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Chapter 1

Introduction

A holomorphic discrete series representation is an infinite dimensional unitary repre-
sentation of a semi-simple Lie group G, which is usually non-compact. There is a large
family of discrete series representations of real reductive Lie groups and also an interesting
family of admissible representations of algebraic groups over R. Harish-Chandra proved
such representations exist if and only if rank G = rank K, where K is a maximal compact
subgroup with a non-finite center [17, 26]. Indeed, such a representation is realized as
certain holomorphic functions on the bounded symmetric domain ¥ = G/K with values
in a highest weight representation (7,Vy) of K. In particular, they reduce to these highest
weight representations when G = K, i.e., G is compact. As is the case with these finite
dimensional highest weight representations, the holomorphic discrete series can also be
described by the dominant weights of K.

The first non-trivial example is the discrete series of SL(2,R), whose maximal com-
pact subgroup is SO(2) (up to conjugation). In this case, the symmetric domain ¥ =
SL(2,R)/SO(2) is just the open unit disk which is holomorphically isomorphic to the
Poincaré upper half-plane H. As the irreducible representations of SO(2) are character-
ized by integers, the holomorphic discrete series of SL(2,R) can be denoted by (L,,, H,,)
where m € Z and H,, is a certain subspace of the holomorphic functions on H [32]. Further-
more, for the modular group I' = SL(2,Z), the cusp forms are also holomorphic functions
with some I'-invariant properties. V. Jones found that the multiplication by a cusp form of
weight p is in B(H,,, H,+ ) that intertwines the actions of SL(2,Z) on H,, and H,,,. More

precisely, the multiplication operator

My: Hy — Hyp, $(2) = f(2)9(2)



intertwines the actions of I" on H,, and Hyp, i.e., ML, (Y) = Ly p(yY)My for all y €
SL(2,7) [16].

Observe PSL(2,7) is an ICC group. (Recall that a group G is an infinite conjugacy
classes group, or an ICC group for short if every non-trivial conjugacy class C, = {g~'hg|g €
G},h # 1 is infinite.) Its group von Neumann algebra and the commutant are both factors
of type II; (provided the formal dimension is finite). A natural question arises whether
these operators composed with their adjoints, i.e., operators of the form MyMy, generate
the commutant factor. (Note the adjoint M} is more complicated than a single multiplica-
tion, see Section 4.3 or [16].) In 1994, F. Radulescu gave an affirmative answer by applying

the Berezin quantization [33, 34].

Theorem 1.1 [F. Radulescu, 1994] The von Neumann algebras generated by the forms

MMy is the commutant of the Il factor = Ly, (PSL(2,Z))", i.e.,

{spany MiMy}"" = Ln(PSL(2,2))),
where f,g run through the cusp forms of same weights.

But no result is known for other Fuchsian subgroups of SL(2,R) or, more generally, lattices
of a general real Lie group.

In the first part of this thesis, we generalize the result for SL(2,7) to the holomorphic
discrete series of non-compact semi-simple real Lie groups. These representations can be
denoted by (Lz,Hy), where Hy = L2, (2,Vz) and (7,Vy) is an irreducible representa-
tion of K. We first use a generalized Berezin quantization to transfer each operator A in
B(Hy) to an End(Vy)-valued function S(A)(z) on 2 with some holomorphic properties (
see Section 3.1). Once a discrete subgroup I' of the Lie group G is given, we also give
an explicit formula of a faithful normal tracial state on the commutant L (I") = B(Hy)' =

——S.0.

{A € B(Hz)|ALz(y) = Lz(y)A,Vy € T'} of the group von Neumann algebra L(I')

Proposition 1.2 (The trace formula for L;(I')") Assume 7 is an irreducible representa-

tion of K. Let t: B(Hy) — C be the linear functional defined by
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©(A) = a5y 7 0(S(A)(@)dp (), A€ B(Hy)

Then T is a positive, faithful, normal, normalized trace on Ly (T'). In particular, if T is an

ICC group, T is the unique normalized trace on the I factor Lz (T)'.

We then generalize the classical Toeplitz operator Ty € B(Hy) associated with f €
L”(2) to an essentially bounded matrix Toeplitz operator Ty associated with an essentially
bounded matrix-valued function f on . Then the I'-invariant functions can be identi-
fied with the ones defined on (I'\Z. Using several formulas of the tracial state of these

operators, we prove

Theorem 1.3 (Main Theorem I) The commutant L (T') is generated by the Toeplitz op-

erators of matrix-valued functions, i.e.,

W.o.

(Ty|f € L*(T\Z,End(Vz))) = La(T)".

In the second part, we consider cusp forms defined on real Lie groups, which were
first studied by Harish-Chandra [18]. By definition, given a semi-simple Lie group G,
an automorphic form on G is a complex (or complex vector-valued) function f: G — C
(or taking values in a finite dimensional representation V), of K) which is K-right-finite
(or right-equivariant), I'-left-invariant and satisfies some analytic properties. Indeed, we
focus on another type of automorphic form defined on the domain ¥ = G/K, which can
be easily obtained from the ones defined on the group G. As for intertwining properties of
the classical cusp forms of the modular group SL(2,7Z), we also show the existence of I'-
invariant bounded operators between these holomorphic function spaces from the cuspidal
automorphic forms, or simply cusp forms, on general real Lie groups. Let f: G(or Z) —
V), be a cusp form of I" of type (p,V)) (here (p,V)) is a representation of K), which is not
always holomorphic as in the case of SL(2,R). The multiplication operator M is no longer

closed. We construct a Toeplitz-type operator

Ty: Hy — Hper given by ¢(z) = Poor(f ®¢)(2),
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where Py is the projection from L? (2, V) to the closed subspace Hper = L2 (2, Vpor)
which is square-integrable and not always irreducible. Then 7 also commutes with the ac-
tions of I on Hy and Hygy respectively. This implies Ty € B(H;[,Hp@ﬂ;)r and T, Ty €
L (D) if f,g are cusp forms of the same type. Our construction includes the earlier result
on SL(2,7Z) C SL(2,R) as a special case [16, 34, 30, 23].

In this thesis, we generalize Theorem 1.1 to
1. Fuchsian subgroups of the first kind of SL(2,R),
2. Lattices of real Lie groups (with holomorphic discrete series and dimc V; = 1).

The result on SL(2,R) is obtained by proving certain existence theorems of meromorphic
functions and holomorphic functions on the compact Riemann surface . * =T"/H*. We ap-
ply Riemann-Roch theory for the proofs about meromorphic and holomorphic functions on
Z*. We prove there are enough cusp forms that can separate the points in the fundamental
domain I'/H of any Fuchsian group I" of the first kind, i.e., I" is a lattice.

For the most general case, we apply Baily-Borel compactification and show the Poincaré
series are abundant to separate points in the fundamental domain .% = I'\Z. We always
assume G has no normal Q-subgroup of dimension 3 [3]. Finally, we prove the following

theorem in Section 7 (see Theorem 7.1).

Theorem 1.4 (Main Theorem II) The commutant Ly (L)' can be generated by the cusp

forms, i.e.,

W.o.

({span; ,T;Tf} ®End(Vz)) = Lr(T),

where f,g run through cusp forms for I of same types. Moreover, if dimc Vy = 1, we have

w.o.

(span 1oy Tf) = Lg(T),

where f,g € ,Qf_gg(r, p) for some p € K (I? is the set of equivalence classes of irreducible

representations of K, and %5 (T, p) is the space of cusp forms of type p, see Section 5.2).



Section 2 provides a brief discussion of the holomorphic discrete series representations
and their realizations. Section 3 is devoted to the theory of the Berezin transform and con-
struction of the matrix Toeplitz operators. We provide formulas for a trace 7 on the finite
von Neumann algebra L (T")’ In Section 4, we consider the extension of the Berezin trans-
form of from L (")’ to the standard module L?> (L ("), 7)of it. In Section 5, we construct
I'-intertwining operators from the cusp forms defined on the Lie group. Section 6 and 7
apply the results from previous sections to SL(2,IR) with its discrete subgroups and then
to semi-simple real Lie groups with holomorphic discrete series. Then we prove our main

result, Theorem 7.1.



Chapter 2

The Holomorphic Discrete Series

We review some basic facts about discrete series representations. Then we focus on the
family of holomorphic discrete series representations and their construction. We refer to

[17, 26, 29] for more details.

2.1 The discrete series representations

Let G be a locally compact unimodular group with Haar measure dg. Moreover, we are
interested in the case that G = Gp is a connected semi-simple real Lie group. We assume
K is a maximal compact subgroup of G and H is the Cartan subgroup of G. We will use

the following notations.

* b, g: the Lie algebra of H,K, G respectively and h¢, €c, gc are their complexifica-

tions;

A, Ag: roots of (gc,bc) and (¥c,be);

Wg, Wk: the Weyl groups of A, Ag;

0G, Ok the respective half-sums of positive roots.

Furthermore, we have in mind G should be a non-compact group though we do not
exclude the compact case. Let 7: G — U(H) be a unitary representation of G where H is

a Hilbert space with inner product (-, -)g. For vectors u,v € H, one defines the coefficient

g€G—cyy(g) = (m(gu,v)u.

We obtain ¢, (h~1g) = Cu,z(nyv(&) and ¢y v (gh) = cx(p)uy(g) forall g,h € G.



Definition 2.1 Let m be a unitary representation of G. We say it is square-integrable if it

has a non-zero square-integrable coefficient
0 # ¢y € L*(G,dg) for some u,v € H.

If 7 is irreducible, we call it a discrete series representation of G.

Theorem 2.2 [32] Let  be a unitary irreducible representation of a locally compact group

G. The following properties are equivalent:
1. There exist u,v € H such that c, , is square-integrable.
2. Forany u,v € H, ¢, is square-integrable.

3. T is equivalent to a subrepresentation of the right regular representation p: G —

U(L*(G,dg)).

For each discrete series representation 7: G — U (H), there is a parameter called formal

dimension d, € R" determined only by 7, which is given by the following theorem.

Theorem 2.3 ([32]) Let (m,H) be a discrete series representation of G. Then there is a

constant dg € R>q such that
<Cu,vvcx,y>L2(G) = d7?1 <u,x>1-1 ’ <V7y>H’ for all u,v,x,y € H.

Moreover, if (n,H),(nt',H'") are two discrete series representations that are not equivalent,

then (cu,v,cu v)12(G) = 0, for all u,v € H and u',v' € H'.

There is a criterion for the existence of discrete series representations proposed by
Harish-Chandra and also proved by him. As in the case of the highest weight represen-
tations of compact Lie groups, these discrete series representations (up to unitary equiva-

lence) can also be classified by their weights.



Theorem 2.4 (Harish-Chandra [17]) The discrete series representations exist if and only
if rank G = rank K. They are classified by m) with non-singular weight A € (ih), such that
A + &g is analytically integral. Moreover, Ty = 7y, if and only if A, A" are conjugate under

Wk.

Here (i)  denotes the dual space of ib.

Note when G is compact, i.e., G = K, this theorem reduces to the theorem of highest
weight representations. In particular, for a complex Lie group G¢ with a compact real
form Ggr, we have rank G¢ = 2rank G, and it never has discrete series representations.
More details of the construction of these representations can be found in [26]. A geometric
realization of these representations or the generalized Borel-Weil-Bott theorem using L>-

cohomology was conjectured by R. Langlands and then proved by W. Schmid [36].

Remark 2.5 By Theorem 2.4, we can easily determine whether some classical groups have

a discrete series or not. For instance:

1. SL(n,R) has a discrete series only when n =2, and SL(n,C) has no discrete series.
2. Each SU(p,q) has a discrete series for p,q > 1.
3. SO(p,q) has a discrete series only when g = 2.

4. Each Sp(n,R) has a discrete series, but Sp(n,C) has none.

2.2 Construction of the holomorphic discrete series

The holomorphic discrete series are the discrete series that can be represented in a
natural way by Hilbert spaces of holomorphic functions. We refer to [17, 29, 13] for the
relevant descriptions. From now on, we always assume G is a connected non-compact
semi-simple real Lie group with rank G = rank K, and K has a non-finite center.

Let 6 € Aut(g) be a Cartan involution and g = €@ p be the Cartan decomposition. Then

we have €@ ip is a compact real form of gc. We also write Z* = (X +iY)* = —0(X +
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iY)=—-X+iY for Z=X+1iY € gc with X,Y € g. For g =exp(X +iY) € G¢, we write
¢ = exp((X +iY)*) = exp(—X +i¥) = g~1. (The notation Z* and g* has this meaning
only when we consider Lie algebras and Lie groups)

Consider the root space decomposition gc = hc @ Y gea o We further obtain £¢c =
be © Yaea 8o and pc = Y qen, 9o Where pe is the complexification of p and A, = A — Ak
is the set of noncompact roots. Let A*,A},Arf be selected sets of positive roots, positive
compact roots, and positive non-compact roots, respectively. We set p™ = Yoeas 8o and
p = ZaeA; o

Let P and P~ be the analytic subgroups of G¢ with Lie algebras p™ and p~ re-
spectively. There is a diffeomorphism (z*,k,z7) + z" -k-z~ from PT x K¢ x K~ to an
open submanifold of G¢ containing G [20]. Following [29], we also introduce the pro-
jections {: PTKcP~™ — P', k: PTKcP™ — Kc and &: PTKcP~ — P~. Then the map
¢: G/K — pT given by ¢(gK) = log({(g)) induces a diffeomorphism from G/K to a
bounded domain 2 C p™. The domain & is an irreducible Hermitian symmetric space of
non-compact type [20, 13] and is known as the Harish-Chandra realization of G/K. We
will identify & with G/K in the following sections.

Let B(-,-) be the Killing form. We have
Theorem 2.6 ([35]) The bounded symmetric domain can be given by
7 ={zep*lladz| < v2}

where the norm is the operator norm on gc equipped with the positive definite Hermitian

form —B(X,0Y).

Recall the map k: PTKcP~ — K¢ defined above. We define a map from 2 x 2 to K¢,

which is also denoted by k, by
k(z,w) = k(exp(w*)exp(z)) "1, z,w € 2.

We define amap J: G x ¥ — K¢ by



J: Gx 2 — KcbyJ(g,z) =k(gexpz),g € G,z€ 4.

The map J is usually called the canonical automorphy factor of G, which satisfies the

following properties:
(i) J(g,z) is C* in the first variable and holomorphic in the second one,
(ii) Jis a 1-cocycle, i.e., J(gh,w) =J(g,hw)J(h,w) for g,h € G,w € 2,
(iii) J(k,0) =kifk e K.
For x, we have an alternative definition by the following properties: (1)x(0,0) = e, (ii)

K(z,w) is holomorphic in z, (iii) k(z,w) = k(w,z)* and (iv)k(gz,gw) =J(g,2)k(z,w)J (g, w)*.

Remark 2.7 Let p be a unitary representation of K (so it can be extended to Kc). For
g € K¢, we have p(g*) = p(g)*, the adjoint operator associated with p(g).

Indeed, we assume p(g) =exp(X +iY) withX,Y € p(tgr). Then p(g*) =exp(—X +1iY).
As p isunitaryon K, X +X* = 0. So we obtain exp(—X +iY ) =exp(X* —i-Y*) =exp((X +
i¥)") =p(g)".

Now we can construct the holomorphic discrete series of G. Let (7,Vy) be a finite
dimensional unitary representation of the compact subgroup K and (,)z: Vz x Vpz — C is
a K-invariant inner product. We also let (7, Vy) denote the representation extended to K¢.

Here we do not assume the irreducibility of 7.

Consider the space
Map(2,Vz) ={f: £ — Vz|f is measurable}
and the following inner product on it:
(f,h) = [(m(x(z,2) ") f(2),h(2))2d (). f,h € Map(Z, V)
where U is the G-invariant measure on Z given by
d(z) = detady+ k' (z,2)dz,
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and dz is the Euclidean measure on 2 C p* [35]. Following Remark 2.7 above, one can

check it is positive-definite. We define
L*(2.Va) ={f € Map(Z . Va)[(f.[) < e}
and also the subspace spanned by holomorphic functions
Hy=12,(2,Vz) = {f € 1*(2,Vy)|f is holomorphic}

where the inner product restricted to H; will be written as (,)g,. It can be shown that Hy

is closed subspace of Lz(.@ ,Vz). The action Ly of G on Hy is given by

Lz(g)f(z) =n(J(g 1 2) ) f(g '2), f€Hr,g €G,z€ .

It can be proved that this representation (L, Hy) is a unitary representation of G [13].
Please note the unitary representations (L, Hy) are square-integrable, i.e., Hy C L*(G).
The holomorphic discrete series of G are the (Ly,Hy)’s, where 7 is an irreducible repre-

sentation of K.

Theorem 2.8 ([17, 26]) Assume 7 is an irreducible representation of K with highest weight
A, then Hy is nonzero if and only if (A + 8¢)(Hg) < 0 for all B € Af. In this case, it is

irreducible.

The formal dimensions of these representations can be given by explicit formulas [29,
13]. Now we let P; be the orthogonal projection from L2(@7Vﬂ) to Hy. Let L; be the
action of G on L*(2,Vy) defined by

Li(g)f(z)=n(J (g ,2) ") f(g7'2), fEHr,8€G,2€ D, f € L*(D,Vy).

This is to say Hy, is a G-invariant subspace and (L, L?(2,Vy)) also gives us a well-defined

unitary representation.

Proposition 2.9 For g € G, Ly(g) and P, commute on L*(2,Vy), i.e., Ly(8)Prf = PrLz(2)(f)
for f € L*(2,Vy).

11



Proof: Take h € L*(2,Vy). Assume h = ho®hy with hg = Pr(h),h; = (1 —Pyg)(h). We can
show Ly leaves Hy invariant: (Lz(g)f1,ho);2 = (f1,Lz(g~)ho) = 0. Hence Ly (g)Prf =

PrLr(g)f. O

2.3 Discrete subgroups and von Neumann dimensions

Recall that semi-simple real Lie groups are unimodular. Let G be a connected semi-
simple real Lie group with the Haar measure dg. Let I' be a discrete subgroup of G. Let

D C G be the fundamental domain for I', that is D satisfies:
1. 1D N 9D has null measure with respect to dg if y1 # p» € T,
2. G\ Uyer ¥D has null measure with respect to dg.

For the fixed Haar measure dg on G, we call the measure of D the covolume of I" and denote
it by covol(I'). Note that if d’g = Adg, then covol’(I') = A - covol(I).

By definition, a von Neumann algebra M is a C*-subalgebra of B(H), the algebra
of bounded linear operators on a Hilbert space H, such that it coincides with its double
commutant M = M”, or equivalently, it contains the identity operator on H and is closed
in the strong operator topology M = M"*. M is a factor if it has trivial center, that is
M’ NM = C-id. Further, we call a factor a I factor, if it is infinite dimensional and admits
a positive, faithful, normal, and normalized trace [22].

Let ZT C B(I>(T")) be the group von Neumann algebra associated to I, i.e., the strong

operator closure of the left regular representation of its group algebra on the Hilbert space

I2().

Definition 2.10 A group G is called an infinite conjugacy classes group, or an ICC group

for short, if every non-trivial conjugacy class C,, = {g~'hg|g € G},h # 1 is infinite.

We have the following well-known result [16].

12



Theorem 2.11 The group von Neumann algebra M = £T is a factor of type 11 if and only

if I is nontrivial and ICC.

Note that for any discrete series representation L: G — U (H ), L|r gives a representation of
ZT [16].
For a II; factor M represented on a separable Hilbert space H, there is a von Neumann

dimension dimy;(H) € R>oU {e} with the following properties [21]:
(i) dimy,(H) = dimy(K) if and only if H, K are isomorphic as left M-modules,
(i) 0 < dimy(H) < oo if and only if M’ N B(H) is also a II; factor,
(iii) dimy (H @ K) = dimy (H) + dimy (K),
(v) dimy(L*(M)) = 1.

The von Neumann dimension can be related to the formal dimension by the following

theorem [16].

Theorem 2.12 Let G be a connected semi-simple real Lie group with Haar measure dg
and T a discrete subgroup of G. Suppose L: G — U(H) is an irreducible discrete series
representation with formal dimension dy. Assume U is an ICC group and M = L(T')" which

is a Il| factor. Then
dimys(H) = covol(T') - dy.

Let (Lz,Hy) be the holomorphic discrete series representation of G associated with
an irreducible representation (7, Vy), which is constructed in Section 2.2. We define the

commutant by
An ={A € B(Hz)|ALx(y) = La(V)A, VY €T},

which is equivalent to Ay = Lz(T') NB(Hy). Assume I is a discrete subgroup with finite

covolume, covol(I") < eo. By Theorem 2.12, we have dimy,(Hy) < e.

13



Corollary 2.13 Assume I is a discrete subgroup that is ICC and has finite covolume. If ©

is irreducible, then Ay is a type 11 factor.

In general, Ay is not a factor but always a finite von Neumann algebra. This will be

proved in the next section by exhibiting a positive, faithful, normal, tracial state on it.
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Chapter 3

Berezin Transform, Toeplitz Operators and Trace Formulas

In this section, we will study the holomorphic discrete series representations (L, Hy) of
a semi-simple real Lie group G restricted to a lattice I' C G and the related von Neumann
algebras. We construct some Berezin quantizations and generalized Toeplitz operators,
emphasizing the I'-invariant properties. We obtain several explicit formulas of a trace on

the commutant.

3.1 Berezin symbols and a trace

The Berezin quantization is defined for the upper half-plane H = {z =x+iy € C|y > 0}.
It may also be defined for the open unit disk D = {z € C||z| < 1} by the Cayley transform,
which sends z € H to % € D [4, 5]. This is a special case of the bounded symmetric
domain ¥ = G/K when G = SL(2,R) and K = SO(2). We will focus on its generalization
to the bounded symmetric domain ¥ = G/K for a Lie group G with holomorphic discrete
series as introduced in the previous sections.

Let (Lz,Hy) be a nontrivial square-integrable representation of G which is associated
to the finite dimensional unitary representation (7, Vz) of a maximal compact subgroup K.
Recall that Hy = L2, (2, Vy). Here we do not assume it is irreducible (and (7, Vy) neither
by Theorem 2.4). For any z € D, the evaluation function K,: Hy — Vy given by f — f(z)

is continuous and bounded [29]. Hence its adjoint operator E; = K : Vz — Hy is defined

by

<Kzfu V>7r = <f(Z),V>7; = <f7Ez(V)>Hﬂ, Vf € Hy,vE Vg,

where (-, -) is the K-invariant inner product on Vy.

Let G = NAK be the Iwasawa decomposition. There is a smooth embedding

15



i: 2=2G/K—+NACG,z+ g,

Please note we have z =g, = g.- K as acosetin G/K. We denote h, = x(g;) € K¢ forz €
and also let H, = m(h; ') € GL(Vy) (see Section 2.2 for the map k: PTKcP™ — K¢).

The following result and its proof can be found in [29, 11].

Lemma 3.1 (i) There exists a constant ¢z € R~ such that EXE,, = czn(k(z,w)) for
LweE 9.

(ii) E,; = Lz(8)E.m(J(g,2)") forg € G,z € 2.

Now we define four Berezin symbols for operators in B(Hy). Recall ¢z € R is the

contant given in Lemma 3.1.

Definition 3.2 For an operator A € B(Hy), the Berezin symbols of A are defined as the

following End(Vy)-valued function:
1. Ku(z,w) = E*AE,,
2. R(A)(z,w) = -HyKa(w,2)H} = LH,E,AE H,
3. S(A)(z) = R(A)(z,2) = H.Ka(z,2)H; = -H.E;AE.H;,
4. Q(A)(z) = =Ka(z,2)H;H, = -E;AE.H:H,
where z,w € 9.

Note K4,R(A) are maps from 2 x & to End(Vy) and S(A), Q(A) are maps from Z to
End(Vy).
Let U be a non-empty open subset of CV¥ x CV. Given a function f(z,w): U — C, we

call it sesqui-holomorphic if f is holomorphic in both z and w.

Theorem 3.3 ([6] I1.4.) Assume a complex function f(z,w) of 2N complex variables 7 =
Z0y-. 2y and w=wy, ..., wy is given in a neighborhood of the origin (0,0). If f is sesqui-

holomorphic function and f(z,7Z) = 0 for all z, then we have f = 0.
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Now we fix the bounded domain & with the measure y given in Section 2.2. We give
some properties of the Berezin symbols. The result concerning only K4 can be found in

[11].
Proposition 3.4 (i) Ks+(z,w) = Kx(w,2)".
(ii) Ka(z,w) is holomorphic in z and anti-holomorphic in w.

(iii) The correspondences A — Kp(z,w), A — Ku(z,2) and Ks(z,w) — Ka(z,z) are all

injective.
(iv) KA(gzng) - 7.E(‘](gvZ))I{Ln-(g)_lALn-(g) (Z,W)ﬂ:(](g,W))*

Proof: For (i), we have Ky (w,2)* = (E;AE;)* = EJA*E,, = Kp+ (2, w).
For (ii), observe K4 (z,w)(v) = (AE,,(v))(z) is a holomorphic function of z as it belongs
to Hy. Furthermore, by (i), it is anti-holomorphic in w.

For (iii), we first show Kj(z,w) determines A. Take ¢ € Hy and consider the inner

product ((A9)(z),v)z.

((A0)(2),v)a = (¢, AE:(v)) i,
= [ ()™ EEA"E) xd ()
= /@m(x(w,w) )6 () Ka(z)” (4) xd i ()
Hence K4 (z,w) determines A. For the injectivity of the map K4 (z,w) — Ka(z,z), we con-
sider the Ky (z,w) = [k j(z,W)]nxn (here n = dimVy) such that each k; j(z,w): I x 2 —C
is a sesqui-holomorphic function. Then it immediately follows from Theorem 3.3.

Moreover, (iv) is a direct consequence of (ii) of Lemma 3.1. O

The Berezin symbol S(A) also has some similar properties.
Proposition 3.5 Given A € B(Hy), we have:

(i) The maps A — K4,R(A),S(A),Q(A) are all injective.
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(ii) S(A)(z)* =S(A*)(z) and R(A)(z,w)* = R(A*)(w,z) for z,w € 9.
(iii) S(I)(z) = Iy, for each z € 9.
(iv) The spectral radius of S(A)(z) on Vy is bounded by ||A|| for each z € 9.

(v) For g € G,z € 9, we have

S(A)(gz) = w(k(g,2) " ")S(Lx(g) 'ALz(g))(z)m(k(g,2))
where k(g,z) = h; 'k (gexpz) 'hy..

Proof: (i) and (ii) follow Proposition 3.4.

For (iii), note K(z,z) = EE, = czm(k(z,z) ') by Lemma 3.1(j), it suffices to prove
n(hhi) = n(x(z,2)~'). We write g, = expz-h; - p with p € P~ (see the definition of &
in Section 2.2). As g, € G = Gg, we have g} = gZTl =g ! and n(g})7(g;) = I,. Hence
n(p)*n(h,)*m(expz)*n(expz)m(h,)w(p) = Iy. We obtain 7t(h;)*w(expz)*n(expz)m(h;) =
Iy and also 7(h,)*m(k(expz* expz))m(h,) = Iy where the middle term is just 7(x(z,z) ).

For (iv), we assume A is an eigenvalue of A of the maximal modulus and v # 0 is the

corresponding eigenvector. Note S(7)(z) = Iy,, we have

|A|:’<S(A)(Z)V7V>n :'<S(A)(Z)V7V>7r | ex! (AEH v EHEv)
e | SO |~ | et (EHEH )
_ ’ (AE.H}v,E.H}v)z |AEH V|| - ||E;H V|| 2 <4l
EHvEHD)s |~ EHME
S0 < Al

For (v), we also assume g, = expz- h; - p. Following [20], the action G ~ Z induced

from G ~ G/K is given as g -z = log { (gexpz). Hence we have

88 = gexpzh;y = exp(g-z)k(gexpz) & (gexpz)h.y.

We have g¢.. = exp(g - z)hg.;y’ for some y’ € P~. Note gg. = g,z in G/K, there is some

k = k(g,z) € K such that g,., = gg:k. So we obtain k(gexpz)&(gexpz)h.yk = hy.;y" and
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further x(gexpz)h:k = hg.; by applying k. Now we can apply Proposition 3.4(iv) and
obtain
1 — * — * —1\*
S(A)(g-2) = —(hg;)m(x(gexpz) )E: Lr(g) ™' ALx(g) m(x(gexpz)) m(hy)

= — (k)" m(h; VE; La(g) " ALz (g)m(h; ') 7 (k)

Z

Parts (i1), (ii1) and (v) of Proposition 3.5 are first proved by B. Cahen [11].

Now we are able give an explicit formula for the projection Pr.
Lemma 3.6 Given any ¢ € L>(2,Vy), its image under Py is given by
(Pr9)(2) = [ £ EwHy Hy¢ (W)dpi(w).

Proof: As S(I)(w) = Iy,, we have éHwEfVszHj; = Iy,. Then, by Lemma 3.1(i), we get

n(k(w,w)~') = H}H,,. Now let v € Vz,z € & and consider the inner product (f,E.(v))y

T

We have
(Pr9)(2),v)n = (Ez(Px9),v)z = (Px¢,Ev)r, = (9, Ezv) 2
= [ (@lctm0) )0 (). ELEov) st ()
= [ (H.9(w). H,EL o) sdp ()
= ([ EZBGHHL0 (o) (w), )
9
which completes the proof. O

We denote by tr = try the normalized trace on End(Vy).

Corollary 3.7 Let A € B(Hy) such that it commutes with the action of T, i.e., ALz (y) =

Lz (7)A for any y € T. Then we have
1. tr(S(A)(z)) is T-invariant,
2. tr(R(A)(z,w)R(A)(z,w)*) is T-invariant.
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Proof: The first statment follows from the fact tr (S(A)(gz)) = trz(S(Lz(g) ALz (g))(z))
in Proposition 3.5 (v).

For the second statement, let Y € I" and Z € G be the inverse image of z € &. Note that

n(J(¥.2)) HyHy7(J (7,2)) = 2(J (7,2))*7(J (72,0) ") m(J (72,0) ") m(J(7.2))
= (n(J(72,0) )2 (7.2)))* (7 (7z,0)" Y 7(J(7.2)))

= 77"(](270)_1)*77:(*](270)_1) :HZ*HZ

Then we have

tr(R(A) (vz, yw)R(A) (vz, yw)")

1 ¥ *
:C_2 tr(HwaA (yw, '}’Z)HyzHyzKA* (vz, W)Hyw)

T

= (I (,00) K ()T (7,2 Hi e ,2) K (2 w) 2 (1, )) i)

T

=ci2 tr(Ka(w,2)w(J (V,2)) Hy Hy: 7 (J (7, 2)) Ka= (2, w) (I (1, w)) " Hyp Hpw (I (7, W)))

1 tr(HyKa(w,2)H; H.Ks+(z,w)H,;) = tr(R(A) (z,w)R(A)(z, w)").

)
Cx

L]
Let.# =T\ Z be the fundamental domain of the left action of I'on 2 = G /K. Suppose
the discrete group I is a lattice, we have u(.%) is finite. Recall Ay = B(H;)! = {A €

B(Hz)|ALz(y) = Lz(y)A,Vy € T'} is the commutant.

Proposition 3.8 Assume 7 is an irreducible representation of K. Let T: B(Hy) — C be the

linear functional defined by

1(A) = 17y [ 1(S(A)(2))di(2). A € B(Hz).

Then T is a positive, faithful, normal, normalized trace on Ay.
In particular, if U is an ICC group, T is the unique normalized trace on the Il factor

Ag.
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Proof: We first show |T(A)| < oo for all A € B(Hy). By Proposition 3.5 (iv), we know
|tr(S(A)(z))| < ||A|| and the integral is finite as u(.%) is finite.
Note 7(I) =1 and 7(A*A) > 0 since S(A*A)(z) = S(A*A)(z)* by Proposition 3.5 (v).

Suppose dim¢ Vz = n and take an orthonormal basis {v;,1 <i < n} of V. One has

s [t a@ane) = s [l rEa AR

1 n
- H.E'A*AE.Hv;,v;)zd
ncnﬂ(g\)/ﬂ’g( ™~z Z ZV V>7'L' ‘U(Z)
1 n
e AE.Hvi{,AE.Hv;)p,dU(z
n.cﬂ_u( )/3_[1_21< Yy 4 74z >H ‘U()

o L (] (k) AEHE )00, AEH: ) ) i () ) )

Z =

9

1

:in/y‘Z (/@(HWE:;AEZH;VI-,HWE$AEZH;vi>”du(W)> du(z)
7i=1 \+

1

:Cﬂl@/? (/@tr((HZEZ*A*EWH:;)(HWE;CAEZHZ))du(w)) du(z)

1

T en (7)) tr((H.E;A"E H},) (Hy ELAE H,))du® (z,w).
e U(F) /ﬁ‘x@ r((HE; ) WAEH:))dp” (z,w)

Here we are able to take the integral over the product space .# x Z since the integral is

finite. Similarly, we obtain

1

e

/ﬁ y tr((HLE;AE H}) (H ELA EH,))du? (z,w).
Consider the diagonal action of I on ¥ x &. Both of the two integrations are over a I'-
fundamental domain of 2 x 2. As the measure u” is I'-invariant and the integrand is
I'-invariant by Lemma 3.7, we replace it with the integration over another fundamental
domain (z,w) € 2 x %, which is equivalent to swapping z,w. Note the integrand is I'-
invariant under the same action of I'on & x & by Lemma 3.7. Hence the integration above
is invariant if we swap z,w. This is to say T(A*A) = T(AA*) and 7 is a trace.

Note {E.H}vi|z € 2,1 <i < n} spans a dense subspace of Hy. If A # 0, we have

|AE,H vi||* > 0 for some zo € Z and i. As AE_H'v; is continuous in z, we have | AE.H}v;||* >
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0 in a neighbourhood NV, of zp whose measure (N, ) is strictly positive. From the equality

above, we also have
T(A*A) = 4y [ L (AEH vi, AEHvi) 11, d 1 (2)
Hence 7(A*A) > 0 and 7 is faithful.

For the normality, it suffices to prove 7 is completely additive [22]. Take a family of

mutually orthogonal projections {p;|j € J} in Az and let p = Y ;c; p;. We have

©(p) = 7 [ (S(P) D)) = 55y 7 e r(S(p)) () 2),
which converges since 7(p) < 7(1) = 1. Moreover, as 0 < tr(S(p;)(z)) < tr(S(p)(z)), we

have tr(S(p;)(z)) € L'(.#, u). By the Fubini Theorem, we obtain

1077 7 Liesu(S(p))(@)d1(2) = Ljes iz J# w(S(pj) (2))du(z) = Ljes T(p;).

Hence 7 is normal. ]

3.2 Toeplitz operators of matrix-valued functions

In this section, we define the generalized Toeplitz operators associated with End(Vy)-
valued functions on the bounded symmetric domain &. Then we focus on the I'-invariant
case and give another formula of the trace of the Toeplitz operator.

Let Hy be the holomorphic discrete series (or square-integrable) representations de-
fined in Section 2. Recall that Py is the orthogonal projection from L?(2,V;) onto Hy =
12.,(2,Vz) and H, € GL(Vy) defined in Section 3.1.

Now we consider a measurable End(V)-valued function f on &. Forany ¢ € L*(2,Vy),
one may wonder that when the multiplication operator My: ¢ — f - ¢ is bounded. Indeed,

we have

(0.1 00 = [ (HSEOE) Hf ()6(2))ndi(2)
= [ (S H H9G) Hof (. Ho () nd ()
< [ WS QH By (H.9(). Heg (2)) sdn (),
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where || - [|op is the operator norm on the finite dimensional Hilbert space V. Hence if
|H.f(z)H; !||op is essentially bounded on 2, say ||H,f(z)H, !||lop < C for all z € 2, we
will certainly get |M||;2(5 v,) < C.

We define the following two spaces
1. L5(2,End(Vz)) = {f: 2 — End(Vy) measurable||H.f(z)H. |lop € L7 (2)}.
2. L*(2,End(Vy)) ={f: Z — End(Vz) measurable|||f||r € L~(2)}.

Please note for a measurable space (X, it), we call a function f: X — End(Vz) measurable
if f=[fi jli<ij<n and f; j: X — C is measurable for all 1 <i,j <n.
We also let ||A||r = Tr(A*A)'/2 be the Frobenius norm of a square matrix A where Tr

is the trace that is not normalized (or the sum of the diagonal elements).

Lemma 3.9 We have f(z) € L;;(2,End(Vy)) iff || H.f (z)H. || is essentially bounded.i.e.,
H f(z)H ! € L”(2,End(Vy)).

Proof: It follows by the fact that the operator norm is always bounded by the Frobenius

norm (i.e., ||A|lop < ||A||F for square matrix A). O

Definition 3.10 For any f € Lj;(2,End(Vy)), we define the Toeplitz operator in B(Hy)

associated to f by
Tf:Pn'Mf'Pn':Pn'Mf.

where My is the multiplication operator by f on Hy. More precisely, for any ¢ € Hy, the

operator acts on it by
(Tro¢)(z) = Pr(fo9)(2)
where (fo¢)(z) = f(2)9(z) € V.

Remark 3.11 When f takes values in the center of End(Vy), it can be identified with a

scalar-valued function. In this case, Ty is just the classical Toeplitz operator associated
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with f € L*(2). For more details on classical Toeplitz operators associated with functions

on the open unit disk, we refer to [9, 19, 40].

Proposition 3.12 We have Ty € B(Hy) for each f € Ly (Z,End(Vyz)) with the following

properties:
(i) T: fr> Tyislinear, i.e., Ty s gy =T+ BT for o, B € Cand f,h € L*(2,End(Vy)),

(ii) T;(Z) = TH;‘(H*)*If(z)*H:‘H7 where f* is given pointwise by f*(z) = f(z)* acting on

Vz. In particular, if f € L*(2), T} = T%.

Proof: As My is bounded, it is clear that 7y = PxM Py is bounded on Hy.
The linearity is straightforward. For the adjoint TJZk , let ¢, € Hy and consider the

following inner product:

(0, Ti M), = (Trd, M), = My, M) 12
= [ (.t (0 () Hn(2)dn(2)
= [ (S @ H(2) o (2)xdn ()

C .
This implies Tf(z) = TH;1( OJ

HZ) f2) Hy
Now we consider the left action of G on Z and also on L*(Z,End(Vyz)) given by

g-f(z)=f(g ).

Proposition 3.13 For any f € Ly;(2,End(Vy)), We have
Lr(8)Tp()Lx(8)" = Trs(g1 )1 (g:1) ()n( (s~ )"
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Henceif f(g7'-2) =n(J(g 1,2)) f(2)n(J (g 1,2)) "  forall y €T,z € D, then Ty commutes
with the action of T. In particular, for f € L*(2), Ty commutes with the action of " if f is

T-invariant.
Proof: Let ¢ € H;. We have
(La(g)TrLz(g)"9)(2)
=Lz (g)PeM(J(8,2)) ' 9(32) = PrLa(8) f(2)m(J(g,2)) " $(g2)
=Per(J(g7",2) ' g7 ) m(U(g T ,2))m(J (8,2) ' m(J(g.8 '2) ' 9(2)

=PrMy(y(g-1 2) 1 (g 1 2)n(u(s ) P (2)

=Ta(s1,2) (N0 1) P2
where we use 7(J(g,z)) ' m(J(g,g'z))~! =1. Hence

Lr(8)Tpo)Ln(8)" = Ta(s(g1 )1 (6-1) ()2 (5 1.2))-

If feL>(2),ie., f(z) € C, wehave f(z) = g- f(2) = f(g"'2). O
Now we define R: & x ¥ — End(Vy) by

R(w,z) = H.E E,H,.

Note R(w,z)* = R(z,w) and it is indeed the element c - R(I)(z,w) in End(Vz). Moreover,

we let §: ¥ x 9 — End(Vy) given by
8(z,w) = R(w,2)R(w,2)* = H.E:E, H:H,,E}E.H?,
which is a positive operator in End(Vy).
Lemma 3.14 For f € Lj;(2,End(Vy)), we have
S(Ty)(2) = 7 Jo ROw,2) (Haof (W)H)R(w,2) dp(w).

Iff €L™(2), S(Ty)(2) = oz [ f(W) S (2, w)di(w).
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Proof: Take any u,v € V; and consider the following inner product.

1 1
T :_<TfEZHZ*u’EZHZ*v>Hﬂ — _<MfEZHZ*u7EZHZ*v>L2
cﬂ' Cn'
1
= | (HOHELMEH  ELEHC ) i (w)
T

1 * * * * *

za 9(HWHWf(W)EWEZHZ u,EE.H, v>7;d,u(w)
1 * * * *

=— (HZEZ EWHWHWf(w)EWEZHZ u,v)zd(w)

CnJ9D

(o [ ROA2) (i O0)H, YROw.2) dit (W)

Crn

(8(Ty)(2)u,v)

If f(z) € C-I € End(Vy), we can further obtain R(w, z) (H,,.f (w)H,, R(w,z)* = f(w)8(z,w).
[
Now we identify the [-invariant function in L=(2) with L*(.% ), i.e., L*(.#) = L*(2)".
By Proposition 3.13, the Toeplitz operator gives a map T: L*(.%) — B(H;)' = Az by
[Ty,
For the End(Vy)-valued Toeplitz operators, consider the extension form L3 (% ,End(Vy))

to Ly;(Z,End(Vy)) given in Proposition 3.13 by
v f@)=fr ') =a0(y 2)f@r(U(y 2) L Vyel,zeF
This establishes a map form L35 (.% ,End(Vy)) to Az:
T: L5 (% ,End(Vy)) — B(Hz)' = Az by £ Ty
Proposition 3.15 Given A € Ap and f € Ly;(.# ,End(Vy)), we have

T(ATY) = gy [ (£ Q(A) ().

Proof: We let vy,...,v, be an orthonormal basis of V;. By Lemma 3.6 and Proposition
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3.8, we obtain:

(H.EXAT/E.Hv;,vi)zd i (z)

I Il
s
$
o
=
%\
-

[
—

I
S
S
=
Y
_M=

S — T/E.Hv;,A*E.H.
nenfl(7) <f v Vi) AU (2)

[a—

_(MyEH:vi, AE;Hvi) 12 (2)

_ 1
nexpl(F) !

e b,

As in the proof of Proposition 3.8, we consider the diagonal action of I" on 2. The

M=

( /@ (Hyf (W)EE.H} vi, HyEf A*E.H vi) rd [t (w) ) d i (2)

T
-

—

tr(HEIAE HyHy f (w )ELE.H)dp(w))dp(z)

)

fundamental domain is .% x 2. Since u? is a I-invariant measure and the integrand
tr(H.E;AEH;H, f(w)EE H}) is also I'-invariant, we can also replace it with another
fundamental domain 2 x .# by changing (z,w) to (w,z), which leaves the integration in-

variant. Hence the integral above equals to:

1
Cﬂ!i( 7)

[t HE A HH, 0 EEHE du @) du o)

Z / / (H.EXAE H,v;,H.EZE,, f (W) "Hy,v;) zd 1 (z))d L (w)
nc;-;[l l 1

! Y * * pyk
‘W?/fﬂwﬂww@wﬂw Hivdis )

1

tr(Hof (9 ESAE,H ) (w)

|
- :i
%\

tw(Hyf(w)H,, 'S(A) (w))dp(w)

=
A

tr(Ka(w)Hy,Hy f (w))d it (w)

=
N

If f € L*(2), this formula of the trace can be simplified as follows.

Corollary 3.16 For f € L*(.%), we have
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Proof: It follows the fact tr(f(z)Q(A)(z)) = f(2)tr(Q(A)(z)) if f(z) is a scalar.
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Chapter 4

The Commutant of the Group von Neumann Algebras

4.1 The L*-space of matrix-valued functions

We keep the notations as in the previous sections. For a measurable function f: .% —

End(Vy), we denote by fy the following function
fu(z)=H. f(z)-H ', ze Z.
Consider the following vector space of End(V')-valued functions on .%:
L3(Z,End(V),u) = {f: # — End(V) measurable| [ Tr(fu(z) fu(z)*)du(z) < oo}.

Here Tr is the trace on End(V') which is not normalized.

We also denote a sesquilinear form defined on L2, (.%,End(V), i) by
(f.hy = (f )z = [ Te(fur(2)he (o) )dp(2) = [ Tr(Hof (2)H ' (H ') h(z) " )dp(2),
where f,h € L2,(F ,End(Vy), ).
Lemma 4.1 The sesquilinear form (-,-) is an inner product on L;(X,End(V), ).

Proof: We can check (@ fi + B f2,h) = o{f1,h) + B{f>,h) for a, B € C. As Tr(fu(2)hy(z)*) =
Tr(H. f(2)H, ' (H; ') *h(z)"HZ) = Tr(H:h(2)H; ' (H ') f(2)*Hz) = Tr(ha(2) fu(2)*), we
have (f,h) = (h, f).

Now we assume (f, f) = 0. Then ||H,f(z)H; ||r = 0 almost everywhere on .%. Hence

f=o. 0
Therefore we obtain a Hilbert space L2 (.%,End(V), i) or simply L2, (.%,End(V))

Now we consider the following space

L5 (Z ,End(Vy)) = {f: % — End(Vyz) measurable||| fu (2)||r € L*(F)}.
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One can show this is a complex algebra by the fact (fh)y(z) = fu(z)h(z) and the Frobe-
nius norm || - || is sub-multiplicative, i.e., ||AB||r < ||A||r - ||B||r. We denote || (|| fz(2)||F)||s
which is the essential norm of || fx(z)||r € L”(.F), by ||f||r,-. Note that || fg(z)|lop <
|f]l#2.e0 for all z € F

Furthermore, we also define another Hilbert space
L3(.F Va) = {0 F — Vg measurable| [ (H.0(2), H-9 () xdi1(2) < o},

where the inner product s given as (-,-)1 = [z (H.¢(z), H,W(2))zd () for ¢,y € L3, (F ,Vy).

Define an action ¢ of f € L3 (.%,End(Vy)) on L%, (F,Vy) as

where f € L (% ,End(Vy)) and ¢ € L2, (F,Vy).

Proposition 4.2 The action ¢ defined above gives a well-defined faithful C*-representation

of the algebra Ly (% ,End(Vy)) such that

1. The adjoint of 6(f(2)) is o (f(2))* = o(H, ' (H}) "' f(2)*H} H,),

2. 0(f(2)) is apositive operator iff H, f (2)H, ' = g(z)*g(z) for some g € L*(F ,End(Vy)).
Proof: Assume ||f||# . = C. Then we have

(Hof(2)0(2), Hf (2)9(2))n = (fu (2)Ho9(2), fur (2) H 9 (2))

< HfH(Z>||0p : <Hz¢(z)aHz¢(Z)>ﬂ' <C- <Hz¢(z)>Hz¢<Z)>ﬂ'

Hence ||o(f)]] 12,(#.vy) < € which is well-defined.

It is straightforward to check o (f) = 0 if and only if f = 0. Moreover, we have

N0V = [ (HF(2)() Hoy(2)) a2

IHZ‘P( ), Hy(2)) nd i (2)

= [
[0

SN HD) T () HE Hoy(2)) 2d i (2).

30



This proves o(f(z))* = o(H, '(H})~ ' f(z)*H;H.). By the second line above, o(f(z)) is
positive iff H,f(z)H. ' = g(z)*g(z) for some g € L*(F,End(Vy)). O

As o is faithful, we denote also by Lj;(.-#,End(Vy)) its image under ¢ and equipped it
with the C*-structure as above.

Now we regard L};(.# ,End(Vy)) as the I'-invariant functions in Lj;(Z,End(Vz)) (see
3.13). Foragiven f € L};(.%# ,End(Vy)), we denote by f its [-invariant lifting to L*(%,End(Vy))
as follows. For w € 2, there is a unique ¥ € I" such that w = yz. Let ¥z(z) = n(J(7,2)) =

n(x(yexpz)), the function f(w) with w € Z is given as following:

Fw) = F(v2) = (2) f(2)va(z) ", forall ye T,z € Z.
Lemma 4.3 For z € %, we have

Hy f(y2)Hy' = m(k(y,2))*H.f (2)H; '7(k(7,2))
with some k(y,z) € K. Hence the End(Vy)-valued function f is in Ly (2,End(Vy)) and

gives a well-defined I'-intertwining Toeplitz operator T;.

Proof: Recall H, = n(h;') = m(k(g;)~") (see Section 3.1). In the proof of Proposi-
tion 3.5.(v), we know there is k(y,z) € K such that k(y,z) = h; 'k(yexpz) 'hy,. Then
n(k(y,z)) = H,w(k(yexpz) ™! )Hy_z] We obtain

Hy.f(y2)H,,' = n(k(y.2)) ' H.m(yexpz) ") f(vz)m(yexpz)) H, ' m(k(y,z))
= n(k(y,2)) " H.f(2)H; ' m(k(7,2)).

Note k(7,z) € K and 7 is a unitary representation of K. We have ||Hy.f (YZ)H},_ZI lop =

1H f (2)H " lop-
The I-intertwining property follows from the definition of f and Proposition 3.13. []

Now we define a map B on L};(.# ,End(Vy)) by

Bf(Z) = éE;TfEZH;HZ’ IS -@’
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for f € Ly;(#,End(Vy)). It is related to the Berezin symbols by Bf(z) = Hng(Tf)(z)HZ.
We denote the m(k(y,z))* by kz(7,2).

Lemma 4.4 For f € Lj;(.% ,End(Vy)), we have Bf(z) € Lj;(.% ,End(Vy)) which can be
given as
=B RO, b 06) £ 00 R, ) (),
T yel’

H [ LY RO,k (1,2) (B O0)H ) ka1, RO, 2) ) e

Cn yer

Furthermore, if we take f = Iy,, Bly,(z) = lIy,.

Proof: As Bf(z) = H; 'S(Ty)(z)H., it follows then by Proposition 3.13 and Proposition

4.3. Then the case f = Iy, is straightforward by Proposition 3.5. ]

Proposition 4.5 The map B defined in Lemma 4.4 can be extended to a bounded operator

on L,(F ,End(Vy)).

Proof: As u(.F7) < o, L3 (.#,End(Vy)) is a dense subspace of L% (% ,End(Vy)). It suf-

fices to show

HBfHLZ (F End(V, <C ||fHL2 (F End(Vy))
forany f € Lj;(.% ,End(Vy)).

Take any z € .% and consider the following map

¢.: Ly(#,End(Vz)) — End(Vy)
f = (sz:Hz'Bf(Z)'H;l
We first show ¢; is a unital positive map. By Proposition 4.2.2, we assume & (f) (or simply
f) is positive, i.e., H f(z)h; ! = g(z)*g(z) for some g € L*(F,End(Vy)). Hence ¢, is

positive as ¢,f = 197iZYGFR(}/W,Z)kn(}/,Z)*(g(w)*g(w))R(}/w,z)*du(w) is positive in
End(Vy). Furthermore, ¢, is unital by Lemma 4.4.
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Witout loss of generality, we may assume f is normal (or self-adjoint). Then, by Kadi-

son’s inequality [24], we have

¢:(1)¢:(f") < o:(f 1)
= [ X ROW ke (12) (o O6) (05 FO0) H YR (.2 dia ()

Cn yer

= [ X ROw2 ) (1.2) (Hf 00) L (L) FO8) HER (e, 2) i ).

Cn yel

Consider the L2,-norm of Bf. Note that R(w,z)* = R(z,w) and ||R(w,z)||% is T-invariant

by Lemma 3.7. Hence we have

HBin;,(ﬂ,End(vﬂ))
:/ Te(H.Bf (2)H ' (H ') Bf (2)"H)d(2)

_/ Te(9.(£)0:(f*)) /Tr 0-(ff*))du (z)
—/ Tr( /@C ZFR v, 2)kx (V. 2)* (Hwf (W) H,,  (HE) ™' f (W) H )k (7,2)R(yw, 2)*dpt(w))d u (2)
T ye

[ X RO, 2Dk (1) (0 )00 H e DR, 2) i 04) 2

yel

— [ [ X IROw.2ka2) Huof )8 i 0)an 2

yell
<[ [ ZFHR 10,2 [ Hh FO9) 3 o) (2
ye
[ o0 - [ IRGw.2) (o) anw)
yer
=L [ (a0 [ F IROny 9l du()dutn
T 7 yer
:c_/f(”wa H, 7 / ZTY (w, 7! (,}’_]Z)*)du(z))du(w)
nJZ F 1o
:Ci/f(Hwa(W)le”Iz’ / ZTI‘ ’}/ ZW*R()/ ZW) )d‘u(z))d‘u(w)
T JF yer

:i/ﬂ(“wa 1||F TI'/ ZR e T Z)*R(]/ w Z) d‘u( )))d‘u(w)

Z yer
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_ /yn | Huw f (w)Hy, Y2 (w)

_ 2

=113, Enacv))

where we also apply Bly, (z) = Iy, (see Lemma 4.4). Hence B is a bounded. O
Corollary 4.6 The operator B is injective on Lj;(.% ,End(Vy)).

Proof: Take f € L3 (.#,End(Vy)), we know H.f(z)H; ' € L*(% ,End(Vy). Rewrite
H f(z)H; ' = g(z) +i-h(z) for some f,g € L”(.# ,End(Vy)) such that g(z)* = g(z),h(z)* =
h(z) forall z € #

We assume Bf = 0. From the proof of 4.5, we know

IBF 172 5 gnaqrzy) = o T(9(£)9:(f*))dua(z) =

So ¢.(f) = 0 for all z, which is to say

Tr(90) = | T ROW.Dka((12) (800) + i-hO0) (1.2 ROnw.2)"du (o)

Cn yel"

—Tr( [ = ¥ ROw.2)ka(7. 208 (w)kn(1,2)* ROy, 2) dpa ()

7 Cn yell

T [ T RO ka1 00K R (0, 2) i o).

Cn yer

Hence it imlplies g(w) = h(w) =0 for all w € % and f = 0. O

We denote the extended map also by B and write T simply as 7.

Proposition 4.7 The map T: Ly (% ,End(Vy)) — Ay given by f +— T can be extended to

a bounded linear operator L,(.% ,End(Vy)) — L*(Az, 7).

Proof: Note L3 (.7 ,End(Vy)) is dense in L2 (.% ,End(Vy)) since u(.%) is finite. Take
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f € Ly (F,End(Vz)) and consider the trace T(T7Tf).

1
I B0 = ST T = iz [, W@ @)am ()

1 ” HL (Z End(Vy))
= M(ﬁthﬁl(g’End(Vﬂ)) = ,u(ﬂ) ||f||L2 Z End(Vy))"

Hence T can be extended to a bounded operator on L% (.% ,End(Vy)):
T: L%(F ,End(Vy)) — L*(Ag, 7)
with ||T|| < %, which is bounded by Proposition 4.5. O

Corollary 4.8 T*(A) = n-uiﬁ)Q(A

~—

Proof: Let us consider <T*<A)af>L§,(3Z,End(v,,)) for an arbitrary f € Ly;(.#,End(Vy)). By

Proposition 3.15 and 5.8.(ii), we have

(T(A): 1) 13,7 End(va)) = A Tr)12(a5,0) = TATF) = TAT -1 (1) yoppz,)

tr(Ka(e)H H-H (H )" f (2)"HE H:)dp(2)

‘ -

)

=
R

tr(H:(Ka ()H Ho)H, - (HZ') f(2)"H )dp ()

Z

tw(HQ(A) ()H; - (H: )" f(2) HI )dp(2)

I
=
Sl e

w(F)
= [ QWAL () ) H (2
= (W@ e
As the L=-space is dense in L?(.% ,End(Vy)), this implies 7*(A) = —1_—Q(A). O

n-p(F)

Proposition 4.9 The range of T is dense in L*(Ay, 7).

Proof: It suffices show T* is injective on L?>(A;, 7). Let v be the measure 0 ;\) (uxp)

on .# x 9. Consider the following Hilbert space
K=I1*(F x 2,End(Vy),v) = {f: F x 2 — End(V3)|{f, f)kx < }.

35



Here the inner product is given by

(fihk = [ 7o t(f(z,w)h(z,w)")dV(z,w).

We can check this gives an inner product which gives the Hilbert space.

For any A, B € Az, we have

tAB)=—— Y / (H.E*B*AEHv;,v) nd i1 (2)
)lgign 7

Crl

)

)

) 1<i<n’Z

T y /gz ( /9 <HWE;;AEZH;v,~,HWE;BEZH;V,->,rdu(w)) du(z2)
1<i<nv*

1

(

L ) / (AE.H:v;,BE.H:v;)y du(z)
cxii{ S

1

cai(

Y

N /gzx , TRA) @ w)(R(B)(z,w))"dV(z,w).

Hence (A,B); = (R(A),R(B))k and R is an isometry from L?>(Az, ) to K, i.e. R*R = id.
Note we have T*(A) = #@Q(A) by Corollary 4.8. Hence the map 7*R* on R(Ar) is
exactly the map given by

T*R*: R(A)(z,w) WQ(A)(Z), A€ A

Note each element in R(Ay) can be written as éHWKA(w, z)H} for some A € Az. So this

map is exactly the map given by
er HuKa(w,2) HE v s Ka (2,2 HE H:

It can be further extended to a well-defined bounded map on R(L?(Ay, 7)), the range of R.
Note by Proposition 3.5, the map R(A) — Q(A) is injective.
For any A € Az, by Proposition 3.4, we know czH,, \R(A)(z,w)(H;) ™! = Ka(w,z) is
holomorphic in w,zZ. Hence that the range R(L?(Ay)) are also in the following set
{h(z,w): F x 9 — End(Vz)|H,, 'h(z,w)(H})is holomorphic in w,z}
As the map T*R* on R(A;) above, we obtain the explicit formula for T*R* on R(L*(Az))
given by
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T*R*: h(z,w) — q(z) = WH{lh(z,z)Hz, Vh(z,w) € R(L*(Az)).

Note H,, 1h(z,w)(H;)~! is sesqui-holomorphic. By Theorem 3.3, we know the map
Hy hiz,w)(H;) ™t e Hh(z,2) ()™

is injective. Hence the map h(z,w) — q(z)H; ' (H;)~! is injective and so is T*R*: h(z,w) —

q(2).

4.2 The commutant and its subalgebras

We will show the operators T above with f € Ly;(.%,End(Vy)) generate the commutant
Az of the group von Neumann algebra Lz (T")”. Some results on subalgebras and subfactors

are also included. We recall a well-known fact:

Lemma 4.10 Let M C B(H) be a von Neumann algebra with a positive, faithful, normal,
normalized trace tr. Then the topology induced by ||x||; = tr(xx*)'/2 coincides with the

strong operator topology on any bounded subset of M.

Proof: It suffices to consider the unit ball M, = {x € M|||x|| gy < 1} in M. Let us consider

the GNS construction for tr and we get a normal faithful representation
Te: M — B(L*(M,tr)).

Note m; is injective, strong operator topology to strong operator topology continuous and

177 ()] <[]l
Take a sequence {x;};>; in M| and suppose we ||x;||» — 0. Let Q = 1 be the cyclic

vector in L?(M, tr). We take an arbitrary y € M and § = yQ € L?> (M, tr).

172 (i) 9115 = (e (i)Y, e (1) YR 12(a1 1) = tr{xiyy*x;)

< yIP tr(xixf) 0.
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Note M is || - ||o-dense in L?(M, tr) by the GNS construction. For any v € L?>(M, tr) and
positive integer N, there exists a y € M such that [|[v —J|| < 1. We have || (x;)v[]2 <
[beilllv = 9ll2 + |7 (ki) $l|2 < § + |7 (xi)Fl|2. Hence mw(x;)v — 0 and we can apply 7'
(which is also strong operator continuous, see [25] 7.1.16) so that x; — O in the strong
operator topology on B(H).

Conversely, if x; — 0 in the strong operator topology on B(H), we have m,(x;) also

converges to 0 in the strong operator topology on L? (M). Then
%13 = tr(xix}) = (e (), e (x1) Q) 2 4g) — 0.

[
As shown above, Ty € Ay for f € L*(.%#,End(Vy)). A natural question is how large is

the subalgebra of A; generated by these operators.

Proposition 4.11 Let M C B(H) be a von Neumann algebra with a positive, faithful, nor-
mal trace tr and A C M be a %-subalgebra of M. Then A is L*-dense in L* (M ,tr) if and only

if it is weak operator dense in M, i.e.,
T2 _ 52 . WO
A" =L*(M) ifand only if A" = M.

Proof: As the norm topology is finer than the weak operator topology, we assume A is
norm closed, i.e., A is a C*-algebra. Since A is convex, A"~ =A"".

Take any self-adjoint x € M with ||x|| < 1. There exists a net {a,},>1 in A such that
|an — x||2 — 0. Also we have ||a} —x*||» — 0 as ||a||z = tr(aa®) = tr(a*a) = ||a*||, for all
aeM. So || @ —x||2 — 0 and hence we can further assume {a, },> are self-adjoint, i.e.
a, € As.,.

Consider f(1) = tzzﬁ which is a bijection on [—1,1]. Let g = f~! and y = g(x) then
y € M; ,. By the argument above, there are {b, },>; in A, such that ||b, —y||» — O.

We want to show ||f(b,) —x|l» — 0. Note that f(b,) € A and || f(b,)]| < 1, hence by

continuous functional calculus, we have
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— z(bn(1+ 2)7 (l+b3)) — 2(bn_ ) 2b,, ( _bn)
S(bn) =S O) = ZHigiemy -~ Wi + i ia

Note that ||ab||> < ||a||||b||> and ||ab]|> < ||b||||al|2. Moreover, ||(1+52)~1|| < 1 and ||(1+

y?)~!|| < 1. Hence

1 (Bn) = F Ol < 20 (1 +3%) 7 - 150 = yll2 + 20 Ga) [y (1 +3) - [1a = Y1l

< 4||by —y|l2 — 0.

Hence || f(bn) = x[l2 = [[f (bn) = f(¥)l[2 = O.
Note ||f(b,)|| < 1. That is to say the closure of unit ball of Ag, (inside M) in || - ||2

S.0

is just the unit ball of M;,. By Lemma 4.10, we obtain m = (Ms,)1 and hence
A=A =M.

For the converse, it suffices to prove A Il ]\71”’”2 or equivalently for any x € My,
there exists a sequence {x};>1 in A; such that x; M x. This is guaranteed by the as-
sumption A™® =M, Lemma 4.10 and also the Kaplansky density thoerem [22]. O

Finally we can determine the von Neumann algebra generated by these 7¢’s with f €

L3 (F , Bnd(Vy)).

Theorem 4.12 We have

(Ty|f € L(Z End(Vy)))” = Aq.

Proof: As L3 (.%,End(Vy)) is dense in L%(.%,End(Vy)), by Proposition 4.9, we know
{T¢|f € L;;(F,End(Vy))} is a dense subspace of L?(Az, 7). Then, by Proposition 4.11,
these Ty’s generated Ay in the strong operator (hence also in the weak operator topology).

[

S.0.

Corollary 4.13 We have ({T¢|f € L*(F)} ®End(Vz)) = Az

Proof: Take f € Lj;(.%,End(Vy)) and assume H,f(z)H; ' = g(z) = [8i;(2)]1<i j<n With

each g; j € L”(.#). Then we have
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Ty = THzflg(Z)Hz - TZi._; H; g j(2)eijH; — Lij Tgi,,j(Z)HZ Ye; H. "

Now we define a map between two complex vector spaces:
®: {Ty|f € Ly(#,End(Vy))} = {Ty|f € L™ (F)} @ Mat,(C),
which is given by
QT =Yij Ty, onten . Teili<ijn

It is straightforward to check @ is linear and surjective.
. . . . . / [o's) J\ _
For the injectivity, we suppose there are two g; j,&; ; € L (%) such that Tgi,j (H: s H, =

T, as Toeplitz operators. Then we have § (Tg (2)

_ - =S(T
8 ;(2)H: ‘e jH; i,j(2)H: lei,sz) (T,

8 j(2)Hz leiﬁsz)'

Z

Hence B(g; j(2)H; 'e; ;H,) = B(g§7j(z)H_1e,-7jHZ). Then, by Corollary 4.6, we know g; ; =

g ; as they are scalar functions and & is injective. ]

Remark 4.14 For f € L™ (.F), these Ty’s will certainly generate a von Neumann subalge-
bra of Ay. For n # 1, it is still unknown that how large this subalgebra is. This is related to
the Toeplitz C*-algebras with continuous symbols on the bounded symmetric domains, see
[39].

Indeed {p; =M H e H, }i<i<n gives a family of orthogonal projections in B(L*(2,Vy))

satisfying Y 1 <<, pi = 1. One can show
(My|f € L (2,End(Vz))) = (My|f € L™(2)) @ End(Vz)

as an isomorphism of von Neumann algebras acting on L*(2,Vy), piL*(2,Vy),Vy, respec-
tively (e; j € End(Vyz) acts as M, H:\ei jH ). Note these p;’s commute with the action of G. We

can also consider the I'-invariant case:
(My|f € Ly (F,End(Vr))) = (My|f € L*(F)) @ End(Vy).

We have Ag = Py - (My|f € Ly (% ,End(Vy))) - Pr.
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Chapter 5

Actions of Cuspidal Automorphic Forms

We construct a family of I'-invariant bounded linear operators from the cuspidal auto-
morphic forms, with actions between these square-integrable representations. We mainly
consider functions that are right-equivariant for the action of the maximal compact sub-

group K and left-invariant for the discrete subgroup I'.

5.1 Automorphic forms on a real reductive group

We review automorphic forms on real reductive Lie groups. A comprehensive treatment
of this theory can be found in many resources, for example, see [7, 8, 18].

Let G be a connected reductive group over Q. Let I" be an arithmetic subgroup of G(Q).
Furthermore, as in the previous sections, we let K be a maximal compact subgroup of G =
G(R), g, t be the Lie algebras of G, K respectively and Z(IR) be the center of G. Let U(g) be
the universal enveloping algebra and Z(g) be the center of U(g). Let .%#° = 5 (G(R),K)
be the Hecke algebra which is the convolution algebra of all K-finite distributions on G
with support in K [27].

Let (,V) be a representation of K, and we do not assume it is finite dimensional. Let
K be the set of equivalence classes of irreducible representations of K and take p € K. We

denote

V(p) = {v € V|spanx (k)= p}.

By a (g, K)-module, we mean a complex vector space V with a representation 7 of g and K

which satisfies the following:

(i) The space V is a countable algebraic direct sum V = &;V; where each V; is a finite

dimensional K-invariant vector space.
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(i) For X € p,v €V, we have

E(X)V = %ﬂ(CXP(IX))Vh:O = }lg)r(l) w’

where the limit exists.
(iii) For k € K,X € g, we have n(k)(X)m(k~)v = w(Ad(k)X)v.

Furthermore, we call it an admissible (g,K)-modules if V(p) is finite dimensional for each
p € K. Note for a smooth function ¢: G(R) — C, there is a natural action of K and g
(hence U(g)) on ¢. The complex span of ¢ over the action of g and K gives us a (g,K)-
module [41]. Moreover, we say ¢ is slowly increasing if there are constants c,r € R~ such

that

[9()l <C-ligll",

where ||g|| = (tr(c(g)*c(g)))"/? and & is a finite dimensional complex representation with
finite kernel and closed image. This condition does not depend on the choice of the repre-
sentation ¢ [8] but the constant C does.

A smooth complex valued function ¢ on G(R) is an automorphic form for (I',K) if it

satisfies the following conditions:
(i) Ttis I'-left invriant: ¢(y-g) = ¢(g), g € G(R),y < T.
(i) The right translates of ¢ by elements of K span a finite dimensional vector space.
(iii) There is an ideal I C Z(g) of finite codimension such that xo ¢ = 0 for all x € I.
(iv) It is slow increasing.

Note the condition (ii) is equivalent to the existence of an idempotent { € .7 such that the
convolution ¢ x{ = ¢. We let <7 (I", {,1,K) be the space of all the automorphic forms of

this type.
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Assume N is the unipotent radical of any proper maximal parabolic (Q-subgroup of
G(Q). Given ¢ € &/(I',{,1,K), we call it a cuspidal automorphic form, or simply a cusp

Sform if

Jirow@)wr) 9 (- 8)dn =0, Vg € G,

where dn is the measure on the quotient space ("M N(R))\N(R) obtained from the measure
dg on G. We let &7°(T", {,I,K) be the subspace of cusp forms in <7 (T, {,I,K). By [8, 18],
a cusp form is bounded and square-integrable modulo Z(R) - T.

Let p: K — GL(V,) be a finite dimensional unitary representation of K and V, is
equipped with a Hermitian product (,), and hence a norm || - ||,. We also have the fol-
lowing definition of Harish-Chandra [18, 7] of the vector-valued automorphic forms as

follows.

Definition 5.1 A smooth function F: G(R) — V,, is called a Vy-valued automorphic form

if it satisfies
(i) F(y-g)=F(g), g€ GR),ye .
(i) F(g-k)=p(k~')-F(g), g € G(R),k € K.

(iii) There is an ideal I C Z(g) of finite codimension such that xo F =0 for all x € I.

(iv) F is slow increasing, i.e., |[F(g)||p < C-||g||" for some C >0, forall g € G.

We denote the space of all such Vp-value functions by <7 (I',1,p) or simply </ (I',p). Fur-
thermore, if we also have f(rmN(R))\N(R)F(” -g)dn =0, for all g € G, it is called a V-
valued cuspidal form or cusp form. This vector space is denoted by <f O(F,I ,p) or simply
(T, p).

As in the scalar-valued case, a vector-valued cusp form is also bounded (in each coor-

dinate of V},) and square-integrable modulo Z(R) - T".
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Now we introduce automorphic forms on the domain 2 = G/K. Although the defini-
tion given by A. Borel [7] involves a general cocycle i defined on I x &, we only focus on
the special case of the canonical automorphy factor J(g,x): G x 2 — K¢ (see Section 2.2).
We also fix the finite dimensional unitary representation p: K — GL(V,) and also denote

by p its extension to K¢.

Definition 5.2 Let J be the canonical automorphy factor. A vector-valued automorphic
form of type p is a smooth function f: 9 = G/K — 'V, satisfying
) =pU(1,x))- f(x), Vx€ Z,VyeT.
We denote the space of such functions by /5 (I, J).
Example 5.3 Let G = SLy(R), K =SO(2) and T C G is the modular group. Let J(g,z) =

cz+d for g = (ﬁ Z) € G. We also take the irreducible representation p = p,: K — S!

given by k — k™. Then a function f: H — C satisfying

fUEEEL) = (cz+d)"f(2)
forall (‘C’ Z) € I gives us a classical modular form for I (with some holomorphy conditions,
see [37]).

Now we can relate <75 (I",J) with the classical automorphic forms <7 (I', p) above.

Lemma 5.4 Given F € o/ (I',p), the map given by ®(F)(g) = f(g) = p(J(g,0))F(g) is
well-defined and ® (<7 (I',p)) C o5 (T,J).

Proof: Take g1,g> € G such that g, = g» and we assume g; = g,k for some k € K. Then

we have

P(J(81,0))F(g1) = p(J(g2k,0))F (g2k) = p(J(32k,0))p (k) ' F(g2)
=p(J(82,0))p(J(k,0))p(k) ' F(g2)

=p(J(22,0))p(k)p(k)"'F(g2) = p(J(g2,0))F (g2),

where we apply the cocycle condition of J and the fact J(k,0) = k for k € K. We also have
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f(v8) = p(J(14,0))F (vg) = p(J(7:8)J(2,0))F (g) = p(J(V.8))f(8).

So f € dy(T,J). O

For a general cocyle i, we may not be able to define an inverse map from .75 (I, 1)
to «7(I',p) since the cocyle u on I' cannot always be extended to G. An example on
['p(4) with half-integral weight was given by G. Shimura [38]. Recall there is a smooth
embedding i: ¥ = G/K — NA C G and we denote this map from & — G by i(z) = g; (see

Section 2.2). Please note we have z = g, = g, - K as a coset in G/K.
Corollary 5.5 Let F € </ (T',p) and f = W(F). Then F(g;) = p(J(g,,0)" 1) f(2).

Proof: It follows from the fact F(g) = p(J(g,0)~1)f(g). O

5.2 The intertwining operators

Take a cusp form F € <7%(T",p) and let f = ®(F) which is a vector-valued automorphic

form on the domain &. We also call a function of such type a cusp form and denote them

by (T, p).
Lemma 5.6 Let ¢ € L*(9,Vy), then the map

My: f(z) = Mz (9)(z) = f(2) @ ¢(2)

is a well-defined bounded map with image in L*(2,Vpsr)

Proof: Let us consider the norm [|M¢(9)|[;2(2.v,.,)- We have

M7 (0)|* = (F @6, 9)2
= [ o @m)(x(m) ™)) 2 0 (1), FO9) 9 9 (4) vyt )
=/@<P(K(W,W)l)f(W)yf(W»vp (w(k(wyw) )P (W), 9 (W) zd i (w).
Suppose w € 2 = G /K has a representative ¢ with g € G. Note f(¢) = p(J(g,0))F(g) and
k(g,8)=J(g,0)J(g,0)~!. Following Remark 2.7, one has p(x(¢,¢)) = p(J(g,0))p(J(g,0))*.
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(Note that F(g) is independent of the choice of the representative ¢ in the coset w € ¥ =

G/K.) We have

(p (1 (w,w) ™) F(w), fF(W))v,
=((p(J(£,0)) ") p(J(£.0) " Hp(J(8,0)F(g),p(J(g,0))F(g))v,

=(F(8),F(g))v,-

Note F is bounded on G since it is a cusp form, i.e., there is a positive constant Cr such
that (F(g),F(g))v, < Cr for all g € G. So we get ”Mf(gb)”lé(@yp@,,) < Cp- Hq’HiZ(@,Vn)'

[
Now we define a Toeplitz-type operator on the holomorphic discrete series. Recall that

Py is the orthogonal projection from L?(2,Vy) to Hy = L2 (2, Vy). Let Ty: Hy — Hpon

be the operator defined by

Ty () = PoonMpPr(¢) = PponMy(9) = Ppon(f(2) @ ¢(2))-

where ¢ € H;. Moreover, when p is the trivial representation of K, f is an essentially
bounded function on 2, i.e., f € L*(?,du). Then M; is bounded L?(%,Vy) and the
definition above coincides with the classical Toeplitz operator Ty = PyMy € B(Hy) for any

finite dimensional representation 7 (see Section 3.2).

Remark 5.7 The tensor product above is pointwise defined. Indeed, the vector-valued
function p(J(g,0)~")f(g) is essentially bounded so that f(z) ® ¢(z) is still in the Hilbert
space L*(9,Vpsr)-

In general, the tensor Hilbert space Hy @ Hy is an infinite direct sum of discrete series
representations, which is much larger than Hygr. J. Repka gave a clear description of the
decomposition of arbitrary tensor products of these holomorphic discrete series represen-

tations [31].
Proposition 5.8 Ty € B(Hy,Hpwz) and its adjoint operator T;-‘ € B(Hpwnr,Hy) is given by
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Ty (y@n) = Tryyn(w), for y(z) € Hp,n(z) € Hy
where (f,w) = (p(x(w,w)™ 1) f(w), w(w))v, is a function on 9.

Proof: As Ty is a composition of My and a projection, the boundedness follows from
Lemma 5.6. Note Hpg 5 can be densely generated by the vector-valued functions of form
V(z)®@1(z): 2 =V, ® Vg with y(z) € Hy and 1(z) € Hy. Let ¢ € Hy. Assume g, = w

and consider the inner product (¢, 77 (Y @ 1)), = (T¢(9), Y @ M)k, We have

(Tr(0), W @M Hyor = (Ppon(f@0),y@N) 2 =((f®0),y@1)2
=/ <(p®7r>('<(w,w)‘1)(f®¢>(w),(W®n>(w)>vp®ndu(w)

= [ {p ()™ 0 09), W9))v, - ()0 00), 1 () i ()
= [ (i)™ )0 w), o (xoww) 17 00), W00y 1) el ()

=(0. Mz 12 = (9, PaMzyM) i = (05 Ty M) e

This is to say

[
Note (f, ) may not be essentially bounded, but M is still in the space L>(2,Vy)
by Cauchy-Schwarz inequality. As F is left-invariant for I', a natural question is how T¥

intertwines the action of I.

Proposition 5.9 With the assumption above, Ty commutes with the action of T', i.e., TrLz () =
Lowx(y)Ty, for any y € T.

Proof: Take ¢,n € Hy, y(z) € Hp and z € 2. We have

(Lpor(NTr(9(2), (WRN)(2)Hper
=(Loan(Y)PraaMs(0(2)), (W@ N)(2)Hyor = (PporLpan(¥)(f @ ¢)(2), (W @1)(2)) 12
=((Lp(N(f) @Lx(7)(9))(2), (W@ N)(2)) 12 = (TrLz(7)(9)(2), (W @1)(2)) Hpeor
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where we apply Proposition 2.9 and use the fact L, (y)f = f. O

Take another cusp form H € &/%(T",p) and let h(z) = ®(H).

Corollary 5.10 The composite operator T, Ty € B(Hy) commutes with the action of T, i.e.,

T T¢Lz(y) = La(y)T, Ty for y € I. Moreover, if either one of f or h is holomorphic, we

have

TiTr9(2) = Tipm9(2) = Tir (g H g, 9 (2)

forany ¢(z) € Hy.

Proof: The first claim is straightforward by Proposition 5.8. Assume f is holomorphic

and take an arbitrary 1 € Hy. Note f(z2) ® ¢ (z) € Hpzp 50 (T Tr¢, N1, = (T, fQ ¢, M) H,-
Then the first equality follows from Proposition 5.8.

Moreover, by Remark 2.7, we have

p(Kk(z,2)) = p(J(8:,0))p(J(82,0)") = p(J(82,0))p(J(gz,0))"
Then
(£, ¥)(2) = (p(k(z.2) ") f (@) ¥y,
= (p(J(2:,0) ") f(2),p(J(g2,0) " h(2))v,
= (F(82),H(g))v,

which is bounded since F,H are bounded in each coordinate. Hence (F(g;),H(g;))v, €

L*(2) that makes the associated Toeplitz operator well-defined. O
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Chapter 6

An Example on SL(2,R) and Fuchsian Subgroups

In this section, we consider the Lie group SL(2,IR) and apply the previous results to its
discrete series representations and its Fuchsian subgroups. We remind the reader that by a
Fuchsian subgroup, we mean a Fuchsian group of the first kind, i.e., a discrete subgroup
I" of SL(2,R) (or PSL(2,R)) such that I'\H* is compact [37]. Let {(Ly,,H,,)|m > 2} be
the family of holomorphic discrete series representations of SL(2,R) (see below) and let
Apm = Ly, () NB(H,,)’s be the commutants.

This section is devoted to the proof of the following result:

Theorem 6.1 Let I C SL(2,R) be a Fuchsian subgroup and Ty be the Toeplitz operator

associated with a cusp form f of I'. Then

w.o.
{spang (To)* Ty} = Am
as f,g run through all cusp forms of I of same weights.

Note for G = SL(2,R), K = SO(2) is a maximal subgroup. Hence by Theorem 2.6,
the symmetric domain 2 = G/K is just the open unit disk. For the convenience to discuss

automorphic forms, we identify it with the Poincaré upper-half plane
H={z=x+iyeC|y>0}.

with the invariant measure dy = y~>dxdy. Moreover, since K = SO(2) is abelian, all its
irreducible representation are one-dimensional and can be characterized as (7,,,V,,;) such
that 7, (g) = g™ € S! for an integer m.

Note K¢ = C* is the complexified group of K = SO(2). By definition, the canonical

automorphy factor J: SL(2,R) x H — C* is given by
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J(g,z) =cz+dforg= (%) € SL(2,R), z € H.

Following Section 2.2, we can describe the holomorphic discrete series representations
of SL(2,R). One can show that 7,,(k(z,z) ') = y" where z = x +iy. So we move the term
y" to the measure and denote y"d L = y"2dxdy by dby,.

Let L?(H, i) be the square-integrable functions on H with respect to the measure
W, = y"2dxdy (and pg is just ). Let H,, be the subspace of all holomorphic functions in
L2(H, t), ice.,

Hy = L2 (H, ty,).

As in Section 2.2, for a given g = (¢ Z)_l € SL,(R) and f € Hy,, the action on H,, is given

by

(Ln(8)f)(z) = f(g '2)(cz+d) ™

where g~z = %15

Proposition 6.2 ([16]) For any integer m > 2, (L, Hy,) is an irreducible unitary represen-

tation of SL(2,R). Moreover, it is square-integrable with formal dimensions d,, = ”Z—;l.

To have a positive formal dimension, we will focus on the case m > 2 from now on.

6.1 Berezin transform and the trace

Let (L, H,) be the holomorphic discrete series of SL(2,IR) associated with the one
dimensional representation (7,,,V,,) of K = SO(2) (and also of K¢z = C*). Note all the
matrix-valued (End(Vy)-valued) functions defined in Section 3.1 reduce to the scalar-valued
functions since V,,, = C. In this section, we use the following simplified notation for Berezin

symbols:
(i) K(z,w) =EE,, and K(z,z) = EJE..
(i) A(z) = S(A)(z) for A € B(H,,)
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(iii) A(z,w) =R(A)(z,w) for A € B(H,,) (defined in the proof of Proposition 4.9).

(AE,, (v1),E; (v )>Hm

Let v; € V,, be a unit vector, one can further show A(z, w) = E oD B
w =z m

Corollary 6.3 Given A,B € B(Hy,), then

(i) X(z, w) is sesqui-holomorphic (i.e., holomorphic in z and anti-holomorphic in w),

o~

(i) the map A — A(z,w) or A(z) is one-to-one,

—

(iii) sup.ep [(A)(2)| < [|A

|,

(iv) ﬁ(z,w) :X(W,Z),
(v) AB(z,w) = i RIS 5 (2 ) B(n, w)dpm(n).

Proof: It follows from Proposition 3.4 and Proposition 3.5.

Now we define the commutant by

Am = Lm(r)/mB(Hn) - {A € B(Hm)|ALm(Y) = Lm('}/)A7 Vye r},

which will be shown to be a tracial von Neumann algebra. It is a II; factor if L,,(T')" is

a II; factor and the coupling constant of dim;, -y Hy, is finite, which holds when I' is an

ICC lattice.

Corollary 6.4 IfA,B € B(H,,) and g € SL(R), the Berezin transform of Ly, (g) ALy (g)

is A\(gz,gw). A € oy, if and only ifg is T-invariant.

Proof: It follows from Proposition 3.5 (iv).

Corollary 6.5 For m > 2, the following linear functional defines a faithful normal tracial

state on A,,: Let A € A, then

T(A) = s [ AR ().
T is the unique tracial state if A,, is a type Il factor.
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Proof: It follows from Proposition 3.8. ]

In the special case I' = SL(2,Z), most of the results above are known, see [34, 30].

Remark 6.6 Let Z(T') be the center of T. The representation (Ly,,Hy,) is indeed a projec-
tive unitary representation of I'/Z, which may also give a factor. For example, in the case
PSL(2,7) = SL(2,7,)/{*I}, as H*(PSL(2,7),S") = 0, the representation is ordinary and
gives the factor L,,(PSL(2,7))" since each Fuchsian subgroup of PSL(2,7) is ICC [1].
One may also consider the lattices in SL(2,R). Indeed, they are all essentially ICC:
there are only finitely many conjugacy classes that are finite. Following [30], in this case

the A,,’s are also factors of type II,.

6.2 The action of cusp forms

Let I' be a Fuchsian subgroup of the first kind. Recall that a cusp form of weight p of

I' is a holomorphic function f: H — C satisfying

() f(z)=(cz+d)Pf(%th),z€H, (¢4) €T,

(i1) f vanishes at each cusp of I

By definition, cusps are some elements in R U {eo}. One can refer [28, 37] for the precise
description. Let S,(I") be the vector space generated by all cusp forms of weight p of T,
which is finite dimensional. It is well-known that for any f € S;(I"), there is a constant
By > 0 such that | f(x+iy)| < By-y /% [28].

Recall that /(T 7,) is the space of cusp forms defined on the real Lie group G =

SL(2,R) (see Section 4.1).
Lemma 6.7 Each f € S,(T') is the image of some F € o/°(T', ) under the map ®(F)(g) =
7p(J(8,0))F (g).

Proof: Following [10], it is straightforward to check 7,(J(g,0))~!f(¢) is a well-defined

function on SL(2,IR) which is also a cusp form. O
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Indeed, let A be the Casimir element of glg and Z be the 2-by-2 identity matrix in gl,,

there is an isomorphism

p*—

5,0 = a- 2L 7y )

[ 0r(g) =J(8,0) " f(gi)

which also illustrates the correspondence between two types of cusp forms. We refer to
[10] for more details about the relation between the automorphic forms on SL(2,R) and
the classical automorphic forms defined on the upper-half plane H.

As representations of SO(2), we have

Hence the Toeplitz-type operator Pr,zx,, (f®-) defined in Section 5.2 reduced to the classi-
cal Toeplitz operator Py, My, or simply Py, ,My. Now, given an arbitrary f € S,(T") and
any m > 2,let Ty = Py ,M¢P,, € B(H;,,H, ) be the Toeplitz operator associated with f.
The following two results are the special cases of the ones in Section 5.3. For the reader’s
convenience, we also give separate proofs that emphasize more scalar-valued cusp forms

instead of the vector-valued ones.
Proposition 6.8 The Toeplitz operator Ty satisfies the following conditions.

(i) Ty € B(Hp,Hpuyp)
(ii) Ty intertwines the action of T, i.e
Ty7on(8) = Tomip(8) Ty, Vg €T

(iii) (Ty)* = PyMgyr Py p € B(Hpy p, Hi), which also intertwines the action of T.

Proof: (i) Let ¢ € H,, and ¥ € Hy,,. Then

173910, = [ 1£(EOG) Py 2drdy
< [ Blo() Py dxdy
H
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where we used |f(z)| < By~?/%. So Ty € B(Hyn,Hp1p)-

(i) Take g = (4 Z)_l e I'. We have

L p(8)Tr6(2) = f ("”” ) ’ (“Z“’) (cz+-d)- )

cz+d cz+d
b
= /()0 (zﬁ d) (cztd) ™"
= TrLn(8)9(2).

(iii) Consider the inner product on H,,, ,. We have

T V)mip = [ 8EOE YY" 2dxdy

= / 0(2) (Pugy?y(2))y" dxdy,
which is (@, (T,)* ). Hence T,* = PyMg.y» Pyt p. O
Corollary 6.9 Given f,g € S,(I'), we have
(Te)*Ty = PuM ggyr P = Tygyr € A,

where A, = Ly (L) is the factor.

Proof: Recall (f(2),8(2)) = (k(2,2) "f(2),&(2))v, = f(2)g(z)y". Note both f,g are

holomorphic, then it follows from Corollary 5.10. O

6.3 Two existence results

This part is devoted to the proof of Theorem 6.1. Before this, we need two theorems
for the existence of some meromorphic functions and holomorphic functions on a compact
Riemann surface. We refer to [14] for the theory of Riemann surfaces.

Let I C SL(2,R) be an arbitrary Fuchsian group of the first kind and Pr be the set of all
cusps of I'. Let H* = HU Pr. Denote .# = I'\H and .%* = I'\H* be the quotient spaces by

the action of I. It is well-known that .7 * is a compact Hausdorff space and also a compact
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Riemann surface [28]. We denote a Riemann surface by .# and the field of meromorphic

functions on .Z by A(A).

Theorem 6.10 If .# is a compact Riemann surface and P, . ..,P, € ./ are distinct points

and z1,...,7, € C, there exists ¢ € A(A) such that §(P;) = z; forall 1 <i<n.

Proof: Take integers i, j such that 1 <i# j <n. Let us consider the divisor D = kP, — P;

where k = k; ; € Z. Apply the Riemann-Roch Theorem for the divisor D, we get
I(D) =deg(D) — g+ 1+I(div(w) — D) =m—g+I(div(w) — D),

where /(D) = dim¢ L(D) with L(D) = {f € A(#)|f = 0 or div(f) +D > 0} and div(o)
is a canonical divisor. Take k sufficiently large, there would be a desired k; ; such that
deg(div(w) — kP, + P;) < 0 and hence /(div(w) — kP, + P,) = 0. Then, as [(kP; — Pj) >
[((k—1)P;,— P;), there must be some y; ; € L(kP, — Pj) — L((k—1)P; — P;). So we get a
meromorphic function y; ; with

ve, (Vi j) = —kij < O0and vp, (i) > 1.

Let ¢; j = % then ¢; j(P) = 1 and ¢; j(P;) = 0. Now we define ¢; = [Ti<j< ji 9i

which satisfies
0;(P) = 1,¢;(P;) = 0for j #i.

Then the function ¢ = Y’ <;<, ¢;¢; is the one we want.

We further assume .% * to be the compact Riemann surface given by I"\ H*.

Theorem 6.11 Let Py,...,P, € F* be distinct points, then there exists a holomorphic au-
tomorphic form f such that f(P;) # 0 for all 1 < i < n. Moreover, if {P;}1<i<n are not

cusps, we can further require f to be a cusp form.
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Proof: We first focus on a single point P;. Suppose all holomorphic automorphic forms
have P as zeros. We take a holomorphic f; such that vp (f1) =m > 1 is minimal.

Consider the divisor kP. By the Riemann-Roch Theorem, we have
[(kP) = deg(kP) — g+ 1+ 1(div(®) —kP) = k— g+ 1 +I(div(w) — kP).

For sufficiently large k, we have deg(div(®w) —kP) < 0 and /(kP) = k — g+ 1. Then there
exists ¢; € A(.F#*) with a single pole of order k. Then g; = flkgblm is holomorphic and does
not vanish at P;.

Now suppose we have such holomorphic automorphic forms {g; } 1<i<, such that g;(P;) #
0 and the weight of g; is k; for 1 <i < n. Now let N be a common multiple of all these
k;’s. Then a linear combinations f =} <<, ligév/ ki (with some suitable A;’s) will give us
a desired automorphic form of weight V.

If {P,}1<i<n are not cusps, we can further assume from the beginning that all g;’s are

cusp forms. Then we get a desired f in the same way. O

6.4 1I,; factors from cusp forms on SL(2,R)

Now we let Ax (") be the space of automorphic forms of weight k so Sy (T") is a subspace
of Ax(T") spanned by the cusp forms. We know the Petersson inner-product on S (I") is

given by

(£.8) = aty 7 FOREY M (),

which is Hermitian. We denote the term in the integral by (f,g)x = f(z)g(z)y* with a
emphasis on the weight k.

Now let
=77 /(D\Pr) =T\(H"/Pr) = F U{pt}.

by identifying all cusps in the fundamental domain with one point. Hence .# is compact.
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Proposition 6.12 {(f,g)«|k € N, f,g € Sx(I')} are well-defined functions on F; and sep-

arate points of F|.

Proof: As all (f,g);’s vanish on all cusps, it is well-defined on the quotient space of % *
by identifying all cusps.

Now we take a pair of distinct points P, Q € .#;. By Theorem 6.10, there is a meromor-
phic function ¢ € Ay(I") such that ¢ (P), ¢(Q) are distinct.

Case 1: PQ € 7.

We take f(z),g(z) € Si(T") with all f(P),f(Q),g(P),g(Q) are nonzero. The existence
follows from Theorem 6.11.

For sufficiently large k, we may assume the multiplication by f eliminates all the poles
of ¢. So we can further assume f(z) satisfies f(z)¢9(z) € Si(I"). We assume (f, g)x cannot

separate P, Q, i.e.,

(f:8)k(P) = f(P)g(P)yp = f(Q)2(Q)y§ = (f¢,8)k(Q).

Then we have

(f9,8)k(P) = F(P)o(P)g(P)y} # f(Q)9(Q)2(Q)Y = (f9,2)k(Q).

Case 2: P € #, Q= {pt}.
As Q stands for cusps, it suffices to show some (f,g)i(P) # 0. But this follows from
Theorem 6.11. O

As #| is compact, we apply Stone-Weierstrass to get the following corollary.

Corollary 6.13 The functions of the form (f,g) generate the function space of continuous
functions on F| that vanish at the the point pt, or equivalently, (f,g);’s generate the space

of continuous functions on .% that vanish on all cusps, i.e.,

(7 Ok EN, £, €D 1™ = {y € C(F*) | Wleusps = O}

As there are only finitely many cusps in .# and p(.%) < o, we obtain:
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Proposition 6.14 For m > 2, we have

W.O0.
{Spanf,g(Tg)*Tf} =Am,

where f,g run through all cusp forms of same weights of I.

Proof: By Corollary 6.13, we know the these (f,g)x’s generate the space of continuous
functions on .#* that vanish at cusps. Hence the restriction of (f,g)’s on .# also span a
dense subspace of L*(.%).

Note that T((f,8)x) = T(fgy*) = (T;)*T;. Then, by Theorem 4.9, we know these
(T,)*Ty’s give a *-closed subalgebra which is dense in L?(A,,). Then the claim follows

from Proposition 4.11 or Proposition 4.12. ]
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Chapter 7

The von Neumann Algebras from Cusp Forms

Let Hy = Lﬁolo (2,Vr) be the holomorphic discrete series representation of G associated
with an irreducible representation (7,Vz) of its maximal compact subgroup K. Given a
cusp form f: 2 — V), for I, we denote by T the Toeplitz-type operator associated with f
as in Section 5.

This section will be largely devoted to proving the following result.

Theorem 7.1 Assume dimc Vg = 1, the von Neumann algebra Ly (T)" of T-intertwining

operators on the holomorphic discrete series Hy can be generated as:

Ly(T) = {span; ,T;Ts}
where f,g run through the cusp forms for I' of same types.

The proof is based on the Baily-Borel compactification and the cusp forms given by

Poincaré series.

7.1 Baily-Borel compactification

We review some basic facts of the Baily-Borel compactification of the quotient space
I'\Z. 1t is a generalization of the compactification of the fundamental domain SL(2,Z)\H,

or equivalently,
SL(2,Z)\SL(2,R)/SO(2) = {z € H| |z| > 1,|Re(z)| < 3}

to a general Lie group G and an arithmetic subgroup I'. From now on, we assume G has no
normal Q-subgroup of dimension 3. More details can be found in [2, 3, 35].
Let G be a semi-simple linear algebraic group defined over QQ such that G = Gy is the

real Lie group we discussed in the previous sections. Let 2 = G/K as before.
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By the Harish-Chandra realization, we regard 2 C p* = CV as a smooth manifold with
the natural action of G. The action also extends to the closure 2 C p*. We say a real
affine hyperplane H C CV is a supporting hyperplane ift HN 2 #® and HN 2 = 0. Let
H be such a supporting plane and denote its intersection with the closure Z by F, i.e.,
F = HN 2. Furthermore, there is a minimal complex affine subspace L C C” contains F.
The boundary component F is a nonempty open subset of L whose closure is F, which is
also a bounded symmetric domain in L. The detailed construction of boundary components
is based on the R-roots and Q-roots of G [2, 3].

Meanwhile, there is a maximal set (@, ..., %) C A} such that they are strongly orthog-
onal, i.e., neither o; + o¢; nor o; — «; is a root. The standard boundary components Fj, are
indexed by 1 < b <, which can generate all the boundary components by the transfroms of
G (see [3] 1.5). For such a boundary component F, there is also an unbounded realization
S, C p* and also a cocyle J,(g,x): G x S, — C which is defined as the determinant of the
Jacobian of g € G atx € .

One should keep in mind that & itself is an improper rational boundary component. For
each rational boundary component F, there is a canonical projection 6r: ¥ — F.

For a boundary component F, its normalizer is defined by
NG(F)={g€Glg-F CF},

where the action is induced from that on 2. It is well-known Ng(F ) is a parabolic subgroup
of G. We call F a rational boundary component if Ng(F) is defined over QQ as a subgroup
of the linear algebraic group (see G [3].3 and [2].III). There are countably many rational
boundary components.

Now we let Z* be the union of ¥ and its rational boundary components, equipped
with the Satake topology, which is the unique topology with some properties related to the
arithmetic group I (see [2] III. or [3] Theorem 4.9). Let .# =T'\Z be the fundamental

domain.
Definition 7.2 The Baily-Borel compactification .%* of .% is defined to be the quotient
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F* =T\,
equipped with the quotient topology.
Baily and Borel proved the following result.

Theorem 7.3 ([2] I11.6) The Baily-Borel compactification % * is a compact Hausdorff space

containing .# as an open dense subset. F* is a finite union of subspaces of the form
[r\F,

where F is a rational boundary component and I'r = T' N\ Ng(F).
Moreover, the closure of Tp\F is the union of Up\F and subspaces Up/\F' of strictly

smaller dimension.

They actually proved .#* is isomorphic to a projective subvariety of some complex

projective space Pg . From now on, we will denote the compactafication as
F*r=VyuViu---uV,

where V) = .# and V; = I'r,\ F; for some rational boundary component F; with 0 <i <r. It
can also be proved that dim(.#* — .%) < dim(.#) — 2 if G has no normal Q-subgroup of

dimension 3.

7.2 Poincaré-Eisenstein series

The Poincaré series were first constructed for automorphic forms on a Lie group by
Poincaré. Intuitively, for SL(2,R), Poincaré series apply group averages of an infinite sum,
which is a natural way to construct functions invariant under the automorphy action of the
modular group. We have the following result proved by Harish-Chandra (see [3] Theorem
5.4) and R. Godement [15]. Note we focus on the functions with the left action of I" and
usually the right action of K instead of the ones with actions on different sides in these

references.
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Theorem 7.4 (Harish-Chandra, Godement) Let I" be a discrete subgroup of G and 'V be
a finite dimensional complex vector space. Let f: G —V be a function in L' (G)®V, which

is Z(g)-finite and is K-finite on the left. Then the series

’

Pi(g) = Lyer F(v-8), Py (8) = Lyer IF (v 8)

are absolutely and uniformly convergent on compact subsets and are bounded on G.
Furthermore, if f is of finite type on the right instead, Py is absolutely and uniformly

convergent on compact sets, but not necessarily bounded.

The series Pr are called a Poincaré series on the group G [15]. We are more inter-
ested in the following Poincaré series defined on the bounded symmetric domain . For
the canonical autormorphy factor J: G x Z € K¢ and a representation (p,V,) of K, we

associate a function f: 4 —V, to f: G—Vpby

f(8)=pJ(g,0))f(g)

They satisfies the property that f is holomorphic on & if and only if Yo f =0 forall Y € p~.
Now we consider the action of Gon G/K =2 C p™. Forany z € &, we letJ5(g,z) € C

be the determinant of the Jacobian of z +— g(z).

Lemma 7.5 ([35] I1.5.3.) The Jacobian of 7 — g(z) is the adjoint representation ad of the

canonical automorphy factor J, i.e.,
Jac(z— g(z)) = ad,+ (J(8,2))-
where ady+ is the restriction of ad on pt.

Hence we have J4(g,z) = det(ad,+(J(g,2))).

Theorem 7.6 ([7, 12]) Let f be a polynomial function on &, m > 4 be an integer. Then the

series

Pny(2) = LyerJo (v, 2)" f (7 2)

62



converges absolutely and uniformly on compact sets. It defines a holomorphic automorphic

form of weight m, i.e.,

Pm,f(Z) = J@(%Z)umJ(YZ)-

The function g — f(g-0)J5(g,0)™™ is bounded on G.

The functions P, ¢’s above are called Poincaré series on the domain 2 [3]. Indeed,

these series are sufficient to separate the points.

Proposition 7.7 Letzy,...,zy be I-inequivalent points in 9. Take a set of points cy,...,cy €
C. For m sufficiently large, we can find a polynomial f such that Py, (z;) = c; for all

1 <i<N.
Proof: Let us consider the linear map given by

E:: f— (Pm,f(Z1),...,Pm7f(ZN)).

Its image is a linear subspace of C¥. We will show this map is surjective for sufficiently
large m.

Take some 0 < u < 1. By [3] Lemma 5.8, we know the function g — |J»(g,0)| is in
L'(G) if a > 2. Then, by Theorem 7.4, we conclude Y1 [J7(7,2)|* converges absolutely

and uniformly on compact sets. Hence the set I’ ; = {y € T|

Jo(¥,zi)| > u} is a finite. Now

let f be a polynomial on p™ such that
f(Zi) =¢; and f(’}’Z,) =0forye Fuﬂ', 1<i<N.

Note J(e,z:) f(z:) = f(zi) = ci, we have [Py f(2;) — cil < Logr,, [ f(¥zi)| which con-
verges to 0 as [ — c. So for any € > 0, there exists an integer m(€) such that ||[E(f) —
¢|lcv < € if m > m(€). Now let ¢ runs through the standard basis {ej, ...,ey yof CV and let
€ be small enough, the argument above implies the map E contains a basis for m sufficiently
large. Hence E is surjective. O

Now we introduce the Poincaré-Eisenstein series. We first introduce some notations.
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(i) P: aparabolic Q-subgroup of G,
(ii) U : R,(P), the unipotent radical of P,
(ii1) I's : a subgroup of finite index of ['N P,
(iv) B:anormal connected Q-subgroup of P which contains the split radical of P,
(v) T'o=TwNB.
Let f be a function on G. Following [3], The Poincaré-Eisenstein series are defined to be:
Ef(g) = Yyer/r, f(v-8), 2 €G.

When f satisfies certain conditions (see [3] Theorem 6.4), we can show E 7 converges
absolutely and uniformly on compacts sets.

Let us fix F = Fp, a standard rational boundary component. We further assume
* P=Ng(F),

° . . . . 0
B : a normal connected Q-subgroup containing the split radical of P such that B C

Z(F) and Z(F)/BY, is compact,
e I'..=PNI,
I :B?Rﬁl“.

Let ¢ be a polynomial on F in the coordinates of the canonical bounded realization of

F and let [ be a positive integer. Consider the series

E(z) = Ep;1(z) = Lyer/r, ¢ (06(v-2)) - Jr(1,2)",

which are called Poincaré-Eisenstein series adapted to F in [3]. We also consider the

transform of E by g:
(Eog)(z) =Jr(g " 2)E(g 2).
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For the convergence of these series, Baily and Borel also gave the following result.

Theorem 7.8 ([3] Section 7.2) There exists a positive integer lo such that if | is a positive

multiple of ly, then the series Ey | o g converges absolutely and uniformly on compact sets.

Now let f be an integral automorphic form (see [3] Section 8.5) on Z of weight /, i.e.,
f(z) =J5(y,2)! f(y-z) for all y € T. Then for each rational boundary component F, it has

an extension to an automorphic form for I'z on F, which we denote by ®r(f).

Theorem 7.9 ([3] Theorem 8.6) Let E be a Poincaré-Eisenstein series adapted to the ra-
tional boundary component F, for the arithmetic group 1" of weight . Then E is an in-
tegral automorphic form. Let F' be a rational boundary component. Then ®pE = 0 if
dimF’' < dimF and F' C T - F. The operator ®F maps the module of Poincaré-Eisenstein

series adapted to F of weight I, onto the module of Poincaré series for I'(F) of weight 1.

Remark 7.10 By this theorem, the Poincaré series Py ¢ defined on the improper compo-
nent 9 satisfies ®r(Pyp,9) = 0 for any proper boundary components F. This also implies
P.¢ is a cusp form (see [3] Section 8.10).

Since the function g — f(g-0)J5(g,0)™" is bounded (Theorem 7.6), as in the proof of
Lemma 5.6, we are able to associate to each Py, y a well-defined Toeplitz operator Tp, ,. We

will focus on the Toeplitz operators of this type later for the proof of Theorem 7.1.

7.3 Proof of the main theorem

Two cusp forms f, g on the bounded symmetric domain & are called of a same type p
if both f,g take values in a representation V,, of K and f(yx) = p(J(7,x)) - f(x),g(yx) =
p(J(y,x)) - g(x) as in Definition 5.2. For the proof of Theorem 7.1, we will focus on the
cusp forms of type det™"(ad,+), which are nothing but the cusp forms of weight m by
Lemma 7.5.

Proof: [Proof of Theorem 7.1] By Corollary 5.10, if f, g are cusp forms of type (p,V))

and at least one of them is holomorphic, we know the composite operator T, Ty is just
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the Toeplitz operator 7{; 4 associated with the essentially bounded function (f,g)(w) =
(p(x(w, w)_l)f(w),g(w))>vp. Hence, by Corollary 4.2, it suffices to show these (f,g)’s
span a dense subspace of L?(.%) (or equivalently L*(.%), C(.7).)

By Theorem 7.3, we know .#* is a compact Hausdorff space which contains .# as a
dense open subset. Let us consider the quotient space .#; of .#* by identifying all the

elements do not belong to .%# (which form a closed subset of .%* ), i.e.,
F1=F ) (F\TF).

This is also the disjoint union of .# and a single point, denoted as {pt} (which represents
all the proper boundary components), i.e., % = .% LU {pt}.

Let us consider the Poincaré series P, 4 for a polynomial ¢ on &. By Theorem 7.9,
®r(Py,¢) = 0 for any proper boundary components F. Hence every P, 4 gives a well-
defined function on .%; which vanishes at pt. Then, by Remark 7.10, it suffices to consider
the functions of the type (Pp.¢,Pn,y)-

Take any two distinct points 71,2, € %] and consider the following two cases: (i) z; =
pt,z2 € .Z, or (ii) 71,22 € Z. In either of the two cases, by Proposition 7.7, there is a poly-
nomial ¢ such that P, ¢ (z21) # Pn,¢ (z2) for some m. So (Py.¢, Puy)(21) # (Png, Py (22)
for a suitable y such that P, y(z2) # 0. Note .#; is compact and Hausdorff, by Stone-

Weierstrass Theorem, the forms (P, ¢, Pn,y) generate the space
{h: #, — C|his continuous, h(pt) = 0}.
Hence their restriction on .% is dense in L*(.% ), which completes the proof. O

Remark 7.11 Assume G is a connected semi-simple linear algebraic group over R and a
lattice I is Zariski-dense in G. We can show I is an ICC group (see [16] 3.3.b). This gives

a large family of the cases that Ay is a I} factor.
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