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Abstract

A dynamic general-equilibrium model of search and matching is constructed in which: (i) the stock of
public knowledge grows through time and (ii) workers accumulate a fraction of this knowledge through
education while young. Once their schooling is complete workers enter a primary labor market, where-
upon they meet firms at random points in time according to a stochastic matching technology. As a
consequence of the time-consuming nature of search and the individual embodiment of human capital,
the unemployment pool is populated by generations (‘vintages’) of workers of differing productivities.
There is a form of intergenerational rivalry in which the human capital of older generations is rendered
obsolete relative to that of more recent ones: the ‘new blood’ effect. An increase in the growth rate
of public knowledge, by exacerbating the extent of intergenerational competition, can discourage edu-
cation, retard economic growth, and raise unemployment levels. It may also result in a more unequal
earnings distribution across workers. We argue that these findings offer insights into the post-war wage
compression and expansion experienced in the U.S. Once on-the-job learning is admitted, the model can
also generate the ‘hump-shaped’ real wage-tenure profile across cohorts observed in reality.
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New blood: “new members or elements, with new ideas and experiences, admitted to a society

or organization.” [Oxford English Dictionary 1999, Second Edition.]
1. Introduction

Employers are often keen to fill vacant posts with ‘new blood,’ reflecting the ‘vitality’ and ‘vigor’ that such
workers are capable of bringing to an organization. In this paper we posit and study a mechanism wherein
the cutting edge of new blood workers stems from economic growth. To this end, we consider an environment
in which: (7) the stock of productive public knowledge grows through time and (i) new entrant workers
acquire a proportion of this knowledge through their educational efforts while young. Once their schooling is
complete, workers enter the primary labor market and search for employment. The time consuming nature
of search, random job break ups, and the individual embodiment of human capital imply that, at any given
point in time, the labor market is populated by overlapping generations (‘vintages’) of workers of differing
productivities. The members of current generations of workers, by virtue of their recent acquaintance with
the ‘state of the art’ knowledge, enter the labor market with a productive edge relative to previous entrants.

As a practical illustration of this phenomenon, consider the experience of a typical high school graduate:
today such a student might be expected to have a basic working knowledge of computers; no such expectation
would be held for a similar student of even two decades ago. Similar patterns of knowledge growth and
human capital obsolescence may be observed in diverse professional occupations, such as surgery, where sole
reliance on a steady hand has given way to the use of the laser, or in basic research, where today’s cutting
edge work often ends up in the form of routine exercises solved by tomorrow’s crop of graduate students.

Of course, a more mundane explanation of this phenomena is that after reaching some critical point,
workers’ human capital levels relentlessly decline with age. This view is clearly relevant for some occupations,
such as professional sports and certain types of manual labor, where strength and agility are critical. Yet,
it is less obviously pertinent for others, such as the legal, management, information technology, medical, and
other research/technical professions, in which real wages and arguably productivity often (weakly) increase
with labor market experience. It is for these latter occupations, in which knowledge growth is important,
that our framework is intended.!

We construct a dynamic general-equilibrium model that encompass the emergence of the new blood
phenomenon and study its labor market consequences. The framework we propose is one in which knowledge
growth and its subsequent embodiment in new entrant workers gives them their competitive edge.? This

structure leads to a form of intergenerational rivalry in which the human capital of older generations is

INeuman and Weiss (1995) distinguish between two types of human capital depreciation: internal and external. The first
type is the depreciation attributable to the worker, e.g., loss of physical ability and mental capacity due to a worker’s aging.
The second type is the depreciation caused by external factors, e.g., loss of market value due to changes in the economic
environment, such as obsolescence of a worker’s education. Using data from the Israeli Census, they find strong evidence for
the presence of external depreciation, especially in high-tech oriented industries. The new blood effect identified in this paper
coincides precisely with their concept of external depreciation.

2Following Stokey (1991) and Laing, Palivos and Wang (1995) we explicitly distinguish between the stock of knowledge
available to society as a whole and that which is possessed by any particular individual in it.



rendered obsolete relative to that of younger ones.? In contrast to the recently developed endogenous growth
literature (emphasizing the importance of human capital for growth), our approach focuses upon the reverse
effect of growth on human capital acquisition and labor market efficacy.

We show that the new blood effect may have profound implications for labor market behavior. These
effects include: (i) changes in the life-cycle wage pattern for individual workers, (ii) an explanation for the
Mincer hump-shaped earnings-tenure profile observed in cross sectional studies, and (iii) the compression
and expansion of the aggregate wage distribution observed in time series data.* Also, as a corollary of our
approach, we are able to offer novel insights into the effect of growth on unemployment.

The paper is structured as follows. Section 2 describes the environment, and Section 3 presents the key
steady-state relationships underpinning the model. For ease of presentation, Sections 4 and 5 consider a
simple version of the model in which: (i) the only source of growth is an exogenous increase in the stock
of public knowledge (in particular we rule out on-the-job learning) and (ii) there is no loss of skill during
unemployment. Section 4 derives and studies the properties of the equilibrium wage agreement, while Section
5 characterizes the general equilibrium properties of the model. Section 6 considers endogenous education
and admits worker re-training. Section 7 analyzes several extensions of the model, including more realistic
versions, which relax the restrictions imposed earlier, as well as a directed-search variant in which the wage

fulfills its familiar allocative role.® Finally, Section 8 offers some concluding remarks.
1.1. Related literature

Chari and Hopenhayn (1991) construct an overlapping generations model in which technical progress leads to
different human capital vintages. The arrival of new technology renders the technology-specific human capi-
tal of ‘older vintages’ obsolete. In Aghion and Howitt (1994), technological advancement leads to the creation
of new jobs (by stimulating entry through raising the returns from production) as well as the destruction of
jobs (in obsolete sectors). They show that either effect may dominate and that the unemployment rate need
not be monotone in the innovation rate. Mortensen and Pissarides (1994) consider destruction and creation
of jobs over the business cycle and calibrate the creative destruction dynamics. An important distinction
between this paper and those mentioned above is that whereas they focus on the creative destructive ef-
fects of disembodied new technologies, we consider the impact of embodied human capital accumulation on
intergenerational rivalry and skill obsolescence.

Laing, Palivos and Wang (1995) construct a search model that examines the relationship between trade

3An elementary (but important) point is that small differences in growth rates can have profound effects on levels. For
instance suppose the productivity of each generation is simply proportional to the present stock of public knowledge and
knowledge grows at a constant rate. Then, with a growth rate of 1% it would take about 69 years before new entrant workers
became twice as productive as the current generation. Alternatively, if the growth rate is 10% it would take only 6.9 years.

41t is a well-known empirical fact that real earnings-tenure profiles are ‘hump- shaped’ [see, for example, Mincer (1974),
Murphy and Welch (1992), and Neuman and Weiss (1995)]. Also, wage income disparities by cohort or by tenure were narrowed
in the 1940s and sharply widened in the 1960s and 1980s. These phenomena are, respectively, referred to as wage compression and
wage expansion - see Goldin and Margo (1992), Solon, Barsky and Parker (1994), and Murphy and Welch (1992), respectively,
for the 1940, 1960 and 1980 episodes.

5 Qur basic search and bargaining framework is of the sort considered in the pioneering papers of Diamond (1982), Mortensen
(1982) and Pissarides (1984). Our directed search model builds upon Moen (1997).



frictions and both the level of education undertaken by workers and the rate of on-the-job learning. However,
although that paper includes education and search, it differs substantially in both structure and focus from
this paper. In particular, since in that paper there is no public knowledge growth there is neither the
possibility of intergenerational competition nor that of a ‘new blood’ effect. These latter two features are

the quintessence of the current paper.
2. The Basic Framework

We construct a search model incorporating knowledge growth and human capital obsolescence. Time is
continuous, beginning at date ¢ = 0. The economy is populated by a continuum of workers, with mass
normalized to unity, and a continuum of firms, whose population is determined as part of the equilibrium.
All agents are risk neutral and discount the future at the common rate r > 0.

There are three separate theaters of economic activity, corresponding to an educational sector, a primary
‘search’ labor market, and a competitive secondary sector (which can also be interpreted either as ‘long-term’

unemployment or as ‘home production’).
2.1. Workers and Firms

Workers are born and die at the rate 8. Immediately after their birth they enter the educational sector and
accumulate human capital. We assume that educational effort, s, is costly and, for simplicity, instantaneous.
Once their education is complete, workers enter the primary-labor market in search of employment. FEach
worker is endowed with a unit of labor, which is supplied inelastically without disutility from effort.

The primary sector is populated by many firms, each of which possesses a fixed-coefficient production
technology capable of utilizing the labor services of at most one worker. We assume, through a suitable
choice of units, that, at each point in time, the flow output, f’(t), produced by a worker equals his stock of
human capital H(t). In this sector, unemployed workers and unfilled jobs are brought together through a
stochastic matching technology.® The instant a vacancy and a worker make contact, they bargain over the
division of any surplus. If an agreement is reached production commences immediately.

We assume that vacancies are completely durable and are homogeneous in every respect. In the event
of an employee’s death, firms re-enter the labor market and search for new employees. In addition, we
assume that matches dissolve at the constant rate 6 > 0. This formulation leads to the subsequent re-entry
of workers into the primary labor market, which enables us to study workers’ retraining decisions in the
presence of human capital obsolescence. We model the secondary sector parsimoniously. There workers can

instantly locate employment at a competitive flow wage normalized to zero.
2.2. Human Capital

As in Stokey (1991), we distinguish between the stock of public knowledge, K (¢), and the quantity of human
capital k(t) acquired by a given worker through his educational efforts. With regard to K(t), we assume

6In Section 7.3 we consider a directed-search approach to our model.



that research and development activities lead to innovations and discoveries that continually add to the
economy’s stock of public knowledge, causing it to grow at the exogenous rate vy, > 0 (we discuss the welfare

implications of endogenizing v, in Section 6.1.2). This yields,
K(t) = Koexplyst] Ko >0, (2.1)

where K| is the initial stock of knowledge. Increases in K are used to model the effect of a once off increase
in knowledge resulting, for example, from a major discovery or innovation. Educational effort, s, enables
workers to absorb a proportion of the available stock of knowledge, K (t), which raises their productivity and

their wage income once employed. Consider:

Assumption 1. An individual born at date t, who exerts initial schooling effort s, accumulates a private

stock of human capital k, given by:
k(s,t) = ¢(s)K(t). (2.2)

The function ¢ : Ry — [0,1] is strictly increasing, strictly concave, and twice continuously differentiable,

satisfying: #(0) > 0 and lims_ .o, ¢(s) < ¢ < 1.

Notice in (2.2) that an individual’s success in accumulating human capital depends not only upon his
schooling effort, s, but also upon the total stock of knowledge, K(t), available to him at the date his
education takes place. This is the essence of the new blood effect: for any given level of schooling effort,
s, future generations of workers, by virtue of the growth of K (t), possess a productive edge relative to the
members of earlier generations. According to Assumption 1 there are diminishing returns to investment in
education. The boundary conditions, ¢(0) > 0 and ¢ < 1 ensure, respectively, that, regardless of s, workers
always possess some human capital and that workers are never omniscient.

Consider a point in time ¢ and a worker born at some previous date t* < t. At date ¢ this worker’s total
labor market experience, or ‘vintage,” T, is simply: 7 = T +7y = t —t?, where 7 is the worker’s accumulated
employment experience and 7y is the total time he has spent unemployed. The pair (7g,7y) is the worker’s
realized labor market history at that point. Although much of our analysis focuses squarely on the effects
of intergenerational rivalry, in setting up the model it is useful to consider a more general environment that
allows for the accumulation of skills on the job and for the loss of skills while unemployed.” Assumption 2

describes the evolution of worker human capital with respect to (g, Tv).

Assumption 2. (i) Workers acquire general human capital at the constant rate 7y, > 0 through on-the-job
0.

learning; (i) during unemployment workers’ skills atrophy at the constant rate v, >

The assumption, in part (7), that only general human capital is acquired on the job is inconsequential, since

"Several authors have argued that one of the key problems associated with protracted spells of unemployment is that during
such times workers’ skills may decline to the point of obsolescence. Phelps (1972), Layard, Nickell and Jackman (1991)
consider this possibility. Pissarides (1992) develops a model with a loss of skill during unemployment and shows that, in such
an environment, the effects of a temporary contractionary shock can persist for a long time. Coles and Masters (2001) construct
a model of optimal unemployment insurance with skill loss.



only general human capital is transferred between matches and all of the results of interest in our paper
occur as workers make the transition into and out of unemployment.® Assumption 2 implies that the date

t human capital possessed by a vintage 7 worker with history (7, 7,) is given by,
H(ta S, Tg, TU) = k(S, t— 7—) exp[pYETE - VUTU] (23)
where ¢t — 7 is the date the worker completed his education. Using (2.1) and (2.2) in (2.3) gives,

H(tr S, Tk, TU) = k(S’ t) exp[f(p)/(; - pYE)TE - (’YU + VG)TU} (24)

Notice in (2.4) that the new blood effect, operating through ~,,, re-enforces any loss of human capital that
workers may experience during unemployment. The new blood effect is also quite distinct from this latter
phenomenon, since, as (2.4) makes clear, it also operates while the worker is employed. In the subsequent

analysis considerable use is made of,

q= Q(TEa TU) = (pYG - VE)TE + (’YU + ’YG)TU' (2'5)

Inspection of equation (2.4) reveals that ¢(7g, 7y) characterizes the human capital possessed by a vintage 7-
worker (with history (7, 7v)) relative to that possessed by a worker from the most recent generation (k(s,t)).
Notice, if ¢ = 0 the worker’s human capital is k(s, t), which is identical to that possessed by the newest crop
of entrants. In contrast, if ¢ > 0 (¢ < 0) the worker has faced a relative decline (increase) in human capital.
The function ¢(.) is consequently a mapping from each worker’s realized labor-market history (7, 7y) into a
variable g that determines his relative-to-new-entrant human capital. In what follows we call ¢ the worker’s
experience adjusted vintage and, for brevity, often refer to it simply as either the worker’s adjusted vintage
or his type. The convention that a larger value of ¢ represents a relative decline in human capital is quite
natural, since, in this paper, it is workers from older vintages who suffer from human capital obsolescence.
Given the earlier normalization that flow output, f’(t), produced by a worker equals his human capital stock,

H(t), we can use (2.4) and (2.5) to write,

Y(t) = Y(t,s,q) = k(s,t) exp[—q] (2.6)
Our analysis of the steady-state properties of the model is facilitated by measuring all of the variables in
terms of effective-labor units, defined by: e(t) = exp[y,t]. Thus, flow output per effective labor unit, Y,

equals:

Y(s,q) = Y(t,5.q)/e(t) = Kog(s) exp[—] (2.7)
Notice from (2.7) that conditional upon a given level of education, the worker’s g-value uniquely determines
his flow output. Thus, the worker’s type ¢ embodies all of the economically relevant information about his

labor market history, (7g,7y) at that point.

8In Section 7.2 we allow the rate of on-the-job learning, 7,, to depend upon the length of the worker’s tenure at the firm.



2.3. Entry

We assume that firms incur a constant cost, vg, (in effective units) each time they enter the labor market.’
The entry cost vy possesses a variety of interpretations, including the (irreversible) cost of a unit of capital
as well as the cost of advertising the vacancy. We assume unrestricted entry of firms into the search market,
so that any number of firms can, upon paying the entry fee vy, (instantly) move into the primary sector
should it prove profitable for them to do so. In practice, the cost of a unit of capital depends upon a host of
factors, such as the availability of credit and the economy’s tax structure; the latter is often geared toward

providing investment incentives. We impose the following condition:
Condition N. (i) [;°exp[—(r+ 8+ 6 — (v¢ +7:)u]Y (0,0)du > vo; (ii) B+71 > 74 + 75

Part (i) of Condition N ensures a non-degenerate equilibrium, since firms enter the primary labor market
regardless of workers’ initial schooling effort, s. Part (i) requires that the growth-adjusted discount rate is

always positive, so that all expected-discounted valuations are bounded above.

2.4. Matching

Let U (V) denote the mass of searching workers (vacancies) in the primary sector. The flow probability that
a worker (vacancy) locates a vacancy (worker) is denoted p (7). Since vacancies are filled by one (and only

one) worker, it follows that:
pU =nV (2.8)

Although p and 7 are determined in equilibrium, both workers and vacancies treat them as parametric when
making their decisions. The search environment is characterized by a matching technology, m = moM (U, V),

which describes the instantaneous flow meeting rate between unfilled vacancies and searching workers.

Assumption 3. The matching function M : Ri — Ry, (i) is twice continuously differentiable, strictly
increasing and strictly concave in each argument, (ii) exhibits constant returns to scale and (iii) satisfies the
Inada conditions: lim;_oM; = oo, limj_,oc M; = 0, j = U,V, and the boundary conditions: M(0,V) =
M(U,0) = 0.

An increase in the number of participants on either side of the market raises the instantaneous level of
matches, but at a diminishing rate [part (¢)]. The Inada conditions ensure an interior steady-state solution.
The extent of the search frictions in the primary market is conveniently parameterized by mg > 0. An
increase in my raises - for given U and V - the instantaneous matching rate and therefore reflects a reduction
in the severity of search frictions. In practice, the severity of market frictions will depend upon factors such

as the quality of the economy’s infrastructure.

9The main defense of the first part of this assumption is that () this formulation is necessary for balanced growth [see, for
example, Aghion and Howitt (1994)] and (4i) allowing for general time-dependent formulation quickly leads to an intractible
structure. The second part of the assumption, that vg is incurred each time the firm (re-)enters the labor market is made
purely for simplicity and, indeed, is relaxed in Section 7.2. We remark that admitting a flow search cost vy in addition to vg
does not alter the main findings of the paper.



2.5. Asset Value Functions

At any point in time a worker is either employed (E) or is unemployed (U). Likewise, a firm is either currently
employing a worker (F) or else is looking for one (V). Define, J(t,q)g as the value to a type g-worker of
accepting employment at date ¢t. Likewise, let J (t,q)u represent the value to the worker of remaining
unemployed at that time. Similarly, fI(t, q)r and f[(t)v represent the respective values to a firm of filling
a vacancy at date t with a type ¢ worker or holding open the vacancy. Our analysis of the steady state is
facilitated by measuring all variables in terms of effective-labor units, e(t) = exp[y,t]. Accordingly, define:
J(@)g = J(t,q)g/et), and J(q)u = J(t,q)v/e(t). Likewise, let: II(q) = I(q)r/e(t) and Iy = II(t)y /e(t).

Consider:

Proposition 1. (Asset Values) Under Condition N, the asset value functions for each q < Q are:

Q _
Haye = ulo) + = [ e[ -EEEE g Jde it 29)
a ) Jq a E
J(@)e =w(q) + K3++5%J((1)U if V=" (2.10)
Q _
J(qQ)u = ﬁ/ exp {%(U — q)] J(v)gdv (2.11)
G U Jq ¢l U
() = ag exp[—q] — w(q) (2.12)
_ Ui 5

where, ag = a(s, Kp) = ﬁ&%, Q is a limit of integration (determined below), and Mp = E{II(¢)r}
18 the expected value of filling a vacancy with a worker drawn at random from the pool of unemployed job

seekers.

In equations (2.9), (2.10) and (2.12) the term w(q) is the expected discounted value of wage income received
by the worker (measured in effective units). In what follows we refer to w(q) simply as ‘the wage’ and
assume that at each point in time a worker’s flow wage income, W, is proportional to his current stock of
human capital.!® In equation (2.12) the term ao(s, Ko)exp[—q| equals the expected discounted revenues
accruing to the firm from hiring a type ¢ worker. It follows that ag = a(s, Ko) is the value of hiring a worker
who belongs to the most recent generation.

The asset-value functions possess straightforward interpretations. For example in (2.9) the value to a
worker from employment equals the expected discounted present value of his wage income plus the value to

him of unemployment in the event the match dissolves (which occurs with flow probability ¢). Notice that

10 Although we impose this as an assumption, it may be derived as the outcome of a (continuous time) bargaining game in
which (over a given epoch) the threat point, in the event of disagreement, is no production (see Binmore, Rubinstein, and
Wolinsky 1986).



the integral (2.9) captures the evolution of the worker’s type ¢, over the course of the match. This is crucial,
since in the event that the match subsequently dissolves the worker must re-enter the labor market with a
suitably updated type, g, relevant for his new labor market experience. This consideration also explains
the form of equation (2.10). If v, = 7, the worker’s type ¢ is invariant to the length of tenure in the
current match, since the relative gain in human capital through on-the-job learning is exactly offset via the
relative loss that occurs through general knowledge growth (see equation (2.5)). The asset value (2.11) is
interpreted in a similar manner. From the firm’s perspective, the value of filling the vacancy, I1(q)p, with
a type q worker equals expected discounted revenues minus expected discounted costs. Finally, the value of
holding open a vacancy, Iy, equals the value of sampling a worker at random from the pool of unemployed
workers (IIr) suitably discounted by the probability of finding a worker (1) and by the growth in average

worker productivity (v,) over the sampling period.
2.6. Bargaining

A match between a searching worker with human capital H(t) = H(t,s,q(7s,7v)) and a vacancy may
lead to a positive surplus that can be divided between the two parties through a suitable wage payment.
Negotiations are conducted instantaneously according to a symmetric Nash bargaining solution.'* Of course,
even with an equal-division rule, the returns to each party are endogenous and depend upon both matching
rates as well as the other variables of the model. The surplus accruing to type ¢ worker-firm match is,
Maz{(J(¢Q)r + U(¢)r — (J(¢)u +1Iy)),0}. In a symmetric Nash bargain, this is equally divided between

the bargaining parties, which in effective labor units gives,

J(@)e = J(@)v =1(q)r — v 20, (2.14)

completing the formal description of the model.

3. Steady States

In this Section we determine: (i) the set of active job seekers, by evaluating the limit of integration @,
given in Proposition 1, (i) the distribution of ¢ in the populations U and E, (#i4) the steady-state matching
rate between unemployed workers and vacancies and (iv) the steady-state populations of job seekers and

employed workers. We begin by deriving Q.
3.1. The Terminal Experience-Adjusted Vintage: )

Lemma 1. (The Terminal Value Q) The terminal employment-experience-adjusted vintage is given by,
Q@ = In[a(s, Ko)/Iy] >0 (3.1)

which possesses the following properties:

1With risk-neutral agents, the use of the Nash solution to bargaining problems in a dynamic environment is justified in Coles
and Wright (1998) via an application of sequential bargaining theory.



(i) Workers search for primary sector employment if and only if ¢ < Q.

(#) (Comparative statics) 0Q/0s >0, 0Q/0Ky >0, 0Q/0ly < 0.

The inequality reported in (3.1) follows directly from the individual rationality condition embodied in the
Nash bargaining solution (2.14). Part (i) of the Lemma indicates that if ¢ > @, the opportunity cost of
filling the vacancy exceeds the potential benefit from the match, even if the worker accepts employment at

2 This finding is analogous to Akerlof’s (1981) notion of jobs as ‘dam-sites’. However, there

a zero wage.!
unemployment is generated by assuming that the number of unemployed individuals exceeds the exogenous
supply of vacancies, whereas in this paper the population of vacancies is endogenously determined as part of
the equilibrium. Part (i) indicates that the terminal value @ is increasing in s and K. The reason is that

these changes raise, for each ¢, the value of a worker-firm match. The boundary condition @), completes the

description of the asset-value equations reported in Proposition 1.
3.2. The Distribution Functions: F(q)y and F(q)g

The primary-labor market is subject to the continual inflow § of new entrant workers as well as the outflow of
older workers who either die, or retire to the secondary sector after reaching the terminal point () described
in Lemma 1. Furthermore, during the time that they are active in the primary sector, workers make a
series of job to unemployment transitions and wvice versa. This behavior induces a distribution of, ¢, in the
extant populations of unemployed job seekers, U, and currently employed workers, E. Lemma 2 presents

the associated steady-state cumulative probability-distribution functions, F'(q)y and F(q)g.

Lemma 2. (Distribution Functions)
(4) (Distributional Supports) If v, < vq, then q € [0,Q)], otherwise q € (—o0, Q)
(ii) (Cumulative Distributions) The steady-state cumulative distribution functions, F(q)y and F(q)g are

given by:
F(q)u = G(qQu/G(Q)y and F(q)r =G(q)e/G(Q)E (3.2)

where, G(q)y and G(q)g are the cumulative distribution functions of type q workers in, respectively, the
populations of unemployed job seekers, U, and the currently employed, E.
(#3) (Population Density Functions). The respective population densities, g(q)u and g(q)g are given by,

9(@r = Arexp[Aig] + Az exp[Aaq] (3.3)
9(g)u = Asexp[Aiq] + Asexp[Aaq] (3.4)

where,
A = 1 and Ay = —A; (3.5)

(Yo = 7e) (A1 — A2)
B{rilve — ) + B+ 6} _B{ra(ye =) + B +6}
(Ve = 7e) (A1 — A2) (Ve = 76) (A1 — A2)

121f the fixed entry cost is completely replaced by a flow cost, the terminal value @ will be infinite. Yet, the new blood effect
in forms of intergenerational rivalry will continue to exist, as seen in Proposition 2 below.

A3 5 and A4 == (36)




and, A1 and Ay are the (distinct and real) roots of the characteristic equation:
p+o6 Bru] BHHB+w) - _,

Yo = e Yo T Mo (7(; - ’VE)('VG + 'VU)

If v, < 7, then the definition of ¢ in (2.5) implies that ¢ > 0 (and that ¢ = 0 if and only if 7, = 7y = 0).

A2 4\

(3.7)

However, if v, > 7., then equation (2.5) indicates that ¢ is decreasing in 7, giving rise to the support
(—00, Q] reported in part (i). If v, = v, = 0, the distribution functions take rather transparent forms as

follows:

Corollary 1. (Distribution Functions under v, = v, = 0): the support of each distribution is [0, Q).

The cumulative population distribution functions, for each point q on this support are,

L i R =

ey p(o-om[ 20) s (- £])) o

3.3. Steady-State Matching

The matching process between unemployed workers, U, and searching vacancies, V, is governed by Assump-
tion 3. The constant-returns-to-scale property of M(.) in conjunction with equation (2.8) imply that the

flow matching rate is given by,'?
ulU =nV =moVMU/V,1). (3.10)

Equation (3.10) implies: 7 = moM (n/p, 1). Thus, it implicitly defines a function: n = 7%%(n; mg), which we
refer to as the S5 locus (see Figure 1). The SS locus is the direct analogue of the Beveridge curve, drawn
in matching parameter space p-7, rather than in U-V space. Its properties, summarized in Lemma 3 below,
follow immediately from the properties of the matching technology:

Lemma 3. (The SS Locus) Under Assumption 3, the function n = n°%(u;mg) possesses the following
limits, lim,,_0 On°° /Ou = —oco and lim,_.oc On°% /Op = 0 and possesses the properties, IS /0u < 0 and
on¥ /omg > 0.

3.4. Steady-State Populations

Finally, we note that the populations of unemployed and employed workers are governed by,

U

{8+6E} —{9(Q)u + (B+ U} (3.11)
E = uU—{(B+6E} (3.12)

In steady-state the populations U and E are constant through time. Inspection of (3.11) indicates that the
unemployment pool is constant if and only if the inflow into U, from new births (3) and job break-ups (6 F),
equals the outflow from successful search (uU), from deaths (8U), and from retirements (¢(Q)y). Similar

considerations apply to (3.12).

13 0ur results hold for any increasing quasi-concave function M (U, V).
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4. The Equilibrium Wage

In this Section we characterize the equilibrium wage agreement, including the dispersion of wages in the
population. We take as given the level of education s > 0 and the worker contact rate u (these are
subsequently endogenized in Sections 5 and 6). Moreover, to focus on essentials (namely economic growth
and intergenerational rivalry), we ignore, for the moment, on-the-job-learning and the loss of skills while

unemployed: v, = v, =0.
4.1. The Wage Offer Function

In this Section we examine the properties of the wage agreement between workers and firms. The ter-
minal vintage ), determined in Lemma 1, completes the formulation of the asset value functions given in

Proposition 1. This enables us to derive the wage agreed under the Nash bargain (2.14). Consider:

Proposition 2. (The Wage Agreement) There wage agreement, w(q) = w(q; s, i, Va,v0), determined

in the symmetric Nash bargain between workers of q € [0, Q)] and vacancies, is given by,

B+ p ag B 41— vo
w(Q) o 1 o exp[—q] -1
B+ 5u2 B+ 51— 2
1 / 1
SHY¢ Vo (B + S — 'YG)
+ 2 —exp | ———=—AQ 4.1
(6" +3) (8 + 3 —e) 2 Ve (4.1)

where 8/ = 3+ 7+ 6 and AQ = Q — q. The wage agreement satisfies the following properties:
(i) (1/w)ow/dq < —1, and w(Q) = 0;

(ii) Ow/0s >0, Ow/Ou>0,0w/dy, <0, and Ow/Iy < 0;

(iii) For the workers of a given cohort t°, d{exp[qlw(q)} /0y, <0 for ¢ < Q.

In essence, the first two terms in equation (4.1) might be thought of as representing the outcome of a static
Nash bargain between firms and a set of workers of uniform productivity agexp[—gq] (see Corollary 2 below),
given a finite terminal vintage Q. Here, the term: [8'4pu—]/ [8 + (1/2)p — ;] captures the option value
to each firm of keeping the vacancy open and searching for another worker. The appearance of the growth
rate, v, reflects the value to the firm of waiting for more productive workers in the future. The third term
represents the capital gain that workers experience as g increases. It reflects the ability of workers of older
generations (higher ¢) to capture some of the benefits accruing to firms from the economic growth embodied
in new entrant workers.

The proportionate rate of decline of expected discounted revenues, ag exp[—g], with respect to g, is simply
unity. However, as part (i) of the Proposition indicates, the wage declines at an even more rapid pace due
to the existence of a terminal vintage as a result of intergenerational competition. Crucially, the closer a
worker is to Q) the greater the cost to him of disagreement, since in this event he must search afresh and
generate a new job offer before reaching ). As a result workers’ bargaining positions atrophy as ¢ rises,
which provides the additional impetus for the proportionate reduction of the wage with ¢. Part (7) indicates

also that once the terminal point @) is reached the wage equals zero, which is the normalized wage available
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in the competitive-secondary sector. Once workers reach this point, they cannot secure employment at a
positive wage, despite the fact that they possess a positive marginal productivity, a(s, Ko) exp[—@Q)]. As in
Akerlof (1981), this feature might be thought of as corresponding to a form of involuntary unemployment.

Part (i) of the Proposition summarizes the more interesting comparative static properties of the wage
agreement. An increase in education, s, raises the worker’s human capital which raises the present value of
the revenues accruing from the match: a(s, Kg) exp[—¢q|. This augments, regardless of g, the size of the ‘pie’
that must be divided between the two parties (without altering either side’s relative bargaining position), so
that the wage w rises accordingly. A faster matching rate of workers with vacancies, u, makes alternative
options more accessible to workers, which raises the wage. An increase in 7, raises the growth rate of
public knowledge (equation (2.1)), which stiffens the extent of intergenerational competition among workers
and lowers w accordingly. Finally, an increase in Ily, raises the value of the firm’s outside opportunity,
which reduces the wage. Part (4) considers the effect of an increase in 7, upon a worker’s real human
wealth as opposed to his wealth measured in effective labor units. The date ¢ real wealth of a worker with
experience-adjusted vintage, ¢ = 77, is found by multiplying the wage w(q) by the effective labor unit factor
exp[y.t] = explg + 7,t?], to yield: exp[t’y,]{exp[g]w(q)}. A marginal increase in v, at date t*, pushes
up the knowledge frontier, K (t) at each subsequent date. The effect of this for the cohort born at #°, is to
worsen severity of intergenerational competition at each point in their future. The anticipated effect of this
is fully embodied in the asset value equations, leading to the reported reduction in real incomes. The notion
that older searchers may be disadvantageous relative to younger ones has some support in the empirical
literature. For example, Fallick (1992, p.17) notes that: “experienced workers may be expected to have
greater difficulty in moving into expanding sectors of the economy than do similarly situated new entrants.”
Furthermore, Neuman and Weiss (1995) find that obsolescence of human capital plays a significant role in
explaining differences between wage profiles in high and low-tech oriented industries.

To see the crucial role played by the assumption that the community’s stock of knowledge continually

grows through time, consider Corollary 2:

Corollary 2. (The Wage Offer in the absence of a New Blood Effect) In the limit, vy, — 0, the

wage w(q) converges a.e. to,

_ 8"+ {ao —vo}
B+ 2

In the absence of the continual accumulation of public knowledge, v, — 0, the cutting-edge of intergenera-

w(0)

(4.2)

tional rivalry is removed. As a consequence workers of each generation are identical a.e. and search until

t.l4

they either locate employment or else exit from the primary labor marke Indeed, in this case, the wage

agreement converges, in essence, to that derived by Diamond (1982).

14 More precisely, the distribution of population degenerates for all ¢ > 0 and has a mass point for g = 0.
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4.2. The Distribution of Wages

We next turn to examining the steady-state distribution of wage across workers with different job histories

and extend the model to look at wage patterns across workers with differing innate abilities.
4.2.1. Wage Disparity among Workers with Differing Job Histories

Our model generates an endogenous steady-state distribution of wage income across workers with differing
histories and hence types, ¢. In this Sub-section we focus on the wage distribution conditioning upon a
common employment date ¢’ (for example, think of the today’s distribution of wages across all workers who

secured their current job in 1990).1°

Wages in this cross section vary according to the (random) time that
workers spent unemployed prior to securing employment, reflecting the effects of intergenerational rivalry.
Ignoring job break-ups (i.e., 6 = 0), the density of employed workers who secured employment after searching

for a period 7 = 7y is:

() = (w + B) exp[=(p + B)7]
1 — exp[—(p + B)T]

Where, T = Q/~,, is the terminal search horizon. The density g(7)g reflects the notion that the distribution

for 7 €10,T] (4.3)

of workers who obtain employment at date t' is a biased sample of the population. In particular, the greater
T, the greater the probability that a worker either died previously or else obtained employment at a date
prior to t.

We focus on the variance of the wage distribution, which is the simplest measure of dispersion in the
Kolm-Pollak class of absolute, decomposable, and symmetric indexes.!® Using Proposition 2 and (4.3) we
can calculate the variance of the distribution, Var[w] (see the Appendix). Recall that @) = In[ag/vo] which
depends on ag, and vy. For given p, analytically, we can prove that Var[w] is locally increasing (and
concave) in 7, when v, is sufficiently small and that it approaches zero as 7y, — 0 or v, — oo. Thus, wage
dispersion measure is hump-shaped with respect to the exogenous rate of knowledge growth and hence the
severity of human capital obsolescence.

Next, to better characterize Var[w], we perform simple numerical exercises, as further analytical deriva-
tions become quickly intractable. We select the benchmark values for the relevant parameters based primarily
on the U.S. experience. More specifically, we set (i) 8 = 0.01 (roughly in accord with the U.S. popula-
tion growth rate), (i) r = 0.035 (iii) 7, = 0.01 (this corresponds to the exogenous component of economic
growth), (iv) ap = 1.5v9 and normalizing ap = 1 (since normalizing ao to unity and assuming that total labor
and entrepreneurial income is 1.5 times greater than capital income gives an acceptable steady-state terminal
horizon, T = 40), (v) u = 0.95 (based on the steady-state population growth rate and the assumption that

the natural rate of unemployment or the percentage of the secondary market activity is 5%).

15We have also examined the wage distribution of a given cohort t? < t - for example, think of the current distribution of
wages of workers born in 1961, who have survived, and are currently employed. The results of this exercise are very similar to
those presented here, and hence not reported.

16 The reader is referred to Kolm (1976) and Pollak (1979) for detailed definitions and illustrations.
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The main results are as follows. First, in the benchmark case we find: arg max, Var{w] = 0.0075 this
value drops to 0.0037 when ag/vo = 1.2 and increases to 0.0102 when ag /vo = 1.8. Thus, with a “moderate”
rate of knowledge growth, say between 0.4% and 1%, the variance of wages across different birth cohorts is
high, while with extremely low or high rates of knowledge growth the variance of wages becomes low (see
the solid curve in Figure 2, which depicts the benchmark case). This may help explaining why in the 1940s
(following the Great Depression when v, was low) the U.S. experienced a wage compression across cohorts,
while in the 1960s (following a period of prolonged and smooth growth) it experienced a wage expansion
(increased dispersion). Second, for a broad range of parameter values, the variance of wages across different
birth cohorts is increasing in ag and decreasing in vg. Numerically, we find that this is due mainly to the
additional advantage of the young over the old, which results from a longer terminal vintage.

Finally, when ~, is sufficiently small and § is not too small, our numerical results suggest that an increase
in the worker’s contact rate (1) tends to decrease the variance. Intuitively, this is because a higher u reduces
the severity of intergenerational competition (i.e., workers quickly secure employment and they need not fear
obsolescence), thereby leading to a compression of the wage distribution. This finding can explain, at least
partially, the U.S. wage expansion in the 1980s. Specifically, the 1979-82 second oil crisis and the subsequent
increase in the number of two-worker households caused a sharp increase in the U.S. unemployment rate and
a decrease in the contact rate with which workers located employment in the primary labor market. The
latter led, in turn, to an increase in the variance of the wage distribution (wage expansion).

These predictions of the model give theoretical support to the empirical findings of Goldin and Margo
(1992), Murphy and Welch (1992) and Solon, Barsky and Parker (1994), regarding the wage compression and
wage expansion experienced in the U.S. after the Great Depression. The primary reason that our framework
is capable of resolving the wage compression/expansion puzzle is due to the interaction between economic
growth and intergenerational rivalry, which results in a non-monotonic relationship between wage dispersion

and income growth.

4.2.2. Heterogeneous Worker Ability

The empirical wage-dispersion literature has also uncovered some important differences between the wages
earned by high and low ability workers [see, for example, Neuman and Weiss (1995)]. Our model is readily
extended to admit differences in worker ability. Assume that the level of education, s, is given. Letting H
connote “high” and L “low”, we consider the simplest case in which worker productivity takes one of two
values, afg > ar > vp (see equation (2.12)). To avoid issues of asymmetric information, we assume that
a € {ar,ay} is known to both the worker and the firm at the time of employment.!” Using (3.1) and (5.2),

it is easily seen that the terminal values Qy and @ now satisfy,

17 An interesting extension of the present work is to assume that a € {ar,ap} is private information. In this case, the time
the worker spends unemployed could provide important information about the worker’s ability. A dynamic adverse selection
model in which time on the market acts as a signal of ability is examined by Taylor (1999).
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AQ(a) = Qp — Qr =In(ag/ar). (4.4)

Using (4.1) and assuming a predetermined value of the worker-firm contact rate £ (this is the case if the S.S

locus is near vertical), the wage ratio of high to low skilled workers is,

'lUH(q) _ (lHAO GXP[*Q] +70(%u
wr(q) ar Ao exp[—q] + 7, (31

(4.5)

-
) exp [——2—(6 +y;: A/G)AQL} vo — Ax

where Ag = (6 + 1) (8" + $1 — ;) and Ay = (8" + 1) (8" + i — 7¢)vo. Straightforward manipulation and

differentiation yield,

lim (@) _an v e (4.6)
7%—0 wr(q) arL—vo  ar

lim wa[q—&- L }@(ay—aL)>O (4.7)
%—0 9 (1 + B (zn+5) 2 ’ ’

Notice from (4.6) that, for small values of v, the wage differential exceeds the underlying skill differential.
Furthermore, equation (4.7) indicates that the magnitude of the differential increases with the extent of
intergenerational rivalry (7,). The reason is that a greater initial ability, a € {ar,an} buys workers
additional time before their human capital is rendered obsolete.  This search advantage enhances the
bargaining power of high skill workers, which increases their relative wage over and above that which is
warranted on the basis of their skill differential alone.

Finally, consider the wages and wage differentials as search frictions and the fixed entry cost, vy, become

vanishingly small:

limy,—o{lim,—oow(q | )} = aexp[—q],

Lima, —o{limy,—oo[w(q | am) —w(q | ap)l} = (am — ar) exp[—q].

Thus, in the absence of market (search and entry) frictions, wages converge to their ‘competitive’ values
(wherein workers are paid a wage equal to their expected discounted marginal products). The importance
of this result is that it implies market frictions, whether through finite 1 or through positive vg are crucial

for the effects of intergenerational rivalry to become manifest.
5. General Equilibrium Search

In this Section we derive the general equilibrium properties of the model, by endogenizing the flow contact

rates p* and n*, which up to this point have been treated as exogenous. Once these values are determined,
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we exploit the model’s recursive structure to determine the values of the other endogenous variables. The
key construct that enables us to accomplish this goal in a tractable manner is the equilibrium-entry (EFE)
locus, which gives the set of (u,n) combinations for which firms earn zero ex ante profits. Crucially, the FE
locus embodies the behavior of the equilibrium wage outlined in Proposition 2. Steady-state equilibrium
values of the contact rates (1,u) are given as point(s) of intersection of this locus with the steady-state (SS)

relationship described in Lemma 3. We begin with the following definition:

Definition. A steady-state equilibrium consists of a terminal vintage Q*, distribution functions F*(q)u,
F*(q)g, a wage agreement w*(q), and a quadruple (p*,n*, U*, V*) that satisfies Lemmas 1-3, Proposition 2,
equations E =0 and U = 0 (see (3.12), (3.11)), and the free-entry Condition,

H?} = 9. (5'1)

The first part of the definition ensures that the functions, @Q*, F*(q)u, F*(q)r, and w*(q) are consistent
with the partial-equilibrium relationships derived earlier. Together, Lemma 3, equations E=0andU =0

and (5.1) ensure stationary populations in the steady-state.

5.1. Equilibrium Entry of Firms

Using equation (2.13), the free-entry condition (5.1) can be written as:

I = [n/(n + 6 = v0)1TF = vo (5.2)

where, T} = fOQ II(q) pdF(q)y is the expected value to the firm of drawing a worker at random from
the pool of unemployed job seekers. Equation (5.2) implicitly defines the equilibrium entry (EFE) locus:
n = nF¥(u; ao; 4, v0), which, for each p, gives the value of i at which firms just break even upon entering
the primary sector.

Lemma 4. (The EE Locus) The function n =n"F(u;a0,7,,v0) possesses the following properties:

(4) limy—on®F (i, a(s(p),-);-) = 19 € (0,7) with 7 < 00, and limy, e N (1, a(s(s; -), ) = 00;

(ii) for all s =0, OFF [day < 0, lim,, o O /Op > 0, and lim,__o OnFE /0y, > 0,if p e (0,7), I < oo,
and lim,__o On /0y, <0 otherwise.

The EE locus is ‘well behaved,” being continuous, starting at a positive value of n = 7, and approaching
infinity as p approaches infinity (part (i)). Part (é) outlines the basic properties of the EF locus. An
increase in ag = a(s, Kp) raises the profitability of hiring a worker of each type, g. This, in turn, increases
the profits accruing to each match, II(q)r, which stimulates the entry of vacancies and tends to lower 7.
However, the increase in ag also, by raising @ = In[ag/vg], spreads out the distribution F(q)y which for given
TI(q)F, tends to lower IIr and to raise 7. We prove that the former of these effects dominates, so that 7 is
increasing in ag. Given that, dag/0s > 0, an immediate corollary of this finding is that, On¥ /ds < 0. The
effect of an increase in the worker contact rate, u, is in general ambiguous. On the one hand, as indicated

in Proposition 2, an increase in p raises the wage, which lowers expected profits fI*F and deters entry (which
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raises 77).  On the other hand, there is a favorable effect upon the distribution F(q)y. The reason is that
an increase in p decreases the average duration of search and lowers the probability that workers remain
unmatched before reaching the terminal point (). This tends to raise the productivity of the average job
seeker, which encourages entry and lowers 7. Which of these two effects dominates depends upon the relative
cost of a higher wage versus the benefit of facing a relatively more productive population of job seekers. If
v, is small enough the wage effect dominates, since workers are nearly homogeneous anyway and there is
therefore little benefit from any improvement in the distribution. As indicated in part (i) of the Lemma,
under these conditions, 7 is strictly increasing in p. An increase in the growth rate of knowledge, 7.,
also leads to two conflicting tendencies. First, it stiffens the severity of intergenerational competition and
decreases the wage, w (Proposition 2). This stimulates the entry of new vacancies and lowers 1. Second, it
lowers the average productivity (in effective units) of job-searchers, which tends to raise 7.!% As indicated,
either effect may dominate. However, for low values of p the productivity effect dominates, since wage
payments are low anyway (Proposition 2) and are relatively unresponsive to changes in v,. For large

enough values, of p, the contact rate 7 is increasing in ~,, for similar, but opposite, considerations.
5.2. Steady-State Equilibrium

We now prove the existence of a steady-state search equilibrium and characterize its properties.

Proposition 3. (Steady-State Equilibrium) Under Assumptions 1-3 and Condition N, a non-degenerate

steady-state equilibrium exists. For sufficiently small values of v, the equilibrium is unique

Existence is trivial. Lemma 3 shows that the S5 locus begins at infinity and approaches zero asymptotically
as , while Lemma 5 shows that the EE locus begins at 7, > 0 and that lim, ... 7" = co. Since both
functions are continuous, there must exist at least one equilibrium (point A in Figure 1), where the EE locus
cuts the S5 locus from below. The equilibrium is unique if the EE locus is strictly increasing in p, which is
the case for sufficiently small values of the growth rate, v, (Lemma 4). We summarize the most interesting

comparative-static properties of the equilibrium below.

Proposition 4. (Properties of Steady-State Equilibrium) For any given s > 0 and for small v, > 0,
we have:

(i) (wages) dw*/ds > 0, dw*/dKy > 0, dw*/dmg > 0;

(#) (unemployment) dU*/ds < 0, dU* /dKy < 0, dU* /dmgy < 0.

These results are intuitive. For instance an increase in ag - induced by an increase in s or in Ky - shifts
down the EF locus to EE’ along the given SS locus (see Figure 1). This reduces the equilibrium worker
contact rate p* which: (4) works in tandem with the reduction in ag to lower the wage Proposition 2) and (7)
increases the unemployment rate, by making it more time consuming for workers to find jobs. A reduction in

matching frictions, which increases myg, shifts out the SS locus to SS’ along a given EFE schedule (see Figure

18Recall that costs increase at the same rate as firm’s expected profits, .. Therefore, only benefits/costs of effective units
are relevant at the margin.
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1). This unambiguously increases p*, which raises w* (Proposition 2) and lowers the level of unemployment

U~.
6. Education and Re-Training

In this Section, we endogenize the human-capital investment decision, including both basic education and

worker retraining.

6.1. Educational Choice

We begin by determining the properties of the optimal schooling decision, and then offer a brief discussion

of its efficiency properties.
6.1.1. Equilibrium Schooling

Greater investment in schooling is (privately) beneficial to workers, in that it raises their human capital upon
entry into the labor market and consequently their wage income once employed. Nevertheless, education is
also costly due to either a direct pecuniary cost or the disutility associated with effort. Let ¢(s) denote the
utility cost to workers (per effective labor unit) of effort 5.1 We assume that c(s) is strictly increasing and
strictly convex in s and that it satisfies dc(0)/ds = 0. Each worker, treating the contact rates p and 7 as
parametric, chooses s to solve program (P): maxs>o{J(0)r — c(s)}, where J(0)y is the worker’s value upon
entering the labor market (at which point ¢ = 0). Assumption 1 implies that for small v, > 0, the program

(P) possesses a unique interior maximum. The first-order condition is:
AJ(0)y/0s = c(s). (6.1)

Consider,

Condition U. For all s >0, [020/0s” /"

? Blao—wo]

We can then characterize the partial equilibrium behavior of worker’s educational choices:

Lemma 5. (Schooling Effort) The individual schooling effort function, s = s(p,7vq,Ko) satisfies:
0s/0u >0, 9s/0v, < 0 and 9s/0K, > 0.

Factors which influence the wage or matching probabilities alter the incentives to invest in education, and
therefore the amount undertaken by workers. Thus, under Condition U, Proposition 2 implies an increase
in the contact rate y raises s, by increasing the marginal returns to education, while an increase in v, lowers
s, by increasing the severity of intergenerational competition.

The properties of the steady-state equilibrium allowing for endogenous adjustments in education, s, are

broadly similar to those reported in Propositions 3 and 4, with one important caveat. Recall that the FE

1 Qur analysis is easily emended, without altering the main results, to the case in which schooling is time consuming by
considering the program: maxs exp[—(8 + r)s]J(0)y — c(s), where s is the time spent on education (It might be observed that
the asset value function J(0)y is suitably discounted by the length of schooling time, s). The present approach is adopted since
it is somewhat simpler.
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locus reported in Lemma 4 is a function: n = 7% (u; ap;.), where ag = a(s, Ky). Consequently, as explored
in Laing, Palivos, and Wang (1995) once s is recognized as endogenous, the EE locus is seen to depend both
directly upon the contact rate p and indirectly upon it through s and hence ag. While the EE locus is
increasing in p holding s constant, (at least for small enough values of v, ), this may not be the case once
s adjusts. The reason is that higher values of i raises both the wage, w* and the level of schooling, s*.
The former of these effects discourages entry (7 rises), while the latter effect encourages it (n falls). This
implies multiple equilibria may arise in our model, but for the purposes of this paper we focus on examining
the properties of an equilibrium satisfying Samuelson’s Correspondence Principle (at which the EE locus is

upward-sloping):2°

Proposition 5. (Steady-State Equilibrium with Endogenous Schooling) Under Assumptions 1-3
and Condition N, a non-degenerate steady-state equilibrium exists. Under Condition U and for small enough
Yo, the equilibrium possesses the following properties: there exists an mo such that, for all mo € (0,m0),

ow* /0y, <0, 9s* /0y, <0, and OU* /v, > 0.

Lemma 4 showed that an increase in v, causes the EE locus to pivot around a given contact rate u. For
small enough values of mg < Mg this effect must lead to a reduction in the equilibrium contact rate p*.
Under these circumstances, the increase in v, and reduction in p work together to unambiguously lower
the equilibrium wage, reduce the level of schooling and raise the equilibrium level of unemployment. Once
again, these results reflect the effects of intergenerational competition. In particular, an increase in the
growth rate of knowledge leads to the more rapid obsolescence of workers’ human capital, which discourages
workers’ educational efforts. In turn this reduces the wage and discourages the entry by firms (which then

induces the increase in U*).
6.1.2. Welfare

In order to enrich the welfare analysis it is of interest to admit interactions between the rate of growth,
v, (and hence the extent of intergenerational rivalry) and the level of worker education, s. To do so,
we assume that ~,, depends positively on the average level of workers’ education denoted, 5, reflecting
uncompensated knowledge spillovers as in Romer (1986) and Lucas (1988). More precisely, let v, = I'¢(3),
where T is strictly increasing, strictly concave, and is bounded by r (so that present discounted values are
bounded). A steady-state equilibrium with endogenous growth is derived as a Nash equilibrium in which
each worker’s optimal choice of education coincides with some given average level of educational attainment
in the workforce. Around any such point where s = 3, an increase in the level of education raises both
individual productivity a(s, Kp) and the rate of economic growth I';(3). Provided that, in the neighborhood
of s = 3, the direct effect of s on the valuation a(s, Ky) dominates the indirect growth effect (via ), the

comparative-static results reported in Proposition 4 and 5 remain unchanged and hence are not repeated.

20 Although of interest, the implications of multiple equilibria are not discussed here as they are similar to those analyzed in
Laing, Palivos, and Wang (1995).
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We now consider the social optimality of workers’ educational choices. We assume that the social plan-
ner’s objective is the maximization of the steady-state value of: J(0)y —c(s), which is the expected discounted
utility of a date t = 0 representative new entrant worker. We conceive of the social planner as respecting the
economic environment (tastes and both production and matching technologies), but determining the level
of education s chosen by workers. Crucially, the social planner recognizes that her choice of s%° affects
entry by firms as well as the steady-state contact rate p°°. The socially optimal schooling effort, s5°, must
then satisfy:

0J(0)y n 9J(0)y 0Q ] dag | 9J(0)y Ou™ n 9J(0)y OI'(s*°) _ dc
Oag 0Q Odag| Os o 0s 0, ds s

(6.2)

In a decentralized equilibrium, each worker considers only the direct benefits of schooling, given by the first
term on the left-hand side of (6.2). This includes the benefits accruing from a greater ‘pie’ to be divided
between the bargaining parties (ag) as well as the from an enhanced bargaining position due to an increase in
the terminal value of @). The second term in (6.2) corresponds to the training externality first identified by
Acemoglu (1997). More specifically, individuals ignore the beneficial impact of their effort on the subsequent
profitability of firms. In particular, increases in average education levels induce entry by firms, raising the
contact rate ;°° and hence workers’ welfare. The third term in equation (6.2) is of particular interest in the
context of the current paper, in that individuals fail to account for the deleterious effects of their educational
efforts on the rate of economic growth, I'(s), and hence upon the rate at which the human capital of each
generation is rendered obsolete. As a result of these considerations, it is difficult to be precise about the
social efficiency of educational levels in the decentralized equilibrium, since the former externality indicates

a tendency towards underinvestment whereas the latter points towards overinvestment.
6.2. Re-training

Up to this point we assume that each worker’s relative productivity inexorably declines with his adjusted
employment experience, q. We now consider a more proactive environment wherein costly re-training allows
workers to recover any losses in human capital they may have suffered over the course of their career. This
leads to an additional source of new-blood; the entry of newly re-trained workers. In order to focus on
essentials, we assume that both the level of primary education, s > 0 and the worker contact rate, u are
given (which corresponds to a vertical SS curve Lemma 3). We assume that at a cost Cy > 0, a worker can
(instantly) re-train and acquire the most recent ‘state-of-the-art” knowledge, k(s,t) [equation (2.2)].2!
Critical re-training points are defined by the triple: (¢Y,d5(q), ¢") where: ¢Y is the point at which an
unemployed worker (periodically) re-trains himself, ¢i(q) = ¢ is the point at which a newly hired type ¢

worker is first re-trained. Finally, ¢®

is the point at which an established (i.e., once re-trained) employee
is periodically re-trained at a given firm. If the worker never re-trains himself while unemployed, then
G" — oo. Similar remarks apply to the limiting values of (g5(q),¢"). We assume that ¢ is chosen by the

worker to maximize his valuation, J(q)y and that the pair (G§(q), ") are jointly chosen by the worker and his

21'We would like to thank two anonymous referees for proposing that we extend our model in this direction.
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employer to maximize the surplus from the match. The asset value functions J(¢q)y and J(q)g incorporating
retraining are somewhat lengthy (see the appendix) and at this level of generality, the re-training decision
is quite complicated. However, considerable progress can be made if we impose,

Condition R. (i) v, =, = 0 (i) ag — Co —vo > 0.

With v, = v, the worker’s type ¢ is invariant to the length of tenure at a given job (since the relative loss
in skill through intergenerational competition is exactly offset by the growth of skills on the job). Part (i)
is necessary (as we shall see) for any re-training to be undertaken in equilibrium.

Lemma 6 (Re-training on the job). Under Condition R, (i) re-training occurs at most once on a given
job (" — oo and either §5(q) < oo or 45(q) — o0) and (i) if re-training takes place it is done at the point
of hiring (45(q) = q)-

Given v, = 7, if the worker is re-trained, there is obviously no point of re-training him again, since he is and
remains the newest blood. This leaves the initial re-training decision G§(q). Given that the worker’s state ¢
is independent of the length of tenure at the job, if re-training is warranted then, with positive discounting,
it must be optimal to do so immediately. Even under condition R(i), the problem is not trivial. The worker
may re-train numerous times during a given unemployment spell and although re-trained at most once on a
given job, the worker may have many jobs.

Consider a match between a given firm and a type ¢ worker. We assume that on-the-job re-training is
carried out if it is pairwise efficient, in the sense of maximizing the surplus from the match. We further
assume (and later prove) that workers do not re-train themselves. The re-training decision is solved as a
Nash equilibrium. Let the worker’s alternative market options be characterized by the triple, (Q}, J (q);,
J(q),) where @, is the (common) point at which other firms in the market re-train the worker and J(gq)’
and J(q); are the worker’s market asset values (outside options). If the worker exercises his outside options,
he anticipates re-training if and only if ¢ > Q). With the assumption that the re-training cost Cj is
independent of the worker’s state ¢, all workers with ¢ > Q) are treated equally in the market. We first
determine the re-training value Q; at the given firm conditional upon the triple (Q~, J(q)., J(q),) available
in the market. Let S(q, ) represent the surplus generated from the given match, where I = 1 if the firm

re-trains the worker and I = 0 otherwise. We have,
S(g,1) = (a0 —Co) +8J(0); — (8J(q):. + vo) (6.3)
S(¢,0) = agexp[—q] +8J(a), — (67(a), + vo) (6.4)

where, 6 = 6/(3+6) and 3= 3 +r — v, Conditional upon the worker being hired, re-training is optimal
from the perspective of the worker-firm pair if,

-, ’ ’

5(q,1) = 5(q,0) = (ao(1 — exp[—q]) — Co) + 6(J(0), — J(q)y) 2 0 (6.5)
A Nash equilibrium is defined by, Q¢ = Q}, = Q% > 0 such that,

(ao(1 — exp[~Q;]) — Co) + (J(0)y — J(QF)v) =0 (6.6)
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Notice that, quite naturally, the re-training decision depends upon the suitably-discounted capital gain
the worker enjoys if the match subsequently dissolves (which occurs with discounted-flow probability 3)
Although we do not compute the social optimum, we note that, as in Acemoglu (1997), the worker-firm pair
fails to recognize the beneficial effects of the re-training decision upon the universe of alternative prospective
future employers.

Conditional upon the value of @ the worker’s asset value functions are given by:

A

J(@e =w(q) +6J(q)v, ¢<Qi (6.7)
H @ B +u oy, ’ /o oa B +u * *
U — I —— - E X 7—A E Ey E
(9) %Jr%/q p %+%(q q)| J(¢)edq + frexp po—— Q| J(Q) 1< Q
(6.8)
J@)e = w(@)+8J(0), ¢>Q; (6.9)
JQp)y = pJ(Qp)e, a2Q; (6.10)

where AQf =QF—qg>0and i = p/ (B—i—,u). For all, ¢ > @} workers’ value functions are invariant equalling
J(QF)y and J(Q5)e. The interpretation of (6.8) is relatively straightforward. The first term on the RHS
represents the expected discounted value to the worker of securing employment before @ is reached (the
integral keeps track of the evolution of the worker’s type over the relevant interval). The second, term
represents the discounted value to the worker of the possibility that he will not secure employment before
reaching Q)5 and the value associated with this event. Under condition R and in the absence of job break-ups

(6 =0), we can fully characterize the re-training problem. Consider,

Proposition 6. (Re-training) Under Condition R and if 6 = 0 there is a re-training equilibrium such
that: (i) unemployed workers do not re-train themselves and (ii) if q > Qp workers are hired and are

re-trained on-the-job in the manner described in Lemma 6 where Qi = —In{(ap — Co)/ao} > 0.

With § = 0 the critical re-training point is defined by: agexp[—Q;] = ap — Co, wherein the value of revenues
generated by such a worker are exactly equal to the value generated by a new blood worker net of the costs
necessary to retrain him.

If an unemployed worker were to re-train himself he would increase his employment valuation, by in-
creasing the size of the ‘pie’ to be divided between himself and his new employer. However, there are two
drawbacks to this strategy. First, the worker incurs all of the re-training costs (and the benefits are shared
between the worker and the firm). Second, re-training without a job in hand leads, almost surely, to the
relative loss of skill during the time the worker searches for employment. By waiting to re-train once em-
ployed, the worker avoids this latter problem completely, and shares the re-training costs with his employer.
Proposition 6 says that if there are no job break-ups, these effects outweigh the net benefits to the worker

of increasing his own ex ante productivity.
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In the presence of re-training, the wage agreement is given by:

wlq) = 2PPLAZ1d 2, (6.11)

where

B+ 5u

J(q)v = bo {aO(BJF%ﬂ)JF'Y(aOCO)eXp [ AQg+q

~(B+ %u + 7)o exp[q]} (6.12)

with by = £ exp|—q]/[(B + %u)(g + 1t +7)]. The form of the wage agreement (6.11) parallels the wage
offer function described in Proposition 2, so that all of our results concerning the new blood effects continue
to hold in this environment. Indeed, the only differences are the inclusion of the cost term Cy and the
replacement of the terminal vintage () by the re-training point Q.

For sufficiently large values of Cy, (in particular if, ap — Cy — vo < 0), workers for whom ¢ > @} are
simply not hired by firms and hence not re-trained. In this case, the results are identical to those presented
earlier. Finally, we note that although, in the current setup, workers do not re-train themselves, this may
not be the case if the re-training cost, takes the more general form C(q), with C'(q) > 0. Here, the re-
training cost depends upon the extent to which workers have fallen behind the knowledge frontier. If C(q)
rises sufficiently rapidly with g, it is possible that there are circumstances under which unemployed workers,
recognizing their imminent demise, may re-train themselves even though they have no job prospect currently

in hand.
7. Extensions

In this Section, we consider several extensions to the basic model.

7.1. Loss of Skills During Unemployment and On-the-job Learning

22

In general the wage agreement is a rather complex function of the parameters.* However, if, once again,we

ignore job breakups, 6 = 0, the wage agreement takes a rather simple form,
w(g) = (W—uﬂ> % oxpl—q] — (M) Y
B+r+gu+r/) 2 B+r+su—./) 2
( 51076 + 7o) )@exp [_ﬂ+7’+%uvc
B+r+5u+7)B+r+50—7)) 2 Yo + Y

where Q = In[ag/vo] and ag = ¢(s)Ko/{r + 8 — 7). The wage agreement satisfies all of the properties

+

AQ (7.1)

set out in Proposition 2. Furthermore, w(q) increases with v, and decreases with the skill loss rate =, as
might be expected. Notice further, that the new blood effect through ~,, is quite distinct from the skill loss
rate v,. The reason is that productivity growth, v, simultaneously affects both unemployed and employed

workers.

22More subtely, the wage agreement is in fact a function: w(7g,7y) and the value functions in Proposition 1 are partial
integral equations. The transform to the variable g(7i, 7v) allows us to write these equations in the form of ordinary differential
equations in ¢ and to solve the resultant system. Given the implicit presence of partial integral equations, it is perhaps not
surprizing that the general solution takes on a rather complex form. A complete analysis of this general wage function is
available upon request.
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7.2. The Wage-Tenure Profile

In this Sub-section, we are concerned with the wage-tenure profile. Specifically, we intend to compute the flow
wage agreement according to employment tenure 7g. The reason that this is of considerable interest is that
(i) wages rarely fall (or fall only a little) over the course of a given career (within a particular establishment)
and (i) empirically, the distribution of relative wages according to tenure is ‘hump-shaped’, with workers
of moderate tenure earning relatively more than both newer entrants and older incumbent workers [on this
see, for example, Murphy and Welch (1992) and Newman and Weiss (1995)]. Reconciling these two features
is an interesting puzzle.

We show that such a pattern arises naturally in an environment in which intergenerational rivalry interacts
with on-the-job learning. Intuitively, intergenerational rivalry results, through the new-blood effect, in a
negative relationship between wages and employment tenure, while on-the-job learning generates a positive
relationship. Below, we demonstrate that a suitable marriage of these two effects can explain the hump-
shaped relative wage-tenure patterns. For simplicity, assume no job breakups and no skill losses during
unemployment (i.e., 6 = 7, = 0). Additionally, we compare wages at a given point in time, conditioning

upon workers with the same history and hence type: ¢ = v,7y € [0, Q]. Consider.

Assumption 4. The rate of on-the-job learning function I'y : Ry — Ry, is strictly decreasing and

continuously differentiable, satisfying: Tg(0) € (4, 8+ 1) and lim, . I'(7s) € (0,7,).

Assumption 4 implies that on-the-job learning raises human capital levels, but does so at a diminishing
rate. Furthermore, the initial rate of on-the-job-learning is relatively rapid, exceeding the (exogenous) rate
of public knowledge growth, v, and then falls below v, at a later stage.

Recall that the flow wage, W, received by workers is proportional to the worker’s stock of human capital
H(t). Since on-the-job-learning now varies with employment tenure, we must modify the human capital

equation (2.4) accordingly. The result is,

TE ’ ’
H(t,s,mg,Ty) = Hpexp|—7y,Te] exp [/ FE(TE)dTE:| (7.2)
0

where Hy = k(s,t) exp[—q|, which is independent of 7. By Leibnitz’s rule, we have: dH/dry = [[g(7s) —
YoJH (t). Under Assumption 4, it is easily verified that the stock of human capital and hence flow wage

possesses a hump-shape over job tenure. The result is summarized in the following proposition.

Proposition 7. (The Relative Wage-Tenure Profile) The equilibrium wage-tenure profile is hump-
shaped in the sense that at a given point in time the flow wage increases in his job tenure up to a point and

decreases thereafter..

Intuitively, the presence of this hump-shaped relative wage-tenure profile, described in Proposition 7, is due
in essence to the conflicting effects of on-the-job learning and intergenerational rivalry. On the one hand,

additional work experience leads to higher productivity and hence higher wages; on the other, the threat of
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human capital obsolescence from intergenerational competition lowers the wage. With bounded on-the-job
learning, the latter effect eventually dominates the former, giving the result reported in the proposition.
With a simple emendation, our model also offers a novel theory of mandatory retirement even with

on-going on-the-job training. To see this, assume that p and s are given and consider,

Assumption 5. Firms incur a once-off (constant in effective-labor-units) irreversible cost vy upon first

entering the labor market.
We can then prove,

Proposition 8. (Mandatory Retirement) Under Assumptions 4 and 5, there exists a finite T4(q)nm,
corresponding to each worker history q, at which point the worker-firm match endogenously dissolves. At
this juncture, firms re-enter the labor market in search of new workers and workers retire to the secondary

sector.

The explanation of this result is simple. FEzx ante, at the point of matching, workers receive the greatest
expected discounted value of utility by agreeing to separate from the firm when it is efficient for them to
do so. In steady-state equilibrium, the free-entry condition (5.1) and the entry-cost structure described in
Assumption 5 imply that firms expect to accrue v¢ each time they enter the labor market. Now, under
Assumption 4 there is a tenure length, 7¢(q)as, where separation is optimal. This is because that at this
point, the expected-discounted continuation value to the firm of retaining the worker is exactly equal to
the constant value of terminating the match and searching for workers from younger generations (vg) (and
that the former value declines monotonically with 7 > 75(¢)as). There are two novel components to this
explanation. First, we explain mandatory retirement not in terms of a decline in the productivity of the
individual, but rather as a consequence of the increase in the human capital possessed by his new-blood
competitors. Second, mandatory retirement takes place in a ‘memoryless’ environment wherein workers do
not age (i.e., the flow probability of death is always equal to 8 > 0), although emending this latter feature

would obviously only strengthen our results.
7.3. Directed Search

Up to this point, we have considered random matching within an integrated labor market. It is of interest
to check the robustness of our findings in a directed search environment, wherein the wage fulfills a familiar
allocative role (rather than being determined ex post after matching takes place). The directed-search is
developed by Peters (1991), Moen (1997), Acemoglu and Shimer (1999) and Burdett, Shi, and Wright (2000)
in a variety of goods and labor-market matching games. To best suit our structure, we conceive of the labor
market as completely segregated into a series of sub-markets defined by each worker’s type, ¢ € [0,Q]. In
this context unsuccessful searchers pass, in sequence, through each sub-market ¢ € [0, Q] until they reach

the terminal vintage Q.22 The motivation for these sub-markets is perhaps best justified on the grounds

23To focus on the essentials, we further assume § = v, =, = 0 and that s > 0 is exogenous. We again thank an anonymous
referee for suggesting this alternative approach to modeling the search environment.
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that employers often advertise for specific skill requirements, such as computer training. The notion that
markets are indexed ¢ € [0, Q)], then represents an idealized limit of this process.

We exploit the constant-returns property of the matching technology, assuming that each submarket
features the same Beveridge curve relationship: 7(7) = n(u(7)) = n°%(u(7);me) described by Lemma
3. Each market is characterized by the pair: (w(q), u(q)), where w(q) is the wage and pu(q) is the flow
probability that a worker locates a job. A competitive search equilibrium is one in which: (i) the pair
(w(q), p(g)) maximizes each worker’s valuation, J(q), subject to the constraint that firms earn non-negative
expected profits: IIp > vy, (i) neither firms nor workers have an incentive to switch sub-markets and (444)
there are no profitable opportunities for entry by firms into new sub-markets.?*

Following similar arguments used to derive the asset value equations in Proposition 1, we show that,

St | {u(u)w(u) exp [iw L A)(u—q)+— / ”m(u'))du'} } du (73)

Ve Ve

_ n(q){ao exp[—q] — w(q)}
My = = + () 74)

where ¢ € [0,Q] and @ = Infag/vg]. Given that firms are free to enter any sub-market we require that:

II(q)v > vo > 0 for each ¢ € [0,Q].

The optimization problem is one in which the firms in each sub-market ¢ post a wage w(q) and (in effect)
choose a service probability, p(q), so as to maximize workers’ exr ante valuations (7.3), subject to the ex
ante non-negative-profit constraint (II(¢)y > vp). Using (7.4) and the Beveridge curve relationship, the

constraint can be used to solve for the wage:

w(q) = {ao exp[—q] —vo —vo(r + B —v5)/n(1(q))} (7.5)

Since each firm is negligible in the continuum, the firms’ in each sub-market ¢ have no influence upon each
worker’s continuation discount factor: A(u) = [r+ 8 — fqu (u(u'))du']/7vq, where u € [q,Q]. It follows that
the optimization problem simply entails the point-wise maximization of p(q)w(q), with w(q) given by (7.5).
The first-order condition is simply d[uw]/dp = 0, or,

VO(T + 6 - pYG)
ap exp[—q] — vo

n(w*(q)) = {1+&(k ()} (7.6)

where & = —(u/n)(dn®° /dp) > 0. Thus, combining (7.5) and (7.6) gives,

w*(q) = {ao exp[—q] — vo} {1 - m} (7.7)

It is easily checked that the pair: (w*(q), u*(q)), solving the recursive system (7.6) and (7.7), form a
competitive-search equilibrium. Since, firms earn precisely v¢ in each sub-market no firm has an incentive to

switch markets. Furthermore, since markets are complete on [0, @], firms have no incentive to form additional

24This may be regarded as a generalized version of Moen (1997) to a dynamic environment with on-going economic growth
(and a continuum of sub-markets).

26



sub-markets ¢ > @, since to do so entails a loss. For their part, type ¢’ € [0, Q] workers have no incentive to
search in markets indexed ¢ < ¢’ (since firms are better off holding their vacancies open rather than paying
w(q)) or in ones indexed ¢ > ¢', since J(q)y is decreasing in q.

A comparison of (7.7) with the wage agreement (4.1) indicates a remarkable similarity. The key differences
are that in (7.7) both ag exp[—q| and v possess identical coeflicients and that the capital gain term in (4.1)
is no longer present (see Proposition 2). Each of these differences stems from the property of competitive
markets to appropriately ‘price’ workers at the margin (which is not the case under ex post symmetric Nash
bargaining). Thus, in (7.7) workers receive a wage proportional to their net (expected discounted) marginal
product: agexp[—q] — v, while the latter lack-of-capital-gain effect (c.f., Proposition 2) reflects the inability
of type ¢’ workers, in a competitive environment, to extract part of the surplus accruing to other worker
types: ¢ # ¢'. Even with directed search, the new blood effect appears through two separate channels.
First, v, > 0 leads to the terminal search horizon: T' = @Q/~v,, where a higher ~, shortens the terminal
search horizon. Second, in (7.7) notice the term p*(q) which is the equilibrium flow contact rate for workers.
Crucially, this depends upon the growth rate 7,. From (7.6), an increase in public knowledge growth (v,,)
leads to a higher worker-contact rate p* (provided £ is a non-decreasing in ). This finding is similar to the
general-equilibrium random-matching result reported in Lemma 5.

The perfectly segregated competitive search-equilibrium is not socially efficient. In particular, a social
planner would recognize the transition of unmatched workers as they pass through the sequence of markets
g € [0,Q] and account for the effect of future p(g) on the effective discount rate. In this case, the entire
sequence of {u(g)} is chosen to maximize J(g)y which involves time-varying discounting. Utilizing the
fact that dA = {(r + 8 — 11(q)) /7, }du, we can perform a Uzawa transformation of workers’ ez ante value
into: %’frﬁ(ﬁ@{uw exp[fA]/(%c”(q))}dA, where w(q) is specified as in (7.5). Thus, the optimization
becomes a standard constant-discounting optimal control problem, with the first-order condition given by:

(r+ 8 —v¢)dlpw]/dp + pw = 0, or,

(1 (q)) = vo(r+ 6 —7¢) {1+£(#50(q))

ag exp[—q| — vo (78)

7’+6u30(q)}
r+ 3

«SO»

where refers to the social optimum. We can now combine (7.5) and (7.8) to obtain:

1
w°(q) = {apexp[—q] —vo} {1 — , — 7.9
(¢) = {ag exp[—q| }{ T+ €0 () R } (7.9)

By comparing (7.6) and (7.7) with (7.8) and (7.9), we see that the competitive-search equilibrium differs
from the social optimum. Given that, %ﬁ—g‘i < 1 and that dn®S/du < 0, it is straightforward to use (7.6)
and (7.8) to show that, provided ¢ is a non-decreasing function of u, 1°°(q) > p*(q). In this case, it is then
immediate from (7.8) that &(u*° (q))%22 < &(1*(q)) and from (7.9) that w%°(q) < w*(¢). That is,
under directed search the decentralized equilibrium features insufficient firm entry and an excessively thin
labor market (from the perspective of workers), but is associated with an excessively high wage once a match

is consummated.
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8. Concluding Remarks

We believe that the model might admit a number of different extensions and, for brevity, we outline just three
of them. First, the assumption that vacancies are identical could be relaxed. Instead, we could also allow
for continued improvements in firms’ products through an endogenous R&D process [under a monopolistic
competition/monopoly setup similar to that in Grossman and Helpman (1991) and Aghion and Howitt
(1992) or a matching framework similar to Acemoglu (1997) and Laing, Palivos and Wang (2000)]. This
would lead to a two-side heterogeneity in the search market, with both workers and vacancies of different
vintages searching to locate trading partners. One might expect that under these circumstances both types
of investment (by workers in schooling and by firms in R&D) would be strategic complements. This would
raise a host of issues concerning the appropriate micro-economic policies that might be used to promote
growth. Recently, De Long and Summers (1991) document interesting evidence supporting the view that
investment in new capital equipment is an important determinant of the rate of economic growth.

Finally, we would like to point out that out framework may also be useful to analyze vintage physical
capital, along the lines studied by Chari and Hopenhayn (1991) and Cooley, Greenwood and Yorukoglu
(1997). In particular, technological advances would render existing tools, machines, and equipment obsolete
and thus their rental as well as resale values would be humped-shaped with respect to the corresponding
periods of installment. Moreover, the dispersion of capital rental would depend crucially on the degree of

severity of technological obsolescence.
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A. Appendix

Proposition 1 (Asset values) Consider a worker hired by firm at date ¢’ with history (7, 7y). Let v represent

the duration of the current job and exp[y,v]W (t', q) represent the flow wage offered to the worker. Then, the
flow wage grows at the rate 7, and at the point of hiring equals W (#', q). Define, W(q) = W (¥, q)/ exp[y.t]
as the initial flow wage in effective labor units and let V(v;t', q) = exp[y.t']V (v, q) represent the value to
the worker of continuing the match, given his experience at the firm v. Finally, let, J(¢,¢)g and J(t,q)u
represent workers’ valuations. Over small time h > 0, the Bellman equation is,

V(vit',q) = exply o)W (¥, q)h + (1 = rh)(1 = BR){(1 = 6h)V (v + h; ¥, q)
+6hJ(t' + v+ h,q+ Aq+dq)u},

where Aq = (v, — v)v and dg = (v, — 7 )h describe the evolution of the worker’s ¢ at the firm, which is
relevant if the current match dissolves, and J (t+ h,q+ Aq + dq)y is the continuation value in this event.
In effective units,

V(v,q) = exp[v,v]W(q) + (1 — rh)(1 — BR){(1 — 6h)V (s + h,q) + Shexp[y, (v + h)]J (¢ + Ag + dq)v }

This relationship holds for all v > 0. Rearranging yields:
{(V(+ha =V aq}/h—BV(v+h,q) = —explyv]W(q) — Sexply.v]J(q + Ag + dg(h))u-
where ' = 3+ r + 6. Taking the limit as h — 0 gives
AV (v,q)/dv — 'V (v,q) = —exply;v]W(q) — d explyv]J (g + (76 — ¥)v)u-

For 7, # 7, integration then gives,

V(v,q) = lim exp[- / A+ / " expl /  Fdul{expl W (0
+oexplye(v+ 2l (g + (v6 — 1) (v + 2))u}}dz}

L I3y g st
ﬁ/—'VE Yo = Ve Jq Yo — Ve

The asset value J(g)g reported in (2.9) is obtained by noting J(¢)g = V(0, q), since v = 0 corresponds to

the point at which the worker is just hired. The other asset values are derived through similar methods. W

Lemma 1. (The terminal vintage)

(i) Let w(q) denote the wage offer function. First, recall that J(q)g — J(q)v = II(¢)r — Iy > 0 [see
equation (2.14)]. Next, define @ such that a(s, Ko) exp[—Q] = Iy > 0. The definition of II(¢)r and the
fact that w(q) > 0 imply a(s, Ko) exp[—q] — Iy > II(Q)r — Iy . It follows then that 0 > a(s, Koy) exp[—q] —
Iy > M(q)r — Iy for all ¢ > @, implying that after @) the wage is negative. Note that w(Q) = 0, since
0 = a(s, Ko)exp[—Q] — Iy =TI(Q)r — IIy > 0. Uniqueness of @ is proved below.

(ii)-(iii) The reported derivatives are obtained easily by totally differentiating a(s, Ko) exp[—Q] =1Iy,. B

Lemma 2: (The distribution function F(q)v)

(i) Supports: If v, < 7, then (2.5) indicates that ¢ > 0. Workers search for employment only if, ¢ < @
(Lemma 1), so that: ¢ € [0,Q]. Alternatively, if v, > =, then: lim,, . ¢(7s,7y) = —oo. Then from
Lemma 1, ¢ € (—o0, Q).

(ii) The definition of the cumulative probability distribution function, is F'(q)y = fé] 9(¢udq'/ fOQ 9(¢"udq'.
Similar remarks apply to F(q)g.



(#) The flow birth rate of workers is 3. Let g(¢)y and g(¢) g represent, respectively, the population densities
of unemployed and employed workers with type q. We have

9(0)y =1-g(0)r = B, (A.1)
since all new entrant workers are initially unemployed. For small time period h > 0, we have:

g(q+69)p = (1 - Bh)(1 - 6h)g(q)E + ph(1l — Bh)g(q)v,

indicating that the population density of employed workers q + 6¢ equals the population of ¢ workers who
do not die (1 — Bh) and do not lose their job (1 — 8h) plus unemployed workers who survive (1 — Sh) and
find a job (uh). Re-arranging this expression yields:

{9(a+89)p —dg(a)p} da _
Sq h

(B+6)9(q)e + ng(q)u.

The limit as b — 0 then yields the following differential equation, (provided (v, —v,) # 0),

(B+9)

dg(q)e/dg = — e =)

g@E+Gﬁ§mew (A:2)

where the following result is used limy, 0 8¢/h = (v, — 7). Similarly,
6 (8 +n)
dg(q)u/dq = 9(@)e — 9(@)u A3
@/ (Ve + ) @ (Ve +70) 9 (43)
Together, (A.2) and (A.3) represent a simple pair of first-order linear homogeneous differential equations.
The solution form is
9(T)e = Aiexp[hig] + Az exp[Aaq], (A4)
9(T)u = Asexp[hiq] + Asexp[rag], (A.5)

where Ay, .., A4 are integration constants and A\; and A are roots of the characteristic equation,
6 6
AQH(M N 6+u>+ BB+6+w (A.6)
Yo=Y YotV (Ve =) (Ve +70)

Using (A.4) and (A.5), in conjunction with the boundary conditions (A.1), yield: 0 = A1+ Az and § = A3z+Ay
Differentiating (A.4) with respect to ¢, in conjunction with A\; and Ay and A; = — A, yields,

dg(q)e/dq = M Ay exp[Aiq] — A1z exp[ag].

Furthermore, using the solution (A.4) and (A.5) and Ay = 3 — A3 in (A.2) gives,

+6 +o
dg(q)g/dq = <A3 p__ b A1> exp[Aiq] + < = (6— A3)+ b A1> exp[Aaq].
Ye =T Ve~ Ve Ye = Ve ¢ Ve
A comparison of coefficients between these two equations gives:
Al — /J“/B and A3 — /8(7'1('.)/(; 77E)+6+6) (A?)

(Ve = ve) (M1 — A2) (Yo = Ye) (M1 — A2)

Using these findings, A; = —As, and the result that A4 = § — A3 gives the results reported in the text.
Corollary 1. (Distribution Functions under v, = v, = 0) Since (A.6) factorizes as: Ay = —0/7, and
A2 = —(B+6+p)/vq, (A7) gives,

Ol cxpl (8 + 6+ a7l (A8)

9(@Qu = po exp[—Bq/ve] + 51

o+ p



Integrating (A.8) with respect to ¢ yields the expression in the text. Similar remarks apply to g(q) .l

Lemma 3. (The SS Locus)

(i) Limiting properties: The limiting results follow directly from the Inada conditions.

(ii)-(iii) Derivatives with respect to p, and mg: Using the constant returns to scale property of M(:),
in conjunction with (3.10), write n = moM(n/u,1). Totally differentiating this expression yields, (u —
moMy)dn + moMy (n/w)dp — uM(n/p, 1)dmg = 0, implying that the signs of the derivatives hinge upon:
(1 — moMy ). From the Euler theorem, using (17), we have

pU =moM(U, V) = mo [My(n/p, 1)U + My (n/p, 1)V]

which implies u — moMy = moMy (u/n) > 0, proving the result. W

Proposition 2 (The Wage Agreement, w(g;.))
(a) Determination of w(q;.). Differentiating asset values (2.9) and (2.11) with respect to ¢ gives

Jp =1+ (B+06)75" (Je —w) — (§/76)Ju (A.9)
jU = — ‘JE + (5/)751JU (A.lO)

where & = 0x/0q, B =71+ B —7,, and the argument ¢ is suppressed from w and the asset value equations.
The Nash bargaining (2.14) condition implies that,

Jg = apexp[—q]l—w+ Jy — v (A.11)
Jg = —agexpl—q] —w + Jy (A.12)

Substituting (A.11) and (A.12) into (A.9) gives,

—2 + Jy = —2 <6+6>w+<£> JU+<M>Z—<Q+6>UO (A.13)
pYG ’YG pYG ’YG

where, z(q) = ag exp[—q] and

Likewise, using (A.11) in (A.10) gives,
Jo = (w/re)w+ (B/ve)Ju = (1/76)7 + (1/v6)vo (A.15)

Together, (A.13), (A.14), and (A.10) represent a system of linear first-order differential equations with
constant coefficients in the variables: w, Jy,and z. The system may be written,

. o (B+s B B8+, B+6

702 } 8 w . 2 ( Y ) '7(;) ( Ya ) }U - <%) Yo A1

o= ) Blve) —we) vt /6 )vo (A.16)
0 0 1 P 0 0 1 z 0
The solution to (A.16) is of the form:

w = Ajexp[hiq]+ Az exp[Aaq] + As exp[Asq] + wp (A.17)
Ju = A4 exp[hq] + As exp[Azq] + Ag exp[/\gq] + Jup (A.18)
z = Arexp[Aiq] + Agexp[Aag] + Ag exp[Asq] + 2, (A.19)



where Ay, .., Ag are as-yet unknown coefficients, wp, Jy, and z, are particular solutions and A;, A2 and Az
are roots of the characteristic equation,

) =0,

3 B+ 1 B(3 1
(}\+1)()\2/\<5+5+5+2M> RECES RS

Ya Ya '7(2;

which possesses the distinct (real) roots: A; = —1, Ay = =3/, and Ag = (3+ 8+ 11/2) /7. The coefficients,
Ay, ..Ag are determined, after lengthy calculations, by first differentiating equations (A.17)-(A.19) with
respect to ¢, using the values of the roots,the boundary conditions w(Q) = J(Q)y. Once this is done,
the solutions (A.17)-(A.19) are then substituted in (A.13) and (A.15). The coefficients A; are then solved
by comparing their values in each of the above equations. Finally, the particular solutions are determined
by setting @ = Jy = 2 = 0 in (A.16) and solving the resulting system of equations. The wage equation
reported in the text is then determined from (A.17).

(b) Properties of the wage agreement. Denoting 3 = (r + & + 3), the wage agreement may be written as:

_ Bt
2w(q) explq]/a(s, Ko) = 7+ 1
6 (31) _(ﬁlJF%N)A _ B+ 1= A A
(/3/ + %/Jz)(ﬂ/ + %/,L — ’YG) eXp[ Ve Q] /8/ + %u Y QXP[ Q} ( 20)

(i) Differentiating this expression with respect to ¢ gives,

2( + w) explg] /a(s, Ko) = (6" + 11/2 = 7,) " exp[-AQ)
{(/2) exp[=(8' + 18/2 = ve) /6] = (B + 1= 76)} <
(8" + 1/2 = 76) "t exp[-AQN{u/2 — (B + p—70)} =
(8" +1/2 = 7) " exp[-AQNve — B — 1/2} <0,

where the inequalities follow from the condition 8+ r + 6 — v, > 0. Thus, w/w < —1 as claimed. By
definition, w(Q) = 0. Furthermore, w(q) is strictly decreasing in ¢, which implies that @ is unique (thus
completing the proof of Lemma 1).
(it) Derivatives,
(a), Ow/0s : Differentiating (A.20) with respect to s, gives, after rearrangement:

Ow/0s = (Oa(s, Ko)/0s)w(q)/ap + [Ow/0Q](0Q/Ds) > 0

where the result follows from, da(s, Ko)/0s, Lemma 1, and [0w/dQ](2/ag) = (A2) (8" — 7v¢) + p(l —
(1/2) exp[—(A2AQ) /7¢]) } exp[-AQ] > 0
(b) Ow/0u : Differentiating (A.20) with respect to u gives:

10((a) 01 explafo(s. Ko) = K5 — 1% exp[-AQ) +

(A1A2)% (76 (A1A2 — (1/2)(A1 + A2)) — A1 Ag(11/2)AQ) exp[—A1 (v, HAQ] (A.21)

where, A; = ' +p/2 and Ay = Ay —7,. In order to prove the result, treat AQ € [0, c0) as a choice variable
and consider the problem of minimizing the right-hand-side of (A.21) with respect to it. The result follows
if the minimized expression is positive. The first-order conditions for an interior minimum are,

(Ve (A1A2 — (1/2) (A1 + A2)) — A1 As(1/2)AQ) exp[—Aq (v, HAQ] =
(Ve (A1) (B" = 76) exp[—AQ] — 74 (1A2/2)) exp[—A (v, ) AQ).



If the solution is on the boundary, AQ = 0, the result is trivial. Substituting this result in (A.21) gives,

Sgn{ow(q)/0p)} = Sgn{B' A3 — (8" — 7) A1As exp[—AQ] — 7, (1/2) Az exp[—A1 (v, 1) AQ]}
But, since AQ > 0 and A; > 0,

B'AF = (6" = 76) D182 exp[~AQ] — 74 (1/2) Az exp[~Ai (v, H)AQ] >
Sgn{B/Ag - (6/ - ’VG)A1A2 - 7(;(:“’/2)A} =0
establishing the result. The derivative for 7, and Il are proved through similar methods.

(#ii) The results for workers’ real income are proved through methods similar to those for u above and are
consequently not reported. W

Corollary 2. (The Wage under vy, — 0)

Recall that @ = Infag/vo]. Taking limits in (4.1) yields w(0) = (gf/jfg) s > 0.
2

The Variance of the Wage Distribution according to the Date of Employment t

Let E(w) and E (w?) denote the first and second moment of the wage distribution, respectively. Using
equation (4.1), tedious calculations show:

T 1
Buw) = [ wgr)ir = Wolomg (1 —expl=(e+ 6+ 7,)T)

Ry exp[—7,T] R
—W(l —exp[—(pu+ B)T]) + m(l —exp[—(u+ B —00)T])},

E(w?) = /o {w(r}g(r)dr

= (o O (1 - el 0+ 200)T)
I xpl21, 7100 — expl—(u + 9)7)
(1 expl (5 — 200)T)
el I = expl=(e+ +70)7)
el = expl—(+ 6+ 7 — 60)T))
o e[ ][ — expl—(u-+ A — 60) D),
where W = gredttll o The variance of the wage, Var[w] = E(w?) — (B(w))2, then follows.

Lemma 4. (The EE locus) )

Under the free entry Condition, vg = n—f?%%,where Iy = fOQ I1(q) r f(q)udg and f(q)y is the density reported
in Lemma 2. This equation defines a function n = n#(u, s;7,), since the Nash bargaining condition and
Condition N implies that II(q)z > v over a set of ¢ € [0, Q] with strictly positive measure. The proofs of the
various assertions made in Lemma 4 requires the evaluation of Ilp. By definition, I1(¢)r = a(s, Ko) — w(q).

From Proposition 2 we have:

a [ B +p—7s v
g)r =~ expl—q| + 7—F——~
2ﬁ/+%,u ﬁ/+%u_'7(;2
1 / 1
56 Vo B+ 58— g
- D exp -2~ T pQ). (A.22)
(ﬁ/‘i‘ %N)(ﬁ/‘i‘ %M_'VG) 2 Ya



Integrating (A.22) by parts gives:
. Q.
fir =0~ [ fll@)r Fa)da (4.23)
0
where II(Q) p F(Q) = vo and TI(0) 7 F'(0) = 0. Differentiating II(¢)r with respect to ¢ yields

H(Q)F =

_B_/@exp[_q] e Y0 oy [_M—“%)
B+ 5u 2 B+ 5m 2 Yo

where AQ=Q —qand 8/ =3+ 6+ r.
(i) Limiting Properties

AQ}

The application of standard methods reveals

tim 11y —v0) = 5 { (1 - expl-@) ~ 1 —exn |- (272 ) ] >

Fa-el-o){-—5h >0

But then, ny = lim,_o (%ﬁ)‘l) > 0. As ;1 — o0, the distribution function F(q) converges uniformly to,

F(g) = lim F(q) = ~=SRE0Me)d

H—00 1-— exp[f(ﬁ/’yG)Q]

for all ¢ > 0. However, the expression, 11 converges uniformly to zero over the interval [0, Q] as, lim,, Iy =

0, which implies that:

. Q. _
lim {IIp —vp} = lim II(q)pF(q)dg=0; n, = lim M = 00.

H—00 u—oo [q w—oo Jlp — vy

(i) Derivative with respect to
We have,

- o 8 (a0 —w
Iy —vp = lim {IIp —vo} = ,
F Ys—0 8 + %,u 2
hence, {5 — vy} /Au < 0 and AnPF /&y > 0 as claimed for some half-open interval, v, € [0,7,).
(i) Derivative with respect to ag = a(s, Kp).
Given that, dag/0s > 0 and dag/0Ky > 0, we can evaluate the effects of s and Ky upon n¥ through
knowledge of the sign of OnFF /0agy alone. The definition ag exp[—Q] = v, allows us to write

: 8w 31 v (6" + 31 —0)
I1 = ——————exp[-AQ] — —exp |[———2—AQ)] . A.24
(Q)F ﬁ/‘i‘%ﬂ 5 Xp[ Q] ﬁ/‘i‘%ﬂ 5 Xp o Q ( )
Equation, (A.23) may be rewritten as:
. Q
lIp—vo=— [ I(-Q+q)rF(qQ)dg.
0
Consider the change of variable, AQ =@ — ¢ > 0. Then,
. Q@
flr—w = [ {-TAQFIF(Q - A QAQ) (A.25)
0



Notice that, as written, equation (A.24) does not depend upon ag and that in the integral in (A.25), —IIr > 0.
Consequently, from Leibnitz rule,

R 3 Q i _ .
Oty — wn}/0an = ~THORF0:Q) + [ {-TH8Q)e) (“”Q = Q”) d(AQ).

Since F is the cumulative distribution function of ¢, F'(0; Q) = 0, so that the sign depends upon M%ﬂﬁ.
Writing the cumulative distribution function F' in terms of the underlying population distributions (Lemma
2) yields F = GQ-AQ) Differentiating this with respect to ag (noting that, @ = In[ag/vp] > 0) gives,

(@)
G Q@{F(Q ~50Q)_ < L ) [G’[Q ~2916(9) - 191610 - AQ}] | (4.26)
Evaluating A.26 gives,
o (ALY L o[ 20]) 1+
o 258 2228

as AQ > 0. Tt follows that d{IIr — vo}/dag > 0 since, %ﬁ@@)} = 0 only on a subset of [0, Q)] of zero
measure (namely, AQ = 0) and MQ&?M > 0 otherwise. Consequently,

émEE/aao:_a{ﬂp—vo}( 0 ><00
( )

Oag ﬁp — U

(#ii) Derivative with respect to .. From the definition of the EE locus we have,

onE (r(a{ﬂfs}/am;) — (I — Uo)) |

lim = -
Ye—0 8'7(; (H*F — 'U())2

where lim, o [l = I and OIT% /0y, = limwcﬁo(aﬂ r/07). Lengthy calculations give,

. OnPE
Son{ Jim, 5-—} = sgnix(w}

where x () = (2(5’-15-%;1)) {— {g&%@;g&;ﬁﬁﬂ ao +7(u/2)vo — B'(ag — Vo)} . We have
. 1/r 1 .
lim x(u) = —= | = | ao — =(ag —vg) <0; lim x(u) =rve/2 > 0.
pn—0 2 /8 2 HU—00

The above limits imply that the (continuous) function x(u) possesses at least one root, i : x(f) = 0. That
the root & is unique is seen by differentiating x(u) around any x () = 0, to yield:

sont |, = son { (“WTEED) 1 /2w >0

The root is unique since lim, o x(1) < 0 and Sgn{%#ﬂz |u=n } > 0 imply a unique turning point. MW

Proposition 3. (Steady-state equilibrium)
Existence is immediate. The EE and SS loci are continuous and, given their limiting properties described in
Lemmas 3 and 4, must cross at least once. The point of intersection determines a pair (p*, n*) consistent with



the free-entry and steady-state conditions. Once p* and n* are determined, the other endogenous variables
can then be calculated recursively. For small values of v,,, the locus EFE is monotonically increasing and can
thus intersect the SS locus, which is monotonically decreasing, at most once. W

Lemma 5: (Optimal Schooling)
From Proposition 1 the asset value of a job seeker is, for each g € [0, Q)],

— 5’# @ex _
J(Q)U_(ﬁ/Jr%M)(ﬁ/*ﬁ) B) p[ q]
) % gy [ F+ 302 70)
(ﬂ +30) (B + 3 — ) (6 + 2p) 2 p{ Yo AQ} (A.27)
L 9 oy [T =0 50)
' (6/75)(6/7677@)(5+ %/‘) 2 P l: G AQ:|
(ﬁ/_'}/(w)ﬂ Vo

R RS TS

where 8/ = B3+ 1+ 6, AQ = Q — ¢,Q = In(ap/vo), and ap = a(s, Kp). At the point of their entry into the
labor market, ¢ = 0. Solving: maxs>o{J(0)y — ¢(s)} by differentiating (A.27) with respect to s yields:

5’# ag
G i@ =8 2 /)~

) o T 00) ) ey
(B + 36+ 3p) 2 <P [ Yo Q] (as/ao) (A.28)
w890 0] () — s
(B =86+ 3p) 2 P{ " Q}( s/ao) — ' (s) =0,

where as = da(s, Ky)/0s > 0. That s possesses an interior solution, provided g > 0, follows, since ag =

voexp|Q] > vo, B > vy, and B’ —v, — 8 =7+ B—1y, > 0, implying that the left hand-side of (A.28) strictly
exceeds the sum of the coefficients:

8 B (34%) B Sp _0

(6" + 3w =8) (B +3m)0+35m) (B =8)@E+50)

implying s > 0. Furthermore, since a(s, Ky) and c(s) are, respectively, strictly concave and convex, the

maximizing value of s is bounded above. Consequently, there exists (at least one) interior maximum.
Differentiating (A.28) with respect to s around any given stationary point yields:

i [l /
ag o+sp] 2 \ v Ye Ye o -

ass 1 " Qs 2 Vo
2 asc(s) '(s)+ <a0> 10 <0,

where the first inequality follows from evaluating the maximum value of the term beginning (a,/ag)? (treating

1/(2v,) = 0 as a choice variable) and the second from Condition U. So the maximum is unique. The
properties of the schooling effort function are derived by totally differentiating (A.28), to yield:

(J(0)y —c(5)) *(J(0)y —c(s)) 0*(J(0)y — c(s))
8;]5 ds+ 8sg'yc d 8s%u d

Yo t p=0.



The effect of an increase in p. Differentiating (A.28) with respect to p yields
32
&)@ + Ln?
(B + 46+ 4) - (6 ﬂ +1) = 38 + 526 + (1/2)? B+ 5 =%
e o] ]

exp [Q] —

) 6+ 3 ZH)? Ya
5 B —8—, ]
—_—— >
G 0@+ zw2 " [ T
5* BB+ -+ ) 5 0
(8" = 8)(8' +5)* (6" + 31)*(8 + 31)? B -o0e+5?2 7
the inequality following since @ > 0, 3’ > 7., 3 =6 — v, = B+71 — 7, > 0, and the coefficient on

exp MQ} is strictly positive. The result then follows as M < 0.
The effect of an increase in 7. Differentiating (A.28) with respect to v yields:

2 B+ 31— =6 ] Qlas/ao) o
—((u /2)exp{— o Q}*‘SMQXI’[ Ve QD o+iu 2

The result then follows as M%gsdﬁll < 0. Similarly, the effect of an increase in Ky follows. W

Proposition 4. (Properties of Steady-State Equilibrium)

An equilibrium is characterized by a pair (1*,n*) such that n* —n®(u*; s, Ko) = 0 and n* —n°% (u*;mg) = 0.
The application of standards methods, yields du*/ds > 0, du* /dKqy > 0 and du* /dmg > 0.

(1) (wages) Totally differentiating w* with respect to arbitrary A yields

dw™/d\ = Ow™ JOX + (dw™ /du) (du™/dN).
Using Proposition 2, the results follow. The other comparative statics results follow in a similar manner. W

Proposition 5. (Steady-State Equilibrium with Endogenous Schooling)

(i) The proof of existence is virtually the same as in Proposition 3: the SS locus is unchanged and the EE
locus adjusts to changes in s.

(ii) From Lemma 4 lim,, .o ¥ (11;-) = 1y € (0,7) with 7 < oo, lim, oo n?F (u;+) = 00, limy__0 O /0y, >
0,if p € (0,), B < oo, and lim, 0¥ /0y, <0 otherwise. Furthermore, it follows, from (3.10), that
lim,,, 0 7% (p; ) = 0. Hence there exist 1y, such that u* < 71 whenever mq € (0,70) and p* > T otherwise.
It follows that dup*/dy, < 0 if mg € (0,mg). Totally differentiating w* with respect to =, yields:

Jim dw®[dry, = lim {(0w”/07y,) + (0w /Op)(dp” /dye)}-
Since Qw* /9y, < 0, dw*/du > 0 (see Proposition 2) and, as shown above, du*/dy,, < 0 if mg € (0,mg), the
result follows. The other results follow in a similar manner. W

Asset value Equations with re-training:

(a). The Value Of Employment.
Assume that the firm trains the worker initially at ¢5(q) and then periodically at ¢°. The stationary asset

§ a
Ye — Ve Jo

value is,

B+6 B+6 .

q
Yo — Ve

J(¢)udq' + exp | —

Joe

Yo — Ve




which then yields,

-
= [y exp [—f%q’} J(q)vdd
1fexp{ Mq}

Jog =

Ex ante the worker is first re-trained at ¢f. This then gives,

5 o 5+5 B+6 .
J(Q) e = w(q) + / exp |— qd —q)| J(@)udg +exp |— ac(q) —q)| Ji
(@)r = w(q) o %_%( ))] (@) %_%(o() )| Joe
which then yields,
6 @ B+6
J(@)e =w(q) + / exp (¢ —a)| J(d)vdd +
Yo — Ve Jq e Ve
G - J e [~ Ja)udg
exp [ |- (do(a) —a) B
Yo ~ Ve 1—exp {_LQE]

Yo Ve
When v, = v,, the worker’s ¢ value is invariant on the job. The worker is re-trained at most once. If the
worker is not re-trained then J(q)g = w(q) + B+ =—=J(q)u as he leaves the firm in the same state, g, as he

entered. If the worker is re-trained, then J(¢)r = w(q) + ﬁJ (0)u as he leaves the firm a re-trained worker
of the most recent vintage.

(b) The Unemployment Valuations:
Assume that the worker re-trains himself upon reaching . The stationary value of this behavior is then,

q Z
% / exp  Btp oy Jou
Yo + v Jo

q
Yot
, fafwwﬁ%gem[;%%demm'
o = =

1 —exp [ Ve +% qn}

Bﬂt

Jou = —C(G") +
oU (@") (—i-%

"1 J(q)edq + exp

which then yields,

Ex ante the worker first re-trains himself at, ¢g

do
K / exp
Yo TV Jg

—5+”<¢—@ﬂJWMﬂ¢+

J(@Qu =

Yo T Yo

exp |—
Yo T Vv

. ]{0@o+o<>+%w

where —C'(¢g) + C(d") is the net re-training cost (Joy represents a net of re-training cost asset value). W

Lemma 6 (Re-training on the Job)

If the worker is initially re-trained, then ¢® — oco. Without subsequent re-training the expected value of
the worker is: ag. The value of re-training the worker is: ag — C(q) < ap. With v, = 7., ¢ and hence the
value functions are invariant to the length of tenure at the firm. If re-training is pairwise optimal, then
with positive discounting, it occurs at the point of hiring. If re-training is not initially optimal, then (given
stationarity) it cannot be optimal to re-train the worker at a later date. W
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Proposition 6 (Re-training)
Under Condition R(i), differentiating J(q), with respect to ¢ gives, for ¢ < Q.
Ja)o === (o espl—a = vo) + 5= [(1 = ) + (1= i)} a)e

where v = v, + 7, and the Nash bargaining solution, J(q)r — J(¢)y = ao exp[—q] —w(q) — vp, is used. Simple
re-arrangement of the boundary values J(Q})g and J(Q})y yield,

. 12 1 .

J(QF)y = =—————(apexp[—Q;] — vo)

U B p/2(1-0) '
where, Q solves, 8J(0)y = 6J(Q})s + Co — ao(1 — exp[—Qz]). If § = 0, then Q = —In[(ag — Cy)/ag] > 0
and the boundary value is, J(Q}), = E—i%(ao exp[—Q:] — vp), implying the differential equation possesses
the solution displayed in (6.12). Upon differentiation, J(q)y is seen to be decreasing in ¢ € [0, Q). In order
to ensure that this is an equilibrium, we must ensure that workers do no re-train themselves. We must show
that for all ¢ € [0, Q%], J(0)y —Co—J(q)y < 0. A sufficient condition is then to show, J(0)y, —Co—J(Q)y < 0,
as J(q)y is decreasing in ¢. Simple manipulation gives,

sgn{J(O) — Co — J(Q2)u} = —aoyn+ vilao — Co) (1 — 2) ™22 _ 9CoBly + B+ u/2)

aop
< —yu(Co) — 2CoB(y + B+ 1/2) < 0

as claimed. Finally, we show that the firm hires workers for whom, ¢ > Q}, requiring: II(Q?)s — vo = 0.
Under the Nash bargain, we have: J(Q)s — J(Q5)v = II(Qf)r — vo. But,

HQDe = wl@) = glavesp[-Q) — vo) + 5@
3h 3h
J(@Qp)v = I E(ao exp[—Qy] —vo) = I +E(a0 - Co)
which give,
I(Qg)r —vo=7—=(a0—vo—Co) 20
s+ 06

where the inequality follows from Condition R(ii). W

Proposition 8 (Mandatory Retirement)

For any worker with history ¢, recall that dH(q)/dry = [L'g(7s) — 7¢]H(q). Suppose there does not exist
mandatory retirement date 75(¢)ps € (0,00). Then, consider such a worker at employment tenure 74(¢) —
00. But Assumption 4 implies that H(q) — Hypin < H(y,7y). Since re-entry into the labor market is costless
for firms under Assumption 5, it is beneficial for a firm matched with a worker of T5(q) — oo to do so, thus
leading to contradiction. W
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