(H):
e the strong operator topology (SOT): x; — x if and only if ||z;§ — z&|| — 0, for all £ € H.
e the weak operator topology (WOT): z; — x if and only if (x;&, n) — (x&,n) forall £, n € H.

A von Neumann algebra M on a Hilbert space H is a x-subalgebra of B(# ) which contains identity
and is closed in the strong operator (or, equivalently weak operator) topology. One immediate
example of a von Neumann algebra is M = B(H). When H = C", one gets the algebra M,,(C) of

n X n-matrices with complex entries, the simplest example of a von Neumann algebra.

Definition 2.1. A von Neumann algebra M is called tracial if it admits a linear functional 7 :

M — C, called a trace, which is
1. positive: T(x*x) > 0, forall x € M.

2. faithful: T(z*z) = 0, for some = € M, implies that z = 0.



3. normal: (Y .c;pi) = Y ;c; T(pi), for any family {p;}ic; of mutually orthogonal projec-

tions.
4. tracial: T(xy) = 7(yx), forall z,y € M.

A von Neumann algebra with trivial center ! is called a factor. An infinite dimensional tracial

factor is called a II; factor. Any 11, factor M admits a unique trace 7 such that 7(1) = 1.

2.1.1 The standard representation

Any tracial von Neumann algebra (M, 7) has a canonical (or standard) representation on a
Hilbert space. This representation is a particular case of the GNS construction. Consider the inner
product (z,y), := 7(y*z),r,y € M on M. Denote by L?(M) the completion of M with respect
to the norm ||z, = 7(z*x)Y2, 2 € M. If x — & : M — L?(M) is the canonical embedding, then

7 : M — B(L*(M)) given by

defines a x-homomorphism since

lzyll3 = T(y*z*zy) < |lz*z|7(y*y) = [|z]*[|y])3-

7 is called the standard representation of M. Since 7 is a trace, the operator J : & > z*, is
an antilinear isometry from M onto itself, where M is the image of M under the embedding
x> & : M — L*(M). J extends to an antilinear surjective isometry of L?(M) still denoted by
J. We say that J is the canonical conjugation operator on L*(M). One of the main features of
the standard representation of M is that it makes M isomorphic to its commutant. More precisely,

one has JMJ = M’ (e.g., see [AP17, Theorem 7.1.1]).

lonly operators commuting with all of M are the scalar multiples of identity, i.e., Z(M) = M N M’ = C, where
M’ denotes the commutant of M.



Definition 2.2. Let M be a von Neumann algebra and B C M be a von Neumann subalgebra. A

linear contraction F : M — B is called a conditional expectation if it satisfies
1. E(b) =b,forallb € B.
2. E(x) >0, for every x € M with z > 0.
3. E(byzby) = by E(x)bs, for all by, b, € B and for all x € M.

Proposition 2.3. Let (M, T) be a tracial von Neumann algebra and let B C M be a von Neumann
subalgebra. Then there exist a unique conditional expectation Eg : M — B which is trace
preserving, i.e., To Fg = T.

II-ll2

Proof. Let eg : L*(M) — L2(B) be the orthogonal projection, where L2(B) = {b|be B} .
If v € M and b € B, then beg(z) = eB(be) and hence

loes(@)ll2 = llen(ba) 2 < [[b2ll2 = bxllz < llz][bl2 = [l[l]Bll2-

Thus, there exists T € B(L2(B)) such that T'(b) = bep(Z). Since T € B', we get that T € JB.J,

—

which gives that e5(2) € B. We therefore have a linear map Ep : M — B given by Ep(z)

ep (). One the checks that E' satisfies all the conditions of Definition 2.2 and that To Ep = 7. [

2.1.2  Group von Neumann algebras

Let I' be a countable discrete group. A unitary representation of I' on a Hilbert space H is
group homomorphism 7 : I' — U(H ), where U(#) denotes the group of unitaries in B(#). Every
countable group T" has a canonical unitary representation A : I' — U(¢?T), called the left regular

representation, defined by

A(f)(h) = flg~"h),

10



forall g,h € T and f € ¢*T. If §, € £°T denotes the Dirac function at g € T, then {d,}er is an

orthonormal basis for £*T, and we have \,(d;,) = 4, forall g, h € T'. Let

A= {Z aghy | a; € Cforall g € Fand F C T is a finite subset} :
geF
Then, A C B(/?T) is a x-subalgebra which is isomorphic to the complex group algebra CI". The
group von Neumann algebra of T', denoted LI, is defined as the weak operator closure of A,
that is, LI' := A" 1t is a tracial von Neumann algebra with a trace 7 : LI' — C given by
7(z) = (xde, ). Recall that a group I' is ICC (infinite conjugacy classes) if every non-trivial
conjugacy class {ghg™' | g € T'}, h # e is infinite. LT is a finite factor if and only if I" is ICC (see
[AP17, Proposition 1.3.9]

Example 2.4. There are plenty of countable ICC groups. The following are some of the simplest

examples.
1. Sw, the group of permutations of N fixing all but finitely many integers.

2. The free product group I' = I'y % I'y, where I'y, Iy are arbitrary groups with |I';| > 1 and

[T3| > 2. In particular, the free group F,,, n > 2, on n generators is ICC.

3. SL,(Z) :={A € M,(Z) | det(A) = 1},n > 3 and n odd.

2.1.3  Group Measure Space Construction

We describe a fundamental construction associated to an action of a countable group I' on a
probability space (X, it). The group von Neumann algebra LI is a special case of this construction

when X is reduced to a single point.

Definition 2.5. A probability measure preserving (p.m.p.) action I' ~ (X, i) of a countable group
" on a probability space (X, u) is a group homomorphism ¢ : I' — Aut(X, ). The action of

g € I'on z € X will be denoted by gx.

11



Let ' ~ (X, p) be a p.m.p. action of a countable group I" on a standard probability space
(X, ). Define a unitary representation o : I' — U(L*(X)) by o,(f)(z) = f(g~'x) for all
f € L*(X). Note that o, (L=(X)) = L>(X) for all g € T". Denote H = L*(X) ® ¢*T" and define
a unitary representation u : I' = U(H) by u, = 0, ® A,y 9 € I, where A : T' — U(L?T) is the
left regular representation. We also consider the *x-homomorphism 7 : L>°(X) — B(#) given by
T(f)(E ®d,) = fE® 0, and view L>(X) C B(H) via m. Then, for every g € I" and for every

f € L*>(X), it straightforward to check that

ug fuy = ag(f).

Definition 2.6. The group measure space von Neumann algebra L™ (X ) x I" C B(H) is defined
as the WOT-closure of the linear span of {fu, | f € L>*(X),g € I'}. L>(X) x I' comes with a

faithful, normal tracial state 7 : L>°(X) x I' — C, given by

T(z) = (x(1 ®d¢), 1 ® 0e).

2.2 Semi-finite traces

A trace on a von Neumann algebra M is a function Tr on the positive cone M, with values

in the extended reals [0, oo satisfying the following conditions:
1) Tr(x+vy) = Tr(z) + Tr(y), =,y € My,
(ii)) Tr(ax) = aTr(z),a >0, x € M.,
(i) Tr(z*z) = Tr(za*), =€ M.

A trace Tr is said to be faithful if Tr(z) > 0 for any non-zero x € M, semi-finite if for every non-
zero v € M, there exists a non-zero y € M,y < x with Tr(y) < oo, finite if Tr(1) < oo, and
normal if Tr(sup, z;) = sup, Tr(z;) for every bounded increasing net {x;} in M. A separable

von Neumann algebra M is semi-finite if and only if it admits a faithful normal semi-finite trace.

12



If M is a semi-finite von Neumann algebra with a faithful normal semi-finite trace Tr, we set

ny = {z € M | Tr(z*z) < oo}, and my, = {37, 7}

yj | 5,95 € nr, 1 < j < n}. Both np
and mr, are ideals in M, and the trace Tr extents to a C-valued linear functional on mr,, which is
called the definition ideal of Tr.

We let L' (M, Tr) denote the completion of mr, under the norm ||al[; = Tr(]a|), and then the
bilinear form M x mp, 3 (z,a) — Tr(xa) extends to the duality between M and L'(M, Tr) so
that we may identify L'(M, Tr) with M.

We let L?(M, Tr) denote the Hilbert space completion of nr, under the inner product (a, b), =
Tr(b*a). Left multiplication of M on nr, then induces a normal faithful representation of M in
B(L?(M,Tr)), which is called the standard representation.

Restricting the conjugation operator from M to n, induces an anti-linear isometry .J : L*(M, Tr) —
L*(M, Tr), and we have JMJ = M’ N B(L?*(M,Tr)). The von Neumann algebra JM.J is
canonically isomorphic to the opposite von Neumann algebra M°P via the map M > x°P
Jx*J. We also have the induced trace on M°P given by Tr(z°P) = Tr(z*).

If M is a semi-finite factor, then it has a unique (up to scalar multiples) normal semi-finite
faithful trace. In general, if Tr; and Tr, are normal semi-finite traces, then there is an injective
positive operator a affiliated to the center Z (M) such that Try(z) = Try(ax) for all z € M. In
particular, the map np,, > x +— a'/?z € nq,, extends to a unitary operator from L?(M, Try) onto
L?*(M, Tr;) that intertwines the representations of M, and also intertwines the representations of
MCP. Thus, up to isomorphism, the representation M C B(L?(M,Tr)) is independent of the
choice of semi-finite normal faithful trace Tr, and we may use the notation M C B(L*(M)) if we
wish to emphasize this fact.

If H is a Hilbert space and we have an embedding B(#H) C M, then setting P = B(H)' N M
we have an isomorphism B(H)® P = M that maps T ® z to Tx for T € B(H) and x € P.
Indeed, this is easy to verify in the case when M is a type I factor, and in general if we represent
M C B(K), then we have B(H) C M C B(K) = B(H) ® B(K,) for some Hilbert space K.
Thus, M" = M’ N B(Ky), so that M = M" = B(H) ® (M N B(Ko)) = B(H) ® P. There also

13



then exists a unique semi-finite normal faithful trace Trp on P so that Try = Tr ® Trp.

If we have two embeddings 61,60, : B(H) — M, then 6,(B(H)) and 6,(B(?)) are conjugate
by a unitary in M if and only if for some rank one projection p € B(?) we have that ¢, (p) and
0>(p) are Murray-von Neumann equivalent 2.

An element x € M is compact, if for every € > 0, there exists a projection p € M such that
|zp|| < € and 1 — p is finite. If M is a semi-finite von Neumann algebra with a faithful normal
semi-finite trace Tr, and p € M is a finite-trace projection, then the map = — Tr(zp) is weak

operator topology continuous.

Lemma 2.7. Suppose M is a semi-finite von Neumann algebra with a faithful normal semi-finite
trace Tr, © € M is compact, and {p;} is a net of finite-trace projections such that p; — 0 in the

weak operator topology. If {Tr(p;)} is uniformly bounded, then, Tr(xp;) — 0.

Proof. Given € > 0, there exists a projection ¢ € M such that ||z¢|| < € and Tr(1 — ¢) < oo.
Since p; — 0 in the weak operator topology, we get that zp;, — 0 in the weak operator topology
and hence Tr(p;z(1 — q)) — 0. Moreover, we have that {Tr(p;)} is uniformly bounded, say by C,

whence it follows that
lim sup | Tr(zp;)| < limsup(||zq|[| Tr(p:)| + | Tr(piz(1 — q))|) < eC.
Since € > ( was arbitrary, the proof is complete. [

2.3 Actions on semi-finite von Neumann algebras

If T is a discrete group and I' ~? M is an action that preserves the trace T, then I" preserves
the || - ||;-norm on m7, and hence the action extends to an action by isometries on L'(M, Tr), and
the dual of the action on L'(M, Tr) agrees with the action on M.

Restricted to n, the action is also isometric with respect to || - ||2 and hence gives a unitary

2two projections p and ¢ in a von Neumann algebra M are Murray-von Neumann equivalent if there exits a partial
isometry u € M with u*u = p and uvu* = q.
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representation in U (L?(M, Tr)), which is called the Koopman representation and denoted by o* :
I' — U(L*(M,Tr)). Note that considering M C B(L?(M, Tr)) via the standard representation,
we have that the action o : I' — Aut(M, Tr) becomes unitarily implemented via the Koopman
representation, i.e., for x € M and v € I' we have 0, (z) = agxag,l.

The crossed product von Neumann algebra M x I is defined to be the von Neumann subalgebra
of B(L*(M,Tr) ® £°T') generated by M ®C and {o) ® A, | v € I'}. We use the notation
Uy = US ® . Note that by Fell’s absorption principle *, the representation I' 3 v — u, € M x T’
is conjugate to a multiple of the left regular representation and hence generates a copy of the group
von Neumann algebra LI'.

If P, denotes the rank one projection onto Cd, C ¢TI, then we have a canonical conditional
expectation from B(L*(M, Tr) ® ¢*T") onto B(L*(M, Tr)) given by T — (1 ® P.)T(1 ® P.) and
then identifying B(L?(M, Tr)) with B(L*(M,Tr)) ® CP,. Restricting this to M x T gives a
conditional expectation F, : M x I' — M. The trace on M then extends to a faithful normal
semi-finite trace on M x I given by Tr(z) = Tr o Ep(2).

If we have a subgroup I'y < I' and a I'y-invariant von Neumann subalgebra M such that
My N mry, is weakly dense in M, then the von Neumann algebra generated by M, and ['; is
canonically isomorphic to the crossed product M, x I'y, and so we have a canonical embedding
of crossed products My x 'y C M x T

A specific example of the crossed product construction that we will use below is when we
consider ¢/*°I" with its trace coming from counting measure, and the action of I' ~* T is given
by right multiplication L, (f)(x) = f(ay). In this case, by considering a Fell unitary, we obtain

an isomorphism 6 : (T x T' — B(¢°T) such that §(f) is the multiplication operator by f for

f € £>°T", while for v € I' we have 0(u,) = )\, gives the left-regular representation.

3Fell’s absorption principle states that if 7 is a unitary representation of a group I on A, then A ® 7 is unitarily
equivalent to A ® 14;. Here, X is the left-regular representation and 14 is the trivial representation.
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2.4 The basic construction

If (M, Tr) is a von Neumann algebra with a semi-finite normal faithful trace Tr, then con-
jugation on ny, induces an anti-linear isometry J : L*(M,Tr) — L*(M,Tr), and we have
M = JMJ. If N C M is a von Neumann subalgebra then the basic construction is the von

Neumann algebra

(M, N) == (JN'J) € B(L}(M, Tv)).

If \V is semi-finite, the so is (M, ).

2.5 Tensor products of operator spaces

For the basic results we’ll need from the theory of operator spaces and their tensor products,
we refer the reader to [BLMO4] or [PisO3]. A (concrete) operator space is a closed subspace
E C B(H). Given operator spaces F and F', and a linear map v : F — F, we define linear maps
up, : M, (E) — M, (F) by setting u,,((x;;)) = (u(z;;)). The map u is completely bounded if the
completely bounded norm ||ul|e, = sup,, ||u,]| is finite.

We denote by C'B(FE, F') the space of all completely bounded maps from F to F, which is a
Banach space when given the completely bounded norm. We also endow M, (CB(E, F')) with the
Banach space norms coming from the canonical isomorphism M, (CB(E, F')) = CB(E, M, (F)).
Ruan’s abstract matrix norm characterization for operator spaces shows that the norms on M,,(C B(E, F'))
give an operator space structure to C B(FE, F'), i.e., CB(F, F) is completely isometrically isomor-
phic to a concrete operator space. In particular, when F' = C we obtain the dual operator space
structure on .

Any Banach space X can be endowed with an operator space structure by embedding X into
the C*-algebra C'((X*);) of weak*-continuous functions on the unit ball of X*, and where X
is realized via the evaluation map. We denote this operator space structure by min(X). We
may also consider the supremum of all operator space norms on X, and we denote this opera-

tor space structure by max(X'). We then have completely isometrically min(.X)* = max(X*) and
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max(X)* = min(X*).

For a Hilbert space H there are two canonical operator space structures. The first is the Hilbert
column space H¢, which endows H with the operator space structure coming from the canonical
isomorphism H = C'B(C, H). The second is the Hilbert row space H", which endows # with the
operator space structure coming from the canonical isomorphism H = C'B(H,C). As operator
spaces we then have natural identifications (H¢)* = H' and (H")* = H'. Unless otherwise stated,
in the sequel we will endow any Hilbert space with its operator space structure as a Hilbert column
space.

If £ C B(H) and FF C B(K) are operator spaces, the minimal tensor product E Q@ F is
given by the completion of the algebraic tensor product £ @ F' C B(H ® K). The operator space
structure on X ®n;, F is independent of the concrete representations, and we have a completely

isometric embedding

E @umin F — CB(F* E)

where u = Y ,_ 2, ® yy € E ® F is associated to the map @ : F* — FE given by u(¢) =
> ve1 U(yk)ak, for ¢ € F*.

If £ and F’ are operator spaces, then perhaps the simplest way to describe the projective tensor
product is to define it as the completion of £ ® F’ when we embed £ ® F' into the operator space
CB(FE, F*)* via the map that assigns to x ® y the functional CB(E, F*) 2 T — T(x)(y). We
denote the operator space projective tensor product of £ and F' by E® F'. From [BP91, Proposition

5.4] we then have completely isometric isomorphisms

(E® F)* =~ CB(E, F*) =~ CB(F, E). @2.1)

We note that under the identification (£ ® F')* = CB(F, F'*), the weak*-topology on bounded
sets is given by pointwise weak*-convergence of operators.
In this article we will be mainly interested in dual operator spaces. We therefore find it con-

venient to use the notation £ and F' for operator spaces that are dual to operator spaces F, and
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F. respectively. Every ultraweakly closed subspace E of B(H) is a dual operator space with a
canonical predual B(H)./E,, where E| is the preannihilator of E. Conversely, if £ is a dual
operator space, then F is weak*-homeomorphically completely isometric to an ultraweakly closed
subspace of B(H).

If E C B(H)and F' C B(K) are ultraweakly closed subspaces, then the normal minimal tensor
product E ® F is the ultraweak completion of the algebraic tensor product £ ® F C B(H ® K).
This is independent of the concrete representations, and we have a weak*-homeomorphic com-

pletely isometric embedding
E®F — (E,® F,)" 2 CB(E,,F) 2 CB(F,, E).

We will therefore identify F' ® F as a subspace of C'B(E,, I). We note that even in the case when
F = M is a von Neumann algebra, this embedding will not be surjective in general. However,
it follows from [Ble91, Theorem 2.5], [Rua92, Proposition 3.3] and [Kra91] that this embedding

will be surjective whenever F' = M is a von Neumann algebra with the o-weak approximation

property.

2.6 Hilbert C*-modules

We refer the reader to [Lan95] for the basic properties of Hilbert C*-modules. If A is a C*-

algebra and / is a set, then we let @, _, A denote the space of functions (a,);c; suchthat )., aja;
converges in A. This gives a Hilbert A-module where we have an A-valued inner product (linear

in the second variable) given by
((ai)ier, (bi)ier)a = Z a;b.
iel
If H is a Hilbert space then on the algebraic tensor product A ® H we have an A-valued inner

product given by (a ® £,0 @ n) 4 = (n,&)a*b. This inner product extends continuously to give a

Hilbert A-module structure to A Qi H [BLMO04, Theorem 8.2.17], where H is endowed with its
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operator space structure as a column Hilbert space. Choosing a basis {e; };c; gives an identification
between the Hilbert A-modules A ®y,i, H and P, ; A.

If M is a von Neumann algebra and / is a set then we let @ie ;M denote the space of functions
(ai)icr such that )., afa; is bounded. If (a;)ics, (bi)icr € @ieIM then we have ultraweak

convergence of the sum

((ai)ier; (bi)ier) m = Z a;b;.

iel
If H is a Hilbert space, then the Hilbert M-module structure on M ®,,,;, H has a unique extension
to M ® H such that the inner product (-, -) o, is separately ultraweakly continuous. In particular,
M @ H will be self-dual in the sense of Paschke [Pas73], [Sch02, Proposition 2.9]. Choosing a
basis {e; }ics gives an identification between the Hilbert M-modules M ® H and @ie M.

Dual Hilbert M-modules are naturally related to normal representations of M obtained via
an internal tensor product X ®,¢ L?(M). In the case when M has a finite trace 7, this is quite
explicit, and as we will use this in the sequel, we describe this here. Given a Hilbert M-module K,
we obtain a scalar-valued inner product (-, -), on K by (£, 1), = 7({n, &) m). The completion gives
a Hilbert space K, and the right M-module structure on K then extends to a normal representation
of M°P on IC,.

Each vector £ € K then gives rise to a bounded right M-modular map L¢ : L*(M,7) = K,
such that L¢(z) = £z forall z € M C L*(M, ). To see that L is bounded, just note that for

r € M C L*(M,7) we have

ILe(2) 17 = ({82, &2 a1) = T(2™(€, E)aaz) < €I 1213

Every bounded right M-modular map arises in this way, and if £,n € K, then we can recover
our inner product as (§,7) = L{L, € (JMJ)' N B(L*(M, 7)) = M. The mapping L : K —
B(L*(M,7),K,) is then isometric and gives a homeomorphism between the weak*-topology on
K and the ultraweak topology on B(L?*(M, 1), K,).

As a consequence, if X C K is an M-invariant subset, then X is weak*-dense in /C if and only
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if X is dense in /C.. Indeed, if X were not dense in K., and if we let P denote the projection onto
X+ in K., then P is right M-modular, and PL¢ = 0 for all £ € X If we then took any non-zero
right M-modular map L € B(L*(M, 1), PK,), then L = L, for some n € K, and PL, # 0,
showing that 7 is not in the weak*-closure of X.

Another consequence we shall use is that if IC and H are two dual Hilbert M-modules, X C K

is a weak*-dense M-invariant subset, and V' : X — H is a right M-modular map that satisfies

(VE§, V) =(&n) (2.2)

for all £,n € X, then V has an extension to X that satisfies (2.2) for £,n € K and such that V' is
continuous with respect to the weak*-topologies. Indeed, if V. denotes the map V' when viewed as

a map between K. and H ., then V; extends to an isometry, and we may define V' by Ly = V, L¢.

2.7 Measurable functions into separable Banach spaces

If (X, ) is a standard measure space and E is separable Banach space, then we let L' (X, u; F)
denote the space of measurable functions f : X — FE such that [ || f(z)| du(z) < oo, where
we identify two functions if they agree almost everywhere. We have an isometric isomorphism
LYX,u)® E — LY(X, u; E), which takes an elementary tensor f ®a to the function z — f(r)a;
here ® represents the Banach space projective tensor product. If £ = (E,)* is dual to a separable
Banach space then we let L% (X, 1; E') denote the space of essentially bounded functions that are
Borel with respect to the weak*-topology restricted to some ball in £ that contains almost every
point in the range of f, where we identify two functions if they agree almost everywhere. Note
that since F, is separable, the weak*-topology in F is compact and metrizable when restricted to
any closed ball.

If K C E'is a weak*-compact subset, then we denote by L% (X, u; K') the subset of LSS (X, 15 E)

consisting of those functions whose essential range is contained in K. We have an isometric iso-
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morphism L (X, u; E) — (LY(X, u; E.))* [Mon01, Section 2.2] given by the pairing

(19) = [ (71).9(0)) duta)
Thus we have isometric isomorphisms
L (X, E) = (L'(X, s B.))" = B(L\(X, ), B).

Proposition 2.8. If £ = (E.)* is a dual Banach space and K C E is a weak*-closed convex

subset, then under the above isomorphism we have
Lyn (X, K) 2 {Z € B(LY(X, p), B) | E(f) € K forall f € LY(X, p)y, [ f[h = 1}.

Proof. We let U : L2 (X, u; E) — B(L'(X, u), FE) be the isomorphism from above, so that for
f € L3 (X, p; E) and g € LN(X, p) we have W(f)(g) = [ g(=)f(x) dp(x).

If fe L(X,u; K)and g € LY(X, u), with ||g||; = 1, then as K is convex and weak*-closed
we have U(f)(9) = [g(z)f(z)du(z) € K. On the other hand, if f € L3 (X, p; E) is not in
L.(X, u; K), then choose a point m € E \ K that is contained in the essential range of f. By the
Hahn-Banach separation theorem, there exists a convex weak*-open neighborhood GG of m such
that G N K = (). If we set B = f~*(G), then we have that y(B) > 0, and taking g = ﬁlB, we

haveq/(f)(g):ﬁf]gf(x)du(x)GECE\K. O

2.8 Properly proximal groups

Suppose I is an infinite discrete group and we have an action by homeomorphisms on a non-
empty Hausdorff topological space X. Recall that a pair of points z,y € X are called proximal
if the orbit I' - (x, y) has non-trivial intersection with every neighborhood of the diagonal A =
{(z,z) | * € X} C X% We say a pair of points x,y € X are properly proximal if for every

neighborhood O of A there is a finite set £ C I" such that (I' \ F') - (z,y) C O. We say a point
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x € X is properly proximal if any pair of points in the orbit I' - 2 are properly proximal, and we

say the action I' ~ X is properly proximal if the set of properly proximal points in X is dense.

Lemma 2.9. Let E be a compact convex subset of a locally convex topological vector space X.
Let K C E be a compact convex subset and U be relatively open in E with K C U. Then there

exists a convex set V such that K C'V C U and V is relatively open in E.

Proof. For each point z € K choose an open convex neighborhood U, of zero such that (z + U, +
U,)NE C U. The family {z + U, : x € K} is an open cover of K. Therefore there exists a finite
subset FF C K suchthat K C | J{z + U, : ® € F}. Put Uy = (\{U, : © € F}. Then Uj is both
open and convex. The set K + Uy is convex as a sum of convex sets, and it 1s open as a union of a
family {x + U, : © € K} of open sets. The set V' = (K + Uj) N E is relatively open in E, and it
is convex as an intersection of two convex sets. It is clear that X C V. Now,letx ¢ V C K + U,
be an arbitrary point. Then there exists a point z € K such that z € z + Uj. Also there exists a
pointy € F'suchthatz € y+U,. Thenz € y+ U, + Uy C y + U, + U,. Since x € I, we see
thatz € U. [

Lemma 2.10. Suppose I acts on a compact Hausdorff space X. If I' ~ X is properly proximal,

then so is the action I' ~ Prob(X).

Proof. First note that the embedding of X into Prob(X) as Dirac masses is a homeomorphism
from X into Prob(X) with the weak*-topology. Thus, if z € X is a properly proximal point, then
50 i8 0y} € Prob(X).

We now claim that the set of properly proximal points in Prob(X) is closed under taking
convex combinations. Indeed, suppose 7,...,1, € Prob(X) are properly proximal, and n =
Zle t;m; with Zle t; = 1. Let O* be an open neighborhood of A*, the diagonal of Prob(X) x
Prob(X). In light of Lemma 2.9, we may assume without loss of generality that O* is convex.
For each i = 1,...,k, there exists a finite subset F; C I" such that (yn;,vgn;) € O* for all
g €T,y ¢ F. Set F = U" F,. Then, (yn;,vgn;) € O* forall g € T,y ¢ F and for all

i=1,...,k. Since O* is convex, it follows readily that (yn,ygn) € O* forallg € ',y ¢ F.
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The proof is then immediate, as the convex combination of Dirac masses is dense in Prob(X).

]

A Banach I'-module consists of a pair (7, ), where F is a Banach space and 7 : I' — Isom(FE)
is an isometric representation of I' on £. We will often drop the notation 7 and by abuse of notation
refer to I/ as a Banach I'-module. A dual Banach I'-module consists of a dual Banach space of a
Banach ['-module, together with the natural dual representation of I'. Note that for a dual Banach
I'-module (7, E), the Banach I'-module to which it is dual is part of the data, and we denote
this predual of F by FE, so that £ = (FE,)*. The weak*-topology on E will always refer to the
weak*-topology with respect to this duality.

A group I is defined in [BIP18] to be properly proximal if there exists an action of I' on a
compact Hausdorff space X such that there is no I'-invariant measure on X and such that Prob(X)
has a properly proximal point. It will be easier for us here to consider actions on convex subsets of

locally convex topological vector spaces, and so we reformulate proper proximality in this setting.
Proposition 2.11. Let I" be an infinite discrete group. The following are equivalent:
(i) T is properly proximal.

(ii) T has a properly proximal action on a compact Hausdorff space that does not have an in-

variant measure.

(iii) There is a dual Banach I'-module E and a non-empty I'-invariant weak*-compact convex sub-
set K C E such that K has a properly proximal point (with respect to the weak*-topology),

but has no fixed point.

(iv) There is a dual Banach T'-module E and a non-empty T'-invariant weak*-compact convex
subset K C E such that the action I' ~ K is properly proximal (with respect to the weak™-

topology) but has no fixed point.

(v) T has an action by affine homeomorphisms on a non-empty compact convex subset K of a

locally convex topological vector space such that the action I' ~ K is properly proximal but
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has no fixed point.

Proof. (i) = (iii) is trivial by considering the weak*-compact convex set of probability measures
on a compact Hausdorff space. (i) = (i) is also trivial as we can restrict to the closure of an
orbit of a properly proximal point. (ii)) = (iv) follows from Lemma 2.10. (iv) = (v) is trivial.

Finally, both (iii) = (i) and (v) = (i) follow from the simple observations that if £ is a
properly proximal point in a compact Hausdorff space K, then dy;; is a properly proximal point
in Prob(K), and if a compact convex set has an invariant measure, then the barycenter of such a

measure gives a fixed point. [

Given a dual Banach [-module (7, F), we let E,,;; denote the set of all points z € E such
that we have weak*-convergence lim.,_,, 7(y)x = 0. Note that E,; is a norm-closed I'-invariant
subspace of F, so that (7, E,) is also a Banach I'-module.

We also have a characterization of proper proximality in terms of bounded cohomology, which

is of independent interest.

Proposition 2.12. Let I be a discrete group. Then 1 is properly proximal if and only if there is
a dual Banach T-module E such that the induced map H} (T, Ey;) — H} (T, E) has non-trivial

range.

Proof. Suppose I is properly proximal and let I' ~ X be an action on a compact Hausdorff space
such that Prob(X) has a properly proximal point 7 but X has no invariant measure. We let £ =
{¢ € Meas(X) | ((X) =0} C C(X)* and define a bounded cocycle ¢ : I' — E by ¢(y) = n—n.
Since 7 is properly proximal we have that the cocycle ¢ ranges in Fy,;,. If we had ¢(y) = {—~( for
some ¢ € E then it would follow that n — ¢ € C'(X)* is '-invariant, and as X has no I'-invariant
probability measure we must then have n = ( € E. However, ¢ E since (X ) = 1, and hence ¢
represents a non-trivial cohomology class in H} (T, E).

Conversely, suppose £ is a dual Banach I'-module and ¢ : I' — E,;, is a bounded cocycle
that represents a non-trivial cohomology class in H} (', E'). Consider the associated isometric

affine action on E given by a(y)x = yx + ¢(7). Note that we have weak*-topology convergence
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lim, o a(y)a(g) - 0 — a(y) - 0 = lim,_,o, yc(g) = 0. Thus, 0 is a properly proximal point with
respect to the action a.

If we let K be the weak*-closure of ¢(I), then K is weak*-compact by the Banach-Alaoglu
Theorem, and we have that I' " K is properly proximal. If we had an invariant measure on K,
then taking the barycenter would give a I'-fixed point in £, which would contradict the fact that
the cocycle ¢ represents a non-trivial cohomology class in H}} (T, ). Thus T is properly proximal

by condition (2) in Proposition 2.11. [

2.9 Multipliers on discrete groups and associated multiplier algebras

Let I be an infinite countable discrete group. We will denote by ¢q(T"), the space of all complex-
valued functions on I" vanishing at infinity, i.e., f € ¢(T") if for every € > 0, there exists a finite set
F C T such that |f(s)| < eforall s € '\ F. The space of all bounded complex-valued functions
on I" will be denoted by ¢*°T", and cyo(I") will denote the space of all finitely supported functions
on I['. For a subset ¥ C I', we denote the characteristic function of £ by 1.

The Fourier-Stieltjes algebra of I, denoted by B(I'), is the set of all coefficient functions of
unitary representations of I, that is, for every ¢ € B(I") there exists a unitary representation (m, H)
of I" and vectors £, € H such that p(s) = (n(s)§,n) for every s € T'. It is a Banach algebra with

respect to the norm

el = it €]}l

where the infimum is taken over all representations of ¢ as above.

The Fourier algebra of T', denoted by A[['], is the set of all coefficient functions associated
to the left regular representation of I'. It is the norm closure of the algebra of finitely supported
functions in the algebra B(I").

A Herz-Schur multiplier on T is a function ¢ : I' — C for which there exists a Hilbert space H

and bounded functions &, 7 : [' — H such that

p(t™'s) = (&(s),n(t))  s,teT.
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The set By(I") of all Herz-Schur multipliers on I is a Banach algebra with respect to the pointwise

product and to the norm

el 3, = inf {|€]oc 7|,

where the infimum is taken over all representations of ¢ as above. It turns out that By(I") is a dual

space, and the predual Q(T') of By(T") is obtained by completing ¢'T in the norm

lelle = {

(see, [Her74, DCHB85]).

> els)uls)

sel

ue By(D), |lull s, < 1}

Definition 2.13. Let I' be a countable discrete group.

1. ([CCJ*01]) We say that I" has the Haagerup property if there exists a net {¢; } of normalized
(i.e., pi(e) = 1 for every i), positive definite functions on I" such that ¢; € ¢y(I") for every 1,

and p; — 1 pointwise.

2. ([CH89]) We say that I is weakly amenable if there exists a net {;} of finitely supported
functions on I" converging pointwise to the constant function 1, and such that sup, ||;|| 5, <

C'. The Cowling-Haagerup constant A, (T") is the infimum of all constants C' for which such

anet {(;} exists.

3. ([Knul6]) We say that T has the weak Haagerup property if there there exists a net {p;}
in By(I") N ¢o(I") such that sup; ||¢il|s, < C and p; — 1 pointwise. The weak Haagerup

constant Ay, (1) is the infimum of all constants C' for which such a net {(;} exists.

4. ([HK94]) We say that I" has the approximation property (AP) if there exists a net {¢;} of

finitely supported functions on I" such that p; — 1 in the o(B2(T"), Q(T"))-topology.

Remark 2.14. It is easy to see that every finitely supported function on I' can be realized as a

coefficient of the left regular representation and hence cyo(I') C A[[']. Therefore, by [CH89,
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Proposition 1.1], T" is weakly amenable if and only if there exists a net {(;} in the Fourier algebra

A[T'] such that ¢; — 1 pointwise and sup; ||¢;|| 5, < co.

Remark 2.15. The inclusion map from B(I") into By(T") is a contraction (see [DCHS85, Corollary
1.8]), and so the o(By(I"), Q(I"))-closure of any subset E of B(I") contains the closure of E in
the B(I")-norm. Hence I" has (AP) if and only if the constant function 1 is in the o(By(I"), Q(I))-
closure of A[I'] in By(T").

Since A[I'] C By(I') N ¢o(I"), one always has Aye,(I') < Ap(I'), and a weakly amenable
group has the weak Haagerup property. Similarly, as normalized, positive definite functions are
Herz-Schur multipliers of norm one, it follows that if I" has the Haagerup property then it has the
weak Haagerup property and Ay, (I") = 1. It is well known that all weakly amenable groups have

(AP), and there are non-weakly amenable groups with the (AP) as well (see [HK94]).
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Chapter 3

Von Neumann equivalence

In this chapter we define the notion of a fundamental domain for the action of a discrete group
on a von Neumann algebra and that of von Neumann equivalence of groups. We study their basic

properties and prove some fundamental results.

3.1 Fundamental domains for actions on von Neumann algebras

Definition 3.1. Let ' ~? M be an action of a discrete group I' on a von Neumann algebra M. A
fundamental domain for the action is a projection p € M so that {o,(p) }er gives a partition of

unity.

Note that if p € M is a fundamental domain, then we obtain an inclusion 6, : (' — M
by 0,(f) = >_ cr f(7)o,-1(p). Moreover, this embedding is equivariant with respect to the I'-
actions, where I' ~ />°T" is the canonical right action given by R, (f)(x) = f(xy). Conversely, if

0 : (T — M is an equivariant embedding, then 6(J.) gives a fundamental domain.

Remark 3.2. If p € M is a fundamental domain, one can equivalently work with the ['-equivariant
normal inclusion 0, : (T — M given by 0,(f) = > . f(v)o,(p). Here I' ~ (T is the

canonical left action given by L. (f)(z) = f(y ). This will be used in section 4.3.

Proposition 3.3. Suppose M is a semi-finite von Neumann algebra with a semi-finite normal
faithful trace Tr, and I’ ~7 (M, Tr) is a trace-preserving action that has a fundamental domain

p. The following are true:

(i) The map 7(x) = Tr(pxp) is independent of the fundamental domain p and defines a faithful

normal semi-finite trace on M*. Here, M" denotes the space of all I'-fixed points.
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(ii) There is a unitary operator F,, : (’°T @ L* (M, 1) — L?(M, Tv) that satisfies
Fp(6y ® ) = 0,-1(p)z,

forz en, C MY and~ €T.

(iii) The operator F, satisfies
Fo(l@ Jad) = JaJF,, Fplpy®@1) =03F, (f@LF,=Fb0(f), G

forx € MY, v €T, and f € (T, where 0, : {*T — M is the T-equivariant embedding

given by 0,(f) = 3" cr f(7)o,-1(p).
(iv) Fr(M, M"Y F, = B*T) & M.

(v) We have M = W*(0,(¢>T"), M"), and, in fact,
span{0,(f)z | f € (T, 2 € M"}

is strong operator topology dense in M.

(vi) If « € Aut(M) is an automorphism that preserves Tr and is I'-equivariant, then ojpr

preserves T.

Proof. If x € M" such that 7(z*x) = 0, then as Tr is faithful we have xp = 0. We then have
x0,(p) = o, (zp) = O forall v € I', and since . 0,(p) = 1 we then have x = 0, so that T is
faithful.

As Tr is semi-finite, there exists an increasing net of finite-trace projections {g;}c; so that
¢; — p in the weak operator topology. If we set ¢; = Zvep 0,(¢;), then as p is a fundamental
domain for T, it follows that {¢; };c; gives an increasing net of projections in M that converges in
the weak operator topology to > .0, (p) = 1, and satisfies 7(g;) = Tr(¢;) < oo foreachi € I.

Therefore 7 is semi-finite.
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If ¢ is another I'-fundamental domain then we also have

7(z*x) = Te(pz*zp) = Y Tr(pz*o,(g)ap)

vyel

= Z Tr(oy(q)xpr*o,(q)) = Z Tr(qro,-1(p)z*q) = Tr(qraz™q).

vel’ yel

Thus 7 is independent of the fundamental domain and defines a trace, proving (a).

If v € n, C ML, then px € ny, and we have ||z||?> = 7(zz*) = Tr(prz*p) = ||pz]|3,, so the
map n, > x — pr € pL*(M, Tr) is isometric with respect to the trace norms. If 7' € nry, then for
eachy € ' wesetal = 3, . oa(pTo,(p)). Note that since p is a fundamental domain, this sum

converges in the strong operator topology, and we have az € MY. We then compute

pT =Y pTo,(p) =) pal,

~yel ~yel

where the sums converge in pLQ(/\/l, Tr). Since T' € n, was arbitrary, this shows that n. > = +—
px has dense range in pL?(M, Tr), showing that this map extends to a unitary from L*(M" 7)
onto pL?(M, Tr). Since p is a fundamental domain we have a direct sum decomposition L?(M, Tr) =
> er 041 (p)L* (M, Tr), and (ii) then follows easily.

Letv,g € I'and x,y € n.. The following three computations verify (iii):

Fr(1®@ Jx)(6g @ y) = Fp(0g @ JaJy) = og-1(p)Jxty = JoJo,-1(p)y = JaJF,(64 @ y),
Fo(py @ 1)(0g @ y) = Fy(bgy-1 @ y) = 00g-1(p)y = 05 (04-1(p)y) = 05F,(04 @ y),

}—p(f ® 1)(59 ®y) = }—p(f‘sg ®y) = ]:p(f(g)(;g ®y) = f(g)}—p((sg ®Yy)

= f(9)og1(p)y = (Z f(v)ow—l(p)) og-1(p)y = Op(f)og-1(p)y = Op(f)Fp(3y @ y).

yel’
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To verify (iv), let 2,y € MY, T € B(£’T"), and £, € nry. Then,

(JyJ Fp(T @ x)Fy&,m) = (T @ =) Fp 8 FrJy*™Jn)
= ((Twx)F¢ (1@ JyJ)F,n)
= (&, F(I" @z Ty J) Fyn)
= ({, F(1 @ Jy"J)(T" @ ™) Fyn)
= (& Jy JF(T" @ %) Fym)

= (Fp(T @) F, JyJE,m),

whence it follows that F,(T ® z)F; € (JM"J) = (M, M"), and this establishes (iv).

As in part (ii), if 7" € M and 71,7, € I, then

04, (P)T04,(p) = 04, (p) (Z 04(04, (p)To, (p))) € span{f,(f)z | x € M", f € (T},

yerl

where the sum converges in the strong operator topology. We also have strong operator topology

convergence

T = Z 071(p)T072(]9),

v1,72€l

and hence (b) follows.
If o € Aut(M) is a I-equivariant automorphism that preserves Tr, and if p is a I'-fundamental

domain, then a(p) is also a I'-fundamental domain, and hence for x € M! we have

*

T(a(z"x)) = Tr(pa(z*z)p) = Tr(a(p)r*za(p)) = (2 2),

showing (vi). ]

Proposition 3.4. Suppose I' ~ (M, Tr) is a trace-preserving action with fundamental domain p.
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Then there exists a trace-preserving isomorphism A, : M x T — B((*T') @ M" such that
Ap(uy) = py @1, Ap(z) = F;xfp

fory €T, 2 € M C M xT. Inparticular, we have M x T = B({*T") @ M' = (M, MP).

Proof. We let F, : ’T'® L* (MY, 7) — L?(M,Tr) be the unitary from Proposition 3.3. We
define a unitary operator W € U(*T ® LA(M", 1)@ *T) by W(6, @ E®@n) = 6, @E® A\,n. We
then check that W (F; ® 1) gives a unitary intertwiner between M x I" and B(¢*T') @ M' ® C =
(Fp @ ) ((M, M") @ C)(F, ® 1), which takes u, to p, ® 1 ® 1 for each 7 € T, and takes z to
FyaF, foreachz € M C M xT. O

We note that if x € M, then we also have an explicit form for A,(z). Indeed, if we view
B(PT) & M as M -valued T' x T' matrices, then it’s simple to check that A,(z) = [s]ss

where

T =Y _0(01-1(p)ao (p) € M.

yerl
Proposition 3.5. Suppose I' ~ (M, Tr) is a trace-preserving action with fundamental domains
p and q. Then, using the notation above, we have F;F, € U(LT @ M") and N, (p)(F;F,) =
(FiF) A (0)

Proof. By (3.1) and Proposition 3.4 we have 7 F, € (p(I') ® C)' N B({*T)@ M" = LT @ M".

Moreover, by Proposition 3.4 we have

Ap(p)FiFp = (0e @ 1) Fy Fp = FrqFp = Fr FpAp(q).
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3.2 Von Neumann couplings

Definition 3.6. Let A and I" be countable groups. A von Neumann coupling between A and I’
consists of a semi-finite von Neumann algebra M with a faithful normal semi-finite trace Tr and
a trace-preserving action A x I' ~ M such that there exist finite-trace fundamental domains ¢
and p for the A and I'-actions, respectively. The index of the von Neumann coupling is the ratio

Tr(p)/Tr(q) and is denoted by [I" : A]r. This is well-defined by Proposition 3.3.

By Definition 1.1, A and I" are von Neumann equivalent if there exists a von Neumann coupling
between them.

Note that the notion of von Neumann equivalence coincides with measure equivalence when
restricting to the case when M is abelian. Also, if we have an isomorphism 6 : LA — LI,
then setting M = B(L*(LT")) we have an action of I by conjugation by p., an action of A by
conjugation by 6(u, ), and a common fundamental domain P,, so that if I" and A are W *-equivalent,

then they are also von Neumann equivalent. More generally, we have the following construction:

Example 3.7. Suppose A and I are countable groups, we have trace-preserving actions I' ~ (M, 7)
and A ~ (Ms, 7), and a trace-preserving isomorphism 6 : My x A — M; x I" such that 0(M;) =
M. Then 6 extends to an isomorphism of basic constructions 0 (My x A, My) — (My x T, My)
such that f(eys,) = e,

For v € I' we have [u,(Ju,J),en,] = 0 and hence I' 5 v — Ad(Ju,J) describes a trace-
preserving action of I" on (M7 x ', M;), which pointwise fixes M; x I'. In particular, we have that
A 3 X — Ad(A(uy)) gives an action that commutes with the action of T', and we have that e, gives

a fundamental domain for both the T and A-actions. Therefore, (M; x T', M) = M, ® B(¢*T)

gives an index-one von Neumann coupling.

Remark 3.8. We have a partial converse of the previous example, which is in the spirit of Theorem
3.3 from [Fur99a]. If M is a von Neumann coupling, then by Proposition 3.4 we have isomor-

phisms B(2T) @ (MY x A) & M x (I x A) = B((?A) @ (M™ x T'). Therefore M x A is a
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factor if and only if M”* x T'is a factor, and in this case we have that M" x A and M? x T are

stably isomorphic.

Just as in the case of measure equivalence, von Neumann equivalence is an equivalence relation.
Reflexivity follows by considering the trivial von Neumann ['-coupling /*°T". Symmetry is obvious,

and transitivity follows from the following proposition.

Proposition 3.9. Ler (N, Try) and (M, Trp) be (X, A) and (A, T') von Neumann couplings,
respectively. We consider the natural action of 2, A, and I on N'® M, where A acts diagonally.
Then N'® M has a A-fundamental domain, and the induced semi-finite trace on (N'®@ M)* gives

a (X,T') von Neumann coupling with index

X Twsan = [E: Alv[A: T

Proof. 1f q is a A-fundamental domain for NV, then ¢ ® 1 gives a fundamental domain for the action
on N/ ® M. We therefore obtain an induced ¥ x I'-invariant semi-finite normal faithful trace on
(N ® M) by Proposition 3.3.

If p € M is a fundamental domain for I', then we see that >, _, o (q)®@0a(p) € (N @ M)  is
a fundamental domain for T" with trace Tr(¢)Tr(p) < oo. Similarly, if » € A is a fundamental do-
main for X, and if ¢ € M is a fundamental domain for A, then Y, _, o (1) ® 0A(q) € (N @ M)A
is a fundamental domain for ¥ with trace Tr(r)Tr(§) < oc.

Hence, (N ® M)* is a (X, T') von Neumann coupling with index

St Dvmaon = Te(@)Te(p)/Te(r) Te() = S 2 Alw[A : T,
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Chapter 4

Von Neumann equivalence and group approximation properties

We introduce induction procedures in this chapter. More precisely, we develop procedures
for inducing group actions, unitary representations, and Herz-Schur multipliers via von Neumann

equivalence from A to I, and using these we prove, respectively, Theorems 1.4, 1.2, and 1.3.

4.1 Inducing actions via semi-finite von Neumann algebras

If I" is a group, then an operator I'-module consists of a pair (7, E'), where F is an operator
space and 7 : I' — CI(FE) a homomorphism from I to the group of surjective complete isometries
of E. A dual operator I'-module consists of a dual operator space £ = (F,)* that is an operator
[-module such that the action of I is dual to an action on F,. Note that if X = (X.)* is a dual
Banach I'-module, then we can regard X also as an operator ['-module by endowing X, with
the operator space structure min(X,), so that max(X) = (min(X,))* becomes a dual operator

I'-module.

Definition 4.1. Let I" and A be discrete groups and suppose that I' x A ~ (M, Tr) is a trace-

preserving action on a semi-finite von Neumann algebra M. Let F be a dual operator A-module.

(i) Letting I" act trivially on F, we obtain an isometric action I' ~ M, &® F., and hence a dual
action ' ~ CB(M,, E) = (M, ® E,)*, which we may then restrict to (M ® E)*. We call
(M@ E) the dual operator T'-module induced from E.

(ii) If K C F is a non-empty convex weak*-closed subset that is A-invariant, then, considering
the embedding M ® £ C CB(M.,, E), we let M ® K denote those maps = € CB(M,, F)
such that =(¢) € K for each normal state . We then have that MR K C M®F is
a convex subset that is invariant under the actions of I' and A. Hence we have an action

I' ~ (M ® K)*, which we refer to as the I'-action induced from the A-action A ~ K.
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As motivation for Definition 4.1, note that if (X, u) is a standard measure space and M =
L*>(X, 1), then Proposition 2.8 gives an identification between L>°(X, u) ® K and LSS (X, p; K),
so that (L>®°(X, ) ® K)* can be identified as the space of A-equivariant measurable functions

from X to K.

Lemma 4.2. Using the notation above, if K is weak*-compact, then M ® K is a weak*-compact

subset of M ® E.

Proof. Since K is weak*-compact, it is bounded, and hence M ® K is a norm bounded subset
of M ® E. Viewing elements in M ® K as maps from M, to £, we then have that the weak*-
topology coincides with the topology of pointwise weak*-convergence. Since K is weak*-closed, it
follows that M & K is also weak*-closed, hence weak*-compact by the Banach-Alaoglu Theorem.

O

Proposition 4.3. Using the notation above, suppose that M has a normal A-invariant finite trace

7. Then there exists a I'-fixed point in (M @ K)» if and only if there exists a A-fixed point in K.

Proof. If ky € K is fixed by A, then we have that 1 ® kg € (M ® K)* is clearly I'-invariant.
Conversely, suppose = € (M®@ K)* C CB(M,, K)" is T-invariant. Under the Banach
space isomorphism C'B(M,, F) = CB(FE,, M), we see that we may make the identification
CB(M.,, K)' =2 CB((M"),, K), so that we may view = as a completely bounded A-equivariant
map from (M?), into F taking states into K. Since A preserves the trace 7 on M", we have that

=(7) € K is A-invariant. ]
(1)

Lemma 4.4. Let £ = (FE,)* be a dual operator space, and let M be a von Neumann algebra.
Suppose x,y € M, and {p;}ic1 is a family of pairwise orthogonal projections in M. If {a;}ic; C
E is any uniformly bounded family in E, then the sum ) _,_, vp;y ® a; converges weak* in M @ E.

Moreover, we have

1> apiy ® a|| < ] lyll(sup fla).

icl
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Proof. By representing £ as an ultraweakly closed subspace of a Hilbert space H, it suffices to
show this when £ = B(H). Since {p;}; are pairwise orthogonal, we then have that ) _,_, p; ® a;

converges ultraweakly and hence so does

Z.Tpiy ®a;=(r®1) (ZPZ ®ai> (y®1).

i€l el

Moreover,

1Y epy@all < llz @11 ps @ ailllly ® Ll = ll«]lllyll sup ]l

i€l iel
]

Lemma 4.5. Let E be a dual operator A-module, suppose K C E is a non-empty A-invariant
convex weak*-closed subset, and let M be a von Neumann algebra on which A\ acts. If the action

of A on M has a fundamental domain p then the map x, : K — (M ® K)» defined by

Xp =Y oa(p) ® Mk
AEA

ives a well-defined, weak*-continuous affine isometric map. In particular, (MR K)* is non-
8 p p

empty in this case.

Proof. We first note that the sum defining Xl,f converges weak® by Lemma 4.4. It is also easy to
see by a change of variables that we have xF € (M@ E)*.

If  is a normal state on M, then we obtain a probability measure ; on A given by p(A\) =
@(oA(p)). Viewing x} as a map from M, to E, we see that it takes ¢ to the element [ Ak du()) €
K, so that , maps into (M ® K)*.

We clearly have that x,, is affine, and by Lemma 4.4 we have || x,|| < ||k||. Also, ||k|| =
Ip @ k|| < |Ix]| so that y, is isometric. Finally, note that if k; — k weak®, then for each n € M,

we have >0, ¢y [n(ox(p))| < [|nll. It then follows that 5, \ 7(ox(p))Ak: = Dxcn 1(on(p)) AR

weak*, and since 77 € M, was arbitrary, this shows that x;i — x; weak*. O
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4.1.1 Properly proximal actions

In this section we show that if A has a fundamental domain and the I'-action on M is mixing,
then points that are properly proximal for a A-action can be induced to points that are I'-properly
proximal. At the heart of the argument is Lemma 4.7, which allows us to compare the induction

maps X, and x, from Lemma 4.5 corresponding to different fundamental domains p and q.

Lemma 4.6. Let M be von Neumann algebra, and fix p € M,. If a sequence x,, € M converges

in the ultrastrong topology to 0, then lim,, ., ||z, ||« = 0.

Proof. By considering the polar decomposition of ¢, it is enough to consider the case when ¢ is
a state. Since z,, — 0 in the ultrastrong topology, we have z;z,, — 0 in the ultraweak topology.

Hence by Cauchy-Schwarz we have

1/2 1/2

[znplle = sup fplazn)| < plaa”) p(zy20) " = 0.

aeM,|lal|<1
]

Lemma 4.7. Suppose A ~ (M, Tr) is a trace-preserving action, E is a dual operator A-module,
and a point k € E is properly proximal. Fix A € my. and suppose {a,}neny C Aut(M, Tr)
is a sequence of trace-preserving automorphisms commuting with the action of A and such that
an(A) — 0 in the weak operator topology. Then for any finite-trace fundamental domains p,q €
P (M), we have weak*-convergence

lim Xﬁ(an(A» - X];(O‘n<A)) =0,

n—o0

where X];, X’; € (M® E)* are defined as in Lemma 4.5.

Proof. Consider the trace-preserving embedding A, : M — B((*A) ® M* as given in Propo-
sition 3.4. This then gives a corresponding restriction map from (B((?A)® M™), to M., and

by composing this with x% (where we view x» € CB(M.,, E)), we obtain a map (which we
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still denote by x») from (B(¢*A) ® M™"), into E. This map is A-equivariant, where A acts on
(B((?A) ® M™), by conjugation with p, ® 1.

Note also that the isomorphism M x I' = B(/?A) ® M* shows that the automorphisms o,
extend to trace-preserving automorphisms of B(/?A)® M?*, which we also denote by ,, and
which fix RI" ® C. Part (vi) of Proposition 3.3 applied to A acting by conjugation on M x A then
shows that «,, also preserves the finite trace on LT'®@ M* = RI" N (B({*T) @ M*).

Fix A € mng, C B((?A)® M and suppose that a,,(A) — 0 weakly. Fix t € A, u €
LT ® M" and v € M™. We have

Xe(Ae ® v)uay (A) — uan, (A)(A ® v))

=D (Tr@7)((\ @ v)uan(4) — ucy(A) (A ® v))(psPopl © 1)) sk

sEA

= Z(Tr @ 1) (A @ v)uc, (A)(ps Popt @ 1)) (sk — st k).

sEA

Since we have weak operator topology convergence ua,,(A) — 0, and since 7 is a finite trace on

M| it follows that for any finite set I C A we have

Z(Tr ® T) (A @ v)uay(A)(psPepr @ 1)) — 0.

seF

Since k is properly proximal, and since {c,(A)}, is uniformly bounded in trace norm, it follows

that we have weak*-convergence
Xo(A ® 2)uc, (A) — uon (A) (A @ x)) — 0.

Taking linear combinations of vectors of the form \; ® v, it follows that for all z € CA @, M,

we have weak*-convergence

Xp (200, (A) — uay (A)z) = 0. 4.1)
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If {2 }m C LA® M is uniformly bounded, then z,, converge to 0 in the ultrastrong* topology
if and only if z,, converge in || - ||2 with respect to the trace. If this is the case, then as «, are trace-
preserving, we have from Lemma 4.6 that

lim sup [la, ' (zmt) Al ngr = lim sup || Aoy, (zu) | 1sr = 0.
m—0o0 neN m—00 neN

Kaplansky’s Density Theorem then shows that we have (4.1) for all z € LI' @ M” and all u €
LT ® M™,
By Proposition 3.5 there exists a unitary u € U (LA ® M?™) so that xF(A) = x*(uAu*) for all

A € M.,. We then have weak*-convergence
Xp (@A) = xg(an(4)) = x; (w (uan(A)) — (ua(A)u*) = 0.

]

Proposition 4.8. Suppose I' x A ~ (M, Tr) is a trace-preserving action such that the action of A
has a finite-trace fundamental domain and the Koopman representation T ~ L?(M, Tr) is mixing.
Suppose E is a dual operator A-module and K C FE is a non-empty convex weak*-compact \-
invariant subset. If the action A ~ K has a point that is properly proximal, then so does the

induced action T~ (M ® K)A.

Proof. We fix a point k& € K that is properly proximal for the action A ~ K. Given a finite-trace
A-fundamental domain p € M, welet x,, : K — (M ® K)" be defined by x* = > _, 0,(p) ® sk
as in Lemma 4.5, and we view Xl; as a A-equivariant map from M, to E*.

Fix g € T, and suppose {v,}, C I is such that 7, — oco. If A € mryy, then as the action of
I" is mixing, we have that 0., (A) converges to 0 in the weak operator topology. Therefore, if we

consider the A-fundamental domain ¢ = o,(p), then by Lemma 4.7 we have weak*-convergence
V(0,1 (A)) = Xh(0, 1,1 (A)) = ¥E(0, 1 (A)) = ¥ (0,1 (A)) — 0.
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As the set of such A is dense in M, the result follows. O

Theorem 4.9. Suppose T’ x A~ (M, Tr) is a trace-preserving action such that M has a normal
A-invariant finite trace, the action of A on M has a finite-trace fundamental domain, and the

Koopman representation I' ~ L?(M, Tr) is mixing. If A is properly proximal, then so is T.
Proof. This follows from Propositions 2.11, 4.3 and 4.8. U

Proof of Theorem 1.4. From Proposition 3.3, the existence of a fundamental domain for I' implies
that the Koopman representation is a multiple of the left-regular representation, and hence is mixing

for any infinite group. The result then follows from Theorem 4.9. [

4.2 Inducing unitary representations

Suppose A ~7(M, Tr) is a trace-preserving action on a semi-finite von Neumann algebra and
m 1 A — U(H) is a unitary representation. In Section 2.6 we gave a dual Hilbert M-module

structure to M & H that satisfies

<a ® 5) b® 77>M = <777 €>a*b

foralla,b € Mand &,n € H. Thus for s € A and z,y € M ® H, we have

(s @7(s))x, (0s @7(8))Y)Mm = 0s({X, y) 1) 4.2)

The space of fixed points (M ® H)* then becomes a dual Hilbert M*-module.

Left multiplication of M on itself gives a normal representation of M on M ® H. Thus the
space of fixed points (M ® H)" is endowed with a normal M*-representation.

If 7 is a faithful normal trace on M?*, we obtain a positive definite scalar-valued inner product
on (M@ H)A by (y,z) = 7({x, y) »1). We denote the corresponding Hilbert space completion as
(M@ H)A, which we then see is an M*-correspondence in the sense of Connes [Con95, Chapter

S, Appendix B].
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If we are also given a trace-preserving action I' ~7 (M, Tr) that commutes with the A-action,
then we see that (4.2) also holds for the I'-action. Hence if I" preserves the trace 7 on M?*, we

obtain a unitary representation I' ~ (M @ H)2.

Definition 4.10. Suppose 7 : A — U(H) is a unitary representation and I' x A~ (M, Tr) is a
trace-preserving action on a semi-finite von Neumann algebra such that the action of A admits a
finite-trace fundamental domain. We let 7 denote the I'-invariant trace on M*" given by Propo-
sition 3.3. We say that the representation I' ~ (M & H)2 is induced from m, and we denote this
representation by 7.

As an M*-correspondence, we say that (M ® H)2 is the correspondence induced from 7.

Proposition 4.11. Suppose m : A — U(H) is a unitary representation and A ~7(M,Tr) is a
trace-preserving action on a semi-finite von Neumann algebra that has a finite-trace fundamental
domain p. There exists an isomorphism of dual Hilbert M*-modules V,, : M*@H — (M@ H)*

such that

Vo(z @) =) olp)z @ m(t)¢

teA

forallz € M* and € € H.

Proof. Note first that by Lemma 4.4, when restricted to the algebraic tensor product, the map

V,: MA@ H — (M@ H)? is well-defined. Moreover, for z,y € M and £, € H we have

(Vo(z @), Viy@mm = D ((s)n, m(t))a"o(p)os(p)y

s,teA
= (n,&)z"y

As described in Section 2.6, it follows that V), has a weak*-continuous extension V, : MA@ H —
(M@ H)? that preserves the inner product; and to see that V is surjective, it suffices to show that
the range of V,, is dense when viewed as a map into (M ® H)2, where 7 is the trace given by

Proposition 3.3, i.e., 7(x) = Tr(pxp) for v € M™,
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Suppose therefore that we have (;, € (M ® H)2, orthogonal to the range of V. Note that since

(€&, mr=7((&mn) = Tr(p{§,np) = Tr({Ep, np))

for all £, € (M ®H)*, we may view (; as an element in (Mp ® H ), which is the completion
of Mp ® H with respect to the inner product given by (£, )1, = Tr((£,n)) forall{,n € Mp @ H.
Fixing s € A, x € M*, ( € (M®H)" and £ € H we have

(os(p)zp ® &, Cp)e = Tr((os(p)x ® &, (p))

— Z Tr(po((os(p)r @ &, (p)))

teA

=7((Y_alp)z @ n(ts)E ()

teA

= (Vp(z @7(s71)€), ).

Approximating (, by elements in (M ® H)" and viewing (;, as an element in (Mp® H)r, it

follows that

<Us(p)$p ®E, CO>Tr =0.

By part (b) of Proposition 3.3 we have that span{o,(p)x ® £ | s € A,x € M* € € H} is

weak*-dense in M ® H, and hence it follows that (, = 0. O

A motivating example is when M = B(¢*A) and the action o : A — Aut(B(¢?A)) is given
by o:(T) = p;Tp;, where p : A — U(F?A) is the right-regular representation. Then M* = LA
and the above process describes a method of inducing representations of A to normal Hilbert LA-
bimodules.

There is another, extensively used, method of inducing representations to normal Hilbert bi-
modules, which was originally discovered by Connes (see [Con82, Cho83, CJ85, Pop86]). Given
a unitary representation 7 : A — U(H), set K = (> A ® H, and consider the representations A ® ,

and 1 ® p of A in U (K). The Fell unitary U : K — K given by U(d; ® £) = §; ® m(t)¢ satisfies

43



UA®m)U* = A ® 1, and thus both representations A ® 7 and p ® 1 extend to give commuting
normal representations of LA and LA in B(K).
The following proposition shows that, for this example, the induced bimodule described in

Definition 4.10 is isomorphic to Connes’ induced bimodule.

Proposition 4.12. Let A be a discrete group, and w : N — U(H) a unitary representation.
Then there exists a unitary V : (?AR@H — (B((?A) @ H)2 that induces an isomorphism of LA-

bimodules.

Proof. For r € A we let p, be the rank-one projection onto Cd, C (?A. We letV, : LAQH —
(B(¢*A) @ H)™ be as in Proposition 4.11. If s, € A and & € H, then

M@ DV (608 =(A®1)) ph@a(r)E

reA

= P @m(r e

reA

= Vo (A @ 7(5)) (0 ® €).-

Viewing LI as a dense subspace of /*T" and taking completions shows that V), extends to a
unitary V,_ : ()T @ H — (B(/*A) ® H)? that intertwines the LI'-module structures defined above.

As 'V}, is also right LI'-modular, the result follows easily. 0

Lemma 4.13. Suppose 7 : A — U(H) and p : A — U(K) are unitary representations and
AN7(M,Tr) is a trace-preserving action on a semi-finite von Neumann algebra. For finite-
trace fundamental domains p,q € M, let V,, and V, respectively be the maps defined in Proposi-
tion 4.11. Suppose G is a finite set and we have functions £ : G — K and &; : G — H such that

sup; req €8] < oo, and for all t € A and k,{ € G we have

(m(t)&F, &) — (p(t)€", ")
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Then for all x,y € M and for all k,{ € G, we have

(Volz ® &), Voly ® )7 = (Voo ® €5), Vo(y @ €9))-

Proof. We compute

(Volz ® &), Valy @ &) = Z(%(p)w®7r(8)’“ (a)y @ m(t)E)

= Z z*os(p)ou(q)y(m(H)Ef, (s)EF)
s,teA
Y (Z o ) Ag) @)

‘We have

>.7 <Z au(o(p q>> = Te(po-1(g) = Tr(p) < o0,

sEA teA sEA

and hence given ¢ > 0 there exists a finite set /' C A such that setting

yr =YY o(os(p)a)

s¢F teA

for all £,/ € G we have

I7(z*yry)| < (@ yrx) 27 ((y) yey)? < |||yl 7 (yr) < e

Thus,

lim sup|(V, (2 @ &), Va(y ® &))- — (Voo @ €°), Vy(y ® €))-|

< esup €42/ + imsup > 7 ( (Z ot<os<p>q>> y>

100 e teA

(& m(9)8) — (€F p(s)€R)
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= esup [|F[]V/2]|€f)) >
(A

As € > 0 was arbitrary, the result follows. L]

Lemma 4.14. Suppose m : A — U(H) is a mixing representation and A ~ 7 (M, Tr) is a trace-
preserving action on a semi-finite von Neumann algebra. Suppose we have finite-trace A-fundamental
domains p; € M such that p; — 0 in the weak operator topology. Then for any A-fundamental

domain p and £,m € H, we have

lim  sup |<‘/p(x®§)7%z(y®n)>’r| = 0.

Z_>OO.I yG(MA)

Proof. Fix p € M a finite-trace fundamental domain and &, € H. Then for z,y € M” we may

compute as in (4.3)

(Vo(z@&), Vily@n)r = > " (Z% Us(p)pz')> y(n, m(s)§).

SEA teA

Fix € > 0. Since 7 is a mixing representation, there exists /' C A finite so that |(n, 7(s){)| < €

forall s € F. As p; — 0 weakly, we have

lim » 0 \r

seF

<Z o 041?)}%))‘ = 0.

teA

Hence

limsup sup [(Vp(z®&),V,,(y@n)),]

=00 zye(MAM),
T (x (Z Ut(as(p)pi)> y) (n,m(s)€)

teA

< limsup sup Z < €.

=00 xye(MA); s@F

Since ¢ > 0 was arbitrary, and since vectors of the form z ® £ span a weak*-dense subset of

MA R H, the result follows. n
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The following proposition generalizes results in Section 8 from [Fur99b]. In the case when

M is associated to a W *-equivalence as in Proposition 4.12, this follows from results in [Cho83,

CJ8s].

Proposition 4.15. Suppose m : A — U(H) and p : A — U(K) are two unitary representations of

A, and T x A~ (M, Tr) is a von Neumann coupling. The following hold:
(i) If T < p, then Tp < pp-
(ii) If w is mixing, then mxq is mixing.
(iii) Anq is a multiple of the left-regular representation of T.
(iv) If 7 is weak mixing, then aq has no non-zero invariant vectors.

Proof. Suppose first that 7 < p. Replacing p with p®>, we may assume that p has infinite mul-
tiplicity. Fix G a finite set, and suppose £ : G — K is a map. Since m < p, there exists a net
& : G — H such that for all t € A, we have (m(t)&F, £5) — (p(t)€F, €4). By Lemma 4.13, for all

x,y € M» and v € T, we then have

(07 @ DVp(z @ &), Vi(y ® E))r = (Vo () (04 (2) @ &), Vily ® &)+
= (Vo () (0(2) © €9), Vp(y ® €7))-

= ((0y @ DV,(z ® "), Vi(y @ €))-.

As elements of the form z ® ¢ span a dense subset of (M” @ H ), this then shows (i).
If 7 is mixing and v — oo, then for a fixed A-fundamental domain p € M, we have that

0., (p) — 0 weakly. Hence Lemma 4.14 shows that for all £, € H and z,y € M*, we have

lim <(Jv ® 1)‘/;?(1: ® &), V;J(y ®n))r = }L%(Vow(p)av(l’) ® ¢, V;)(y ®@mn), =0.

Y—00

Thus 74 is also mixing, which then shows (ii).
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We define the map F : (M ® (2A)* — M by F(£) = (1 ® 6., &) . Forr € M* and t € A,
we then have F(V,(z ® &;)) = (1 ® &, V(v ® &;)) = o,-1(p)x. Hence if we also have y € M

and s € A, then

(F(Vplz @ 61)), F(Vo(y © 85)))me = 654 Te(a o1 (p)y)
= 057 (04 (y2"))
= 0547(27y)
= (r ® 4,y ® ds)r

= (Vp(z @), Vp(y @ 65))-

Thus, F extends to an isometry F : (M ® £2A)* — L*(M, Tr). Moreover, by part (b) of Propo-
sition 3.3 we see that span{F (V,(z ® §;)) | * € M*,t € A} is dense in L?(M, Tr), hence F is
unitary.

As F commutes with the action of I', we then see that F implements an intertwiner between the
representation A\, and the Koopman representation on L?(M, Tr). Since I has a finite-measure
fundamental domain, the latter representation is isomorphic to an amplification of the left regular
representation by part (ii) of Proposition 3.3. This then establishes (iii).

We now suppose that 7, has a non-zero invariant vector in (M ® H)A. First, note that this
then implies that there is a non-zero I'-invariant vector in (M @ H)*. Indeed, if ¢ € (M@ H) Y isa
I-invariant vector, then we may approximate £ by some € (M ® H)* so that ||£ — 5|, < 3[|€].
If we let & be the unique element of minimal || - || in the || - ||,-closed convex closure hull of
{mm(v)n | v € T}, then & is also I'-invariant, and we have ||& — £|| < [|n — &|| < 1[|€]], so that
&o is non-zero. Closed balls in M ® H are weak*-compact by the Banach-Alaoglu theorem and
hence we see that § € (MR H)* C (MR H)A.

We therefore have a non-zero vector in (M ®@ H)™4 = (MP® H)A. Recall that we endow
‘H with its column operator space structure coming from the isomorphism H = B(C,H). We

therefore consider &, € (M!® B(C,H))*, and we then obtain a non-zero positive operator |&y| €
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(MV® HS(H))*, where HS(H) denotes the space of Hilbert-Schmidt operators on . As 7®Tr
gives a faithful trace on M" ® B(H), we then obtain a non-zero A-invariant vector (7r®id)(|&o]) €

HS(H). This then shows that 7 is not weak mixing, establishing (iv). O

Proof of Theorem 1.2. Amenability is characterized by having the left regular representation weakly
contain the trivial representation, thus (i) and (ii1) in Proposition 4.15 show that amenability is pre-
served under von Neumann equivalence.

Similarly, the Haagerup property is characterized by having a mixing representation that weakly
contains the trivial representation. Thus, (i) and (ii) in Proposition 4.15 show that the Haagerup
property is preserved under von Neumann equivalence.

Finally, if I" has property (T) and 7 is a representation of A that weakly contains the trivial
representation, then since 1, contains the trivial representation for I', it follows that 7, also
weakly contains the trivial representation. Property (T) then implies that 7y, contains non-zero
I'-invariant vectors, and by (iv) in Proposition 4.15 it follows that 7 is not weak mixing. It then

follows from [BV93, Theorem 1] that A also has property (T). [

4.3 Inducing Herz-Schur Multipliers

We present the proof of Theorem 1.3 in this section. The proof relies on the following analogue

of Lemma 2.1 in [Jol14].

Lemma 4.16. Let M be a semi-finite von Neumann algebra with a faithful normal semi-finite-trace
Tr and let A ~7 (M, Tr) be a trace-preserving action with a finite-trace fundamental domain p.
Suppose I' ~ (M, Tr) is another trace-preserving action that commutes with the A-action. For
p € L>®A, define p: T — C by

1 1

P(y) = W Tr(o, (0,(¢))p) = Te(p) Tr(0,(¢)oy-1(p)), vel,

where 0, : (A — M is the A-equivariant embedding.
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(a) If ¢ € Bs(A) is a Herz-Schur multiplier on A, then ¢ is a Herz-Schur multiplier on I' and

121l B, < |l¢llB,- Moreover, if ¢ is positive definite, then so is ¢.

(b) If T ~ (M, Tr) is mixing, i.e., the Koopman representation I' ~ L*(M, Tr) is mixing, and if
@ € co(N), then o € co(T'). In particular, if ¢ € Ba(A) Nco(A), then ¢ € Bo(T') Ney(T).

Proof. Since p is a finite-trace fundamental domain, it follows that ¢ is well-defined and ||@||o <
|lolloe- Let &,m : A — Ho be bounded functions from A into a Hilbert space , such that
p(t™'s) = (&(s),n(t)), s,t €A,

Let H = L*(M, Tr)®@H,. Note that, for v € T, we have

> o (as@plRIEs)I < 11615 Y Tr(po, (04(p))) = lIE]1% Te(p) < co.

seEA sEA

Therefore, £, 7 : ' — L2(M, Tr)®@H, given below are well-defined.
é( Zg’y Us p®5( ) ﬁ( /—Zav Ut P®77(7f)-
\% SEA tGA

One has, for every v € I,

1

IENN? = 7= D (€(5), £(s)) Tr(o4(p)a-1(p)) <
Tr(p) (

2 Ty (Z oup ) €2

seEA

Thus, ||§?||C>O < ||€]|so- Similarly, ||77||cc < ||7||so- Finally, for 71,7, € T', we have

<é<’71) ﬁ( Trlp <ZJ’Y1 Us P®f ZU’YQ O_t p®77<t)>

~

seEA teA
1
= Ty 2 6 1) Trprmlonplom (o.(p))
1
Tl"p teZATr (pO',YQ Ut 0'71 <SEZA<P SO’sp>>

= ) 2 T (010) o (01(6,(2))

teA
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() =
1

— () Tr (g Ut1(0'721(p))p072171(9p(90))>
1

Therefore, ¢ is a Herz-Schur multiplier with |||, < ||l 5,. Furthermore, if ¢ is positive definite,
then one can take 7 = £ and it is straightforward to see that ¢ is positive definite on I as well. (In
fact, let (7,, H,, &) be the GNS-triple associated to . Then, as ¢(s) = (m,(5)&,, &,) for every
s € A, we see that the function s — &(s) = m,(s)&, works.)

Note that, if ¢ € ¢y(A), then 8,(¢) is compact. Since the action of I is mixing, o, (p) — 0 in

the weak operator topology as v — oo, and (b) now follows from Lemma 2.7. 0

Proposition 4.17. Let M be a semi-finite von Neumann algebra with a faithful normal semi-finite
trace Tr and A ~.7 (M, Tr) be a trace-preserving action with a finite-trace fundamental domain
p. Suppose I' ~ (M, Tr) is another trace-preserving action that commutes with the A-action.
Consider the map ® : (* A\ — (°°T defined by ®(p) = , where ( is defined as in Lemma 4.16.

Then ® is a contractive linear mapping from By(\) into By (T'), and is

(a) continuous on norm bounded sets with respect to the topology of poitwise convergence.
(b) o(Bs(A), Q(A))-0(Ba(T), Q(I)) continuous.

Proof. Ttis clear that ® : By(A) — By(I") is linear, and that it is contractive follows from Lemma

4.16(a). Moreover, ® : /*°A — ¢°°T" is also a linear contraction.

(a) Let p; — 0in By(A) pointwise and let ||¢;||5, < C for every i. Since || - ||oo < || - || 5, after
passing to a subnet if necessary, we may assume that ¢, — 0 weak®. By Lemma ?? it follows
that 0,(¢;) — 0 in the weak operator topology. Therefore, Tr(6,(y;)o,-1(p)) — 0 for every

~v € I', and hence ; — 0 pointwise.
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(b) Since ® : By(A) — Bo(I) is a linear contraction, the dual ®* : By(I')* — By(A)* is contin-
uous. Therefore, to prove that ® is o(By(A), Q(A))-0(Bs(T"), Q(T")) continuous, it suffices to
show that ® maps Q(I") into Q(A). To this end, notice that a similar argument as in the proof
of previous part shows that ® : />*°A — ¢°°T" is normal, whence it follows that the dual map ®*

maps ¢'T into /'A. Since ¢'T" and (' A are dense, respectively, in Q(T') and Q(A), it follows
that ®*(Q(I")) C Q(A).

]

Proof of Theorem 1.3. Suppose A.,(A) < C, and choose a net {; } of finitely supported functions
on A such that sup, ||¢:llg, < C, and ¢; — 1 pointwise. It follows from Lemma 4.16 that
i € Byo(I") and ||;||g, < C for every i. Since each ¢; is finitely supported, we have that ¢; is a
coefficient of the Koopman representation o : T' — U(L?*(M, Tr)). Moreover, the existence of a
fundamental domain for I" implies that ¢ is a multiple of the left-regular representation [IPR19,
Proposition 4.2] and hence ¢; € A[l'] for all i. From Proposition 4.17, we also have that ¢; — 1
pointwise. This shows that A.,(I") < C, and I is weakly amenable.

If the net {(;} is in co(A) N By(A), then by Lemma 4.16(b), ¢; € ¢o(I') N By(I") for every
7. Now the same argument as in the previous paragraph shows that if A has the weak Haagerup
property, then I" has the weak Haagerup property and Ay (I') < Ayen(A).

If A has (AP), then 1 is in the o(By(A), Q(A))-closure of finitely supported functions on A.
From the first paragraph we have that if ¢ is a finitely supported function on A, then ¢ € A[l.
Therefore, Proposition 4.17 gives that 1 is in the o(Bs(I"), Q(I"))-closure of A[I'] inside By(T"),

whence it follows that I" has (AP). ]

Remark 4.18. The above methods provide an alternate proof for the stability of the Haagerup
property under VNE as follows. Note that 6,(p)p = @(e)p. Therefore, if ¢(e) = 1, then
p(e) = 1. Moreover, if ¢ is a normalized positive definite function, then there exists a Hilbert
space H,, a unitary representation 7, : A — U(#H,), and a unit vector £, € H, such that

o(s) = (ms(5)€p,&p), s € A [BOOS, Theorem 2.5.11]. In particular,

¢lloc < 1. Therefore,
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the arguments in the previous paragraphs show that the Haagerup property is invariant under von

Neumann equivalence.
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Chapter 5

Von Neumann equivalence for finite von Neumann algebras

The notion of von Neumann equivalence also admits a generalization in the setting of finite

von Neumann algebras which we study in this chapter.

Definition 5.1. Let M/ C M be an inclusion of semi-finite von Neumann algebras. A fundamental
domain for M inside of M consists of a realization of the standard representation M C B(L?*(M))
as an intermediate von Neumann subalgebra M C B(L?*(M)) C M. The fundamental domain is

finite if finite-rank projections in B(L?*(M)) are mapped to finite projections in M.

Note that if P = B(L*(M))" N M, then we have an isomorphism
M= B(LA(M)® P

where M acts standardly as M & C.

Lemma 5.2. Let M C M be an inclusion of von Neumann algebras with M being semi-finite and

M being finite and o-finite. Then any two fundamental domains for M are conjugate by a unitary

in M' N M.

Proof. Let Cr, be a faithful normal semi-finite center-valued trace on M, and let 7 be a faithful
normal trace on M. Let F denote the collection of finite dimensional subspaces of M C L*(M, 1),
which we order by inclusion. Then the net { Py }yer C B(L*(M, 7)) converges to the identity in
the strong operator topology. If 01,6, : B(L*(M, 7)) — M are embeddings that restrict to the

identity on M, and if V' € F has an orthonormal basis {z1, ..., z;} C M, then we have

Cr (01 (Peq)02(Py)) = > Crv(01 (P )02(5 Py}

i=1
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Zcﬂ(el(fﬂ;Pcixj)@(Pci))

Crv (01 (Py+)0(Fei))-

Taking the limit over F, we see that Cr, (01 (Pri)) = Crv(02(Frq))-
Thus, 6;(Pi) and 65(Pj) are Murray-von Neumann equivalent projections in M. It follows
that 6, (B(L*(M, 7))) and 05(B(L?(M,T))) are conjugate by a unitary in M, and as M is stan-

dardly represented on L?(M, 7), we may then find such a unitary v € M so that

uru® = uby (x)u* = bOy(x) = x

for all z € M, and hence v € M' N M. O]

Definition 5.3. A von Neumann coupling between two finite, o-finite von Neumann algebras M
and N consists of a semi-finite von Neumann algebra M, together with embeddings of M and
N°P into M such that N°° C M’ N M and such that each inclusion M C M and N°° C M has

a finite fundamental domain.

We use the notation M = ;, M, to indicate that M is a von Neumann coupling between M
and N. Two von Neumann couplings ,,M , and ,,\, are isomorphic if there exists an isomor-

phism between M and N that restricts to the identity on M and N, respectively.

Proposition 5.4. Let M = ,, M, be a von Neumann coupling between M and N. Fix a normal

faithful semi-finite center-valued trace Ct, on M, and consider the quantity

[M : Ny = Cre(p)/Crx(q)

where p and q are rank-one projections in B(L*(M)) and B(L?*(N)) respectively. Then this gives
an invertible operator affiliated to Z(M), which is independent of the choice of Cr, as well as the

fundamental domains for M C B(L*(M)) C M and N C B(L?*(N)) C M.
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Proof. Considering the decomposition M = B(L?*(M)) ® P we see that non-zero projections in
B(L*(M)) have central support equal to 1. Therefore C1;(p)/Cr:(q) gives an invertible operator
affiliated to Z(M).

As two faithful semi-finite center-valued traces are related by a positive injective operator affil-
iated to Z(M), we see that the quantity Cr,(p)/Cr:(q) is independent of Cr,. Also, by Lemma 5.2
fundamental domains must be conjugate in M and hence the quantities Tr(p) and Tra(q) are

each independent of the choice of fundamental domain. [

Definition 5.5. The quantity [M : Ny € Z(M) is the index of the coupling M. The index group
of M is the subset of R’ consisting of all indices for factorial self-couplings of A and is denoted

by IvNE(M)

Note that in Theorem 5.8 below, we justify the terminology by showing that the index group is
indeed a subgroup of R7 .

Suppose M = ;M and N = nMg are M-N and N-@Q von Neumann couplings, respec-
tively. Choose fundamental domains 6, : B(L?*(N)) — M for N°° C M and 6, : B(L*(N)) —
N for N € N. Set P, = Op(B(L*(N))) N M and P, = ,(B(L*(N))) N N. Then we have

isomorphisms
Or : PLRB(LA(N)) = M, Oy :BLAN)DP, - N

such that f((a ® ) = af () and Oy (x @ b) = Oyr(x)b for a € Py, b € Py and & € B(L*(N)).
We then define the fusion (or composition) of the couplings ,, My and y M, to consist of the

von Neumann algebra

M@NN =P RB(L*(N))® P,
endowed with the embeddings of M and @ via the inclusions 6} x 1 of M and 1 x 0, of N/

given respectively by

M3z 0l(z)@1e MByN, N3z 120/ (r) e MByN.
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Note that Z(M) C P, and Z(N)) C P», so we have an inclusion
ZM)@ZN)C MyN.

Proposition 5.6. Using the notation above, the von Neumann algebra M @y N gives a von Neu-

mann coupling between M and () with index

(M Qlmzyn =M Npm@ [N : Q.

Moreover, up to isomorphism, this coupling is independent of the choice of fundamental domains

for the inclusions N C M and N C N.

Proof. We have

(03} x 1)(M) C (3} x (NP N M) = LENGC,

while

(Ix0MQ) CcAxOGMNNNN)=CBNPR P,

so that the copies of M and @ in M ®y N commute. Since we have isomorphisms
MRIP, 2 MRINN =P RN,

and since P, and P, are finite, we then have finite fundamental domains for M and (). We let
p € M and ¢ € N be minimal projections in fundamental domains for M and () respectively. We

also let C; denote the center-valued trace on P, for i = 1, 2, and we define
Cv=0C® TI"B(L2(N)) and Cn = TI"B(L2(N)) ® Cs.
Then we have

(M : Qlpgyn = (C1 @ Trpeay @ C2) (0t (p) @ 1)/(C1 @ Trarevy @ Co) (1@ 057 (q))
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= Cu(p) ® Ca(1)/C1(1) @ Car(q)

=[M: Ny ®[N:Qln-

Suppose now that we have fundamental domains for N°° C M and N C N given respectively

by ¢ : B(L?*(N)) — M and ¢p : B(L?(N)) — N. We set
Ry = opm(B(L*(N)))' N M and Ry = ¢ (B(L*(N)))' NN,

and we define the isomorphisms q; M and q5 - as above.

By Lemma 5.2 there exist unitaries u € N’ N M and v € N' NN so that o = Ad(u) 0 O
and ¢y = Ad(v) o 0. We then have R; = uPju* and Ry = vPyv*.

We consider the isomorphism o : R; ® B(L*(N))® Ry — P, @ B(L*(N))® P, given by
a = Ad(u*) ® id ® Ad(v*). Under this isomorphism, the inclusion of M coming from the
fundamental domains ¢ and ¢, is given by a o (quj x 1) and still maps M into P, @ N ® C.
Similarly, the new inclusion of () again maps into C ® N°P ® P.

If we restrict o to P ® B(L?*(N)) and consider the automorphism
B=aodyoly € Aut(P,®B(L*(N)),
then for a € P, and x € B(L*(N)) we have

Bla®x) = o gyy(aba(z))
=qo QNSX/} (u* (uau™)pp(z)u)
= a o Ad(¢ (u*))(uau* @ x)

= Ad(a(¢1 (u")))(a @ z).

Hence, 8 = Ad(a(¢,i(u*))), and if we set U = ¢4 (u), then we see that U € Ry @ N C

Ry ® B(L?*(N)) and the map Ad(U) o a~! intertwines the two inclusions of M coming from
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the choice of fundamental domains. Similarly, if we set V' = gzNSX/I (v), then V € NP® Ry C
B(L*(N))® R, and the map Ad(U) o a~! intertwines the two inclusions of () coming from the
fundamental domains. We then have that U and V' commute and the isomorphism Ad(UV) o o™}

intertwines both the inclusions of M and (). L]

Definition 5.7. Two finite, o-finite von Neumann algebras M and N are von Neumann equivalent,

denoted M ~,ng N, if there exists a von Neumann coupling between them.

Von Neumann equivalence is indeed an equivalence relation. Reflexivity follows by consider-
ing the trivial von Neumann coupling B(L?(M, 7)) with the standard embeddings of M and M°P.
If ,, M is a von Neumann coupling between A and N, then M®P gives a von Neumann coupling
between N and M (with index [N : M|y = [M : N|yt), showing that this relation is symmetric,
while transitivity of this relation follows from Proposition 5.6. We also see that by considering the
index it follows that 7, (M) is a subgroup of R’ . We record all these facts in the following

theorem.

Theorem 5.8. Von Neumann equivalence gives an equivalence relation on the collection of finite,
o-finite von Neumann algebras. Given a finite, o-finite von Neumann algebra M, we have that

Z,ne(M) is a subgroup of R*., which only depends on the von Neumann equivalence class of M.

Two finite factors M and N are virtually isomorphic if there exists a normal Hilbert M-N-
bimodule H that has finite von Neumann dimension as both an M module and an N module.
Two ICC groups I" and A are virtually W*-equivalent if LI and LA are virtually isomorphic. The
notion of virtual isomorphism of factors was first studied by Popa in [Pop86, Section 1.4], while

the terminology was coined more recently in [PS20, Section 4.1].

Theorem 5.9. Let M and N be finite factors, and suppose that H is a Hilbert M- N -bimodule that
is finite as both an M-module and an N-module. Then M and N are von Neumann equivalent,

and a von Neumann coupling M may be chosen so that
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Proof. Let ‘H be a Hilbert M-N-bimodule that is finite as both an A/-module and an N-module.
Let R denote the hyperfinite II; factor and set M = R® B(H).

Suppose t = dimy;(H) < oo, and take k € N so that k& > t. If we take a projection p €
M,,(C) ® M°P such that (Tr ® 7)(p) = t, then we have an isomorphism of inclusions between
M C B(H) and pM C p(M,,(C) @ B(L*(M, 1)))p.

If we now take a projection ¢ € R so that 7(q) = t/n, then we have that ¢ and p are equivalent
projections in R ® M, (C) ® M°P and hence we see that we have an isomorphism of inclusions
between M C R®B(H) and gM C qRqRM,,(C)® B(L*(M,7)). In particular, we then see
that we have a fundamental domain for the inclusion M C R® B(H). Moreover, the trace of a
rank-one projection in this fundamental domain will be n7(q) = t.

We similarly see that the inclusion N C R® B(H) has a fundamental domain, and the trace
of a rank-one projection in its fundamental domain will be dimy (H). Thus, M is a von Neumann

coupling between M and N with index dim () dimy(H) ™. O

Corollary 5.10. If M is a II, factor and s,t > 0, then M" and M* have a von Neumann coupling
M that satisfies
[M*': M)y = t2/s%

Consequently, we have an inclusion F(M)* C Z,ng(M).

We may now show the relationship between von Neumann equivalence for groups and for finite

von Neumann algebras as stated in Theorem 1.6.

Proof of Theorem 1.6. We first suppose that M is an LI'-LA von Neumann coupling. If p €
Z(M) is a non-trivial central projection, then pM is also an LI'-LA von Neumann coupling,
hence we may assume that M is o-finite and fix a semi-finite normal faithful trace Tr on M.

We identify I" (resp. A) as a subgroup of U (LT") (resp. U(LA)) and then consider the commuting
trace-preserving actions of I" and A on M given by conjugation. If we have a fundamental domain

LT C B({’T") C M, then the rank-one projection onto the subspace spanned by §. € (T gives a
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finite-trace fundamental domain for the conjugation action of I on M. We similarly have a finite-
trace fundamental domain for the action of A on M, and hence we see that M is then a I'-A von
Neumann coupling.

Now suppose that (M, Tr) is a ['-A von Neumann coupling. We set N' = M x (I x A).
We then have embeddings LT, LA C N. A I'-fundamental domain in M gives a I'-equivariant

embedding />*°I" C M and hence we get an embedding of von Neumann algebras

B(PT) =2 (*T' xT c M xT CN.

Thus A has an LI" fundamental domain. Moreover, if P, is the rank-one projection onto the span
of §, € (T, then we have P, € M C N, and therefore the fundamental domain for LI has finite
trace and so must be finite. We similarly have a finite-trace fundamental domain for LA in A/, and

hence NV is an LT'-LA von Neumann coupling. 0

The analogue of the index group has also been considered in the setting of measure equiva-
lence. For instance, in [Gab02, Section 2.2] or [Gab05, Question 2.8] Gaboriau considered the set
of indices of all ergodic self measure equivalence couplings of a group I'. For minimally almost
periodic groups [NW40] any non-trivial ergodic probability measure-preserving action is weak
mixing, and a simple argument then shows that the composition of two ergodic measure equiva-
lence self-couplings is again ergodic. This then shows that for minimally almost periodic groups,
the set of indices of all ergodic self measure equivalence couplings is a subgroup of R? . It is not
clear, however, if this set is a group in general, or that it is a measure equivalence invariant, as the
composition of ergodic measure equivalence couplings need not be ergodic in general. For ICC
groups, at least, we have the following relationship between indices for ergodic measure equiva-

lence couplings and the index group for the group von Neumann algebra:

Proposition 5.11. Suppose (2, m) is an ergodic ME-self-coupling of an ICC group T, then [T :
g € Zynp(LT).

Proof. We see from the proof of Theorem 1.6 that if (€2, m) is an ergodic measure equivalence
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self-coupling of I', then L>(£2,m) x (I' x I') is a von Neumann self-coupling for LI, and if
L>(9,m) x (I x I') is a factor, then the indices for these couplings agree. Thus it suffices to show
that under these hypotheses, we have that L>°(€2,m) x (I' x I) is a factor.

If we let I'; denote the ith copy of I'in I' X I', then Proposition 3.4 shows that the fundamental

domain for I'; leads to an isomorphism

L®(Q,m) % (T x T) = (L®(Q/T;) x Ts) ® B(TY).

Since T’y is ICC, and since I'; ~ Q/T"; is an ergodic and measure-preserving action on a finite

measure space, Murray and von Neumann’s proof of factoriality of LI'y [? ] shows that we have

LT, N (L=(Q)T) x Ty) € L®(Q/T)2 =C.

Hence L>(€2/I'1) x I'y is a factor, and so is

(L°(Q)T1) x Ty) @ B(LPTy) =2 L>=(2,m) x (T x T).

[

In [PV10] Popa and Vaes study the collection Seqe1(I') of fundamental groups for equivalence
relations associated to free, ergodic, probability measure-preserving actions of I'. Each element
in such a fundamental group gives rise to an ergodic measure equivalence coupling with the same

index [Fur99a, Theorem 3.3], and hence we obtain the following corollary.
Corollary 5.12. For a countable ICC group I, we have F < L,ng(LI") for all F € Seqrer(I).

As an example, the previous corollary applied to Theorem 1.3 in [PV 10] shows that for n > 3
we have QY < Z,ng(L(Z" x SL(n,Z))).
If M is von Neumann equivalent to a factor with fundamental group R* , then we have 7,y (M)

R? . It would be interesting to have examples of von Neumann algebras, or even groups I', such
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that Z,yp(LI") is not R*.. Or, in view of the previous proposition, examples when Z,yg(LT') is
non-trivial and discrete.

Chifan and loana in [CI11] gave examples of groups that are orbit equivalent (and hence
also von Neumann equivalent) but that are not W *-equivalent. Popa and Shlyakhtenko showed
in [PS20, Propostion 4.3] that these are not even virtually W *-equivalent (and additional exam-
ples with this property are also given). Combining this result with Theorem 1.6 shows that von
Neumann equivalence for groups (resp. for von Neumann algebras) is strictly coarser than virtual
W*-equivalence (resp. virtual isomorphism). We also note that Bannon, Marrakchi, and Ozawa
showed recently in [BMO20] that property Gamma of Murray and von Neumann [MvN43] is
a virtual isomorphism invariant, while Theorem 1.6 together with Effros’s Theorem [Eff75] and
Caprace’s example [DTDW?20, Section 5.C] show that property Gamma is not an invariant of von
Neumann equivalence.

The related problem of finding groups that are 1/ *-equivalent but not measure equivalent re-
mains open (see [CI11]). We also do not know examples of groups that are von Neumann equiva-

lent but not measure equivalent.
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Appendix
Measure equivalence and properly proximal groups

For the benefit of the reader who may be less familiar with von Neumann algebras, we include
here a separate proof that proper proximality is a measure equivalence invariant. We refer the
reader to [Zim84] or [Furl1] for preliminary results on measure equivalence and cocycles.

If F, is a separable Banach space and (X, ) is a standard Borel space, then we denote by
Ll(X ; E,) the set of norm-integrable Borel functions from X to F,, where we identify two
functions if they agree almost everywhere. This is naturally a Banach space with norm || f|| =
JIf(x)|| dp. We set E = (E.,)* and let L*°(X; E) denote the space of measurable, essentially
bounded functions from X to E, where E is given the Borel structure coming from the weak*-
topology, and we identify functions that agree almost everywhere. We have a natural identification
of L>(X; E) with L'(X; E,)* via the pairing (¢, f) = [ ¢.(f.)du(z). f K C E is a weak*-
compact convex subset, then L>°(X; K') gives a weak*-compact convex subset of L>°(X; ).

If F is a dual Banach A-module and K C E is a non-empty weak*-compact convex A-invariant
subset, I' ~ (X, uu) is a probability measure-preserving action, and o : I' x X — A is a cocycle,

then we obtain an induced affine action of I" on L>(X; K') by

(v @) =aly,y 'z)f(v ).

Let (2, m) be an ME-coupling of two groups I" and A, and let X C 2 be fundamental domains
for the A-actions. Under the identification {2/A = X given by Aw — AwN X, the action ' ~ Q/A

translates to

VX = CY(’}/,.T)'YQZ',

where « is the Zimmer cocycle, which is defined by the property that a(~y, ) is the unique element
in A such that a(v, x)yz € X.

The following result is well known.
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Proposition 5.13. There exists a T'-fixed point in L™ (Q2/\; K) if and only if there exists a A-fixed

point in K.

Proof. Suppose £ : /A — K is a Borel map that satisfies {(yz) = a(vy, z)(x). We then define
the map & : Q — K by £(\, z) = A\~'&(z), where we identify here Q with A x (Q/A). Then as ¢ is
invariant under the induced I'-action and is equivariant with respect to the A-action, we therefore
obtain a A-equivariant map from /" — K. Integrating this map with respect to the A-invariant

measure on {2/I" then gives a A-fixed point. O

We recall from Proposition 2.11 that a group A is properly proximal if there exists a dual
Banach A-module F and a non-empty weak*-compact convex A-invariant subset X' C E such that
K has a properly proximal point, but has no fixed point.

A cocycle o : I' x X — Ais proper if for alle > 0 and F' C A finite, there exists F’ C I finite
such that pu({z | a(y,7 'z) € F}) <eforally € T'\ F’. It’s easy to see that a cocycle coming

from an ME-coupling is proper.

Proposition 5.14. If the action A ~ K is properly proximal, and if the cocycle « is proper, then

the induced action T' ~ L*°(X; K) is properly proximal.

Proof. We assume for simplicity that K is contained in the unit ball of £*. Fix £ € K such that
for all h € A we have limy_,,, Ahk — Ak = 0. We view k € L>*(X; K) as a constant function. Fix
gel,e>0,and F C L' (X; E) afinite collection of step functions with finite range F{, contained
in the unit ball of £. Fix a set Xy C X such that ;(X() > 1 — € and such that x — «(g, x) ranges
in a finite set Fyg C A.

Since k is a convergence point for A, there exists a finite set £}, C A such that forall A € A\ F{},
we have [(A\hk — Ak, a)| < e forall h € Fyy,a € Fy. As the cocycle « is proper, there exists a
finite set Gy C T, so thatif £, = {z € X | a(y,y 'a) € F}y}, then u(E,) > 1 — ¢ for all
v €T\ Go. Fory € T'\ Gy, and f € F we then have

[(vgk — vk, f)| = ‘/(a(vg, g 'y ek — aly,y o)k, f(2))dp(z)
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< / aly.y 2)alg, g~y o)k — aly.y o)k, £())|du(z)

IN

e [ sup sup {a(yy ek~ (. ek a)ldu)
'YQXO heFy a€Fy

< 2 +/ sup sup [(a(y,7" @)hk — a(y,7 )k, a)|dp(z) < 3e.
v9XoNE~ h€Foo acFoy

Since simple functions are dense in L' (X; E), it follows that % is a convergence point for the action

I'~L®(X: K). 0

Corollary 5.15. If two groups I and A are measure equivalent, then 1 is properly proximal if and

only if A is properly proximal.

66



BIBLIOGRAPHY

[AP17] Claire Anantharaman and Sorin Popa, An introduction to 11, factors, preprint (2017).

[Ber15] Mihaita Berbec, W*-superrigidity for wreath products with groups having posi-
tive first (*-betti number, International Journal of Mathematics 26 (2015), no. 01,

1550003.

[BIP18] Rémi Boutonnet, Adrian loana, and Jesse Peterson, Properly proximal groups and
their von Neumann algebras, 2018, arXiv:1809.01881. To appear in Annales scien-

tifiques de 1’Ecole normale supérieure.

[Ble91] David P Blecher, Tensor products of operator spaces I, Canadian Journal of Mathe-

matics 44 (1991), no. 1, 75-90.

[BLMO4] David P Blecher and Christian Le Merdy, Operator algebras and their modules: an

operator space approach, vol. 30, Oxford University Press, 2004.

[BMO20] Jon Bannon, Amine Marrakchi, and Narutaka Ozawa, Full factors and co-amenable

inclusions, Communications in Mathematical Physics 378 (2020), no. 2, 1107-1121.

[BOO08] Nathanial Brown and Narutaka Ozawa, C*-algebras and finite dimensional approxi-

mations, vol. 88, American Mathematical Soc., 2008.

[BP91] David P Blecher and Vern I Paulsen, Tensor products of operator spaces, Journal of

Functional Analysis 99 (1991), no. 2, 262-292.

[BV93] Mohammed EB Bekka and Alain Valette, Kazhdan’s property (T) and amenable rep-

resentations, Mathematische Zeitschrift 212 (1993), no. 1, 293-299.

[BV14] Mihaita Berbec and Stefaan Vaes, W*-superrigidity for group von Neumann algebras
of left—right wreath products, Proceedings of the London Mathematical Society 108

(2014), no. 5, 1116-1152.

67



[CCJ*01] Pierre-Alain Cherix, Michael Cowling, Paul Jolissaint, Pierre Julg, and Alain Valette,
Groups with the Haagerup property: Gromov’s at-menability, vol. 197, Springer Sci-

ence & Business Media, 2001.

[CH89] Michael Cowling and Uffe Haagerup, Completely bounded multipliers of the fourier
algebra of a simple lie group of real rank one, Inventiones mathematicae 96 (1989),

no. 3, 507-549.

[Cho83] Marie Choda, Group factors of the Haagerup type, Proceedings of the Japan

Academy, Series A, Mathematical Sciences 59 (1983), no. 5, 174-177.

[CI11] Ionut Chifan and Adrian loana, On a question of D. Shlyakhtenko, Proc. Amer. Math.
Soc. 139 (2011), no. 3, 1091-1093.

[CI18] Ionut Chifan and Adrian loana, Amalgamated free product rigidity for group von Neu-
mann algebras, Advances in Mathematics 329 (2018), 819-850.

[CJ85] Alain Connes and Vaughan Jones, Property (T) for von Neumann algebras, Bulletin

of the London Mathematical Society 17 (1985), no. 1, 57-62.

[Con76] Alain Connes, Classification of injective factors. Cases 11y, 1, [1I\, A\ # 1, Ann.
of Math. (2) 104 (1976), no. 1, 73-115.

[Con82] , Classification des facteurs, Operator algebras and applications, Part 2

(Kingston, Ont., 1980), Proc. Sympos. Pure Math., vol.38, Amer. Math. Soc., Provi-
dence, R.I. (1982), 43-109.

[Con95] , Noncommutative geometry, Academic Press, 1995.

[CS05] Alain Connes and Dimitri Shlyakhtenko, L?-homology for von Neumann algebras, J.
Reine Angew. Math. 586 (2005), 125-168.

68



[DCH85] Jean De Canniere and Uffe Haagerup, Multipliers of the fourier algebras of some
simple lie groups and their discrete subgroups, American Journal of Mathematics

107 (1985), no. 2, 455-500.

[DTDW20] Bruno Duchesne, Robin Tucker-Drob, and Phillip Wesolek, A new lattice invariant for
lattices in totally disconnected locally compact groups, Israel Journal of Mathematics

240 (2020), no. 2, 539-565.

[Dye59] Henry Abel Dye, On groups of measure preserving transformations.l, American Jour-

nal of Mathematics 81 (1959), no. 1, 119-159.

[Dye63] Henry Dye, On groups of measure preserving transformations II, Amer. J. Math. 85
(1963), 551-576.

[Eff75] Edward G Effros, Property 1" and inner amenability, Proceedings of the American
Mathematical Society 47 (1975), no. 2, 483—486.

[Fur99a] Alex Furman, Gromov’s measure equivalence and rigidity of higher rank lattices,

Ann. of Math. (2) 150 (1999), no. 3, 1059-1081.

[Fur99b] , Orbit equivalence rigidity, Ann. of Math. (2) 150 (1999), no. 3, 1083-1108.

[Furll] , A survey of measured group theory, Geometry, rigidity, and group actions,

Chicago Lectures in Math., Univ. Chicago Press, Chicago, IL, 2011, pp. 296-374.

[Gab00] Damien Gaboriau, Coiit des relations d’équivalence et des groupes, Inventiones math-

ematicae 139 (2000), no. 1, 41-98.

[Gab02] , On orbit equivalence of measure preserving actions, Rigidity in dynamics
and geometry, Springer, 2002, pp. 167-186.
[Gab05] , Examples of groups that are measure equivalent to the free group, Ergodic

Theory and Dynamical Systems 25 (2005), no. 6, 1809-1827.

69



[Gro93] M. Gromov, Asymptotic invariants of infinite groups, Geometric Group Theory, Vol.

2 (Sussex, 1991), 1993, pp. 1-295.

[Her74] Carl S Herz, Une généralisation de la notion de transformée de fourier-stieltjes, An-

nales de I’institut Fourier, vol. 24, 1974, pp. 145-157.

[HK94] Uffe Haagerup and Jon Kraus, Approximation properties for group C*-algebras and
group von Neumann algebras, Transactions of the American Mathematical Society

344 (1994), no. 2, 667-699.

[loal3] Adrian loana, Classification and rigidity for von Neumann algebras, European

Congress of Mathematics, Eur. Math. Soc., Ziirich, 2013, pp. 601-625.

[loal8] _, Rigidity for von Neumann algebras, Proceedings of the International
Congress of Mathematicians (ICM 2018) (In 4 Volumes) Proceedings of the Inter-
national Congress of Mathematicians 2018, World Scientific, 2018, pp. 1639-1672.

[IPR19] Ishan Ishan, Jesse Peterson, and Lauren Ruth, Von Neumann equivalence and properly

proximal groups, arXiv preprint arXiv:1910.08682 (2019).

[IPV13] Adrian Ioana, Sorin Popa, and Stefaan Vaes, A class of superrigid group von Neumann

algebras, Annals of Mathematics (2013), 231-286.

[Ish21] Ishan Ishan, Von Neumann equivalence and group approximation properties, arXiv

preprint arXiv:2107.11335 (2021).

[Jol14] Paul Jolissaint, Proper cocycles and weak forms of amenability, Colloquium Mathe-

maticum 138 (2014).

[Kid10] Yoshikata Kida, Measure equivalence rigidity of the mapping class group, Annals of
mathematics (2010), 1851-1901.

[Kid11] , Rigidity of amalgamated free products in measure equivalence, Journal of

Topology 4 (2011), no. 3, 687-735.

70



[Knul6] Sgren Knudby, The weak Haagerup property, Transactions of the American Mathe-
matical Society 368 (2016), no. 5, 3469-3508.

[Kra91] Jon Kraus, The slice map problem and approximation properties, Journal of Func-

tional Analysis 102 (1991), no. 1, 116-155.

[Lan95] E Christopher Lance, Hilbert C*-modules: a toolkit for operator algebraists, vol. 210,

Cambridge University Press, 1995.

[Mar75] Gregori A Margulis, Discrete groups of motions of manifolds of nonpositive curva-
ture, Proceedings of the International Congress of Mathematicians, 2, Vancouver, BC,

1974, Canad. Math. Congres, Montreal, Que., 1975, pp. 21-34.

[MonO1] Nicolas Monod, Continuous bounded cohomology of locally compact groups,

Springer, 2001.

[MVN36] F.J. Murray and J. Von Neumann, On rings of operators, Ann. of Math. (2) 37 (1936),
116-229.

[MvN43] F. J. Murray and J. von Neumann, On rings of operators. 1V, Ann. of Math. (2) 44
(1943), 716-808.

[NW40] J v Neumann and EP Wigner, Minimally almost periodic groups, Annals of Mathe-
matics (1940), 746-750.

[OW80] D. Ornstein and B. Weiss, Ergodic theory of amenable group actions. I: The rohlin

lemma, Bulletin of the American Mathematical Society 2 (1980), no. 1, 161-164.

[Pas73] William L Paschke, Inner product modules over B*-algebras, Transactions of the

American Mathematical Society 182 (1973), 443—-468.

[PisO3] Gilles Pisier, Introduction to operator space theory, vol. 294, Cambridge University

Press, 2003.

71



[Pop86] S. Popa, Correspondences, INCREST preprint No. 56/1986, 1986,

www.math.ucla.edu/ “popa/preprints.html.

[PopO6a] Sorin Popa, On a class of type 11, factors with betti numbers invariants, Annals of

Mathematics (2006), 809-899.

[Pop0O6b] , Strong rigidity of 11, factors arising from malleable actions of w-rigid

groups, I, Inventiones mathematicae 165 (2006), no. 2, 369—408.

[PopO6c] , Strong rigidity of 11, factors arising from malleable actions of w-rigid

groups, 11, Inventiones mathematicae 165 (2006), no. 2, 409-451.

[PopO7a] , Cocycle and orbit equivalence superrigidity for malleable actions of w-rigid

groups, Inventiones mathematicae 170 (2007), no. 2, 243-295.

[Pop07b] , Deformation and rigidity for group actions and von Neumann algebras, In-

ternational Congress of Mathematicians, vol. 1, 2007, pp. 445-477.

[Pop08] , On the superrigidity of malleable actions with spectral gap, Journal of the

American Mathematical Society 21 (2008), no. 4, 981-1000.

[PS20] Sorin Popa and Dimitri L Shlyakhtenko, Representing interpolated free group factors

as group factors, Groups, Geometry, and Dynamics 14 (2020), no. 3, 837-855.

[PV10] Sorin Popa and Stefaan Vaes, On the fundamental group of 11, factors and equiva-
lence relations arising from group actions, Quanta of Maths, Clay Mathematics Pro-

ceedings 11 (2010), 519-541.

[Rua92] Zhong-Jin Ruan, On the predual of dual algebras, Journal of Operator Theory (1992),
179-192.

[Sch02] Jiirgen Schweizer, Hilbert C*-modules with a predual, Journal of Operator Theory
(2002), 621-632.

72



[SinS55] I. M. Singer, Automorphisms of finite factors, Amer. J. Math. 77 (1955), 117-133.

[Tak02] Masamichi Takesaki, Theory of operator algebras. I, Encyclopaedia of Mathematical
Sciences 124 (2002), Reprint of the first (1979) edition, Operator Algebras and Non-

Commutative Geometry, 5.

[Vae06] Stefaan Vaes, Rigidity results for bernoulli actions and their von Neumann algebras

[after sorin popa], Séminaire BOURBAKI (2006), 58e.

[Vael0] , Rigidity for von Neumann algebras and their invariants, Proceedings of
the International Congress of Mathematicians 2010 (ICM 2010) (In 4 Volumes) Vol.
I: Plenary Lectures and Ceremonies Vols. II-1V: Invited Lectures, World Scientific,

2010, pp. 1624-1650.

[Zim84] Robert J. Zimmer, Ergodic theory and semisimple groups, Monographs in Mathemat-

ics, vol. 81, Birkhiuser Verlag, Basel, 1984.

73



