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Abstract

The possibility to control quantum systems with photons has stimu-
lated recent interest in the study of quantum optical systems. While
simple classical quantum systems admit well-known solutions, analy-
sis of light-coupling quantum regimes remains lacking. In this work,
we obtain analytic solutions for a light-coupling electron pair in har-
monic confinement in a cavity by separating center-of-mass (CM) and
relative motions. The CM part can be calculated in closed form or
by exact diagonalization of the Hamiltonian, and the relative part is
quasi-exactly solvable. We analyze the 2D results produced by the
exact diagonalization method and reach conclusions on the effects of
different system parameters. We also present 1D numerical simulations
by Stochastic Variational Method (SVM) using Explicitly Correlated
Gaussian (ECG) bases, which agree with our analysis in 2D. Our ana-
lytic solutions may provide a valuable calibration point for simulations

in the quantum optical regime.
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1. Introduction

The possibility to control quantum systems with photons has stimulated intense
recent interest in the study of quantum optical systems [1]. The fundamental de-
scription of charged particles interacting with electromagnetic (EM) fields is based
on quantum electrodynamics. This description is especially important when the
light and matter are strongly coupled, such as in an optical cavity. Strong cou-
pling between light and matter can occur when the interaction strength between
a confined electromagnetic field and a molecular resonance exceeds the dissipation
to the environment, leading to the formation of hybrid light-matter states known
as polaritons. A typical optical cavity consists of two mirrors to trap light at cer-
tain frequencies as standing waves. The wavelength of light can be controlled by
the length of the cavity (see Fig.1.1 for a 2D configuration) [2]. The light-matter
coupling in these systems cannot be treated on the perturbative ground since the
photons superimpose the electronic excitations. As a result, achieving exact solu-
tions of the systems becomes difficult, leading to a lack of analytic calculations.
Several theoretical approaches have been proposed to tame the light-matter
coupling problems. For example, by representing the wave function on the real
space and the Fock space, the system of one electron coupled to a single photon
mode in 2D can be solved by exact diagonalization of the Hamiltonian [3]. The
same technique can be applied to the He, HDT, and Hj three-particle system,
where exact diagonalization of the Hamiltonian permits a study on the Jaynes-
Cummings limit for electronic and rovibrational transitions [4]. Reviews of the
recent theoretical and experimental developments can be found in Refs. [5-7].

Although obtaining exact closed-form solutions prove to be difficult, quasi-
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Figure 1.1 Schematic depiction of a 2D material inside a cavity with mirrors of
length L and area L?. The area of the material is also L.

exact solutions (QES) remain accessible. A QES is not a complete analytic ac-
count of the system but an analytic description for an (infinitely) countable set
of system parameters. Indeed, quasi-exact solvability is the best alternative to
exact solvability. Examples of QES systems include 2D harmoniums [8, 9], 2D
spheriums [10, 11], electron pairs confined on 1D rings [12, 13], and hydrogen-like
atoms in homogeneous magnetic fields [14].

In this work, we contribute to the collection of light-coupling QES systems. In
particular, we consider a 2D electron pair coupled to a single photon mode in har-
monic confinement and obtain the exact energy spectrum and corresponding wave
functions. This system can be described by the Pauli-Fierz (PF) non-relativistic
quantum electrodynamic (QED) Hamiltonian [15-20]. We will show that the
Hamiltonian can be separated into the CM part and the relative part, and only
the CM part couples to photons. The photon-electron interaction can be further
decoupled and solved analytically. This 2D solution can be easily generalized to
3D with arbitrary photon modes.

Finally, we will present numerical simulation results in 1D from SVM and
ECG bases. The characteristics of the two-electron wave functions can be clearly
explained by the form of the analytic solutions. The same explanations can be
generalized to many-particle systems as they possess similar properties to the

two-electron case.



2. Formalism

2.1 Description of the system

The theoretical construction of SVM and ECG bases can be found in literature
dealing with numerical techniques, such as Ref.[21]. In the following, we shall
focus on the analytic solutions of two-electron systems. The Hartree atomic units
(h=e=m, =1) will be used throughout.

The simplest but complete picture of the optical cavity can be described by
the PF QED Hamiltonian in the long-wavelength limit, where the cavity is much
larger than the size of the system, such that the light has no spatial dependency.
This PF Hamiltonian has been transformed into the length gauge. The derivation
of the transformation is outlined in Appendix A, and a complete description can
be found in Ref.[22]. Consider two particles with charges z1, zo and positions ry, ra.

The Humiliation dictating our light-coupling systems can be written as
H=H +H,=H.+H,+H.,+ Hy (2.1)

where H. is the matter Hamiltonian, H,, describes the matter-light interac-
tions. In particular, H,, is the sum of three terms: the photon Hamiltonian
H,, the matter-photon coupling Hamiltonian H.,, and the matter-photon dipole
self-interaction Hamiltonian H,.

Explicitly, the Hamiltonians read

1 1 1 1
H, = —5V3+ swit} — 5V3+ Sufrd + —— (2.2)
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where the p, = —i\/% (4o — a}) is the conjugate momentum operator, g, =

\/217&(&;r + 44) is the displacement field operator, and D = SV, zr; is the dipole

operator. Evidently, (a™,a) are the ladder operators, and (w,, Ag) are the fre-
quency and the coupling strength of the a-th photon mode respectively.

The photon Hamiltonian appears quantized and harmonic in the Fock space

a 1, W, i At A 1
Hp = Z 5]?& + 7% = Zwa A, Qg + § s (2.4)
a=1 a=1

the matter-photon Hamiltonian describes the first-order interaction between par-

ticles and light

and the dipole self-interaction term represents the effects of the polarization of

electrons back onto the photon field

Hy = %Z (An-D)?. (2.6)

2.2 Separation of the CM coordinate and the
relative coordinate

For simplicity, we assume a system of two electrons and a single photon mode
with isotropic photon coupling; namely, z; = 25 = 1, N, = 1, and Ay = (A, A, 0).
By introducing the CM coordinate and the relative coordinate

r=re—rg,

(2.7)
R = % (I‘l + 1'2) s



we can rewrite two terms of the total Hamiltonian
1 1
H +Hy = —v3+1w§r2+% — Vi +ufR +2(A-R)’

= Hr + HR7
and the corresponding eigenvalue problem is
(Hy + Hr) ®(r,R) = (e +n)®(r, R) = (e + n)p(r)§(R).

The relative part H, and the CM part Hg explicitly read

1 1 1 11
5 Heo(r) = {—QV,% + 5Wfr2 + 5;} o(r) ='p(r),

where w, = %wo and ¢ = %5, and

U S(R) = |- Vh + JhR? 410 RP| €(R) = 1/ €(R)

where wr = 2wy and 1’ = 2n.

(2.8)

(2.10)

(2.11)

In 2D, using R = (X,Y) one can rewrite Hg as (in 3D one simply has to

multiply the CM wave function with a quantum harmonic oscillator function of

frequency 2wy in the Z-direction)

1
wyY? + §w§YXY,

19> 10 1,., 1
“3ox2 29y XX T3

2Hr = 20Y?2

where

Wy = wh =wg + 8\, Wy = 16A%

Using a unitary transformation

X+Y -X+Y
U:L’ V:——F7
V2 V2
we decouple the CM part
1 02 1 02 1 1
O — -9 29 g2 o2y
R 2002 gave Tt gV
= HU+HV7

(2.12)

(2.13)

(2.14)

(2.15)



where

1
Wy = E(wg( + why + wd) = wh + 16)2, (2.16)

wy = 5wy — Wiy +wi) = w (2.17)

Clearly, this Hamiltonian just represents a system of two non-interacting quantized

harmonic oscillators, yielding the ground state energy

1 /
More conveniently, we define
u=2U, v=12V, wu:%, Wy = —— (2.19)

so that Hr = H, + H,. The wave function of the system is therefore the product

of the u-harmonic wave function and the v-harmonic wave function

E(R) = dr(u)gy(v), (2.20)

where ¢ is the k-th eigenfunction of the one-dimensional quantized harmonic

oscillator,

o) = (ffzj_:k!yewm(mu)’ (221)

ot = (o) e )

where Hj, is the Hermite polynomial. It is also straightforward to generalize this
decoupling transformation to N, photon modes (see Ref.[23]).

The relative part admits quasi-exact series solution for a countably infinite
number of frequencies wy. For example, if wy = 1, we compute ¢ = 2. However,
the calculations become more tedious. The details of the calculations and tables

of available energy spectrum can be found in Appendix B.



2.3 Separation of the photon-electron coupling

Now, we bring in the remaining two terms of the Hamiltonian. For the current

simplified two-electron systems, the matter-photon Hamiltonian (2.5) reduces to
H,, = —\/g(d +a")AD, D =2V2u, (2.22)

and the total Hamiltonian (2.1) writes
H=H,+w (d+d + %) — 2wV2\ugq. (2.23)

There are two possible approaches to analytically solve this total Hamilto-
nian (2.23). First, we will use another unitary transformation to eliminate the
coupling term and again find the resulting Hamiltonian to be the representation
of two non-interacting quantized harmonic oscillators. Second, we can express
this Hamiltonian in the product space of the real spatial u-space with the Fock
space |n). The first approach produces closed-form solutions, while the second one

generates answers in a more convenient space.

2.3.1 Separation by a unitary transformation

Define the rotation
s =u sin o+ q cos «,

(2.24)
t = —u cos o+ ¢ sin «,
the coupling term in (2.23) can be eliminated by choosing
4w\
fan 20 = —2 (2.25)
X

where x = w? — w?, and w? = w§ + 4)\? (this construction resembles the one in

Sec.2.2, but for more details, see Ref.[24]).
As promised, the decoupled Hamiltonian again describes two non-interacting
quantized harmonic oscillators

102 1

10 1
+ Ewtt2, (2.26)

H=-—-2 4 -2
5952 T 2¥% T o



where

ws = |sin \/wg + (2\ — w/ tan a)?,

(2.27)
wy = | cos a \/wg + (2\ + wtan «)?,
so the energy spectrum of the entire system is explicitly
1 1
E(ng,ni) = (ns + §)ws + (ny + §)wt (2.28)
with the corresponding wave function
P, (8,1) = Dny(8)Pn, (1) (2.29)

Notice that the transformed coordinates (s,t) (shifted Fock states) now mix the
spatial part with the Fock states, an inconvenient form for direct analysis.
Incidentally, the well-known effect of Rabi splitting in the Jaynes-Cummings
model can be observed through this simple calculation. Namely, wy and w; switch
roles at resonant frequency y — 0, and the transition energy at this frequency can
be computed for experimental comparison. For a more detailed discussion on this

subject, see Ref.[23].

2.3.2 Separation by exact diagonalization

Working with the basis ¢ (u) ® |n), we can evaluate the u-part in the real space

and the ¢g-part in the Fock space,

(ilulg;) = \/%Dij- (2.30)

(6lHal6) = G+ Sy, (231)

(n|w <&+€L + %) |m) = (n + %)wénm, (2.32)
1



where we have defined the auxiliary matrix D,,, as

0 0

V1 0
0 (2.34)

V4

0

&O%OO

0
0
0

Therefore, the matrix element of the Hamiltonian in this basis is given by

1 1 [ 2w
<m7 ¢1‘H|n7 ¢]> - 5mn51](j + §>wu + 5mn523<n + 5)6&) + » — A DmnDz] (235)

w

Evidently, this Hamiltonian matrix appears extremely sparse. As a result,
numerical diagonalization at even a large cut-off of the matrix dimension remains
efficient. The eigen-energies can be exactly calculated, and the corresponding wave

functions have the form

Zn: (Z (R ) Z (Z ek In) ) ¥;(R), (2.36)

n=0 7=0 \n=0

where

¥ (R) = ¢i(v);(u) (2.37)

is the spatial wave function given in Sec.2.2 is some linear combination coef-

) J n
ficient associated with the basis, and K, K,, are reasonable cut-offs of the matrix
dimension. In practice, a modest choice of K, K, yields well-converged energies

and wave functions.



3. Results & Discussion

3.1 2D and 3D electron pairs

The unitary transformation in Sec.2.3.1 and the exact diagonalization in Sec.2.3.2
give identical results if the matrix dimension of (2.35) is sufficiently large. In this
section, we only present the energy spectrum and the wave functions obtained from
the exact diagonalization method, since this method produces densities already
in the basis of the real space and the photon space. Specifically, we proceed by
selecting an oscillator frequency wy from the table of Appendix B, calculating the
corresponding relative wave function as described in Appendix B, and multiplying
this relative wave function with the CM component (2.36). We assume the lowest
state ¢ = 0 in the v-direction in (2.37). With this configuration, the excitation of
the system is determined by the CM excitation 5 and the photon excitation.

We only present outcomes in 2D since it is easier to visualize the densities on
a plane. Moreover, it suffices to analyze the principle characteristics of the 2D
results, since one can trivially incorporate the quantized harmonic oscillator in

the Z-direction (Sec.2.2) to transform to 3D.

3.1.1 Spin-singlet states

First, we show the spin-singlet case using wy = 1. The energy of the relative
motion is € = 2 in this case (see the Table in Appendix B). Fig.3.1 shows the wave
functions of different spin-singlet states. The state with j = 0 CM wave function

is spherically symmetric for small A (A = 0.5, Fig.3.1a) but appears squashed

10
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Figure 3.1 Two-dimensional densities of two electrons confined in a harmonic
potential with wy = 1 a.u., w = 0.5 a.u., and spin S = 0 for different j (CM
quantum number) and A values. First row: j=0, (a) A = 0.5, (b) A = 2. Second
row: j=1, (¢) A = 0.5, (d) A = 2. Third row: j=2, (e) A = 0.5, (f) A = 2. Fourth
row: j=5, (g) A = 0.5, (h) A = 2. The x axis is horizontal, and the y axis is
vertical. The color bar shows the probability density.
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Figure 3.2 The energy levels as a function of w for different A\ values (the con-
finement strength is wyp = 0.5 a.u.): (a) A = y/w and (b) A = \/w/10. The energy
of the relative motion is added to the energy in (a) but not in (b)

along the diagonal for larger A (A = 2, Fig.3.1b), as the anharmonicity dominates
(wy << wy). This diagonal direction is set by the choice of A = (A, \), and other
choices of A will change the direction (see Ref.[23]).

For j = 1, the CM state is multiplied by u (H;(y/wy u) = 24/, u) and becomes
elongated diagonally due to the first-order Hermite polynomial (Fig.3.1¢c). As A
increases, again the anharmonicity dominates, which neutralizes the elongation
(Fig.3.1d).

The same process continues for higher 5 values. The diagonal elongation in-
creases due to the higher H;(4/w,u) polynomials (Figs.3.1e and 3.1g), but stronger
anharmonicity of w, from higher A values counteracts the elongation (Figs.3.1f and
3.1h). Solutions with other wy values show very similar behaviors.

Figure.3.2 shows the lowest 30 states in the singlet state energy spectrum as a
function of photon frequency w, where we use a coupling strength A = x \/w. Dif-
ferent lines correspond to different excited states, some due to photon excitation
while the others due to CM excitations. For z = 1 (Fig.3.2a), some states (primar-
ily photon states) move linearly up with w for small frequencies, while other states
(primarily CM states) only slowly increase with w. Incidentally, in the absence of
the photon-electron coupling (which is not the case in Fig.3.2), both the photon
states and the CM states need to display linear correlation with w in general. For
x = 1/10 (Fig.3.2b), the vertical lines represent the Rabi splitting introduced in
Sec.2.3.1. The vertical lines only appear in Fig.3.2b but not in Fig.3.2a, since

calculations in Sec.2.3.1 can prove that Rabi splittings only occur at small A (see

12



Ref.[23]).

3.1.2 Spin-triplet states

In the spin-triplet case in 2D we choose wy = 1/3, and the energy of the relative
motion is € = 1 in this case. Fig.3.3 shows the wave functions for different spin-
triplet states. Noticeably, one fundamental distinction between the triplet states
and the singlet states is the two-peak structure in Fig.3.3b, where j = 0 and
A = 0.5, in contrast to the monotone structure in Fig.3.1a. Moreover, this two-
peak characteristic persists for stronger anharmonicity (A = 1, Fig.3.3c) due to
the Pauli exclusion principle.

The effects of varying 7 and A resemble those in the singlet state: higher j
values extend the system along the diagonal because of the higher-order Hermite
polynomials, while increased A confines the system more compactly. A three-peak
and even a four-peak structure appear in Fig.3.3d, g, and j due to the diagonal
elongation, but these structures can be suppressed with stronger w, confinement.
In general, the same structure for a pair of values (7, ) will appear later for another
pair of larger values.

Indeed, it is also possible to generalize our analysis to individual photon space
or individual CM space by fixing the photon number n or CM number j in (2.36)
respectively. Fig.3.4 shows example plots of the density functions in different

photon spaces.

3.2 1D electron pairs

In the remaining, we present simulations of 1D few-electron systems harmonically
confined in an optical cavity generated with SVM and ECG bases. We will show
that our analysis of the structure of the 2D systems also applies in 1D.

The same formalism in Chap.2 can be reused in 1D. Therefore, we feed the sim-
ulation with the same Hamiltonian (2.1), with the Coulomb term being replaced

by the soft Coulomb

Vi, —z;) = : (3.1)

13
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Figure 3.3 Two-dimensional densities of two electrons confined by a harmonic
potential with wy = 1/3, w = 0.5 a.u. and spin S = 1 for different j (CM quantum
number) and A values. First row: j = 0, (a) A = 0.01, (b) A = 0.5, (c) A = 2.
Second row: j =1, (d) A = 0.01, (e) A = 0.5, (f) A = 2. Third row: j = 2, (g)
A =0.01, (h) A =10.5, (i) A = 2. Fourth row: j =5, (j) A =0.01, (k) A =0.5, (1)
A = 2. The x axis is horizontal, and the y axis is vertical. The color bar shows
the probability density.
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Figure 3.5 Electron density of the two-electron S = 1 system coupled to light.
Left A = 0.1 a.u., right w, =1 a.u.
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This replacement is a necessary common practice among simulations of 1D sys-
tems, due to the singular nature of the Coulomb potential when particles approach
each other [25].

Fig.3.5 shows the relative wave functions of an electron pair in the triplet S =1
state, where we have denoted the harmonic confinement strength as w = 0.1, the
photon frequency as w,, and the electron-photon coupling strength as A. The CM
component has been discarded since it lacks the interesting structures observed
in 2D (see (2.11)). As a result, the excitation of the CM part does not affect the
densities. Nevertheless, effects of A resemble those in 2D: stronger A restricts the
system more compactly (Fig.3.5b). The structure of the system has diminishing
dependence on w,, since the Hamiltonian (2.23) is linearly correlated with w, but
quadratically associated with .

Indeed, there is no limit to the size of the system. As we are not pursuing
analytic solutions, larger systems can also be efficiently calculated with SVM. For
example, Fig.3.6 and 3.7 demonstrate the wave functions of a three-electron system
and a four-electron system respectively. It is clear that many trends unveiled in
2D remain true in 1D. On the one hand, for spin-polarized cases (S = 1.5 for three
electrons and S = 2 for four electrons), the number of density peaks match the
number of electrons at strong confinement A due to the Pauli exclusion principle
(Fig.3.6d and 3.7d). On the other hand, for non-spin-polarized scenarios, one
or more peaks may be suppressed by the electron-photon coupling (Fig.3.6b and
3.7b). The energy spectrum of these systems can be found in Appendix C.

16
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4. Conclusions

For a two-electron system harmonically confined in an optical cavity, the wave
function can be separated into the CM and relative coordinates. The light coupling
only interacts with the CM coordinates. We have demonstrated that the CM
part can be analytically solved by a unitary transformation into the shifted Fock
states or by exact diagonalization of the total Hamiltonian, and the relative part
admits quasi-exact series solutions. The method of exact diagonalization permits
direct analysis of the wave functions, where we conclude that their structures
primarily depend on the strength of the competing forces of light coupling and
CM excitation. The same analysis applies in 1D and our conclusions agree with
the results generated by SVM simulations.

This work provides an analytic solution to the difficult quantum optical system
and might serve as a valuable calibration for numerical methods in this regime.
These analytic solutions can be generalized to larger systems with N electrons,

but the relative part needs to be solved numerically.

18



A. Length Gauge Transformation
of the PF Hamiltonian

The usual PF Hamiltonian describing electron-photon coupling is

N N

~ 1

H = — (hv A ) ex
2m ' oA 47T€0 Z r; —rk| +ZU 1(x3)

j=1 7=1

hwnz

, (A1)

where we neglected the Pauli term, ie., o - B(r), where & is a vector of the
standard Pauli matrices and B(r) corresponds to the magnetic field, since it will
not contribute in the long-wavelength limit. The third term corresponds to an
external scalar potential that acts on the electrons, such as the attractive potential
of the nuclei.

The quantized vector potential of the electromagnetic wave in the Coulomb

gauge (velocity gauge) reads

A _ ~ zkn~r ~ T —ikn-r
A(r) = (60L3> Z NoTN [ + a,, \e : (A.2)

n,A

where w,, = ¢|n|(27/L) are the allowed frequencies in a cavity box of length L, ¢
the vacuum permittivity, A the two transversal polarization directions and €, ) are
the transversal polarization vectors of each photon mode which are perpendicular
to the direction of propagation k,,.

In the long-wavelength limit, we can neglect the spatial variation of the elec-

tromagnetic field e*®»* ~ 1. The vector potential A(r) in this limit is given by

19



Cea R\ 2
Z where C= (€0L3) . (A.3)

As a result, (A.1) becomes

o= = 3 h2V2+22—hA V; + Z
v 2m = el 471'60 |rj — rk|
N M
hwa 02 hwa

Transform this Hamiltonian into the length gauge by the unitary transforma-
tion
H, =UH,U, U =exp {%EA : R] , (A5)
c

N
where R = > r;. We reach the form

=1

- 1 e?
Hl = — 4 2 ext\L3
= T g g L e
+§[: hw, 02 _i_hwa s VWaeCey-R 0 +hwa eCe, - R\
— —1 .
— 2 0q? g o c 0qa 2 ficn/w,,

(A.6)

Finally, by swapping the conjugate momentum with the photon coordinate

i% — po and g, — —iap%, we reach the final Hamiltonian in the length gauge
X R N , 1N 02 N
H, = ——— Vi + + Vet (T
L 2m i1 ! 47T€0 Zj: ‘I'Z' — I'j| Zz:; t( )

M 2
hw, 02 hwa C’eea R
+ Z[ 2 o T 2 (pa e \/w_a) ] (A7)

where it explicitly contains the electron-photon interaction

M
. Ce,
Vint = — Z (Ao - R) pa where Ao = \/Ea—cee, (A.8)
a=1
and the dipole self-energy
M 2
hw, (eCe,-R
A ; — (6 - « ) A_
=3 () (A.9)
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B. Solutions of Relative Motion

B.1 2D systems

The relative Hamiltonian is

—wir? + == p(r) = o(r). (B.1)

1 1
i v
2 r+2 ' 2r

In polar coordinates r = (r,«), we assume the following ansatz and make the

change of variables

e u(r)
o(r) = el where m € Z,
8// — 28//0.)7-, (Bz)
p=/w, .
Thus,
1 1 ,, 11 (m2—1/4)1 ,
- 4 e S 7t — , B
2 dr? + 2" + 2r 2 r? (r) = e'ulr) (B.3)
The solution of the wave function has the form [14, 26, 27|
_ 2
u(p) = e (p), (B.4)
where
t(p) = P2 N "a,p. (B.5)
v=0
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The coefficients in the series are related by the following recursion relation (note

that there is also one normalization condition)

ag 7£ 07
B 1
C o (Iml ¥ 1/2) (B.6)

o 1 { 1
" oo+ 20m) \ Ve

Define a, = ag F'(|m|,v,€”,w,) to be the recursion relation above. The termination

Gy + 200 + m] — 1) — e”]av_Q} |

of the series t(p) at n requires that

& = (] + ),

(B.7)
F(lm|n,2(m| +n),w,) = 0.
and the wave function can be calculated straightforwardly.
B.2 3D systems
Make the same change of variables as before and assume the ansatz
u(r)
p(r) = == Yiu(r). (B.8)
The relative Hamiltonian reads
1d 1 ,, 11 I(I+1)1
_éﬁ §wr7" + 5; + 9 7"_2 U(T’) = €/U(T). (Bg)
The solution of the wave function has the form [14, 26, 27|
u(p) = e =271 (p), (B.10)
where
t(p) =p™ Z a,p’, (B.11)
v=0
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and m = [+ 1. The coefficients in the series are related by the following recursion

relation (note that there is also one normalization condition)

CL()?AO,
o
NS D)y (B.12)
| 1
= ot F 204 0) = 1= May b
¢ v(v+2z+1){@a 1+ R0+ 0) 'l 2}

Define F' as before. we obtain

o R4+ 1

2 (B.13)
F(ln,2(l+n)+1,w.) =0.

and the wave function can be calculated straightforwardly.
Below are the complete energy spectra for the relative motion in 2D and 3D

for the lowest 10 termination numbers n.

Table B.1: Quasi-exact solution pairs (w,,€') in 2D (left) and 3D (right) for ter-
mination number n = 2 to 10

m =0 m = %1 =0 =1

1/w, e 1/w, e 1/w, = 1/w, =
n=2 2.000 | 1.000 6.000 0.500 n=2 4.000 0.625 8.000 0.438
n=23 | 12.000 | 0.250 | 28.000 | 0.143 n=3 20.000 | 0.175 | 36.000 | 0.125
n=4 | 37.088 | 0.108 | 72.558 | 0.069 n=4 54.739 | 0.082 | 90.448 | 0.061
2912 | 1.374 7.442 0.672 5.261 0.855 9.553 0.576
n=>5 | 84.467 | 0.059 | 146.604 | 0.041 n=>5 | 115.299 | 0.048 | 178.147 | 0.036
15.533 | 0.322 | 33.396 | 0.180 24.701 ] 0.223 | 41.853 | 0.155
n==6 | 161.253 | 0.037 | 257.194 | 0.027 n=06 | 208.803 | 0.031 | 306.069 | 0.025
45.028 | 0.133 | 84.064 | 0.083 64.813 | 0.100 | 102.965 | 0.073
3.719 | 1.614 8.742 0.801 6.384 1.018 | 10.966 | 0.684
n=7 | 274552 | 0.025 | 411.420 | 0.019 n="7 | 342.366 | 0.022 | 481.256 | 0.018
98.700 | 0.071 | 166.224 | 0.048 132.638 | 0.057 | 199.476 | 0.043
18.748 | 0.373 | 38.356 | 0.209 28.996 | 0.259 | 47.269 | 0.180
n =38 | 431.472 | 0.019 | 616.386 | 0.015 n=38 | 523.102 | 0.016 | 710.785 | 0.013
183.686 | 0.044 | 286.871 | 0.031 235.301 | 0.036 | 338.243 | 0.028
52.381 | 0.153 | 94.799 | 0.095 74.177 | 0.115 | 114.689 | 0.083
4.462 | 1.793 9.945 0.905 7.419 1.146 | 12.283 | 0.773
n=29 |639.123 | 0.014 | 879.199 | 0.011 n=9 | 758.124 | 0.013 | 1001.748 | 0.010
307.090 | 0.029 | 453.077 | 0.022 379.925 | 0.025 | 526.252 | 0.020
112.038 | 0.080 | 184.721 | 0.054 148.942 | 0.064 | 219.639 | 0.048
21.749 | 0.414 | 43.004 | 0.233 33.009 | 0.288 | 52.361 | 0.201
n =10 | 904.617 | 0.011 | 1206.968 | 0.009 n =10 | 1054.542 | 0.010 | 1361.245 | 0.008
476.020 | 0.021 | 671.937 | 0.016 573.625 | 0.018 | 770.552 | 0.015
204.893 | 0.049 | 315.069 | 0.035 260.427 | 0.040 | 368.875 | 0.031
59.309 | 0.169 | 104.949 | 0.105 83.015 | 0.126 | 125.801 | 0.091
5.161 | 1.938 | 11.077 | 0.993 8.391 1.251 | 13.527 | 0.850
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C. Energy Spectrum of 1D Sys-
tems

The following tables show the energy spectrum of the systems corresponding to

Fig.3.5, 3.6, and 3.7.

Table C.1: Total energy F (in atomic units) for few-electron systems coupled to
light with w = 0.1, A = 0.1 (left), and w, = 1 (right).

| w, | E(ECG) | A | E(ECG)

2e” 2e”
S=1 | 0.1 0.534 S=1 | 0.1 0.438
1 0.438 0.5 1.177
0.418 1 2.732

e~ e~
S=0.5 | 0.1 1.239 S=0.5| 0.1 1.172
1 1.172 0.5 | 3.205
2 1.133 1 4.487
S5S=1.510.1 1.222 S5S=1.510.1 1.093
1 1.093 0.5 2.763
2 1.055 1 4.374

de” de”
S5=0 | 0.1 2.372 S5=0 | 0.1 2.348
1 2.348 0.5 4.981
2 2.221 1 7.940
S=2 | 0.1 2.186 S5S=2 | 0.1 2.042
1 2.042 0.5 4.352
2 1.974 1 7.615
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