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Abstract

We introduce a no-risky-arbitrage price (NRAP) condition for asset mar-
ket models allowing both unbounded short sales and externalities such as
trading volume. We then demonstrate that the NRAP condition is sufficient
for the existence of competitive equilibrium in the presence of externalities.
Moreover, we show that if all risky arbitrages are utility increasing, then
the NRAP condition characterizes competitive equilibrium in the presence
of externalities.

JEL classifications: C62, D50
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1. Introduction

In competitive asset markets trading volume influences investors’ expectations

of future asset returns, and thus, influences equilibrium asset prices. The influ-

*Also, Department of Economics, University of Warwick, Coventry CV4 7AL, UK
TPage and Wooders are especially grateful to CERMSEM and EUREQua for their support

and hospitality which made possible our collaboration.



ence of trading externalities, such as trading volume on equilibrium asset prices,
is brought about by a process of arbitrage elimination which characterizes in-
formationally efficient asset markets. While there have been numerous papers
investigating the connections between arbitrage and equilibrium asset prices in
asset market models with unbounded short sales, with one exception, there has
been no work on the connections between arbitrage and asset prices in mod-
els with short sales where trading externalities are taken into account.! In this
paper, we introduce a no-risky-arbitrage price condition, NRAP, for models al-
lowing both trading externalities and unbounded short sales, and demonstrate
that NRAP is sufficient, and in some cases necessary, for the existence of compet-
itive equilibrium in the presence of externalities. In empirical studies of financial
markets, available information may well include both prices and volumes of net
trades. Thus, it is important to have characterizations depending on prices and
observable data. In fact, our research follows the fundamental work of Hammond
(1983) for asset market models and Werner (1987) for general equilibrium models.

In a risky arbitrage, an agent sells an existing portfolio and buys a utility non-
decreasing alternative portfolio for a net cost less than or equal to zero. Whether a
particular pair of transactions (selling a portfolio and buying another) constitutes
a risky arbitrage thus depends on the agent’s preferences as well as asset prices
and, in the presence of externalities, each agent’s preferences in turn depend di-
rectly on the trades of other agents. In its most potent form, a risky arbitrage
is wtility increasing and generates a net cost less than or equal to zero.? Here,
we formalize the notion of risky arbitrage in an asset market model with trad-
ing externalities and short sales, and introduce a condition on asset prices that
rules out risky arbitrage for all agents. Given the close connection between agent
preferences and risky arbitrage, our no-risky-arbitrage price condition (NRAP) is

essentially an assumption concerning the degree of homogeneity in agents’ pref-

!See Le Van, Page, and Wooders (2001).
2In a riskless arbitrage, an agent sells an existing portfolio and buys a replicating portfolio

(i.e., an alternative portfolio having the same returns in all states of nature) for a net cost less
than or equal to zero. Thus, a riskless arbitrage is a special case of a risky arbitrage. In its
most potent form, a riskless arbitrage generates a positive amount of money upfront - or put
differently, it can be carried out via a pair of trades having a net cost strictly less than zero.



erences.

The intuition behind our results is straightforward: with sufficient homogene-
ity, even if trading externalities are present and unbounded short sales are allowed,
if NRAP is satisfied an agent will be unable to carry out a risky arbitrage because
there will be no one in the market willing to take the other side of the transaction.
However, with externalities, carrying out a transaction may perturb the arbitrage
opportunities for all agents and lead to further changes, even reversing the desir-
ability of making the initial transaction. Such considerations make formulation
of NRAP more delicate.

We show that NRAP is always sufficient for existence and, moreover, necessary
for existence whenever all risky arbitrages are utility increasing. Thus, in asset
markets with externalities and short sales in which all risky arbitrages are utility
increasing, NRAP characterizes competitive equilibrium. Moreover, for any given
level of the externalities, NRAP ensures existence of demand functions.

In the literature, no-risky-arbitrage (NRA) conditions for asset market models
without trading externalities fall into three broad categories: (i) conditions on net
trades, for example, Hart (1974), Page (1987), Nielsen (1989), Page, Wooders,
and Monteiro (2000), and Allouch (2002); (ii) conditions on prices, for example,
Grandmont (1970,1977), Green (1973), Hammond (1983), and Werner (1987);
(iii) conditions on the set of utility possibilities (namely compactness), for example
Brown and Werner (1995) and Dana, Le Van, and Magnien (1999). In Le Van,
Page, and Wooders (2001) an NRA condition on net trades is introduced for
models with trading externalities and short sales - a condition that reduces to the
condition of Hart (1974) if no externalities are present - and it is shown that the
net trades NRA condition is sufficient for existence. Here, we continue this line
of research by introducing an NRA condition on prices, NRAP, which reduces to
the condition of Werner (1987) if no externalities are present, and we show that
NRAP is sufficient for the existence of a competitive equilibrium. We also show
that if all risky arbitrages are utility increasing then NRAP and the NRA net
trades condition are equivalent, and both characterize competitive equilibrium.

In an economic model similar to the model presented here, but without exter-

nalities, Dana, Le Van, and Magnien (1999) have shown that compactness of the



set of utility possibilities is sufficient for the existence of competitive equilibrium.
However, in the presence of externalities compactness of utility possibilities, as a

condition limiting arbitrage, is not sufficient for existence.

2. An Economy with Trading Externalities

Let (Xj,wj,uj(-,-))?zl denote an unbounded exchange economy with trading
externalities. In the economy (Xj,wj,uj(-,-));-‘zl each agent j has choice set
X; C RY and endowment wj € X;. The jt agent’s preferences, defined over
X = H?:1 X, are specified via a utility function u;(-,-) : X; x X_; — R, where
X_j = [l;2; Xi- Note that for all agents j, X = X; x X_;. Let z_; denote
a typical element of X_;. Often it will useful to denote the elements in X by
(w5, 2—5).

The set of rational allocations is given by

A={(1,an) € X 1 30 125 =300 wj

and for each j, wj(xj, v—;) > uj(w;,x—;)}.

(2.1)
We will denote by A_; the projection of A onto X_;.
For each (xj,2_;) € H?:l X, the preferred set is given by
Pj(xj,x—5) = {x € Xj s uj(z, x—5) > uy(wy, ©—5) 1, (2:2)
while the weakly preferred set is given by
ﬁj(:tj,w,j) ={r e Xj uj(x,x_j) > uj(zr;,x—j)} (2.3)

We will maintain the following assumptions on the economy (Xj,w;, u;(-, -));-‘:1

throughout the remainder of the paper. For each j =1,...,n,

(A-1] X is closed and convex, and w; € intXj,
where “int” denotes “interior”.

A9 For each (zj,2_;) € X, u;(-,2_;) is quasi-concave on X},
and u;(-,-) is continuous on X; x X_;.



~

A3 For each (z;,7_j) € A, Pj(x;,x_;) # 0,
and clPj(xj,x_;) = Pj(xj,x_;).

Note that in [A-1] we do not assume that consumption sets, X, are bounded.
Also, note that given [A-2], for all (z;,2_;) € X the preferred set Pj(z;,x_;) is
nonempty and convex, while the weakly preferred set 13]-(3:]-,33,]-) is nonempty,
closed and convex. Finally, note that [A-3] implies that there is local nonsatiation

at rational allocations.
Given prices p € RE, the cost of a consumption vector x = (x1,...,xp) is

(p,x) = Zlepg - xg. The budget set is given by?3

Bj(p,wj) ={z € X; : {p,x) < (p,w;) }. (2.4)

Without loss of generality we can assume that prices are contained in the unit
ball

B:={pe€ RL . Ilp|| < 1}.

An equilibrium for the economy (X, w;, u;(+))7_; is an (n+1)-tuple of vectors

(Z1,...,Tp,P) such that
(1) (T1,...,Tn) € A (the allocation is feasible);
(13) p € B\{0} (prices are in the unit ball and not all prices are zero); and

(¢i7) for each j,
(a) (p,Z;) = (p,w;) (budget constraints are satisfied), and
(b) T; € Bj(p,w;) and P;(T;,7—;) N Bj(p,w;) = 0 (i.e., T; maximizes

uj(xj,T_j) over Bj(P,w;j)).

Example 2.1. (An Asset Market with Trading Externalities):

3The restriction of the budget set to be a subset of the consumption set entails no losss of

substance or generality.



Consider an agent j who seeks to form a portfolio x; = (z1;,...,21;) of L

risky assets so as to maximize his expected utility given by

wlaya—s) = [ Uillesrdu(rla-y).

Here, x;; denotes the number of (perfectly divisible) shares of asset i held in
the j* agent’s portfolio xj, and r; denotes the return on asset i, i.e., the ith
component of the asset return vector r € Ri.‘l The inner product of the portfolio

vector xj and the asset return vector r, denoted by

L
(j,r) = Z TijTi,
i=1

gives the return generated by portfolio x; if the realized asset return vector is 7.

Note that because short sales are allowed, (x;,r) can be negative. The function
Uij(:):R—R

is the j'" agent’s utility function defined over end-of-period wealth. The proba-
bility measure p;(-|x—;) defined over Borel subsets of asset returns represents the
4t agent’s subjective probability beliefs concerning end-of-period asset returns
conditioned by the (n — 1)-tuple, x_;, of portfolios held by other agents.

Denote by S[u;(-|x—;)] the support of the conditional probability measure
pi(-lz—;), and by K(x_;) the smallest convex cone containing S[u;(-|x—;)]. Fi-
nally, let K™ (x_;) denote the positive dual cone of K (x_;), that is, let

Kt(@_j)={yeRl: (y,r) >0Vre K(x_;)}.

Note that any vector of net trades y contained in K (x_;) generates a nonneg-
ative return with probability 1. Thus, trading in any direction y € KT (x_;) is
without downside risk.

Assume the following:

4Ri denotes the nonnegative orthant of RE. Thus, here we are assuming that all asset returns

are nonnegative or, equivalently, that all assets carry limited liability.



(a-1) For each agent j = 1,2, ..., n, the utility function U;(-) : R — R is concave

and increasing.

(a-2) For each agent j = 1,2,...,n, the mapping,

r_j — pi(-lr—j),

is continuous in the topology of weak (or narrow) convergence of probability

measures.

(a-3) For all rational allocations (xj,x_;) € A and for all agents j =1,2,...,n,
Sl (lz—)] NRE\{0} # 0.
(a-4) For all x_; € X_; and for all agents j =1,2,...,n,

S(pj(-|x—;)] € C for some bounded set C' C ]Rﬂ:r.

(a-5) For all agents j = 1,2,...,n, the portfolio choice set X; is closed and
convex with initial portfolio w; € intX;, and for all (zjxz_;) € X, y €
KT (x_;) implies that xj + y € X;.

In words, assumption (a-3) means that at rational allocations each agent be-
lieves that some asset will generate a positive return with a positive probabil-
ity. Assumption (a-5) means that given any configuration of starting portfolios
(zjx_j) € X, agent j can alter (or rebalance) his starting portfolio x; via net
tradesy € K (x_;j) (i.e., via a no-downside-risk portfolio) without violating port-
folio feasibility (i.e., without violating his constraint set X;). Note that together
assumptions (a-1), (a-3), and (a-5) imply that agents’ expected utility prefer-
ences satisfy assumption [A-3] (local nonsatiation) while assumptions (a-1) and
(a-2) imply that agents’ expected utility preferences satisfy assumptions [A-2]

(quasiconcavity and continuity).



3. Risky Arbitrage and NRAP

We begin by recalling a few basic facts about recession cones (see Section 8 in
Rockafellar (1970)). Let X be a convex set in R”. The recession cone 01 (X)

corresponding to X is given by
0H(X)={yeRl o+ ye Xforall \>0and x € X}. (3.1)

If X is also closed, then the set 07(X) is a closed convex cone containing the
origin. Moreover, if X is closed, then x + Ay € X for some € X and all A > 0
implies that ' + Ay € X for all 2’ € X and all A > 0. Thus, if X is closed, then
we can conclude that y € 07 (X)) if for some z € X and all A > 0, x + \y € X.

Definition 3.1. (Risky Arbitrage):

A vector of net trades y; € RY is a risky arbitrage for agent j if there exists

a sequence
k _ k .k — k k
{x }k N {(xj’x’j)}k N {(ml"”’x")}k <
such that
for all k, uj($?7$lij) > uj(wj’xlij)’
and

y; = limy, tkwg?
for some sequence {tk} ., Of positive real numbers
such that t* | 0.

We shall denote by R; the set of all risky arbitrages for agent j.

Let (zj,2—;) € X satisfy z; € ]%(wj,m_j). If y; € 0+J3j(wj,ac_j), then y; is
a risky arbitrage. Thus, any vector of net trades contained in the recession cone
of the weakly preferred set ﬁj(wj-,x,j) is a risky arbitrage for agent j. To see

this, let y; = limy, tkmf, where t* | 0 and a:? € ﬁj (wj,z—;) for all k. Now define



J J and x’fj = x_j. We have then

{(a:;k,a:'f])}k C X,
and
yj = limy, thgk,
where t* | 0,
and where

k .1k k
for all k, u;(27,2";) > uj(wj, 2.
We now have our main result characterizing risky arbitrage.

Theorem 3.2. (Characterization of Risky Arbitrage)
Let (Xj,wj,u;(+,-))7—; be an economy with trading externalities satisfying

assumptions [A-1]-[A-3]. The following statements are equivalent:

1. A vector of net trades y; € R! is a risky arbitrage for agent j.

2. There exists a sequence {(x;“, x’ij)}k C X such thaty; € 07 (lim ]3]- (wy, xlj])> )

Before we prove this Theorem, we provide the following Lemma.

Lemma 3.3. Let (Xj,wj,u;(+,"))7_y be an economy with trading externalities
satisfying assumptions [A-1]-[A-3]. Let {(xj,xfj)}k C X be a sequence such
that (i) >, Hﬂ:f” — 00 as k — oo and (ii) for all j and k, mg’“ € ﬁj(wj-,:n’ij). Also
let {tk}k be a sequence of positive real numbers with t¥ | 0. If (Y1,.--,yn) is a
cluster point of the sequence {(thlf, e ,thﬁ)} . » then there exists a subsequence

{(tk/m’f/, . ,tk/xﬁ/)}k/ such that for all j, y; € 0 (hm ﬁj(wj,x’i/j)> :

Proof. (Lemma 3.3) Without loss of generality, assume that
(Y1, -y Yn) = liin(thlf, iRk,

From Hildenbrand (1974), Proposition 1, p. 16, there exists a converging subse-
quence { <I31(w1, ), ... Pu(wn, x]i/n)) }k/ of { (ﬁl(wl, 2% ), ..., Pu(wn, :p’in)> }k .



Observe that for all j, lim P; i (wj, © ]) is convex (see Danz1g, Folkman, and Shapiro
(1967), p. 521). Also note that (y1,...,yn) = limp (t*¥ 2% ... 92k,
Now let 27 € lim P; i (wj, /-) and let ¢ be any positive number. By the defin-

ition of lim P; (w],m ) there exists a sequence { ;k }k' such that x;‘k — xj, as

k' — oo, and for all &/, x ;k € P i (wj, 2 ) Since P i (wj, @ k'j) is convex

(1-— tk/t) kg ok tx € P % (wy, T ) for all £'.

But

Thus, y; € 07 <lim ﬁj(wj,:c’i,j)> .l
Proof. (Theorem 3.2) (1) = (2). Let y; be a risky arbitrage for agent j and let
{(m?,xk])}k C X be such that

for all k, uj(mf,xlij) > Uj(%"l“’ij)a and

y; = limy, tk:p;? for t* | 0.

Then either {kaH} is bounded and y; = 0 or {kaH} is unbounded and from

the Lemma, y; € 0" (hmP (wj, z¥ )) for some subsequence {( ;‘“,, K )}k’

(2) = (1). Conversely, let y; € 0T (hm Pj(wj,x]j J)> for some sequence
{(xé“,a:k])}k C X.
Let {\™},, be a sequence of real numbers such that A\ T oco. Since
y; €07F (limﬁj(wj,xlij)> ,

we have wj + A" y; € lim P; i (wj, 2® ;) for all m. Let e > 0. For each m there exists
km and ka € P % (wj, Thm ™) such that

ij + A"y —x H <e.

This implies that

km

& i — < 3

10



km ~
Letting m — oo, we conclude that %\% — ;. Because x?m € Pj(wy, x]i’;) for all

1

m and because = — 0, y; is a risky arbitrage for agent j. B

Theorem 3.4. (Closedness of the set of Risky Arbitrages)
Let (Xj,wj,u;(+,-))7—; be an economy with trading externalities satisfying
assumptions [A-1]-[A-3]. For each agent j the set of risky arbitrages, R;, is

closed.

Proof. Let {y”}, C R; be a sequence of arbitrages for the jth agent such that

v

y —y.

We want to show that y € R;. By our characterization of risky arbitrage, we have

for each v, a sequence {(x?’”, $Ii’;)}k C X such that y¥ € 0T <1imk ]3j (wy, :p’i’}')) )
Let € > 0 and let {)\,,},, be a sequence of real numbers such that A,, T co. For

all m and v there exists a positive integer k(m,v) such that

(i) ij + Amy” — b H <e

and

From (i) it follows that

w k(m,v)
Wi v __2j £
N T | I
Therefore,

m’?(m’y) c Wi

4
| < 55+ |52 +
k(m,v)
and hence T is bounded. Let
(mp)
SRm)

Jp— Y
zj = limpy, ) —5—~

Then z; is a risky arbitrage and z; = y. B

11



Definition 3.5. (The No-Risky-Arbitrage Price Condition, NRAP):

(1) We say that p € Rl is a NRAP price for agent j if (p,y;) > 0 for all
nonzero risky arbitrages y; € R;.

(2) Let S; denote the jth agent’s set of NRAP prices. We say that the economy
(Xj,wj, ui(+,+))j=y with trading externalities satisfies NRAP if

N;S; # 0.

Note that the set of NRAP prices S; is a convex cone. Also, note that any
price vector p € N;S; assigns a positive value to the risky arbitrages of any agent.
One of the main implications of NRAP is compactness of the set of rational
allocations. This implication is a key ingredient in our proof of existence of a

competitive equilibrium.

Theorem 3.6. (NRAP price condition implies compactness of rational alloca-
tions):

Let (Xj,wj,u; (-, -))?:1 be an economy with trading externalities satisfying
assumptions [A-1]-[A-3]. If the economy satisfies NRAP then the set of rational

allocations, A, is compact.

Proof. Since A is closed, we have just to prove that A is bounded. Suppose

not. Then there is a sequence { x’f, . ,mk }k C A such that Z kaH — 00 as
k — oc. Letting t* := || A we have for some subsequence { (z¥', ..., z%) o
(tklxlflv s 7tklezl) - <y17 cee 7yn)
with

>yl = 1.
We have (y1,...,yn) # 0 and by definition, (yi,...,yn) is a risky arbitrage. By
the NRA condition, there exists a price vector p € N;5; such that

(p,y;) >0for j=1,2,...,n

Thus,

zj: P, y;) <p,Zy]>

12



But now we have a contradiction because

Zj tk x?l — Zj tk w; for all k
and therefore
zjtk x? — zjyj =0.

4. Existence of Equilibrium

4.1. Existence for Bounded Economies with Externalities

We begin by defining a k-bounded economy,

(Xjrwjr () =1, (4.1)
In the k-bounded economy, the j* agent’s consumption set is

Xij = Xj 0 Bi(wy), (4.2)

where Bj(wj) is a closed ball of radius k centered at the agent’s endowment, w;.
Define

Xp =[] Xus-
j=1

The set of k-bounded rational allocations is given by

A = {(1’1, ,l‘n) € Xy : Z?:l Tj = Z?:l Wi

and for each j, uj(z;,x—;) > uj(wj,x—;)}.

(4.3)

By Theorem 3.6 above, if the original economy (Xj,w;,u;(-, -));-l:l satisfies
NRAP, then the set of rational allocations is compact. Thus, there exists some
integer k* such that for all k > k*, Ay = A.

An equilibrium for the k-bounded economy, (Xj;,w;, uj('));?zl, is an (n + 1)-
tuple of vectors (x¥, ..., z* p¥) such that

(i) (z¥,...,2%) € Ay, (the allocation is feasible);

13



(ii) p* € B\{0} (prices are in the unit ball and not all prices are zero); and

(ii7) for each j,
(a
(

uj(wj, zk ) over Bk](p ;Wj))-

) <p ,:13]> = <pk wj> (budget constraints are satisfied), and

b) m € By;(p*,w;) and ij( ]ij)ﬁBkj(pk,wj) =0 (i.e., 3:;“ maximizes

Here,
ij(mf,ac’ij) = Pj(xf, x’ij) N Xk,
and
By;(p*,wj) = B;(p",w;) N Xpj.

We now have our main existence result for bounded economies.

Theorem 4.1. (Existence of equilibria for k-bounded economies)
Let (X;,wj, uj(-));?zl be an economy with trading externalities satisfying as-

sumptions [A-1]-[A-3]. Then, for all k sufficiently large the k-bounded economy,
(Xjk, wjs i () =1,
has an equilibrium, (z¥,... zk p*), with
PP e Byi={peRF:|p| =1}.

In particular, (X, wj, u;(-, -));L:l, has an equilibrium for all k larger than the k*,
where k* is such that Ay, = A for all k > k*.

Proof. For each k, we have corresponding to the economy (Xp;,wj,u;(-, ‘))?:1

the abstract game,
G = {(Xnjs Higj (@, ), 050, )21 s

with
constraint mappings p — Hy;j(w,p),

payoff functions (z, p) — v;(z,p), and

where Xp, 11 := B and (z,p) = (21, ..., T, P) € Xp1 X ooo X Xy X Xpa1-

14



For (x1,...,2n,p) € Xg1 X .o. X Xy X Xgpna1, and agents j = 1,2, ...,n, define

Hyj(w, p) = {z; € Xij : (w5,p) < {wj,p) +1—|pl},

U](xap) = Uj($j, x—jap) = ’LL](.IJ, l‘_]),

and for (x1,...,2pn,p) € Xg1 X ... X Xgp X Xgnt1 and agent j = n+1 (the market),
define

Hypii1(w,p) == B,

n n
anrl(xvp) = <Z$] - ij7p> .
j=1 j=1
For j=1,2,...,n,n+ 1 and all £ we have,

1. for each p, Hyj(w,p) is nonempty, convex, and compact;

2. the mapping p — Hyj(w,p) is continuous (see Hildenbrand (1974), p. 33,

Lemma 1);
3. for j =1,2,...,n, v;(-,x—;,p) is quasi-concave and vj(,,-) is continuous;

4. for j =n+1, vj(x;,x_j,-) is quasi-concave (in fact linear) and vj(-,-,-) is

continuous.

Given observations 1 - 3 above, it follows from the Theorem 2 in Tian and
Zhou (1992) that for each k, the abstract game G has an equilibrium. Thus for

each k, there exists
(xlfa '“axprk) € Xp1 X oo X Xpgp X an+1
such that for j =1,2,...,n

x? € Hyj(w,p) and x? maximizes vj(xj,x’ij,pk) over Hyj(w,p),
or equivalently (4.4)
:pf € Hyj(w,p) and ij(wg?,:t’jj) N Hyj(w,p) = 0.

15



and for j =n—+1

pF € B and p* maximizes vn+1(w§?, x’jj,p) over B,
or equivalently (4.5)
pF € B and Py,pq (¥, p¥) N B =0,

where

Pkn-i—l(wk)pk) = {q S B : UTH*I(:E;??:UEJ'?q) > UTH*I(:U.’;‘:?wlijapk)}

= {q €B: <Z?:1 Tj— > wj,q> > <Z?:1 Tj— i wj,p>}
Note that for all &, 37, x;“ = > j_1wj. Otherwise,
Pip1 (2, pF) N B =0

would imply that

n n
<Zx§ - ij,pk> >0 and [|[p"| = 1.
j=1 Jj=1
But since for all k£ and j,

the latter would imply that for all k and j, <ZL‘j,pk> < <wj,pk>. Thus,

($24- S o
j=1 j=1

a contradiction. Finally note that :z:;g € ﬁkj(wj,xljj). Otherwise, uj(wj,m’ij) >
uj(mf,x’jj), or equivalently w; € ij(x;?,m’ij), contradicting (4.4). Thus, for all
k

(¥, ,ZL‘Z;) € Ayg.

For j =1,2,...,n and for k larger than £*, P; (x?, m’i]) is nonempty and xf
is on the boundary of ij(xf,xlfj). Thus, <x;?,pk> < <wj,pk> +1 — ||p¥| would
imply that

Pyj(af, 2% ;) N Hyj(w, ") # 0,

16



contradicting (4.4). We must conclude, therefore, that <$§?,pk> = <wj,pk> +1-
[p*||. Summing over j yields ||p*|| = 1. Thus, the equilibrium, (¥, ..., 2k p*), for
the abstract game Gy, is such that

(Z) (xlfv s 71:];;) € Ak;

(i) ||p*|| = 1; and

(1) for each j =1,2,...n,

(a“) <pk7x_];> = <pk’wj>7 and
(b) m? € Byj(p*,wj) and ij(x;?,m’ij) N By (p*,w;) = 0 (2% maximizes

J

u]-(wj,:t’jj) over Bkj(pk,wj)).

Therefore, (2%, ..., 2% p*) is an equilibrium for the k -bounded economy. M

4.2. Existence for Unbounded Economies with Externalities

Our main existence result for unbounded economies with externalities is the fol-

lowing:

Theorem 4.2. (Existence for unbounded economies with externalities)
Let (Xj,wj,u;(+,-))7—; be an economy with trading externalities satisfying
assumptions [A-1]-[A-3]. If the economy satisfies NRAP, then the economy has

an equilibrium, (T, ...,Ty,p), with

]_?EBu::{pERL:HpH:l}.

Proof. For each k sufficiently large the k-bounded economy (Xjk, wj, u;(-; )7

has an equilibrium
(xf, ..., ah,p") = (2%, pF) € Ap x B, C A x By,
Since A x B, is compact, we can assume without loss of generality that

(m’f,...,xﬁ,pk) — (T1,...,Tn, D) € AX By,
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Moreover, since for all j and k, <pk,x§?> = <pk,wj>, we have for all j, (p,7;) =
(P, wj) -

Let w;j(x;,T—;) > uj(T;,T—;). Then, for k sufficiently large, x; € X;; and
u]-(wj,x’ij) > uj(x;?,x’ij) which implies that <pk,xj> > <pk,wj>. Thus, in the
limit (p, ;) > (p,w;) . Hence, (T1,...,Tp,D) is a quasi-equilibrium. Since, for all
J, wj € intX; (see [A-1]) and since utility functions are continuous (see [A-2]), in

fact, (Z1,...,%n,P) is an equilibrium. W

5. Necessary and Sufficient Conditions for Existence

We begin by introducing the following uniformity conditions:

[A—4 If Y; € Rj\ {0} , then
for all (zj,2;) € A, uj(x; +yj,7—5) > wj(wj, 2j).

By assumption [A-4] all risky arbitrages are utility increasing provided that the
starting point for the risky arbitrage is a rational allocation.
Now we have our main result on necessary and sufficient conditions for exis-

tence.

Theorem 5.1. (NRAP & existence of equilibrium)
Let (Xj,wj,u;(-,))7—; be an economy with trading externalities satisfying

assumptions [A-1]-[A-4]. Then the following statements are equivalent:
1. (Xj,wj,uj(-, )7y satisfies NRAP.
2. (X5, wj, uy(-, ‘))?:1 has an equilibrium.

Proof. By Theorem 4.2, we know that (1) = (2). So we need only establish that
(2) = (1). Let (Z,p) be an equilibrium and for some agent j suppose that y; €
R;\ {0} is a risky arbitrage. By [A-4], u;(T; + y;,T—;) > u;(Tj,T—;). Because
(z,p) is an equilibrium (p,Z; + y;) > (P, w;) = (P, T;) . Thus, (,y;) > 0. W
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6. Viable Prices and Externalities

In this section we extend Kreps’ (1981) notion of viable prices to exchange
economies with externalities and establish the relationship between NRAP and

viable prices. To begin, consider the problem
max{uj(wj,x,-) cxj € Pj(wj,x—;) and (p,x;) < (p,wj>},

where x_; € X_; is given. We say that price vector p is viable for agent j if this
problem has a solution for any x_; € X_;. Thus, p is viable for agent j if agent
j's demand correspondence is nonempty at p no matter what consumption vector
x_j € X_j is chosen by other agents. Consider now the following strengthening

of assumption [A-4],

[A 4]* If Yj € Rj\ {0}, then
for all (wj,x—j) € X, uj(w;+yj,w—j) > uj(wj, ;).

By assumption [A-4]* all risky arbitrages are utility increasing starting at any
(zj,2-5) € X,

Theorem 6.1. (NRAP and viable prices)
Let (Xj,wj,u;(+,-))7—; be an economy with trading externalities satisfying

assumptions [A-1]-[A-3]. Then the following statements are true:
1. If p is an NRAP price for agent j, then p is viable for agent j.

2. If assumption [A-4]* also holds, then if p is viable for agent j, then p is an
NRAP price for agent j.

Proof. (1) Since u;(-,-) is continuous, it suffices to prove that the set
{w €Rl:xc ﬁj(wj,x,j) and (p,z) < (p, wj>}
is bounded. If not, let {ZL‘k} , be an unbounded sequence which satisfies

and
{(p, ") < (p,w;) for all k.
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Let y = limg ﬁ Then y is a risky arbitrage and (p,y) < 0, a contradiction
since p is an NRA price vector for agent j.
(2) Conversely, let p be viable and assume [A-4]* holds. Let T solve the

problem
max{uj(wj,x,-) RS ﬁj(wj,:t,j) and (p,z;) < (p,wj>},
and suppose y # 0 is a risky arbitrage. By [A-4]*

ui (T +y,x—j) > ui(T, ;).

We have
and
(p,T+y) > (p,w;) implies (p,y) > 0.
[ |

By Theorem 6.1, if the economy satisfies [A-1]-[A-3] then the NRAP condition
guarantees the existence of a nonempty set of viable prices for the economy (i.e.,
for all agents), and thus, guarantees the existence of demand functions over the
set of viable prices. In addition, by Theorem 6.1, if all risky arbitrages are utility
increasing starting at any (xj,z_;) € X (i.e., if [A-4]* holds), then the existence

of demand functions guarantees the existence no-risky-arbitrage prices.

7. Conclusions

Externalities are a pervasive feature of economics and, not surprisingly, the sub-
ject of ongoing interest in general equilibrium models (see, for example, Floren-
zano (2003), Bonnisseau (1997), Bonnisseau and Médecin (2001)). Our research
contributes to this for a class of models which we feel is of interest and importance
— situations where agents may be affected by both prices and trading volume, an
indicator of what other agents are doing. Our condition, NRAP forges a link

between trading volume and asset prices in markets where arbitrage is possible.
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