ON GEOMETRY AND COMBINATORICS
OF VAN KAMPEN DIAGRAMS

By

Alexey Yu. Muranov

Dissertation
Submitted to the Faculty of the
Graduate School of Vanderbilt University
in partial fulfillment of the requirements

for the degree of

DOCTOR OF PHILOSOPHY
n

Mathematics

August, 2006

Nashville, Tennessee

Approved:

Professor Alexander Olshanskiy,
Professor Thomas Kephart,
Professor Ralph McKenzie,
Professor Michael Mihalik,

Professor Mark Sapir.



To my parents, my sister, and my brother.

11



ACKNOWLEDGEMENTS

I would first like to thank my advisor Alexander Ol’'shanskiy. He has been supervising
my research and guiding me in the area of Combinatorial and Geometric Group
Theory for more than seven years. Discussions I had with him were a source of ideas.
His words of encouragement meant a lot to me. The classes I took from him during
my undergraduate and graduate studies were an excellent opportunity to learn some
of the classic and modern chapters of Algebra.

Second, I would like to express my gratitude to the professors at Mathematics
Department of Vanderbilt University whose courses and seminars I have had privilege
to attend. Among them are Dietmar Bisch, notes from his course are nearly camera-
ready, Ralph McKenzie, he is willing to talk about good math any time, Mike Mihalik,
he taught an unforgettable Topology course, Mark Sapir, he teaches that problems
are easier than what they seem, Guoliang Yu, his classes are nice “appetizers” for
various subjects.

I am grateful to Tom Kephart, who is a professor at Physics Department, for
agreeing to be a member of my PhD defense committee.

Finally, I would like to mention my fellow graduate students, in the math depart-
ment and beyond, some of whom already graduated, who made my stay in Nashville
enjoyable, and with whom I could discuss my research or other more interesting top-
ics. I am particularly thankful to Dr. Ashot Minasyan, Dr. Dima Sonkin, Dr. Petar
Markovi¢, Dr. Miklés Maroti, Dr. Nick Galatos, Dr. Chris Stephens, Jana Visnovska,
Dr. Marcin Kozik, Tivadar Szemethy, Braiio Kusy, Jén Spakula, Bogdan Nica, Iva

Kozakova.

111



TABLE OF CONTENTS

DEDICATION . . . . . . e

ACKNOWLEDGEMENTS . . . . . .. .. ..

LIST OF FIGURES . . . . . . . . . . ..
Chapter

INTRODUCTION . . . . . e

0.a Boundedly generated groups . . . . ... .. ... ... ....

0.b  Boundedly simple groups . . . . .. ... .. ... L.

0.c Summary . . . . . .. ...

I MAPS AND DIAGRAMS . . . . . . .

1 Definitions . . . . . . ...

l.a  Combinatorial complexes . . . . . . ... ... .. ... ....

I.b Maps . . . . . .

l.e S-maps . . . ...

1.d  Group presentations and van Kampen diagrams . . . . . . . . .

2 Auxilliary diagrammatic conditions . . . . . . .. ...

2.a  Condition Z . . . . ...

2b Conditions Aand B . . . ... ... ... ... .. .. .....

3 Estimating lemmas . . . . .. .. ..o

4 Main Theorem . . . . . . . . . . . ...

5 Lemma about exposed face . . . . . .. .. ... ... ... ...

I  BOUNDEDLY GENERATED GROUPS . .. ... ... .........

6  Proof of Theorem 1. . . . . . . . .. ... ... ... ... ......

7 Proofof Theorem 2. . . . . . . . . . .. .. ... ... ... ...

7.a  Group construction . . . ... ...

7.b  Properties of the group . . . . ... ... oL

7.c Comments . . . . ... . ... ...

IIT BOUNDEDLY SIMPLE GROUPS . .. ... ... .. ... .......

8 Proofof Theorem 3. . . . . . . . . ... .. ... .. ... ......

BIBLIOGRAPHY . . . . . .

v

Page
ii

il



LIST OF FIGURES

Figure Page
1 The paths by, by, [y, and o in A. . . . . . ... 71
2 Cases 1-4, Lemma 7.8. . . . . . . . ... 74
3 The face II; in A, Lemma 7.10. . . . . . ... ... L. 78
4  Cases 2, 3,4, Lemma 7.10. . . . . . . . ... 80
5  Special subcases of Case 4, Lemma 7.10. . . . . . ... ... ... .... 81
6 Cases 58, Lemma 7.10. . . . . . . . . . ... 83
7  Cases 9-12, Lemma 7.10. . . . . . . .. . ... 84
8 Cases 13-16, Lemma 7.10. . . . . . . . . . ... 86
9  The face IT in A and the subdiagram A’, Lemma 7.11. . . . . . . . . . .. 88
10 Cases 1-5, Lemma 7.13. . . . . . . . . . . ... 96
11 The subdiagram A’ Lemma 7.14. . . . . . . . . ... ... ... ... 98
12 Cases 1-3, Lemma 7.15. . . . . . . . . . . ... 101



INTRODUCTION

The subject of this work is application of methods of combinatorial group theory
to the problem of constructing groups with prescribed properties. It is shown how
groups with certain properties can be presented by generators and defining relations,
thus proving their existence. Several existence theorems proved in this paper are
based on the same approach: van Kampen diagrams over group presentations are
used to derive algebraic properties of the groups from combinatorial properties of
their presentations.

The focus of this paper is on boundnely generated and boundedly simple groups.

0.a Boundedly generated groups

Definition. A group G is m-boundedly generated if it has (not necessarily normal)
cyclic subgroups C1, ..., C,, such that G = C; - - - C,,. A group G is called boundedly

generated if it is m-boundedly generated for some natural m.

The definition of bounded generation was motivated by the work [CK83] of Carter
and Keller. They proved that any matrix in SL,(Q), where n > 3 and O is the ring
of integers of a finite extension of the field of rational numbers, is the product of
a bounded number of elementary matrices (bounded depending only on n and O),
which implies bounded generation in the defined above sense. Since then bounded
generation has been studied in connection with the congruence subgroup property
(CSP) (see [PR93]), Kazhdan’s property (T) (see [Sha99]).

Because many linear groups are known to be boundedly generated, it was natural
to ask if all boundedly generated groups are linear, or at least residually finite. The

corollary of the following theorem provides the negative answer.



Definition. A set of group words is symmetrized if for every element of this set, its
inverse and all its cyclic shifts are also in the set. A symmetrized set S of non-empty
reduced group words satisfies the small cancellation condition C'(X), A > 0, if for any
two distinct elements Wy and W5 of S, the length of any common prefix of W; and
Wy is less than A min{|Wy|, [Ws|} (see [LSO1]).

Theorem 1. Let F be a finite-rank free group with a fixed basis. Let S be an infinite
subset of F whose all elements are cyclically reduced and are not proper powers. If

the symmetrization of S satisfies the small cancellation condition C'(X\) for some

A< L

i3, then there exist an infinite simple 2-generated group P and a homomorphism

¢: F'— P such that ¢ maps S onto P.

Corollary 1.a. There exists an infinite simple 2-generated group G and 27 elements
x1,...,%97 € G such that for every element g of G, there exists a natural number n

such that g = a7 ---xh,. Such a group is, in particular, 27-boundedly generated.

There are natural questions about the relation between the bounded generation

property and the property of being polycyclic.

Definition. A group is polycyclic if it has a finite subnormal series with cyclic factors.

A group is virtually polycyclic if it has a polycyclic subgroup of finite index.

Polycyclic groups are boundedly generated. Subgroups and homomorphic images
of polycyclic and virtually polycyclic groups are polycyclic or, respectively, virtually
polycyclic. Free groups of rank at least 2 are not virtually polycyclic.

Vasiliy Bludov posed the following question in The Kourovka Notebook (Prob-
lem 13.11 in [MK95], see also Question 6 in [Blu95]):

If a torsion-free group G has a finite system of generators a4, ..., a, such
that every element of G' has a unique presentation in the form a]fl ..afn
where k; € Z, is it true then that G is virtually polycyclic?



In terms of file bases (see definitions in [Blu95]), Bludov’s question is whether
every torsion-free group with a regular file basis (aq, ..., a,) is virtually polycyclic.

Every group that has an n-element file basis is n-boundedly generated. The fol-
lowing two theorems (see [It655] and [LR80]) together yield that every 2-boundedly

generated group is polycyclic:

Theorem (Noboru It6, 1955). If a group G has abelian subgroups A and B such

that G = AB, then G is metabelian.

Theorem (John Lennox and James Roseblade, 1980). If a soluble group G has poly-

cyclic subgroups A and B such that G = AB, then G is polycyclic.

Some examples of non-polycyclic groups with finite regular file bases and with
torsion are known. It is shown in [Blu95] (see Example 3 therein) that the semidirect
product of the rank-n free abelian group Z" with the symmetric group 5, defined
via the action of S,, on Z" by naturally permuting the standard generators has an
n-element regular file basis of infinite-order elements. If n > 5, then such a semidirect
product is virtually polycyclic but not polycyclic.

The following theorem answers Bludov’s question negatively:

Theorem 2. Provided n > 63, there exists a group G and pairwise distinct elements

ai, ..., ap tn G such that:
(0) G is generated by {aq,...,an};

(1) every n — 21 elements out of {ai,...,a,} freely generate a free subgroup such
that every two elements of this subgroup F are conjugate in G only if they are

conjugate in F itself (in particular, G is not virtually polycyclic);

(2) for every element g of G, there is a unique n-tuple (ki,..., k,) € Z™ such that

_ Sk kn.
g=ai'...aw,



(3) G is torsion-free;

(4) G is the direct limit' of a sequence of hyperbolic groups with respect to a family

of surjective homomorphisms;

(5) G is recursively presented and has decidable word and conjugacy problems.

0.b Boundedly simple groups

Definition. The conjugate of a group element g by a group element h, denoted g”,
is hgh~!. A group G is called m-boundedly simple if for every two nontrivial elements
g,h € G, the element h is the product of m or fewer conjugates of g='. A group G is

called boundedly simple if it is m-boundedly simple for some natural m.

Remark 0.1. Every boundedly simple group is simple; however, infinite alternating

groups are simple but not boundedly simple.

Remark 0.2. For each natural m, the class of m-boundedly simple groups is definable
by a formula of the restricted predicate calculus. The class of all simple groups is

not.

Remark 0.3. A group is boundedly simple if and only if each of its ultrapowers is
simple. If a group is m-boundedly simple, then all its ultrapowers are m-boundedly
simple.

Definition. The commutator of two group elements z and y, denoted [z,y], is

xyrty~ L

The commutator length of an element ¢ of the derived subgroup of a
group G is the minimal n such that there exist elements x1, ..., xp,, y1, ..., Yo in G
such that g = [x1,11] ... [Zn, yn]. The commutator length of the identity element is

zero. The commutator width of a group G is the maximum of the commutator lengths

of the elements of its derived subgroup [G, G].

! Direct limit in the sense of Bourbaki (see [Bou98]).
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Every non-abelian simple group coincides with its derived subgroup. In a non-
abelian m-boundedly simple group, the derived subgroup in addition has finite com-
mutator width: each element of the derived subgroup may be presented as the product
of m or fewer commutators (take an arbitrary nontrivial commutator, every element
is the product of m or fewer conjugates of this commutator).

It is not obvious that infinite boundedly simple finitely generated groups exist.
It is also a complicated question what kinds of infinite groups can be 1-boundedly
simple. (Every finite nontrivial 1-boundedly simple group is cyclic of order 2, for
it has to be a p-group for some prime p, and thus must have a nontrivial center
whose order is a power of p.) Note that a group is 1-boundedly simple if and only all
nontrivial elements in this group are conjugate.

The following theorem appeared in [O1'91]:

Theorem (Sergei Ivanov, 1989). For every big enough prime p, there exists a 2-
generated infinite group of exponent p, in which there are exactly p distinct conjugacy

classes, and therefore, every subgroup of order p has elements from all of these classes.

It is easy to see that the group whose existence is stated in this theorem is (p —1)-
boundedly simple. The original proof of Ivanov’s Theorem works only for big p, say,
p > 1078, It heavily uses techniques of graded diagrams.

It was proved by Graham Higman, Bernhard Neumann, and Hanna Neumann
in 1949 (see [HNN49]) that every torsion-free group can be embedded into a 1-
boundedly simple group of the same cardinality. Their construction yielded non-
finitely-generated groups.

The following outstanding result of Osin (see [Osi04]) shows that every count-
able torsion-free group can be embedded into a 2-generated 1-boundedly simple
group, which in particular implies that there exist uncountably many pair-wise non-
isomorphic 2-generated 1-boundedly simple groups (using the fact that the number

of isomorphism classes of all torsion-free finitely generated groups is uncountable):
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Theorem (Denis Osin, 2004). Any countable group G can be embedded into a 2-
generated group C' such that any two elements of the same order are conjugate in C'

and every finite-order element of C' is conjugate to an element of G.

In his proof, Osin developed and used theory of relatively hyperbolic groups, first
defined by Gromov.

The following theorem, even though being weaker than Osin’s results, was ob-
tained earlier, and it serves as another illustration of the techniques used in the

proofs of Theorems 1 and 2.

Theorem 3. There exists a 14-boundedly simple 2-generated group G that has a free

non-cyclic subgroup, and such that the word problem in G is decidable.

0.c Summary

The goal of this work is to prove Theorems 1, 2, 3.

The groups in question, or rather their presentations, are constructed by imposing
relations that force the group to be boundedly simple, or boundedly generated, or
have a “regular file basis,” accordingly, while in the same time choosing those rela-
tions so that certain small-cancellation-type conditions are satisfied. These conditions
are more general (weaker) than the classical condition C’, and are formulated not in
terms of the defining relations of a presentation, but in terms of van Kampen dia-
grams over the presentation. Similar and even more general conditions on diagrams
appeared before in [O1'91] and in [San97]. The diagrams satisfying such conditions
are sometimes called diagrams with partitioned boundaries of cells. This reflects the
form of the imposed relations which are in a sense partitioned into subwords, some

of which are almost arbitrary, while the others are chosen in a special way.



CHAPTER 1

MAPS AND DIAGRAMS

1 Definitions

If X is a set, then || X|| shall denote the cardinality of X.

1l.a Combinatorial complexes

In the context of this paper, graph is a synonym of 1-complex (multiple edges and
loops are admissible). If I' is a graph, then I'(0) denotes its vertex set, and I'(1)
denotes its edge set; I'(1) may be empty, but I'(0) may not. The graph itself is an
ordered pair: I = (I'(0),I'(1)). This paper largely deals with 2-complezes. If ® is a 2-
complex, then ®(0), ®(1), and ®(2) denote its vertex set, its edge set, and its face set,
respectively. The 2-complex ® itself is the ordered triple (®(0), ®(1), ®(2)). Below is
a formal definition of combinatorial 0-, 1-, and 2-complexes and their morphisms.

A (combinatorial) 0-complez A is a 1-tuple (A(0)) where A(0) is an arbitrary
non-empty set. Elements of A(0) are called vertices of the complex A.

A 0-complex with exactly 2 vertices will be called a combinatorial 0-sphere.

A morphism ¢ of a 0-complex A to a 0-complex B is a 1-tuple (¢(0)) where ¢(0) is
an arbitrary function A(0) — B(0). If A, B, and C are 0-complexes, and ¢: A — B
and ¢ : B — C are morphisms, then the product ¥¢: A — C' is defined naturally:
(¥9)(0) = 1(0) 0 ¢(0). A morphism ¢: A — B is called an isomorphism of A with B
if there exists a morphism v : B — A such that ¥ ¢ is the identity morphism of the

complex A and ¢ is the identity morphism of the complex B.



A (combinatorial) 1-complex A is a 2-tuple (i.e., ordered pair) (A(0), A(1)) such

that:
(1) A(0) is an arbitrary non-empty set;

(2) A(1) is a set of ordered pairs of the form (E,«) where E is a combinatorial

0-sphere and « is a morphism of E to the 0-complex (A(0)).

Elements of A(0) are called wertices of the complex A, elements of A(1) are called
edges. The 0-complex (A(0)) is called the 0-skeleton of A. All 1-complexes will also
be called graphs.

A 1-complex representing a circle (e.g., a 1-complex consisting of one vertex and
one edge) will be called a combinatorial 1-sphere, or a combinatorial circle. (The
definition of a 1-sphere could be made precise, but then it would become unreasonably
long.)

If A and B are 1-complexes, then a morphism ¢: A — B is a 2-tuple (¢(0), (1))

such that:
(1) ¢° = (¢(0)) is a morphism of the O-skeleton A? of A to the 0-skeleton B of B;

(2) ¢(1) is a function on A(1) such that the image of every e = (E, ) € A(1) under
¢(1) is an ordered pair (€¢/,§) where ¢ = (E',a’) € B(1), { is an isomorphism
of £ with E', and ¢°a = /€.

Multiplication of morphisms of 1-complexes is defined naturally. For example, if A, B,
C' are 1-complexes, ¢ and 1) are morphisms, ¢: A — B, 1: B — C, e = (E,«) is an
edge of A, ¢/ = (E', /) is an edge of B, ¢’ = (E", ) is an edge of C, ¢(1)(e) = (¢, ),
(1) () = (€",¢), then (Yo)(1)(e) = (", () (note that (£ is an isomorphism of the
O-complex E with the 0-complex E”). Isomorphisms of 1-complexes are defined in
the usual way.

A (combinatorial) 2-complex A is a 3-tuple (A(0), A(1), A(2)) such that:



(1) (A(0), A(1)) is a 1-complex, called the 1-skeleton of A;

(2) A(2) is a set of ordered pairs of the form (F,«) where F' is a combinatorial

1-sphere and « is a morphism of F' to the 1-skeleton of A.

Elements of A(0) are called wertices of the complex A, elements of A(1) are called
edges, elements of A(2) are called faces.

If A and B are 2-complexes, then a morphism ¢: A — B is defined as a 3-tuple
(6(0), &(1), $(2)) such that:

(1) ¢' = (¢(0),¢(1)) is a morphism of the 1-skeleton A' of A to the 1-skeleton B!
of B;

(2) ¢(2) is a function on A(2) such that the image of every f = (F,3) € A(2) under
¢(2) is an ordered pair (f’,£) where f' = (F',3') € B(2), £ is an isomorphism
of F with F’, and ¢'3 = /€.

Products of morphisms of 2-complexes are defined analogously to the case of 1-
complexes. The notion of isomorphism for 2-complexes is the natural one.

A combinatorial n-complex A is called finite if all of the sets A(0), ..., A(n)
are finite. An n-complex A is a subcompler of an m-complex B, 0 < n < m, if
A(0) € B(0), ..., A(n) C B(n). Every morphism ¢ of a combinatorial n-complex A
to a combinatorial n-complex B, n < 2, naturally defines functions ¢*: A(i) — B(i),
0 < ¢ < n. This notation for these functions associated with a given morphism ¢
shall be used in this section for brevity.

If e = (E,«) is an edge of a graph I', then the vertices of " that are the images of
the vertices of E under a° are called the end-vertices of e. An edge is incident to its
end-vertices. A loop is an edge that has only one end-vertex. Two vertices are called
adjacent if they form the set of end-vertices of some edge. The end-vertex of a loop

is adjacent to itself. If v is a vertex of a graph I', then the number of all edges of



I' incident to v plus the number of all loops incident to v is called the degree of the
vertex v and is denoted by d(v) or dr(v).

If f = (F,[)is aface of a 2-complex U, then f is said to be incident to the images
of the vertices and edges of F under 3° and ' respectively.

The Fuler characteristic of a combinatorial 2-complex W is denoted by ¢ and is

defined by

xu = [|2O)[ = ([ + [[@(2)]]

It is somewhat complicated to talk about combinatorial complexes in purely com-
binatorial terms. The geometrical intuition may help if together with every combi-
natorial complex consider some corresponding topological space.

Given a 2-complex ®, put a 1-point topological space D? into correspondence to
every vertex v of ®, a topological closed segment D! to every edge e of ®, and a
topological closed disk D]% to every face f of ®. Assume that D" and D} are disjoint

unless m = n and x = y. Consider the topological sum

> D)+ > D+ > Di

veP(0) e€ed(1) fEDP(2)

Take the quotient of it over an equivalence relation in accordance with the structure
of ®. For example, if {v1,v9} is the set of end-vertices of an edge e of @, then one

of the end-vertices of D! should be identified with the only point of D? | and the

o1
other end-vertex should be identified with the only point of DgQ. Taking the quotient
may be done in two steps: first, attach the end-vertices of the segments {D;}e@(l) to
the points of the discrete topological space >-,cq (o) DY; then, attach the boundaries
of the discs {DJ%} rea(2) to the obtained “skeleton.” The constructed topological quo-
tient space is unique up to homeomorphism. This space or any homeomorphic one is

called a topological space of the complex ®. It may also be said that ® represents this

topological space. Note that the restriction of the quotient function to the interior
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(in the geometric sense) of every D!, e € ®(1), and every D?%, f € ®(2), is a home-
omorphism onto the image in the quotient space. Every morphism of combinatorial
complexes defines some set of continuous functions from a given topological space of
the first complex to a given topological space of the second.

From now on, combinatorial and topological languages shall be used together.
Moreover, some facts intuitively clear from topological point of view shall be used
without proofs.

It is a simple but tiresome task to formulate a combinatorial criterion in terms
of the local structure of a 2-complex (stars at its vertices) that would determine if a
topological space of this complex is a 2-dimensional surface (i.e., a 2-manifold or 2-
manifold with a boundary). For an example of constructing surfaces combinatorially
using simplicial complexes see [Ale56]. Keeping this in mind, the following definition
may be viewed as combinatorial. A combinatorial surface is a 2-complex represent-
ing some surface. A combinatorial sphere and a combinatorial disc are 2-complexes
representing a sphere and a disc respectively. They play an important role in this
paper. Every combinatorial sphere and every combinatorial disc are finite (because
of the compactness of spheres and discs). Combinatorial spheres and combinatorial
discs may also be defined combinatorially.

A finite graph I' is planar if it is a subgraph of the 1-skeleton of some combinatorial
sphere. Actually, every connected finite planar graph having at least one edge is the
1-skeleton of some combinatorial sphere.

Using the Euler charcteristic of a sphere, it is easy to prove the following well-

known

Proposition 1.1. For any planar graph T without loops and without multiple edges,

the number of edges of ' is less than three times the number of its vertices:

T < 3|TO)]]-

11



Proof. Without loss of generality, assume that I" is connected. (It is enough to prove
the above inequality for every connected component of I'.) If |[I'(0)|| < 2, then the
statement is obvious. If ||[I'(0)|| > 3, then I' is the 1-skeleton of some combinatorial

sphere @, and the degree of every face of ® is at least 3. On one hand,

20 = > 1of] = 3lle2)ll

fee(2)

On the other hand, since the Euler characteristic of every shere is 2,

[2O)[ = [ + [2(2)]] = 2.

Therefore,

T = 3[[LO)]| = 2[[ D) + 3[[@(2)]] = 6 < 3[|L(0)[| — 6. B

An orientation of an edge e = (F,a) of a complex I' is a total order on the
two-element set of vertices of E. There are two possible orientations of every edge,
they are opposite to each other. An oriented edge is an edge together with one
of its orientations. The set of all oriented edges of a complex I' will be denoted
by f(l) Every morphism ¢ of a combinatorial n-complex I'; to a combinatorial
n-complex Ty, n € {1,2}, naturally defines a function I';(1) — I'(1); denote this
function by él. Two oriented edges obtained from the same edge by picking opposite
orientations are inverse to each other. The oriented edge inverse to an oriented edge
e is denoted by e!. If e is an oriented edge, (E, ) is a corresponding non-oriented
edge, F(0) = {v1,v2}, and v; precedes vy with respect to the chosen total order on
E(0), then a°(v;) is called the tail of e and a°(vy) is called the head of e. An oriented
edge leaves its tail and enters its head. Clearly, the head of an oriented edge is the

tail of the inverse oriented edge, and vice versa. For any vertex v in a complex I,
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the number of oriented edges leaving v equals the number of oriented edges entering
v and equals the degree of v.

Here follow several definitions related to paths in combinatorial complexes.

A path is a finite sequence of alternating vertices and oriented edges such that the
following conditions hold: it starts with a vertex and ends with a vertex; the vertex
immediately preceding an oriented edge is its tail; the vertex immediately following
an oriented edge is its head. The wnitial vertex of a path is its first vertex, the terminal
vertex of a path is its last vertex, and an end-verter of a path is either its initial or
its terminal vertex. A path starts at its initial vertex and ends at its terminal vertex.
The length of a path p = (vg, €1, v1, ..., €n,vy,) is n; it is denoted by |p|. The vertices
v1,...,0,_1 of this path are called its intermediate vertices. A trivial path is a path
of length zero. By abuse of notation, a path of the form (vq,e,vy), where e is an
oriented edge from vy to vy, shall be denoted by e, and a trivial path (v) shall be
denoted by wv.

The inverse path to a path p is defined naturally and is denoted by p~!. If the
terminal vertex of a path p; coincides with the initial vertex of a path py, then the
product pips is defined naturally. A path s is called an initial subpath of a path p if
p = sq for some path ¢q. A path s is called a terminal subpath of a path p if p = ¢s
for some path q.

A cyclic path is a path such that its terminal vertex coincides with its initial vertex.
A cycle is the set of all cyclic shifts of some cyclic path. The cycle represented by a
cyclic path p shall be denoted by (p). The length of a cycle ¢, denoted by |c|, is the
length of an arbitrary representative of c. A trivial cycle is a cycle of length zero. A
path p is a subpath of a cycle c if for some representative r of ¢ and for some natural
n, p is a subpath of 7™ (i.e., of the product of n copies of ). Let ¢ be a cycle in which
no oriented edge occurs more than once. Then a set of paths S is said to cover c if all

the elements of S are nontrivial subpaths of ¢, and every oriented edge that occurs
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in ¢ also occurs in some path from S.

A path is reduced if it does not have a subpath of the form ee™! where e is an
oriented edge. A cyclic path is cyclically reduced if it is reduced and its first oriented
edge is not inverse to its last oriented edge. (For example, all trivial paths are
cyclically reduced.) A cycle is reduced if it consists of cyclically reduced cyclic paths.
A path is simple if it is nontrivial, reduced, and none of its intermediate vertices
appears in it more than once. A cycle is simple if it consists of simple cyclic paths.

All paths in any graph are naturally partially ordered by the relation “is a subpath
of.” A path is called mazimal in some set of paths if this path is not a proper subpath
of any other path in this set.

Every morphism ¢ of combinatorial complexes naturally defines a function from
the set of paths (respectively cycles) of the first complex to the set of paths (respec-
tively cycles) of the second. The image of a given path or cycle under this function
will be referred to as the image relative to ¢, or ¢-image.

An oriented arc in a complex I is a simple path all intermediate vertices of which
have degree 2 in I'. A non-oriented arc, or simply arc, may be defined as a pair
of mutually inverse oriented arcs. The length of a non-oriented arc u is defined as
the length of either of the two associated oriented arcs and is denoted by |u|. The
concepts of a subarc, a maximal arc, and so on, are self-explanatory. Sometimes edges
will be viewed as arcs, and oriented edges as oriented arcs. The set of edges of an
oriented arc (respectively of an arc) is the set of all edges that with some orientation
occur in that oriented arc (respectively in either of the two corresponding oriented
arcs). An intermediate verter of an arc is an intermediate vertex of either of the
corresponding oriented arcs. Two arcs, or oriented arcs, are said to overlap if their
sets of edges are not disjoint. A set of arcs, or oriented arcs, is called non-overlapping
if any two distinct elements of this set have disjoint sets of edges. An arc (or an edge)

u lies on a path p if at least one of the oriented arcs (respectively oriented edges)
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associated with u is a subpath of p. A set of arcs A covers a set of arcs (or edges) B
if every element of B is a subarc of some element of A.

Combinatorial complexes representing orientable surfaces may be oriented in a
combinatorial manner. To define the combinatorial notion of orientation, consider
first an arbitrary combinatorial circle I'. Consider a function that for every edge e
of T chooses an orientation of e. Call an edge with a chosen orientation a chosen
oriented edge. Say that such a function chooses coherent orientations if every vertex
of I' is the tail of exactly one of the chosen oriented edges and the head of exactly one
of the chosen oriented edges. An orientation of a combinatorial circle is a function
on the set of its edges that chooses coherent orientations of the edges. An oriented
combinatorial circle is a combinatorial circle together with one of its two possible
orientations. Note that in an oriented combinatorial circle I'" there is a unique simple
cycle whose oriented edges are the chosen ones. Call this cycle the chosen cycle of T'.

Now, consider a face f = (F,3) of a 2-complex ®. An orientation of f is an
orientation of the combinatorial circle F'. An oriented face is a face together with one
of its orientations. The set of all oriented faces of a complex ® will be denoted by ®(2).
(Note that [|®(2)|| = 2||®(2)||.) Every morphism ¢ of a combinatorial 2-complex ®; to
a combinatorial 2-complex ®, naturally defines a function ®;(2) — ®,(2); denote this
function by $2. Two oriented faces obtained from the same face by picking opposite
orientations are inverse to each other. The oriented face inverse to an oriented face
f is denoted by f~!'. Each oriented face has a uniquely defined boundary cycle: if
f is an oriented face of ® and (F, () is its underlying non-oriented face, then the
boundary cycle of f is the cycle in ® which is the g-image of the chosen cycle of F'.
Boundary cycles of mutually inverse oriented faces are mutually inverse; they are also
called boundary cycles of the corresponding non-oriented face.

Consider now a combinatorial surface ®. Consider a function # that for every face

f of ® chooses an orientation of f. Call a face with a chosen orientation a chosen
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oriented face. For every oriented edge e of ®, count the number of all such ordered
pairs (f, ) that f = (F,[3) is a face of ®, x is an oriented edge of F', x is chosen with
respect to the orientation §(f) of I, and e = Bl(x) (in particular, f is incident to e).
The function 6 is said to choose coherent orientations if for every oriented edge of ®
the number defined above is either 1 or 0. An orientation of a combinatorial surface
is a choice of coherent orientations of all of its faces. A combinatorial surface that
admits orientation is called orientable. There exist exactly two orientations of any
connected orientable combinatorial surface. The contour cycle of a (non-oriented) face
f in an oriented combinatorial surface, or in any 2-complex with chosen orientations
of faces, is the boundary cycle of the chosen orinted face associated with f. An
isomorphism of oriented combinatorial surfaces A and B is an isomorphism of A and
B as 2-complexes which additionally preserves the chosen orientations of the faces.

It is convenient to have defined the following two operations on combinatorial

complexes:
(1) removing a face—this operation is self-explanatory;

(2) removing an arc not incident to any face: if an arc u is not incident to any face
in a complex C, then to remove u from C' shall mean to remove all edges and

all intermediate vertices of u from C

1.b Maps

Definition. A nontrivial map A consists of:
(1) a finite connected combinatorial complex C

(2) a function that orients all faces of C (i.e., for each face it chooses one of its

orientations);
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(3) a function that for every face f of C' chooses a representative of the contour

cycle of f, called the contour of f; and

(4) a (possibly empty) indexed system of cyclic paths in C, which are called the

contours of A.

It is required that a 2-complex obtained from C' by attaching one new face along
each of the contours of A is a closed orientable combinatorial surface. It is further
required that the attached faces may be oriented so that the orientations of all faces
are coherent, and the contours of A represent the contour cycles of the corresponding

attached faces.

The cycle represented by a contour of a diagram A is called a contour cycle of A.
The contour of a face f shall be denoted by 0f, and the contours of a map A shall
be denoted by 01A, 0,A, 03A, et cetera. Following is the notation for contour cycles
of faces and maps: Of = (9f) and 9;A = (O;A).

Definition. A map with empty system of contours is called closed. If A in a nontrivial
map, then a closed map obtained from it by attaching new faces along its contours,
assigning the contours of A to be the contours of the new faces, and appropriately

choosing orientations of the new faces, is called a closure of A.

Definition. A trivial map is a combinatorial complex consisting of a single vertex

together with the trivial cyclic path in it called its contour.

Remark 1.1. Tt is not possible to define a closure of a trivial map similarly to a closure
of a nontrivial map since no face in a combinatorial complex can have trivial boundary

cycle.

Definition. A map is simple if all its contours are simple paths, and distinct contours
do not have common vertices. A map is semi-simple if every edge in it is incident to

a face. A map is degenerate if it has no faces.
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Definition. If f is a face of a map A, then a submap of A obtained by removing the

face f is a (not uniquely determined) map ¥ such that:

(1) the underlying combinatorial complex of W is obtained from the underlying

combinatorial complex of A by removing the face f,
(2) the chosen orientations of faces of W are those inherited from A,
(3) the contours of faces of ¥ are those inherited from A, and

(4) the system of the contours of W consists of (in an arbitrary order) all the contours
of A together with a new one obtained from df or (9f)~! by an arbitrary cyclic
shift.

If u is an arc of A not incident to any face, then a submap of A obtained by removing

the arc u is a (not uniquely determined) map W such that:

(1) the underlying combinatorial complex of W is obtained from the underlying
combinatorial complex of A by removing the arc u and, if the obtained complex

is not connected, by picking one of the connected components;
(2) the chosen orientations of faces of U are those inherited from A;
(3) the contours of faces of ¥ are those inherited from A;

(4) the system of the contours of W consists of (in an arbitrary order) all the contours

of A that are paths in ¥ together with a new one obtained as follows:
(a) if the subcomplex obtained by removing u is connected, then, first, take
path p; and po, an oriented arc v, and indices ¢ and j such that:

(i) v and v™! are the oriented arcs associated with u,
(it) (vp1) = (B:A)*,

(iii) (vpe) = (9;A)*, and
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(iv) @ # J,
and second, take an arbitrary cyclic shift of p;p; ' or of pop;! as a (new)

contour of WU;

(b) if the subcomplex obtained by removing u is not connected, then, first,

take path p; and p,, and an oriented arc v such that:
(i) v and v™! are the oriented arcs associated with u,

(ii) either (vpyv~'py) or (pytupytv~!) is a contour cycle of A, and

(iii) p; is a path in ¥,

and second, take an arbitrary cyclic shift of pi' as a (new) contour of W.

A map W is called a submap of a map A if it can be obtained from A by an arbitrary

sequence of operations of removing a face or removing an arc that is not incident to

any face.
The next definition is equivalent to the previous one. It is given for convenience.
Definition. A map WV is a submap of a map A if all of the following conditions hold:

(1) the underlying combinatorial complex of W is a subcomplex of the underlying

combinatorial complex of A;
(2) the chosen orientations of faces of W are those inherited from A;
(3) the contours of faces of ¥ are those inherited from A;

(4) for every contour ¢ of ¥ that is not a contour of A, there is n € N and there
are paths pg, ..., p, in ¥ and oriented arcs vy, ..., v, in A such that:
(a) popi--.pn=q,

(b) none of the edges or intermediate vertices of any of the oriented arcs vy,

ce, Up isin U,
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(c) for every i =1,...,n—1, at least one of the paths (v;p;v;;};)*! is a subpath
either of some contour cycle of A, or of the contour cycle of some face of
A that is not in ¥, and

+

(d) at least one of the paths (v,p,povi')*! is a subpath either of some contour

cycle of A, or of the contour cycle of some face of A that is not in W.

Note that every connected subcomplex of the underlying complex of any map A
has a structure of a submap of A, which is unique up to permutation of contours and
replacing some of the contours with their cyclic shifts or cyclic shifts of their inverses.

Note also that a proper submap of any map cannot be closed.

Definition. A disc map is either a trivial map, or a map with exactly one contour
whose closure is a sphere. An annular map is any map with exactly two contours

whose closure is a sphere.

Definition. An exceptional map is a spherical map, the 1-skeleton of whose underly-
ing 2-complex is a combinatorial circle (such a map must consist of two faces attached

to each other along their boundary cycles).

In a non-exceptional spherical map, no two distinct maximal arcs can overlap.

The contours of faces in a disc map may be thought of as oriented counterclockwise,
and the contour of the map itself may be thought of as oriented clockwise (this
convention corresponds to the way a disc map is usually pictured).

An oriented arc u of a map ® is incident to a face f of ® if it is a subpath of one
of the boundary cycles of f. An arc is incident to f if one/both of the corresponding
oriented arcs are incident to f. An arc which is incident to some face is either internal
(does not lie on any of the contour cycles of the map) or ezternal (lies on some
contour cycle of the map). Internal oriented arcs divide into inter-facial (incident to
two different faces) and intra-facial (incident to only one face). An internal arc u is

between faces f1 and fy if {f1, fo} is the set of all faces incident to u. Every edge
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may be considered as an arc. Therefore, it makes sense to say that an edge incident
to some face is internal, external, inter-facial, or intra-facial. An oriented arc or an
oriented edge is internal, external, inter-facial or intra-facial if the corresponding non-
oriented arc or edge is such. Every intra-facial oriented arc v in a disc map is either
outward (u is an initial subpath of some simple path with the terminal vertex on the

contour of the map), or inward (u~' is outward).

Definition. Let A be a map, ¢ be a nontrivial cyclic path in A, A’ be a simple disc
map. Say that ¢ cuts A’ out of A if there exists a morphism ( of the underlying
2-complex of A’ to the underlying 2-complex of A preserving the chosen orientations
of the faces such that (?: A’(2) — A(2) is injective and some ciclic shift of ¢ is the

(-image of the contour of A’. Call such a morphism ( a pasting morphism.

Remark 1.2. If a cyclic path ¢ cuts a simple disc map A’ out of a map A, then A’ is

essentially determined by A and c.

A simple disc map that is cut out of a given map A is commonly called a “submap”
of A, but it is not compatible with the definition of a submap in this paper.

If Ag is a simple disc submap of a map A, then the contour of Ay cuts Ag out of
A, and the natural morphism of A to A is the corresponding pasting morphism. In
a disc map, any simple cyclic path oriented clockwise is the contour of some simple
disc submap; therefore, it cuts out that simple disc submap.

Let A be a combinatorial surface or a subcomplex of a combinatorial surface. Call
two distinct faces of A contiguous if there exist an edge incident with both of them.
(The notion of contiguity will only be used for distinct faces.) Let F' be a non-empty
set of faces of A. Let S be the set of all (non-ordered) pairs of distinct contiguous

faces in the set F. Clearly, there exist a graph I' and bijections

ag: = T(0), ag:5 —TI(1),
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such that a face f € F belongs to a pair P € S if and only if the vertex ag(f) is
incident to the edge aq(P). Indeed, choose vertices of ' in bijective correspondence
with faces of the set F, and connect any two vertices that correspond to distinct

contiguous faces with an edge.
Definition. Such a graph I' is called a contiguity graph for the set F'in A.

Remark 1.3. Every contiguity graph is unique up to graph isomorphism. It cannot

have loops or multiple edges.

If A is a spherical map, then the contiguity graph for any set of faces of A is

planar.

l.c S-maps

Definition. A selection on a face f of a map A is a set of nontrivial reduced subpaths
of Of such that for each path in this set, all of its nontrivial subpaths belong to the
set as well (i.e., the set is closed under taking nontrivial subpaths). A selection on
a map A is a set of nontrivial reduced subpaths of the contour cycles of faces of A
which is closed under taking nontrivial subpaths. An S-map, or map with selection,

is a map together with a selection on it.

A path in an S-map is selected if it belongs to the selection. An oriented edge in
an S-map is selected if it is selected as a path. A path or an oriented edge is double-
selected if it is selected along with its inverse. An edge or an arc is double-selected if
it is internal and both of the corresponding oriented edges or arcs are selected. An
external edge is selected if one of the associated oriented edges is selected.

If ¢ is a morphism of the underlying 2-complex of a map A; to the underlying
2-complex of a map A, and ( preserves the chosen orientations of the faces, then any

selection on Ay naturally induces a selection on A; via (: a path p in A; is selected if
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and only if its (-image in A is selected (note that if the (-image of a path is reduced,
then the path itself is reduced). Say that a cycle ¢ cuts a simple disc S-map A’ out
of an S-map A if ¢ cuts the underlying map of A’ out of the underlying map of A,
and the selection on A’ is the one induced from A via some pasting morphism. Only
those pasting morphisms of the underlying map of A’ that induce the given selection
on A’ are called pasting morphisms of the S-map A’ to A.

Any submap of an S-map has a naturally induced selection. Say that an S-map
Ag is an S-submap of an S-map A if Ay is a submap of A together with the induced

selection.

1.d Group presentations and van Kampen diagrams

Recall that an (abstract) group presentation is an ordered pair (2 || R ) where 2 is an
arbitrary set, called alphabet, and R is a set of words in the group alphabet A*'. The
elements of R are called defining words. The same group presentation may be also
written as (A|| R =1, R € R), here the relations R =1, R € R, are called defining
relations. It will be assumed in the rest of this paper that R does not contain the
empty word.

A group word in the alphabet 2 is a word in the alphabet A*!. The inverse word
to a group word W is denoted by W~!. The mth power of a group word W for an
integer m is denoted by W™ and defined as follows. If m is a positive integer, then
W™ is the result of concatenation of m copies of W. If m is a negative integer, then
W™ is the result of concatenation of —m copies of W~!. By definition, W is the
empty word. If A and B are two group words, then define A = BAB~!. A group
word is called reduced if it has no subwords of the form zz~! where z € A*'. The
reduced word obtained from a group word W by cancelling one-by-one all subwords of

the form xz~1, 2 € A*, is called the reduced form of W (it is well-defined). A group
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word is cyclically reduced if it is reduced and its first letter is not inverse to its last
one. The empty word is cyclically reduced by definition. Two word are freely equal
if their reduced forms coincide. A set of words (or relations) is called symmetrized if
along with every word W it contains all cyclic shifts of W and W1,

Sometimes it is convenient to distinguish between a letter x of the alphabet 2
and the corresponding letter of the group alphabet 2A*! denoted by z*! or simply
by x. Call letters of the alphabet 2 basic letters and letters of the group alphabet
AEL group letters. Thus, a basic letter x1, group letter z1, and one-letter group word
x1 are three different things.

Every presentation (2| R) defines a group G, and there is a natural function
from the set of all group words in the alphabet 2 onto this group. The image of a
group word W under this function shall be denoted [W]g, or [W]g, or simply [W].
Two group words W and W; are said to be equal in the group G if [Wile = [Walg,
or, equivalently, if the relation W; = W, is a consequence of the relations R = 1,

ReR.

Definition. If (2(||R) is a group presentation, then a van Kampen diagram, or
simply diagram, over (24 || R ) is a map together with a labelling of its oriented edges
such that every pair of mutually inverse oriented edges are labelled with mutually
inverse group letters from A*!, and the group word that “reads” on the contour of

each face (in the direction from the initial to the terminal vertex) belongs to R*!.

If p is a path in a diagram over (24 || R ), then let the label of p be the group word
(over A*!) that reads on this path. In any van Kampen diagram, let the label of an
oriented edge e be denoted by /(e), and the label of a path p be denoted by ¢(p). If
e is a non-oriented edge in a diagram, then let the label of e, denoted also by £(e),
be the basic letter  such that the group letters x and z~! label the oriented edges

associated with e.
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Definition. A pair of distinct faces {fi, fo} in a diagram A is called strongly can-

cellable if there are paths p; and py in A such that
(1) either (p,) = 0f, or (p;*) = 0f1,
(2) either (ps) = Ofs, or (p3') = Ofa,

(3) p1 and py have a common nontrivial initial subpath, and

(4) €(p1) = €(pa)-

A diagram A is called weakly reduced if it does not have strongly cancellable pairs of

faces.

According to van Kampen’s Lemma (see [O1'91]), a relation W = 1 is a conse-
quence of a system of relations { R = 1 | R € R} if and only if there exists a disc
diagram A (which can be picked weakly reduced) such that the label of O A is W,
and for every face f of A, the label of Of either is an element of R, or is inverse to
some element of R. Such a diagram is called a deduction diagram for the word W or

relation W = 1.

Definition. A symmetrized set S of group words in a given alphabet satisfies the
small cancellation condition C'(X), A > 0, if every element of S is a non-empty
reduced word, and for any two distinct words Wy, Wy € S, the length of any common
prefix of W; and W5 is less than A min{|W;|, [W5|}. A symmetrized group presentation
(A||R) is said to satisfy the condition C’(\), A > 0, if the set of defining words R
satisfies C'(\).

This and other classical small cancellation conditions and their applications may

be found in [LS01].
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2 Auxilliary diagrammatic conditions
2.a Condition Z

Definition. An S-map A is said to satisfy the condition Z(n), n € NU {0}, relative
to its simple disc submap @ if for every set S of selected paths that covers 0 ®, the

set S has more than n maximal elements; in particular, S has at least n + 1 element.

Proposition 2.1. Let ® be a non-degenerate disc map. Suppose a set S consists of
n reduced paths and covers 0,®. Then there exists a maximal simple disc submap ®4

of ® whose contour is a product of n or fewer subpaths of the paths comprising S.

Proof. Let ¢ be the result of a cyclic reduction of the contour of ®. Since ® is a
non-degenerate disc map, the cyclic path ¢ is the contour of some non-degenerate
disc map ®'; in particular, ¢ is nontrivial. Let ¢;, ..., ¢, be such paths that ¢ is a
cyclic shift of the product ¢ - - - g/, each ¢; is a nontrivial subpath of some element
of S, and each element of S has at most one of the paths ¢y, ..., ¢, as a subpath.
It is not hard to prove that such paths ¢y, ..., ¢ exist. Note that n’ < n. Without
loss of generality, assume that ¢ = q1 -+ - q.

If @' is simple, then ®; = &’ is a desired submap. Consider the case when @’ is not
simple. Since the map @’ is non-degenerate, it has two maximal simple disc submaps
®, and ®, with disjoint sets of faces, whose contours are subpaths of 9,® = (c). Let v;
be the initial vertex of ¢;, i = 1, ..., n/. Let w; be the initial (and the terminal) vertex
of 01®;, i = 1, 2. Let k; be the number of vertices from the set {vy, ..., vy, wy, wy}
which occur in 0;®;, i = 1, 2. It is easy to see that either ky < n’ or ky < n’. For the

(1) (1) (1)
1

sake of definiteness, assume that ky < n'. Then 0,®; = q; ' - - - ¢, where every ¢; ' is

a nontrivial subpath of some g;. O

Corollary 2.1.a. Let A be an S-map. Suppose the contour cycle of some non-

degenerate disc submap ¥ of A is covered by a set of n or fewer selected paths. Then
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A does not satisfy the condition Z(n) relative to some mazimal simple disc submap

of W.

2.b Conditions A and B

Roughly speaking, the condition A defined in this section is a generalization of the
small cancellation condition C’ formulated in terms of the underlying maps of re-
duced van Kampen diagrams, rather than in terms of defining relations. (About the

condition C’ and van Kampen diagrams, see subsection 1.d.)

Definition. Let A be an S-map. Let a = (k; A1, A2, A3, \y) where

k: A(Q) — NU {O}, )\1, )\2, )\3, )\4: A(Q) — [O, 1]

The S-map A is said to satisfy the condition A(a) if it satisfies the following five

conditions:

A1 (k) For each face f of A, there exists at least one selected subpath of df, and the
number of maximal selected subpaths of df does not exceed k(f) (note that if

all nontrivial subpaths are selected, then there is no maximal selected subpath).

As(A1) For each face f of A, if S is the number of non-selected oriented edges in Jf,
then

S < M(f)lofl.

As3(Xy) For each face f of A, if u is a double-selected intra-facial arc incident to f,

then

Jul < A2(f)IOf].

A4(Ag, \3) For every two distinct faces fi, fo of A, if U is a non-overlapping set of

double-selected arcs between f; and f, which covers the set of all double-selected
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edges between f; and fs, then

> lul < U - min{ Ao (£1)|0f1], Ao f2) 0ol } + min{ As(f1)0f1], As( f2) 0ol |-

uelU

As(Ag, \y) For each face f of A, if p is a simple selected subpath of the contour
cycle of a distinct face of A, U is a non-overlapping set of double-selected arcs
incident to f and lying on p, and U covers the set of all double-selected edges

that are incident to f and lie on p, then

> lul < (IU]1A(f) + Al £)[OF .

uelU

In particular, if a double-selected inter-facial arc w is incident to a face f, then
[ul < (Ma(f) + Ma(f))10f].

A map A is said to satisfy the condition A(a) if there exists a selection on A such

that A with this selection satisfies A(a).

Remark 2.1. If for each face f of A, the length of every double-selected arc inci-
dent to f is at most Ao(f)|0f], then A automatically satisfies the conditions Aj3(\z),

-/44()\27 )\3)7 A5(A27 A4)

If A; and A, are two maps, ( is a morphism from A; to Ay which preserves the

chosen orientations of the faces, and

]{JI A2(2) — NU {0}, /\1,/\2,/\3,/\41 AQ(Q) — [O, 1],

a= (k7 )\17 )\27 )\37 )\4)7
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then define

kC=koC? ML=XMoCl% Xl=MXol% XL=Xo0C% M=ol

C_LC = (kc, )\1'C7 )\Q'Ca )\3'C7 )‘4'6)7

where (2 is the function A;(2) — A,(2) associated with (.

Remark 2.2. If an S-map A satisfies the condition A(a), a simple disc S-map A’ is
cut out of A, and ( is a pasting morphism, then the S-map A’ satisfies the condition
A(a.C). A similar statement is true for each of the conditions .4;-A5 separately.

Remark 2.3. A symmetrized group presentation (2l || R ) satisfies the condition C’()\),
A > 0, if and only if for every reduced simple disc diagram A over (2[|| R ), there
exists Ag < A such that A satisfies the condition A(0;0, A2,0,0) (all the constants

here are regarded as constant functions on A(2)).

Definition. Let A be an S-map. Let A, Ay € [0,1]. The S-map A is said to satisfy

the condition B(A1, \o) if it satisfies the following three conditions:

By For each face f of A, the contour cycle of f has at least one selected subpath and
at most one maximal selected subpath (note that if all nontrivial subpaths are

selected, then there is no maximal selected subpath).

Bi(A1) For each face f of A, there is a selected subpath of df of length at least
(1—X)]0f].

Bs(A2) For each face f of A, the length of every double-selected arc incident to f is

at most Ag|0f].

A map A is said to satisfy the condition B(A1, A2) if there exists a selection on A such

that A with this selection satisfies B(A1, Ag).

For all admissible values of A\; and \s, the condition B(A, \2) is equivalent to the

condition A(1; A1, A2, 0,0).
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3 Estimating lemmas

If X is a set, then (X)) shall denote the set of all subsets of X (the power set of X).

The following lemma first appeared in [Hal35]:

Lemma (Philip Hall, 1935). Let A and B be two finite sets. Let f be a function from
A to P(B). Let a function F: P(A) — P(B) be defined by F(X) = Uzex f(2).

Then the following are equivalent:
(I) There ezists an injection h: A — B such that for all x € A, h(x) € f(z).
(IT) For each subset X of A, || X|| < ||F(X)]l-
The proof of this fact given here seems to be more concise then the original one:

Proof. The implication (I)=-(II) is obvious. To prove the converse implication, induct
on | 4].
If [|A]] = 0, then A = () and the conclusion of this lemma is obvious (take h = 0).
Let n be a natural number. Suppose the implication (I)<=(II) holds under the
additional assumption that ||A| < n. Now, assume that ||A|| = n and suppose that
(IT) holds.

Case 1: there exists a proper non-empty subset A; of the set A such that

[E(AD] = [[Ad]l-

Then let Bl = F(Al), AQ = A\Al, BQ = B\Bl Note that HAlH < n and HAQH <n.
Let fl = f’Al, F1 = F‘Al. Note that fl: Al — L@(Bl) and F13 L@(141) — L@(Bl)
Let fo: Ay — P(Bs), Fo: P(Ay) — P(By) be defined by

fo(z) = f()N By,  F3p(X)=F(X)N Bo.
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Obviously,
(v < 4 (IX1) < IR CON).

It is also easy to see that
(v A) (1111 < 1R2(30)1).

Therefore, by the inductive assumption, there exist injections h; : A; — B; and

hgi A2 — BQ such that

(Vo € A1) (l(x) € fi(x)) and (Vo € Ay)(ha(x) € folw)).

Clearly, h = hy U hy is an injection A — B such that
(Vx € A) (h(x) € f(x))
Case 2: for each proper non-empty subset A; of the set A,
[F(AD)| > [ Al + 1.

Then take an arbitrary o € A and an arbitrary yo € f(zo). Let A; = A\ {z0},
By = B\ {yo}. Note that ||A;|| =n—1. Let fi: Ay — P(By), F1: P (A1) — P(B)
be defined by

fil@) = f@) \{wy, X)) = FX)\ {y}

It is obvious that

(vx A (IX] < 1REON).
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Therefore, by the inductive assumption, there exists an injection h;: A; — Bj such

that
(Vx € Al) (hl(x) € fl(x)).

Let h: A — B be the extension of h; to the whole of A by putting h(xg) = yo.

Clearly, h is an injection satisfying

(Vx € A) (h(x) € f(x))

Since either Case 1 or Case 2 must take place, the implication (I)<(II) holds when

|Al| = n. The inductive step is done. O

Corollary. Let A and B be two finite sets. Let f be a function from A to P (B)
and let w be a function from B to NU{0}. Let a function F: P(A) — P (B) be
defined by F(X) = Uyex f(z). Then the following are equivalent:

(I) There exists a function h: A — B such that:

(1) forall x € A, h(x) € f(x), and

(2) for each y € B, the full pre-image of y under h consists of at most w(y)

elements.

(II) For each subset X of A, [| X[ < Y w(y).

yeF (X)
Proof. The implication (I)=(II) is obvious. To prove the converse implication, con-
sider the set B’ and functions f': A — Z(B') and F': Z(A) — P (B’) defined by

the formulae

B ={(bmn)|beB, neNU{0}, n<w(d)},
fl@)={(®n)|be f(z), ne NU{0}, n <w(b) },
F(X)=U{f(x) |z e X}
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Since

<VXCA><HF’(X)||= ) w(y)>,

yEF(X)
it follows from the previous lemma that there exists an injection h’': A — B’ such

that

(Vx € A) (M (2) € f'(2)).

Let h = p; o b’ where p; is the first projection from B X (N U {O}) onto B. The

function h is a desired one. O

Lemma 3.1. The maximal possible Euler characteristic of a closed connected combi-
natorial surface is 2, and among all closed connected surfaces, only spheres have Euler
characteristic 2. The maximal possible Fuler characteristic of a proper connected sub-
complex of a combinatorial surface is 1, and every such complex either consists of a

single vertex, or can be turned into a combinatorial sphere by attaching 1 face.

Proof. This lemma follows from the classification of compact (or finite combinatorial)

surfaces. 0

Estimating Lemma 1. Let A be an S-map satisfying the condition Z(2) relative
to every proper simple disc submap. Let ¢ be the number of contours of A. Let U
be a set of selected arcs of A such that no two distinct elements of U are subarcs of
a same double-selected arc of A. Let k be a function A(2) — N U {0}. Suppose A

satisfies the condition Ay(k). Then either U is empty, or

< > <3+2k )—?)XA—C.
feA(2

Furthermore, there exist a set L and a function h: U\ L — A(2) such that:
(1) either L is empty, or ||L|| < —3xa — ¢,

(2) each arc w € U\ L is incident to the face h(u), and

33



(3) the full pre-image of each face f € A(2) under h consists of at most 3 + 2k(f)

arcs.

Proof. For each x € U, let g(x) be the set of all faces of A incident to u. For each
X C U, let G(X) = Uzex g(x). Take an arbitrary non-empty subset E of U. It is to

be proved that

IEl< > (3+2k(f) —3xa—c
feG(E)

Let A be a closure of A. Note that Yz = xa + c.
Denote G(FE) by F'. Let V be the set of all connected components of the 2-complex
obtained from A by removing all the faces that belong to F, and all the edges and

intermediate vertices of all the arcs that belong to E. Then

Xa= Y xv—|E[+[F]
veV

Endow each element of V' with a structure of a submap of A.
Let E be the set of all oriented arcs associated with arcs from E. For every
element W of V', let d(¥) denote the number of elements of £ whose terminal vertex

is in W. Then
> d(w) = 2| E].

veV

Combining this and the previous equality, have

IZI1=3>_ xv — 2| B[ + 3| FIl - 3xa
veV

=3Pl + 3 (3xw — d(¥)) — 3xa.

veV
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By Lemma 3.1, each element of V' has Euler characteristic at most 1, and if the

Euler characteristic of ¥ € V is 1, then V¥ is a disc map. Let
VI={VeV]|d¥)=iand xy =1} for i=0,1,2,....
Note that each V/ contains only disc maps. Clearly, Vj = (). Therefore,
IEN < 3[[F] + 2Vl + [Vl = 3xa-
To complete the proof, essentially, it is only left to prove that

I+ IVl < Xok(F) + ¢
fer

and then to apply the corollary of Hall’s Lemma.

Let W denote the set of those elements of V' that contain the “improper” faces
of A—the faces that are in A(2) \ A(2). Note that |[W] < c¢. Fori = 1,2, let
V= VAW

For every face f of A, let M(f) be the set of all maximal selected subpaths of Jf.
According to the condition A;(k), || M(f)|| < k(f) for every f e A(2).

Let N = User M(f). Define a function s: N — V by the following rule: s(p)
is the last element of V' that the path p meets, i.e., such an element of V' that some
terminal subpath of p has a vertex in s(p) and has no vertices in any other element
of V. Tt is easy to see that s is well-defined. It is to be proved now that every element
of V" U VY is in the range of s (is the image of some element of N under s).

Consider an arbitrary ¥ € V" U V). Then V is a disc submap of A. Suppose ¥
is not in the range of s.

Consider the case d(V) = 2. Let u; and uy be those oriented arcs from E whose

terminal vertices are in W (there are exactly 2 such oriented arcs). Let f; be the face
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(from F') whose contour cycle has u; as a subpath, ¢ = 1, 2. Then there exist paths
q1 and ¢y such that for 4 = 1, 2, the path u;quz"; is a subpath of df;. Let ¢, and ¢,
be the shortest such paths. Note that (q1¢2) = 9, ¥. Since V¥ is not in the range of
s, both paths u;qiuy ' and usgeuy! are selected. Indeed, suppose that, for example,
the path uiqius’ is not selected. Then there exists a maximal selected subpath p
of Of that contains u; as a subpath. The path p is an element of M(f;). Since p
cannot contain u;q u; ' as a subpath, it follows that s(p) = ¥, which contradicts to
the above assumption. Hence, the paths u;qiuy ! and usgouy’ are selected; therefore,
they are reduced.

Suppose the map VU is degenerate. Then the paths uiqiu;' and usgou;’ are
mutually inverse. They cannot be oriented arcs because that would contradict to the
assumption that no two distinct elements of U are subarcs of a same double-selected
arc. Therefore, u; = uy', V = {¥}, and A = A is an exceptional spherical map.
Therefore N is the full pre-image of ¥ under s, which is empty. Therefore, all subpaths
of Of, and Of, are selected. Hence, A does not satisfy the condition Z(2)—not even
Z(0)—relative to any of its simple disc submaps (the submaps obtained from A by
removing either the face f; or f3). This gives a contradiction.

Suppose the map V¥ is non-degenerate. Let S be the set of all nontrivial paths in
the set {q1,¢q}. The set S consists of selected paths and covers 0;¥. Hence, by the
corollary of Proposition 2.1, A does not satisfy the condition Z(2) relative to some
maximal simple disc submap of W. This gives a contradiction.

Consider the case d(V) = 1. Let u be the oriented arcs from E whose terminal
vertex is in W (there is exactly 1 such oriented arc). Let f be the face (from F') whose
contour cycle has u as a subpath. Then there exists a path ¢ such that ugu=! is a
subpath of df. Let ¢ be the shortest such path. Note that (g) = 0,¥.

1

Suppose the map VU is degenerate. Then the path ugu™" is not reduced. Therefore,

it is not selected.
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Suppose the map ¥ is non-degenerate. Then ¢ is nontrivial. Since A satisfies the
condition Z(2) relative to every maximal simple disc submap of ¥, it follows from
the corollary of Proposition 2.1 that ¢ is not selected.

Consider the maximal selected subpath of Of that contains u as a subpath. The
image of this selected path under s is W. This gives a contradiction.

It is proved that V" U VY is in the range of s. Therefore,

VUVl < NI < D k()
fer

and

I < 3I[F[+ 2([1V7 U V31 = 3xa

<3| F|| +2(Xk(f) +¢) = 3xa — 3¢ = D _(3+ 2k(f)) — 3xa — c.

fEF feF

Thus, for an arbitrary non-empty subset E of U,

IE| <3|GE)+ 3 (3+2k )) = 3xa—c
feG(E

= Y <3+2k(f)) —3xa — C.

JeG(E)

In particular, if U # 0,

U< > (3+2k(f) —3xa—c
feA2)

Let w be anything which is not a face of A. Let & be a function U — A(2) U {w}

such that:

(1) for each u € U, either h(u) = w, or h(u) is a face of A incident to the arc u,
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(2) the full pre-image of each face f of A under h consists of at most 3 + 2k(f)

arcs, and
(3) the full pre-image of w under h consists of at most max{0, —3ya — ¢} arcs.

Such a function A exists by the corollary of Hall’s Lemma. Let L be the full pre-image
of w under k. Let h be the restriction of i to A(2)\ L. The set L and the function

h are the desired ones. O

Estimating Lemma 2. Let A be a non-degenerate map. Let S be the set of all
(non-ordered) pairs of distinct contiguous faces of A. Then ||S| < 3||A(2)||, and

there ezists a function h: S — A(2) such that:
(1) each pair P € S contains the face h(P), and

(2) the full pre-image of each face f € A(2) under h consists of at most 3 pairs.

Proof. Define functions g: S — Z(A(2)) and G: Z(S) — Z(A(2)) by the formulae:

Take an arbitrary non-empty subset X of S. Let ' = UX = G(X). The set F
is non-empty. Let I' be the contiguity graph for F' in A. Graph I' is planar, has
no loops and no multiple edges. Obviously, ||[I'(0)|| = |[F|| and ||[I'(1)|| > || X]|. By
Proposition 1.1, || X || < 3| F|.

Thus, for any non-empty subset X of S, ||X|| < 3[|G(X)||. In particular,

IS1 < 3I1A@)I-

Now, the conclusion easily follows from the corollary of Hall’'s lemma. O
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4 Main Theorem

Definition. Let A be a semisimple S-map. Let n; be the number of edges of A, n%e)
be the number of external edges of A, and S be the number of selected external edges

of A. Let v be a real number. The S-map A is said to satisfy the condition X () if

San—V(in—nl )—HA M= Z |Of].

fEA(2)

Remark 4.1. In the above notation, if v < 1 and A satisfies the condition X'(y), then

8 2 m —(2m —ni?) > max{<1 i 7)”1’ (1-2v)(2m - n(f))} '

Indeed, since nl ) > S and v <1,

nge) >ny — 7(2711 — nge)),

ny > 2ny — n(16) - 7(27@1 - nge))’

ny > (1-— 7)(2n1 — n(le)),

Therefore,

and

ny —7(2711 —n@) > (1 _ )nl.

Remark 4.2. If a simple S-map A satisfies the condition X () for some v < 3, then

A is not spherical.
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Main Theorem. Let A be a semisimple S-map with at most 3 contours, whose

closure is spherical. Let

k: A(Q) — NU {O}, )\1, )\2, )\3, )\42 A(Q) — [O, 1],

a= (k7 )\17 )\27 )\37 )\4)
Let ~ be a real number. Suppose A satisfies the condition A(a). Suppose

2. lgg§(xl + (34 2k)A2 + 3Xs) + %1(35;((2 + k) +2M) <1,
Ig(a;)((/\l + (34 2k) X +3X3) <.
Then the S-map A satisfies the condition X(7), and the condition Z(2) relative to
every proper simple disc submap.

The main idea of the proof is to verify the conditions X'(y) and Z(2) by simulta-

neous induction on the number of internal edges of A.

Remark 4.3. In the case when all the functions &, A\;, X2, A3, A4 are constant, the first

inequality in the hypotheses is equivalent to
201 + (8 4+ 5k) Ao + 6A3 + 20, < 1.
Inductive Lemma 1. Let A be an S-map. Let
k: A(2) = NU{0}, Ao, Ayt A(2) — [0, 1].

Suppose A satisfies the conditions Ay (k) and As(Xa, A\g). Let v be a real number such

that the following inequality holds point-wise (face-wise):
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Suppose that every proper simple disc S-submap of A whose all edges are internal in
A satisfies the condition X (7). Then A satisfies the condition Z(2) relative to every

proper simple disc submap.

Proof. Suppose that such A does not satisfy the condition Z(2) relative to some
proper simple disc submap Ag. Let Ay be such a submap with the minimal possible
number of internal edges. View A, as an S-submap. Then in A there exists a set
of selected paths with at most 2 maximal elements which covers 0;A,. Let Q be a
set consisting either of 1 selected cyclic path ¢; which is a representative of 9,4, or
of 2 selected paths ¢, ¢ whose product ¢;qs is a representative of 014y. Without
loss of generality, in the first case assume that 0,y = ¢; and in the second assume
1Ay = q1qa2. Let s = [|Q]]. Let ¢ = 01 A,.

The map Aq is a proper submap of A. Indeed, the edges that lie on 0,4, are
external in Ay but internal in A. Hence, by the assumptions, the S-map 4 satisfies
the condition X'(7).

Let fy be a face of Ay which has at least (1 — 2v)|0fy| selected external edges
in Ag. Such a face exists, otherwise the number S of selected external edges of A,

would satisfy the inequality

S< > (1=29)0f],

feho(2)

in contradiction with the condition X'(7y).

Let P be a non-overlapping set of arcs of A such that every element of P is a
selected external arc of Aq (i.e., external and selected in A) incident to fy and lying
on a path from ), and such that P covers the set of all selected external edges of
A incident to fo; moreover, let P be such a set with the minimal possible number
of elements. For i = 1, s, let P; be the set of those elements of P that lie on ¢;. Let

m = ||P||, let m; = |||, i =1, s. Fori = 1, s, enumerate all the subpaths of ¢; *
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which are oriented arcs corresponding to elements of P;, according to the order in

which they appear on g; ': pgi), ey pg{. Check now that for arbitrary ¢, j, there is

no selected subpath of 0f, with initial subpath pg-i) and terminal subpath pﬁl.
Suppose on the contrary that for some i € {1,s} and some j € {n € N| 1 <
n < m; — 1}, there is a selected subpath of Jf, with initial subpath pg-i) and terminal

subpath p(ﬁ)rl. Let p( )xpﬁl be the shortest such selected subpath. Then the path x is

J ji
either selected or trivial; in either case, it is reduced. Let y be the subpath of ¢; that
starts at the initial vertex of pﬁl and ends at the terminal vertex of pg-i). The path y
is reduced, as a subpath of 9;A,. Clearly, the cyclic path zy is the contour of some
(i)—1

disc submap ® of the map Ay. Since the path pﬁflyp] is a subpath of ¢;, and

the path pgi)xpﬁl is selected, the path x cannot be inverse to the path y, otherwise
it would contradict to the minimality of the number of elements of P. Therefore, the
map ¢ is non-degenerate.

By Proposition 2.1, there exists a maximal simple disc submap of & whose contour
cycle may be covered by 1 or 2 paths each of which is a nontrivial subpath of either x
or y. Let ®; be such a submap of ®. The map P, is also a submap of A. The contour
cycle of @4 is covered by a set of 1 or 2 selected paths. The map ®; clearly has fewer
internal edges than Ay. This contradicts to the choice of Ay—to the minimality of
its number of internal edges.

Since for any 4 and j, no subpath of 0f, with initial subpath py) and terminal
subpath pﬁl is selected, the number of maximal selected subpaths of 0f, is not less
than m; — 1 = m — 1 in the case s = 1, and not less than m; + my — 2 =m — 2 in

the case s = 2. Hence, in both cases, m < k(fy) + 2 by the condition A, (k).

Let

Si=Y =", i=Ls S=Y|u= 5.
J=1 i=1

ueb; ueP
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Note that S equals the number of selected external edges of fy in Ay. For each

i =1, s, the condition As(Ag, A4) for A implies that

Si < (mi/\2(f0) + /\4(f0))|af0|~

Therefore, on one hand,

§ < (malfo) + salf) ) 10£0] < ( (24 k() Ralho) + 20l fo) ) 1040l

on the other hand,

S = (1—=27)[0fl.

Hence,

(2+ (f)) Aol o) +20a(fo) 2 1 = 27,

and this contradicts to the inequality
29+ 24+ k)X +2N <1. O

Inductive Lemma 2. Let A be a semisimple S-map with at most 3 contours, whose

closure is spherical. Let
k: A(Q) —>NU{O}, )\1,)\2,)\32 A(Q) — [O, 1]

Suppose A satisfies the condition Z(2) relative to every proper simple disc submap.
Suppose A also satisfies the conditions Ay (k), Aa(A1), As(X2), As(A2, A3). Let v be

a real number such that the following double inequality holds point-wise (face-wise):

)\1+(3+2k)/\2+3)\3§7<1
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Then A satisfies the condition X (7).

Proof. Let n; be the number of edges of A, nge) be the number of external edges of

A, S be the number of selected external edges of A. Note that since A is simple,

> 10f] =2 —nl¥.

FeA(2)

First, estimate the number of all edges that are neither selected external, nor
double-selected internal. Denote this number by S7. Since 57 is less than or equal to
the number of non-selected oriented edges of the contours of all the faces of A, and

A satisfies the condition As(\1),

ST < Y M(h)of].
)

fEA(2

Second, estimate the number of double-selected internal edges. Denote this num-
ber by S,.

Let U be a minimal by the number of elements non-overlapping set of double-
selected internal arcs of A covering the set of all double-selected edge of A. Let
for any fi, fo € A(2), B({f1, f2}) be the set of all arcs between f; and f, that are
elements of U (if f; = fo, then B({f1, fa}) = B({f1}) is the set of all elements of U
which are intra-facial arcs of f1). Let M be the set of all such pairs or singletons X

of faces of A that B(X) # (). Then

Sp=2lul= > > lul

uel XeM ueB(X)

Let N be the set of all pairs of distinct contiguous faces of A that have at least one
double-selected edge between them.

Let hy: U — A(2) and hy: N — A(2) be such functions that
(1) each arc u € U is incident to the face hi(u);
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(2) the full pre-image of each face f of A under h; consists of at most 3 + 2k(f)

arcs;
(3) each pair P € N contains the face ho(P);
(4) the full pre-image of each face f of A under hy consists of at most 3 pairs.

Such functions exist by Estimating Lemmas 1 and 2. (The conditions A, (k) and Z(2)
have been used here.)
Let K be the subset of A(2) x A(2) consisting of all ordered pairs (f, f2) such

that {fi, fo} € M. Define functions r;: K — R and ry: K — R as follows. For any

(flaf?) € K7 let

ri(fus f2) = B () N B i fo}) e (F)IOf,
ra(f1, f2) = Hh (f1) ﬁ{{fhf2}}H)\3 f)Iofil.

Let r =71 4+ 7o.
Take arbitrary distinct faces f; and fo such that {fi, fo} € M. For the sake of

definiteness, assume that hy({f1, f2}) = fi. Then

r(fi, f2) +7(fo, 1)
= (i, f2) +r1(fes 1) + (ra i, o) + 72 fas 1))
= |hT(F) 0 B D) Pl f)IOA] + b () N B A1, o3| N (f2)l0f|
+ Xs(f1)[0f]

> |[BEA, 1) min{a(£)I0A], da(£2)|0f21} + As(f)IO].
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By the condition A4z, A3),

S ul <[ BAA LD min{ua()I0f], Aa(f2)[0f]} + As(F1)I0f]
u€B({f1,f2})

< r(fl:fQ) +r(f27f1>'

Now, take an arbitrary face f such that {f} € M. Then

r(f, f)=n(f, f) +ra(f, f)
= || () 0 BASH|Aa()l0f] +0

= | B h)l0F1.

By the condition A3(\p),

> lul < |[BUSDH | )l0f] = (£, £)-
u€B({f})

Thus,

=D lul=3% > I
uelU XeM ueB(X)

< Y )= X X r(fuh)
(f1,f2)eK FEAQ2) fa:(f1,f2)eK

f17f2 Z 7“2(f1,f2)>

f1EA(2 )<f :(f1, fz)GK fa:(f1,f2)eK
I PO lX(IOA] + by (f)l[As(F)]0])

fieA(2

>
( 201 Nl f0)OF] + 3Nl )10

flGA 2)

(3+2k )+ 3%(f ))|af|.
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Eventually,

S=n -S| -8,

>m— 3 (M) + (3+ 200Xl +3%(D) oS

FeA(2)

>np— Y. A0fl=m —7(2711 —n(f))y

FeA(2)
since A\; + (3 4 2k) Ay + 3A3 < 7. O

Proof of the main theorem. Suppose the theorem is not true. Then let A be a simple

S-map, let

kE:A(2) = NU{0}, A, A2, A3, A4 A(2) — [0, 1],

a = (k; A1, A2, Az, Aa),

and let v be a real number such that they all together satisfy the hypotheses of the
theorem and do not satisfy the conclusion (i.e., provide a counterexample), and such
that the number of internal edges of A is the minimal possible under this condition
(i.e., the theorem holds whenever the S-map has fewer internal edges). Without loss
of generality, assume that

rg(a;);()\l + (34 2k)As + 3/\3) = .

Then

2y + rgg}){((Z +k)Ag +20) < 1.

In particular, v < 1.
The hypotheses of Inductive Lemma 1 hold for A, a, and . Therefore, by In-

ductive Lemma 1, A satisfies the condition Z(2) relative to every proper simple disc
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submap. Therefore, by Inductive Lemma 2, A satisfies the condition X'(y). Hence,

the theorem holds for A, a, and ~y, which gives a contradiction. O

Corollary. Let A be an S-map with at most 3 contours, whose closure is spherical.
Let M\, Mg € [0,1]. Suppose 2\ + 13X < 1 and A satisfies B(A1,\2). Then A
satisfies X (A1 + bAa).

5 Lemma about exposed face

Lemma about exposed face. Let A be a simple disc S-map. Let
k: A(2) - NU{0}, X, A A(2) —[0,1], yeR

Suppose A satisfies the condition Z(2) relative to every proper simple disc submap.
Suppose A satisfies the conditions A;(k) and As(Aa, \y). Suppose every simple disc
S-submap of A satisfies the condition X (). Then there exists a face f in A satisfying
the following property: if P is a non-overlapping set of selected external arcs incident
to f, if P covers the set of all selected external edges incident to f, and if the number of
elements of P is the minimal possible under these assumptions, then |P|| < k(f)+1

and

Solpl 2 (1= 29— (24 KN lf) = M) + IPID) ) 011,

peP

(Such a face f may be called “exposed”).

Remark 5.1. 1t is possible to prove a stronger statement than the one claimed in this
lemma. Namely, under the hypotheses of the lemma, either there exists a face f in
A such that a corresponding set P has at most k(f) + 1 elements, and the total sum
of their lengths is at least (1 —2v)|0f]|, or there exist at least two distinct “exposed”

faces such as in the conclusion of the lemma.
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Remark 5.2. If A; a = (k; A1, Ao, A3, \y), and v satisfy the hypotheses of the main
theorem, then it follows from the main theorem that A, k, Ay, A4, 7 satisfy the

hypotheses of the lemma about exposed face.

Proof. Case I. there exists a simple disc submap Ay of A whose contour is of the
form qqo where ¢, is a selected subpath of the contour cycle of some face fy, and ¢
is a subpath of ;A. Let Ay be a minimal such map (which do not contain any other
such map as a submap). View Aj as an S-submap. Let ¢;, g2 and fy be as above. It
follows from the condition Z(2) that g, is nontrivial.

Pick a face f; of Ay which has at least (1 —2v)|0f;| selected external edges in Ay.
Such a face exists because A, satisfies the condition X'(7y).

Let P, be a non-overlapping set of double-selected arcs between f; and fy such
that P, covers the set of all double-selected edges between f; and fy,. Let P, be a
non-overlapping set of selected external arcs incident to f; such that P, covers the set
of all selected external edge incident to f;. Moreover, let P; and P be such sets with
the minimal possible numbers of elements. Note that all the elements of P; lie on the
path ¢; and all the element of P, lie on the path go. Let my = ||Py||, mg = || Ps|. Let
P = P, U P,. All the elements of P are selected external arcs of Ay incident to fi.

By the choice of fi,
> Ipl = (1 =27)[0fi]-

peP

The goal is to prove that my < k(f1) + 1 and

So1pl = (1= 29 = (24 K())Aalf) = M) + made( 1) ) 01

pEP;

this will show that the face f; is a desired one.
For i = 1, 2, if P; # (), then enumerate all the subpaths of ¢; * which are oriented

arcs corresponding to elements of P;, according to the order in which they appear on
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g pgi), ey ﬁ,ﬁ) Check now that for arbitrary ¢, j, there is no selected subpath of

0f, with initial subpath pgi) and terminal subpath pﬁl.

Suppose that for some j € {n € N| 1 <n < my}, there is a selected subpath of

0f, with initial subpath pg-l) and terminal subpath p(-i)l. Let p(-l)

; ; xpﬁ)l be the shortest

such selected subpath. Then the path x is either selected or trivial; in either case, it
is reduced. Let y be the subpath of ¢; that starts at the initial vertex of pﬁl and
ends at the terminal vertex of pg-l). The path y is reduced, as a subpath of ;. Note
that pﬁl_lypgl)_l is a subpath of ¢;. The cyclic path zy is the contour of some disc
submap ® of A. The path x cannot be inverse to y, otherwise it would contradict
to the minimality of the number of elements of P;. Therefore, the map ® is non-
degenerate. The corollary of Proposition 2.1 gives a contradiction with the fact that
A satisfies the condition Z(2) relative to every maximal simple disc submap of ®.
Suppose that for some j € {n € N |1 <n < may}, there is a selected subpath of
Of, with initial subpath p§2) and terminal subpath pﬁl. Let p§2)xp§-i)1 be the shortest
such selected subpath. Since the disc map A is simple and the number of elements
of P, is minimal, the path x cannot be trivial. Therefore, the path x is selected and
reduced. Let y be the subpath of ¢, that starts at the initial vertex of pﬁl and ends
at the terminal vertex of pg-z). The path y is reduced, as a subpath of 9;A,. Note
that pﬁl_lypﬁg)_l is a subpath of ¢;. The cyclic path zy is the contour of some disc
submap ® of A. The path z cannot be inverse to y, otherwise it would contradict
to the minimality of the number of elements of P,. Therefore, the map & is non-
degenerate. By Proposition 2.1, there exists a simple disc submap A; of ® whose
contour cycle is covered by a set of 1 or 2 paths, each of which is either a subpath of x

or a subpath of y. In any case, this leads to a contradiction either with the condition

Z(2), or with the fact that A is simple, or with the choice of Ay (its minimality).
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Thus, for arbitrary ¢ and j, there is no selected path with initial subpath pg-i) and

terminal subpath pﬁl. Hence, it follows from the condition .A4; (k) that

my < k(fi)+1, mo<k(fi)+1, m+ms<Ek(f)+2

By the condition As(Ag, Ag),

S bl < (m1A2<f1> + A4(f1)) 0f]

pEP

< (k) +2 = m2) () + Al 2) ) 10

Therefore,

> pl > (1 — 27— (k(fl) +2-— m2)/\2(f1) - /\4(f1)>|af1|

pEP

= (1 — 2y — (2 + k(fl)))\2(f1) — M f1) + m2)\2(f1)) 0f1]-

Case II: there exists no simple disc submap Ay of A whose contour would be of
the form ¢;q2 where ¢; would be a selected subpath of the contour cycle of some face,
and ¢, would be a subpath of 9;A.

Consider an arbitrary face f of A. Let P be a non-overlapping set of selected
external arcs incident to f such that P covers the set of all selected external edges
incident to f, and the number of elements of P is the minimal possible. Then ||P|| <
k(f) + 1. Indeed, if P is empty, this inequality is obvious. Suppose P is not empty.
For every selected subpath ¢ of Jf, at most one element of P lies on ¢ (because
the number of elements of P is minimal, A is a simple disc map, A satisfies Z(2)
relative to its simple disc submaps, and it is not Case I). If the set of all selected
subpath of Jf has no maximal element, then P consists of one element (because

there exists a selected subpath ¢ of df such that all the elements of P lie on ¢), and
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|P|| =1 < k(f)+ 1. If the set of all selected subpath of df has at least one maximal
element, then every element of P lies on some maximal selected subpath of 0f, and
[P < k(f) < k() +1 (by Ai(k)).

Now, pick a face fo in A which has at least (1 — 2v)|0fy| selected external edges.

The face fj is a desired one. O
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CHAPTER II

BOUNDEDLY GENERATED GROUPS

6 Proof of Theorem 1

Proof. Let F, be a free group of rank n, n € N. Let B = {z1,...,x,} be a basis
of F,,. Let X\ be a positive number less than 1/13. Let S be an infinite subset of F},
such that all the elements of S are cyclically reduced relative to B and are not proper
powers in F},. Suppose that the symmetrization of S relative to B satisfies the small
cancellation condition C’()) relative to 8. The goal is to prove that there exists an
infinite simple 2-generated group P and a homomorphism ¢ : F,, — P such that ¢
maps S surjectively onto P.

Let S’ be an infinite subset of S which satisfies the following three properties if

the elements of F}, are regarded as reduced group words in the alphabet ‘B:

(1) If wysvy or (wysvy)~! belongs to S’, and wysvy or (wesvy) ™! belongs to S’, then
either w; = wy and vy = vy, or |s| < Amin{|w;svy|, [wasvs|}. (Here, the phrase
“wysvy belongs to S”” means that the concatenation of the group words wy, s,

vy is a reduced group word representing an element of S’.)
(2) If u; and uy are elements of S, then u; # u; .
(3) If u is an element of S’, then |u| > 5.

Such a set S’ may be obtained from S by first leaving out all the elements of length
less than 5 and then picking one representative out of each of the equivalence classes
of the following equivalence relation: call elements u; and us equivalent if us is a

cyclic shift of u; or u;'. Note that condition (1) implies that if u € S’, then any
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!is of length at most A|u| (though, it also follows from

common subword of v and u~
the condition C’(\) for S).
Let
5 5

AM=——058\ A=A = —.
1 13 57 2 ) Y 13

Then A1, A2 € [0, 1] and

2A\1 + 13\ < 1,

A+ By = 7.

Let F,, 15 be a free group of rank n+2 with a basis % = {x1, ..., z,, a, b}, containing
F,, as a subgroup. Note that Fj,. 5 is the inner free product of the subgroup F,, and
the subgroup generated by {a,b}. In the rest of this proof, all the elements of F,, o
shall be regarded as reduced group words in the alphabet 2. The product of two
elements of F) o shall mean the concatenation of the group words; it may be not
reduced. The usual group multiplication will not be used.

Split the set S into the disjoint union of two infinite sets S; and S,. The first
step of “constructing” the group P consists in imposing three systems of relations on
the group F,.o. The first system of relations uses elements of S; and ensures that
every element of the obtained quotient group G is represented by some element of
S1 (in particular, the quotient homomorphism maps F), onto G); the second system
uses elements of S5 and ensures that the quotient group G has no nontrivial finite
homomorphic images; the third system ensures that the elements of GG represented by
a and b generate the whole of G. The main theorem shall be used for proving that
the quotient group G is not trivial. The second step of constructing P consists in
taking the quotient of G over its maximal proper normal subgroup.

Let vy1, v1,2, V13, . .. be a list of all reduced group words in the alphabet (. Using

infiniteness of S; and finiteness of B, it is easy to show that there exists a system
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{uy;}£2 of pairwise distinct elements of S; such that Ai|uy ;| > |v1,| for every i € N.
For every ¢ € N, let

_ -1
T = U1,V -

(Here, r1; is the concatenation of uy; and v;,; it does not need to be reduced.) Let
Ri={rm,li=1,2,...}.

Let a function from a set X to a group G be called trivial if it maps all the
elements of X to the neutral element of G. Let M be a set of nontrivial finite groups
such that every nontrivial finite group is isomorphic to exactly one group in M. Such
a set M exists and is countable. Informally speaking, M is a set of up to isomorphism
all nontrivial finite groups. Let T be the set of all ordered pairs (G, 1) where G € M,
and 1 is a nontrivial function from 2 to G. Clearly, T is countable. Let (G1, 1),
(Ga,19), ...be a list of all elements of T (without recurrences). Let ugy, us2, uss,
... be a list (without recurrences) of elements of Sy of length at least 1/\;. For every
t € N, let vy; be a group word over 2 of minimal length such that the values of v,
and ug; in G; with respect to v; are not equal. Clearly, the length of every such vy ;
is either 0 or 1. For every ¢ € N, let

7"21‘:“21‘“2_,2‘-

) )

Let Ro={re; |i=1,2,... }.

Let S3 = {us1,...,us,} be a set consisting of n reduced group words of length
at least 1/\; in the alphabet {a, b} which satisfies the same three conditions as those
required of S" above. (Such a set Ss exists.) For every i € {1,...,n}, let v3; = z;
and

_ -1
7"371‘ = Us ﬂ)37z~ .

)

Let Rgz{r&i\i:l,...,n}.
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Let

R=RiURyURs3.

Let G be the group defined by the presentation (2(|| R ). This group may be naturally
identified with a quotient group of F,, 5. Let ¢;: F,,1o — G be the corresponding
epimorphism.

Because of the relations r = 1, r € Ry, the homomorphism ¢; maps S; onto G.

Because of the relations » = 1, r € R,, the group G has no nontrivial finite
quotients. Indeed, suppose G has a nontrivial finite quotient. Then for some i there
exists an epimorphism ¢, from G onto G; such that ¢, 0 ¢; extends ;. On one hand,
the value of the word ry; in G; with respect to v; is nontrivial by the construction
of r9;. On the other hand, the value of r5; in G with respect to ¢; is 1 since ry; € R;
therefore, the value of r9; in G; with respect to ¢20¢; is 1. This gives a contradiction.

Because of the relations r = 1, r € Rj3, the group G is generated by ¢;(a) and
¢1(b).

The only property of GG that still needs to be established, is that G is nontrivial.

Suppose G is trivial. Then, by van Kampen’s Lemma, for any group word v in the
alphabet 2, there exists a disc diagram A over the presentation (24 ||R) such that
the label of the contour of A is v. In particular, there exists a reduced disc diagram
over (|| R) whose contour has length 1. Let A by such a diagram. Clearly, it is
simple.

Define a selection on A as follows. Consider all the faces of A one-by-one. Take
an arbitrary face II of A on which the selection has not been defined yet. Let ¢ and
j be such indices that the label of some representative of OII is either Tij O Ty ]-1.

Then there exist paths p and ¢ such that pg is a representative of OII, and either

((p) = u;; and £(q) = v;}, or £(p) = u;; and {(q) = v;;. In both cases, such a path

2,7 7

p is reduced since the word w; ; is reduced. Let the selection on II consist of all the

nontrivial subpaths of this p. The diagram A has become a diagram with selection
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or an S-diagram.

Now, check that the S-diagram A satisfies the condition B(A1, Ag).

The condition By follows directly from the construction of the selection.

In order to check the condition B; (A1), consider an arbitrary face I and the cor-
responding subpaths p and q of its contour cycle used above in defining the selection
on II. Note that p is the only maximal selected subpath of OII, and ¢ is the “com-

-1

> and g is

plement” of p in OII. Take ¢ and j such that p is labelled by U;j OT U
labelled by v; ]-1 or v; ;. By the construction of the words w;; and v; j, the inequality

A1lwi ;| > |v; ;| holds. Therefore,
gl < Mlpl < Milpg| = M\ o1,

The condition B;(A;) follows.

To check the condition By()2), means to prove that for all faces IT of A, the length
of every double-selected oriented arc ¢ which is a subpath of 911 is at most Ay|OTI|.

Consider first an arbitrary intra-facial double-selected oriented arc t. Let II be the
face whose contour cycle has t as a subpath. Let p be the maximal selected subpath
of O, and ¢ be such that pq is a representative of OII (the same notation as above).
Let uw = £(p). By the choice of the selection, either u or u~! belongs to S’ U S;. The
contour cycle of I has the form (ts;t7'sy). Since t and t~! are selected, and there is
exactly one maximal selected subpath of OI1, either ts;t~" or ¢t 'sot is selected. So,
either ts;t~! or t~!s,t is a subpath of p. In either case, £(t) is a common subword of

uw and v~!. Therefore,

] < Alp| < AJoII| = A1

(see property (1) of S” and S3).
Consider next an arbitrary inter-facial double-selected oriented arc ¢. Let II; be

the face whose contour cycle has t as a subpath, and Il; be the face whose contour
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cycle has t~! as a subpath (¢ is between II; and II,). Let p; be the maximal selected
subpath of OIl;, and ps be the maximal selected subpath of OIl,. By the choice of
the selection, |p;| < |0I1| and |po| < |01ly|. Let uy = £(p1) and uy = £(py). One of
the words u;, u;' and one of the words uy, uy* belong to S’ U Ss. The label of t is
a common subword of u; and uy'. If [t| > A|p1| or [t| > A|ps], then the pair of faces
{II;, I} is cancellable (follows from the properties of S’ and S3, the fact that S" and
Ss use disjoint alphabets, and the construction of R). Since A is reduced, this cannot
happen. Therefore,
[t] < Alp1| < A|OTT| = Aq|OTL4].

Thus, A satisfies the condition By(Ag).
Since A satisfies the condition B(A1, A2), by the corollary of the main theorem,

the length of its contour is at least (1 — 27) X rea(2)|O1]. Since

(1—2v) > lom] > (1 —27)min{ |7 ‘ re R}
feA(2)

2(1—27)1frlilfl{|U|\ueslus2u53}>3

-5 >1
_13 )

this contradicts to the assumption that the length of the contour of A is 1. Hence,
the group G could not be trivial.

By Zorn’s Lemma, there exists a maximal proper normal subgroup N of the
group G since G is finitely generated. Let P = G/N. Let ¢o: G — P be the
quotient homomorphism. Then P is a desired infinite simple 2-generated group, and

¢ = ¢g 0 ¢1|p, is a desired epimorphism F,, — P. O

Proof of the corollary of Theorem 1 (see Introduction). Take a free group F' of rank

27 with a basis {a,...,asr}. Let

S={al"---ap |meN}
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The symmetrization of the set S obviously satisfies the condition C'(Z + ¢) relative
to the basis {aq,...,as7} for any ¢ > 0. Therefore, by Theorem 1, there exists an
infinite simple 2-generated group G and a homomorphism ¢ : F' — G such that ¢

maps S onto G. Let z; = ¢(a;), i =1, ..., 27. O

7 Proof of Theorem 2

7.a Group construction

Take an arbitrary integer n > 63. Choose a positive A\; < 1 such that

9
(4+ nh >/\1 <

T : (1)

1
n
(It suffices if, for example, 0 < \; < 1/(5n).)
Let & = {x1,...,x,} be an n-letter alphabet. Call a group word w over 2 reqular
ki, ks

if it has the form z{'z5?...zF where k; € Z. (In particular, regular group words

Lis regular. The

are cyclically reduced.) Call a group word w counter-regular if w~
empty word is both regular and counter-regular. So is every group word that is a
letter power.

Impose an order on the set of all reduced group words in the alphabet 2 to make

it order-isomorphic with the set of natural numbers. For example, use the deg-lex

-1
n

order: xy, a7, o, ..., 7', 22, 1129, 125", . ... Define a sequence of sets {R;}; %
inductively.

First, let Ry = 0.

Second, if 7 > 0 and every group word over 2 equals a regular word modulo the

relations r =1, r € R;_1, then let R; = R;_1.

Last, if ¢ > 0 and some group word over 2 is not equal to any regular word
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modulo the relations » = 1, » € R;_1, then let w; be the least reduced group word

(with respect to the chosen order) that does not start with ', does not end with

+1

T, ,

(clearly such w; exists). Choose a natural number m; such that

1> :>mz-7émj,
i > j = nm;+ Jwi| > nmy + wyl,

(These conditions may be satisfied by choosing a sufficiently large m;.) Define
ri=axtryt . tw

and let R; = R;_1 U {r;}. Note that |r;| = nm; + |w;].
Eventually, let
+oo
R = U Ri,
i=1

and let G be the group defined by the presentation (| r=1,7 € R).

Observe that all elements of R are cyclically reduced.

and is not equal to any regular word modulo the relations r = 1, r € R,

Along with {R;};5, the sequences {w;}i—1. , {m;}i=1., and {r;};—1__, infinite or

finite, have been constructed.

Note that the above construction scheme does not specify R uniquely and is

flexible as to the choice of {w;};—;, . and {m;};— ..

7.b Properties of the group

In this section some properties of the defined above group G are established.

In

particular, it is shown that G is an example that provides the negative answer to
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Bludov’s question.

Adopt the notation of subsection 7.a. In particular, define n and \; the same way.

Let Ao = 2/n, v = A1 + 5. Then

20 + 13N < 1 (7)
and
2n\? 21
1—2y—2)\ — L>1- =, 8
v TN T " (8)

In particular v < 1/2. It is known that 21 x 3 = 63; this explains why 63.

Inequality (4) is equivalent to

(nm; + |wil). (9)

Combining (4), (9), and (3), obtain

A
j<io= < 7

i 10
Sm (10)

Inequality (1) implies that A; < 1/(4n) < 1/(2n + 1). It follows from this and from
(10) that

j<i = |wl < m? (11)

If w is a group word over 2, let [w]q, or [w]g, or simply [w], denote the element of
G represented by w. Let aq, ..., a, be the elements of GG represented by the one-letter
group words z1, ..., x,, respectively (in terms of “brackets,” a; = [z;]).

In this section a selection on a diagram A is called special if the contour cycle of

every face Il of A has two subpaths s and ¢ such that:

o (st) = OII;

e s is the only maximal selected subpath of OII;
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e there is m € N such that either ¢(s) = a7z ... 2" or {(s) = x,;"x, ™ ... x7"™;

n
2n — 2

o |s| > |OII| (note that |0II| = |s| + |¢]).

On every diagram A over (2 || R ), there exists a unique special selection. (In fact,
if A is a diagram over an arbitrary group presentation, and a special in the above
sense selection on A exists, then it is unique.) A diagram over (2( || R ) together with
a special selection shall be called a special S-diagram. Note that if s is the maximal
selected subpath of the contour cycle of a face II of a special S-diagram over (21| R ),
then |s| > (1 — Ay)|0II|, which is stronger than the inequality in the definition of a
special selection.

If A is a diagram over (A||R), Il is a face of A, then define the rank of the
face II to be such j that the label of some representative of OII is rj-cl. Clearly, the
rank of a face is well-defined. Let the rank of a face Il be denoted by rank(II). Note
that if rank(Il;) > rank(Ily), then |OII;| > |OIly|. The ranks of two faces in a special
S-diagram over (A || R) are equal if and only if the lengths of the maximal selected

subpaths of their contour cycles are equal (follows from (2)).

Proposition 7.1. Every weakly reduced special S-diagram over (2 ||R) satisfies the
condition B(A1, Aa).

Proof. Let A be a weakly reduced special S-diagram over (4| R ). Clearly, A satis-
fies By.

If II is a face of A, s is the maximal selected subpath of JII, ¢ is the path such
that (st) = OIL, then ((s) = (z}"xy" ... 2”)* and {(t) = w]' where j = rankIl.
Since |w;| < Ai|r;| (see (4)), have that |s| > (1 — A)|01I|. Hence, A satisfies By ().

If u is a double-selected oriented arc, then ¢(u) is a subword of a word of the form
a'xyy, or x e ™ (since A is weakly reduced). Therefore, if such u is a subpath
of the contour cycle of a face II, then |u| < (2/n)|01I] = A\2|0II|. Hence, A satisfies

Ba(A2). ]
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Corollary 7.1.a. If A is a weakly reduced special S-diagram over (|| R) with at
most 3 contours and with spherical closure, and S is the number of selected external
edge of A, then

S>(1—2y) > |om].

MeA(2)

Proof. Follows from the proposition and the corollary of the main theorem. O

Corollary 7.1.b. The group presentation (|| R ) is strongly aspherical in the sense

that no spherical diagram over (|| R ) is weakly reduced.

Proof. Every weakly reduced special spherical S-diagram over (2(||R) has at least

(1 —27) - 2 selected external edges and therefore does not exist (y < 1/2). O

Proposition 7.2. Let A be a special non-degenerate S-diagram over (|| R ). Let B
be an arbitrary non-empty subset of A, let k = |B|. Let S be the number of selected

external edges of A whose labels are in B. Then

S<% > jot|.

MEA(2)

Proof. If Il is a face of A, and s is the maximal selected subpath of JII, then ¢(s) =
(279257 ... 257 )*! where j = rankIl. Therefore, the number of selected external
edges of A incident to II whose labels are in 9B is at most (k/n)|s| < (k/n)|OLl|.

Since this is true for every face II of A, the desired inequality follows. O

Definition. Let (B | S) be a finite group presentation. A function f N — R is
called an isoperimetric function of (B || S) if for every group word w over B equal
to 1 modulo the relations » = 1, r € S, there exists a disc diagram A over (B || S)
with at most f(|w]|) faces such that w = ¢(9;A). The minimal isoperimetric function

of (B S) is called the Dehn function of (B S).
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Proposition 7.3. If (B||S) is a finite subpresentation of (A||R) (B is a subset

of A, and S is a subset of R), then the function f N — R given by the formula

is an isoperimetric function of (B ||S) (recall that v < 1/2).

Proof. If A is a weakly reduced disc diagram over (B || S), and {(q) = 0,4, then, as

follows from Corollary 7.1.a of Proposition 7.1,

gl = (L=27) > [01] = (1= 27)[|A@2)]-

MeA(2)
Hence, [[AQ2)]| < f(lql)- O
Corollary 7.3.a. Every finite subpresentation of (|| R ) presents a hyperbolic group.

Proof. Use the characterization of hyperbolic groups in terms of isoperimetric func-
tions of their finite presentations. According to Theorem 2.5, Theorem 2.12; and
Corollary of the latter in [ABC*91], a group is hyperbolic if and only if it has a finite
presentation with a linear isoperimetric function. (Note that in [ABCT91] all isoperi-

metric functions in the sense of the last definition are called “Dehn functions.”) O

Let deg-lex be the order on the set of all group words over 2 described as follows.
Two group words are compared first by length, second alphabetically according to
the following order on the group letters: 1 < 27" < zp < --- < x, < z;'. For

example, z,x, < r1r127 and x1x903 < T1x3T5.

Proposition 7.4. If the order on reduced group words used in subsection T.a for
choosing {w; }i—1,.. is deg-lex, N is a positive integer, and m; = N|w;|+1 for every i

for which r; is defined, then the presentation (A||R) is recursive.
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Proof. 1f the presentation (24| R ) is finite, then it is recursive. (It will be shown in
subsection 7.c that it cannot be finite.) Now, assume that the presentation is infinite.

Let C be the set of all 4-tuples (S, E,u,v) such that S is a finite set of group
words over 2, E is a rational number, v and v are group words over 2, and there
exists a disc diagram over (2(||S) with at most E edges such that the label of its
contour is uv~!. The set C is recursive.

Let ¢ be a rational number such that ¢ > 1/(1 — 2v). Let D be the set of all
3-tuples (S, u,v) such that

1 L
(S,%Uur + \vr>,u,v) eC

if L is the maximum of the lengthes of the elements of S. The set D is recursive.
This set describes consequences of a given finite set of relations as explained below.

Let f be the function N — R, k +— ¢k. Consider an arbitrary finite S such that f
is an isoperimetric function of (2(||S). Let u and v be arbitrary group words over 2.
Then the relation u = v is a consequence of the relations of (2| S) if and only if
(S,u,v) € D.

Consider the following algorithm:

Input: a positive integer j.

Step 1: Produce the set & of outputs of this algorithm on
the inputs 1, ..., 7j—1. (Do not stop if the algorithm
does not stop on at leas one of those inputs; if j =1,
then S=0.) Let L be the maximum of the lengthes of

the elements of & if § is non-empty, and 0 otherwise.

Step 2: Find the least (with respect to deg-lex) group word

w over 2 such that for every regular group word u of
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length at most (n+ 1)|w|+n'L, (S,u,w) & D. (Do not
stop if there is no such w.) Let m = N|w|+j.

. mam m,,,—1
Output: z{'z5 ...z w ™.

It shall be shown by induction that on every input j € N, the algorithm stops and
gives r; as the output. It will follow that R is recursive because the length of r; is an
increasing function of j.

Take an arbitrary k € N. If k£ > 1, assume that it is already proved that for every
positive integer j < k, the algorithm gives r; as the output on the input j. Consider
the work of the algorithm on the input k.

By the inductive assumption, the set S produced on Step 1 coincides with Ry_;.
In particular, f is an isoperimetric function of (24 || S). Note that L = |ry_q| if & > 1,
and L=0if k= 1.

By the choice of wy, this word is not equal to any regular group word modulo the
relations of (|| S). Therefore, Step 2 of the algorithm is carried out in finite time,
and the obtained group word w is not greater than wy with respect to the deg-lex
order.

To complete the inductive step and the proof of this proposition, it suffices to
show that the group word w obtained on Step 2 is wj. Suppose w is distinct from wy,.

Since w < wy, relative to deg-lex, it follows from the choice of wy that w equals
some regular group word modulo the relations of (2(||S). Let u be such a regular

group word. By the choice of w,

lu| > (n+ 1)|w| + n*L.

Let A be a weakly reduced special disc S-diagram over (2 || §) such that £(0,A) =
uw™. Let b and p be the paths such that £(b) = u, £(p) = w™!, and (bp) = O, A.

Let by, by, ..., b, be the subpaths of b such that b = bby...b,, and for every
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1=1,2,...,n, the label of b; is a power of z;. For every ¢ = 1,2,...,n, let B; be the
set of all edges that lie on b;. Let 3 be the sum of the degrees of all the faces of A.
Let T be the number of selected external edges of A that lie on b.

Since £(b) is regular, no two oriented edges of b are inverse to each other. Hence,
|b] < 3+ Ip|.

Let ¥; be the sum of the degrees of all faces of A that are incident with edges
from at least 3 distinct sets from among By, ..., B,. If 1 <14y < iy < i3 < n, then
there is at most one face that is incident to edges from all three sets B;,, B;,, Bi,.
Therefore, ¥; < n3L (the degree of every face of A is at most L). Let Xy be the
sum of the degrees of all faces of A that are incident with edges from no more than
2 distinct sets from among By, ..., B,.

One one hand,

2 2
Tng—i——ZQSnSL—i——Z
n n

On the other hand, by Proposition 7.1 and the Main Lemma,
T+|pl = (1—-2)%.

Therefore,

2
(1-27)2 <n’L+ EZ + |pl,

2

<1 —2y - —)E < |p| +n°L,
n

n— 23

% <|[p|+n’L,
Y < nlp| +n'L,
b] < (n 4 1)|p| + n*L.

In other terms, |u| < (n + 1)|w| + n*L. This gives a contradiction.

Thus, w = wy, and the inductive step is done. O
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Everything is ready now to start proving properties of G.

Property 1. For every (n — 21)-element subset I of the set {1,...,n}, the system
{a;}ier freely generate a free subgroup F of G (of rank n — 21). Moreover, every
two elements in such a free subgroup F are conjugate in G only if they are conjugate

m F.

Proof. Suppose that Property 1 does not hold. Take a set I C {1,...,n} of n — 21
elements that provides a counterexample. Let B ={x; |i € I}.

If the system {a;}ie; does not freely generate a free subgroup of GG, then there
is a weakly reduced disc diagram A over (2| R ) such that the label of its contour
is a cyclically reduced non-empty group word over the alphabet B. Clearly, such a
diagram A is non-degenerate (has a face).

If the system {a;}ic; does freely generate a free subgroup F' of G, but there are
two elements of F' that are conjugate in G but not in F'; then let v; and v, be two
cyclically reduced group words over B that represent two such elements. The group
words v; and vy are not cyclic shifts of each other, and neither of them represents the
identity of G. Since [v1] and [vs] are nontrivial but are conjugate in G, there exists
a weakly reduced annular diagram A over (2| R) such that the label of one of its
contours is v;, and the label of its other contour is v; ' (see Lemma V.5.2 in [LS01]).
Clearly, such A is non-degenerate.

Thus, to obtain a contradiction and complete the proof, it is enough to show that
there is no weakly reduced non-degenerate disc nor annular diagram over (2(||R)
with fewer than n — 20 distinct basic letters on its contour(s).

Let A be an arbitrary special weakly reduced non-degenerate disc or annular S-
diagram over (2| R ). (Recall that a special selection exists on every diagram over
(2A]|R).) Suppose that A has fewer than n — 20 distinct basic letters of 2 on its

contour(s). Let S be the total number of selected external edges of A. On one hand,
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by Proposition 7.2,
n —

S <

21
> o).
)

" neae

On the other hand, by Corollary 7.1.a of Proposition 7.1,

S=(1-2y) ) |om].

EA(2)

Since

_91
1—2y> 222
n

have a contradiction. O
The proof of the next property is not so straightforward.

Property 2. For every element g of G, there exist unique ki, ..., k, € Z such that

_ k1 k
g=ay" ...am.

The uniqueness is the “hard part” of Property 2. It shall be proved by contradic-
tion. Main steps of the proof are stated below as Lemmas 7.1-7.16. These lemmas
share some common assumptions about an S-diagram A.

Assume that A is a special disc S-diagram over (2 || R ) whose contour is of the
form p;p, such that £(p;) and £(py"') are distinct regular group words, and £(p;ps) is
cyclically reduced. Suppose, moreover, that A is such an S-diagram with the minimal
possible number of faces. In particular, if A is a nontrivial disc diagram over (|| R ),

and ¢(0,A") is regular or counter-regular, then [|A’(2)| > [|A(2)]].
Lemma 7.1. The diagram A is weakly reduced.
Proof. This easily follows from the minimality of the number of faces of A. O

Lemma 7.2. The diagram A is simple.
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Proof. Use the minimality of A again. Some maximal simple disc S-subdiagram
of A satisfies all the assumptions made about A (this follows, for example, from

Proposition 3.1 of [Mur05]), and hence it must be the whole of A. O

Lemma 7.3. If A’ is a disc S-subdiagram of A, and S is the number of selected

external edge of A’ (external in A'), then

S>(1-2y) > o).

MeA/(2)
Proof. Follows directly from Lemma 7.1 and Corollary 7.1.a of Proposition 7.1. O

Lemma 7.4. If A is a disc subdiagram of A, p1 and py are paths, (pips) = 014,
and the reduced forms of ((p)) and ((py") are regular, then A’ either is degenerate

or coincides with A.

Proof. Suppose A’, p1, and py are such as in the hypotheses of the lemma.

Case 1: £(p;) and £(p; ') are freely equal. Then the label of every representative of
O A is freely trivial and therefore A’ is degenerate. Indeed, if A’ was non-degenerate,
there would exist a disc diagram over (24 || R) with the same label of the contour as
A but with fewer faces (faces of A’, possibly together with some of the others, could
be “eliminated” from A), which would contradict the minimality of A.

Case 2: £(p;) and £(py"') are not freely equal. Then take A’ and repeatedly fold
labelled external edges and “cut off,” whenever necessary, “branches” with freely
trivial contour labels until obtain a disc diagram A” such that the labels of the rep-
resentatives of 0;A” are cyclically reduced. Clearly, A” is a non-degenerate diagram
over (2A||R), the label of every representative of J;A” is a cyclically reduced form
of £(p1p2), and [|A”(2)]] < ||A'(2)||. By the minimality of A, such a diagram A"
cannot have fewer faces than A. Therefore, A’'(2) = A(2) and, since 0 A is cyclically

reduced, A’ coincides with A. O
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Figure 1: The paths by, bo, l1, and [ in A.

Lemma 7.5. The diagram A has more than 1 face.

Proof. This easily follows from the form of elements of R. U
Lemma 7.6. There are at least n — 20 distinct basic letters on 0.

Proof. Follows from Property 1. O

Let b, be the maximal subpath of 0;A whose label is regular but not counter-
regular (is not a letter power). Let by be the maximal subpath of d; A whose label is
counter-regular but not regular. Since, according to Lemma 7.6, there are at least 2
distinct basic letters on 9, A, the paths b; and by are well-defined. (If, say, the label of
some representative of Oy A is T129%3 . . . TaoTasTasToxy, then U(by) = 23wy ... 243, and
U(by) = x43749m273.) The label of each of the paths b; and by has at least 2 distinct
basic letters. Let [; be the initial subpath of b; that is a terminal subpath of by, and
l5 be the initial subpath of b, that is a terminal subpath of ;. Both [; and I, are

nontrivial (see Fig. 1). The labels of [; and [5 are letter powers.

Lemma 7.7. Every selected external arc of A lies on at least one of the paths by

or by.
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Proof. Follows from the fact that the label of every selected oriented arc is either

regular or counter-regular. O

The following observation is obvious but deserves mentioning because it is used
implicitly in the proofs of Lemmas 7.8, 7.10, and 7.13 several times.
Suppose p1, p2, and ¢ are paths in a diagram over (2| R ), and ¢ is nontrivial.

Then

e if the products p1q and ¢ 'p, are defined and their labels are regular, then £(q)

is a letter power, and the reduced form of ¢(pps) is regular;

e if the products p;q and gp; are defined and their labels are regular, then £(p;gps)

is regular.

Since Lemma 7.7 and many of the remaining lemmas deal with selected external
arcs or selected external oriented arcs, it is advisable to review these concepts. An
oriented arc of a graph (or a 2-complex) is a simple path whose all vertices, except,
possibly, the end-vertices, have degree two in the given graph. A (non-oriented) arc
is a pair of mutually inverse oriented arcs. An arc is incident to a face II if (and only
if) at least one of the associated oriented arcs is a subpath of JII. Every external arc
of a (semi-)simple map is incident to exactly one face. An oriented arc is selected
if (and only if) it is selected as a path (in particular, it must be a subpath of the
contour cycle of some face). An external arc is selected if (and only if) it is incident
to some face II and the associated oriented arcs that is a subpath of OII is selected.

Distinct maximal selected external arcs of A never overlap.

Lemma 7.8. In the diagram A, every face is incident with at most 1 maximal selected

external arc.

Proof. Consider an arbitrary face II of A. Suppose II is incident with at least 2

distinct maximal selected external arcs.

72



Let u; and uy be distinct maximal selected external oriented arcs of A that are
subpaths of OII. (They do not overlap.) Let s be the maximal selected subpath of
OII. Without loss of generality, assume that u; precedes us as a subpath of s. Let v
be such a path that uyvus is a subpath of s. Since A is simple (see Lemma 7.2), and
w1 and uy are maximal, it follows that v is nontrivial, and the first and last oriented
edges of v are internal in A.

Suppose v has a simple cyclic subpath p. Then p is the contour of a proper simple
disc subdiagram of A. Since ¢(p) is regular or counter-regular, this contradicts the
minimality of A. Hence, the path v is simple and not cyclic (equivalently, every vertex
occurs in v at most once).

Let v; be the minimal subpath of 9;A such that u;' and u; ' are respectively its
initial and terminal subpaths. Let vy be the path such that (v,v5) = 91 A. The paths
viv~! and vyv are cyclically reduced and are the contours of two disc subdiagrams
of A. Let A} and A} be the subdiagrams with the contours v;v~! and wvyv, respec-
tively. Note that II € A](2), and A(2) is the disjoint union of A’(2) and AL(2).
The diagram A} is simple. The diagram A is non-degenerate. Both A} and A} are
proper subdiagrams of A.

The labels of u; and uy are both regular or both counter-regular. Therefore, each
of the paths u;' and uy! is a subpath of one of the paths by or by (see Lemma 7.7).
Consider the following 4 cases (see Fig. 2; shaded subdiagrams are the “sources of
contradiction”):

Case 1: u;! and uy ' are subpaths of b;. Then either v; or uy 'vou;* is a subpath
of by as well. Suppose v; is a subpath of b;. Then £(v;) is regular, ¢(u;) and ¢(us) are

L cannot be the contour of a

letter powers, and ¢(ujvug) is regular. Therefore, vyv~
proper non-degenerate disc subdiagram (see Lemma 7.4). This gives a contradiction.
Suppose uy ‘vouy ! is a subpath of b;. Then f(uy'voui?) is regular, and £(ujvuy) is

counter-regular. Therefore, vov cannot be the contour of a proper non-degenerate
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Case 1

u1 Case 2 b2

Figure 2: Cases 1-4, Lemma 7.8.

74



disc subdiagram. This gives a contradiction.

! are subpaths of by. When proving impossibility of Case 1,

Case 2: uy' and uy
it was essentially shown that no face of A can be incident with 2 distinct maximal
selected external arcs lying on b;. Since all the assumptions made about A hold for
its mirror copy as well, the same statement appropriately reformulated must hold for
the mirror copy of A. Namely, no face of the mirror copy of A can be incident with 2
distinct maximal selected external arcs lying on by ' (by' plays the same role for the
mirror copy of A as b; does for A). This means that Case 2 is impossible.

! is a subpath of by, and u; ' is a subpath of by. Pick a subpath p; of

Case 3: uj
b, and a subpath p, of by such that u;' is an initial subpath of p1, u; ' is a terminal
subpath of py, and p;ps = v;. Then £(p,) is regular, ¢(py) is counter-regular, and
O(uy "o~ uyt) is regular or counter-regular. If £(uy ‘v~ uy") is regular, then £(v™'p,) is
regular. If £(uy'v~tuy!) is counter-regular, then £(pyv~!) is counter-regular. In either
case (pov~'p;) = (vyv~!) cannot be the contour cycle of a proper non-degenerate disc
subdiagram. This gives a contradiction.

Case 4: u;' is a subpath of by, and u;' is a subpath of b;. Pick a subpath p; of
by and a subpath p, of b; such that u! is an initial subpath of p;, u5 "' is a terminal
subpath of py, and p;ps = v;. Then ¢(p;) is counter-regular, ¢(ps) is regular, and
0(uy v~y t) is regular or counter-regular. If £(uy'v™tuy!) is regular, then £(pyv~!) is
regular. If £(uy ‘v~ uy!) is counter-regular, then £(v~'p,) is counter-regular. In either
case (pv~!p;) = (vyv~!) cannot be the contour cycle of a proper non-degenerate disc
subdiagram. This gives a contradiction.

(Case 4 is symmetric with Case 3, but this symmetry is not simply the mirror
symmetry as between Cases 1 and 2. Say, if Case 4 was indeed the case for A, then

the mirror copy of A would be just another example for the same Case 4, not Case 3.)

A contradiction is obtained in each of the 4 cases, and no other cases exist. O
Lemma 7.9. There are a face 11 and a path s’ in A such that:
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e § is a selected subpath of OIL:
e s’ is a maximal selected external oriented arcs of A;
o the n — 40 basic letters xo1, Taa, ..., Tn_20 all occur in £(s).

Proof. Let for every face II of A, S(II) denote the number of selected external edges

of A incident to II. By Lemma 7.3,

S S > (1-2) Y o,

MIEA(2) [IEA(2)

Hence, there exists a face Il of A such that

n—21
n

S(I) > (1 - 29)[01] >

ot

(recall that 1 — 2y > 1 —21/n).
Let IT be such a face as above. Let s be the maximal selected subpath of OII. Let
s’ be the (only) maximal selected external oriented arc of A that is a subpath of s

(see Lemma 7.8). Then

_ 91 ~ 91
D2 em) > 2

|s'| = S(IT) > |s|.

n

Let j = rank(IT). Then either ((s) = {7 x57 ... zn” or U(s) = xn "x, 7 ... 27 ~.

Therefore, ¢(s') has at least n — 20 distinct basic letters, and all of the basic letters

To1, Xoo, ..., Tp_op OCCUT in it. O

Lemmas 7.1-7.9, as well as 7.10-7.16, assert some properties of A. Observe that
none of these properties in fact can distinguish between A and its mirror copy, i.e.,
each of these properties holds for A if and only if it holds for the mirror copy of A.

Thus, at this point analogues of Lemmas 7.1-7.9 for the mirror copy of A shall be
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assumed proved. Moreover, the initial assumptions about the S-diagram A are also
true about its mirror copy.

Even though the statement of Lemma 7.7 is about the S-diagram A and the paths
by and by, it still may be viewed as an assertion of a property of A because, according
to the way they are chosen, b; and by are uniquely determined for the given A.

Therefore, the analog of Lemma 7.7 for the mirror copy of A states:

Every selected external arc of the mirror copy of A lies on at least one of

the paths by or byt

In the proofs of Lemmas 7.10-7.13, it is convenient in some cases to pass to the

mirror copy of A to reduce the number of cases to consider.

Lemma 7.10. Let I1; be a face of A incident to a selected external edge of A, and
I, be another face of A. Let s; and sy be the maximal selected subpaths of Oll; and
Olly, respectively. Let s, be the mazimal selected external oriented arc of A that is
a subpath of si. Let si_ and s\, be the paths such that s; = s|_s\s\ .. Let qi be
the path such that (s7'q)) = O1A. Suppose there are at least 2 distinct basic letters
in ((s}). Suppose the paths sy and (si_qis1,)"" have a common oriented edge. Then

they have exactly one mazximal common nontrivial subpath.

Proof. Observe that to prove that there is exactly one maximal common nontrivial
subpath of s and (s}_gis},)~", it suffices to prove the same for s;' and s|_g;s),.
This justifies passing to the mirror copy of A.

Since the paths sy and (s]_gi57,)~! have a common oriented edge, they have at
least one maximal common nontrivial subpath.

The label of s} is regular or counter-regular. Therefore, s} is a subpath of b;!
or by'. If it is a subpath of by but not of b;', pass from A, by, by, 1, lo, 51, 52, 8,

1 1 /—1 /—1 /

/ / . -1 -1 j-1 ;=1 _—1 _— -1 -1
14, 1, @1 to the mirror copy of A, by by L Ly st sy, sy, S, ST, a4
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Figure 3: The face II; in A, Lemma 7.10.

respectively. Hence, it may and shall be assumed that s} is a subpath of b;' (see
Fig. 3).

Let t; be the path such that (s;t;) = OII;. Let y_ and y, be the paths such that
by = y_sy 'y,. Let b} be the subpath of by such that (b;by) = 9 A. Then by = Iyl
and q1 = y4byy_.

Since £(b') is counter-regular, and ¢(s}) is not a letter power (it has at least
2 distinct basic letters), £(s;) is counter-regular as well. Hence, ¢(s7}'s]'y;) and
((y_sytsit) are regular.

—Myy  TMyy

Let j; = rank(IT;). Then £(s1) = @ a, 7" .. 2y * and £(t) = w;,.

Since ¢(s}) has at least 2 distinct basic letters, ¢(y_s, ) and £(s}_y, ) have disjoint
sets of basic letters. This also implies that [; is a proper initial subpath of y_s;',
and [ is a proper terminal subpath of s 'y,

Suppose s and (s]_q17, )" have at least two distinct maximal common nontrivial

subpaths. Then let u; and us be two paths such that:

e u; and us are nontrivial subpaths of distinct maximal common subpaths of sy

and (s}_qis1,)7",
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e u, precedes uy as a subpath of s5, and

e cach of the paths u; and us is a maximal common subpath of sy and one of the

-1 -1 -1 _r—1 /—1
paths Y- Yy S1— S14, OF b2 :

Clearly, such u; and us exist and are non-overlapping oriented arcs of A. Let v be
the path such that u,vus is a subpath of s,. Since u; and usy are subpaths of distinct

maximal common subpaths of s, and (s}_q¢1 5] +)_1, the path ujvus is not a subpath

of (si_qis1)~"

Consider the following 16 cases (see Fig. 4-8):

(Notice that in a certain sense Cases 6, 8, 10, 12, 14, and 16 are “symmetric” with
Cases 5, 7,9, 11, 13, and 15, respectively.)

Case 1: each of the paths u; and us is a subpath of ¢; *. Then v, and us are external
selected oriented arcs of A. Since there is only one maximal selected external arc of
A incident to ITy (see Lemma 7.8), the path ujvu, is a subpath of ¢;!. This gives a
contradiction.

Case 2: both u; and uy are subpaths of one of the paths s/=' or s3!. Let z
be the one of the paths sj_ or s, such that both u; and uy are subpaths of 271
Then /(z) is counter-regular. Suppose uy precedes u; as a subpath of 271, Let p be

'is a subpath of z. Then ¢(uj'puy') is counter-regular.

the path such that u;'pus
Therefore, £(uy v~ ui") is regular. The cyclic path puy 'v~'uy ' is the contour of a
disc subdiagram of A not containing the face II; but containing the face II,. This
contradicts the minimality of A. Therefore, u; precedes uy as a subpath of z71. Let p
be the path such that uy'puy® is a subpath of z. Then ¢(u; 'pui!) is counter-regular.
Therefore, £(ujvuy) is regular. The cyclic path pv is the contour of a disc subdiagram
of A not containing the faces II; and Il,. By Lemma 7.4 (by the minimality of A),

this subdiagram is degenerate. Since z and v are reduced, v = p~!. Therefore, u;vus

is a subpath of z=!. This gives a contradiction.
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Case 2

Figure 4: Cases 2, 3, 4, Lemma 7.10.
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Case 4(a)

Case 4(b) Case 4(c)

Figure 5: Special subcases of Case 4, Lemma 7.10.

Case 3: u, is a subpath of s/', and wy is a subpath of s’ljrl. Let p be the path

such that u;'p~'u; ' is a subpath of s;. Then £(uspu,) is regular. Therefore, £(u;vuy)
is counter-regular. The cyclic path pujvus is the contour of a disc subdiagram of A
containing the face II; but not containing the face II,. This contradicts the minimality
of A (see Lemma 7.4).

Case 4: wu; is a subpath of 5’111, and us is a subpath of s)_'. Since the labels of

s'_ and s, have disjoint sets of basic letters, {(s;) is regular. Let p be the path such

that uy 'p~'u;"' is a subpath of s;. Then £(ujvusy) and £(uipuy) are regular. If v is

1

trivial, then the cyclic path pv=" = p is cyclically reduced because {(p) is regular.

1

If v is nontrivial, then the cyclic path pv™" is cyclically reduced by the maximality

of u; and uy, and because the pathes v and p are reduced. Suppose the path pv—1
is not simple. Then some subpath of some cyclic shift of vp~! is the contour of a

proper simple disc subdiagram of A. Let A’ be such a subdiagram. At least one of
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the following three subcases takes place:
(a) there is a subpath of v or p~* which represents 9;A’, or

! / IoA—1\ _ 9 A/ / !
— U1 )
(b) there are paths v' and p’ such that (v'p"~") = 0; A/, and the paths v’ and p’ are
either terminal subpaths of v and p, respectively, or initial subpaths of v and p,

respectively, or

(c) there are an initial subpath p’ and a terminal subpath p/, of the path p such

that (vp/71p=1) = O A,

In subcase (c) note that ¢(p’ p/,) is regular. Lemma 7.4 easily yields a contradiction

lis simple. Therefore, it is the contour

in each subcase. Hence, the cyclic path pv~
of a simple disc subdiagram of A containing the faces II; and Il;. By Lemma 7.4,
(pv~') = O A. Therefore, v = ¢; ' and ujvuy is a subpath of (s}_gis},)~". This gives
a contradiction.

Case 5: w, is a subpath of s|_!, and u, is a subpath of y~'. Let p be the path
such that uy'pu; is a subpath of y_si'si-'. Then £(uy'pu;) is regular. Therefore,
¢(ujvug) is counter-regular. The cyclic path pujv is the contour of a disc subdiagram
of A containing the face II; but not containing the face IlI,. This contradicts the
minimality of A (see Lemma 7.4).

Case 6: uy is a subpath of y7!, and uy is a subpath of si3'. Let p be the path
such that ugpui' is a subpath of si;'s7'y,. Then l(uspui') is regular. Therefore,
{(ujvug) is counter-regular. The cyclic path pvus is the contour of a disc subdiagram
of A containing the face II; but not containing the face IlI,. This contradicts the
minimality of A.

Case T: u, is a subpath of y~', and us is a subpath of s/'. Let p be the path such

-1 -1

that uy 'pus is a subpath of y_s|'s;-!. The cyclic path pv~'u;! is cyclically reduced.

Suppose it is not simple. Then at least one of the following two subcases takes place:
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Figure 6: Cases 5-8, Lemma 7.10.
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Figure 7: Cases 9-12, Lemma 7.10.

(a) there is a subpath of v or p~! which is the contour of a proper simple disc

subdiagram of A, or

(b) there are paths v" and p’ such that v'p’~! is the contour of a proper simple disc

subdiagram of A, and v" and p’ are terminal subpaths of v and p, respectively.

Lemma 7.4 yields a contradiction in both subcases. Hence, the cyclic path pv~'uy? is
simple. Therefore, it is the contour of a disc subdiagram of A containing the faces II;
and II. The label of uj 'pusy is regular. Therefore, £(usy'v~'u;?') is counter-regular.
By Lemma 7.4, (pv~tu;') = 0, A. Therefore, ujvus is a subpath of (s)_q;)~'. This
gives a contradiction.

Case 8: u; is a subpath of 5'111, and uy is a subpath of y7!. Arguing as in Case 7,

obtain that ujvus is a subpath of (¢;s7,)~". This gives a contradiction.
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Case 9: uy is a subpath of s{', and u, is a subpath of y:'. Let p; and ps be the
paths such that uy'p; is a terminal subpath of s/, and pou; ' is an initial subpath

of y,. Then £(uy'py) is counter-regular, ¢(pouy') is regular, and £(uy'v=luy!) is

1 1

regular or counter-regular. If £(u; "o~ 'u;") is regular, then £(pouy 'v~'uy ) is regular.
If £(uy v~ uy!) is counter-regular, then £(uy'v~tuy'p;) is counter-regular. The cyclic
path pipouy 'v~tuy! is the contour of a disc subdiagram of A containing the face II,
but not containing the face II;. This contradicts the minimality of A.

Case 10: u; is a subpath of y~=!, and uy is a subpath of s’ljrl. Contradiction is
obtained as in Case 9.

Case 11: u; is a subpath of y;', and us is a subpath of s7'. Let p; and py be the
paths such that u;'p; is a terminal subpath of s/, and pou; ' is an initial subpath
of y,. Then ¢(uy'p;) is counter-regular, £(pyu; ') is regular, and £(ujvuy) is regular
or counter-regular. If (ujvuy) is regular, then the reduced form of ¢(pyv) is regular.
If ¢(ujvusy) is counter-regular, then the reduced form of ¢(vp,) is counter-regular. The
cyclic path p1pov is the contour of a disc subdiagram of A not containing the faces II;
and Il;. By Lemma 7.4, p;pov is the contour of a degenerate disc subdiagram. Since
st _y, and v are reduced, v = (p1p2)~'. Therefore, ujvus is a subpath of (s]_y, )™t
This gives a contradiction.

Case 12: w4 is a subpath of s’ljrl, and uy is a subpath of y~!. Arguing as in Case 11,
obtain that ujvus is a subpath of (y_s},)~'. This gives a contradiction.

Case 13: uy is a subpath of s/~', and ws is a subpath of b5 *. Let p; and py be

the paths such that pju; is an initial subpath of y_s7's|™!, and u;'p, is a terminal
subpath of b,. Then £(pju;) is regular, £(u;'py) is counter-regular, and £(u,vus) is
regular or counter-regular. If ¢(ujvusg) is regular, then ¢(pjuqv) is regular. If £(ujvus)
is counter-regular, then the reduced form of ¢(ujvpy) is counter-regular. The cyclic

path popiuyv is the contour of a disc subdiagram of A containing the face II; but not

containing the face Il;. This contradicts the minimality of A.
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Case 14

Case 13

Case 16

Case 15

Figure 8: Cases 13-16, Lemma 7.10.
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Case 14: u; is a subpath of by', and u, is a subpath of s'ljrl. Contradiction is
obtained as in Case 13.

Case 15: uy is a subpath of b5 ', and us is a subpath of s7!.

Let p; and py be
the paths such that uy'p, is a terminal subpath of b, and pyus is an initial subpath

=1 _1—1

of y_s7's'_'. The cyclic path pip,v~!

up! is cyclically reduced. Suppose it is not

simple. Then at least one of the following two subcases takes place:

(a) there is a subpath of v or p;' which is the contour of a proper simple disc

subdiagram of A, or

(b) there are paths v" and p, such that v'py ' is the contour of a proper simple disc

subdiagram of A, and v’ and p), are terminal subpaths of v and po, respectively.

Lemma 7.4 yields a contradiction in both subcases. Hence, pipov~tu;! is a simple
path. Therefore, it is the contour of a disc subdiagram of A containing the faces
II; and II,. The label of uflpl is counter-regular, the label of pous is regular, and

the label of uy 'v~luy! is regular or counter-regular. If £(uy'v~lu;!) is regular, then

1 1

the reduced form of ¢(pyv~'ui') is regular. If (uy v~ ui') is counter-regular, then
((v™'uy'py) is counter-regular. By Lemma 7.4, (pipov—tuy') = 01A. Therefore,
uvuy is a subpath of (s_g;)~*. This gives a contradiction.

Case 16: u; is a subpath of s3', and us is a subpath of b5 !. Arguing as in Case 15,
obtain that ujvus is a subpath of (¢1s},)~*. This gives a contradiction.

A contradiction is obtained in each of the considered cases, and no other case is

possible. Thus, s, and (s}_g;s7,)~" have exactly one maximal common nontrivial

subpath. ]

Lemma 7.11. If II is a face of A, the rank of every other face of A is less than the
rank of 11, s is the mazimal selected subpath of OII, and e, and e, are, respectively,
the initial and the terminal subpaths of s of length |s|/n, then all oriented edges of

ey or all oriented edges of e, are internal in A.
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Figure 9: The face IT in A and the subdiagram A’, Lemma 7.11.

Proof. Observe that proving that all oriented edges of e; or all oriented edges of e,
are internal in A is equivalent to proving that all oriented edges of e, ! or all oriented
edges of e7! are internal in the mirror copy of A.

Suppose 11, s, e, e, are such as in the hypotheses of the lemma. Assume that

-1
n

{(s) is regular (if it is not, pass from A, s, e1, e, to the mirror copy of A, s71 e
er ', respectively).

Suppose that some oriented edge of e; and some oriented edge of e, are external
in A (see Fig. 9).

Let s’ be the maximal selected external oriented arc of A that is a subpath of s.
Let s” and s, be such paths that s = s s's’,. Then s_ is a proper initial subpath
of e;, and s/, is a proper terminal subpath of e,. Let v; and vy be the initial and
the terminal subpaths of s" such that s’ v; = e; and v,8, = e,. Let ¢ be the path
such that (st) = OIl. Let ¢ be the path such that (gs'™!) = 9, A. Let A’ be a disc
subdiagram of A obtained by removing the face IT and all edges that lie on s’ together
with all intermediate vertices of s’. The contour cycle of A" is (s ts’_q).

Let j = rank(IT). Then {(e;) = z;” and {(e,) = xn”. The label of the first
oriented edge of s’ is x1; the label of the last oriented edge of s is x,. Therefore,
s' is a subpath of b;'. Note that v;! is an initial subpath of [;, vy is a terminal

subpath of Iy, and vy 'quy ' = by. The reduced form of {(s"_gs'.) is regular since ¢(q)
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is regular, ¢(s") is a power of z1, and ¢(s',) is a power of x,,. As it has been assumed,
rank(Il') < j for every face II' of A’. Hence, the group word w; = £(t™') equals a
regular word (the reduced form of (s’ ¢s’,)) modulo the relations » = 1, r € R;_.

This contradicts the choice of w;. O

Lemma 7.12. There are two distinct faces I, and 1ly, and paths s, sy, si_, s},

S9, S, Sh_, Sy, 21, z2 i A such that:
e s; and sy are the mazimal selected subpaths of OIly and Olly, respectively;
o ((sy1) is counter-reqular, {(sq) is regqular;

o s, =s,_s;s;, for both i=1 and i = 2;

both s\ and s are maximal selected external oriented arcs of A,

(2187 20851y = D14,

all basic letters of ((sy_z181,) are in {x1,..., 20}, and all basic letters of

U(s|_2085,) are in {xn_s0,...,2n}.

Proof. Observe that this lemma is equivalent to the analogous lemma about the
mirror copy of A, i.e., to the statement obtained from this lemma by substituting
“the mirror copy of A” for “A.”

Let II; be a face of A such as in Lemma 7.9. Let s; be the maximal selected
subpath of OII;. If £(s;) is regular, pass from A and s; to the mirror copy of A and
s1 ', respectively. Hence, £(s1) shall be assumed to be counter-regular. Let s} be the

maximal selected external oriented arc of A that is a subpath of s;. Let s|_ and s,

be the paths such that s; = s7_s}s],. Since all of the basic letters x9;, 22, ..., Tn_20
occur in £(s}), it follows that all basic letters of ¢(s|_) are in {z,_2,...,2,}, and all
basic letters of £(s},) are in {z1,..., 22}

Let ¢, be the path such that (s;t;) = OII;. Let q; be the path such that (s} 'q;) =

O1A. Let A’ be a disc S-subdiagram of A obtained by removing the face II; and all
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edges that lie on s} together with all intermediate vertices of ;. The contour cycle
of A"is (si t1s1_q1).

It shall be shown that there is a face IT of A’ such that II is incident to no fewer
than (1 — 21/n)|011| selected external edges of A’ that do not lie on t;. Consider 2
cases:

Case 1: there is a face II in A" such that rank(IT) > rank(Il;). Then let ® be the
maximal simple disc S-subdiagram of A’ that contains such a face II. Let 3 be the
sum of the degrees of all the faces of ®. Then ¥ > |0I1| > |011;|. By Lemma 7.3, the
number of selected external edges of ® is at least (1 — 2v)X. Therefore, the number
of selected external edges of ® that do not lie on t; is at least

n—21

2.

Case 2: the rank of every face of A’ is less than the rank of IT;. Let e;; and
e1n be respectively the initial and terminal subpaths of s; of length |s;|/n. Then

6(611) = ZET_Lm

7 and l(ey,) =z, '. Since the rank of II; is greater than the rank of
every other face of A, all oriented edges of eq; or all oriented edges of e;,, are internal
in A by Lemma 7.11. Let e denote eq; in the first case or ey, in the second.

If an edge lies on e and is not incident to any face of A’, then it also lies on ;.
Indeed, both (mutually inverse) oriented edges corresponding to such an edge must
occur in Oll;; one of them is an oriented edge of e and consequently the other cannot

be an oriented edge of s; (two mutually inverse group letters cannot both occur in

((s1)) and has to be an oriented edge of ¢;. Since

1] = [wy,| <my, = le]

(see (11)), the ratio of the number of edges that lie on ¢; and are incident with faces

of A’ to the number of edges that lie on e but are also incident with faces of A’ is not
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greater than

|t1] _ lw;, | < nAy
|€| myg, 1- /\1

(see (10)). Let ® be a maximal simple disc S-subdiagram of A’ such that the ratio of
the number of its (external) edges that lie on ¢; to the number of its (external) edges

that lie on e is not greater than
n)\1
1—X\

Let > be the sum of the degrees of all the faces of ®. Since all edges that lie on e are

labelled with a same basic letter, the number of edges of ® that lie on e is less than

1_
<A1+ /\1>E
n

(because the number of edges with a same label incident to a given face IT of A is less

than (A + (1 — Ay)/n)|011|). By Lemma 7.3, the number of selected external edges
of ® is at least (1 —2v)X. Therefore, the number of selected external edges of ® that

do not lie on t; is greater than

(1 oy 1”_A1Al <>\1+ ! ;A1>)2 _ (1 P W 2\ )z Lnz2y
(see (8)).

In the both cases, there is a face II in ® such that II is incident to at least
(1 —21/n)|0| selected external edges of ® (of A’) that do not lie on ¢;. Let IIy be
such a face. Let sy be the maximal selected subpath of 9II,. Then the paths s, and
(s\_qisi,)" have at least (1 — 21/n)|0Il;| common oriented edges. Let §; be the
maximal common nontrivial subpath of s, and (s}_¢is}, )" (see Lemma 7.10). Note

that 35 is a selected external oriented arc of A’. Every selected external edge of A’
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incident to Il lies either on t; or on Sy. Therefore,

91 _ 91
" —— |01 > t

’§2‘ 2 ’82‘.

Therefore, £(5;) has at least n — 20 distinct basic letters, which implies that each of
the basic letters xo1, ..., T,_99 occurs in it. The basic letters xos, ..., x,_21 do not
occur on s;_ nor on s, but they occur in ¢(5,). Hence, the paths 3, and ¢; " have
common oriented edges. Therefore, II, is incident to some selected external edges
of A.

Let s}, be the maximal selected external oriented arc of A that is a subpath of s,.
Then s is the maximal common subpath of 3, and ¢;*. All of the basic letters s,
..., Tp_g1 occur in £(sh) (since they occur in £(32) but neither in £(s}_) nor in £(s’,)).

Since £(s;) is counter-regular, s} is a subpath of b;'. Therefore, s} is a subpath
of by, and {(s,) is regular.

Let s,_ and s, be the paths such that sy = s;_s5s5, . Let 2; and 2, be the paths
such that (2157 '2zps5 ') = 01 A. It shall be proved that all basic letters of £(s},_) and
{(z) are among z1, ..., T21, and all basic letters of /(s ) and ¢(z;) are among s,

cy Ty

First, consider s, and z;.

Case 1: S5 has no common oriented edges with s’ljrl. Then s is an initial subpath
of 35. Therefore, the basic letter xq;, along with g, ..., @, 91, occurs in £(s}).
Hence, all basic letters of £(s,_) are in {z1,..., 29 }. The label of every edge that lies
both on z; and by is in {xy, ..., x91} since the basic letter zo; occurs in £(s)), and the
only maximal common subpath of z; s'l_1 and by is an initial subpath of b;. The label
of every edge that lies both on z; and by is in {1, ..., 29} since the basic letter xg
occurs in £(s}), and the only maximal common subpath of sy 1z and b, is a terminal

subpath of bs.
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Case 2: 3, has at least one oriented edge in common with sj;'. Then some
nontrivial terminal subpath of s’ljrl is an initial subpath of 55, and z; is trivial. The
terminal subpath of 5’111 that is an initial subpath of 55 is also a terminal subpath
of s, . Since sj;' and s,  have a common nontrivial terminal subpath, the sets
of basic letters of their labels coincide. Therefore, all basic letters of ¢(s},_) are in
{z1,...,291}. The label of z; is empty.

Second, consider s5, and z, in the same manner.

Case 1: 35 has no common oriented edges with s_". Then s} is a terminal subpath

of 83. Therefore, the basic letter x, o, along with xay, ..., &, o1, occurs in £(sh).
Hence, all basic letters of £(s5, ) are in {z,_2,...,2,}. The label of every edge that
lies both on 25 and by is in {x,,_2, ..., z,} since the basic letter z,,_o9 occurs in £(s}),

and the only maximal common subpath of 3’1_122 and by is a terminal subpath of b;.
The label of every edge that lies both on z and by is in {x,_2,...,2,} since the
basic letter x,_oy occurs in £(s}), and the only maximal common subpath of zysy '
and by is an initial subpath of bs.

-1

Case 2: 5y has at least one oriented edge in common with sj_". Then some

nontrivial initial subpath of sj~! is a terminal subpath of 3,, and z is trivial. The

initial subpath of s/~ that is a terminal subpath of 3, is also an initial subpath of s/, 4
Since s)! and s + have a common nontrivial initial subpath, the sets of basic letters
of their labels coincide. Therefore, all basic letters of £(s5, ) are in {z,_20,..., %5}
The label of zy is empty.

Clearly, the faces Iy, II, and the paths sy, 57, s7_, s, 52, 85, s5_, S5, 21, 2 are

desired ones. O
Lemma 7.13. The diagram A has more than 2 faces.

Proof. Note that A obviously has the same number of faces as its mirror copy.
Suppose the statement is not true, i.e., A has no more than 2 faces. (Then, by

Lemma 7.5, it has exactly 2 faces.)
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Let IT; and II; be such faces of A as in Lemma 7.12. Then the diagram A
consists of the faces II; and II, attached to each other along a common arc. If
rank(Ily) > rank(Il;), pass to the mirror copy of A and interchange the roles of II;
and ITy. Hence, it shall be assumed that rank(I1;) > rank(Il,).

Let s1, s, si_, S14, S2, Sy, Sy_, S5, be the subpaths of OIl; and OIl, such as
in Lemma 7.12. Then all basic letters of the labels of s|_, s|,, s5_, s,  are in
{w1,..., 291} U{Zp_20,...,7,}, and s} is a subpath of b;* for i = 1 and i = 2.

There are exactly two (mutually inverse) maximal internal oriented arcs in A.
Denote the one that is a subpath of 9II; by w.

Let ¢, and ty be the path such that (s;t;) = OIl; and (saty) = OIl,. Each of
the faces II; and Il; is incident to exactly one maximal selected external arc of A.
Therefore, each of the paths t; and t; has a common vertex with w.

Suppose t; and t» do not have common vertices. Then either some (proper)
nontrivial initial subpath of s; is inverse to a (proper) initial subpath of sy, or some
(proper) nontrivial terminal subpath of s; is inverse to a (proper) terminal subpath
of so. In the both cases, have a contradiction since no proper nontrivial prefix of ¢(s;)
can be a suffix of £(s;'), and no proper nontrivial suffix of £(s;) can be a prefix of
¢(s7"). (A contradiction may also be obtained by applying Lemma 7.10.) Hence, the
paths ¢; and ¢, have at least one common vertex.

Let j; = rank(Il;) and j, = rank(Ily). Let e;; and ey, be respectively the initial
and the terminal subpaths of s; of length m;, = |s;|/n for i = 1 and ¢ = 2. Then
llerr) = zn 7% Uewn) = 21 7Y, Uleg) = a1 72, and (eg,) = 2n 2. At most one of the
two group letters 2! and at most one of 27! can occur as labels of oriented edges of
01A. Therefore, at least one of the paths ey, and ey; and at least one of the paths

e11 and es, do not have external oriented edges in A.
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Suppose rank(Il;) = rank(Il). Then

lenn] = lewn] = lear] = lean| = my, > wy, | = [ti| = [ta].

+1

-+, and is not a letter

Recall that w;, does not start with zf', does not end with
power. Therefore, every subpath of either 0II; or OIl, labelled with a letter power
has the length of at most m;,. Moreover, for every ¢, there exist exactly one subpath
of OI1; and exactly one subpath of 9l of length my, labelled with powers of z; (i.e.,
with xzi ") If ey, has no external oriented edges in A, then it is a subpath of u. If
€21 has no external oriented edges in A, then it is a subpath of u~!. In either case u
has a subpath labelled with z; ', and the pair {II;,II,} is immediately cancellable.
This contradicts Lemma 7.1. Hence, rank(Il;) > rank(Il,).

Let A’ be a disc S-subdiagram of A obtained by removing the face II; and all
edges and intermediate vertices of s}. The only face of A’ is Il;.

By Lemma 7.11, all oriented edges of e;; or all oriented edges of ey, are internal
in A. Consider the following 5 cases (see Fig. 10):

(Notice that Case 3 is “symmetric” with Case 2, and Case 5—with Case 4.)

Case 1: each of the paths ey, e1,, €21, and ey, has an internal oriented edge. Then
the paths s)_ and s5;' have a common nontrivial terminal subpath, the paths s} L
and s5_' have a common nontrivial initial subpath, and ;A = (s 's5 ). Let v; be a
common nontrivial terminal subpath of s} and 5'211, and vy be a common nontrivial
initial subpath of s}, and s5_'. The contour cycle of A’ is (s} t;s]_s5'). The label
of s}_sh '}, is counter-regular because the labels of s;_, v1s5 'v9, and s}, are such.
Hence, the group word wj, = £(t;) equals the regular word £(s}_s5 "s},)~! modulo
the relation r;, = 1. This contradicts the choice of wj,.

Case 2: all oriented edges of ey, are external (consequently, all oriented edges of

e1; and eg; are internal), and some oriented edge of ey, is internal. Then the paths s}
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Case 1

Case 4 Case 5

Figure 10: Cases 1-5, Lemma 7.13.
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and s5,' have a common nontrivial terminal subpath. Let v; be a common nontrivial
terminal subpath of s} and s3.'. Let z; be the path such that (257 's5™") = 9,A.
Then z; ' is an initial subpath of #;. Since £(e1,) is a power of z;, the path e, is a
(terminal) subpath of by. Therefore, s5 'z ey, is a subpath of by. The contour cycle
of A'is (z1t18)_s5'). The label of s} s, 'z is counter-regular because the labels of
s, visy ', and sy 'z, are such. Hence, the group word wj, = {(t1) equals the regular
word £(s}_s5 '21)~! modulo the relation 7;, = 1. This contradicts the choice of wj;,.

Case 3: all oriented edges of e1; are external (consequently, all oriented edges of
e1n, and ey, are internal), and some oriented edge of ey; is internal. Then the paths s} n
and sy ' have a common nontrivial initial subpath. Let v, be a common nontrivial
initial subpath of s}, and sh_'. Let 2 be the path such that (s 'z2s5 ') = O1A.
Then z;' is a terminal subpath of ¢;. Since £(e1;) is a power of z,, the path e} is
an (initial) subpath of by. Therefore, e;'zo55 © is a subpath of by. The contour cycle
of A'is (s} t12285 ). The label of zps5 '}, is counter-regular because the labels of
2085 ", b Mg, and ) are such. Hence, the group word wj, = ((t1) equals the regular
word £(z2s5 's}, ) ™! modulo the relation r;, = 1. This contradicts the choice of wy,.

Case 4: all oriented edges of ey are external. Consequently, all oriented edges
of ey, are internal. Then e, is a terminal subpath of si . The path 3’111 is a
subpath of ¢t (because t; has common vertices with both ey and t;). Therefore,
ta] > |81, > |ein| = mj, > |wj,| = |ta (see (11)). This gives a contradiction.

Case 5: all oriented edges of ey, are external. Consequently, all oriented edges of
e1; are internal. Then e;; is an initial subpath of s} _. The path s'l_,l is a subpath of
ts (because to has common vertices with both eg, and ¢;). Therefore, |t5| > |s]_| >
le11| = my, > |wj,| = |ta] (see (11)). This gives a contradiction.

No other case is possible. Thus, A has more than 2 faces. O

Lemma 7.14. Let 11y and 1l be distinct faces of A such as in Lemma 7.12. Then

the ranks of 11, and 11y are distinct.
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Figure 11: The subdiagram A’, Lemma 7.14.

Proof. Let 11, Iy, sq, 81, s1_, 81, s2, 85, s5_, S5, 21, 22 be such as in Lemma 7.12.
Let ¢; = s5_2181, and ¢y = s_2ss,,. Let t; and t, be the paths such that (sit;) =
OIl; and (syty) = Oll,. Let A’ be a disc S-subdiagram of A obtained by removing the
faces II; and Il; and all edges and intermediate vertices of the paths s} and s}, (see
Fig. 11).

The contour cycle of A’ is (citicats). By Lemma 7.13, the diagram A’ is non-
degenerate. Therefore, by Lemma 7.4, the label of ¢iticaots is not freely trivial.

Suppose rank(Il;) = rank(Ily). Let j = rank(Il;) = rank(Ily). Recall that
((ty) = wy, L(t2) = wy', all basic letters of ¢(ci) are in {z1,..., 25}, and all ba-
sic letters of £(cy) are in {n_s0,...,2,}. Let hy = £(c;') and hy = £(cy). Then
[h1] = [wj][he][w;]7'. Let F be the subgroup of G generated by {ai,...,as} U
{an—20,...,an}. By Property 1, the group F' is free of rank 42 (since 42 < n — 21),
and elements of F' are conjugate in G if and only if they are conjugate in F'. The
elements [h;] and [ho] are in F'. Moreover, [hy] belongs to the subgroup generated by
{ai,..., a9}, and [hy] belongs to the subgroup generated by {a,_20,...,a,}. Since
[h1] and [he] are conjugate in G, they are conjugate in F" and therefore [hy] = [ho] = 1.

Hence, ((citicats) is freely trivial. This gives a contradiction. O

Lemma 7.15. Let I1; and Iy be distinct faces of A both incident to selected external
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edges of A. Suppose the rank of Il is greater than the rank of every other face of A.
Let s1 and s, be the mazimal selected subpaths of 011y and OIl,, respectively. Suppose
the label of one of the paths s1 or so is reqular, and the label of the other is counter-
reqular. Let s and sl be the maximal selected external oriented arcs of A that are
subpaths of s1 and so, respectively. Suppose there are at least 2 distinct basic letters
in the label of each of the paths s| and s,. Let ey; and ey, be respectively the initial
and the terminal subpaths of s1 of length |si|/n. Then at least one of the paths ey
or ey, has the property that every edge that lies on it is internal in A and does not

lie on s9.

Proof. Observe that it suffices to prove that at least one of the paths ej,} or ej;" has
the property that every edge that lies on it is internal in the mirror copy of A and
does not lie on s5 .

Assume that £(s;) is counter-regular (if it is not, pass from A, by, by, 1y, lo, $1, S2,

1 -1 /-1

s\, sh, e11, €1, to the mirror copy of A, by, by, ITh, 151, 7t s5t, sit, sh t, ent, et
respectively). Then s is a subpath of b;!, and s} is a subpath of by ".

Let s/ _ and s}, be the paths such that s; = s}_s|s] . Let ¢; and ¢, be the paths
such that (sit;) = OII; and (syty) = OIl,. Let ¢ be the path such that (s7'q;) = 9, A.
Let A’ be a disc subdiagram of A obtained by removing the face IT; and all edges
that lie on s} together with all intermediate vertices of s}. The contour cycle of A’ is
(s) +tls’17q1). Let eo1 and e, be respectively the initial and terminal subpaths of sy

of length |[ss|/n.

Denote the ranks of II; and II, by j; and js, respectively. Then

(1) =an a, P w Y A(t) = wy,,
U(sg) = 21220 .. xn 2, 0(ty) = wj—21’
llen) =an ", Uer) =z 1, Uea) = o1, ((e9n) = xn
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At most one of the two group letters xI—Ll and at most one of ! can occur as

labels of oriented edges of A (€(01A) is cyclically reduced). Therefore, at least one
of the paths ey,, or es; and at least one of the paths e;; or ey, do not have external
oriented edges in A. By Lemma 7.11, all oriented edges of e;; or all oriented edges
of ey, are internal in A.

Suppose the conclusion of the lemma does not hold. Then some oriented edge of
e11 is either external in A or inverse to an oriented edge of e,,, and some oriented

edge of ey, is either external in A or inverse to an oriented edge of e5;. Therefore, as

follows from Lemma 7.11, at least one of the following 3 cases takes place:

o some oriented edge of ey is inverse to an oriented edge of es,, and some oriented

edge of ey, is inverse to an oriented edge of ey, or

o some oriented edge of eq; is external in A, and some oriented edge of ey, is

inverse to an oriented edge of ey, or

o some oriented edge of ey is inverse to an oriented edge of ey, and some oriented

edge of ey, is external in A.

In every case the path s, has a common oriented edge with s;~! or 5'111. Let 55 be
the maximal common nontrivial subpath of s and (s}_g¢1s},)™" (see Lemma 7.10).
Now, consider each of the 3 cases separately (see Fig. 12).

(Notice that Case 3 is “symmetric” with Case 2.)

Case 1: some oriented edge of eq; is inverse to an oriented edge of es,, and some
oriented edge of ey, is inverse to an oriented edge of e5;. Then some nontrivial initial
subpath of ;' is a terminal subpath of s/_, and some nontrivial terminal subpath of
55! is an initial subpath of s}, (because 33" is a subpath of s|_g;s, ). Let v; and vy be
the paths such that vyqvy = 55 ! Then vy is a nontrivial terminal subpath of s} _, and
vy is a nontrivial initial subpath of s}, . The label of s7_g; s}, is counter-regular since

the labels of s|_, v1q1ve, and s, are such. As it is assumed, rank(II) < j; for every
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Figure 12: Cases 1-3, Lemma 7.15.
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face IT of A’. Recall that (s, t1s]_g1) = A", Hence, the group word w;, = £(t)
equals the regular word /(s}_q;s;, )" modulo the relations » = 1, r € R;,_;. This
contradicts the choice of wj,.

Case 2: some oriented edge of e1; is external in A, and some oriented edge of ey,
is inverse to an oriented edge of eg;. Then s)_ is a proper initial subpath of e;. Let
vy be the initial subpath of s} such that s|_v; = e;;. Then vfl is a subpaths of [,
since ((v;!) is a nontrivial power of z,,. Some nontrivial terminal subpath of ;" is

1

an initial subpath of s, . Therefore, s5 * is a terminal subpath of ¢, and vy g1 is a

subpath of by (because s, ! is a common subpath of ¢; and by). Let v, be the path
such that s, 'v, is a terminal subpath of §5'. Then v, is a nontrivial initial subpath
of s ,. The label of ¢; 57, is counter-regular since the labels of ¢, sy 'y, and s} L are
such. The reduced form of £(s]_g;s},) is counter-regular since £(s}_) is a power of
T, and {(qis7, ) is counter-regular. As it is assumed, rank(Il) < j; for every face II
of A’. Hence, the group word w;, = {(t1) equals a regular word (the reduced form
of (s}_qis},)™") modulo the relations » = 1, » € Rj,_;. This contradicts the choice
of wj,.

Case 3: some oriented edge of e;; is inverse to an oriented edge of es,, and some
oriented edge of ey, is external in A. Contradiction is obtained as in Case 2.

No other case is possible. Thus, at least one of the paths eq; or eq,, has no common

oriented edges with s; ' and no external oriented edges. O

Lemma 7.16. Let 11, Iy, s, s}, s, S1., S2, S5, Sy_, Sy, 21, 22 be such as in
Lemma 7.12. Let ¢; = sy_z181, and ¢y = s\_2285,. Then A has a simple disc S-
subdiagram ® such that 11; and Ily are not in @, and the total number of selected

external edges of ® that lie on ¢y or cy is greater than

n— 21

S fol.

Ted(2)
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Proof. Observe that to prove this lemma, it suffices to prove the analogous lemma
for the mirror copy of A.

By Lemma 7.14, rank(Il;) # rank(Il). If rank(Il;) < rank(Ily), pass from A, II;,
Iy, s1, 81_, 81, 814, 52, 85_, 84, 85, 21, 22, €1, C2 to the mirror copy of A, Il, I, sy,
shity sht shTt st s, s ST 2 20t er!y ot respectively. Hence, assume
that j; = rank(Ily) > rank(Ily) = jo.

Let ¢, and ¢, be the paths such that (s;¢,) = OII; and (syty) = Oll,. Let A’ be a
disc S-subdiagram of A obtained by removing the faces II; and Il and all edges that
lie on s} or s}, together with all intermediate vertices of s} and s,. The contour cycle
of A" is (¢qtieoty). By Lemma 7.13, the diagram A’ is non-degenerate.

Consider 2 cases:

Case 1: there is a face II in A’ such that rank(IT) > rank(Il;). Then let ® be
the maximal simple disc S-subdiagram of A’ that contains such a face II. Let X
be the sum of the degrees of all the faces of ®. Then ¥ > |0II| > |0IL;| > |0lIL,|.
By Lemma 7.3, the number of selected external edges of ® is at least (1 — 2vy)X.

Therefore, the number of selected external edges of ® that do not lie on ¢; nor on t,

is at least

n—21

3.

Case 2: the rank of every face of A’ is less than the rank of II;. Let e;; and ey,
be respectively the initial and the terminal subpaths of s; of length m;, = |s1]/n. By
Lemma 7.15, at least one of the paths e;; or ey, has the property that every edge
that lies on it either is incident to a face of A’ or lies on ¢; or to. Let e be one of the
paths eq; or ey, with this property.

Since

1 1
(] + [t2] = Jwjy | + g, | < Sy, + 5my, = my, = e

2
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(see (11)), the ratio of the number of edges that lie on t; or t5 and are incident with
faces of A’ (consequently, do not lie on e) to the number of edges that lie on e and

are incident with faces of A’ (equivalently, do not lie on ¢; nor on t) is at most

0] + [ta| _ ws| + Jws,| _ 20A
|€| My, T 1l-X\

(see (10)). Let ® be a maximal simple disc S-subdiagram of A’ such that the ratio of
the number of its (external) edges that lie on t; or t5 to the number of its (external)

edges that lie on e is at most
2%/\1
1—X

Let ¥ be the sum of the degrees of all the faces of ®. Since all the edges that lie on
e are labelled with a same basic letter, the number of edges of ® that lie on e is less

than

1-A
(/\1 + 1)2.
n
By Lemma 7.3, the number of selected external edges of ® is at least (1 — 2vy)X.

Therefore, the number of selected external edges of ® that do not lie on ¢; nor on t,

is greater than

2nA\ 1—A 2n\? - 21
<1—27— ”1(A1+ 1))2:(1—27—%— ”1>zz” y
1-— )\1 n
(see (8)).
Every external edge of ® that does not lie on ¢; nor on ¢ lies on ¢; or co. Thus,

the desired inequality holds in the both cases. O

Proof of Property 2. The existence is obvious from the choice of relators.

..af is not

Suppose that presentation of some element of G in the form alfl. it

unique. Then there exist two distinct regular group words over 2 whose values in

G coincide. Consider such a pair of group words with the minimal sum of their
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lengths. Consider a minimal deduction diagram for the equality of these group words
over (2| R). More precisely, let A be a special disc S-diagram over (2(|| R ) whose
contour has the form p;p, such that ¢(p;) and £(py ') are distinct regular group words,
and £(pip2) is cyclically reduced; moreover, let A be such an S-diagram with the
minimal possible number of faces.

Choose faces II; and II, and paths si, 8|, s1_, s\, S2, S5, sh_, Sh,, 21, 22 as
in Lemma 7.12. Denote the paths s5_zs], and s|_zps5, by ¢; and c,, respectively
(as in the hypotheses of Lemma 7.16). Apply Lemma 7.16: let ® be a simple disc
S-subdiagram of A such that the number of selected external edges of ® that lie on

€1 Or ¢y is greater than
n — 21
n

> |ot|.

ed(2)
By the choice of II; and IIy, all basic letters of £(c;) are in {z1,..., 29 }, and all basic
letters of {(cy) are in {z,_20,...,2,}. Therefore, by Proposition 7.2, the number of
selected external edges of @ that lie on ¢; or cs is less than

w3 ol

Med (2
Since n — 21 > 42, have a contradiction. The uniqueness is proved. O

Remark 7.1. The “symmetry” mentioned in the proofs of Lemmas 7.8, 7.10, 7.13,
and 7.15 is the symmetry between the S-diagram A and the S-diagram obtained from
the mirror copy of A by re-labelling according to the following rule: if the label of an
oriented edge edge e is =7, then re-label e with z,7,_; (this gives a diagram not over

the same presentation).

The proof of the next property uses homological argument.

Property 3. The group G is torsion-free.
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Proof. The group presentation (2(||R) is strongly aspherical by Corollary 7.1.b of
Proposition 7.1; therefore, it is aspherical in the sense of [OI'91]. Since no element
of R represents a proper power in the free group on 2, the relation module M of
(A||R) is a free G-module by Corollary 32.1 in [OI'91]. Therefore, there exists a

finite-length free resolution of Z over ZG:

0—M—EP2G—2G—Z—0, (12)

e

where ZG and @,cq ZG are identified with the G-modules of, respectively, 0- and
1-dimensional cellular chains of the Cayley complex of (2| R ) (see [Bro94]).
Suppose now that G has torsion. Let H be a nontrivial finite cyclic subgroup
of G. Every free G-module may be naturally regarded as a free H-module. Hence,
the resolution (12) may be viewed a free resolution of Z over ZH. This contradicts

the fact that all odd-dimensional homology groups of H are nontrivial. O

For more results on group presentations with various forms of asphericity, and
torsion in such groups, see [CCHS81], [Hue79], [Hue80], and Theorems 32.1, 32.2 in
[O1'91].

Properties 1, 2, 3 of G demonstrate that the answer to Bludov’s question is neg-

ative.

Remark 7.2. If n was chosen to be less than 63 but greater than 26 (26 < n < 63),

then Properties 1 and 3 still would hold, but the proof of Property 2 would not work.

For every i € NU {0}, let G; be the group defined by the presentation (2(||R;)
(see subsection 7.a). Also for every i € N U {0}, let ¢; be the natural epimorphism
G — G-

Property 4. All groups Go, G1, Ga, ...are hyperbolic, and G is isomorphic to the

direct limit of Gq % Gy & Gy LS
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Proof. Obviously, G is isomorphic to the direct limit of G % G, k2 Go ® ... The

groups Gy, G, G, ...are hyperbolic by Corollary 7.3.a of Proposition 7.3. O

It is easy to see that every recursively presented group with a finite regular file
basis has solvable word problem. (Note that if a finitely generated group has a
recursive presentation with a countably infinite alphabet, then it also has a recursive
presentation with a finite alphabet.) In particular, if the group G is recursively
presented, then it has solvable word problem. Generally, a recursively presented
finitely generated group H has solvable word problem if an only if there exists a
recursive set of group words X in a finite alphabet 8 such that relative to some
mapping of B to H, every element of H has a unique representative in X. In the
case of GG, the set of all regular group words over 2 may be taken as such a recursive

set of representatives.

Property 5 (conditional). If G is recursively presented, then it has solvable conju-

gacy problem.

Proof. Assume G is recursively presented. Then, as noted above, G has solvable word
problem.
Let g be an integer such that ¢ > 1/(1 — 27).

Here is a description of an algorithm that solves the conjugacy problem in G:

Input: group words u and v (in the alphabet ).

Step 1: If [u] #1 and [v] #1, go to the next step; otherwise,
test whether [u] =[v]. If yes, output ‘‘Yes’’, if no,
output ‘‘No’’. Stop.

Step 2: Produce the (finite) set § of all group words s over
2 such that [s| =1 and [s| < q(|v|+ |ul).

Step 3: Produce a (finite) set D of up to isomorphism all

annular diagrams over (2| S) with up to ¢(|v|+ |u|) edges.
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Step 4: If there is A € D such that u is the label of one of
the contours of A and v~ ! is the label of the other,

then output ‘‘Yes’’; otherwise, output ‘‘No’’. Stop.

On an input (u,v), this algorithm gives “Yes” as the output if and only if [u] and
[v] are conjugate in G otherwise, it gives “No.” Below is an outline of a proof.

It is clear that the algorithm gives “Yes” only if [u] and [v] are conjugate in G. Tt
is also clear that on every input it gives either “Yes” or “No,” and terminates.

Now, let u and v be arbitrary group words representing conjugate elements of GG,
and consider (u,v) as an input to the algorithm.

Case 1: [u] =1 or [v] = 1. Then [u] = 1 = [v] and therefore the algorithm gives
“Yes” on Step 1.

Case 2: [u] # 1 and [v] # 1. Let A be a weakly reduced annular disc diagram
over (2 || R ) such that u and v™! are the labels of its two contours (such A exists by
Lemma V.5.2 in [LS01]). Let S be the set of group words produced by the algorithm
on Step 2. Every element of R of length at most ¢(|v|+ |u|) is in S. Let D be the set
of annular diagrams produced by the algorithm on Step 3. By Proposition 7.1 and

the corollary of the Main Theorem,

1
ul + o] 2 (1=27) > o] =~ > |om]

MEA(2) [IEA(2)

(recall that a special selection exists on every diagram over (2| R ). Therefore, the
length of the contour of every face of A is at most ¢(|u| + |v|), and the total number

of edges of A is

(allul + [o]) + [ul + o)

N | —

1
1A =5( 3 10+ ful+ Jol) <
MIEA(2)
qg+1

= L2 (ul +[ol) < alful + o))
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Hence, A is isomorphic to some element of D, and the algorithm returns “Yes” on

Step 4. O

Proof of the theorem (see Introduction). Let N be an integer such that \ynN > 1.
Let the construction in subsection 7.a be carried out under the following two addi-

tional conditions:
(1) the order imposed on the set of all reduced group words is deg-lex;
(2) for every i for which r; is defined, m; = N|w;| + 1.

Evidently, these conditions are consistent with the rest.

By Proposition 7.4, the group G is recursively presented. Properties 1-5 show
that up to isomorphism G is a desired group. (G is isomorphic to a direct limit of a
sequence of hyperbolic groups with respect to a family of surjective homomorphisms,

but a desired group must be such a limit.) O

7.c Comments

The group G and its presentation (2l||R ) mentioned in this section are defined in

subsection 7.a.

Proposition 7.5. No hyperbolic group can be used as an example to demonstrate the

negative answer to Bludov’s question.

Proof. Suppose a hyperbolic group H is an example demonstrating the negative an-
swer. Then H is boundedly generated (is the product of a finite sequence of its
cyclic subgroups) and not virtually polycyclic. In particular, H is non-elementary.
Corollary 4.3 in [Min04] states that every boundedly generated hyperbolic group is
elementary. (This fact also follows from Corollary 2 in [O1'93].) This gives a contra-

diction. O
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Corollary 7.5.a. The group G is not finitely presented.

Proof. Suppose G is finitely presented. Then the presentation (2(||R) is finite. By
Corollary 7.3.a of Proposition 7.3, G is hyperbolic. This contradicts Proposition 7.5.
U

Thus, the set R and the sequences {w;}i—1. ., {m;}i=1. ., {ri}i=1,.. constructed in

subsection 7.a are infinite.
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CHAPTER III

BOUNDEDLY SIMPLE GROUPS

8 Proof of Theorem 3

Proof. In this proof, let
F=28, M =102 d=10" M—=—o, As—d4h =2
- ’ 1 — ’ 2 — ’ 4 — 287 3 — 4 — 7
Let v = 0.45. These numbers satisfy the inequalities

2/\1 + (8 + 5]6)/\2 + 6)\3 + 2/\4 < 1,

M+ (3+2k) 2+ 323 < 7.

Let a = (k; A1, A2y Az, \g).

Let 2 = {x,y} be a 2-letter alphabet. Let (ay,b1), (ag,b2), ...be all the ordered
pairs of reduced group words in the alphabet 2 listed without recurrences. Let,
moreover, the function i — (a;, b;) be computable.

Pick two non-empty reduced words vy, vy and a system of non-empty reduced

.....

(1) Ifi e N, then ’Um’ = \ui,gl == ’Ui714‘.
(2) Ifi e N, then 28’U¢+171’ -+ 14]ai+1\ + ‘bi+1’ > 28"&1,1‘ + 14‘&1‘ + ‘bz’

(3) If i € N, then 28|u; 1| > 99(14|a;| + |b;]).
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(4) If il,ig € N, jl,jg € {1,2,3, .. .,14}, 01,02 € {:l:l}, ult, = W18z and ul?, =

i1,J1 12,J2

wySz, then either wy = we, 27 = 29, i1 = i3, j1 = Jo, 01 = 09, Or |§| <

281071 min{’uihjl‘? ‘uiQJQ‘}'

(5) The products (i.e., concatenations) vivi, vava, V1Vs, V] V2, V1V5 , v vy ' are

reduced. For example, v; starts and ends with the letter x, and vy starts and

ends with the letter y.

(6) If v e {vi',vi'and uw € {vj) | i € N,j =1,...,14}, then [u| > 40[v| and v

is not a subword of w.

Besides that, assume that the function (¢, j) — u; ; is computable. Such words vy, vo

.....

For every 1 =1, 2, 3, ..., let

Ui, 1 Uj2 Uj, 143 —1
TZ = Q. . oo . bZ

(recall that a;* = u; ja;u; ). Note that by condition (2),
ral <lrof <rs| <+,
by condition (3), for every i,
Wlai| + |bi] < Aalril,

by condition (1), for every i,

Define a sequence of sets {R;};£5 inductively. Let Ry = 0. Take i > 0. If the

relation a; = 1 is a consequence of the relations r = 1, r € R;_; (for example, if a; is
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the empty word), then let R; = R;_;. Otherwise, let R; = R;_1 U {r;}. Let

+oo

=1

Let G be the group defined by the presentation (2(|| R ). Let H be the subgroup
of G generated by [v1] and [vs]. It easily follows from the imposed relations that
G is 14-boundedly simple. Moreover, for any nontrivial element ¢ € G and for any
element h € GG, the element h is the product of 14 conjugates of g. The next goal is
to prove that the word problem in G is solvable and that H is freely generated by
[v1] and [vg]. It will be done using the fact that every reduced simple disc diagram A
over (2A||R) satisfies the condition .A(a) (where the components of a are viewed as
constant functions on A(2)).

In the rest of this proof, a selection on a diagram A over (24| R ) will be called
special if for every face II of A, there is a natural number i, a representative ¢ of OII,

and paths qo, ..., qu4, P1, - .., P14, D}, - .., P4 such that the following conditions hold:

e cither ((c) = r; or £(c) = r; !

2

e if /(c) =r;, then

¢ = phawpy 'Phaepy ' Pl 4o

and the selection on II consists of all nontrivial subpaths of p;*, ..., py and

/ /.
Py - -y P1gs

e if /(c) =r;!, then

¢ = QP1aqii Py P13qia 05t ma o

and the selection on II consists of all nontrivial subpaths of p|™*, ..., /', p1,

-y P14
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e ((qo) = bi, and for every j =1, ..., 14, £(p;) = £(p}) = u;; and £(q;) = a;.

Clearly, on every diagram over (2[||R) there exists a special selection. A diagram
over (|| R) together with a special selection will be called a special S-diagram. Note
that if a simple disc S-map A’ is cut out from a special S-diagram, and the S-map A’
is naturally labelled via some pasting morphism, then the S-diagram obtained from
A’ is special.

Consider an arbitrary special S-diagram A. Clearly, A satisfies the condition
A (k). It easily follows from condition (3) that A also satisfies A2(A;). It is to be
shown that in fact every reduced special disc S-diagram satisfies A(a).

Use induction on the number of internal edges of a reduced special disc S-diagram.
If a reduced special S-diagram has no internal edges, then it clearly satisfies the con-
dition \A(a). Suppose that A is a reduced special disc S-diagram, and every reduced
special disc S-diagram having fewer internal edges than A satisfies the condition
A(a). To complete the inductive proof, it is enough to prove now that A satisfies
A(a). Since it is enough to prove that every maximal simple disc S-subdiagram of A
satisfies A(a), assume that A is simple.

The length of every selected subpath of the contour cycle of every face II of A is
at most \4|OIl|. Consider arbitrary (not necessarily distinct) faces II; and I, of A.
Suppose there exists a double-selected arc t between II; and II5 such that [t| > A2|O11;|
(call such arcs “long”). Then, by condition (4), the labels of OII; and OIl, are either
equal or mutually inverse. In particular, |0II;| = |0Ily|. Since A is reduced, the
labels of OI1; and OIl, are equal (£(OI1;) is a cyclic shift of £(OIl,)). Therefore, if p
is a selected subpath of OIl, on which a given “long” arc lies, then the sum of the
lengths of all maximal double-selected arcs between II; and Il; that lie on p is at most
A4|O011;|. Suppose, moreover, that the faces II; and Il are distinct. Then it follows
from the choice of the selection and from the properties of the system {Ui,j};’zlﬁ---

that all such “long” double-selected arcs between II; and I, cannot be situated on
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more than 4 maximal selected subpaths of OII; (as well as of II,). Therefore, the sum
of the lengths of all such “long” maximal double-selected arcs between II; and Il is
not greater than 4\4|011;| = A3|0I1;|. Thus, A satisfies the conditions A5(Aa, A4) and
Ai(Aa, A3).

Verification of the condition A3()2) is more complicated. Suppose that Az(A2)
does not hold in A. Let 11y be a face of A and ¢ be a double-selected inward intra-
facial oriented arc such that t is a subpath of dIly and |t| > A|0Tlo| (such Iy and ¢
exist since A3z()\y) does not hold). Let s, and s, be such subpaths of OI1 that ts;t~!s,
is a representative of 0Il;. Since every reduced special disc S-diagram having fewer
internal edges than A satisfies the condition A3()\2), the choice of I and ¢ is in fact
unique and (s;') = 9 A (otherwise the cycle represented by s;' would cut out an
S-diagram having fewer internal edges and still not satisfying A3(\s)).

Let ¢ be the number such that |0lly| = |r;|. Then the label of some representative
of Ol is either r; or ;'. By the construction of r; (see condition (4)) and by
the definition of a special selection, there is exactly one m € {1,2,...,14} and one
o € {£1} such that £(t) is a subword of uf,,. Then either £(s;) or £(t~"syt) has the

form

o\
(waiw ) ,

where w is a suffix of u; ,.

Case 1: £(s1) has the form

£
(waiw ) ,

w is a suffix of u;,,. Let Ay be the disc subdiagram of A whose contour is s;. Note
that A(2) = Ag(2)U{fo}. By the construction of {R;};5, ¢(s1) is not trivial modulo

the set of relation

{r=1|reR;1}t={r=1|reR, |r| <|0l }.
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Pick a face II; in Ay such that |0I1;] > |0lly|. Let A; be the maximal simple disc
S-subdiagram of A containing the face II; and not containing the face IIy. All the
external edges of Ay lie on the path s;. In particular [0;A;| < |s;|. The S-map A,
satisfies A3(A2) since it has fewer internal edges than A. Hence, by the main theorem,

|01Aq| > (1 — 2v)|0I;|. Therefore, on one hand,
1
51l 2 (1= 29)[1] = (1= 29)[0TTo| = 101
On the other hand,
1
‘81’ < ’CLZ’ +2’U17m’ < ﬁ’aﬂo‘

Contradiction.

Case 2: £(t7'syt) has the form
+
(waiwfl) 1,

w is a suffix of u; ,,. Let A’ be an S-diagram cut out of A by the cycle represented by
t~'sy't. (Informally speaking, the S-diagram A’ may be thought of as obtained from
A by cutting A along ¢ from the boundary inside.) The S-diagram A’ is a simple
reduced special disc S-diagram, it has fewer internal edges than A. Therefore, it
satisfies A3(A2). Hence, by the main theorem, |0 A’| > (1 — 27)|01I}| where IIj is the

face of A’ corresponding to Ily (note that |0II}| = |0Ily|). Therefore, on one hand,
. 1

On the other hand,

1
‘t_ISQt‘ S ’CLZ‘ + 2’U17m‘ S ﬁ‘@ﬂo’

Contradiction.
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Thus, every reduced special disc S-diagram A satisfies .A(a). In particular, A, a,
and ~ satisfy the assumptions of the main theorem. Hence, the sum of the lengths of
the contours of all faces of A is at most ﬁ]@lA\, and the number of edges of A is
at most 5%|81A|.

Now, if A is an arbitrary reduced disc diagram over (2(||R ), the length of the
contour of A is greater than or equal to the sum of the lengths of the contours of
all its maximal simple disc subdiagrams. Hence, again the sum of the lengths of the
contours of all faces of A is at most ﬁ]@lA], and the number of edges of A is at
most 5;|81A|.

Foreveryi =0, 1,2, ..., let G; be the group defined by the presentation (2 || R;).

Consider an arbitrary group word w whose value in G is 1. Let A be a reduced
deduction diagram for w over (|| R ). Let n = |w|. Consider an arbitrary ¢ > 10n.
Then |r;| >4 > 10n = (1 — 2y)~'n. So, no face in A has the contour labelled with a
cyclic shift of rjtl. Hence, the value of w in Gy, is 1 as well.

Recall that an algorithm solves the word problem in (|| R ) if for every group
word w in the alphabet 2, it determines whether or not w is trivial in G, i.e., whether
the relation w = 1 is a consequence of the relations r = 1, » € R. Here is an informal
description of an algorithm that solves the word problem in (2(|| R ).

Consider group words only in the alphabet 2A. Let Alg_1 be an algorithm that
for every finite set S of group words and for every group word w decides whether
there exists a deduction diagram A for w over (| S) with at most f:—%\w[ edges.
Clearly, such an algorithm exists. Let Alg 2 be an algorithm that for every natural
¢ constructs the set R;. It starts with Ry = ), and then for every [ = 1, ..., i
constructs R; by using Alg-1 to check whether R; = R;_; or R; = R;—1 U {r;}. Let
Alg 3 be an algorithm that for every group word w first uses Alg 2 to construct Rqgy,
where n = |w|, and then uses Alg_1 to determine whether there exists a deduction

diagram A for w over (|| Riq, ) with at most %n edges. Such a diagram exists if
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and only if w is trivial in Gyg,. Hence, the algorithm Alg_3 solves the word problem
in (A||R).
It is left to prove that H is freely generated by [v;] and [vs]. Suppose it is not.

Then there exist m > 1, iy, ...,4, € {1,2}, 01,...,0, € {£1} such that

(Vj e{l,....m— 1}) (ij F# 1j4q O 0 = 0j+1) and (zm #14 Or O, = 01),

and the group word w = v!---v]™ is trivial in G. By the choice of v; and vy, the
group word w is cyclically reduced. Consider an arbitrary reduced deduction diagram
A for w over (2(||R). The contour of A is cyclically reduced since w is cyclically
reduced. Let Ay be a maximal simple disc submap of A such that 0,4\ is a subpath
of O1A. Let qo = 1A¢. Define a selection on A, the same way as above (special
selection). As it has been shown, the obtained S-diagram satisfies A(a). Apply the
main theorem and the lemma about exposed face to Ag. Let II be a face of Ay and

P be a non-overlapping set of selected external arcs of A, incident to II such that

|P|| <k+1and

SIpl 2 (1= 27— (24 k) — Ad+ [|PIA:) forI)

peP

Note that elements of P are arcs in Ay but do not need to be arcs in A since some
intermediate vertex of some element of P may have degree greater than 2 in A. Let
Py be the set of all maximal elements of the set of all arcs that lie on ¢y and are

subarcs of elements of P. Then Fy is a non-overlapping set of arcs, || P < ||P|| + 1,
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and Y ,cp, [Pl = Xpep|p|- Let p be a longest arc in Fy. Then

p| > |o11|
[Foll
1=2y—2+k)A—A Poll — 1A
IPol
1 =2y =B+k)A—A
1= =GR =M
1ol
The picked values of k, Ao, Ay and v satisfy the inequality
1—=2v—B+k)A— X >0.
Therefore,
1—2’)/—(3-1-/6))\2—)\4
> OII| + Az |O1L
E o 11 + ol
1-— 2*}/ — )\2 — )\4
= o11].
k+2 o1
Therefore, |p| > =55|011|. Let p’ be the subpath of JII corresponding to the arc p

(so, p' is a selected oriented arc of A). Let i be the number such that |0I1] = |r;|.

Take j € {1,2,...,14} and o € {1} such that £(p’) is a subword of uf;. Since

28|u; ;| < |011], it follows that

1
Ip'| > %]u”\ > 2max{ |vi], |val}.

1

Since p'~! is a subpath of 9;A, and |p/| > 2max{|vi], |vs|}, at least one of the words

viE!, vl is a subword of £(p'), and therefore, it is a subword of ug ;. Contradiction with

condition (5). Thus, H is freely generated by [v;] and [vs]. The proof is complete. O
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