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Chapter I

Introduction

In this thesis, we focus on topics related to the Dehn function of a finitely presented metabelian group and relative
Dehn function of a finitely generated metabelian groups. We establish a commutative algebra approach to estimate
upper bounds for the Dehn function of a given finitely presented metabelian group. This approach yields much wilder
results than estimating the upper bound. It first gives a uniform upper bound for Dehn functions of all finitely presented
metabelian groups. Secondly, we give a similar result for Dehn functions relative to the variety of metabelian groups.
For a finitely presented metabelian group, we also analyze contributions of different parts, including the metabelian
part and the commutative algebra part, to its Dehn function. Finally, we use this technique to compute and estimate

the Dehn functions as well as the relative Dehn functions for various examples.

I.1 Notation and Conventions
We denote the set of rational integers by Z and the set of real numbers by R. N indicates the set of natural numbers,
where our convention is that 0 ¢ N. In addition, we let Rt = {x € R | x > 0}.

If G is a group, we will denote by G’ = [G, G] the derived (commutator) subgroup, by G, = G/G’ the abelianiza-

¥y, [x,y] = x'y~1xy. We use double bracket ((-))¢ to

tion. For elements x,y € G,n € N, our convention is x =y~
denote the normal closure of a set in the group G. Sometimes we omit the subscript when there is no misunderstand-
ing in the context. For a set 2, we denote the free group generated by the set 2" as F(2"). We also use F(Z") to
represent the set of reduced words in alphabet 2" U .2 .

In addition, for a group G and a commutative ring K with 1 # 0, we let KG be the group ring of G over K. An
element A € KG is usually denoted as A = ¥, 0 g, &g € K where all but finitely many a’s are 0. We also regard A
as a function A : G — K with finite support, where A (g) = a.

We say a group G that is an extension of a group A by a group T if A is a normal subgroup of G and T = G/T.
Let w : G — G/A be the natural homomorphism. We say an extension A by T splits if there exists a homomorphism
s: T — G such that Tos = idr. In this case, G is a semidirect product of A and T, denoted by A x T'. One special case
of the semidirect product we consider in this thesis is the (regular) wreath product. For groups A and T, let B = @®;c7A’
be the direct sum of copies of A indexed by elements in 7. Then the wreath product AY T is defined to be the semidirect
product B x T where T acts on Bby t o (ay) = (a,-1,). The subgroup B is called the base group of the wreath product.

If A is abelian, then A can be considered a module over ZT, and the action of T on A is given by conjugation. In

this case, we also say that G is an extension of a T-module A by 7. Throughout the thesis, we will use the following



notation for actions of ZT on A. Let A = Y,y o4t € ZT. Then for a € A, we define

a*:=Ta""

teT

Since A has finite support, the product is finite.

1.2 The Word Problem

Let X be a set. A word over X is a sequence of elements of X. A group word over X is a sequence of elements of X
and their inverses, i.e. symbols x~!,x € X. The length of a word w is denoted by |w|. We say a group word over X is
reduced if it does not contain any subwords of the form xx~! and x~'x for any x € X. The set of reduced group words
over X is denoted by F(X). It is equipped with the binary operation: the product uv of two reduced group words u, v is
the result of reducing the concatenation of u and v. With this operation, F (X) is turned into a group which is called the
free group over X. The identity element of F(X) is the empty word denoted by 0. For every group G, any map X — G
extends uniquely to a homomorphism F(X) — G: any word is mapped to the product of the images of its letter. In
particular, every group G generated by at most |X| elements is a homomorphic image of F(X). Let ¢ be one of these
surjective homomorphisms. The kernel of ¢ is a normal subgroup of F(X). Let R be a subset of F(X) such that its
normal closure coincides with ker ¢. Then we say group G has a presentation (X | R), where X is called the generating
set and R is called the relation set while r € R is called a relation (or a relator).

The word problem in G (related to @ or (X | R)) is the following
Problem I.2.1 (The word problem). Given a reduced group word w over X, decide if ¢(w) =1 in G or not.

If the generating set is finite, the group is called finitely generated. In addition, if the relation set is also finite, the
group is called finitely presented. It turns out that for finitely generated groups the solvability of the word problem
does not depend on the choice of @ or even the choice of the finite set X [24]. Throughout this thesis, we only concern
finitely generated and finitely presented groups. Therefore, in what follows, we will discuss the solvability of the word

problem for a group without noting an explicit finite generating set.

1.3 The Dehn function
Given a finitely presented group G equipped with a finite presentation &2 = (X | R), there exists a epimorphism
¢ : F(X) — G such that ker ¢ = ((R)). A reduced group word w over X represents the identity in G if and only if there

exists k €N, f1, f2,...,fx EF(X),r1,r2,...,rx €ERand €,&,...,& € {£1} such that



If w=1in G, the area of w with respect to &2, denoted by Area(w), is the minimal value k so that such repsentation
of w exists. The Dehn function 65 : N — N with respect to £ is defined to be 85 (n) = sup{Areaz(w) | |w| < n}.

Dehn functions are defined up to an asymptotic equivalence ~ taken on functions N — N by f ~ g if and only
if f < g and g < f where f < g if and only if there exists C > 0 such that f(n) < Cg(Cn)+ Cn+ C for all n € N.
One can verify that ~ is an equivalence relation. This relation preserves the asymptotic nature of a function. For
example, it distinguishes polynomials of different degrees and likewise polynomials and the exponential function. It
also distinguishes functions like n” and n” logn for p > 1. On the other hand, it identifies all polynomials of the same
degree, and likewise all exponential functions, i.e., a" ~ b" fora,b > 1.

Despite the dependence of Dehn function on finite presentations of a group, all Dehn functions of the same finitely
presented group are equivalent under = [17], i.e., given a finitely presented group G with finite presentations & and
', one can show that 8 = 8. Thus, we define the Dehn function of a finitely presented group G, 8¢, as the Dehn
function of any of its finite presentation.

The Dehn function was first introduced by computer scientists Madlener and Otto to describe the complexity of
the word problem of a group [24], also by Gromov as a geometric invariant of finitely presented groups [17] (see also
Gersten [16] where the name “Dehn function” was introduced). There have been a lot of significant results about Dehn
functions in the past 30 years, revealing the relationship between this geometric invariant and algebraic properties of

the group. Some of the numerous examples are:

(a) A finitely presented group has a decidable word problem if and only if its Dehn function is bounded above by a

recursive function [24].
(b) A finite generated group is hyperbolic if and only if it has sub-quadratic Dehn function [17], [30].

(c) If G is the fundamental group of a compact Riemannian manifold M, then d is equivalent to the smallest isoperi-

metric function of the universal cover M [10].

1.4 Metabelian Groups

This thesis studies the Dehn function of a particular class of groups, finitely presented metabelian groups. A group G is
metabelian if its derived subgroup G’ = [G, G] is abelian. Metabelian groups are defined by the identity [[x,y], [z, w]] =
1, which implies that all commutators commutes in a metabelian group. It also follows that the class of metabelian
groups form a variety. Recall that a variety, in the sense of B.H. Neumann [28], is a class of groups closed under
subgroups, epimorphic images, and unrestricted direct products. The fact that metabelian groups form a variety allows
us to define the relative Dehn function for a finitely generated metabelian group, which we will discuss in detail in
Chapter VL.

Now, let us give some interesting examples of metabelian groups that we will deal with throughout this thesis.



1. Metabelian Baumslag-Solitar Group.

The metabelian Baumslag-Solitar group BS(1,n) has a presentation
BS(1,n) = (a,t | d" =d"),

where n is a positive integer. The derived subgroup BS(1,n)’ is isomorphic to the additive group of n-adic ratio-
nal numbers, which is not finite generated but abelian. Therefore BS(1,n) is metabelian. We can write metabelian
Baumslag-Solitar groups as a semidirect product: BS(1,n) = Z[1/n] x Z, where Z acts on Z[1 /n] by multiplication by
n.

2. Lamplighter Group

The name of this group comes from viewing the group as an acting on a doubly infinite sequence of street lamps
ceyloo,l1,11,1p,... each of which may be on and off, and a lamplighter standing at some lamp ;. View in wreath
product we have the lamplighter group Ly = Z, ! Z. Recall the wreath product AT is defined to be the semidirect
product of &,c7A" by T with the conjugation action.

One standard presentation for L, is
(a,t|a® =1,[a,d" ] =1,n €N).

We are also able to extend the idea of lamplighter group to integers greater than 2. For an integer m > 2, we can
have “lamps” with m different status, for examples, m — 1 different colors and “off”. In a similar fashion, we define
general lamplighter group L,, to be Z,, 1 Z.

The lamplighter groups are examples of metabelian groups that are finitely generated but not finitely presented.

3. Baumslag’s Group T’

The Baumslag® Group I' is presented by
(a,s,t | [a,d'] =1,[s,t] = 1.a’ = ad').

This is the first example of a finitely presented group with an abelian normal subgroup of infinite rank, has derived

subgroup [I',I'] = @®;ezZ. The subgroup (a,t) of I' is

VAVAS <EBZ> XZ=a,t | [a,atk],ke Z).

i€l

Introducing the relation @™ = 1 in " we have a family of metabelian groups I';;, = (I | ™) [21]. It’s not hard to see that

[T = ®iczZm where Z,, is the cyclic group of order m. Thus I, contains a copy of Z, ! Z, the lamplighter group



Ly,.

I.5 Main Results

The solvability of the word problem for finitely generated metabelian group is known for a long time [22]. As we will
discuss in Section III.1, a finitely generated metabelian group is residually finite. It immediately follows that the word
problem is decidable for metabelian groups [24]. One consequence is that the Dehn function of a finitely presented
metabelian group is recursive. In Section III.2, we will list a few examples of finitely presented metabelian groups
and their Dehn funcitons. One spoiler for now is that all of them are asymptotically bounded above by the exponential
function. It is an intriguing question if there is a uniform upper bound for Dehn functions of finitely presented groups.

We answer this question by proving the following theorem.

Theorem A. Let G be a finitely presented metabelian group. Let k be the minimal torsion-free rank of an abelian
group T such that there exists an abelian normal subgroup A in G satisfying G/A=T.

Then the Dehn function of G is asymptotically bounded above by
(1) (Theorem I1.4.2) n* if k = 0;
(2) (Theorem VI.6.5) 2" ifk = 1;
(3) (Theorem V.1.1) 2" ifk > 1.

It follows that a function of the form 2"(") where h(n) is any superpolynomial function is a uniform upper bound
for Dehn functions of finitely presented metabelian groups.

In general, not all finitely generated metabelian groups are finitely presented. In fact, most of them are not. But
finitely generated metabelian groups satisfy the maximal condition for normal subgroups [19], if we restrict everything
in the variety of metabelian groups, a finitely generated metabelian group is always relatively finitely presentable. In
Section V1.2, we will extend the notion of presentation and the Dehn function to the variety of metabelian groups. Thus
for a finitely generated metabelian group G, we instead studying the relative Dehn function (defined in Section VI.2),
denoted by Sg(n), which exists for all finitely generated metabelian groups. Applying the same technique, we first

observe that

Theorem B (Theorem VI1.3.1). Letr G be a finitely presented metabelian group. Then

8(n) < 8(n) < max{82(n®),2"}.

It follows that



Theorem C (Theorem VI1.3.6). Let G be a finitely generated metabelian group. Let k be the minimal torsion-free rank
of an abelian group T such that there exists an abelian normal subgroup A in G satisfying G/A=T.

Then the relative Dehn function of G is asymptotically bounded above by
(1) (Theorem I1.4.2) n* if k = 0;
(2) (Theorem VL.6.5) a polynomial if k = 1;
(3) (Theorem VL.3.6) 2" ifk > 0.

There is no uniform polynomial bound when k = 1. We will later show that, when k& = 1, for every natural number
[ there exists a finitely generated metabelian group H; such that its relative Dehn function is greater than n’.
The general method we establish in this paper provides a way to estimate the relative Dehn function of metabelian

groups. The following are some of the results.

Theorem D. (1) (Proposition VI.4.4) The metabelianized Baumslag-Solitar group BS(n,m) = (a,t | (a") = ")z,

has at most cubic relative Dehn function when n # m and has at most quartic relative Dehn function when n = m.

(2) (Corollary VI.4.5) The metabelianized Baumslag-Solitar group BS(n,m) = (a,t | (a")' = a™) .5, m>2,m=n+1

has at most quadratic relative Dehn function.
(3) (Proposition V1.4.6) The lamplighter groups L, have at most cubic relative Dehn function for every m.
(4) (Proposition V1.5.1) The lamplighter group L, has linear relative Dehn function.

(5) (Corollary VI.6.3) For each | € N there exists a finitely generated metabelian group such that its relative Dehn

function asymptotically is greater or equal to n'.

The last result follows from the following connection between subgroup distortion functions (defined in Sec-
tion VI.6) and relative Dehn functions.

Let A and T be free abelian groups with bases {ay,az,...,a,} and {t;,12,... % } respectively. Consider the wreath
product W := A T. Let B := ((A)) be the base group, which is a T-module. For a finite subset 2" = {f1, f2,...,fi}
of B, let H be the subgroup of W generated by 2" U {¢,12,...,%} and G be the group W /{((Z7)).

Theorem E (Theorem VI1.6.1). Let W, H,G be groups defined as above, then
Ay (n) <

(1) +n*, 86 (n) < max{n’, (Al (n*))*}.

In particular, if k = 1, then we have



If we only consider the case k = 1, we have the following result.

Theorem F (Theorem V1.6.5). Let G be a finitely generated metabelian group such that the minimal torsion-free rank
of an abelian group T such that there exists an abelian normal subgroup A in G satisfying G/A = T is one. Then the
relative Dehn function of G is polynomially bounded. If in addition G is finitely presented, the Dehn function of G is

asymptotically bounded above by the exponential function.
In the last section, we generalize one result in [21], and show the following.

Theorem G (Theorem VII.1.4). Every wreath product of a free abelian group of finite rank with a finitely generated
abelian group can be embedded into a metabelian group with exponential Dehn function. In particular, any free

metabelian group of finite rank is a subgroup of a metabelian group with exponential Dehn function.

The proof of Theorem VII.1.4 can be found in Section VIL.2.



Chapter I1
Dehn Function

II.1 Properties of the Dehn Function
Let f be a map from a metric space (X,dx) to a metric space (Y,dy). Then f is called a quasi-isometry from (X, dx)

to (Y,dy) if there exist constants A > 1,B > 0, and C > 0 such that the following two conditions hold:

(1) For all pair of points x,y € X, we have that
1
Vx,y € Xt 2dx(f(x), f(v) = B < dy(x,y) <Adx(x,y) +B.

(2) For every pointy in Y is within distance C to an image point, i.e.,

VyeY,IxeX dy(y, f(x)) <C.

Two metric spaces (X,dx), (Y,dy) are called quasi-isometric if there exists a quasi-isometry between them. It can
be shown that being quasi-isometric is an equivalence relation. Two groups are called quasi-isometric if the Cayley
graphs of them with respect to the word length are quasi-isometric. Quasi-isometric invariants are one major interest
in geometric group theory, following the work by Gromov.

Let G be a finitely presented group in the category of all groups, namely G = (X | R) where |X|, |R| < oo.

Theorem I1.1.1 (Gromov [17]). Let G be a finitely presented group, G = (X). Let H be a finitely generated group

with generating set Y, |X|,|Y| < eo. If G,H are quasi-isometric, then H is finitely presented and 8¢ x =~ O y.

Since Cayley graphs of the same group over different generating sets are quasi-isometric, we have that the Dehn

function to finite presentations of a finitely presented group is independent from the choice of the finite presentation.

Corollary IL.1.2. Let 2, ' be two finite presentations of G, then

82 (n) = 80 (n).

Another useful consequence of Theorem II.1.1 is that the Dehn function of a finitely presented group is preserved

by taking a finite index subgroup.

Corollary IL.1.3. Let G be a finitely presented group and H < G such that [G : H| < o, then H is finitely presented

and quasi-isometric to G hence 8y ~ Og.



One technique we apply a lot throughout the thesis is passing the problem to a finite index subgroup with a nicer

structure, which simplifies the computation a lot.

II.2 Van Kampen Diagram

One way to visualize the area of a given word is to consider what is called a van Kampen diagram. Let G = (X | R)
be a finitely presented group and w be a reduced word which is equal to 1. Then by the previous discussion, w has a
decomposition as following:

w:F(X>fIrﬁ where r; € RUR™ !, fi € F(X). (IL1)
=1

For every decomposition (II.1), we can draw a diagram which consists of a bouquet of “lollipops”. Each “lollipop”
corresponds to a factor rlfi , the stem of which is a path labeled by f; and the candy of which is a cycle path labeled by
r;. Going counterclockwise around the “lollipop” starting and ending at the tip of the stem, we read fflrl- fi. Thus the
boundary of the bouquet of “lollipops” is labeled by the word which is the right-hand side of (IL.1).

Note that we obtained w from the right hand side of (II.1) by cancelling all consecutive pairs of xx~! or x~!x,x € X
on the boundary and removing subgraphs whose boundaries labelled by xx~! or x~'x,x € X (which is a “dipole” or
a sphere). In the diagram, the corresponding process is identifying two consecutive edges with the same label but
different orientation on the boundary. After finitely many such reductions, we will obtain a diagram whose boundary

is labeled by w.

Tk

fk f2 r i

fi

Figure II.1: a bouquet of “Lolipops” and its corresponding van Kampen Diagram

The resulting diagram is called the Van-Kampen diagram of w. The edges are labeled by elements in X and cells
are (i.e. the closure of a bounded connected components of the plane minus the graph) labeled by words from RUR ™.

For example, in group (a,b | [a,b] = 1), the Van-Kampen diagram of [a?, b] = [a,b]*[a, b] looks like this.



AR
AR
A2

QA
SA
2A

Figure I1.2: the Van-Kampen diagram of [a?, b] = [a,b]*[a, b]

The following is called the van Kampen Lemma.

Lemma IL.2.1 ([32]). If a reduced group word w over the alphabet X is equal to I in G = (X | R), then there exists a
van Kampen diagram over the presentation of G with boundary label w.

Conversely, let A be a van Kampen diagram over G = (X | R) where X =X ' and R is closed under cyclic shifts and
inverses. Let w be the boundary of A. Then w is equal in the free group F (X) to a word of the form uiriusry ... uprii

where

(1) each r;is from R;

(2) wuy...upr1 =1in F(X);

(3) Z:”:Jrll |u;| < 4e where e is the number of edges of A.
In particular, w is equal to I in G.

We say a Van Kampen diagram is minimal if it has the minimal number of cells over all such diagrams of the same
word. For a word w =¢ 1, the area of w is the same as the number of cells of a minimal van Kampen diagram.

Other applications of the van Kampen diagram can be found in many books. For example, in the book [29], one can
found the study of using van Kampen diagrams to construct groups with extreme properties such as infinite bounded

torsion group, Tarski monsters, etc.

I1.3 Estimate the Upper Bound

One commonly used method to estimate the upper bound of the Dehn function of a finitely presented group is counting
how many relators are cost when converting a word to the identity. To be precise, let G be a finitely presented group
with a finite presentation (X | R). Let wy,w, be words that are equal in group G. Then the cost of converting w to
w2 (wp to wy) in G is defined to be the area of w, lwl (resp. wflwz) in G. If w, happens to be the identity, then the
cost of converting w; to wy coincides with the area of wy. By the definition of the area, it is not hard to see that if
w1 =g Wy =g w3 and the cost of converting w; to wy, wo to w3 is Ny and N, respectively then the cost of converting

wi to ws is at most Ny + Nj.
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Let us give an example. Suppose G = {(a,b | [a,b] = 1), which is a free abelian group of rank 2. Consider words
w1 = abab and w, = a®*b>. We can get w, from w; by commuting the letter b and a in the middle. To operate this

commutation, we insert the relator [a, b] into wy as follows:
w1 = abab = abablb,a)’ = aabb = w.

The third equality above holds in the free group generated by a,b. It implies w, hwy = [a,b]?. Thus the cost of
converting wi to wp is 1.

In general, let G = (X | R) be a finitely presented group. Suppose we have a word wy which has the form of ug;v
and there exists r € R*! such that g, = ¢|r. Then we can apply the relator r to w; by multiply 7* on the left to w, that
is, wo = w1r” = ugv. Under a sequence of such operations, we can convert a word to another word that is equal to the
original word in G and by counting the number of relators we use, we can estimate the upper bound of the cost of this
conversion. Therefore, given a word w which represents the identity in G, we can estimate the upper bound of its area
by estimating the cost to convert it to the identity.

To demonstrate the idea, let us compute the upper bound of the Dehn function of a finitely generated abelian group.
Firstly, we note that this problem can be reduced to the case of free abelian group of finite rank, where since every
infinite finitely generated abelian group has a free abelian subgroup of finite index. Let T be a free abelian group of
rank k. We choose our preferred presentation of T', (t1,12,...,% | [ti,tj] = 1,1 < i < j < k). Under this presentation,
to convert a subword of the form #; to #;t;, we need to apply the relator [1;,#;] = 1 if i < j or the inverse of [r;,#;] if
i > j. Now given a reduced word w such that w =7 1 and |w| = 1, the sum of exponents of #; is zero for all i. Let n;
be the number of the occurrence of #*! in w. It is not hard to see that Y*_, n; = n. Thus we can convert w to 1 in the
following way: first we gather all #; in w to the left by commuting everything on the left side of each tlﬂ, operating
this process from the left most tlil to the right most tlil; Then all tlil will be canceled on the left end; We repeat this
process for 5,13, ..., and we will end up with the identity. The cost of moving one tl-il to the left most is at most n,
and hence the cost of gathering all tiil to the left is at most n; - n. Therefore the total cost is at most n- ¥, n; = n°.

The Dehn function of a finitely generated abelian group is at most quadratic.

I1.4 Estimate the Lower Bound

The lower bound of the Dehn function is usually the harder one to estimate, compared with the upper bound. There
are various techniques: the distortion function in HNN extensions [1], the abelianized or centralized Dehn functions
[5], and, the technique we will use in this thesis, the van Kampen diagram. The general idea is we found a sequence of
words, the lower bound for areas of which can be estimated by investigating their corresponding minimal van Kampen

diagrams, that induces a lower bound for the Dehn function of the group. In the following, we will demonstrate this
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technique to compute the lower bound for the Dehn functions of finitely generated abelian groups with torsion-free
rank greater or equal to 2.
Recall that a subgroup H of G is a retract if there exists an endomorphism ¢ : G — G such that @ is the identity

map on H, i.e., p(h) = h,Yh € H. We have the following lemma.

Lemma I14.1. Let G be a finitely presented group and H be a retract of G. Then H is finitely presented and 8y (n) <
86(n).

Proof. Let & = (X | R) be a finite presentation of G and m = max{|r|,r € R}. Let ¢ be the retraction of G onto H. And
letY ={y=0(x)|x€X}and S = {s|sisawordin YUY ! s =5 1,|s| < m}. We claim that 2 := (Y | S) is a finite
presentation for H. It is not hard to see that Y generates H. For w =, 1, w can be represented as Hfle rll.” i €ERUR™!
in alphabet X UX ', Then w = @(w) = [T, @(r;)?"). Since |@(r;)| < |ri| < m, @(r;) lies in S. Therefore 2 is a
finite presentation of H. Followed by the same argument, we have that if w = 1, Areag(w) < Areag(w). It follows

immediately that 6y (n) < 6g(n). O

Now let G be a finitely generated abelian group with a torsion-free rank greater or equal to 2. Note that we can
pass the problem of finding the lower bound of 8 to the case G = Z2, since Z? is always a retract of G. Suppose
G = {(a,b | [a,b]). The only cell in a van Kempen diagram over the presentation of G looks like the following.

a

a

Figure IL.3: the [a, b] cell

Cells form two different types of band, a-band and b-band. It is not hard to check that two bands of the same type
do not intersect each other and a band does not intersect itself. Comparing the orientation of edges, an a-band cannot

intersect a b-band twice, vice versa.

b b b b b
b b b b b
a a a a a
/b b b b / / b b b /
a a a a a

Figure I1.4: a-band and b-band
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We consider the minimal van Kampen diagram A, of w, = [a",b"]. An a-band starts at the boundary dA, will
end at dA,. Therefore there are at least n a-bands in A,,. Same argument holds for b-bands. Thus in A,, we have at
least 7 a-bands and n b-bands. Tt follows that there are at least n” cells in A, since any pair of an a-band and a b-band

intersects once. We have Area(w,) > n? and |w,| = 4n. Hence 8g(n) is at least quadratic by definition.

a a a a a a
b b
b b
a
b b b b
a
b b
b b
b b
a a a a a a

Figure IL.5: The van Kampen diagram of w,,
Combining the result from Section II.3, we have that finitely generated abelian groups with torsion-free rank
greater or equal to 2 have quadratic Dehn function. In summary, we prove the following:

Theorem I1.4.2. The Dehn function of a finitely generated abelian group G is quadratic if the torsion-free rank of G

is greater than one and is linear otherwise.

This theorem is well-known and in this thesis we will use it a lot. The result will appear in the proof of Lemma V.3.1,
Lemma V.4.1, and Proposition V.1.2. Moreover, this theorem directly implies the part (1) of both Theorem A and The-

orem C, the first and easiest piece of our main theorem. The technique, using the van Kampen diagram to estimate the
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lower bound for the Dehn function, will appear in Section VIL.2.
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Chapter I1I

Metabelian Groups

III.1 Properties of Finitely Generated Metabelian Groups
Throughout this thesis, we only consider finitely generated metabelian groups since we mainly focus on the Dehn
function and the relative Dehn function. Let G be a finitely generated metabelian group. It can be written as an

extension of two abelian groups A by 7', by definition. It induces a short exact sequence as follows,

T is finitely generated since G is finitely generated. It follows from a theorem by Philip Hall [19] that A is a finitely
generated 7-module where 7" acts on A by conjugation. This module structure enables us to use the commutative
algebra approach to study finitely generated metabelian groups. We will discuss this idea in detail in Section V.4,
where we solve the word problem for G by solving the word problem for the 7-module A.

To our purpose, let us list some useful properties for finitely generated metabelian groups (most of them can be

found in [22]).

(1) Finitely generated metabelian groups are residually finite, i.e., the normal subgroups of finite index have trivial

intersection.

(2) Finitely generated metabelian groups satisfy the maximal condition for normal subgroups, i.e., any properly as-
cending chain of normal subgroups is finite [19]. It implies that any normal subgroup of a finitely generated

metabelian group is a normal closure of a finite set.

(3) Finitely metabelian groups are linear groups over finite products of fields (See in [31], [23], [36]), which implies

that they have solvable word problems.

(4) It follows from (2) that finitely generated metabelian groups are finitely presentable in the variety of metabelian

groups.

(5) Bieri-Strebel introduced a geometric invariant which distinguishes the finitely presented metabelian groups from

the others [6]. We will sketch the proof for one direction of their main theorem in Section IIL.3.

(6) A finitely generated metabelian group can be embedded into a finitely presented metabelian group [4].
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III.2 Examples of Metabelian Groups and their Dehn Functions

Before we consider finitely generated metabelian groups and their relative Dehn functions, we should first consider

finitely presented ones and their Dehn functions. It is a good starting point because: (1) we know how finitely presented

metabelian groups look like due to the theorem by Bieri and Strebel [6]; (2) we have more tools to study the Dehn

function since the relative Dehn function highly depend on the variety; (3) The technique we established for the Dehn

function can be carried to the relative case easily.

ey

@

3

“

&)

The followings are some known examples of Dehn functions of metabelian groups.

The first class of examples is the class of metabelian Baumslag-Solitar groups BS(1,n),n > 2, which has the
presentation

BS(1,n) = (a,t |tar™ ' = a"),

for any n > 2. It is well-known that metabelian Baumslag-Solitar groups have exponential Dehn function up to
equivalence. The upper bound can be estimated by computing the cost of converting a word to the identity. The
lower bound can be shown using the van Kampen diagram. The proof can be found in many places, for example,

[18], [1].

For Baumslag’s groups I' and I',,, we introduced in Section 1.4, M. Kassabov and T. R. Riley [21] showed that I"
has an exponential Dehn function while the Dehn function of T, is at most n*. In particular, Y. de Cornulier and

R. Tessera [13] showed that I, has a quadratic Dehn function when p is a prime number.

The third example consists of groups that are a semidirect product of a finitely generated free abelian group and
cyclic group, namely, Z" x Z. Bridson and Gersten have shown that the Dehn function of such groups are either

polynomial or exponential depending on the action of Z on Z" [9].

Lattices in R” x4 R”’l,n > 3, have quadratic Dehn function [17], where « : R GL(n,R) is an injective
homomorphism whose image consists of all diagonal matrices with diagonal entries (e'l,e',...,e") verifying
t1+t+---+1, = 0. Drutu extends the result for the case that a t; + axt, + - -- + a,t, = 0 for any fixed vector

(ay,az,...,a,) with at least three nonzero components [14].

Let

G = (a,b,t|[a,b] = 1,d" = ab,b' = ab?).

G is metabelian and polycyclic and it is also the fundamental group of a closed, orientable fibred 3-manifold. It
has been shown that G has exponential Dehn function [5]. The lower bound can be proved using the structure of

the second homology of G.
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Note that all known examples of the Dehn functions of finitely presented metabelian groups are bounded above
(up to equivalence) by the exponential function. A more general theorem from Cornulier and Tessera [11, Theorem
A] implies that the Dehn function of a polycyclic group is bounded above by the exponential function. This theorem
also works for metabelian Baumslag-Solitar groups, which are not polycyclic, but will fail to work for the Baumslag’s

group I'. Those facts raise the main question we concern in this thesis, that is,

Question I11.2.1. Is the Dehn function of a finitely presented metabelian group is bounded above (up to equivalence)

by the exponential function?

We will discuss this question in Section VIII.1.
Another remark is that there exists a metabelian group with polynomially bounded but not exact polynomial Dehn
function [37]. It is not known that whether there exists a finitely presented metabelian group with an intermediate

Dehn function, i.e., the function is both superpolynomial and subexponential.

III.3 Finitely Presented Metabelian Groups
In this section, we will sketch the proof of Theorem 3.1 in [6], which is a part of their main theorem [6, Theorem 5.1]
characterizing all finitely presented metabelian groups. It provides us a workable presentation for an arbitrary finitely
presented metabelian group. This theorem from Bieri and Strebel essentially says that a finitely generated metabelian
group is finitely presentable if and only if all the metabelian relations (things like [[x,y], [z,w]] = 1) can be generated
by a finitely many relators. The following geometric lemma unveils the mechanics behind their main theorem.

Let R” be the Euclidean vector space with the usual inner product {-,-). We denote the norm induced by this inner
product by |[x|| = \/(x,x). If r > 0, then B, denotes the open ball of radius 7, i.e B, = {x € R" | ||x|| < r}.

We consider a finite collection % of finite subsets L C R”. Say that an element x € R” can be taken from B, if

either x € B, or if there exists L € .% such that
x+L={x+y|y€L}CB,.

Lemma ITL.3.1 (Bieri, Strebel [6, Lemma 1.1]). Assume that for every 0 # x € R", there is L € & such that (x,y) >0
forall y € L. Then there exists a radius ro € R" and a function € : (rg,) — Rt with the property that for r > ry each

element of B, ¢() can be taken from B, by ZF.

Proof. Let §"! C R” be the unit sphere and consider the function f : *~! — R given by
flu) = mfxmin{(u,y) |yeLe F}, forue s" !
y

The function f is continuous. By the assumption on .%, we have f(u) > 0 for all u € .. Since §"~! is compact,
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the followings are well-defined:
C=inf{f(u) |lucs" '} >0,D= maxmin{|[y|[|y € L € #} > 0.
)7

Note that L C Bp for every L € .%. We claim that Lemma II1.3.1 holds with the following explicit choice of py and &:

D? D?

ro = %,8(1’) :C—E

Note that £(r) is positive and strictly increasing when r > rg.

Let x € R" be an element with ||x|| > ro. By the definition of C there is L = L, € .% such that
L, =X
mln{<_7y> | VAS Lx} =2C,
vl

or equivalently

X
max{(7—,y) |y € L} > C.
v x|

Therefore we have, for all y € L,
X
lx+yl* = [|x]* +2<m,y>llxl\ +IylI* < [Ix]* = 2C]lxl| + D < x|

Moreover,

lx+y01% = llxd® _ =2CIx| +D* _
< = = ().

[+ Il =+ [1x]] [

[+l =[xl =

We can choose r > ry such that r < ||x|| < r+ &(r) we get

X+l < (r+e(r)) —e(llx]]) <7 forally € Ly.

Hence x+ L, C B,. The lemma is proved. O

Let T be a finitely generated abelian group, written multiplicatively. A (real) character of T is a homomorphism
x : T — R of T into the additive group of the field of real numbers R. Let tor7 be the torsion subgroup of 7. Then
T /torT = Z* C R* where k is the rank of 7. We fix a homomorphism 8 : T — RX. For every character y : T — R,
there is a unique R-linear map % : R* — R such that y = 7 0 6. And by the Riesz representation theorem, there is
a unique element x, € R¥ such that 7(y) = (xy,y),Vy € R, whence x(t) = (xy,0(t)) [6]. Therefore each character
X corresponds a vector x,, in R*. Conversely, given a vector x in R¥, we can define a corresponding character by

x(t) = {(x,0(¢)). This will be a useful realization for characters on 7.
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Every character ¥ : T — R can be extended to a “character” of the group ring x : ZT — RU{+oo} by putting
%(0) = +c0 and
x(A) =min{(¢) | € supp(A)}, where 0 # A € ZT.

One can check that y(Au) > x(4)+ x(u) for all A,u € ZT. Moreover, if T is free abelian, the group ring ZT
has no zero divisor. It follows that Y (Ap) = x(A) + x(w) in this case [6].

For every T-module A, the centralizer C(A) of A is defined to be

CA)={A€ZT |A-a=a,Va € A}.

If A is a left (right) T-module then we write A* for the right (resp. left) T-module with T-action given by at =t la
(resp. ta = at™").

We say a T-module A is tame if A is finitely generated as a T-module and there is a finite subset A C C(A) UC(A*)
such that for every non-trivial character ¥ : ZT — R there is A € A with (A1) > 0. Comparing this definition to
Lemma II1.3.1, the tameness condition gives a finite collection .# satisfying the hypothesis of Lemma II1.3.1. Bieri

and Strebel then prove that

Theorem IIL.3.2 (Bieri, Strebel [6, Theorem 5.1]). Let G be a finitely generated group and let A< G be a normal
subgroup such that both A and T = G/A are abelian. Then G is finitely presented if and only if A is tame as a

T-module.
For our purpose, let us sketch the proof of the “if”” part of this theorem, more precisely

Theorem II1.3.3 (Bieri, Strebel [6, Theorem 3.1]). If T is a finitely generated abelian group and A is a tame T -module,

then every extension of A by T is finitely presented.

To prove Theorem II1.3.3, we have to introduce some preliminary concepts in order to provide a reasonable sketch.
We first define ordered and semi-ordered words. Let F be the free group freely generated by .7 = {¢1,...,%}. Let

F C F denote the subset of all ordered words of F, i.e.

F={"p? .t |m,...,my € Z}.

If w € F, we write w as the unique word from F' representing w modulo the derived subgroup F’. In addition, a word

w € F is said to be semi-ordered if it is of the form

w= t’g”(ll)t;"(22> ... t;né‘m
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where o is a permutation of the symbols {1,...,k}.

Let 6 : F — R¥ be the homomorphism given by
0(t)=(1,---,0i),
for 1 < i< k. For every w € F define the trace Trw C R”" as follows: if
W=5182...5m, Where s; € TFug !,

is freely reduced, then

Tr(w) ={6(s1...s;) | j=0,1,...,m},

The trace is the literal trace of the path of 6(w) in R” . Next, we define a sequence of auxiliary groups. Let < be
a finite set and choose an assignment picking an element a;; € < for every pair of integers (i, j) with 1 <i < j < k.

For every r € R U {+eo}, let H, be the group generated by the set 7 U .7 with the following defining relations.

[t,‘,tj] =a;j, for 1 <i< j<k, (II1.1)

[a,b"| =1, fora,b € o ,u € F with ||6(u)|| < r. (II1.2)

We have some useful properties for the group H,
Proposition IIL.3.4. If r € R, then
(a) (Bieri, Strebel [6, Lemma 3.2]) @” = a" for every a € &/ and every w € F with Tr(w) C B,.

(b) (Bieri, Strebel [6, Lemma 3.4a]) For u,v € F such that
Tr(u) C By, Tr(v) C By, [|0(w)| < r.

Then [a,b"] and [a,b™] are conjugate in H, for every a,b € < .

(c) (Bieri, Strebel [6, Lemma 3.4b]) Assume r > 2k. Let u,v be semi-order words in F such that
10| < . 6]l < o (6 (uv)]] <
u)|| < % VIINIKT % uy r

are satisfied. Then [a,h""] and |a,b™] are conjugate in H, for every a,b € & .

For r = o0, H., is metabelian and it is an extension of a free abelian group by another free abelian group. In fact,
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by the definition of H.. and Proposition I11.3.4 (a), we have [a",b"] = 1 for any u,v € F,a,b € o and a" is of infinite
order. Then ((«/))n., is free abelian of infinite rank with basis {a" | a € &/ ,u € F} (See in Section V.2). It is also
worth noting that ((«7)) g, is a free module with basis 7 over the group ring of H../{(<)), which is generated by the
image of .7 and is abelian since we includes all commutators [;,7;] in 7. Each ¢; is of infinite order. It follows that
H../{{</}) is also free abelian. But let us emphasize this: H.. is infinitely related, which can be shown by computing
its second homology.

Now back to the proof of Theorem III.3.3. We first claim that the problem can be reduced to the case when T is
a free abelian group. Let 7 : G — T be the epimorphism and 77 < T be a complement of the torsion subgroup of 7.
Then G| = £~ (T) has finite index in G and G is an extension of an abelian group by a finitely generated free abelian
group. G is finitely presented if and only if G| is finitely presented. Moreover, if A is a tame 7-module, then A is also
a tame 77-module [6, Proposition 2.5]. Therefore, the statement of Theorem II1.3.3 is true for G if and only if it is true
for G.

Now we assume that 7 is a free abelian group of rank k, A is a tame 7-module, and G is an extension of A by 7.
Denote 7 : G — T to be the epimorphism such that A = ker 7.

Let 7 = {t,...,t;} be a subset of G such that {7(#),...,7(z;)} forms a basis of T and < be a finite subset of
A containing all commutators a;; = [f;,#;] for 1 < i < j < k and generating A as a T-module. We write W € T for the
image of w € F under 7.

Since A is a tame T-module. Then there is a finite subset A C C(A) UC(A*) with the property that for every
character x : T — R, there exists A € A such that Y (A1) > 0. Recall that F := F(.7) and F is the set of ordered words

of F. For every r € (0,+o0], we define the group G, to be given by generators .7 U.7 and defining relations

[t,‘,tj] = ajj, for1 <i< j<k, (I11.3)
[a,b"] =1, fora,b € o ,u € F with ||0(u)|| < r, (I11.4)
[1(e* ) =a, fora € o/, A € ANC(A), (I1L.5)
ucF
[T(@@)y " =a, fora € o, A € ANC(AY). (I1L.6)
uck

In relations (II1.5) and (I11.6), we regard A as a finite supported function from 7 to Z. Hence A (#) is just the value of
A at .

G, is finitely presented if r 7 co. If r = oo, although the current presentation for G.. is not finite, it is metabelian
once we realize G.. is a factor group of H... For each A € A, (supp(1)) is a finite subset of R¥, denoted by L; . Let
F ={L; | AL € A}. As previous discussion, there is a one-to-one correspondence between each character y : T — R

and a linear functional (v, -). Therefore if A is tame, .% is a collection of finite sets which satisfies assumptions of
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Lemma III.3.1.
Let

C = inf maxmin{(u D = max min .
uES"*lleA)’ELA{< Y} )LGA)’ELA{”yH}

In addition, let R = 2kmax{D, D?/2C}. We have the following lemma

Lemma II1.3.5 (Bieri, Strebel [6, Lemma 3.5]). For r € [R,o0) U {eo} we have G, = Gg. In particular, Go is finitely

presented.

Since relations (I11.3)-(IIL.6) hold in G, then G is a factor group of G.. The epimorphism ¢ : G.. — G is induced
by the identity map on &7 U 7. By the fact that the normal subgroup of a finitely generated metabelian group is normal
closure of a finite set [19], G is finitely presented. Thus we finished the proof of Theorem III.3.3.

In summary, given a tame 7-module A, any extension of A by T is always a factor group of Ge.. G is finitely

presented and the defining relations are given by (IIL.3)-(III.6) for any fixed positive real number r > R.
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Chapter IV

The Membership Problem for a Submodule over a Polynomial Ring

IV.1 Preliminaries on Module Theory

In the chapter, we will investigate the membership problem of a submodule over a polynomial ring. Before we embark

into the membership problem itself, let us first give a formal definition of a module over a ring and discuss some basic

notions of modules.

Let R be a ring with 1, not necessary a polynomial ring. Let left R-module M over R consists of a abelian group

(M, ~+) and an operation (or an action) - : R x M — M such that for all r,s € R,x,y € M, we have:
() r(x+y) =rx+ry;

(i) (r4+5)-x=r-x+rey;

(i) (rs)-x=r-(s-x);

(iv) 1-x=ux.

It generalizes the notion of a vector space over a field. The operation - is called a scalar multiplication, and is
usually written in juxtaposition, i.e., as rx instead of r - x, for simplification. A right R-module is defined in a similar
fashion and a bimodule is a module that is a left module and a right module such that the two multiplications are
compatible. In this thesis, we only consider left R-modules. Thus we will write all the multiplication on the left. A
submodule of an R-module M is a nonempty subset that is closed under addition and scalar multiplication.

A subset {f1, f2,..., f;} of a R-module M is called a generating set if every f € M is the linear combination of

them, i,e, there exists a1, 0p,...,04 € R such that

f=oufi+twfr+-+oyf.

A set of elements { f1, f2,...,f1} of a module M is called independent if no nontrivial linear combination is zero,

that is,

fToafi+t+wfa+---+ofi=0,theno; =0, fori=1,2,...,1L

A basis is an independent generating set.
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One immediate example for a R-module is R™. The addition and scalar multiplication on R™ are the following,

respectively:
(al,az,...,am)—i— (bl,bz,...,bm) = (al —|—b1,a2—|—b2,...,am+bm),
rlay,az,...,am) = (raj,rag,...,ray).
The module R™ is called a free R-module of rank m. The canonical basis of R™ is {ej,es,...,en} Where ¢; =

(0,...,1,...,0) with all but the i-th entry is 0.
A submodule of the free module R' is an ideal in the ring R.
Given a free R-module M of finite rank and a submodule S generated by a finite set { f1, 2, . .., /1 }, the membership

of a submodule S we are considering in this thesis is the following

Problem IV.1.1. Given an element f in M, decide whether f in S, i.e., if there exists elements &, 0, ..., such that

f=oufi+wfr+-+oyf.

A homomorphism ¢ : M — N of R-modules is a map which is compatible with the laws of composition:

o(f+ )=o) +o(f),o(rf) =re(f)

forall f, f' € M,r € R. A bijective homomorphism is called an isomorphism.
Last we define the concept of quotient modules. Let R be a ring, and let S be a submodule of an R-module M. The

quotient M /S is the additive group of cosets f = f +S. And the scalar multiplication is defined by

Thus M/S is made an R-module.

The membership problem Problem IV.1.1 can be regarded as the word problem of the quotient M/S.

IV.2 A Well-order on a Polynomial Ring

From now on we only consider the case R := Z[x|,...,x;] to be a polynomial ring over Z. Given a free R-module
M with basis elements ey,...,e,, a term in M is a product of an integer, a monomial in R, and an element from the
basis. A typical term looks like aute;, where a € Z,u is a monomial in R. Let .7 be the set of all terms in M. In
addition, we will call pe; a module monomial in the module M, denoted by % the set of module monomials of M.

The set of monomials in the polynomial ring R in the usual sense will be denoted by .2". For a term g € .7, we denote
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C(g),M(g) to be the coefficient, and monomial part of g respectively. An element in M is a finite sum of terms. From
now on, we only consider reduced elements in M, in the sense that no terms are sharing the same module monomial.
We also denote supp(f) to be the set of module monomials with non-zero coefficients. In what follows, we will use
“monomial” for both module monomials in % and monomials in 2.

Our first goal is to put a well-order on 7. Recall that a binary relation on a set X is a subset of X x X, that is, it
is a set of ordered pair (x1,x,) where x1,x; € X. A binary relation R is a partial order if it is relexsive, antisymmetric

and transitive. That is, for all x,y and z in X, it must satisfy:
(1) (x,x) € R (reflexivity);

(2) if (x,y), (y,x) € R, then x = y (antisymmetry);

(3) if (x,y),(,2) € R, then (x,z) € R (transitivity).

It is common to use the notion a < b instead of (a,b) € R when dealing with partial order. A partial order < is a
total order if it is connex, i.e. for all x,y € X, x <y or y < x. Thus any two elements in X are comparable under <. A
well-order on a set X is a total order on X with the property that every non-empty subset of X has a least element in
this ordering where the least element of a subset S is the element y € S such that y < x for all x € S.

To construct such an order, we have to put well-orders on Z, 2" and {ej,. .., ey, } separately. Then we will construct
the lexicographical order based on all of them.

On Z, we define an order <7z as following
0<71=<72<z <z —-1<7-2<7....

Under this order, all negative numbers are larger than any positive number. Let a,b € Z where a <z b, then there
exists unique ¢, r such that a = gb+r,0 < r < |b|. Note that r <z a whether a is positive or negative, thus we can
“reduce” any number to its remainder by dividing a fix number b. One useful remark is that since the remainder is
always positive, this “dividing-b-reduction” can only be applied finitely many times. It is not hard to see that <z on Z
is a well-order.

For monomials in R, we use the degree lexicographical order (also called shortlex or graded lexicographical order)

<g which is defined with respect to the convention xj = xp = -+ = x, i.e. for = x]'x5% ... %t = ¥ xy2 A%

k k k

k
iy <g 2 if Y [ < Y |milor Y |l = Y Il 1 <ex 2,
i=1 i=1 i=1 i=1

25



where <., is the usual lexicographical order which is defined in the following way

X2 X e X152 if n < my for the first i where n; and m; differ.
<gon Z in fact is a well-oder while <;,, might not be (See in [2]).
Finally we fix an order e > ¢; > --- = e;. We now set < on T to be the lexicographical order based on 2~ >

{e1,...,em} > Z. For instance,

7x%x2e2 =< 5x%e1,3x?x§e2 =< 3x?xge2,2x?x§e3 =< 4x?x§e3.

It is not hard to verify that < is a well-order on .7.
With the well-order <, we are able to compare any two terms. Consequently, for an element f € M we can define

the leading monomial LM(f) of f to be the largest monomial among supp(f). For example,

3 3
LM (x]e; +3xix3er) = x]e1, LM(x3e1 + (1513 + 2313 ez + 00x3e3) = 3xzer.

Next, we define the leading coefficient of f to be the coefficient of the leading monomial, denoted by LC(f). Then the

leading term of f can be defined as

LT(f) := LC(f) - LM(f).

We then extend < to M. For g, f € M, we define g < f inductively as follows

8= [IfLT(g) < LT(f) or LT(g) = LT(f),8 = LT (g) < f = LT (f).

Since < on T is a well-order, then so is < on M.

Note that < is compatible with multiplication by elements from 2" i.e., if g < h, then ug < uf, u € Z .

One remark on < is that it is Noetherian on % as well as 2", the set of module monomials in M, i.e., there is no
infinite descending chain of module monomials. However, the statement is not true for < on .7. Because we have
an infinite descending chain for negative numbers. This issue can be avoided by what we will introduce in the next

section: the polynomial reduction.

IV.3  Graobner Basis
Now let us define the key ingredient for the application of Grobner bases: polynomial reduction.
For two monomials pe and p'e’ from %, we say pe | e’ if u | u' and e =¢'. Let F = {f1,...,f;} be a finite

subset of M and S be the submodule generated by F. Given g,h € M, we define the polynomial reduction g —¢ h as
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follows: if there exists f € F and a term gg € .7 of g such that LM (f) | M(go),LC(f) < C(go). then

_ qM(g0)
= oyt

where C(go) = gLC(f) +r, g, r are unique integers such that 0 < r < |LC(f)|. Note that the coefficient of g in & is .

For g —F h, read “g reduces to 2 modulo F”. If there’s no such f and g, then we say that g is irreducible modulo

Note that we naturally have & < g if g —Fr h. We claim that — ¢ is Noetherian, i.e., there is no infinite reduction
sequence. First, note that we turn the coefficient of M(g) of & to a positive number after a reduction, then there are
only finitely many possible reductions that can be applied to the term containing the monomial M(gg). Thus if we
assume that g is the largest term that can be reduced in g modulo F, then after finitely many reductions, the monomial
of the largest term that can be reduced is strictly less than the original one. Since < is Noetherian for monomials, we
only have a reduction of finite length for any given g € M.

Let —} be the reflexive and transitive closure of — . Then for each g € M, there exists 4 € M such that
g —% h and h is irreducible modulo F'. We call & to be a reduced form of g modulo F. Unfortunately, the reduced
form of an element in M may not be unique. In fact, at each step of reduction, we may have multiple choices of f € F/
that can be applied to this reduction. This yields our motivation for defining Grobner basis: a generating set ' such
that every element in M has a unique reduced form modulo F. In theoretical computer science, this property is called
Church-Rosser property (See in [8]).

We denote g =g 1 if g — h € S. =g defines an equivalence relation on M. We let the R(g) to be the least element in

its equivalence class with respect to <. It is well-defined since < is a well-order.

Definition IV.3.1. Let M be a free R-module of finite rank, and S be a submodule of M. A finite generating set F' of S

is called a Grobner basis if g —F R(g) forall g € M.

Remark. R is a Noetherian ring hence M is a Noetherian module. Thus any submodule of M is finitely generated.
The Grobner basis is a finite generating set but is not always a basis. The next theorem shows that the Grobner

basis always exists, while not all submodule has a basis.

Theorem IV.3.2 ([34, Proposition 10.6.3]). For any submodule of a free module of finite rank over R = Z[xy, ..., x|,

there exists a Grobner basis.

Proof. We consider a submodule S in the free R-module M, where M is of finite rank. Let S, = {g € S|LM(g) =u},u €
% and L, = {LC(g) | g € Su}. Itis not hard to see that L, is an ideal in Z. Thus it is generated by the smallest element
in this ideal with respect to <. We denote by /,, the element such that LC(k,) generates L, since Z is a principle ideal

domain. Note that the leading coefficient of k, is always positive, since, by our definition of <, negative numbers are
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larger than positive numbers. For our purpose, we denoted it ¢, and hence LT (h,) = c,u. Let P be the set of all such
h, which generates S over Z whenever A, can be defined (since S, might be empty) and L be the set of leading terms
of elements of P. That is, L = {c,u | ¢, # 0}.

Then we claim that there is a finite subset ' of L such that L = 2Z'F := {xf |x € 2, f € F}. Suppose no such F
exists. We choose c,u in L with the smallest ¢,,. By definition, ¢y, | ¢, for allx € 2 by our choice of ¢,u. Thus ¢y, = ¢,
forallx € 2. Let fi = cu,Vi = {xf1 | x € Z°}. Tt follows that V| C L. Suppose that fi, f2,..., f, are defined and
V,={xfi|xe Z,i=1,2,...,r}. By our assumption, V,, C L. We choose c,u outside V,, with the minimal coefficient
and let f, 11 = cyuand V11 =V, U{xf,11 | x € £ }. By induction, we construct an infinite ascending chain of subsets

of L that are closed under multiplication by an element from 2, i.e.,

VICVCCVaG.,

where 2'V; =V, for all i. Each of V; generates a distinct submodule of the free R-module M. It is a contradiction since
M is Noetherian.

Now we have a finite set F that 2 F = L. We take a finite set F' of P such that the set of leading terms of elements
in F is F. We claim that F' is a Grobner basis. Let ¢ € M and assume that ¢ —% h and / is irreducible modulo F.
If h # R(g), then 0 £ h—R(g) € S. Let u = LM(h— R(g)). We have that ¢, | LC(h — NF(g)). It follows that there
exists an element f € F such that c,u = LT (xf) for some x € 2~ and h can be reduced by f, contradicting to the

irreducibility of 4. Thus the theorem is proved. O

Remark. By our definition, the Grobner basis is not unique since adding any element f € S to a Grobner basis results
another Grobner basis. Our construction in the proof of Theorem IV.3.2 has a nice property that for any g € S there
exists f € F such that g —f g’ where LM(g') is strictly less than LM(g) with respect to <. In fact, every Grobner
basis satisfies this property. Suppose not, then there exists u € % such that there is no element f € F' satisfying the

following conditions:
(1) LM(f) | u,
(2) the ideal generated by LC(f) is L,,.

Let g € S, such that LC(g) = c,. Then the term c,u in g is irreducible by any f € F. A contradiction, since R(g) = 0.

IV.4 Division Algorithm

For an element g € M, g can be written as a finite sum of distinct terms, i.e

g=ciuy+caup+---+cqug,
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where ¢; € Z,u; € % and uj > up > --- = uy. We define the length of g to be |g| := Z?:I |ci|- Tt is not hard to show

that | - | has following properties: forall c € Z and f,g € M
M) lefl = lellf1,

@ Irsl<|rllgl.

@) [f+el<IfI+1sgl-

And if the leading monomial of g is x'x5? ... x}*e;, we define deg(g) = YX | n;. One immediate observation is that

if g < h then deg(g) < deg(h).
Let F ={fi,...,f;} be a Grobner basis for a submodule S and g = cju; +- - -+ c4uy € S such that deg(g) < n, |g| <

p. Since g € S, then g —1- 0. Thus there exists a finite sequence of reductions
8§=80 —F & —F & —F 8 —F - —F & =0.

At each step, if we always choose to cancel the leading term of g; using the polynomial reduction (this is always
possible since g can be reduced to 0), we may assume that LM (go) > LM (g;) > LM(g2) > --- = LM(g,) = 0. Thus
the number of steps of reduction is bounded by the number of monomials less or equal to LM(g). Recall that m is the
rank of the free module, then

r<|{ue|u<LM(g)} <mGy(n),

where Gy (n) is the growth function of a free commutative monoid with a free generating set of size k (See [33, Example

3.7.1]). It is well-known that Gy (n) is a polynomial of degree k. In fact,

Gu(n) = (”:k>

At the jth step of our reduction, we have

8j=8j—1—ajM;fi,

Whereaj S Z,LL]' S %,1 < ij ) andLT(gj,l) :LT(aj‘u,'ﬁj). Then |Llj| gLC(gj,l) < |gj,1|. LetC:maX{|f1|, |f2|,.
We also observe that

l8jl < lgj1l+lajllfiy] < [gj-1]+Clajl. (IV.D)

Additionally, we have |a;| < |go| = p, and

laj| <LC(gj-1) < gj-1l- (IV.2)
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Combine (IV.1) and (IV.2) inductively,
laj| < lgj—1] < lgj—2| +Claj_1| < |gj-2l(1+C) < --- < p(1+C)Y 7 j> 1.

Adding all the steps up, we have
r I
g=Y ajuifi; =Y oifi,0i €R.
Jj=1 i=1

Note that

p((1+C)m) 1)
c :

1 r
Yol =Y lajl <p(1+(1+C)+(14+C)>*++(1+C) ) <
i=1 j=1

In general, one important consequence of the algorithm above is the following

Corollary IV.4.1 (Division). Let M be a free module over a polynomial ring R = Z[xy,...,x;]. Let F ={f1,...,fi}
be a Grobner basis for a submodule S. Then there exists a constant K such that for every g € M,deg(g) <n,|g|<p

one can write

!
g=Y aifi+r
i=

with o € R,r = R(g) and

1
deg(0if;) < deg(g), 1 <i<1,Y |os] < pK™.
i=1

Remark. This provides an algorithm to solve the membership problem for submodules of a finitely generated free
module over polynomial rings with integral coefficients. Given g, fi,..., f, to decide if g lies in the submodule S
generated by f1,..., f; we first find a Grobner basis for S. The algorithm which finds Grébner bases can be found in

[34]. Once we have Grobner bases in hand, we can compute the R(g) since g € S if and only if R(g) = 0.
Let T be the free abelian group of rank k with basis #1,...,#. We can regard the group ring ZT as a factor ring of
Zitit ot e

ZT 27ttt (e =1 = 1),

Then a submodule generated by a finite set ' over ZT can be identified as a submodule generated by F U {7, -
Loty " =1} over Z[n 17 ot 1.

Therefore we have a similar result for group rings.

Corollary IV.4.2. Let M be a free module over ZZT where T is the free abelian group of rank k. Let S be a submodule of

M. Then there exists a finite generating set F = {f1,. .., fi} and a constant K such that for g € Swithdeg(g) <n,|g| < p
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there exist ,...,04 € ZT such that
! ”Zk
g =oufi+-+oufi,deg(0;fi) < deg(g), ) lou| < pK™" .
i=1

Remark. deg(g) and |g| for element g € ZT are inherited from Z[r1, 1, ..., 1,1, ).

Corollary IV.4.2 estimates an upper bound for the complexity of the membership problem of a submodule over
a group ring ZT. As we will later see, it carries to an upper bound for the Dehn function of a finitely presented

metabelian group.
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Chapter V

Dehn Functions of Finitely Presented Metabelian Groups

V.1 Reduction Step

Given a finitely presented metabelian group G with the short exact sequence

such that A, T are abelian. In addition, we suppose that the torsion-free rank of 7" is minimized over all such short
exact sequence of G where both the normal subgroup and the quotient group are abelian. The torsion-free rank of such
T is denoted by rk(G). Since G is finitely presented, in particular, it is finitely generated. Then T is a finitely generated
abelian group, and A is finitely generated as a 7-module (See in [19]).

The main goal of this chapter is to prove the following.

Theorem V.1.1. Let G be a finitely presented metabelian group. Let tk(G) =k, i.e., k is the minimal torsion-free rank
of an abelian group T such that there exists an abelian normal subgroup A in G satisfying G/A=T.

Then the Dehn function of G is asymptotically bounded above by
(1) n? ifk=0;
2) 27 ifk > 0.

We can apply the same technique as in Section II1.3 to reduce the problem to a simpler case. Denote 7 : G — T to
be the epimorphism such that A = kerz. Let 7} < T be the complement of the torsion subgroup of 7. Gy = (1)
has finite index in G then G is quasi-isometric to G. It follows that 8¢ = 8¢, due to Theorem II.1.1. Therefore an
upper bound of d, is also an upper bound for &g.

Next, we show that rk(G) = rk(G ). If G| can be written as an extension of two abelian groups A; and 75, where

the torsion-free rank of 75 is strictly less than k, consider the following commutative diagram

1 G " G G/Gi 1
iﬂ,’ lf li )
1 —— T — T, xG/G, G/G, 1

where f(g,h) := (n(g),h),8 € G1,h € G/G,. By the snake lemma, there exists an exact sequence

kert=A; —— kerf —— keri=1 —— cokert =1 —— cokerf —— cokeri = 1.
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It follows that ker f is abelian and f is surjective. Then G can be represented as an extension of ker f by T» x G/G)
where the torsion-free rank is of 7> x G/G strictly less than k. This contradicts the minimality of k. Therefore k is
preserved when passing to G.

Thus from now on, we shall assume that 7 is a free abelian group of rank k and G is an extension of a tame
T-module A by the free abelian group 7. Also, let us assume that k > 0, since if k = 0, G has an finitely generated
abelian subgroup of finite rank, which is not interesting to us.

Let 7 = {t1,...,tt} C G such that {m(z,),...,7m(tx)} forms a basis for T and 27 be a finite subset of G such that
it contains all commutators a;; = [ti,tj] for 1 < i< j < k and generates the T-module A. Then &/ U J is a finite
generating set for the group G.

By Theorem II1.3.2, since G is finitely presented, A is a tame T-module. Then there is a finite subset A C C(A)U
C(A*) such that for each character ) : T — R, there exists A € A such that x (A1) > 0. Let F be the free group generated
by .7 and F be the set of all ordered words in F (See Section II1.3). Same as previous section, we let 6 : F — R* be
the homomorphism given by

0(t) = (8i1,-.-.6x), 1 <i< k.

If w € F we shall write w for the unique word in F representing w modulo F’. In addition, we denote w € T for the
image of w € F under 7.

Then we are able to define a sequence of groups G, as what we did in Section III.3, but for our purpose, we will
need a larger R. Let

R = 2kmax{D?/2C,D,D?/(4kC — 4)},

where C,D are as defined before Lemma III.3.5. Since R > 2kmax{D,D2 /C}, Gr = Gw, and in particular, G is a

factor group of the finitely presented group G... Then we can list all defining relations of G.. here:

[ti 1] = aij, for1 <i< j<k, V.1)
[a,b"] =1, fora,b € o ,u € F with ||0(u)|| <R, (V.2)
[T(e*) =a, fora € o/,A € ANC(A), (V.3)
uckF
[T )" =a, fora € o, A € ANC(AY). (V4)
uck

To simplify our notation, we will write relations (V.1) and (V.2) as & and relations (V.3) and (V.4) as %,.
Denote the epimorphism @ : G — G induced by the identity map on &7 U.7 . Note that ¢ induces an isomorphism
on Geo/Aw = T. Therefore ker @ < Ao is abelian where Ao 1= ((&))¢., < Geo. Letker @ = ((#3))c.., where Z3 is a

finite set.
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Thus we obtain a finite presentation for G,
GZ<%U§|%1U%2U%3>. (V.5)

With (V.5), we have the following proposition:

2k

Proposition V.1.2. If tk(G) > 0, then 6¢(n) < 2.
Proposition V.1.2 will be proved in Section V.5.

Proof of Theorem V.1.1. Tf k = 0, G has a finite index abelian subgroup. Therefore 85 < n> by Theorem II.1.1 and
Theorem 11.4.2.

If k£ > 0, the result follows directly from Proposition V.1.2 by passing the problem to a finite index subgroup. [

V.2 The Ordered Form of Elements
For convenience, we assume that |</| = m and denote &7 = {ay,...,an}.
To understand the module structure in G, we have to go back to the group H.. corresponding to G. As in Sec-

tion I11.3, H.. has a presentation as follows,

Ho=(dUT | titj]] =a;j,1 <i< j<ka,b"]=1,a,be o ucF(T)).

G is an epimorphic image of H.., where the epimorphism is induced by the identity map on the set &7 U.7. Let M
be the free T-module with basis 7. We will show that ((«7))y_, is isomorphic to M.

Note that we only consider words that are fully reduced in F (.« U.7), the free group generated by &/ U 7. Since
each group element in ((7))p,, can be also regarded as an element in the 7T-module M. Different words in the group
might represent the same element in the module. For example, d'd; and dj a5 both represent f1a; +t1ap in M. We

now pick the canonical element among all words represents the same element in M. This canonical element, which

we will call the ordered form of an element in ({<7))p.., is defined in the following way.

Definition V.2.1. Let F be the set of ordered exponent words in F(.7) (See in Section II1.3) and < be the well-order
defined in Section IV.2. Let f be an element in (7)), then the ordered form OF(f) is of the form a}'ab?...ah"

such that
(1) p; € ZT for 1 <i<m,and each L; is of the form p; = Z;Ll cijujjsuchthatc;; € Z,u;; € Fanduj = up > > Wi,
() f=mn. OF(f),

To check the definition is well-defined we have to show that the existence and uniqueness of the ordered form.

34



To show the existence, let us construct the explicit algorithm that rewrites a word w € ((%7)) g, to a word of the
ordered form.

Let @ : Ho — T be the canonical quotient map. For g € ((&7))n.., we have m(g) = 0. It follows that the sum of
exponents of each #; is 0.

Let us start with a word w = u1b1usby ... ushsus 1 € (<)), where u; € F(T),b; € &/*'. Here uy,uy, could
be empty. Then

-1 —1 —1
u
w=>b, bg"'"z) ...b§"1"2 ts) Uiy .. . Ugiy.

The equality holds in the free group generated by <7 U 7. Note that u ...us, 1 is a word in F. It also has the property
that the sum of exponents of each 7 is 0. We then write this word in the product of conjugates of {[;,#;]*!,i < j}
algorithmically in the following fashion: assume we already write u;...us| as wywp, where w; is a product of
conjugates of {[t;,#;]*!,i < j} and w5 is a word in F such that the sum of exponents of each #; is 0. Let #; be the letter
with the smallest indices among all letters in w,. Then w can be written as w)tfw/, € = £1 where w), does not contain
any !, Then

[fsz)—l

R T L A

/ e 1N
whliwy = [t J1 ity i jl]ti WaWs,

where w), = tfl’ . tjgl1 Since the sum of exponent of #; is 0, by repeating this process we can gather all #; to the left
and hence they will be canceled eventually. We end up with a word w3w4 where w3 is a product of conjugates of
{[ti,4j]*",i < j} and wy is a word in F such that the sum of exponents of each #; is 0 and of the length strictly less than
wy. Thus by repeating this algorithm, we are able to write g as a product of conjugates of {[t;,1 j]ﬂ ,i < j} in a unique
way. Now we just apply relations like [#;,7;] = a;; to replace all the commutators by their corresponding letters in .27 .
Since g can be written as a product of conjugates of elements in <7, applying commutator relations like [a,b"],a,b €
o/ ,u € F, we are able to commute those conjugates and hence gather all conjugates which share the same base. In

addition, combining the fact a* = a from Proposition III.3.4 (a), we can write g in the ordered form of the following

type

g=a\'ay*...ak,

where u; € ZT and terms of y; are written in the order from the high to low with respect to < which we define in
Section IV.2. The result is a word satisfying all conditions of Definition V.2.1. Therefore the existence of the ordered
form is shown.

The uniqueness of the ordered form can be justified by the fact that the set of words in the ordered form is
isomorphic to the free T-module M. The isomorphism is given by the canonical map af ! a’zl2 ahm = way + war +
e Wl

For w in ((#))¢.. (or ({#7))¢), we define the ordered form by lifting w to H.., that is, as the ordered form of t(w)
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where 1 : Goo — Ho (resp. G — H.) is the combinatorial map induced by identity on 7 U.7 . Note that by the way we
define the ordered form, the ordered form of each word is unique. The ordered forms distinguish different elements in
the T-module ((7))p.,. In fact, two elements in ((<7))p,, are equal in H. if and only if they have the same ordered
form. One remark is that two words which are equal in G or G., may have different ordered forms, for example, a;
and [,cz(a* @), A € C(A).

Recall that G = (/' U T | %, U%, UZ5). Note that both %, and %5 are contained in the normal closure of 7.

From now on we write all relators from %, U %5 in their ordered form.

V.3 Main Lemmas
Before we embark on the proof of Proposition V.1.2, we shall establish some preliminary lemmas.

Now consider an arbitrary factor group H of G.. equipped with the presentation
H={(AUT | %1 UK UR) (V.6)
where Z is a finite subset in Ge. Then H 2 G/ ((#))c... Note that if Z = %3, H = G, if Z = 0, H = G.. which are

two major examples we concern. We have following lemmas for H.

Lemma V.3.1. Let H be a factor group of G equipped with presentation (V.6) and w be a word in (7 U7 ~1)* such

that |w| = n, then
p
w=g VT/Hb';i
i=1
where p < nz,bi € g+l u; € F,Tr(0(u;)) C By. In addition, the cost of converting LHS to RHS is bounded by n.

Proof. Since w =1]" .. .t;"" for some my,...,m; € Z such that ):fle |m;| < n, to move each letter in w to the desired
place, it will cost at most » commutators of the form [t,',tj],l < i< j < k. By the discussion in Section II.3 and
Section IL.4, in total, we need at most n? such commutators. That is,

A . .
w=w[lti t;,]5", where u} € F,p <n® 1 <i) <ir < k,& € {£1}.

=

I
-

1

Moreover, since the length of w is bounded by n, Tr(6(u})) < n.

By applying relations in {a;; = [a;,a;] | 1 <i < j <n} p times we immediately have
p .
w=g WHb?‘,Tr(G(u,-)) <n.
i=1

The cost of relations is bounded by p < n?. o

36



In particular, for w € F such that £(w) = 1, it costs at most n? relations in H to convert it to a product of conjugates

of elements in <.

Lemma V.3.2. Let H be a factor group of Ge equipped with presentation (V.6) then there exists a constant K only
depends on %1 U %, such that
Area([a,b"]) < K",Va,b € o, ||0(u)| < n.

Proof. Let # = {0(supp(A)) | A € A} then . is a finite colletction of finite sets. By the choice of A, .7 satisfies the
assumptions of Lemma II1.3.1.

By Lemma IIL1.3.1, each x € B, ¢, can be taken from B, by .7 for r > R. Recall that R is defined to be
max{D,D?/2C,D?/(4kC — 4)} and &(r) = C — D*/2r , where C,D are purely determined by A hence %, U %> as
we stated in Lemma II1.3.5.

According to our choice of R, we note that £(r) > €(2kD*/(4kC —4)) = o for r > R. Let K be the constant which

is large enough such that f(n) < K} for n < R, and K; be the constant

Kyi=max{ ) |2 ()]} +2.

uck

Since each A has finite support, K is well-defined. Now let K := max{Kj,K3*}.
Suppose for n > R, Area([a,b"]) < K",Va,b € o7,|0(u)|| < n. We then prove our lemma by induction. Let us first

consider the case r = n+ ;. Fix some v € F satisfying ||(v)|| < r. Since €(n) > 5, B, , 1 can be taken from B, by
k

+3
. Then there is A € A with 6 (supp(A¥)) C B, by the definition of “taken from”.
Therefore we have two cases depending on A € C(A) or C(A*). Firstly assume that A € ANC(A). Then by applying

the commutator formula [x,yz] = [x, y]xflzx [x,z], we obtain

[a7b\/] =6 [a, H(bl(ﬁ))W] — I‘I[a’bl(ﬁ)zw]h(u)7

uckF uefl

where the /(u)’s are certain elements in H which need not concern us. Note that in the first equality above, we apply
relations in (V.3) twice to replace b by [T, b*)". Since supp(1) C Bp we have ||0(u)|| < D < 2. Additionally, we
have ||0(v)|| < n+ = and ||6(uv)|| < n. It meets all assumptions of Proposition I11.3.4 (c). Note that H is a factor
group of H,, which we defined in Section IIL.3. Then [a,b*(®*] is conjugate in H to [a, b @], the area of which is

bounded by |A (i7)|K". Tt follows that

Area([a,0"]) <2+ Y Area([a,b? D)) <2+ Y |A(2) K" < KoK
uck uckF
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Repeating this process 2k times, we obtain that
Area([a,b"]) < K3*K" < K" forve F,||0(v)| <n+1.
If A € ANC(A*), the only different is that
la,b"] = [avfl,b]wl _ [H(amﬁ))wl 7b]v’l.
Similarly we obtain that
Area([a,b"]) < K3K" < K",

O

Furthermore, Lemma V.3.2 allows us to estimate the cost to commute two conjugates of elements in 2. Since the
normal closure of .27 in H is abelian, this lemma provides a tool to estimate the cost of converting words in ({./))y, in
particular, in G. Also Lemma V.3.2 reveals how much metabelianness costs in a finitely presented metabelian group.

We will discuss this topic further in Section VI.1.

Lemma V.3.3. Let H be a factor group of G.. equipped with presentation (V.6) and K be the same constant in

Lemma V.3.2. Then in H we have
Area(a“a™") < (2K)",Va € o/ ,u € F,Tr(u) C B,

Proof. We prove it by an induction on n. Suppose for i < n, the result holds. Then for the case n+ 1, we write u = u’ tsil

then Tr(u) C Byt1, Tr(u') C By.

/£l PAp=a |
au:auls :(au)ts V17

where Area(v;) < (2K)" by our inductive assumption. Write i’ =" ...1;"*, we claim that
mooo B k
Wi =ul]c; wherecj € {[t,u]"' |1 <s<I<k}haje Fom=Y |mi|<n.
j=1 i=s+1

We need to be really careful here. Let us first consider the case that the exponent of #; is 1. We assume s < k, otherwise
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it is trivial. Note that if my;, > 0

mkfz

e A W T R L N A T

_ _ 42 _ _
= ™ 158D g, 1) K 15, 1) e, 10)

my—1

=10ty 1) [t t] [t

If my < 0, we have

m,

mk+1
I

_ X 2, ! :
fg = 0" e n)s = 0% P 2 ] ("

B -2 —1 ~1
A Nl T T L T

+1

e 151, * t5t7! 1
e L 7 N [ A 74 S O AN Y o

Repeating this process, we then prove the claim for the case that the exponent of # is 1.

On the other hand, if the exponent of ¢ is —1, then similarly, consider if ny; > 0

_ -1 o 2
tlinkts = Zlk L ltk[tﬁtk]lk = tl:nk I ltlg[tﬁtk]lk [tSvtk]ls

-3 _ 3 2
= % D g, 1] [, 1] E [t 1]

-1

1y 1k 2 t
=ttt %t 0] [t 1],

and if my <0

—1

! T [ e A

mp+2

my,—1 _ 1 o
I, = tk - tk

I 5 s ]

3 1 _ 2 _ -1 _
= Z'lk“" ts ltk3[tsatk] tk [tS;tk] tk [tS;tk] !

_ 7mk+l | _
=1, 0%ttt T [t n]

Again by repeating this process, the claim is proved. Thus by induction on k, we can move ¢, to the desired place.
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Now we have

w_ it T %17 (T %
at=a"’ vlz(ch ) a (ch V1.
j=1 j=1

Apply relations from {a;; = [a;,a;] | 1 <i < j < n} 2mtimes, we have that
m o _ m o
T ) GO
j=1 j=1

where d; € «7*! and Area(v,) < 2m by our disccusion.
Next we need to commute a” and d;xj for j =1,...,m to the left and estimate the cost. Note that [aﬁ,d?j | is
()1
conjugate to [a,d ;-x’ (@ ]. From the computation above, @;; is either a tail of i or a tail of i multiplied by tF!. Therefore

(@) . . u! .
(#@)~', aj, oj(i1) ! satisfy the assumption of Proposition I11.3.4 (b). Thus [a,d;x’( ) ] is conjugate to [a,d;x’ ]. Since

S Pyl
|6(aju=1)|| < n+1, the area of [a,d;x’ ], by Lemma V.3.2, is bounded by K"+,

—1

Applying [a,d;.xj ! | to @* and d;xj for j =1,...,m, we can commute all d;xj to the left such that it cancels with
d;aj . Then we finally have
a' = aﬁV3V2V1,
where

Area(vs) < mK™!

In total, the cost of converting a* to a” is bounded by
Area(v3vavy) < Area(vs) + Area(vy) + Area(vy) < (2K)" +2m+mK"™' < (2K)"

Note that we use the fact that m < n and we can choose K > 1. O

Lemma V.3.3 provides a method for us to “organize” the exponent of a conjugate. In particular, combining all three
lemmas introduced this section (Lemma V.3.1, Lemma V.3.2 and Lemma V.3.3), we are able to convert any word in
((«)) g to its ordered form. This forms the foundation of converting the word problem in group G to the membership

problem of a submodule in the free T-module generated by 7.

V.4 The T-module in Metabelian Groups
As we shown in Section V.2, ({7}, is a free T-module with the basis .o/, where T acts on ({«7))p.. by conjugation.

Let o = {ay,...,an}. For each element g € ((<7))p.., it can be written in its ordered form, i.e.

m
g= Ha%‘a%z . .af,{” e ZT.
i=1
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For A;, we always write its terms from high to low with respect to the order <. Then g can also be regarded as an
element (A1,...,Ay) in the free T-module with basis ay, ..., a,. From now on, we treat an element in ({27))., as an
element in group H.. as well as an element in the free 7-module.

Let us first state the relation of operations between the group language and module language:

Group Module

(T @) (T @) =a TE a5 | Ay A) + A AL = (A AL A+ AL)
(I ;) = T My Pm) = (M, Chn)

(2, @Y =g, [T, @ tAyees ) = (1)

Table V.1: Operations in groups and modules

wherece Cyir e T.

Let 2 be a subset of ((«7))g,.. Then the normal closure of 2" in group H.. coincides with the submodule
generated by 2~ over ZT. One direction is trivial, since by the table we have above, elements that lie in the submodule
are obtained by the group operations and conjugations. Conversely, let g € ((27))g,, then if h € ZT, g" can be
obtained by finitely many scalar products and module operations and if 2 € ((<7))p. , then g" = g. The general case
is a combination of those two cases. Thus g must lie in the submodule generated by g. On the contrary, the subgroup
generated by 2 coincides with the submodule generated by .2 over Z.

Again we consider an arbitrary factor group H of G.. with the finite presentation
H={(AUT | %1 V%, UR)

where Z is a finite subset of Go.. Then H = G../((%)). We now estimate the cost of relations in group H to make
each of the module operations above. Note that notations like deg(4) and |A| for element g € ZT are inherited from
the polynomial ring Z[t, tl’l ... ,tk,tk’l] (See in Section IV.4).

In the following lemma, K is the same constant appeared in Lemma V.3.2, which only depends on % U %,.
Lemma V.4.1. Let H be a factor group of G equipped with presentation (V.6) then we have

(a) Let

and we denote P = max{|A;|,|A/| | i = 1,...,m}, O = max{deg(A;),deg(A/) | i=1,...,m}. Then the cost of
relations in H of converting

m

AitA]

fg=n Hail ;
i=1

is at most m*P>K>*C where the right hand side is written in its ordered form.
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(b) Let

denote P = max{|A;| | i=1,...,m}, O = max{deg(A;) |i=1,...,m}. For ¢ € Z the cost of relations in H of

Cli

converting f° to [T a" is at most (|c| — 1)(m)?P2K>2 where the right hand side is written in its ordered form.

(c) Let

denote P = max{|A;| | i =1,...,m}, Q = max{deg(A;) | i=1,...,m}. Fort €T the cost of relations in H of

converting

is bounded by (mP)(ZK)k(Q+deg’>,

. . . Al .. . . .
Proof. (a) First we consider a simpler case when g = a|". Then it is essential to estimate the cost of converting LHS

to RHS of
m
Aiy M A
([Taay =n (@) (@5 ...apr), m = A+ 2] (V.7)
i=1
In order to commute af‘ with al», ... ,a’;z, we apply Lemma V.3.2 (m — 1)-times. Each step costs at most PK>¢

since deg(4; +A{) < 20, |Ai],|A{| < P. Therefore, the cost of

L A M My M Am
(Hai )ay' = (ai'a}") (a5 .. .ap")
=1

is bounded by (m — 1)P?K>2. When it comes to the last step, i.e.,

MM
apap =ap,

the only thing we need to do is move each term a{u € F to its position corresponding to <. We in fact sort all
. . . . Al . .
conjugates af in order. Note that those conjugates in af‘ and a|" are already in order, respectively. Thus we only

need to insert each a! of af‘ into terms of a’}l. Again from Lemma V.3.2, the cost is bounded by P?K?©.
Therefore, the cost of (V.7) is bounded by mP2K?Q.

!
In general, if g =TT, a?i . By repeating previous process m times, we get an upper bound m?P>K?2. We complete

the proof.

(b) It follows by applying (a) |c| — 1 times.
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(c) Conjugating ¢ to each term of a’ll, ' € T, cost zero relations. Then we basically estimate the cost of the following

equatioin

!
ay' =day'.

By the result of Lemma V.3.3, since Tr(t't) C B(egydegs')> then the cost is bounded by (2K)(degrtdee!’) Notice

deg(t') < Q, then the total cost is at most
(mP)(ZK)(degt+degt’) < (mP)(ZK)(Q+degt).

Here we use the fact Tr(¢) C Beg(r) since we order elements in ZT' degree lexicographically.

O

Recall that G, is a factor group of H., as G is a factor group of G.. Denote the epimorphism from H. to G

induced by identity on generating set as Y, and then we have the following homomorphism chain:
Ho —— G. —— G.

Thus ker ¢ = ((%)) .., ker(@ o W) = ((%> UZ3)) ... They are all normal subgroups in H.. as well as submodules in
((«7))H... He contains a free module structure while each of G and G.. contain a factor module of it. Eventually we

will convert the word problem to a membership problem of a submodule in ({.27)) ...

V.5 Proof of Proposition V.1.2

Now we are ready to prove Proposition V.1.2. It is enough to show that for any given word w = 1 of length n, w can be
written as a product of at most o conjugates of relators for some constant C. Since G is a factor group of He.,, w =g 1
ifand only if w € ker(@ o y) = ((#,UZ53)) ... Note that ((%2 UZ3)) k., C ((<7)) ... Recall that ((<7)) p,, has a natural
module structure: it is a free 7-module with basis ay,...,a,. By previous discussion, ({(#, U%3))n., coincides the
submodule generated by %, U% over ZT . Let Z4 = {f1, f>,. .., fi} be the Grobner basis of the submodule generated
by %> U%3. We then add %4 to our presentation (V.5), and in addition we assume that all relators of %;,i =2,3,4 are
written in their ordered form. Note that %, U %5 and %4 generates the same submodule in {{e7))y... It implies that

(%2 U %)) 1., = ((#4))h... We obtained an alternating presentation of G as
GZ<%U§|%1U%2U%3U%4>. (V.8)

Although %, is equivalent to %, U %3, it is convenient to keep %», %5 in our presentation since all the estimation we

have done previously are based on %, U %5.
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Note that G is a factor group of G.. and with the given presentation Lemma V.3.1, Lemma V.3.2, Lemma V.3.3 and
Lemma V.4.1 all hold for G.
Since Dehn function is a quasi-isometric invariant then it enough for us to prove Proposition V.1.2 using the

presentation (V.8).

Proof of Proposition V.1.2. We start with a word w € G such that |w| = n,w =g 1. WLOG we may assume
w = u1b1u2b2 cen Msbsqu

where u; € F = F(7),b; € &/* and s + Y3 [u;] = n. Letv; = (uy...u;)" fori=1,...,sand v = ujuy...ug41.
Then we have

w=wy:=b'b}...byV.

The equality holds in the free group generated by <7 U .7 thus the cost of relations converting w to wy is 0. Since
s+ Y3 [u;| = n, in particular, we have that s < n. Moreover |v;| = ):;:1 lu;j] < nhence Tr(6(v;)) C By,i=1,2,...,n.

Next since wy =¢ 1, @(w1) = (vs11) = 1. By Lemma V.3.1,

S,
v=[] &/

i=s+1

where s’ —s < |v|> <n?, b; € &Z*!, and Tr(0(v;)) C B,,i=s+1,...,s". By Lemma V.3.1, the cost of converting v to
the right hand side is bounded by |v|*> < n?.
Thus we let

wp = Hb})ivsl g n2+n,Tr(9(Vi)) CBnai: 17"'7S/'
i=1

And the cost of converting w5 to wy is bounded by n?.
Next, note that all v;’s are words in F. With the help of Lemma V.3.3, we are able to organize v; to its image in F.
More precisely, we let

w3 = wa s <n+n,)|0(7)| < n.

Also followed by Lemma V.3.3, wy =g ws. Let us estimate the cost of converting w; to w3. To transform w; to ws,
we need apply Lemma V.3.3 to each b}’ once. Since Area(b}'b; ") < (2K)" which provided by Tr(8(v;)) C B, each
transformation costs (2K)" relations. We have in total s’ < n+n? many conjugates to convert therefore the cost is

bounded by (n* +n)(2K)".
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Now let wy be the ordered form of w3, which in fact is also the ordered form of w, i.e.
m .
w3 =g Wy := Hafl’
i=1

where (; are ordered under <. By the discussion in Section V.2, we obtain the ordered form just by rearranging
all conjugates of <7*!. Note that because ||8(¥;)| < n for all i, it cost at most K" relations to commute any two
consecutive conjugates b?" and bﬁ.j by Lemma V.3.2. To sort s’ conjugates we need commute s’ times. Therefore the
number of relations need to commute w3 to wy is bounded above that s2K?" < (n? 4 n)>K?".

The only thing remains is to compute the area of wy4. Recall that w4 can be regarded as an element in a free
T-module generated by ay,...,a,. ws =g 1 implies that either wy =g 1 or it lies in the submodule generated by
X4 ={f1,f>,---,/1} which is the Grobner basis of the submodule generated by %, U%;. If w =g 1 then y; = 0 for

alli =1,...,m. In this case Area(ws) = 0. Thus
Area(w) < n? + (n? +n)(2K)" + (n® +n)*K*".

We are done with this case.

Now let us consider the case w € ((%4))n.. \ {1}. Let K be a constant large enough to satisfy both Corollary IV.4.2
and Lemma V.3.2. As an element in the T-module, degw, < n since ||0(¥;)]| < n for all i. Also recall that for an
element @ € ZT, |a] is defined to be the /;-norm of it regarded as a finite suppported function from T to Z. Thus |wx|

represents the number of conjugates in wy which is s’. Then by Corollary IV.4.2 we have
L a 12k ) 2k
W4 =H. I_If[‘,f,_a“”a”’2 abim € Ry deg(f;) <n Z|(x, <SKY < (n"+n)K"

where ; = ):i.:l olj; in ZT. Note that fiai is the product consisting of exactly |o;| many relators. In conclusion we

have

AreaH jiad) <Z|OC, <(n +nK2k.
i=1

Last, let us estimate the cost of converting H§:1 fl-a" to wy. This process consists of two different steps: 1. converting
all £%°s to their ordered form; 2. adding the / terms of ordered f".

To transform fiai to its ordered form, we write

o; = Z o (u)u.

uesupp oy
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Let us denote P = max._, |f|, @ = max._, deg(f;). Then

i Yuesuppa; 0 (W) i(u)u :
Fo = proema SN _ T e TT £, = a6 alin = OF(f), (V.9)

supp &; supp Q;

where f; ,, is the ordered form of f; i (u)u

and u;; = o;4;j hence OF(f;) is the ordered form of £ The first two equalities
above hold in the free group F (<7 U.Z) thus the cost is 0. In the third equality, applying Lemma V.4.1 (b) and (c),
the cost of converting ﬁai(u)u to f; , is bounded by m|f;| (2K )*(deefitdeg) 4 (| oy (u)| — 1)m?| f;|2K>(deefitdeet) Here we
first conjugate u to f; then add |o;(u)| terms of f'. Because degu < deg 04, Y ,cquppoy | (1) = |l |supp oy < |asl.

Consequently the cost of the third equality of (V.9) is bounded by

Y. (mlfil KM (o) — )| fi PP 8T dee )

uESUpp 0

< X (mlgil )OI g ([ )] — 1] PRS0

uesupp o;

= |supp og|m ;| (2K )RS ) 4 N7 (|oy(u)| — 1P| fi PR eB e )

uEsupp oy

= | supp og|m| fi] 2K)MCESHEA) + (|y] — [ supp ag|Jm? | £ KI8T dee )
< |ou|m| fi] (2K e fitdeed) || g2 | f|2 K2 dee it degen)

= |a] (m|fi|(2K)k(degf}+dega,-) + m2|ﬁ|2K2(degf;+dega,-))

< |oi|(mP(2K)M" + m* P2K?").

The last inequality is obtained by the condition deg(f*') < n, i.e deg f; +dega; < n.
The forth equality of (V.9) is adding all f;,’s up. Since

deg fiu < deg f <, |fial < laa()Ifil <leullfil < ilP,

by Lemma V.4.1 (a), the cost of adding |supp ¢;| terms of f; , is bounded by (|supp ;| — 1)m?(|04|P)?K>". Here we
use the fact that the size of the addition of any step is bounded by | fl-a" |. Therefore the total number of relations we

need to convert each fl-ai to its order form f; is bounded by

|o;|(mP(2K)*" + m® P2PK*") + (| supp o;| — 1)m?(| oy |P)* K"

< | oy (mP 2K + (1 4 |04 [*)m*P*K*").
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Q>

In general, the cost of converting all f;™’s to their order forms is bounded by

i
Z|a, |(mP2K)" + (1 + | o> )m*P*K")

l l
=(mP2K)" +m* P K*)(Y. |os|) + m* P K™ Y (|ou[*)
i i=1

<(mP(2K)" + m2P2K*") (n* + n)K™" + m P2 K" (n* +n) K"

The next step, as described above, is to add all OF(f;) up. We have that |OF(f;)| < |os||fi| and degOF(f;) < n
forall i = 1,2,...,I. Moreover, the size of any partial product Zﬁ;l OF(f;),1 <!’ <1 is controlled by the following
inequalities:

4 I ! ,
2k
'Y OF() < Y laallfil < PY [ot] < P(® + m)K™ deg(Y ) < n
- = i=1 i=1
This is similar to add f;,’s. By Lemma V.4.1 (a), the cost of the (]/| — 1) additions is bounded by
(1= Dm>(P(n® + )K" K < (I — D (n? +n)2P2K> 420,
Now we need to verify the process of those steps above indeed result w4. This is provided by the fact u; = le]_ o=

j e ; and eventually following Lemma V.4.1 we have

m

! 1 !

, T
[T =11/ =TI au"al;’z. .a””" | | ’ Y =dl'ah? .. abr = wy.
i=1 i=1

i=1 j=1

By our estimation, the cost of the first equality is bounded by (mP(2K)¥" + m*P2K*")(n* + n)K”Zk +m*P?Q*" (n® +
n)3K3”2k and the cost of the third equality is bounded by (I — 1)m?(n? + n)szKz”zk””. Other equalities hold in the

free group hence no cost. Therefore

Area(wyg) =(n* + n)K”Zk + (mP(2K)X" +m* P2 K*") (n* + n)K”Zk +m*P* K" (n* + n)3K3"2k

+ (1= 1m?(n? 4+ n)2P2K2 42,
Now we choose a constant C > K large enough such that

(n2 + n)K"Zk + (mP(ZK)k” + mszKZ")(n2 + n)K"Zk +m?P2K™" (n2 + n)3K3”2k
(- 1)mz(nz + n)2P2K2n2k+zn

<c
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It is clear that such C exists, for example we can choose C to be 4m>P?>QK. Note that P, Q only dependson fi, f>,.. ., fi,
hence Z4, and so does K. Therefore C is independent of w.

In conclusion, we start with w =g 1 of length at most n. By converting it four times, we end up with a word w4, of
which area is bounded by €™ Thus

0 <n? <(n+n*)(2K)" <(nt+n?)’K*"
w w1 wy w3 Ww4.

Summing up all the cost from w; to w4 and with the fact C > K, we conclude that the area of w is bounded above
by
Area(w) < o+ (n+n?)2C*" + (n+n?)(2C)" + n.

This completes the proof. o
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Chapter VI

Relative Dehn Functions of Finitely Generated Metabelian Groups

VI.1 The Cost of Metabelianness

Metabelian groups are groups satisfying the identity [[x,y], [z,w]]. The metabelianness is provided by all relations of
this form. In this chapter, we want to first estimate the area of an arbitrary metabelian relation, that is, a relation of
the form [[x,y], [z,w]], for a finitely presented metabelian group. This estimation gives us, what we call, the cost of
metabelianness. Then we will “forget” the cost of metabelianness, i.e., we introduce the relative presentation in which
all such relations have no cost. Also we shall note that all finitely generated metabelian group is relatively finitely
presentable. Therefore we can extend Theorem V.1.1, modified for relative presentation, to all finitely generated
metabelian group. Finally, we will estimate the relative Dehn function for some examples and prove the last piece of
Theorem A.

First, we state an important consequence of Lemma V.3.2.

Theorem VI.1.1. The metabelianness of a finitely presented matabelian group G costs at most exponentially many

relations with respect to the length of the word, i.e. there exists a constant C such that
Area([[x,y], [z,w]]) < C- 2T vy y 2w e G.
Proof. Consider a finitely presented group G with a short exact sequence
12A—=>G—>T—1,

where A, T are abelian groups. Let o7 be a generating set of A and .7 be a set in G such that their image in 7 generates
T.

Let rk(G) = k, the minimal torsion-free rank of an abelian group 7' such that there exists an abelian normal
subgroup A in G satisfying G/A = T. The projection of G onto T is denotedby 7 : G — T.

If £k = 0, G has a finitely generated abelian subgroup of finite index. Then the result follows immediately.

If k > 0, we first consider the case that T is free abelian. let .7 = {#y,...,4} C G such that {z(#;),...,7w(t)}
forms a basis for T and &/ be a finite subset of G such that it contains all commutators a;; = [ti,t j] for1 <i<j<k
and generates the T-module A. Then ./ U.7 is a finite generating set for the group G. Recall that G has a finite
presentation as follows

G= <a1,a2,...,am,l‘l,tz,...,l‘k | R\ I A U DR U%4>,
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where

Z ={lttj] =aij | 1 <i<j<k}
By ={[a,b"| =1|a,be o, ucF,|0u)| <R};

K3 = {H(a“ﬁ))” =alac A A 6AﬁC(A)}U{I_I(atl('j))‘f1 =alaed A ANC(AY)};

uck uck

and Z4 is the finite set generating ker ¢. All the notations are the same as in Section V.1.

By Lemma V.3.2, we have that there exists a constant C; such that
Areala,b] < C, - 21" g be o/ ue F(T).

Now let x,y,z,w be elements in G and n = |[[x,y], [z,w]]|. We use two commutator identities [a,bc| = [a,c][a,b]*
and [ab, c] = [a, ]’ b, c] to decompose [x,y] and [z, w] into products of [a,b]* where a,b € Z/ U/ ' UTUT 1 ued.

There are three cases to be considered.
1. Ifa,b € &/ Ua/ !, [a,b]" = 1 and the cost for converting [a,b]* to 1 is 1.

2. Ifa,b € 7UF !, we have two cases. If a,b € {t;,1; '} for some i, [a,b]" =¢ 1 with no cost. If a € {#;,t; '}
and b € {tj,tj*l} where i # j, [a,b]" = &, where ¢ € o/ U7 ' e € {1}, |u| < |u|+ 1. This is due to cases

like 1, 1,1;] = [t,-,tj]”ﬂ. The cost of converting [a, b]* to ¢& is 1.

3. Ifac AU\ be TUT L orbe ZUd ) ae TUT V), then [a,b] =¢ aa® (resp. [a,b] = b* 'b). Thus

[a,b]* =¢ a“a® (resp. [a,b]" = b9~ 'ubt). The cost of converting is 0.

It follows that [x,y] =¢ [T._, b7", where I < 2|x||y|,b; € o/, & € {+1},u; € G,|u;| < |x| +[y|- The cost of convert-
ing [x,y] to [T._, 67" is bounded by |x|[y|.

Let u be a word in G, we claim that u = wiw> [T7_, ¢}’ where wi € F(o),w2 € F(T),c; € 4 U/~ v; e F(T).
The claim can be proved by always choosing to commute the left most pair of ta wheret € 7 U.7 ' ac o/ U/~

Then for an element a € &7, we have

) 4 Vi
a“ =p () @215 = a2 wy € F(/),wy €F(T).

Note that |wy| < |u|. Similar to Lemma V.3.3, there exists a constant C, such that the cost of the second equality in

terms of relations is bounded C; - 2lul,
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Therefore [x,y] =¢ [T\, bf"ui, where I < 2|x||y|,b; € 7, & € {+1},u} € F(.7). The cost is bounded by 2n>C,2".
Consequently, [[x,y], [z,w]] can be write as a product of at most 8n% conjugates of elements in &7 at a cost of at most
8n2C,2". Last, converting this product to 1 costs at most (8n2)2C;2" by Lemma V.3.2. The theorem is proved in this
case.

If T is not free abelian, we suppose that 7 = {#1,t2, ... ,t,tk 1,425 - - - » 15 + such that the set o := {7 (tx 1), T(tes2),. .., T(ts)
generates a finite abelian group and {7 (¢;),7(t2),...,7(t;)} generates Z*. Then we can write down a presentation of
G as following:

G= <a1,a2,...,am,tl,tz,...,l‘s |%1 U%r U X3 Ue@4>,

where

H = {[li,tj] Za,'j,l‘lnl =q | 1<i<j<s,k+1<1 <S};
Hr={[a,b"]=1|a,be o uck,|0u)|]<R};

Z = {[1(@ D) =a|ae o1 eAnC@A}U{[[(@ D) =alac o 1 eAnCA)};

uckF uck

and %, is the finite set generating ker ¢. Note that 6 : F — R¥ kills all #;,/ > k. The rest of the proof is the same as the

case when 7T is free abelian. O

VI.2 The Relative Dehn Functions of Metabelian Groups
Recall that a set of groups form a variety if it is closed under subgroups, epimorphic images, and unrestricted direct
products. The set of metabelian groups naturally form a variety, denoted by .#3, since metabelian groups satisfy the
identity [[x,y], [z,w]] = 1. Inside a variety, we can talk about relative free groups and relative presentations. Firstly, a
metabelian group My is free of rank k if it satisfies the following universal property: every metabelian group generated
by k elements is an epimorphic image of M. It is not hard to show that M; = F (k) /F (k)", where F (k) is a free group
of rank £ (in the variety of all groups).

Next, we shall discuss the relative presentations. Recall that the usual presentation of G consists of a free group
F and a normal subgroup N such that G = F//N. For relative presentations, we shall replace the free group with
the relative free group. Now let G be a metabelian group generated by k elements, then there exists a epimorphism
¢ : M;, — G, where M is generated by X = {x,x,...,x;}. We immediately have that G = M, /ker ¢. Note that ker ¢
is a normal subgroup of My, then it is a normal closure of a finite set. We let R = {ry,72,...,ry,} to be the finite set

whose normal closure is the kernel of ¢. Therefore we obtain a relative presentation of G is the variety of metabelian
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groups

G=(x1,%0,..., X | 71,72, Ti) 75 -

The notation (-) & is used to indicate that the presentation is relative to the variety of metabelian groups .#>. Here, the
subscript two stands for the derived length two. We denote by & the relative presentation (X | R) »,. Note that if G
is finitely presented, then the finite presentation in the usual sense is also a relative presentation, with some possible
redundant relations.

Let us give an example of relation presentation of a metabelian group which is not finitely presented in the variety
of all groups. H.., the group we introduce in Section III.3, is a free metabelian group of rank k. It has two different

relative presentations depending on how many generators we choose.
Ho = (11,12, ..., 1) 7 = (@ij,t1 10, 1 | aij = [1,15],1 <P < j < k).

Back to a finitely generated metabelian group G with the finite relative presentation (X | R) »,. Let w be a word in

G such that w =¢ 1. Then w lies in the normal closure of R. Thus w can be written as

!
w=p, Hrlf’ where r; € RURil,fi € M,.
i=1
The smallest possible / is called the relative area of w, denoted by Area o (w). The difference between the area and the
relative area is that we take the equality in different ambient groups, one in free groups and the other in free metabelian
groups. Consequently, the Dehn function relative to the variety of metabelian groups with respect to the presentation
& is defined as

8. (n) = sup{Areaz(w) | |w|x <n}.

Here |- |x is the word length in alphabet X. Similar to usual Dehn functions, the relative Dehn functions are also

independent of the choice of finite presentations up to equivalence, i.e.

Proposition VI.2.1 ([15]). Let & and 2 be finite relative presentations of the finitely generated metabelian group G.

Then

Therefore it is valid to denote the relative Dehn function of a finitely generated metabelian group G by 8. One
remark is that every finitely generated metabelian group is finite presentable relative to the variety of metabelian
groups. Thus the relative Dehn function can be defined for all finitely generated metabelian groups. Another remark

is, unlike Dehn functions, it does not make sense to talk about if the relative Dehn function is a quasi-isometric
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invariant. Since groups that quasi-isometric to a finitely generated metabelian group may not even be metabelian. For
example, As?7Z and Zgo ! Z are quasi-isometric while the former is not metabelian.
But the relative Dehn function still inherit some nice properties from the Dehn function: one of which is that it is

preserved under taking a finite index subgroup.

Proposition VI.2.2. Let G be a finitely generated metabelian group and A is a finite index subgroup of G. Then H is

finitely generated and metabelian and the relative Dehn function of G and H are equal up to equivalence.

Proof. Since H is a finite index subgroup of a finitely generated metabelian group, it is finitely generated and metabelian.
Let (X | R) #, be a finite relative presentation of H, where X = {xi,x5,...,x,}. Then we have a finite relative
presentation of G as following:

G=(XUY|RyUR|UR2) 5,

where

Y ={y1,y2,-,Ym};
Ro=R;
Ry =iy = Y jWigodi | = Ve(iyti}sWijr i € (XUX ')
FAL2,oompx{1,2,...omy = {1,2,....m},g: {1,2,....m} = {1,2,....m};

Ry = {xlyi :iji,j},vl,j S (X UXil)*.

We claim that there exists a constant L such that for every word w =¢ 1, there exists a word w’ such that w' = w,w' €
(X uX~1* and |w'| < L|w|. Moreover, it costs at most |w| relations from R; U R, to convert w to w’.

If the claim is true, then we have that

Areag(w) < Areay (W) + |w).

It immediately implies that

Thus

And the other direction &y (1) < 8g(n) is obvious since wy = 1 implies wg = 1.

To prove the claim, we let L = max{|w; j|, |ui|,|vi;| | 1 <i,j <m,1 <I<n}. Letw be aword such that w =g 1.
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WLOG, we assume that w has the following form:
W =pxuy) d1b1azbs ... axbyag 1, a; € (X UXfl)*,bi € (YUYfl)*,
where only a,a;; might be empty word. For b, using relations in R; we have that
b = yuybish(k) € {1,2,...,m} b € (XUX )",

and |b}| < L|b|. Thus,

/
w=aibiazbs ... agyp bidk+1,

while the cost of converting is bounded by |b;| and all relations are from R;.

Next we commute y, ;) with a using relations from R;.
AYh(t) = V()i a4 € (X UX )",
and |a, | < L|ay|. Substituting it in, we get
w=aibiaxbs ...y a;biars1,

while the cost of converting is bounded by |a;| and all relations are from R;.

Therefore, repeating the above process, we eventually have
w = yy(1)a1biayby .. . apbiaps .
Since w = 1, thus yj(;) is actually an empty word. Consequently, we have
w=d\blasbh...ajbjag, € (XUX ),

and the length of the left-hand side is controlled by

k
laibiasts ... aibra| < Y L(|ail + [bil) + a1 | < Liwl.
i=1

The cost of relations is bounded by Y'*_, (|a;|+ |b;|) < |w| while all relations are from Ry UR,. The claim is proved. [

Let us consider one classic example: the Baumslag-Solitar group BS(1,2). The relative presentation is the same as
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the usual presentation BS(1,2) = (a,t | a' = a®) »,. But one can prove that the relative Dehn function of BS(1,2) is n
instead of the usual Dehn function 2" [15]. In general, it is difficult to compute the relative Dehn function of a finitely
generated metabelian group. We will list some known examples in Section VI.4.

So what is the connection between the relative Dehn function and Dehn function? On the surface, in the relative
presentation, we make all metabelian relations cost 0, which should result in a significant reduce in the cost in Lemmas
like Lemma V.3.2, Lemma V.4.1. In the next section, we will estimate how much cost we reduce by introducing the

relative presentation.

VI.3 Connections Between Dehn Functions and Relative Dehn Functions

The goal of the section is to prove the following theorem:

Theorem VL.3.1. Let G be a finitely presented metabelian group. Then

8 (n) < 8(n) < max{53(n®),2"}.

Before we prove the theorem, we have to introduce the third "Dehn function* in this thesis: the Dehn function of
a finitely generated module (another definition can be found in [15]). Let R be the group ring ZT where T is a free
abelian group with basis {t1,#,,...,% } and A is a finitely generated R-module generated by m elements. Let M be a
free R-module of rank m. Suppose a basis of M is {ay,das,...,a}. Then there exists a submodule S of M, generated
by {f1,/2,.--,/1}, such that A = M/S.

For an element f = wa; + Was + - - - + Umay in M, we define its length, denoted by || ]|, to be the following:

Il = X |mil +reach(),

l
i1

1

where reach(f) is the minimal length over the lengths of close loops that starts at 1 and passes through all points in
U'_, supp; in the Cayley graph of 7. Another way to think of this length || - || is that it is the minimal length of
a group word among words that are rearranges of all conjugates of elements in .o in a’ll ! a’;2 ...ab". For example,

suppose m = k = 1, we have

(4 e+ Day | = (n 1) +2n=3n+1,

.. . . M e 41 _ .
because the minimal length of a loop passing {1,¢,#2,...,¢"} is 2n. Note that al ! = t"a1hay ...aita; is

a group word of length 31 + 1 in the alphabet {a; } U{#}.
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Then for every element f in S, there exists ¢, 0, ..., 04 € R such that

f=oufi+taf+--+of.

We denote by Areay (f) the minimal possible Y!_, |&;|. Then the Dehn function of the R-module A is defined to be

S4(n) = max{Areas(f) | ||f]| < n}-

As expected, the Dehn function of a module is also independent from the choice of the finite presentation [15].

Remark. Now we have three different types of Dehn functions in this thesis: the Dehn function, the relative Dehn
function and the Dehn function of a module. They are similar and we distinguish them by the notation. We denote by
86(n), Area(w) the Dehn function of G and the area of a word w; 8¢(n), Area(w) the relative Dehn function and the

relative area of a word w, &4 (n), Area(f) the Dehn function of the module A and the area of a module element f.

Let k = rk(G) be the minimal torsion-free rank of an abelian group T such that there exists an abelian normal
subgroup A in G satisfying G/A = T.

First, if £ > 0 we notice that the problem can be reduced in the same way as Proposition V.1.2 does. Because for
a finitely presented metabelian group G there exists a subgroup Gy of finite index such that Gy is an extension of an
abelian group by a free abelian group of rank k. Most importantly, by Corollary II.1.3 and Proposition VI.2.2, their
Dehn functions are equivalent as well as their relative Dehn functions. Therefore from now on, we assume that G is
an extension of an abelian group A by a free abelian group 7'. The projection of G onto T is denoted by 7 : G — T.

Let = {r1,...,tx} C G such that {7 (1),...,7(t;)} forms a basis for T and <7 be a finite subset of G such that
it contains all commutators a;; = [ti,tj] for 1 < i< j < k and generates the T-module A. Then &/ U J is a finite
generating set for the group G.

Recall that G has a finite presentation as follows

G={a,az,...,amt1,t2,...,tx | B1 UGy U%sUAy),
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where

Z ={lttj] =aij | 1 <i<j<k}
By ={[a,b"| =1|a,be o, ucF,|0u)| <R};

K3 = {H(a“ﬁ))” =alac A A 6AﬁC(A)}U{I_I(atl('j))‘f1 =alaed A ANC(AY)};

uck uck

and Z4 is the finite set that generates ker ¢ as a normal subgroup. All the notations are the same as in Section V.5.
Since we are dealing with relative Dehn function, we can reduce amount of redundant relations in %,. We set

Ky ={la,b]=1,[a,b']=1]a,be o/t € T}. Then we have

Lemma VL.3.2. %) generates all commutative relations [a,b"]| = 1,a,b € o/ ,u € F(.7) in the presentation relative

fo the variety of metabelian groups. Moreover, the relative area of [a,b"] is bounded by 4|u| — 3.

Proof. Suppose the result is proved for |u| < n, i.e., [a,b"] = 1 can be written as a product of conjugates of words in
%’é and metabelian relations. For metabelian relations, we mean those relations make commutators commute to each
other. Note that the relative area of any metabelian relations is 0.

Now for that case |u| =n+ 1, letu = vt,|v| =n,t € {t1,t,...,1 }. By metabelian relations, we have that
1=[a"'d b'p".

Since a~'a’ = [a,t] and b~'b* = [b,v]'. Then by inductive assumption, we are able to use relations like [a,h"] = 1
when a,b € o, |w| < n. In particular, [a,b"] = 1.

And notice that

l=[a'd,b7'p" )= a'a b™"b a 'd b~'b"
~—~ —
commute commute
—aa tb u btat a 1b tbu
——
commute commute
=ab "a'd ba ' b
——
commute

_ abfuaflbu

This shows that [a,b"] can be generated by %} and metabelian relations. Let us count the cost. In the computation
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above we use [a,b"] = 1 once (notice that [¢',b"] = [a,b*]"), [a,a'] = 1 twice, [a,b] = 1 once, and [a,b] once. Therefore,
Area([a,b"]) < Area([a,b’]) +4 <4(Jv|+1) =3 =4(n+1) - 3.

This completes the proof. o

The lemma allows us to replace %> by %, in the relative presentation. And we immediately get the relative version

of Lemma V.3.2.

Lemma VL.3.3. Let u be a reduced word in F(T) and it be the unique word in T representing u in the form of
1" 6% .."%. Then we have

Area(a"a") < 4ul* +2]ul.

Proof. The only difference of this proof to the proof of Lemma V.3.2 is that now it only costs 4|u| — 3 to commute

conjugates of elements in &/ every time. o

Thus in the relative sense, we save a lot of cost due to the fact we assume metabelianness is free of charge.

Our solution for the membership problem of a submodule has a better control for the degree of ¢;f; than for
Zle ||, resulting enormous upper bound for the area. When we consider ¢, 0, ..., that minimizes Zle |,
one trade-off is that we lose control of the degree of ¢, sort of. The following lemma shows that in this case even
though the degree of o; cannot be linearly controlled just by deg f but can still be linearly controlled by both deg f and

25:1 |l

Lemma VL.3.4. There exists a constant C such that for every f € S where S is a T -submodule generated by { f1, f>,..., fi},

assume that there exists 01,0y, ...,0y € ZT such that

f=ofitoafot+--+oyf,

and Y'_, |oy| is minimized, then deg o f; < deg f +CY.L_, |ai| for all .

Proof. We denote by A(f) the difference in the degree of the highest term and lowest term. Let

C:=max{A(f1),A(f2),....A(f1)}.

In addition we let s = Y!_, ||

We rewrite the sum o f; + 0 f> + - - - + 04 f; to the form

f:“lﬁl +u2ﬁ2+"'+’4sﬁsa
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whereij € {1,2,...,1} and u; is an element in U]_, suppy, , such that deg(u;f;,) > deg(ujs1fi;,,) for j=1,2,...,5—1.

Let g, be the partial sum g, = Zj?zl ujfi;- Assume that deg(u1 fi,) > deg f, otherwise there is nothing to prove.
Every term of degree greater than deg f will be cancelled. Since we assume that deg(u; ﬁj) > deg(uj fij ), then
degg, > degg,+1 when degg, > deg f. We claim that deg g, > degg; — Cn whenever degg, > deg f. If the claim

is not true, let ng be least number such that

no no+1
deg( Y u;fi,) > deg(urfi,) —C(no—1),deg( Y u;jfi,) < deg(uyfi,) — Cno.
j=1 j=1

Note that A(u; fi;) < C forall j = 1,2,...,s. The least degree among terms in gy, is greater than deg(un, fi,, ) —
C. Since deg(gn,) > deg(gn,+1), then deg(un,+1fny+1) = deg(gn) = deg(uifi,) — C(no — 1). Moreover, because
deg(uny fny) = deg(uny+1fny+1), the least degree among terms in gy, is greater than deg(uy f;;) — Cno. Therefore if
8no+1 7 0, the least degree among terms in g, is also greater than deg(u f;;) — Cno. It follows that g, 1 = 0. We

have
N

f= Z "‘jfij'

Jj=no+2
It is a contradiction to the minimality of s = ¥!_, |oy].
Let n be the largest number that degg,, > deg f. By the claim, we have that degg,, 1 > deg(g1) — Cn;. Straight

from the definition of n1, degg,,+1 < deg f. Combining those two inequalities, we finally have

deg f > deg(g1) —Cny.

Since n; < s =Y'_, |a;| and degg = max;{dega;f;}, the lemma is proved. O

Next, we focus on the 7-module A. It is not hard to see that A is the quotient of the free T-module generated by
</ by the submodule generated by %3 U %4. We then replace %3 U %4 by the Grobner basis 25 = { f1, f2, ..., fi} for

the same submodule. Therefore we finally have the relative presentation of G we want:
G= <a1,a2,... sAmyt .t | K741 U%ﬁU%&)yZ.

We let M be the free T-module generated by <7 and S be the submodule generated by %5 over T. So that A =~ M/S.

Then we have a connection between the relative Dehn function of G and the Dehn function of the submodule S.

Lemma V1.3.5. Let G be a finitely generated metabelian group and A is defined as above, then

A ~

54(n) < 86(n) < max{83(n*),n°}.
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Proof. Now let w be a word of length n such that w =g 1. We then estimate the cost of converting it to the ordered
form. The process is exactly the same as in the proof of Proposition V.1.2. We replace the cost by the cost in relative
presentation by Lemma VI.3.2 and Lemma VI.3.3. It is not hard to compute that it costs at most n® + (4n — 3)(n? +
n)+ (4n—3)%(n® +n)? to convert w to its ordered form w’ := [T7, a} where ¥, || < n?,degp; < nand |w'| < 2n3.

Since w' lies in the normal subgroup generated by %4, then there exists @, 0, . .., 0y such that

] l
w =TTr5 Y lou] < 64 (20
i=1 i=1

The relative area of the left hand side is less than Zle |o;|. Then we just repeat the same process of the proof of
Proposition V.1.2, and compute the cost of adding £ up to w'. By Lemma V1.3.4, deg(oi:f;) <n+ C64(2n?) for ev-
ery i and some constant C. It follows that, by Lemma VI.3.3, conjugating o to f; costs at most |oy|| f;| (4 deg? (ot f;) +
2deg(0;fi)). Last, we rearrange Y!_, |o4||fi| terms whose degree are at most n + &, (2n%), which costs at most
max{gj (n3),n*84(n?)} up to equivalence. Thus the relative area of w’ is asymptotically bounded by max{Sj (n?),n28,(n%)}
up to equivalence. And hence the relative area of w is bounded by max {8 (n®),n%}. Thus the right inequality is proved.

For the left inequality in the statement, let [T, aly " be a word of ordered form such that it realizes §4(n). The
length of the word, by definition, is bounded by n. We claim that the relative area of [T/, a; al" is greater than &4 (n). If

not, by the definition of the relative area, we have that
m
H :H rie‘%iilu‘%éiu‘%éivhiEMm+k7
i=1

where s = Area([T", af ") < 8s(n). If we only keep all relations from 2 and combine the same relations together,
we will get [T._, £ and Y'!_, |o| < s < 84(n). Since canceling relations like [t;,¢;] = a;j,[a,b'] = 1 and commuting
ff 7’5 do not change the value of left hand side as an element in free 7-module generated by basis {ay,az,...,an}.

Therefore we eventually get

m / !
Y wiai =Y o;fi, Y || < 8a(n)
i=1

j=1 i=1

It leads to a contradiction. O
We have

Theorem V1.3.6. Let G be a finitely generated metabelian group. Let k = rk(G), the minimal torsion-free rank of an
abelian group T such that there exists an abelian normal subgroup A in G satisfying G/A=T.

Then the relative Dehn function of G is asymptotically bounded above by
(1) n? ifk=0;
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2) 2™ ifk > 0.

Proof. Let G be a finitely generated metabelian group. If k = 0, G has a finitely generated abelian subgroup of finite
index. Then the relative Dehn function is asymptotically bounded by #n? by Theorem I1.4.2.

If k > 0, similarly, we can reduce the case to that G is an extension of a module A by a free abelian group T
such that the torsion-free rank of 7 is k. Then a word w =g 1 with |w| < n can be converted to its ordered form
w' =TT, at where |w| < 2n%,deg(w) < n,Y™ | |u;| < n*. Then by Corollary IV.4.2, there exists a word w' such that

w =cw", Area(w”) < 27 The theorem follows immediately. O

Finally, we have all the ingredients to prove Theorem VIL.3.1.

Proof of Theorem VI.3.1. The left inequality is obvious since the finite presentation of G is also the relative finite
presentation of G.
If k = 0, G has a finitely generated abelian subgroup of finite index. The result follows immediately.

If k > 0, let w be a word of length n and w =¢ 1. Then there exists ay, 0,...,

i I}
w=[]%Y loi| < 0a(2n°),dega <n+Cox(2n). (VL1)
i=1 i=1

According to the proof of Proposition V.1.2, adding the left hand side of (VI.1) costs at most max{Sj (2n*),2"} up to
equivalence. All other steps of converting cost at most exponential with respect to n. Then by the left inequality in

Lemma VIL.3.5, Area(w) < max{Sé(n3), 2"}. Therefore the theorem is proved. O

V14 Estimate the Relative Dehn Function
Computing the relative Dehn function is harder than computing the Dehn function. Many techniques no longer useful
for the relative case. For the variety of metabelian groups, fortunately, the structure of groups in it is not complicated.
The key is to understand the natural module structure of a finitely generated metabelian group.

First, let us list some known results for relative Dehn functions, they are computed by Fuh in her thesis. Note that

most of them only give the upper bound of the relative Dehn function.

Theorem VI.4.1 (Fuh [15]). (1) The realative Dehn function of a wreath product of two finitely generated abelian

groups is polynomially bounded.
(2) The Baumslag-Solitar group BS(1,2) has linear Dehn function.
(3) Let G=BS(n,m) = (a,t | (a")' = a™) 5, wherem >2,m=n+ 1. Then S (n) < n’.

With the technique we developed, we can improve [15, Theorem E] to the following.
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Proposition VI.4.2. Let T be a finitely generated abelian group and let A be a finitely generated 7-module. Form the
semidirect product

G=AxT.

Then 8g(n) < max{n?, 53( O}

Proof. 1t is not hard to reduce the problem to the case when T is free abelian. Thus we just assume that 7 is a
finitely generated free abelian group. Suppose 7 = {t1,f2,...,f } is a basis of T and &/ = {ay,ay,...,a,} generates
the module A over ZT. Let M be the free T-module generated by </ and S be a submodule of M generated by

fi,f2,---, f1, where f; = Zj-”:l o;a;for 1 <i< k,a;; € ZT. Then we can write down a presentation of G as follows

G= <a1,a2,...,am,tl,tz,...,tm | [l‘,’,l‘j] = 1(1 <i<j§k),

m
[ai,a] =1(1<i< j<m,weZT) H =1(1<i<).
Then, by the same discussion as in Section VI.3, we have a finite relative presentation of G:

G=(a1,az,...,am,t1,t0,...,tw | [ti,t;] = 1(1 < < k)

m
lai,aj] =1,[a,d] =11 <i< j<m1<s< ,Haj"f_1 <i<)) o
Jj=

Now let w =¢ 1 and |w| < n. Since in this case all ;,#; commutes, it is much easier than the general case. Following

the same process as in the proof of Proposition V.1.2, w can be convert to its ordered form a’ll 'a’zlz. .k, where

deg(1;) < n, Y™ || < n. The cost is bounded by 7°. Notice that the length of a}'ab?...a" is bounded by 2. Then

there exists oy, 0p,...,0y € ZT such that

! !
ai'ay . .ahr =TT Y o] < oa(n?
=1 =

The rest of the proof is the same as the proof of Lemma VI.3.5, since it is just a special case of Lemma VI.3.5. O

Now let us estimate the relative Dehn function from above for some concrete examples.

To begin with, we consider the metabelianized Baumslag-Solitar group
BS(n,m) = (a,t | (a") =d") .z

The normal subgroup generated by a is a Z(t)-module. In this case, i.e., when the module is over the Laurent polyno-

mial of one variable and is generated by one variable, the Dehn function of the module is well-studied. The following
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theorem from Davis and Olshanskiy [12] shows that the Dehn function of a (f)-module is a polynomial.

Theorem VI.4.3 (Davis, Olshanskiy [12, Theorem 8.6]). Let M = (a) is the free module of rank one over the group
ring Z.(t). Let f = h(t)a where h(x) is a polynomial of the form d,x" 4 d, x"~' +---+dy. Then the Dehn function
of the (t)-module M /{f) is a polynomial. Furthermore, the degree of this polynomial is exactly one plus the maximal

multiplicity of a (complex) root of h(x) having modulus one.
Thus we have

Proposition VI.4.4. The metabelianized Baumslag-Solitar group BS(n,m) = (a,t | (a")' = a™) », has at most cubic

relative Dehn function when n # m and has at most quartic relative Dehn function when n = m.

Proof. We follow the same process as in Lemma VI.3.5. Note that in this case we have |«/| = |.7| = 1, which
simplifies the process a lot. Give a word w =g 1 of length /. It is not hard to check that converting w to OF(w) costs
at most (41 — 3)I%. Suppose OF (w) = a*, where |u| < ,degu < I. We can conjugate w by ¢/ such that u only have
positive powers of ¢. Thus we assume that |pt| < /,degp < 21. Further, the length of i is bounded by / by definition.

In this case, the module A is isomorphic to M/S where M is a free T-module with basis a and S is its submodule
generated by {(nt —m)a}. Consider the polynomial ring R = Z[t,t~'] and its ideal I = (nt —m,tt~' —1). We have
that A 2 R/I. The Grébner basis of I is {tt~! — 1,nt —m,mt =" — n}. If we regard u as an element in /, it can only be
reduced by nt — m since it only has positive power of ¢. It follows that there exists a polynomial v, which only consists
of the power of ¢, such that

U= (nt—mv.

This equality also holds in the polynomial ring Z[r]. When n # m, the Dehn function of (r)-module ZT /(nt — m) is
linear, by Theorem VI.4.3. Thus there exists C such that |v| < C||u|| +C. We have that

at =g (amtfn)v'

The area of the right hand side is at most C/ + C. Converting the right hand side to its ordered form costs at most
(41 —3)((m+n)(Cl+C))? since the degree is less than  and we have (m +n)(CI + C) many conjugates to rearrange.
Thus the upper bound of /grza(w) is at most /> up to equivalence when n # m.

When n = m, the Dehn function of (¢)-module ZT /{(nt —m) is quadratic. Following the same process, we have

that the upper bound of A;ga(w) is at most /* up to equivalence when n # m. This finishes the proof. o

For the case n = 1, the group BS(1,n) = BS(1,n) is finitely presented. Following from Theorem VI.3.1, the Dehn

function of BS(1,n) is at most exponential.
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One special case Fuh [15, Theorem 6.1] concerned is when m > 2,m = n+ 1. In this case, we have that a =
[a",7]. Since a itself is a commutator, it follows that the relative area of words like [a’k,a] is at most 4 instead of
linearly depending on k. Therefore we can improve the result in [15, Theorem 6.1] by the following corollary of

Proposition V1.4.4.

Corollary VI.4.5. The metabelianized Baumslag-Solitar group BS(n,m) = (a,t | (a")' = am) z,,m>2,m=n+1 has

at most quadratic relative Dehn function.

The lamplighter groups are another interesting class of infinite presented metabelian groups with a simple module

structure. We have
Proposition VI.4.6. The lamplighter groups have at most cubic relative Dehn function.
Proof. Consider the lamplighter group L,, with the standard presentation.
Lyn=(at|d"=1,[a,d"|=1,neN).
By Lemma VI.3.3, we have a finite relative presentation as the following
Lp={(a,t|d"=1,[a,d]=1)g,.
The rest of the proof is the same as the proof of Proposition VI.4.4. The only difference is that the submodule is
generated by {m}. O
This slightly improves the estimation in [15, Theorem B2].
VL5 Relative Dehn Function of the Lamplighter Group L,
In Section VI.3 and Section V1.4, we estimate the relative Dehn function for various groups using the Dehn function of
the canonical modules in those groups. Though this method works for any finitely generated group, the upper bound
and lower bound given by this technique are usually different. Thus to compute the precise relative Dehn function (up
to equivalence) of a finitely generated metabelian group, we need a better method to estimate, which usually means
that we lose some universality. In this section, the technique we show, even though is very interesting, only works for

the lamplighter group L.

The goal of this section is to prove the following propostition.
Proposition VI.5.1. The lamplighter groups L, has linear relative Dehn function.

Proof. The linear lower bound is given by Theorem VI1.4.3.
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We choose the following relative presentation of L,:
L= (a,t|a® = 1,[a,d']|=1),.
For the upper bound, consider a word w € L, that represents the identity. Thus w has the form
w=1t"atad" ... "*at"*+1 where ny,ns,...,ny # 0.

Suppose the length of w is n, combining the fact that w = 1, we have

2%k+1 2%k+1
2k + Z |ni| = n, Z n; =0.
i=1 i=1

Inserting 7~ or t~ !¢, we can rewrite w as the following form:

-n —(ny+ny) —(ny+ng+-tnyy)
w:at laz 1 2...at 1T 2k'
Thus w represents an element in ®;c7Z,, where the @ is the generator of the i-th copy of Z. Since w = 1, then every
element in the set { —ny, —(n] +n2),...,—(n1 +n2+---+ny)} occurs even many times in the sequence —ny, —(n; +
ny),...,—(ny+ny+---+ny). Our goal is to gather the conjugates of a of the same exponents together at a linear cost
with respect to n.

1

Since a~' = a, we notice that

d'd" = (ad" Y =[a,’ )" 1,5 € L.

Thus any consecutive pair of two conjugates of a is a commutator. It follows that any such pair commutes with any
other pair of this form without any cost inside the variety of metabelian groups.
For convenience, let m; = ):lzi 1 —n;. We now turn the problem of estimating the relative area of w to a problem of

cancelling numbers in a sequence and estimate the cost. Consider a sequence of number
my,my,...,my.

The goal is to cancel all the pairs of the same value. We have three operations allowed:
(i) Cancel two consecutive numbers without any cost.
(ii) Commute a pair of consecutive numbers with another pair of consecutive numbers next to it without any cost.

(iii) Commute two consecutive numbers c,d with a cost of |¢ —d)|.
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Applying all three operations to the original sequence many times, the result might seems chaotic. To analyze
the process, for a sequence of numbers, we define the 1(m;) be the position of m; in the sequence. At the beginning,
t1(m;) = i. Then we define o (m;,m;) = [1(m;) —1(m;)| mod 2. So &(m;,m;) =0 if m; and m; are even positions apart

and 6 (mj,m;) = 1if m; and m; are odd positions apart. We notice that
(a) operations from (i) and (ii) do not change & (m;,m;);

(b) if m; is next to mj, applying the operation (iii) to commute m; and m; will change all values of & (m;,m;), o (mj,m;)

forl #1i,j.

From the above observation, we have that
(1) if o(m;,m;) =0and i < j, m; can be moved to the position next to m; just using operations from (ii).
(2) if o(m;,mj) =0, i < j and m; = mj, then m; and m; can be cancelled using just operations from (i) and (ii).
(3) for m;,mj,m; such that m; = mj, 6 (m;,m;) = 1,0(m;,m;) = 0, we can cancel m;, m; with the cost of |m; —my|.

(1) can be achieved by commuting two consecutive pairs of numbers. (2) is a direct consequence of (1). Let us show
how to achieve (3). By (1), we can move m; next to m;. Then by using operation (ii), the pair m;m; (or m;m;) can
be moved to the position next to m;, resulting the form of m;m;m; or mjm;m;. Finally, we commute m; and m; using
operation (iii) at a cost of |m; —m | and cancel m;m.

Now we are ready to estimate the cost to cancel the sequence my,my,...,my to the empty sequence. By (2),
we can assume that we have already cancelled all the pairs m;,m; where o (m;,m;) = 0 using operations (i) and (ii).
This step costs nothing and does not change any o (m;,m;) for m;,m; remaining in the resulting sequence. Let the
remaining elements after cancellations be (1), m;(2), . - ., Mj(45) for some 25 < k and i(1) < i(2) < --- < i(4s). The

remaining sequence satisfies the following properties:

(@) o(mjs),mip)) =i(s)—i(l) mod2,

(b) if my() = my(y then o (my(),m;y) = 1,

(©) o (miy),miq)) = o (mygy,mir)) for myyy = mjy,myq) = myq).

Here the property (a) is true because in the original sequence l(mi(s)) = i(s) and we only use operation (i) and (ii)

which do not change O'(mi(s) , mi(l)). (b) and (c) follow from the definition of ¢ and the remaining sequence.
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Figure VI.1: the corresponding graph of the sequence 2,3,5,3,5,8,2,8

We define the weighted graph Ty associated with m;(1),m;(3), . . . ,m;(2,)) Where the vertex setis {m;(1),m;q), - - -, Mj45) }
and there is an edge with weight |m;(s) — m;(;)| connects m), my(; if o (m;() ;) = 0. Note that this graph is invariant
under operations (ii) and may have multi-edge.

By (3), we are allowed to cancel m;(,),m;) at a cost of |m;(,) —m;;)| for some my ;) that o (mj(),m;)) = 0.
After the cancellation, since we use operation (iii) once, G(m[( )M j/)) change to 0 for some m;) that m; ;) = my(jr).

Therefore we can then cancel m;(;),m; ;) without any cost. In summary, we have

(4) for my() # my( ;) that G(m,-m,m,»(j)) = 0, we can cancel a pair of number m;(;) and a pair of number m;(;) at a cost

of |[mj(s) — m(j)| where & (m;,m;) remains the same for numbers that have not been cancelled.

(4) will delete an edge of (mi(s) N j)) in the graph. If no edges connecting m;(,) and m(;), we delete the two vertices
mj(s),m; j). The costis the weight of that edge. Let ¢’ be a cancellation of I'y where ¢ consists of an ordered sequence
of edges in Iy, where we cancel the edge by the order of the sequence. Thus the total cost of a cancellation % to the
empty graph is just a sum of the weight of edges in €. Every cancellation can be associated with a path p, where the
path passes through the sequence of edges in € in the same order.

Now we delete edges in the following way. We first delete one edge (mi(l),mi(z)) since o (m;(1),m;(y) = 0. We let

the resulted graph to be I';.

C=1((2,3),(58)) C'=((2,8),(5,3))

Figure VI.2: two different cancellations 4,%” and their corresponding p, p«. The total cost of € is 3 and the total
cost of ¢ is 8.
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Inductively, I';1| is obtained by deleting an edge (mi(s) ,mj(jy) where i, j are the smallest numbers remained in I';.
I'; will be an empty graph since every time we delete four numbers in the sequence.
Let us estimate the cost from I'y to I';. Since every time we cancel pairs of numbers based on the order of the

original sequence mj,my, ..., my; (always cancel the first two numbers remained). The cost is bounded by

2k—1 2k

Z |m[+1 —m,'| = Z |I’l,| <n.
i=1 i=2
Let inequality can also be realized by the following interpretation: the sequence m;(1),m;(), . . . ,M;(45) defines a path p

in I'g (since o (m;(;),m;j11)) = 0) that p(j) = m;(;), the weight of the path p is bounded by n by the definition of m;. p
happens to be the path associated with this cancellation. It follows that the cost of the cancellation is bounded by the
total weight of p. Thus the total cost is bounded by #.

By Lemma VI.3.2, the total cost of converting

My g Mok
a a ...a

to 0 is bounded by 4n — 3. We finish the proof.

VI.6 Relative Dehn Functions and Subgroup Distortions
So far for all the examples considered in [15] and Section V1.4, only the upper bounds of their relative Dehn functions
are estimated. Similar to the case of the Dehn function, it is genuinely much harder to estimate the lower bound. In this
section, we will connect the relative Dehn function of a finitely generated metabelian group to the subgroup distortions
in a wreath product of two free abelian groups. This connection provides a new method to estimate the lower bound
for the relative Dehn function and yields a sequence of examples of finitely generated metabelian groups with relative
Dehn function larger that n* for arbitrary k € N. And finally, we will finish the proof of the last piece of Theorem A
and Theorem C.

Let G be a finitely generated group with a finite generating set X and H be a a subgroup of G with finite generating

set Y. The distortion function of H in G is

Afi(n) = sup{|wly | w € H, |w|x <n}.

We consider a slightly different equivalence relation for distortion functions. For non-decreasing functions f and g on
N, we say that f =< g if there exists a constant C such that f(n) < Cg(Cn). Hence we say that two functions f and g are

equivalent, written f < g, if f < g and g < f. As expected, the distortion function is independent of the choice of the
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finite generating set under this equivalence relation. The reason we consider < rather than ~ is that if the subgroup
is infinite then the distortion function is at least linear. We say a subgroup is undistorted if the distortion function is
equivalent to the linear function.

For example, the subgroup (a) in the Baumslag-Solitar group (a, | a’ = a) is exponentially distorted since a’" =
a®". And it not hard to check that infinite subgroups of a finitely generated abelian group are undistorted.

Let A and T be free abelian groups with bases {ay,az,...,a,} and {t;,12,... 5 } respectively. Consider the wreath
product W := A T. The base group B := ((A)) is a T-module. For a finite subset 2" = {f1, f2,...,fi} of B, let H
be the subgroup of W generated by 2" U {t,12,...,%} and G be the group W/{{.Z")). We denote by w: W — T the

canonical quotient map.

Theorem V1.6.1. Let W, H,G be groups defined as above, then

A} (n) < 8¢ (n) + 1k, 86(n) < max{n®, (A} (n*))*}.

In particular, ifk =1,

Proof. First we show the following lemma.

Lemma VL6.2. Let M be the T-module B/ ((Z)). Then &y(n) < AV (n) < 8k (n) +nk.

Proof. Let g € H. Note that g can be written as gof, by adding 7 := 7(g) to the end, where gy € B,t € T. Since

|()|r < lglw < n, |golw < 2|g|lw. Thus, we have

lgle = |80t < |golu + |t|H < |glw +[go|H-

Assume that the ordered form of OF (go) is a}'ay? ...aj", let us estimate |go|. First note that deg y1; < |g|w for all i.

)

Let oy, o, ..., 0 be elements in ZT such that gg = Ia' 2. Ia’ and Zle || is minimized. By Theorem 3.4 in [12],

l

g0l =Y || + reach(gy),
i=1

where reach(g) is the length of the shortest loop starting at 0 in the Cayley graph of T that passing through all points
in the set Ule supp ;. By Lemma VIL.3.4, for all i, deg(o;) < |g|lw + CZle || for some constant C. It follows that

U'_, suppa; lies in Ball By(|g|lw +CXL, |au|) of radius [glw +CY!_, |a;| centered at 0 in the Cayley graph of T.
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Since there exists a path of length (2(|g|lw +CY._, |a|) + 1) passing through all the points in Bo(|g|lw +CYL_, |cs|),

!
reach(go) < (2(Iglw +C Y. Jou]) + 1)".
=

1

Therefore, we have

i i i
Y il < gl < lglw+ Y lou| +25(Iglw + C Y |u]).
4 ~ ~

i=1 i= i=

Since Y!_, || = XgaM(go) by definition and ||go|| < 2|g|w, we have the following estimation:

Area(2|glw) < |gln < |glw + Area(2|g|w) +2%(|glw + CArea(2|g|w))*.

By Lemma VI.3.5, we have

A (n) < 8 (n) +n.

Last, by Proposition V1.4.2,

86 (n) < max{n’, (A} (n*))’}.

O

Theorem VI.6.1 connects the subgroup distortion function and the relative Dehn function, as it provides a way to

estimate the relative Dehn function from the bottom. One special case is that both A and T are free abelian group

of rank 1. Davis and Olshanskiy [12] show that subgroups in W = (a) ¢ () have polynomial distortion functions and

moreover for each [ € Z, a subgroup of the form H; := ({...,[a,t],],...,t],), where the commutator is (! — 1)-fold, is

isomorphic to Z ! Z with n! distortion. It follows immediately that

Corollary VL6.3. Let W = (a) (t) be the wreath product of two infinite cyclic group. For each | € N let w; =

[...,]a,1],t],...,t] be the (I — 1)-fold commutator. Finally let Hy =W /{{w;)). Then we have

SH, = nl.

Let us consider the case when the rank of 7 is 1, that is, when k = 1. The distortion functions in this case have

been study extensively.

Theorem VI1.6.4 (Davis, Olshanskiy, [12, Theorem 1.2]). Let A be a finitely generated abelian group.
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(1) For any finitely generated infinite subgroup H < AU Z there exists | € N such that the distortion of H in A1 Z is
0% (n) = .

(2) If A is finite, then | = 1, that is, all subgroup are undistorted.

(3) If A is infinite, then for every | € N there is a 2-generated subnormal subgroup H of AVZ having distortion function
A’;‘}Z(n) =nl.

It follows that

Theorem VL.6.5. Let G be a finitely generated metabelian group such that rk(G) = 1. Then the relative Dehn function
of G is polynomially bounded. If in addition G is finitely presented, the Dehn function of G is asymptotically bounded

above by the exponential function.

Proof. By passing to a finite index subgroup, we can assume that there exists a short exact sequence
1-A—-G—Z—1,

where A is abelian.

We denote by T = (¢) the Z in the short exact sequence. Since every short exact sequence | A -G —Z — 1
splits, G is isomorphic to the semidirect product A x T'.

Note that A is a normal subgroup of G, then it is finitely generated as a 7T-module. Thus, there exists a free

T-module M of rank m and a submodule S = (1, f>,..., f;) such that A = M /S. We have that

G2 (M/S) % T = (MxT)/{(fi. far.... i)

Let A be a free abelian group of rank m and W := A T be the wreath product of A and T'. Then there is an isomorphism

@:MxT— W. We have
G=W/{o(f1),0(f2),.-..0(f1)))

Let H be the subgroup in W generated by {@(f1), ¢(f2),...,9(f1),t}. By Theorem VL6.1, we have that

8(n) < max{n?, (A} (2))*}.

By Theorem V1.6.4, AW (n) is a polynomial. Therefore the relative Dehn funcion 8¢(n) of G is polynomially bounded.
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We are done for the relative Dehn function case.
If G is finitely presented, by Theorem VI.3.1, if the relative Dehn function is polynomially bounded, dg(n) is

bounded above by the exponential function. O

This theorem gives the exponential upper bound of Dehn functions for many examples we introduced in Sec-
tion I11.2, including the metabelian Baumslag-Solitar groups and Z" x4 Z where ¢ € GL(n,Z). And it is also the final

piece of Theorem A and Theorem C for the case rk(G) = 1.
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Chapter VII

Embedding Problems

VII.1 Motivations

Another interesting topic for finitely generated metabelian groups is the embedding problem. It is well-known that
every recursively generated group can be embedded into a finitely presented group [20]. If we restrict to a variety
of group ¥/, we can ask if a recursively generated group in ¥ can be embedded into a finitely presented group (in
the absolute sense) from #. It turns out the only non-trivial positive result so far is when ¥ = .%3, the variety of

metabelian groups.

Theorem VII.1.1 (Baumslag [4]). A finitely generated metabelian group embeds into a finitely presented metabelian
group.

Recall that

Theorem VII.1.2 (Birget, Olshanskii, Rips, Sapir [7]). The word problem of a finitely generated group G is in NP if

and only if G embeds into a finitely presented group with polynomial Dehn function.

It is known that any finitely generated metabelian group can be represented by matrices over finite products of fields
(See in [31], [23], [36]). It follows that the word problem for any finitely generated metabelian group is in LSAPCE,
in particular in NP. Therefore a finitely generated metabelian group can be embedded into a finitely presented group
with polynomial Dehn function.

Many results show that, in some cases, a finitely generated metabelian group embeds into a finitely presented
metabelian group with polynomial Dehn function. For example, the metabelian Baumslag-Solitar groups embed into
finitely presented metabelian groups with quadratic Dehn function [13], and embed quasi-isometrically into finitely
presented metabelian groups with cubic Dehn function [1], and the lamplighter groups embed into finitely presented
metabelian group with at most quartic [21].

G. N. Arzhantseva and D. Osin asked the following question [1].

Problem VII.1.3. Is any finitely generated metabelian group embedded into a finitely presented metabelian group

with polynomial Dehn functions?

The Dehn functions of finitely presented metabelian groups constructed in Theorem VII.1.1 are mostly unknown.
M. Kassabov and T. R. Riley computed the Dehn function of I = (a,s,t | [a',a] = 1,a® = a'*!,[s,t] = 1), which is
the group contains a free metabelian group of rank 1 (it is Z) in Baumslag’s construction. But, for example, the

Dehn function of finitely presented groups in [3] contains free metabelian groups of rank other than 1 are unknown.
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We answer this question by computing the Dehn functions for a wilder class of finitely presented metabelian groups

Baumslag’s constructed.

Theorem VIL.1.4. Every wreath product of a free abelian group of finite rank with a finitely generated abelian group

can be embedded into a metabelian group with exponential Dehn function.
The theorem will be proved in the next section. One immediate consequence of this theorem is the following.

Corollary VIL.1.5. A free metabelian group of finite rank embeds into a finitely presented metabelian group with

exponential Dehn function.

The question if such groups can be embedded into a finitely presented metabelian group with polynomial Dehn

function remains, even in the case of Z1Z. We shall discuss Problem VII.1.3 in Section VIII.2.

VILI.2 Embeddings of Wreath Product of Abelian Groups

The class of examples we investigate in this section was introduced by Baumslag in 1973 [4]. Let A be a free abelian
group of finite rank freely generated by {aj,as,...,a,}. Furthermore let T be a finitely generated abelian group
with basis {t,%,...,%,...,5;}, where t,...,#; are of infinite order and #;,1,...,# are respectively of finite order

Mgyt ,my. Finally let F = {f1, f2,...,fx} be a set of element f; from ZT, where each f; is of the form
fi=1+cititciat?+-+cig 1" +1% di > 1,¢i € L.
Now let us define a group Wr corresponds to F. The generating set is the following
X ={ay,a,...,ar,t1,00, ... ;U1 ... Ui},

where r,k,[ are the same integers as above.

The defining relations of Wr are of four kinds. First we have the power relations

= 1i=k+1,...,L
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Next we have the commutativity relations

il =1, 1<i,j<i
[tia“j]zla 1<l<l,1<]<k,

lai,aj]=1, 1<i,j<r

Thirdly we have the commutativity relations for the conjugates of the generators a;:

la,a¥] = 1,1<i,j <,

where u,w € {tf“tf‘z...tlal |0< o <difori=1,...,k,0 < 0oy <mfori=k+1,...,1}. Finally we have relations

defining the action of u; on a;:
di=al 1<i<n1<j<k

It is not hard to show that Wr is metabelian [4]. Moreover, Baumslag showed the following:

Proposition VIL.2.1 (Baumslag [4]). Given a free abelian group A of finite rank and a finite generated abelian group

T, there exists F such that A} T < Wpg.

In particular, if r = k = and we let f; = 1 +¢; for all i, Wr contains a copy of the free metabelian group of rank r.

We claim that
Proposition VIL.2.2. If k > 0, Wr has exponential Dehn function.

Note that when i = j =k =1, fj = 1 +1;, Wr is the Baumslag group I' = (a,s,7 | [a,d"] = 1,[s,f] = 1,a* = ad").
The exponential Dehn function of this special case is proved in [21].
We need a few lemmas before we prove Proposition VII.2.2. First, let us denote the abelian groups generated by

{t1,t2,....t;} and {uy,uy,...,u;} by T and U respectively.

Lemma VIL.2.3. Let M be a free (U x T )-module with basis ei,...,e,. Let S be the submodule of M generated by
{(ui—fi)ej |1 <i<k,1<j<r} Ifh=hiei+hyes+---+hre, €S such that hj € T for all i. Then h = 0.

Proof. If k=1, then h € S means there exists o, @, ..., 0 € Z(U x T) such that

h= o (uy — fi)er + a(uy — fi)ea+ -+ o-(uy — fi)e,.

Since h = hyey + hpey + - - - + hye,, then h; = o (u; — f1). Note that h; € ZT. It follows that o;(u; — f1) does not have
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any term involves u;. Suppose ; # 0 for some i. Because f) € ZT, deg,, (oguy) > deg,, (aifi1). Thus o(u; — fi) has
at least one term contains u, that leads to a contradiction.

If the statement of k = n has been proved, for k = n+ 1, we have

r n+l1

h= ZZO‘U —fi)ei

i=1j=

We choose an integer N large enough such that ’41 o; ; does not have any negative power of u; for all i, j. Then

rontl r n+l
h szlalj fjel_-ZZBl/ fj@u
i=1j= i=1j=

where 3 j = ulY & ;. We regard f; ;(u;) as a polynomial of ;. Replacing u; by fi, we have

r n+l1

h Zzﬁl,jﬁ )

i=1j=

Note that fVh; € ZT for i = 1,...,r, then by the inductive assumption, fI'h; = 0 for all i. Since fi = 1 +cy 1t +
cl’ztl2 4+ + c,‘,dl,ltfl ! + tf‘ and ¢, has infinite order, then f; is not a zero divisor in Z(U x T). Thus h; = 0 for all i.

Therefore & = 0. The induction finishes the proof. O

It follows that if a1 a2 2 al

=w, | such that h; € ZT for all i, then &; = 0 as an element in Z(U x T') for every i.
To convert it to 1, we only need those metabelian relations to commute all the conjugates of @;’s. By Theorem VI.1.1,
it will cost at most exponentially many relations with respect to the length of the word to kill the word.

Next, let w =, 1 and consider the minimal van Kampen diagram A over Wr. There are two types of relations
contain u;: (1) commutative relations [u;,u;] = 1, [u;,t;] = 1,j #i,1 < < [; (2) action relations a”’ = af‘ 1<j<r.

Those cells, in the van Kampen diagram, form a u;-band.

(l{l us t2 Uus a{l

/ Ul (5% Uy (5% / . / Uy Uy Uy /

ay u3 to us Qy

Figure VII.1: an example of a u;-bands

We have some properties for u;-bands in a van Kampen diagram over Wr.

Lemma VIL2.4. (i) The top (or bottom) path of a u;-band is a word w that all ty,u; for s, j # i are in the same

orientation, i.e. the exponents of each letter ty,u;’s are either all 1 or all —1. In particular,

hy _h o7
W=w d,'ay’...a h’tloq...tl’uﬁl uf",

76



where h; € Z(U x T), sgn(a;) = sgn(B;) for all i, j, and oy (or B;) is equal to the number of times of t; (resp. u;)

appears inw fors, j # i.
(ii) uj-bands do not intersect each other. In particular, a u;-band does not self-intersect.

(iii) If i # j, a u;-band intersects a uj-band at most one time.

Proof. (i) By the definition of a u;, all letters #;,u;,s, j 7 i of the top (or bottom) path must share the same direction.

The second half of the statement can be proved basically the same way as we did for the ordered form (See ??).
(i) Because there is no u; on the top or the bottom path of a u;-band, two u;-bands cannot intersect each other.

(iii) If i # j and a u;-band intersects a u;-band. Since the van Kampen diagram is a planer graph, by comparing the

orientation, it is impossible for a u;-band to intersect a u j-band twice (or more).

Last, we have

Lemma VIL2.5. Let f(t) =t +cy 119 ' +---+cit+1 € Z[t],c; € Z,d > 0. Then there exists & > 1 such that
|(f(2))"| > a" for all n.
Proof. We denote that (f(r))" = Y14, cpit'.

Consider the corresponding holomorphic function g(z) =z + ¢y 412 '+ -+ c11z+ 1. If 3z0, |20| = 1 such

that |g(z0)| > 1, we have

lg(z0)|" = |(g |—|ZC,”Z0| Z|c,,”|—|f"|

=0
Then we are done.

Now suppose |g(z)| < 1 for all |z| = 1. Then by Cauchy’s integral formula we have

1=(<;<())=L./z1 8@ 4,

2mi, Z

Take modulus on both sides:

1 (@) 1!/2” i0
=|— dzl < — “NdO <1
27l /\z\:l z Z| 27 Jo—o |g(e )|

Therefore |g(z)| = 1 for |z| = 1 almost everywhere. Let z = ¢'®. We have
' d d
() = (Y c1,jcos(i0)) +i(Y c1jsin(j0)).
Jj=0 j=0
Then

chjcos (i6)) chjsm j0))? ch ]—|—22c1 jcikcos((k—j)0) =1,
j=0 j=0 =0 Jj<k
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holds for all 6. But cos((k — j)0) is a polynomial with respect to cos 6, i.e. cos((k— j)0) = Ty j(cos 0), where T, (x)

is the m-th Chebyshev polynomial. The leading term of T;,(x) is 2"~ 'x™. Thus

d

Y e +2 Y crjeraTic j(cos8) = 1,76,
h=0 j<k

Note the leading term of the left-hand side is 297! cos? 8. That leads a contradiction since the equation above has at

most d solutions for cos 6. O

Proof of Proposition VII.2.2. First, we show that the lower bound is exponential. Consider the word w = [aLllT ,a]. w
is of length 2n +4 and w =y, 1. Let A be a minimal Van-Kampen diagram with boundary label w. By comparing
the orientation, u-bands starting at the top left of A will end at either bottom left or top right. By Lemma VIIL.2.4,
u1-bands do not intersect each other, then we can suppose at least half of the u;-bands starting at the top left end at the

top right. See in Figure 4, the shaded areas are u;-bands.

Figure VIL.2: u;-bands in A

We first claim that there are no cells containing #;,u,s, j > 1 on each u;-band. We denote the top and bottom path
of the i-th u;-band from the top by yitOp and yib‘“, where i=1,2,...,m, m > 5. Assuming a u;-band intersect one of the
u1-band, again by Lemma VII.2.4 (ii), (iii), it can neither intersect a u;-band twice nor intersect itself. Thus it has to
end all the way to the boundary of A. A contradiction.

Then if there exists a cell containing #; for s > 1 in the top most u;-band, then by Lemma VIIL.2.4 (i), yiOP is a word

hy _hy hy 01 [o7] top
a'ay’...at"...t;". Thus ¥, and a; form a cycle y. We have

hi+l by heon g
a)'ay . art o =104 #0.
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It leads to a contradiction since the image of the left hand side in U x T is not trivial. And by definition of a u;-band,
if 7P does not have any ;,s > 1, neither does 9. Next consider two consecutive u;-bands. If ¥** does not have ,
then by the same argument, neither does %Ffr[’l. Therefore the claim is true.

Denote the words of 7P and ¥*°' by w;°® and wP*' respectively. Such words only consist of a;’s and #;. Note that

i
bot _ ,lop ; ; bot !
wp =w; 5 fori=1,...,m—1. Since wj

— a;f !, by the same discussion above, w;*® = a, "t wht = a;ff (See
in Figure 4). Next we focus on the number of a; in each w}’m, which is at least | ff |. By Lemma VII.2.5, there exists
o > 1 such that | fi| > a'. Therefore, the number of a; in w,” is at least "' Since m > %, the number of cells in the
m-th u;-band is at least at!2]. Thus the area of [alfr'l ,ap] is at least a3l It follows that the lower bound is exponential.

For the upper bound, as Theorem VI.1.1 suggests, all we need is to consider how to solve the membership problem
of the submodule S where S is generated by {(u; — fi)ej | 1 <i<k,1 < j<r}. Suppose w=1 with |w| < n, the w has
a ordered form as

w=w, ai'as?...a¥",g € Z(U x T).

And the cost of converting w to its ordered form is exponential with respect to n as we showed in Section V.4. Also
note that deg(g;), |g:| < n for all i. WLOG, we assume that the all exponents of u;’s are positive. The corresponding
module element of w is

gie1+goer+ -+ grey.

Foreachtermtf“tgz...t;x’ulflugz...uf", o; €7, B; >0, we replace u; by u; — f;+ f;. Thenweconverttf“tgz...tf"ulf'ugz...uf"

to a form
k
Zn[(ui—fi)—l—f,n,‘ S Z(U X T),T e 7ZT.
i=1
If oy |+ -+ |ogy|+|B1] + - - -+ | Bx| < n, then deg(n;),deg(7) < Dn,|n;|,|t| < D", where D =max{dy,...,dx,|fil,---, x|}

Therefore, replacing u; by u; — f; + f; in every term of w, we have
rok
grer+gert-tgre, =Y Y Wij(uj—fi)ei+p,pi; € LU XT),p € ZT.
i=li=1

Since w = 1, then p lies in the submodule S. By Lemma VIL2.3, p = 0. Also note that deg(u; ;),deg(p) <
Dn,|u; j|,|p| < nD". It follows from Lemma V.4.1 that all module computations in the process cost exponentially

many relations with respect to n. And it also cost at exponentially many relations to convert p to 0. Therefore

T T
_ i j\Uj=Jj
W =wg H a; )
i=1j=1

and the cost of converting is exponential with respect to . And the area of the right hand side is bounded by ¥, ; | | <

rknD™. The upper bound is exponential.
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Theorem VII.1.4 follows immediately from Proposition VII.2.2.

Proof. Let A be a free abelian group of finite rank and T be a finitely generated abelian group. If the torsion-free rank
of T is greater than 0, by Proposition VII.2.2, AT embeds into Wr, which has exponential Dehn function. If the

torsion-free rank is 0, A2 T can be first embedded into A (T x Z). Then the problem is reduced to the first case. O
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Chapter VIII

Further Discussions

VIII.1 Tight upper bound for Dehn functions of metabelian groups
The upper bound we obtained in this thesis is slightly bigger than the exponential function for the case rk(G) > 1
while all known examples are bounded by the exponential function. The answer to the following question remains

unknown.

Problem VIII.1.1. Is the (relative) Dehn function of any finitely presented metabelian group bounded above by the

exponential function?

In this thesis, we analyze the contribution of two different parts to the Dehn function of a finitely presented
metabelian group: the metabelian part and the module structure part. We show that the metabelian part will never
exceed the exponential cost. Furthermore, we prove in Lemma VI.3.5 and Theorem VI.3.1 that the Dehn function of
the module structure gives a lower bound of the Dehn function of the group. So if there exists a finitely presented
metabelian group with super-exponential Dehn function, it must contains a module structure with super-exponential
Dehn function. It means that there exists a membership problem of a submodule over a group ring of the free abelian
group such that its complexity (measured in the Dehn function of the factor module) is larger than exponential.

The first obstruction for us is the existence of such a membership problem. There is already a lot of study of
the polynomial ideal membership problem, which is a special case for the membership problem over modules. For
example, Mayr and Meyer showed that the lower space bound of a general polynomial ideal membership problem
is exponential [26], though in their work the input of the problem including the generating set of the ideal, which is
different from the problem we concern.. Other results can be found several surveys, such as [25], [27]. But it remains
unknown whether there exists an integral coefficient polynomial ideal such that the time complexity of its membership
problem is harder than exponential.

The second obstruction comes from the finitely-presentedness. Recall that a finitely generated metabelian group is
finitely presented if and only if the module structure is tame [6]. Thus even if we manage to find a complicated enough
membership problem in some submodule, it may not give us a finitely presented metabelian group unless the module
is tame.

Our estimation in Section IV.4 might not be tight at all. For example, when we compute the relative Dehn function
of the metabelianized Baumslag-Solitar groups we solve the membership problem of the module structure in linear
time (See in Section VI.4), while the division algorithm in Section IV.4 suggests an exponential upper bound. But it is

still possible to find a more efficient algorithm to solve the membership problem of a submodule and hence we find a
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better upper bound for the Dehn function of a finitely presented metabelian group.

However, there might be an alternative way to give an affirmative answer to Problem VIII.1.1. Yves Cornulier
suggests that the technique in [11] can be used to show that the Dehn function of split finitely metabelian groups
are either polynomially or exponential bounded. If this is true, combining results from [6] and [35], every finitely
presented metabelian group has either a polynomial or exponential Dehn function. But so far, their technique cannot

be applied to the Baumslag’s group I', even though it has been proved that I" has exponential Dehn function [21].

VIIL.2 Embeddings of finitely generated metabelian groups

In Chapter VII, we show that some wreath products of abelian groups embeds into finitely presented metabelian groups
with exponential Dehn function. It can be asked if those groups cannot be embedded into finitely generated metabelian
groups with polynomial Dehn function. For example, it is not known even for the case Z!Z while it embeds into a
finitely presentation metabelian group with exponential Dehn function (the Baumslag’s group I') and embeds into a
finitely presented group with quadratic Dehn function (the Thompson group F).

If we want to give a negative answer to Problem VII.1.3, we have to prove that there exists a finitely generated
metabelian group that cannot be embedded into a finitely presented metabelian group with polynomial Dehn function.
One possible way to prove such a thing is that construct a finitely generated metabelian group with a module structure
that has exponential time complexity for its membership problem. Thus any finitely presented metabelian group
it embeds into might inherit the module structure with exponential time complexity, and consequently has at least

exponential Dehn function.
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