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Chapter |

Introduction

Multilevel modeling (MLM; also known as linear mixed effects modeling and
hierarchical linear modeling) is a popular and useful tool for analyzing nested data structures,
such as students nested within schools or repeated observations nested within persons
(Demidenko, 2004; Raudenbush & Bryk, 2002; Snijders & Bosker, 2012). MLM allows
researchers to simultaneously examine the influence of observation-level/ level-1 predictors
(e.g., student characteristics) and level-2/ cluster-level predictors (e.g., school characteristics)
on an outcome of interest.

In the methodological literature, it has been widely recognized that a level-1 variable
can have both a between-cluster and a within-cluster fixed effect (Algina & Swaminathan,
2011; Cronbach, 1976; Curran et al. 2012; Curran & Bauer, 2011; Enders & Tofighi, 2007;
Hedeker & Gibbons, 2006; Hofmann & Gavin, 1998; Preacher, 2011; Raudenbush & Bryk,
2002; Snijders & Bosker, 2012). To explain, consider that the observed value of a level-1
variable for a given observation i nested within cluster j is implicitly the sum of two distinct
parts: (a) the overall or aggregate level for cluster j, and (b) observation i’s deviation from
the cluster-aggregated level. These two parts can each exert an influence on a particular
outcome; the fixed effect of the former can be termed the between-cluster fixed effect, and
that of the latter the within-cluster fixed effect. Importantly, these effects need not be the
same nor similar.

As a concrete example wherein the between-cluster and within-cluster fixed effects



are different, Baldwin, Wampold, and Imel (2007) examined patients nested within clinicians
and predicted patient outcomes from therapeutic alliance, defined as the degree to which the
patient-clinician dyad engages in “collaborative, purposive work” (Hatcher & Barends,
2006). With a random-intercept MLM, Baldwin et al. (2007) found that clinicians (i.e.,
clusters) with a higher mean therapeutic alliance across all patients had lower negative
outcomes among their patients; in other words, there was evidence of a between-cluster or
between-clinician effect. However, they found that, for patients who had the same clinician,
therapeutic alliance was not predictive of outcomes; in other words, there was no apparent
within-cluster or within-clinician effect. Thus, there is evidence that the influence of
therapeutic alliance is realized at the clinician-level, and the influence of patient’s individual
propensity to engage with clinicians may not be as important. Indeed, as Baldwin et al.
(2007) note as an implication of their findings, “it would behoove therapists to attend to their
own contributions to the alliance and focus less on characteristics of the patient that impede
the development of the alliance (p. 851).”

Because of the possibility that the between-cluster and within-cluster fixed effects
may differ, it is widely recommended to explicitly disaggregate these (e.g., Algina &
Swaminathan, 2011; Cronbach, 1976; Curran et al. 2012; Curran & Bauer, 2011; Enders &
Tofighi, 2007; Hedeker & Gibbons, 2006; Hofmann & Gavin, 1998; Preacher, 2011,
Raudenbush & Bryk, 2002; Snijders & Bosker, 2012). As an example, prior to the Baldwin et
al. (2007) study, researchers studying the therapeutic-alliance/ patient-outcome relationship
had not disaggregated and instead obtained estimates of this relationship that were non-zero
but, implicitly, a blend of the between-clinician and within-clinician effects; such an estimate

that fails to disaggregate the level-specific effects can be said to be conflated (e.g., Preacher,



2011). This conflated estimate led many to assume that patient-level differences, rather than
clinician-level differences, were responsible for the relationship (e.g., Mallinckrodt, 2000).
The results from Baldwin et al. (2007), however, suggest this to be an ecological fallacy
(Robinson, 1950) wherein inferences are inappropriately made regarding individuals
(patients) based on group (clinician) data. Disaggregation helps researchers to avoid such
fallacies and make appropriate, level-specific inferences.

To disaggregate level-specific effects, researchers commonly use contextual effect
models (defined shortly). In the methodological literature, the disaggregation afforded by this
model has been mainly discussed for fixed slopes in the context of fixed slope models.
However, the very same points and explanations about the utility and interpretation of
contextual effect models have often been directly applied to random slope models—without
mention of what complexities this extension might pose regarding disaggregation of level-
specific effects (e.g., Algina & Swaminathan, 2011; Hoffman & Stawski, 2009; Hox, 2010;
Kreft, de Leeuw, & Aiken, 1995; Paccagnella, 2006; Snijders & Bosker, 2012).
Consequently, random-slope contextual effect models have become widely used in practice
by researchers interested in disaggregating level-specific effects (e.g., Bliese & Britt, 2001;
Deemer, Marks, & Miller, 2017; Diez-Roux, Link, & Northridge, 2000; Espelage, Holt, &
Henkel, 2003; Fischer, Rodriguez Mosquera, van Vianen, & Manstead, 2004; Hoffman &
Stawski, 2009; Kidwell, Mossholder, & Bennett, 1997; Lee, 2009; Lee & Bryk, 1989; Merlo,
Chaix, Yang, Lynch, & Rastam, 2005; Poteat, Espelage, & Green 2007; Schempf &
Kaufman, 2012; Titus, 2004).

There are several problems underlying this current situation:

(1) Itis not well understood that there are two distinct types of slope conflation that can



occur in MLM: conflation of the fixed component of the slope and conflation of the
random component of the slope. For the slope of a level-1 variable, there can be
conflation in one of these components (here called partial conflation) or both of these
components (here called full conflation). Although one of these types of conflation—
that of the fixed component—has been widely-recognized and the other type of
conflation—that of the random component—has been largely (but not completely)
ignored, the exhaustive possibilities—full conflation, partial conflation via the fixed
component, and partial conflation via the random component—have not previously
been fully enumerated.

(2) In particular, for contextual effect models with random slopes, there is little
appreciation that these involve a conflated random component of the slope, despite
having an unconflated fixed component of the slope.

(3) There are negative consequences of fitting a contextual effect model with a conflated
random slope that researchers need to understand. Such consequences have not been
explained or demonstrated and can include erroneous interpretation and inferences.

(4) Researchers are in need of a full delineation of which random slope MLM
specifications yield an unconflated random component, and are in need of
recommendations regarding which to use for particular purposes.

This dissertation will address each of these problems. First | review the well-known
concept of fixed conflation for a fixed slope MLM with an uncentered (or grand-mean-
centered) level-1 predictor. | then review how a fixed-slope contextual effect model
disaggregates the fixed component, that is, disentangles the between-cluster fixed effect and

within-cluster fixed effect. Next | demonstrate the simultaneous conflation of both the fixed



and random component in a random slope MLM with an uncentered (or grand-mean-
centered) level-1 predictor. | then show that the conventional random-slope contextual effect
model disaggregates the fixed portion, but, importantly, fails to disaggregate the random
component, yielding a variance component estimate that conflates level-specific effects. |
then discuss and demonstrate the negative consequences of such random conflation,
including the potential for erroneous interpretation and inferences pertaining to the estimated
slope variance, as well as inappropriate standard errors for fixed effects. Next, noting that the
concept of fixed and/or random conflation is important to consider for any MLM with level-1
variables, I provide a general taxonomy for any such model wherein I distinguish model
specifications that are fully conflated vs. partially conflated vs. unconflated. For instance,
within this taxonomy | show that either group-mean-centered models (defined later) or
contextual effect models with random components for the cluster mean (defined later) are
unconflated models that fully disaggregate level-specific effects. | then provide evidence via
a simulation study that these unconflated models (including the proposed unconflated
random-slope contextual effect model) provide better type I error, power, and bias for the
random slope variance and provide more accurate standard errors for fixed effects than the
widely used conventional random-slope contextual effect model. | provide recommendations
for practice in light of these results. Finally, I illustrate the concepts presented with an

empirical example and discuss avenues for future research.



Chapter 11

Conflation of the fixed slope in a fixed slope model

Uncentered MLM with fixed slopes: Conflation of the fixed component. Consider first
a simple random-intercept MLM with a single, uncentered (or grand-mean-centered)® level-1

predictor:
Yii = Boj + BiiX; €
e, ~N(0,0%) (1)
Here, I am modeling a continuous outcome vy, for observation i nested within cluster j. The

level-1 residual, e , is normally distributed with a variance of o*. The cluster-specific

ij?

regression coefficients are defined as

/801' =Yoo T Ug;
ﬂlj =10
Up; ~ N (0, 74) (2)

The fixed component of the cluster-specific intercept, /4, , is given by y,, and cluster-

specific deviations from this mean are given as u, ., which are normally distributed with

0j?

variance z,,. The fixed slope is given as y,,. This yields the reduced form equation:

! Note that this level-1 predictor could also be grand-mean-centered by subtracting from X;

its grand mean across all observations. Grand-mean-centering has no impact on whether or
not level-specific effects are disaggregated or conflated, and hence I will not focus on the
distinction between uncentered and grand-mean-centered predictors. Group-mean-centering
(subtracting from x; its cluster mean), on the other hand, will be relevant later in the

dissertation.



Yii =700 1 710X TUp; €5 3)
For all models throughout this dissertation, I will focus on such reduced form expressions.
To make the conflation in Equation (3) apparent, I next equivalently express this

model by substituting x; = x; —x,; +x,;. In other words, x; is replaced by x; —x; +x;,
which is the sum of its between-cluster portion (x ;, the aggregate score for cluster j) 2 plus
its within-cluster portion (x; —x;, observation i’s deviation from the cluster-aggregated
score).

Yii =Yoo + 70 (Xj =X+ X)) +Ug; +€

:7oo+710(xij _X.j)+7lox.j +Up; +€

(4)

Here the within-cluster fixed effect (slope of x; —x ;) is 7, and the between-cluster fixed

effect (slope of x ;) isalso y,,. In other words this model constrains the within-cluster fixed

effect to be exactly equal to the between-cluster fixed effect; this amounts to conflation of the
fixed component, which | here term fixed conflation.

Such a constraint on the fixed component of the slope is problematic when, in the
population, the level-specific fixed effects are not equivalent. Consider again the therapeutic

alliance example and suppose that, in Equation (3), y, represents patient outcomes (e.g.,
depressive symptoms) and x; represents therapeutic alliance. If it is actually the case that, as

found by Baldwin et al. (2007), the influence on outcomes of a patient’s propensity for
higher therapeutic alliance is non-existent (or at least negligible) but the clinician’s average

therapeutic alliance has a negative effect (i.e., patients who see clinicians with better alliance-

2 In this dissertation, | assume that the cluster-mean is measured without error. In the
Discussion section, | address the extension to latent variable models wherein one would use a
latent cluster mean rather than an observed cluster mean (Ludtke et al., 2008).
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forming skills have less severe negative outcomes), then the obtained slope estimate for the
uncentered model will not accurately reflect the true generating process. In fact, rather than
getting a “pure” estimate of either one of these effects, the estimated slope will instead be a
weighted average of the two (Raudenbush & Bryk, 2002; Snijders & Bosker, 2012).
Cronbach (1976) first recognized this issue in the social sciences, calling such an estimate an
“uninterpretable blend” of the two effects.

Contextual effect model with fixed slopes: Unconflation of the fixed component. To
avoid such fixed conflation, a commonly used approach is to fit a contextual effect model
(e.g., Boateng, 2016; Enders & Tofighi, 2007; Henry & Slater, 2007; Hoffman & Stawski,
2009; Raudenbush & Bryk, 2002; Snijders & Bosker, 2012). This adds to the uncentered

model in Equation (3) a fixed slope of x_;, and is thus given as
Yi = Yoo+ 710X + Yo%) +Ug; + €

e; ~ N(O, o)

Up; ~ N(0,7y,) ®)
with y,, denoting the contextual effect, that is, the fixed effect of X,; controlling for Xx; . The
contextual effect, y,,, can also be interpreted as the difference between the within-cluster
and between-cluster fixed effects of x; .

To make its disaggregation of the fixed component apparent, | can re-express the

fixed-slope contextual effect model as

Yi :7/00+7/10(xij =X, +x,j)+y01x,j +Uy; +€5

2700+710(Xij _X.j)+(701+710)x.j +Uy; T8

(6)

Here, the within-cluster fixed effect is given as y,,, whereas the between-cluster fixed effect



IS 7o + 710 Importantly, unlike the uncentered model in Equation (3), these two fixed slopes

are no longer assumed to be equal ( 7o, + 75, # 71, ); hence the contextual effect model

unconflates the fixed component of the slope. Thus, for the therapeutic alliance example, this

model could accurately reflect a non-existent within-clinician fixed effect (by having a y,, of

0) and a negative between-clinician fixed effect (by having a y,, that is negative).



Chapter 111

Conflation of both the fixed and random components of the slope
in a random slope model

Uncentered MLM with random slopes: Conflation of the fixed and random
components. Consider next a random slope MLM with a single uncentered (or grand-mean-

centered) level-1 predictor. This entails adding to Equation (3) a random component of the
slope of X;:
Yii =Yoo T 710X T UpjX; +Ug; €5

2
e ;~N(@,0o7)

(el ) 0

Here, u,; denotes the cluster-specific deviation from the fixed component of the slope of x; .
The random effects are multivariate normally distributed with a covariance matrix T that
includes the slope variance (z;,) and the intercept-slope covariance (z,,). Re-expressing x;
as the sum of its level-specific parts yields:

Vi =Yoo t700(X — X+ X;) +Uy; (% — X+ X)) +Up; +&y ®)

=Yoo T 720 (Xj = X.;) Uy (6 = X)) + 730X, + Uy X + Uy + €
Here, not only is there again conflation of the fixed component—the fixed component of the
slope of x ; (i.e., 7,) equals the fixed component of the slope of x; —x; (i.e., y5,)—but

there is now also conflation of the random component of the slope. Specifically, the random

component of the slope of x; —x; (i.e., uy;) is exactly equal to the random component of the

10



slope of x; (i.e., u;;). I term this random conflation.

Contextual effect model with random slopes: Unconflation of the fixed component but
conflation of the random component. Next I consider the conventional contextual effect
model with a random slope of X; , which is used frequently in applied practice (e.g., Bliese &
Britt, 2001; Deemer et al., 2017; Diez-Roux et al., 2000; Espelage et al., 2003; Fischer et al.,
2004; Hoffman & Stawski, 2009; Kidwell et al., 1997; Lee, 2009; Lee & Bryk, 1989; Merlo
et al., 2005; Poteat et al., 2007; Schempf & Kaufman, 2012; Titus, 2004). From the fixed-
slope contextual effect model in Equation (5), I simply add a random slope of x; to form the
conventional random-slope contextual effect model:

Yii =700 T 710X T Vo X.j T Uy X; +Ug; +€

i N(0,5%)

U..
by
Uy Oz 7
Re-expressing x; as the sum of its level-specific parts then yields:

Vi =Yoo+ 70(Xy — X5+ X) + 70X + U (X — X +X) +Ug; +€

(10)
=Y +7/10(Xij _X.j)+(710 +701)X-j +u1j(xij _X-j)+uljx-j +Uy; + €

This re-expression shows that this conventional random-slope contextual effect model once

again unconflates the fixed component of the slope of x; (since y,, # 719 + 7py)-

Unfortunately, however, it conflates the random component, in that the residual of the slope

of the purely level-1 predictor x; —x; (i.e., u;) is constrained equal to the residual of the
slope of the purely level-2 predictor x ; (i.e., u,;). Thus, the contextual effect model with a
random slope has an unconflated fixed component but a conflated random component.

11



The fact that the conventional random-slope contextual effect (or uncentered) MLM
yields conflated random components has largely gone unappreciated. It was first briefly
noted in an exchange in the Multilevel Modelling Newsletter (initially by Raudenbush, 1989;
responses by Longford, 1989; Plewis, 1989). But in the intervening 30 years it has rarely
been mentioned in the methodological literature (Enders & Tofighi, 2007; Hoffman, 2015;
Wu & Wooldridge, 2005), and has been virtually ignored in the applied literature—in
contrast to the considerable attention and concern that has been paid to conflation of the fixed
component in both the methodological and applied literatures (e.g., Algina & Swaminathan,
2011; Cronbach, 1976; Curran et al. 2012; Curran & Bauer, 2011; Enders & Tofighi, 2007;
Hedeker & Gibbons, 2006; Hofmann & Gavin, 1998; Preacher, 2011; Raudenbush & Bryk,
2002; Snijders & Bosker, 2012).

The reason random conflation has gone unappreciated may have to do with the fact
that prior authors did not elaborate nor demonstrate the specific issues and implications
associated with it. To extend prior work and ensure future researchers can recognize and
avoid random conflation, | next explain and show how random conflation leads to erroneous
interpretation and inferences regarding the presence and/or degree of slope heterogeneity
across clusters, how it yields inappropriate standard errors for fixed effects, and how it can be
prevented.

As background for explaining why random conflation is problematic, | must first
review the distinction between a random slope of a purely level-1 predictor (which is already
well understood) and that of a purely level-2 predictor (which is not widely understood,
according to Goldstein [2011] and Snijders & Berkhof [2008]).

A random slope of a purely level-1 predictor x; —x,; implies that the within-cluster

12



effect of x; —x; depends on cluster membership, and thus certain clusters have stronger

effects than others. Such a situation is reflected in Figure 1 Panel A, wherein each line
represents a cluster-specific regression line of y; on x; —x;.

In contrast, a random slope of the purely level-2 predictor x ; reflects intercept
heteroscedasticity across clusters (e.g., Goldstein, 2011; Rights & Sterba, 2016; Snijders &

Bosker, 2012). That is, the conventional random-slope contextual effect model from

Equation (9) implies a heteroscedastic intercept variance, here denoted z,,; for cluster j, that
varies as function of x ;. More specifically, the intercept variance can be expressed as a
quadratic function® of x.; (e.g., Goldstein, 2011; Rights & Sterba, 2016; Snijders & Bosker,

2012), as shown in Appendix A:

Ty = var(uOj +Up X |x,j)
) (11)
=Ty + 2T10X.J- + 73X

Such heteroscedastic intercept variance is reflected in the hypothetical example in Figure 1
Panel B, wherein across clusters the intercepts are more variable at the extremes of X ; Hln

sum, whereas a random slope of a purely level-1 predictor reflects slope heterogeneity across

clusters (as illustrated in Figure 1 Panel A), a random slope of a purely level-2 predictor

% The conventional random-slope contextual effect model implies that the intercept variance
follows a quadratic function of X_;, though it could in theory follow some other function
(e.q., linear, cubic, etc.) which researchers could model instead. Here, however, | restrict
focus to the structure implied by the conventional random-slope contextual effect model, as
this model is commonly used and its issues are the primary focus of this dissertation.

% Here, and in Appendix A, | define the intercept as being conditional on the cluster mean of
the level-1 predictor (see, e.g., Raudenbush, 1989). Alternatively, the intercept could be
defined unconditionally (without conditioning on the cluster mean of the level-1 predictor) as
Yoo +Up; - The former definition is used to help explicate issues associated with random

conflation (explained later), which arise regardless of which definition is used for the intercept.

13



reflects intercept heteroscedasticity (as shown in Figure 1 Panel B).

In the conventional random-slope contextual effect model, the random slope residual
of x; (i.e., uy;) thus simultaneously reflects a blend of both slope heterogeneity and intercept
heteroscedasticity. That is, although the random slope variance in the conventional random-

slope contextual effect model is var(u,;) =z, , the latter term z,, also appears in the
Equation (11) expression for the heteroscedastic intercept variance (i.e.,

var(Uy; +Uy;X,; | X,;) = 7o + 270X, + rllx,zj ). Troublingly, in practice researchers interpret the
variance z,, from this conventional random-slope contextual effect model as representing

purely slope heterogeneity (i.e., cluster-specific differences in slopes), and thus fail to
recognize or note that it is conflated with intercept heteroscedasticity (e.g., Bliese & Britt,
2001; Deemer et al., 2017; Diez-Roux et al., 2000; Espelage et al., 2003; Fischer et al., 2004;
Hoffman & Stawski, 2009; Kidwell et al., 1997; Lee, 2009; Lee & Bryk, 1989; Merlo et al.,
2005; Poteat et al., 2007; Schempf & Kaufman, 2012; Titus, 2004).

To more precisely clarify the highly restrictive assumptions made by the conventional
random-slope contextual effect model, here in Equation (12) | introduce separate notation for

the level-specific random slope residuals (u,,; and u,;), as well as for the level-specific fixed
components (y,, and y,).

Vi =Yoo T 76X 7 (K5 = X5) F Uy X + U, O — X,;) +Ug; + €

e ;~N(0,0%)
Uy 0 var(uy;)
U, |~ MVN| |0}, cov(uy,u,)  var(u,) (12)
Uy, 0] | cov(uy;,uy,) cov(u,,uy,) var(uy)

14



This representation in Equation (12) allows us to clarify that the conventional random-slope
contextual effect model in Equation (9) makes the highly restrictive assumption that

U,

; =Uu,;, yielding random conflation.® In other words the random slope residual u; in

Equation (9) implicitly reflects both u,; and u, .

For further clarification, I can now represent this highly restrictive assumption of

u, =u,; inthe conventional random-slope contextual effect model of Equation (9) in terms

of model parameters (noting that the residuals themselves are not parameters). Specifically,

the conventional random slope contextual effect model of Equation (9) assumes:

() equal variances of u,; and u; (i.e., var(u,) = var(u,))
(b) perfect correlation of u,; and uy; (corr(uy,u,;) =1).

In Appendix B, | prove that adding these constraints to the model in Equation (12) yields the
conventional random-slope contextual effect model of Equation (9).

When these strict assumptions of equal variance and perfect correlation do not hold,
as will be likely in practice, the estimated slope variance in the conventional random-slope
contextual effect model is then an uninterpretable blend of its within-cluster component
(slope heterogeneity) and its between-cluster component (intercept heteroscedasticity).
Despite this, it is worth emphasizing that empirical applications exclusively interpret the
estimated variance as slope heterogeneity without acknowledging its conflation with
intercept heteroscedasticity (e.g., Bliese & Britt, 2001; Deemer et al., 2017; Diez-Roux et al.,

2000; Espelage et al., 2003; Fischer et al., 2004; Hoffman & Stawski, 2009; Kidwell et al.,

® Note that the equality u, =u,, refersto equality of the true cluster-specific slope residuals,
not the predictions (e.g., obtained via Empirical Bayes posterior modes) of those residuals.

15



1997; Lee, 2009; Lee & Bryk, 1989; Merlo et al., 2005; Poteat et al., 2007; Schempf &
Kaufman, 2012; Titus, 2004). |1 will now provide concrete, graphical illustrations to
communicate that this faulty but widespread interpretation of the conventional random-slope
contextual effect model can lead to four kinds of erroneous inferences: 1) concluding there is
no slope heterogeneity when it indeed exists; 2) concluding there is slope heterogeneity when
it does not exist; 3) under- or overestimating the degree of slope heterogeneity; and 4) under-

or overestimation of the standard errors for fixed components of slopes.

16



Chapter IV

Illustrating erroneous inferences that are consequences of using the conventional
random-slope contextual effect model

Erroneous inference #1: Concluding there is no random slope variation when it exists

A key substantive goal of many empirical applications is to assess presence of
cluster-specific differences in slopes (i.e., test the random slope variance z,, ), under the near-
universally imposed assumption of intercept homoscedasticity, and a common fitted model
for doing so is the conventional random-slope contextual effect model. | first illustrate that
fitting this model when the assumption of intercept homoscedasticity is indeed met can
nonetheless (for the specific reason described below) lead researchers to erroneously
conclude that there is no slope heterogeneity when slope heterogeneity in fact exists. The

reason is that, in this situation, the conflated residual u,; from the conventional random-slope
contextual effect model is weighted towards 0 because it implicitly reflects both the u,,

residuals (representing the pure slope heterogeneity that the researcher is substantively
interested in) and the u,; residuals (which are all 0 when there is intercept homoscedasticity).
In turn, this creates less variability about O for the conflated residuals compared to the

variability of the u,, ’s, leading to such underestimation of slope heterogeneity that the

researcher can incorrectly infer there is none.

To illustrate, | generated a single sample® of data such that there was true across-

® In this section | present single sample graphical demonstrations for conceptual and concrete
illustrative purposes, but in an upcoming section | follow up this demonstration with
simulation results across many repeated samples, described subsequently in Table 2.

17



cluster slope variability (shown in Figure 2 Panel B) but no intercept heteroscedasticity
(shown in Figure 2 Panel C) meaning that the intercept variance is constant across the range

of X,;, as evident from the constant vertical spread of the intercepts (y-axis; obtained from
the generating uy; ’s) across the range of x; (x-axis) in Figure 2 Panel C.” I then fit the

conventional random-slope contextual effect model with Imer in R using restricted maximum
likelihood (REML).8 Figure 2 Panel A shows that in the fitted conventional random-slope
contextual effect model the estimated slope variance 7,, was near-zero (i.e., dramatically
underestimated from the generating value of 2) and was non-significant (based ona 42

mixture likelihood ratio test [LRT] with the null reference distribution® being a 50:50 mixture

" In other words, | generated data from Equation 12 with variability in u,; butno variability
in uy,, for 50 clusters of size 10. Generating parameters were: y,, =1, », =3, 3, =1.5,
var(uy;) =2, var(u,;) =2, var(u,)=0 and o® =15 (all other variance/ covariance
components were 0). The level-1 variable X; was generated as the sum of a within-cluster

component and a between-cluster component, each with variance 1. Data were generated
from the observed cluster means and observation-specific deviations, consistent with
standard MLM assumptions. Models were fit with Imer in R using restricted maximum
likelihood (REML) estimation.

8 REML was used to fit each model and obtain point estimates and standard errors because
maximum likelihood (ML) provides biased estimation of random effect variances. ML was
used separately, however, in computing the likelihood ratio test (LRT) statistics for the
mixture chi-square tests of the random slope variances, as the derived null distributions for
these tests assume ML estimation (Stram & Lee, 1994, 1995). Had | additionally used an
LRT to test fixed components of slopes, | would again have needed to use ML, as REML is
inappropriate to use when comparing models with different fixed effects (Snijders & Bosker,
2012).

® This null reference distribution was derived by Stram and Lee (1994, 1995) based on
asymptotic theory. An alternative approach is to use an empirical null reference distribution.
This can be done by repeatedly simulating data (with fixed sample size) from a model where
the random slope variance is constrained to 0 and, for each sample, fitting models
constraining versus not constraining the random slope variance, and then computing the
likelihood ratio statistic between the model freely estimating the random slope variance and
the model constraining it to 0. Then define the critical value as the value falling at the 95™
percentile of the empirical null distribution and check whether the observed LRT statistic
exceeds that critical value (see, e.g., RLRsim in R; Scheipl & Bolker, 2013).
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of y2_ and yZ_,;'° Stram & Lee, 1994, 1995). This apparent lack of slope heterogeneity is

reflected in the plot in Figure 2 Panel A, as all of the estimated cluster-specific regression
lines of y; on x; (obtained from empirical Bayes predictions/ posterior modes via the ranef
function in R) are nearly parallel. When fitting the conventional random-slope contextual

effect model, then, an applied researcher would erroneously substantively conclude there is

no cluster-specific variability in slopes, despite the fact that there is indeed across-cluster

slope heterogeneity, as apparent from the nonparallel cluster-specific regression lines of y;;
on X; —X,; in Figure 2 Panel B (obtained from the generating u,, ’s). If the conventional
random-slope contextual effect model were able to recover the cluster-specific variation in

slopes, the cluster-specific regression lines in Panel A would have had the same slopes as

those from Panel B, noting that plotting regression lines by x; (Panel A) vs. x; —X,; (Panel

B) would impact only the location of the lines but not the slopes themselves, as x,; is

constant with respect to cluster.

Erroneous inference #2: Concluding that there is slope heterogeneity when it does not
exist

Next | illustrate another erroneous inference that researchers can make when fitting
the conventional random-slope contextual effect model: concluding that there is slope

heterogeneity when there is none. For this demonstration, | generated a single sample with a

fixed slope (i.e., all clusters have a u,; of 0, shown in Figure 3 Panel B) but with intercept

10 The two values for the chi-square degrees of freedom in the 50:50 mixture are the number
of rows/columns in the random effect covariances matrix for each of the two models under
comparison (Stram & Lee, 1994). The conventional random slope contextual effect model
has a 2X2 random effect covariance matrix (hence df=2), whereas the model constraining the
random slope variance to 0 has only a single random effect (intercept) variance (hence df=1).
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heteroscedasticity (i.e., variability in u,;, shown in Figure 3 Panel C).'* Because the slope
residuals u,; in the conventional random-slope contextual effect model are conflated,
reflecting both the actual u,; and u,; residuals, the conflated residuals are in this case
weighted away from 0 compared to the u,, ’s. This creates more variability about 0 for the
conflated residuals compared to the variability of the u,, ’s, leading to overestimating the

slope heterogeneity (which here is actually nonexistent) and incorrectly inferring that there
are across-cluster difference in slopes.

Figure 3 Panel A shows the conventional random-slope contextual effect model

results, wherein there is apparent slope heterogeneity, as the var(u,;) estimate is significant

and the cluster-specific regression lines of y; on x; (obtained from empirical Bayes

predictions/ posterior modes) are markedly nonparallel. Thus, when fitting the conventional
random-slope contextual effect model to this sample dataset, an applied researcher would
make the erroneous substantive conclusion that there is across-cluster variability in slopes,
when in fact there is only intercept heteroscedasticity.
Erroneous inference #3: Under- or overestimating the degree of slope heterogeneity
From the two demonstrations thus far, | have shown how fitting a conventional
random-slope contextual effect model in the presence of intercept homoscedasticity can (for
the specific aforementioned theoretical reasons) lead one to incorrectly infer there is no slope
heterogeneity (which will correspond with inflated type Il error in later full-scale

simulations) whereas doing so in the presence of intercept heteroscedasticity can lead one to

11 Generating parameters were the same as described in the footnote 7, with the exception
that here var(u,;) =0, var(u,) =8, and o =10.
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incorrectly infer there is slope heterogeneity (which will correspond with inflated type I error
in later full-scale simulations). These demonstration situations by definition involved either
u,; or uy having no variability. I now explain and illustrate how erroneous conclusions

about the degree of slope heterogeneity still arise under more general conditions wherein

there can be variability in both of the level-specific residuals (u,, and u,;) that contribute to
the conflated residual u,; in the conventional random-slope contextual effect model.
Specifically, here three such conditions are considered in which: (a) the variance of u,, is
equal to that of u,;, (b) the variance of u,, is greater than that of u,;, and (c) the variance of
u,; is less than that of uy;. For each of these conditions, | vary the correlation of the two

residuals (u,,; and uy;) across its possible range. For each of these conditions, I illustrate

how, and then theoretically explain why, the slope variance z,, from the conventional
random slope contextual effect model can either overestimate or underestimate the true slope
heterogeneity depending upon both the magnitude of the variance of u,; and the degree of
correlation between u, and u,; .

Condition 1: var(u,;) = var(u,;) . Recall that the conventional random-slope
contextual effect model makes the assumptions that var(u,,) = var(u,) and corr(u,,u,;) =1

. Here | generate data such that this first assumption is met in that both variances are equal to
2, but manipulate the correlation between the two residuals across the parameter space
(either: -1, -.95, -.9 -.75, -5, -.25, 0, .25, .5, .75, .9, .95, or 1). 12

Figure 4 Panel A column 1 shows the percent relative bias in estimating the slope

12 The other generating values are the same as in footnote 5.
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variance, defined as the difference in the average estimated slope variance across 5000

samples, var(u,;), and the true across-cluster slope variance, var(u,;), divided by var(u,),

and multiplied by 100 (i.e., 100x(rm(ulj)—var(uwj ))/var(u,))) at each corr(u,;,u,) - The

Wi
two horizontal lines denote where absolute relative bias is 10% or -10%; values outside of
this range conventionally indicate meaningfully substantial bias.*®

Note first that, from Figure 4 Panel A column 1, there is no bias in the estimation of
the random slope variance z,, when the two strict assumptions of the conventional random-
slope contextual effect model are met, as the thin (red) line is at roughly 0 when
corr(uy,u,;) =1. However, this is the only condition across the range of the correlation

space in which this is true. The further the corr(u,;,u,,;) is from 1, the more downward bias

there is, meaning that the conventional random-slope contextual effect model is
underestimating the true degree of slope heterogeneity. As is clear from the plot, this
parameter bias can be quite large, for instance, approaching -50% relative bias as

corr(uy,u,;) decreases.

To explain why this occurs, consider first the extreme of corr(u,;,u,;) =—1. In this
situation, a cluster with a large u,; will have a small u,;, and vice versa. For instance, if a
cluster has a u,; of 1, the u,; would be -1. The conflated residual from the conventional

random-slope contextual effect model, u,;, is reflecting both of these. Thus, in comparison to

13 Though a rare occurrence, when models failed to converge or provided improper solutions,
these samples were excluded. In an upcoming section, | consider results for each of five
different models, and excluded samples in which any of the five models did not converge or
provided improper solutions. For all simulations and all conditions in this paper, at least 96%
of samples were retained.
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U, , the u;; is pulled sharply towards 0, and hence u,; has less variability about 0 than u,;,

leading to underestimation. As the correlation gets larger, this effect is less dramatic; for

instance, at a correlation of -.5, if a cluster has a u,; of 1, the u,; might be -0.5, and thus in

comparison to the situation with a correlation of -1, the conflated residual is pulled towards 0

less sharply. However, only when the correlation is exactly 1 does the bias disappear; in this

case, a cluster with a u,; of 1 would also have a uy; of 1, and thus the conflated residual u,;
would be the same as u,; .

Condition 2: var(u,;) > var(u,;) - Next | consider the case wherein the equal variance
assumption (var(u,,;) = var(uy;) ) is not met because the degree of slope heterogeneity is
greater than the degree of intercept heteroscedasticity, i.e., var(u,;) > var(u,;) . Here |
generate data as in Condition 1 above (changing only var(u,;) to 1) and similarly fit the

conventional random-slope contextual effect model to 5000 samples to determine the percent

relative bias across the range of corr(u,,u,,;) . The results are presented in Figure 4 Panel A

column 2. Though here the pattern is similar to that from Condition 1 in that the bias is
mitigated as the correlation increases, unlike Condition 1, the conventional random-slope
contextual effect model always substantially underestimates the true slope heterogeneity.

To explain why this occurs even when corr(u,;, u,;) =1, consider that, in this case, if

a cluster has a u,,; of 1, it would similarly have a positive u, but of smaller magnitude, i.e.,

0.5. Because the conflated residual from the conventional random-slope contextual effect

model, u,;, reflects both of these, it would be somewnhere between the two. Across clusters,

then, the conflated residuals u,; will be closer to 0 than the u,, ’s, causing downward bias in
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the estimated slope variance. A key point illustrated here is that, whenever var(u,;) is not
exactly equal to var(u,,) , the assumptions of the conventional random-slope contextual

effect model will never be met, regardless of the correlation between the two residuals, and
thus the conflated random slope will always be some uninterpretable blend of the two
components.

Condition 3: var(u,;) < var(uy) . Lastly I consider the case in which again the equal

variance assumption of the conventional random-slope contextual effect model is not upheld,
in this case because there is a larger degree of intercept heteroscedasticity than slope

heterogeneity, i.e., var(u,;) < var(u,) . Here | generate data as in Condition 1, but with
var(u,;) setto 8. Also as in Conditions 1 and 2, | manipulated corr(u,;,u,;) and computed
the percent relative bias across the range of corr(u,,u,;) with 5000 samples. The results are

presented in Figure 4 Panel A column 3. Similar to Conditions 1 and 2, the across-sample

average slope variance estimate increases as corr(u,;,u,;) increases. However, unlike

Conditions 1 and 2, the true slope heterogeneity is underestimated at lower values of

corr(uy,u,;) but overestimated at higher values.

| wish to emphasize this possibility of overestimation, as previous authors have stated

that the slope variance of X; will be smaller than that of X; —X; (e.g., Enders & Tofighi,

2007; Raudenbush & Bryk, 2002), though this is clearly not always the case, as shown in

Figure 4 Panel A column 3. As for why this overestimation is also possible, consider the

extreme of corr(u,,u,;) =1. In this condition, a cluster with a u,; of 1 would have a u,; of

2. The conflated residual u,; in the conventional random-slope contextual effect model then
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would be in between these two values, and thus relative to the u,;, there is more variability

of u; about 0, leading to a conflated slope variance estimate that is greater than var(u,;) .

Thus, anytime there is a large amount of intercept heteroscedasticity relative to slope

heterogeneity (i.e., var(u,;) < var(uy) ), there is risk of overestimating the degree of slope

heterogeneity when u,, and u,,; are positively correlated.

Summary. The key point to these demonstrations in Figure 1 Panel A is that the slope
variance from the conventional random-slope contextual effect model can either

underestimate or overestimate the degree of actual slope heterogeneity, as it instead reflects

variance in an uninterpretable blend of cluster-specific random slope components (u,; ’s) and

heteroscedastic intercept components (U, ’s). Researchers can be assured that this does not

happen only when the two components are perfectly correlated and have equal variances.
Erroneous inference #4: Under- or overestimating standard errors of fixed effects
Thus far | have considered the impact of random conflation on the testing and
estimation of the random slope variance itself (e.g., presence and degree of cluster-specific
differences in slopes). It is important for researchers to realize, however, that random
conflation can adversely affect the fixed portion of the model as well, in that it can yield
inappropriate standard errors for fixed components of slopes. Though it is well known in the
MLM literature that misspecification of the random effect structure can yield inappropriate
standard errors for fixed effects (e.g., Raudenbush & Bryk, 2002; Snijders & Bosker, 2012),
to my knowledge, no one has demonstrated the adverse impact of random conflation
specifically. Hence, for all conditions described above in the Erroneous Inference #3 section,

| obtained the average standard errors across 5000 repeated samples for both the within-
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cluster fixed effects (the 7,,’s) and the contextual effects (the 7,,’s) and compared them to

the actual across-5000-repeated-samples standard deviation of 7,, and 7,,, respectively, by

computing percent relative bias. Percent relative bias is here defined as the difference in the
average standard error and the across-sample standard deviation divided by the across-
sample standard deviation, multiplied by 100.

Bias in the standard error for the within-cluster fixed effect. Figure 4 Panel B shows

the percent relative bias for the standard error of y,, from the conventional random-slope
contextual effect model across the range of corr(u,;,u,,;) for each of the three conditions:
var(u,;) = var(u,), var(u,;) > var(u,), and var(u,;) < var(u,) . In short, the pattern of

results in Figure 4 Panel B mirrors exactly the pattern found for the random slope variance

estimates in Figure 4 Panel A—whenever the random slope variance is underestimated, the

standard errors for 7,, are too small, and whenever the random slope variance is

overestimated, the standard errors for 7,, are too large. This standard error bias is often

substantial and can be as severe as -20%. In empirical practice, such standard error bias in the
conventional random-slope contextual effect model would naturally adversely impact
confidence interval estimation and inferential testing of the fixed effects, leading to the
potential for misleading substantive conclusions. Only when the strict assumptions of

var(u,;) = var(u,) and corr(u,,u,;) =1 are met can researchers be assured that the standard

errors are accurate (as shown at the right-most point in Figure 4 Panel B column 1).%4

14 The bias in the point estimates of fixed effect was negligible, as it was for all the other models
fit in the upcoming simulation. This finding is expected based on previous analytic and
simulation findings that the fixed effects are consistent and tend also to be unbiased in spite of
random effect misspecification (e.g., Maas & Hox, 2004; Verbeke & Lessafre, 1997). Hence |
focus specifically here on standard error estimation.
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Bias in the standard error for the contextual effect. Similarly, Figure 4 Panel C

depicts the standard error percent relative bias for the contextual effect, 7,,, across the range
of corr(u,;,u,,;) for each of the three previously described conditions. In the equal variance

condition (column 1), we can see that the standard errors are accurate when the conventional

random-slope contextual effect model assumptions are exactly met. This is, however,

generally not the case. Since var(u,;) is (implicitly) estimated as the random slope variance
of x; (because the u,;’s simultaneously reflect both the u,,; ’s and the uy; ’s), and given that
the u,;’s are generally weighted away from the u,;’s towards 0, the random slope variance of

X; generally underestimates var(u,;), leading to downward bias in the standard errors of 7,
. Though the bias is mitigated for each condition as corr(u,;,u,;) increases, the standard

errors are almost always underestimated to an extreme degree. For instance, as shown in
Figure 4 Panel C column 3, when there is a large degree of heteroscedasticity, failing to
model this appropriately yields percent relative bias for the contextual effect standard error
that can be worse than -40%. Troublingly, such standard error bias could lead applied
researchers to make erroneous inferences about the substantively important contextual effect.
Summary. Though previous sections’ demonstrations concerned estimation and
testing of the random slope variance itself, researchers need to understand that random
conflation can have adverse impacts elsewhere in the model as well. As | have shown in this
section, standard errors of substantively important fixed effects can be highly inaccurate
under such random conflation. Researchers fitting the conventional random-slope contextual

effect model (or uncentered random slope model) can be assured of avoiding such standard

error bias only if the two random components u,; and u,; are perfectly correlated and have

27



exactly equal variances.
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Chapter V

General taxonomy of slope conflation in multilevel models

Though discussed thus far in the context of the conventional random-slope contextual
effect model, the terms fixed conflation and random conflation can be used more generally to
describe and classify any random-slope MLM that contains level-1 variables. Here 1 do so to

provide a general taxonomy of slope conflation for MLMs. Recall that anytime a MLM

contains X.

i » ONe can re-express the model by separating X; into its pure level-specific parts,

X; —X.; (often called the group-mean-centered predictor) and x,; (the group mean). By doing

this, one can always express the fixed components of a level-1 variable in the form

7.(% —X,;) +7,X,; and the random components of a level-1 variable in the form
U, (X; —X.;) +UyX,; . 1 propose the following taxonomy:
e The MLM is fully conflated if it constrains y, =y, and u, =u,;.

e The MLM is partially conflated if it constrains y, =y, or u, =u,, but not

wj !
both. A partially conflated model can be further characterized as either having
fixed conflation or random conflation.®®

e The MLM is unconflated if neither of these constraints are made.

For instance, the conventional random-slope contextual effect model of Equation (9)

constrains u,; = u,; but does not constrain y, =y, and is thus a partially conflated model.

15 Note that a partially conflated model that conflates only the u's not the »'s is much more
common in practice than a partially conflated model that conflates only the »'s not the u's.
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Methods for unconflating random slopes
| begin by summarizing the different methods by which researchers can ensure a
random slope model is unconflated; subsequently, I provide detailed explanations of these

methods. For random-slope contextual effect MLMs (or uncentered MLMs which contain a

random slope of x; ), random conflation can be avoided by including a random component of
X,; - This is almost never done in empirical applications because intercept heteroscedasticity

is rarely substantively theorized (e.g., Goldstein, 2011; Rights & Sterba, 2016; Snijders &
Bosker, 2012). On the other hand, for random-slope group-mean-centered MLMs (which

contain a random slope of x; —x,;), random conflation is already inherently avoided because
there is no implicit equality constraint of u,; =u,; (as will be shown below), hence
unconflation is assured whether or not a random component of X ; is included. These

methods for unconflating random slopes are summarized in Table 1. For each possible
random slope MLM specification, Column 4 of Table 1 clarifies whether fixed and/or
random components are conflated. The first row of Table 1 pertains to uncentered MLMs, the
next two rows pertain to contextual effect MLMs, and the last three rows pertain to group-
mean-centered MLMs. Column 4 of Table 1 highlights that, for uncentered and contextual

effect MLMs (first three rows) the modeling of between-cluster variance via fixed and/or
random slope components for X, ; is @ mechanism for unconflation, whereas in the group-
mean-centered MLMs (last three rows), it is a separate decision in that it does not impact
whether or not there is random conflation, as conflation is inherently avoided. Table 1 also

characterizes MLM specifications by whether they have been commonly used (Column 5)

and whether they have been previously recommended (Column 6). Columns 5 and 6 of Table
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1 highlight the noteworthy and concerning fact that the commonly used and previously
recommended MLMs include those that are random conflated, such as the conventional
random-slope contextual effect model, featured in row 2 of Table 1. Column 7 of Table 1
highlights that only the unconflated MLM specifications are currently recommended here,
and these include specifications not yet recognized or used for this purpose in practice (i.e.,
row 3). The alternative unconflated MLM specifications are explained in detail next.

To avoid random conflation in models that contain x; as a predictor, one must

expand the Equation (9) MLM to explicitly model intercept heteroscedasticity by including a
random component of a slope for x_;. This is done in the specification in Table 1 row 3,
which is here termed the unconflated random-slope contextual effect model. This model is
given as:

Yii = Yoo T 710X T U X + 70X Uy X5 + Uy + €

e ;~ N(O, o)
Uy; 0174
U; [~MVN|| 0|,z 74 (13)
Uy; 0] |7 7 7y

with u,; denoting the residual used in modeling intercept heteroscedasticity. The
disaggregation of both the fixed and random components is apparent when substituting x;
with (; — X)) +X,;:

Vi =Yoo + 720 (% = X +X) Uy (% — X+ X ) + 7 X HUX U +€

(14)
= Y00 +]/10(Xij - x_j) +u1j(xij —x_j)+(7/10 +701)X.j +(u1j +u2)x_j +Uy; +€;

The fixed component is disaggregated because y,, # 7, (i.e., 7,0 # (710 + 751) ), BUt NOW
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additionally the random component is disaggregated because u,; # Uy, (i.e., U # (U;; +U,;)).

This model is virtually never applied in practice because researchers have not recognized the
need to incorporate intercept heteroscedasticity for the pragmatic purpose of unconflating the
random component, and (according to Goldstein [2011], Rights & Sterba [2016], Snijders &
Berkhof [2008] and Snijders & Bosker [2012]) researchers rarely if ever incorporate intercept
heteroscedasticity for other, purely substantive reasons.

| next consider group-mean-centered models that explicitly include as a predictor
X; —X,; rather than X; . These are given in rows 4-6 of Table 1. Thus far, I have not discussed
group-mean-centered models at length. The reason is that, when group-mean-centering,
neither fixed nor random conflation is possible. In other words, the issues | have discussed
thus far are irrelevant for group-mean-centered models as they are inherently unconflated. To
illustrate, I first present the most parsimonious such unconflated model which was termed a
random-slope group-mean-centered MLM in Table 1 row 4:

Yii =700 +710(Xij _X.j)+u1j(xij _X-j)+u0j +€;

ey~ N(0,5?)

Uo; Uoj | | oo 15
{ulj}ﬁ‘MVN {ulj}'{flo le ( )

To determine whether or not this model is conflated, | need not do the substitution done for
the uncentered or contextual effect models. When group-mean-centering, variables are

already separated into pure level-specific portions. Here, the fixed component is not

conflated because y,, =y, (i.e., ¥, #0), and the random component is not conflated because

U, # Uy (I8, 750 #0).
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The above unconflated group-mean-centered model, however, is useful only for

estimating the within-cluster effect of X; and not the between-cluster effect. Though not

necessary for the purposes of unconflation, if a researcher wanted to additionally model a

between-cluster fixed effect they could add a fixed slope of X_;. This is done in Table 1 row
5, there termed a random-slope group-mean-centered MLM with fixed between effect:
Yi =70 +7/10(Xij _X-j)+ulj(xij _X-j)+701x-j +Uy; + €

ey~ N(0,5?)

{UO‘} ~ MVN [{UO‘},[T‘” D (16)
U Wi %0 7

Lastly, though again not necessary for the purpose of unconflation, this unconflated model
can be further expanded to account for intercept heteroscedasticity by adding a random
component to the slope of X, ;. This is shown in Table 1 row 6, there termed a

heteroscedastic random-slope group-mean-centered MLM with between effect:

Yi =7/00+;/10(xij —x,j)+u1j(xij —x,j)+7/10x,j Uy X, +Up; +€y

e;~ N(, o)
Uy 01| 7o
U; [~MVN| 0|,z 7 (17)
Uy; 0] |7 T 7y

Note that this model is statistically equivalent to the unconflated random-slope contextual
effect model in Equation (13), as the two are merely different parameterizations (as proven in
Appendix C). All other models in Table 1 are nested within these two. The uncentered

random slope model (row 1) and the conventional random-slope contextual effect model
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(row 2) are simpler in that they implicitly constrain level-specific effects to equality (i.e.,
conflate); similarly, the group-mean-centered models in rows 4 and 5 are simpler in that they
implicitly constrain between-cluster effects to 0.

In summary, for models that include a random slope of X; , whether or not the model

includes fixed and/or random slope components for X,; determines whether or not there is

fixed conflation and/or random conflation. In contrast, for group-mean-centered models, both

fixed conflation and random conflation are inherently avoided regardless of the inclusion of

fixed and/or random slope components for X, ;. I next present simulation results comparing

the performance of these models and then provide recommendations for practice.
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Chapter VI

Comparing the performance of the conventional random-slope
contextual effect MLM to the unconflated MLMs

Earlier, | explained why the conventional random-slope contextual effect model
(Equation 9; Table 1 row 2) can yield low power for testing across-cluster slope
heterogeneity (Erroneous Inference #1), high Type I error for testing across-cluster slope
heterogeneity (Erroneous Inference #2), can either under- or overestimate the true degree of
across-cluster slope heterogeneity (Erroneous Inference #3), and can yield inaccurate
standard errors for fixed effects (Erroneous Inference #4). Here 1 show how the unconflated
models (Equations 13, 15, 16, 17; Table 1 rows 3-6) provide markedly better performance in
all four of these domains. To restrict focus on the implications of random conflation, I did not
additionally fit the uncentered random-slope model (Equation 7; Table 1 row 1) that also
conflates the fixed component; nonetheless note that it is susceptible to the same four issues
as the conventional random-slope contextual effect model.

Unconflated models provide better power for testing across-cluster slope
heterogeneity. Using the generating conditions described above in the Erroneous Inference
#1 section, | generated 5000 samples and fit each of the models in Table 1 rows 2-6. Across
the 5000 samples, | computed the proportion of samples wherein the random slope variance

of the level-1 predictor (x; for the contextual effect models and x; — x_; for the group-mean-

centered models) was significant based on a »? mixture LRT with o =.05.%° Since there

16 The null reference distribution for the unconflated random-slope contextual effect model
and the heteroscedastic random-slope group-mean-centered model was a 50:50 mixture of
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exists slope heterogeneity in this condition (var(u,,;) = 2), this proportion denotes the power

to reject the false null hypothesis of no slope heterogeneity. As is clear from Table 2 column
1, the widely used conventional random-slope contextual effect model yields much lower
power than the unconflated models (which include the proposed unconflated random-slope

contextual effect model as well as any random-slope group-mean-centered model). Because

these unconflated models explicitly disaggregate the u,, and u,,, unlike the conventional

random-slope contextual effect model, they do not encounter the same problem as described
in the above Erroneous Inference #1 section.

Unconflated models provide better type | error for testing across-cluster slope
heterogeneity. Using the generating conditions described above in the previous Erroneous
Inference #2 section, | again generated 5000 samples, fit each of the models in Table 1 rows
2-6, and for each computed the proportion of samples in which the random slope variance of
the level-1 predictor was significant. Since there is no slope heterogeneity in this generating

condition (var(u,;) = 0), this proportion denotes the Type | error rate. As is clear from Table

2 column 2, the widely used conventional random-slope contextual effect model yields a
large Type | error rate (nearly three times the nominal rate of .05) whereas the unconflated
models (which include the proposed unconflated random-slope contextual effect model as
well as any group-mean-centered model) yield a rate close to the nominal level. This is
because unconflated models are not susceptible to the issue described in the earlier
Erroneous Inference #2 section.

Unconflated models provide less bias in estimating the degree of across-cluster slope

x&_, and yZ_,; for all other models, it was a 50:50 mixture of x5 _, and 5_, (Stram &
Lee, 1994, 1995).
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heterogeneity. Using the generating conditions described above in the Erroneous Inference
#3 section, | again generated 5000 samples, fit each of the models in Table 1 rows 2-6, and
for each computed the across-sample average random slope variance of the level-1 predictor.

Figure 5 Panel A shows that, regardless of the degree of intercept heteroscedasticity (i.e.,

magnitude of var(u,;)) and regardless of the correlation of u,; and u,;, all of the unconflated
models yield negligible bias in estimating the degree of slope heterogeneity. | note one small

caveat in that, at the boundary of the correlation space (i.e., corr(u,;,u,)=-1 or

corr(u,,U,) =1), there is very slight upward bias for the models that include a random

wj ?
component for X, ;. This is not surprising given that, simply because of the boundary

condition, the estimated random effect covariance matrix for these will slightly overestimate

the covariance between u,; and u,; when corr(u,;,u,) = -1 and slightly underestimate the

covariance when corr(u,,;, U, ) =1. Nonetheless, the percent relative bias at the boundary is

wj !
still fairly small (at most, 5%), particularly in comparison to the bias across the correlation
space from the widely used conventional random-slope contextual effect model (which
reaches -20%).

Unconflated models provide more accurate standard errors for fixed components of
slopes. Using the generating conditions described above in the earlier Erroneous Inference
#4 section, | again generated 5000 samples, fit each of the models in Table 1 rows 2-6, and
for each computed the across-sample average standard error for both the fixed component of
the slope of the level-1 predictor and that of the level-2 predictor, comparing these values to

the actual across-sample standard deviation in terms of percent relative bias. For the fixed

component of the slope of the level-1 predictor, for all unconflated models (which include
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the proposed unconflated random-slope contextual effect model as well as any group-mean-

centered model) the standard errors are accurate in Figure 5 Panel B regardless of the degree
of intercept heteroscedasticity or the correlation of u,; and uy;.

For the fixed component of the level-2 predictor, the unconflated models that contain
a random component for X_; (such as the proposed unconflated random-slope contextual
effect model) similarly provided accurate standard errors in Figure 5 Panel C (with a slight

exception again being at the boundary of the correlation space). In contrast, it is important to

note that in Figure 5 Panel C the random-slope group-mean-centered model that includes a
fixed slope of X,; without a random component (as in Equation (16); Table 1 row 5),
provided standard errors that were too small, and the magnitude of this bias was greater when
the degree of heteroscedasticity (var(u,;)) was greater. Thus, this latter model allows for
accurate inference about level-2 fixed effects only when the assumption of intercept

homoscedasticity is upheld.

Summary of simulation results. In summary, when fitting the conventional random-
slope contextual effect models, failing to include a random component of X,; induces
random conflation leading to Erroneous Inferences #1-4 described above; these issues can be

avoided, however, by fitting the unconflated models. Specifically, fitting the proposed

unconflated random-slope contextual effect model (which includes a random component to
the slope of X;) or fitting group-mean-centered models (regardless of whether X ; is

included, has a fixed slope, or has a random slope) will provide unbiased estimates, adequate

power, acceptable type | error, and appropriate standard errors for all terms associated with

the level-1 predictor, X; —X,;. Results from the group-mean-centered models reflect the key
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fact that X; —X,; and X ; are orthogonal, and hence misspecifying the portion of the model
dealing with X ; does not adversely impact the estimation of components associated with

X; —X.;, such as z,, . However, misspecifying the portion of the model dealing with X_; in

group-mean-centered models, such as failing to include a random component of X, ; under

heteroscedasticity, can adversely impact inference about parameters associated with level-2

variables; for instance, leading to standard errors of the fixed component of X; that are too

small, as in Figure 5 Panel C.
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Chapter VII

Recommendations for practice: Choosing among the unconflated MLMs

In light of these simulation results, I do not recommend conflated models be used in
practice, as noted in Table 1 Column 7 (in the Discussion section, however, | discuss the
potential for testing conflated vs. unconflated models in practice). Unfortunately, both of the
conflated models | have discussed are commonly used in practice, as noted in Table 1
Column 5 (rows 1 and 2). In fact, as noted in in Table 1 Column 6, methodologists have even
specifically recommended that the conventional random-slope contextual effect model be
used to disaggregate level-specific effects instead of using group-mean-centering, claiming
that the former is less complicated and more interpretable (discussed further below)—
however, importantly they failed to note the random conflation inherent to this model (e.g.,
Hox, 2010; Kreft, de Leeuw, & Aiken, 1995; Snijders & Bosker, 2012). It is my hope that
this work will help discourage the use of such random-conflated models. As mentioned
earlier, other authors have pointed out the fact that the conventional random-slope contextual
effect model is random conflated—Raudenbush (1989) called it a “hidden covariance”
between the intercept and slope—and recommended group-mean-centered models be used in
practice (Raudenbush, 1989; Wang & Maxwell, 2015; Hofmann & Gavin, 1998). Here | have
extended their work by delineating the various consequences of random conflation, as well as
providing multiple options to avoid it.

Regarding which of the unconflated specifications to use, the decision between the

unconflated random-slope contextual effect model and the heteroscedastic group-mean-
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centered model is primarily a matter of interpretational preference, as the two are
reparameterizations of each other. One may prefer to interpret the fixed component of the

slope of x,; as the contextual effect (in the former model), or instead may wish to interpret it

as the fixed between effect (in the latter model). Likewise one may prefer to interpret the

random component of the slope of x; (i.e., the cluster-specific residual u,;) as the cluster-

specific difference in u,, and u,;, akin to a cluster-specific contextual effect residual (in the

former model), or instead may wish to interpret it as the heteroscedastic intercept component,
or u, (in the latter model).

Some authors have argued that the interpretation of contextual effect models in
general is more straightforward than group-mean-centered models, and that testing the
existence of a contextual effect is easier as it involves simply testing if the contextual effect
is 0 (e.g., Algina & Swaminathan, 2011; Hox, 2010; Kreft, de Leeuw, & Aiken, 1995). I feel,
however, that parameter interpretation in group-mean-centered models is no more
complicated than in contextual effect models as the presence of a contextual effect can also
easily be detected by testing the equality of the fixed within- and between-cluster effects
(e.g., Enders & Tofighi, 2007; Wang & Maxwell, 2015).

A potential advantage of group-mean-centered models, however, is that researchers

can specify more parsimonious models without conflating level-specific effects. For instance,

if a researcher is solely interested in effects at level-1, then there is no need to include x_; as

a predictor in the model, and they can thus fit the group-mean-centered model that excludes

X.; (Equation (15); Table 1 row 4). If a researcher is interested in both level-1 and level-2

fixed effects and is comfortable assuming intercept homoscedasticity, they can fit the group-
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mean-centered model that includes only a fixed slope of x ; with no random component

(Equation (16); Table 1 row 5). It may be pragmatic, however, to test this assumption of

homoscedasticity, as simulation results indicate that the standard errors for the fixed slope of

X,; would be inappropriate if there is indeed intercept heteroscedasticity.
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Chapter VIII

Empirical example

To concretely illustrate the differences in interpretation between fully conflated,
partially conflated, and unconflated MLM specifications, here | predict math scores using a
dataset described and analyzed in a popular multilevel modeling textbook (Kreft & de
Leeuw, 1998). The dataset consists of 519 students (level-1) nested with 23 schools (level-2),
yielding an average cluster size of approximately 23. Between-school variation accounted for
36% of the total variation in math scores (ICC = .36). Kreft and de Leeuw (1998) predicted
math scores from parents’ highest level of education with the fully conflated uncentered
random-slope MLM of Equation (7) (Table 1 row 1). Here | show how results can be made
more informative by unconflating both the fixed and the random components of parent
education.

| first fit the (fully conflated) uncentered random slope MLM in which uncentered

parent education predicts math scores (i.e., Equation (7) , Table 1 Row 1, with X; being

parents’ level of education) using Imer in R with REML estimation. The estimated fixed
component of the slope of parent education was positive and significant (2.90; p < .05),
suggesting that students whose parents have higher levels of education tend to have higher
math scores. However, this fixed effect estimate is conflated (fixed conflation) in that it
implicitly reflects both a within-cluster fixed effect—i.e., the fixed component of a student’s
parents’ education relative to their schoolmates—and a between-cluster fixed effect—i.e., the

fixed component of the school’s overall level of parent education. As for the random
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component of the slope, the slope variance was small and non-significant (1.29; LRT with a
50:50 mixture of y;_, and x5 _, yielding p > .05). This might lead one to think that there is

little across-cluster variability in the association of parent education and math scores.
However, this estimate is also conflated (random conflation) in that it implicitly reflects both
across-cluster slope heterogeneity in the association of parent education with math scores as
well as intercept heteroscedasticity by school-mean parent education. As shown above via
simulation, it is possible to get a small and non-significant conflated slope variance estimate
even when there is actually substantial slope heterogeneity across clusters.

I next fit the (random-conflated) conventional random-slope contextual effect model
by adding a fixed slope of school-mean parents’ education (i.e., Equation 9; Table 1 Row 2).
Though this model unconflates the fixed component, it still yields a conflated random
component. In this the case, the conflated slope variance is roughly the same as it was in the
previous model, and is still small and non-significant (1.51; LRT with a 50:50 mixture of

&, and yxZ_, yielding p >.05). If a researcher were to fit this model in practice, they

might feel that level-specific effects are effectively disaggregated based on the current
literature in which only the fixed component is emphasized, but the slope variance is still
implicitly reflecting both across-cluster slope heterogeneity and intercept heteroscedasticity.
Lastly, to fully unconflate, I fit the unconflated random slope contextual effect model
(Equation (13); Table 1 row 3) and the heteroscedastic random-slope group-mean-centered
model with a random between effect (Equation (17); Table 1 row 6). | present the results of
both of these together in Table 3 to highlight their equivalencies (the table note explains how
parameter estimates and standard errors from one model can be expressed in terms of those

of the other model; corresponding analytic derivations for these equivalencies are in
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Appendix C). By unconflating the fixed component, we see that both the within and between
fixed effects are positive and significant, but that there is a contextual effect in that the
between effect is larger. Specifically, the estimated within-effect is 2.85 and the estimated
between-effect is 5.90, and hence the estimated contextual effect is 5.90 — 2.85 = 3.05. In
other words, the overall school-average level of parent education is more predictive (in terms
of slope magnitude) of math scores than is an individual student’s parental education. By

unconflating the random component, unlike in the random-conflated models, results indicate
significant slope heterogeneity (2.31; LRT with a 50:50 mixture of yZ_, and y_, yielding

p < .05 for both models in Table 3) and significant intercept heteroscedasticity (with the

school-specific intercept variance for school j given as 15.38 +23.90x +10.07x,2j ; and with

a LRT with a 50:50 mixture of y2_, and yZ_, yielding p < .05 for both models in Table 3).

In other words, (a) certain schools had a stronger association between average parent
education and math score than other schools, and (b) schools with either low or high average
parent education had more variability in math scores.

Importantly, the results obtained by unconflating the random component are in sharp
contrast to what was found in the widely used conventional random-slope models, wherein
the slope variance was small and nonsignificant. Thus, similar to what was demonstrated via
simulation, conflating the random component can obscure the two level-specific processes
and can lead a researcher in practice to erroneously assume there is no across-cluster
heterogeneity in the association of parent education with math scores. In this case, when
fitting the widely used uncentered random slope MLM or the conventional random-slope
contextual effect model, the conflated residuals are weighted heavily towards 0 in
comparison to the u,;’s.
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Chapter IX

Discussion

In this dissertation I began by highlighting the current practice in which researchers
commonly fit random-slope contextual effect models that are thought to disaggregate level-
specific effects (Bliese & Britt, 2001; Deemer et al., 2017; Diez-Roux et al., 2000; Espelage
et al., 2003; Fischer et al., 2004; Hoffman & Stawski, 2009; Kidwell et al., 1997; Lee, 2009;
Lee & Bryk, 1989; Merlo et al., 2005; Poteat et al., 2007; Schempf & Kaufman, 2012; Titus,
2004). | then raised several issues with this common practice: (i) it is not well understood

that MLMs can have conflation of either the fixed and/or random component of the slope of
X;; » and the possibilities for types of slope conflation had not previously been fully
enumerated; (ii) there is little appreciation that the conventional random-slope contextual
effect model (i.e., Equation (9)) or uncentered random-slope MLMs yield a conflated random
component of the slope of x;; (iii) there are negative consequences of fitting random-
conflated models that have not been explained or demonstrated, including making several
kinds of erroneous interpretations and inferences; and (iv) researchers are in need of a full
delineation of which MLM specifications yield unconflated random components, as well as

recommendations for which to use for particular purposes. | addressed the first issue by

explicating analytically the conflation of both the fixed and/or random component of the

slope of x; and providing a taxonomy of random slope conflation that clarified how models

can be fully conflated (i.e., both fixed and random components are conflated), partially

conflated (i.e., only one of the components are conflated), or unconflated. | addressed the
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second issue by demonstrating analytically that the inclusion of a fixed slope of x,; inthe

conventional random-slope contextual effect model effectively unconflates the fixed
component but fails to unconflate the random component. | addressed the third issue by
demonstrating via simulation the propensity for the widely used conventional random-slope
contextual effect model to yield high rates of type I error, low power, and bias in random
slope variance estimation as well as bias in fixed effect standard errors. Finally, | addressed
the fourth issue by identifying a suite of unconflated random slope MLM specifications that
appropriately disaggregate the random component, showing via simulation how all of the
aforementioned problems are remedied by fitting these unconflated models, and providing
recommendations regarding which unconflated model to use for particular research goals.
Future directions. Several limitations of this work serve as future directions. First,
although the assumptions of the conventional random-slope contextual effect model (i.e.,

var(u,;) = var(u,) and corr(u,,,u,) =1), are highly restrictive and unlikely to hold in

wj !
practice, they nonetheless could be tested. For instance, one can compare a conventional
random-slope contextual effect model against an unconflated random-slope contextual effect
model using a likelihood ratio test (with an adjusted reference distribution given that the null
hypothesized value would lie on the boundary of the parameter space; Self & Liang, 1987,
Stram & Lee, 1994, 1995) or with information criteria. Before formally recommending such
a procedure, however, the utility of this model selection approach should be investigated via

simulation. For instance, in future work the power to detect unequal variances and imperfect

correlations of u,; and u,; could be investigated at finite sample sizes that are typically

encountered in the social sciences and education. At the very least, | strongly recommend

that researchers not assume without scrutiny that these restrictive assumptions hold in
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practice. A point made by Cronbach (1976) (in reference to fixed components but applicable
to both fixed and random components) is relevant here: “No doubt group effects are
negligible in some instruction and in some social processes, but even the investigator who
prefers to deny their existence will be wise to allow his data to speak on the point. (p. 235).”
In my opinion, the most straightforward approach to avoid random conflation is not to
undertake (fallible) testing of these restrictive assumptions, but rather to simply avoid
making the assumptions in the first place by instead fitting one of the fully unconflated
models detailed here (Table 1 rows 3-6).

Second, although here | focused on random slope models with a single level-1
variable used to predict the outcome (e.g., by including as predictors the level-1 variable in
uncentered form as well as in cluster-mean form), in models with random slopes for multiple
predictors, each individual level-1 variable’s slope can be characterized as fully conflated,
partially conflated, or unconflated. Third, for simplicity here | posited linear relationships
between each predictor and the outcome; however, a level-1 variable can have distinct
nonlinear (e.g., quadratic) within-cluster and between-cluster relationships with the outcome.
Future work can explicate the consequences of conflating such nonlinear level-specific
relationships.

Fourth, although here I focused on the impact of random conflation on point
estimation, significance testing, and standard error estimation, future work can explicate the
impact on measures of effect size, such as R-squared (R?). A recent framework of R?
measures for multilevel models was developed by Rights and Sterba (2018), in which they
provide novel measures but also analytically relate ten existing measures as special cases of

their framework (e.g., Johnson, 2014; Kreft & de Leeuw, 1998; Nakagawa & Schielzeth,
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2013; Snijders & Bosker, 1999; Vonesh & Chinchilli, 1997; Xu, 2003). Since conflation can
distort either the fixed components or the random components of the slopes of level-1
predictors, the estimated proportion of variance attributable to level-1 predictors can
similarly be distorted. Though a full explication of this impact is outside the scope of the
current paper, | caution researchers to be wary of interpreting R? estimates from conflated
models.

Fifth, for simplicity and to mirror the majority of methodological work on

disaggregating level-specific effects, here | focused on using observed cluster means, X ;’s,

as predictors for the MLM specifications in Table 1 rows 2-6. These models can be modified,
however, by instead using latent cluster means via multilevel structural equation modeling
(MSEM; e.g., Asparouhov & Muthén, 2006; Lidtke et al., 2008; Preacher, Zyphur, & Zhang,
2010). This would similarly accomplish the disaggregation afforded by the use of observed
cluster means, but could be further advantageous in avoiding bias when the observed cluster
means are measured with meaningful amounts of error. Nonetheless, the use of MSEM over
MLM comes with some tradeoffs; the former’s reduction in bias is at the expense of greater
variability in estimates, particularly at smaller sample sizes (e.g., Preacher et al., 2011).
Future work can investigate the differential utility of either of these approaches with respect
to disaggregating both level-specific fixed and level-specific random effects.

Sixth, in the simulation conditions investigated in this dissertation, all models had
high rates of convergence, but in practice researchers may encounter convergence issues,
particularly when random slope variances and/or sample sizes are small. Such issues could
arise more often for the unconflated random-slope contextual effect model and the equivalent

heteroscedastic random-slope group-mean-centered model, as these each involve estimating
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two random slopes, one of which is that of a level-2 predictor. Future research could
explicitly investigate conditions that would be expected to yield higher rates of
nonconvergence than those found in the current study. Should researchers encounter
convergence issues with the heteroscedastic models, they could instead opt for a more
parsimonious group-mean-centered model that assumes intercept homoscedasticity (Table 1
rows 4 or 5). Additionally, using Bayesian estimation might ease estimability (Browne &
Draper, 2006) in this context, for instance, by using priors (e.g., half-Cauchy; Gelman, 2006)
to shrink random effect variance estimates toward non-negative values (Depaoli & Clifton,
2015). For more general recommendations regarding remedies for convergence issues in
MLM, see Brauer & Curtin (2017).

Finally, though here | focused on multilevel models that accommodate nested data
structures via random effects, models that instead accommodate nested data by exclusively
modeling the residual covariance structure among observations within-cluster (often termed
marginal models) are becoming more popular in psychology applications (e.g., McNeish,
Stapleton, & Silverman, 2017). If interest lies in modeling and assessing across-cluster
random slope variability (the context assumed in this dissertation), such marginal models
would be inappropriate. However, when research interest lies in only fixed effects, either
marginal models or MLM could be used (for advantages and disadvantages of these
approaches, see, e.g., Gardiner, Luo, & Roman, 2009; McNeish et al. 2017). Future research
could investigate the utility of marginal models in terms of fixed effects’ standard error
accuracy across the generating conditions investigated in this dissertation. It is expected,
however, that marginal models would be less efficient than MLM when the generating model

contains random slopes, as the former could not as readily and parsimoniously represent such
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data generating structures.

Conclusion. Despite the predominant focus in the methodological literature on the
conflation of level-specific fixed effects, | have shown here that the conflation of random
effects can similarly lead to meaningful distortion in multilevel models. It is my hope that
this work will help researchers understand the distinction between random effects associated
with level-1 variables vs. those associated level-2 variables, and will make clear the adverse
impact of conflating the two. I further hope that this work will ultimately help encourage the

use of unconflated models in practice.
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Table 1. Suite of random slope models characterized by full conflation, partial conflation, or no conflation

Manuscript Fixed slope Random slope Conflation? Commonly Previously Re(c:ou;ﬁzg()j/ed Name of model
Equation#  components for: components for: ' used? Recommended? Here? specification
Uncentered (or grand-mean-centered) model
Eqn (7) X X fixed+random Yes No uncentered
: : conflation random-slope MLM
Contextual effect models
Hox (2010); Kreft, de Leeuw, CO';VG”“C;“&'
random & Aiken (1995); Longford random-siope
Eqn (9) Xy and X, Xij conflation Yes (1989): Plewis (1989); No  contextual effect MLM
Snijders & Bosker (2012)
unconflated
Eqn (13) X; and X X; and X unconflated No Yes random-slope
contextual effect MLM
Group-mean-centered models
random-slope group-
Eqn (15) (X —%.;) (X —%.;) unconflated Yes Yes mean-centered MLM
(X; —X.:) and Raudenbush (1989); grogg?r?]cé?r;-scl:ce)ﬁteered
Eqgn (16) v (Xij - X.j) unconflated Yes Raudenbush & Bryk (2002_); Yes* MLM w/ fixed
X, Wang & Maxwell (2015); between effect
Hoffman & Gavin (1998)
(X —X.) and heteroscedastic
i i random-slope
X: —X ) and X_.
Egn (17) X . ( " 'J) -j  unconflated No Yes group-mean-centered

]

MLM w/ btwn. eff.

Notes: MLM=multilevel model. *=Note that this model assumes intercept homoscedasticity; the presence of intercept heteroscedasticity can bias
inference about level-2 fixed effects (see text for details).
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Table 2. Testing the random slope variance of a level-1 predictor using the conventional random-slope
contextual effect model vs. the unconflated random-slope models: Power and type | error

Power Type | error rate
Conventional random-slope contextual effect model .69 13
Unconflated random-slope contextual effect model 87 .03
Random-slope group-mean-centered model w/o X ; 92 .04
Random-slope group-mean-centered model w/ fixed 91 04
between effect ' '
Heteroscedastic random-slope group-mean-centered 87 03

model w/ between effect
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Table 3. Empirical example results for unconflated random-slope models

Unconflated random-slope contextual effect model (Eq. 13) Heteroscedastic random-slope group-mean-centered model (Eq. 17)
Fixed effect estimates (SE)
intercept (7o, ) 52.38 (1.08) intercept (7o, ) 52.38 (1.08)
slope of parent education (7,,) 2.85 (0.49) slope of school-mean-centered parent education (7,,) 2.85 (0.49)
slope of school-mean parent education (7, ) 3.05 (1.27) slope of school-mean parent education (7, ) 5.90 (1.24)
Variance component estimatest

Zoo 1538 oo 15.38
parent education slope resid. variance (7;) 231  school-mean-centered parent ed. slope resid. variance (7;) 231
school-mean parent education slope resid. variance (7,, ) g.46  school-mean parent education slope resid. variance (7, ) 10.07
covariance of U,; & parent education slope covariance of U, ; & school-mean-centered parent

resid. (7,y) 0.71 education slope resid. (7;,) 0.71
covariance of U,; & school-mean parent ed. slope resid. (7, covariance of Uy; & school-mean parent ed. slp. resid. (7,,)
) 11.18 11.88
covariance of parent education slope resid. with school-mean covariance of school-mean-centered parent ed. slope

parent education slope resid. (7,, ) -0.35 resid. & school-mean parent ed. slope resid. (7,, ) 1.96
level-1 residual variance (6‘2) 70.95 level-1 residual variance (6‘2) 70.95

Note. 7o;, Ty, Z51,and 7,, from the heteroscedastic random-slope group-mean-centered model are equal to (7, + 74,) » (Fi0 +700) s (Ti1 +751)

and (7, +7,, +27,,), respectively, from the unconflated random-slope contextual effect model. Additionally, the standard error of 7, in the

heteroscedastic random-slope group-mean-centered model is equal to se. = \jsey?m + sej01 +2C0V(719, Vo1) =1.24 (with cov(7,,,7,,) =—0.16)

from the unconflated random-slope contextual effect model (see Appendix C). All fixed effects were significant (t-test with alpha = .05). =All
random effect variances were significant using mixture likelihood ratio tests described in the Empirical Example section. Resid.=Residual.
Eqg.=Equation.
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Figure 1. Interpretation of a random component of a level-1 predictor vs. that of a level-2 predictor

Panel A: A random component of a purely level-1 Panel B: A random component of a purely level-2
predictor reflects across-cluster predictor reflects across-cluster
slope heterogeneity intercept heteroscedasticity

20
1
20
1

10
10

H SO OF
- =] =) k=)
N e . | o "BiSesetly, 000
] % B
= Y o o
£ ° g

-10
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-20

Notes. In Panel A, slope heterogeneity is reflected in the fact that the within-cluster effect of x; —x ;

depends on cluster membership. In Panel B, heteroscedastic intercept variance is reflected in the fact
that cluster-specific intercepts are more variable at the extremes of x,;.
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Figure 2. Illustrating Erroneous Inference #1 from the conventional random-slope contextual effect
model: Concluding there is no random slope variation when it exists

Panel A: Panel B: Panel C:
Conventional random-slope Actual within-cluster relations Actual between relations
contextual effect model results (random slope variation) (intercept homoscedasticity)

intercept
0
1

o
B
doz
s,
H

7, =var(u,;) =0.04;ns

Researcher would erroneously
conclude: no random slope variation

Note. The significance test for z,, usesa y> mixture likelihood ratio test [LRT] with the null

reference distribution being a 50:50 mixture of x5 _, and yZ_, (see Footnote 10).
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Figure 3. lllustrating Erroneous Inference #2 from the conventional random-slope contextual effect
model: Concluding there is random slope variation when it does not exist

Panel A: Panel B: Panel C:
Conventional random-slope Actual within-cluster relations Actual between-cluster relations
contextual effect model results (fixed slopes) (intercept heteroscedasticity)

intercept
0
|
@

7y, =var(u,;) =3.01*

Researcher would erroneously
conclude: random slope variation

Note. The significance test for 7, uses a y° mixture likelihood ratio test [LRT] with the null

reference distribution being a 50:50 mixture of x5 _, and yZ_, (see Footnote 10).
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Figure 4. Bias in random slope variance estimates and fixed effect standard errors for the conventional
random-slope contextual effect model

Panel A: Bias in slope variance

percent relative bias

Cond. 1: var(u,,;) = var(u,) Cond. 2: var(u,,) > var(u,) Cond. 3: var(u,,;) < var(u,)

percent relative bias
B 0

percent relative bias
ol

T T T T T T T T T T T T T T
05 00 05 10 40 05 00 05 10 10 05 00 05 10

corr(u,, uy) corr(Uy, Uy) corr(Uy. Uy;)

Panel B: Bias in standard errors of fixed component of level-1 predictor

percent relative bias

Cond. 1: var(u,,) = var(u,) Cond. 2: var(u,,;) > var(uy) Cond. 3: var(u,,) < var(u,)

percent relative bias
- 0

percent relative bias
0

T T T T T T T T T T T T T T
05 00 0.5 10 -1.0 05 0.0 0.5 1.0 10 05 0.0 05 10

corr(Uy;. Ug) corr(Uy, Uy;) corr(Uy, Ug)

Panel C: Bias in standard errors of fixed component of level-2 predictor

percent relative bias

Cond. 1: var(u,,;) = var(u,) Cond. 2: var(u,,) > var(u,;) Cond. 3: var(u,,;) < var(u,)

percent relative bias
B 0

percent relative bias
0

T T T T T T T T T T T T T T
05 0.0 05 10 -1.0 05 0.0 05 1.0 -1.0 05 0.0 05 10

corr(Uy;, Ug) corr(Uy, Uy) corr(Uy;, Uy)

— Conventional random-slope contextual effect model (Egn. 9)

Notes. Cond.=Condition. The three horizontal (grey) reference lines denote where absolute relative bias is
10%, 0%, and -10%; values outside of this range conventionally indicate meaningfully substantial bias.
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Figure 5. Bias in random slope variance estimates and fixed effect standard errors for the unconflated
random-slope models

Panel A: Bias in slope variance

percent relative bias
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Panel B: Bias in standard errors of fixed component of level-1 predictor
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Panel C: Bias in standard errors of fixed component of level-2 predictor
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— Unconflated random-slope contextual effect model (Eqn. 13)
Random-slope group-mean-centered model (Egn. 15)
- — Random-slope group-mean-centered model w/ fixed between effect (Egn. 16)
- —- Heteroscedastic random-slope group-mean-centered model w/ between effect (Egn. 17)

Notes. Cond.=Condition. The three horizontal (grey) reference lines denote where absolute relative bias is
10%, 0%, and -10%; values outside of this range conventionally indicate meaningfully substantial bias.
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Appendix A: Derivation of the heteroscedastic intercept variance in Equation 11 that is
implied by the conventional random-slope contextual effect model

Here | show that the heteroscedastic intercept variance for the conventional random-slope
contextual effect model is given by the quadratic function of x_; in Equation 11. First | show

how the conventional random-slope contextual effect model equation given in Equation 10 can

be expressed in terms of cluster-specific intercepts and slopes:

Yij = Boj + By (% —X.;) + & (A1)
Here f,; is the cluster-specific intercept, and f,; the cluster-specific slope of (x; —X,;).
Defining these as

ﬂo;‘ :700+(710+701)X.j + U + U X,

(A2)
ﬁlj =710 Uy

yields Equation 10.

Next, noting that, in general, a model’s random intercept variance can be expressed as the

variance of £, conditional on predictors (Goldstein, 2011; Rights & Sterba, 2016; Snijders &

Bosker, 2012), | compute the random intercept variance of the conventional random-slope
contextual effect model as:
var(fy; [ X,;) = var(ye + (710 + 7o) X +Ug; + Uy X [ X.;)
= var(Uy; +U;;X; | X,;)
= var(Uy;) +2cov(u;;X,;, Uy; | X,;) +var(u;x,; [ X;) (A3)

= var(Uy;) +2cov(uy;, Uy;) X, ; + var(u,;)x’

_ 2
=Ty + 2r10x,j + T X

This is equal to 7,,; given in Equation 11.
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Appendix B: The conventional random-slope contextual effect model (Equation 9) is nested
within the unconflated random-slope contextual effect model (Equation 13)

Here 1 show that the conventional random-slope contextual effect model (manuscript

Equation 9) is nested within the proposed unconflated random-slope contextual effect model

with distinct fixed and random components for x; —x,; and x,; (manuscript Equation 13) via

two constraints on Equation 12: var(u,,;) = var(u,) and corr(u,;,u,) =1. I will do this by

wj !
showing that the unconflated random-slope contextual effect model is equivalent to the
conventional random-slope contextual effect model when imposing these constraints.

| first show that var(u,;) = var(u,) and corr(u,;,u,) =1 together implies u,, =u,;. Note

wj !
first that, by definition:

E[ij - ubj] = E[ij] - E[ubj]
=0-0 (B1)
=0

Next, if the two constraints hold:

var(u,; —u,;) = var(u, ) +var(u,;) — 2cov(uy, u,;)

= var(uy) +var(u,;) - 2\/var(ubj) var(u,;)corr(uy, u,;)

= var(u,;) + var(u,,) - 2Jvar(ubj) var(u,;)
= (\/"var(ubj) - Jvar(u,,) )2

= (Jvar(ubj) - Jvar(uy) )2
=0

(B2)

Together, Equations B1 and B2 imply that u,; —u,; =0 for all j, which implies that u,; =u,; for
all j. We can thus set the u,; and u,; terms in the unconflated model in Equation 12 generically
to u,;, which yields the following model:

Vi =Yoo + 7w (%5 = X)) + 7X 5 Uy (% — X)) + Uy X, +Ug; +€
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€~ N(0,5?%)

Yoi | [ | O] [0 T B3
|:ulj:| ({O}{Tm Tll:D (B3

This is equivalent to the (random-conflated) conventional random-slope contextual effect model,
as shown in parameterization given in manuscript Equation 10. With manuscript Equation 10, we

can simply set y,, =y, andy,, =, — 7, , and the expression is the same as Equation B3.
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Appendix C: The unconflated random-slope contextual effect model (Equation 13) is
equivalent to the heteroscedastic random-slope group-mean-centered model (Equation 17)

Here 1 show that the unconflated random-slope contextual effect model (manuscript
Equation 13) is equivalent to the heteroscedastic group-mean-centered model (manuscript
Equation 17), and the two are different parameterizations of each other. The unconflated

random-slope contextual effect model can be re-expressed as
Yii =%Yoo T 710X T U Xy + 70 X Uy X + U T €
=Yoo T V0 (Xj = X +X;) Uy (%5 — X+ X)) + 7, X + Uy X, + Uy +€

(C1)
= %00 +;/10(xij —x,j)+;/mx.j +u1j(xij —x,j)+u1jx.j + 7YX FUy X, +Ug; +€y

=700 +7/10()(ij - X-j)+(71o +701)X.j +u1j(xij - X-j)+(u1j +u2j)x-j + Uy + €
Letting y,, and u, ; denote, respectively, the fixed and random component of the slope of x ;
from the heteroscedastic group-mean-centered model, | define these parameters in terms of

unconflated random-slope contextual effect model parameters as y,, =, + 7, and
U; =U,; +U,; to show the equivalence of the reduced-form expressions in the first lines of

Equations 13 and 17 (all other terms between the models on these lines are the exact same). This
implies that the standard error of 7, can be expressed as the square root of a function of the

asymptotic (i.e. across repeated sampling) variances and covariances of the estimates from the

unconflated random-slope contextual effect model, as such:

e, =var(7;)
= «/ Var(?%o + ?701) (C2)
= \/VG.I’(];N) + Var(?m) +2 COV(7;10 J 7;01)

2 2 ~ ~
= \,’sem +5€; +2C0V(7y, V1)
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Further, 1 show the equivalence of the random effect covariances by first letting 7, , 7, ,

and z,, denote variance and covariance components from the heteroscedastic random-slope

group-mean-centered model, and then expressing the random effect covariance structure of this

model as
Uy; Uy 01 740
U |=| U; |[~MVN[O0||7, 7y (C3)
Uy; Uy +Uy; 0] |70 Ty 7o

with Uy, Uy, 7y, 749, and z,, being the same for either model. I next express this random effect
covariance structure purely in terms of the unconflated random-slope contextual effect model
parameters by considering that

T50 = COV(U; + Uy, Up;)
= CoV(Uy;,Uy; ) +COV(U,;, Uy);) (C4)

=T+ Ty

and
Ty = COV(Uy; + Uy, Uy )
= cov(U,;,U;;) +cov(u,;,U,;) (C5)
= var(u,;) +cov(u,;, uy;)
= Tll + TZl
and
T, = Var(u;; +U,;)
= var(uy;) +var(u,;) +2cov(u,;, U ) (€0
=TT, + 2T21
Thus,
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Uy; 0 Too
Uy ~MVN||O0], Ty T (CN
Uy + Uy; O[Ty +Ty Tu+Ty Ty+7,+27,

Hence, the heteroscedastic random-slope group-mean-centered model parameters can be
equivalently expressed in terms of unconflated random-slope contextual effect model

parameters, and the two models are different parameterizations of each other.
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