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CHAPTER I
INTRODUCTION

The question of adaptive approximation by splines has been studied for a number of years
by various authors. The results obtained have numerous applications in computational and
discrete geometry, computer aided geometric design, finite element methods for numeri-
cal solutions of partial differential equations, image processing, and mesh generation for
computer graphics, among others.

In this dissertation we will investigate some questions of adaptive approximation by
various classes of splines (linear, multilinear, biquadratic). In particular, we will study the
asymptotic behavior of the optimal error of weighted approximation in different norms by

interpolating splines from these classes.

I.1 Main questions.

To introduce the main questions addressed in this dissertation we need the following notation
and definitions.

For simplicity, let the domain D be the unit cube [0,1]? ¢ R?. However, any bounded
connected region that can be represented as a finite union of simplices (d-dimensional poly-
topes that have exactly d + 1 distinct vertices) can be treated analogously.

Let Ly(D), 1 < p < oo, be the standard Lebesgue space of functions defined on D with
the usual norm || - ||, (sup-norm if p = co0). Given a positive continuous function Q(x) on

D define a weighted norm || - ||, o as

171 ([ reoraix) vz o
P =
max{|f (x)|2(x)}, p

Q.

The purpose of introducing a weight function is to allow more control of the quality of

approximation over various regions of the domain.



Let us consider a function f € C7(D), j € N. Given a partition {x = {FE;}Y | of the
domain D and a space of polynomials P of fixed degree define the space S({n) of splines
to be

S(On) ={feC(D):Vi=1,...N 3 p, € P st. f|lg, =pi}.

Let s(f,{n) denote the spline from S(<{x) which interpolates the function f € C(D)
at certain points (knots) associated with the partition . Depending on the particular
class of splines, various interpolation schemes are used.

Now let a function f € C7(D), j € N, and a number N € N of elements of partition <y

be fixed. Define the optimal L, q-error of the interpolation of the function f by the spline
s(f,On) € S(On) to be

RN(f, Lpa, S(ON)) = gljf 1f = s(f, On)lpa-t (1)

In this definition $n = {EZ}ZJ\L1 denotes either a simplicial partition Ay or a partition into
d-dimensional boxes Oy (for precise definitions see the corresponding chapters).

A partition Y is called optimal for a given f if

”f - S(f7 O?V)’

p2 = Bn(f, Lpa, S(ON)). (2)

An explicit form and the exact value of Ry(f,Lpq,S(OnN)), as well as the explicit
construction of the optimal partition, for every particular function f can be found only
in exceptional situations. It was shown by Below, De Loera, and Richter-Gebert in 2000
[6] that it is not possible to construct an adaptive algorithm for optimal mesh (partition)
generation that runs in polynomial time.

That is why the following two problems are interesting and important:

1. For each given function f € C7(D), j € N, find the exact asymptotics of the optimal
error Ry (f, Ly, S(On)) as N — oo.

In spite of the fact that the right-hand side does not depend on the partition {5 we keep it in the
notation on the left-hand side to illustrate what class of splines and on what partitions we use at the
moment.



2. For each given function f € C7(D), j € N, find an asymptotically optimal sequence of

partitions, i.e. a sequence of partitions {3 13-, of D such that

b I = 50,030l

N R (F Ly S(ON)) )

Note that the problems formulated above are interesting for functions of arbitrary
smoothness as well as for various classes of splines (for instance, for splines of higher or-
der, interpolating splines, best approximating splines, best one-sided approximating splines,
etc.). These problems have been thoroughly investigated in the univariate setting. In the
multivariate situation, fewer results are known.

In this work we answer the above stated questions and describe the asymptotic behaviour
of the optimal error in the case of interpolation by linear, multilinear, and biquadratic
splines. The results obtained lead to algorithms for construction of the asymptotically
optimal sequences of partitions (simplicial or box partitions, respectively).

As we already mentioned, these questions are interesting, in particular because of numer-
ous applications in CAGD, adaptive mesh generation for numerical solutions of PDE, com-

putational geometry, image processing, etc.. For more details see, for example, [8, 19, 41].

1.2 Organization of material and main results obtained.

The dissertation is organized as follows. Chapter I contains an introduction with definitions
of necessary concepts, the main questions addressed, and the history of known results,
together with an overview of the results obtained.

Chapter II contains results on interpolation by the class S{(Ay) of linear splines on
triangulations Ay in R2. First we consider functions with positive Hessian H(f;x,y) :=
(faafyy — f2,)(x,y) bounded away from zero and obtain the form of the error estimate (with

a description of a constant) in the L, case. We prove the following theorem.

Theorem. Let f € C?(D), D = [0,1)?, and H(f;x,y) > Ct > 0 for all (z,y) € D.



Let also the positive continuous weight function Q(x,y) be given. Then for all 1 < p < oo

p+1

Cr 1
imsup Nf = s(f. ) lpe < 2 ([ H(Fon) @@ ) T @)
N—oo D
where
CF — min L, — error of linear interpolation of 22 +y? on T7 (5)
p T 1+1
VAR
and min in 5 is taken over all possible triangles T'.
Moreover, for any sequence {AN}_, of triangulations satisfying
sup VN max diam(T) < oo (6)
N TeAN
we have
Cf ’ : Ea
l}glianHf—S(f, AN)Hp’Q > 7]7 (/ H(f;x7y)Q(pﬁ—l)Q(x’y)PJrldxdy) . (7)
— 00 D

We then calculate the exact values of the constants C;r in certain cases, namely in the cases
of L1, Lo, and Lo, norms. In the case p = oo we do not need any additional assumptions
of type (6).

Moreover, in the case p = oo we also prove the exact asymptotics of the error of linear
interpolation for functions with negative Hessian bounded away from zero. Chapter 2 also
contains an example of an algorithm to construct an asymptotically optimal sequence of
triangulations which can be derived using our estimates. In addition, we provide one of the
most natural applications of our results on adaptive mesh generation: obtaining quadrature
formulas which are exact on piecewise linear functions corresponding to the partitions from
the asymptotically optimal sequence of partitions.

Chapter III deals with similar questions in R?. Namely, we use the class Sf’O(A ) of
d-dimensional linear splines on simplicial partitions Ay of D to interpolate the function
f € C%(D). After introducing all necessary concepts from discrete geometry and proving

auxiliary results, we arrive at the following result.

Theorem. Let f € C?(D), D =[0,1]¢ c RY, and H(f;x) := det (853;]- (x)) >CT >



0 for allx € D. Let also the positive weight function Q(x) € C(D) be given. Then

2 S 2/d 1 d %
1}§njongd||f—8(f,AN)lloo,Q§;<Hj> (/D H(f;xm(x)zdx), (®)

where Oy is the density of the thinnest covering of R® by balls of fixed radius, and rq is
the volume of the unit ball in RY. Moreover, for any sequence of sets of points and the

corresponding sequence of Delaunay triangulations {An}3_, such that

1
N diam(T') < 9
sup N'd max iam(T') < oo (9)
we have
1 2/d 2
it N7 = st amln > 3 (24) ([ HU0t000%ex)”. o
N—oo ’ 2 \ kg D

To prove these results we use the concepts of the thinnest covering of the space and
Delaunay triangulations in R

In Chapter IV we consider the space BSY(0y) of bilinear (linear in each variable) splines
in R? and questions of so-called near interpolation (when we interpolate the given function
at all but a few points) by these splines. Although the error of interpolation by linear splines
on the triangulations and the error of near interpolation by bilinear splines on rectangular
partitions have the same order, in all cases considered the constant was better for bilinear
splines in the case of interpolating functions with negative Hessian (due to the hyperbolic
nature of bilinear splines). In Chapter IV we obtain the exact asymptotics of the L, o error
in the case of approximation of C? functions (with both positive and negative Hessian) by
near interpolating continuous splines and we compute the explicit value of the constants in
the cases p =1, 2, co.

Chapter V is concerned with the problem of near interpolation of multivariate functions
by splines from the class BS‘f’O(D ~) which are linear in each variable. One of the most
interesting results obtained here is the result about a sharp constant for the interpolation
of a quadratic function in R? which has an arbitrary signature. This is used for obtaining

the exact asympotics of the error for any C? function whose quadratic part of the second



degree Taylor polynomial has an arbitrary (but the same at every point of the domain)
signature. (Recall that the signature of a form is the pair of numbers which represent the
number of positive and negative coefficients in the form).

Theorem. Let f € C*(D ), and D = [0,1]* ¢ R, In addition, assume that at every
2f

7,

point x the quadratic form Z (x)h? has the signature (k,d — k), 0 < k < d, and

> Ot >0 for all x € D. Let also a positive continuous weight

|H(f;x)] =

1=
function Q(x) be given. Then in the case of interpolation by multilinear splines on box

f(X)

partitions in R® we have

limsup N3 — s(f, Oy) oo < E4=RT1 (/ |H(f;x>|%sz(x)3dx>d. (1)
b 8 D

N—oo

Moreover, for any sequences of box partitions {On} which satisfies

sup Ni max diam(R) < o0 (12)
N Rely

we also have the estimate from below

[SUIN

timint N2 7 — (f, Oy oo > 0= (/ H(ltaeta)’. 0y

A similar theorem is proved for the case k = d.

Chapter VI deals with the class Q.5 ?(D ~) of biquadratic splines on rectangular partitions
Oy in R? used in the construction of the popular serendipity finite elements. We prove the
exact asymptotics of the error Ry (f, Ly a, @S (lw(D ~)). We then compute the explicit values
of the constant and provide the sketch of the explicit construction of the asymptotically
optimal sequence of rectangular partitions for cases p = 1, 2, co.

Chapter VII is a general discussion of some potential generalizations and extensions of
the results obtained, as well as related open questions.

Each chapter contains a short introduction with necessary definitions, the history of the

particular problem considered in the chapter, and the description of the results obtained.



1.3 History of results.

I.3.1 Univariate Case.

The problem of best approximation by variable knot univariate splines has been studied for
many years. By allowing the knots to vary, a function can be approximated much more
closely for a given number of knots. The following is a brief survey of the work on related
problems. More detailed information on this question can be found, for example, in the
book of Schumaker [47].

In 1966 Powell [42] analyzed variable knot best Lo spline approximation, and obtained
conditions for optimal knot location. Phillips in 1970 obtained error estimates for best L,
polynomial and piecewise polynomial approximation.

Subbotin and Chernykh [48] in 1970 showed that by varying knots it is possible to

improve the order of approximation by one:

1

up int o 80Dl oy = O ()
vew | An([01]) n

where r € N and s, (x, A,,[0, 1]) denotes the spline of Subbotin and Chernykh on the optimal

partition. On the other hand, we have only

. 1
inf sup  [|x — scr(x, Ap[0,1])][ 10,1 = O (n”)

Anl0) pewrtl

as n — oo for splines over the uniform partition of the interval.

McClure thoroughly analyzed best Lo piecewise polynomial approximation, with exten-
sions to L, and to spline approximation. Burchard and Hale obtained the asymptotic error
estimate for best Lo spline approximation, and analyzed the order of convergence. Barrow
and Smith obtained an asymptotic error estimate for best Lo approximation by splines, and
Pence and Smith refined these results and extended them to the L, approximation.

Observe that all previous results are optimal for the whole class of functions, and do
not provide methods to find optimal knots for each particular function. This leads to the

question about asymptotically optimal knots.



The first results about asymptotically optimal choice of knots for approximation of a
particular function by splines appeared for the first time in 1976. These are results of Azarin
and Barmin [1, 2], Grebennikov [29], Ligun and Storchai [36, 37]. The following theorem
combines their results and gives the exact asymptotics for the error of interpolation by

Hermite splines.

Theorem 1. Let r be odd. Let also the function x € C™+2(0,1] be such that |z +D(t)| > 0

for allt € [0,1]. Then for p € [1,00] for n — oo

lz = she(@, Aal0,llp - = inf = she(z, Aa(0, 1]]lp(1 + o(1))
va’r:n (7‘+1)
= e eV lls( +o(1)), (14)

where shy(x,A,[0,1] denotes the Hermite spline over the partition A,[0,1], 5 = (r+ 1+

%)_1, and the constants are

Cprn = {(r + DI (T (p(r +1)/2+ 1)/T(rp +p + 1D}/P, when p < oo,

and Cprn = ((r+ 1)!2““1)_1 , when p = oco.

oo

A sequence of asymptotically optimal partitions {A)[0,1]}02, can be found from the

equation

/tz’" 2+ () Bt = i/l OB, i =0.1,..n.
0 n Jo

The above theorem was proved by Azarin and Barmin [1, 2] in the case r =1, p=2;
by Grebennikov [27] in the case of odd r and p = 1, 00; by Ligun and Storchai [36, 37] in
general form.

To summarize let us say that in the univariate case general questions of this type have
been investigated by many authors. The results obtained in this case are more or less
complete (see, for example, [35, 47]) and have numerous applications (see, for example,

[35])-



1.3.2 Multivariate Case.

Fewer results are known in the multivariate case.

The following classical results of L. Fejes Toth about approximation of convex bodies
by inscribed polytopes can be considered as the first result in this direction. He indicated
( [24], Ch. 5, §12) that for a body C' C R? with boundary of differentiability class C? and
positive Gaussian curvature K¢ (x,y), the distance from C' to its best inscribed polytope
P;,s with at most n vertices in the Hausdorff metric is

d(C, PI) = 1;%1)

ms

([ Kot i)

as n — 00, where o is the surface area measure in R3. He also indicated that the distance
of C to its best inscribed polytope with at most n vertices measured as the volume of the
difference between C and the polytope is

dl(cap‘n ):11—\;?

ms

SRS

( ch(x,y)l“da(x,y))Z

as n — oo, where as above ¢ is the surface area measure in R3. These formulae were
proved by Gruber in [28]. He also obtained a formula for the error in the Hausdorff metric
of approximation of convex bodies in R?. He showed that if the body C' in R? has twice

differentiable boundary with curvature Ko > 0 then

2/d
Kc<x>1/2da<x>) L

n

n 1+o(1) (Og-
dH(Ca ]Dmn) = 2( ) (K;l_ll aC

where ©4_1 is the minimum density of covering R%~! with balls of fixed radius, and rq_ is
the (d — 1)-dimensional volume of a unit ball. In 1981 Schneider [46] proved this formula
for the case when the boundary of C' is three times differentiable. Schneider and Gruber
discovered that the problem of approximation of C' by inscribed polytopes with respect to dgy
was intimately connected with the thinnest covering of dC' with geodesic discs determined
by a suitable Riemannian metric on C. Thus, it is related to the thinnest covering of R?

with balls of fixed radius.



Table 1: Previously known results in R?

Author(s) Class Result | Norm Const | Wgt | Alg.
Fejes Toth "72 fe€C? K >0 | asympt. | Hausd. | sharp | no no
Nadler '86 feC? K >0 | asympt. | Lo, disc. | sharp | no no
D’Azevedo-Simpson 89 quadr.,|K| > 0 | local Loo local | no local
Gruber 92 feC? K >0 | asympt. | Hausd. sharp | no no
Pottmann-Hamann et al '00 | quadr.,|K| > 0 | local Lo local | no yes
Huang-Sun ’03 fe€C? K >0 | mesh Lo no no no
Chen 04 feC? K >0 | order L, no no no

Further investigations on asymptotically optimal errors for approximation of convex
bodies by various classes of polytopes have been done by Boéroczky, Ludwig, Gruber. A
survey of further results in this direction can be found in [9, 28].

In his 1986 PhD. thesis Nadler [39] solved the problem of asymptotically optimal choice
of a sequence of triangulations for approximation of C® functions by piecewise linear splines
(which are not globally continuous) of best Lo-approximation.

D’Azevedo and Simpson in 1989 [17] studied the question of triangulating a given set of
vertices for interpolation of a convex quadratic surface by piecewise linear functions. They
showed that the Delaunay triangulation will be optimal for the error in the L., norm. For
the error in L, norm this fact was proved by Rippa [44]. Chen and Xu [13] generalized
this result to arbitrary dimensions. A Delaunay triangulation is therefore characterized as
the optimal triangulation for piecewise linear interpolation to an isotropic function for a
given set of points in the sense of minimizing the interpolation error in the L,, 1 < p < oo,
norm.

Later D’Azevedo [16] obtained local error estimates for functions with both positive
and negative curvature. The same estimates were later obtained by Pottmann, Hamann
et al [41] who studied the problem of optimally triangulating the plane for approximating
quadratic functions by piecewise linear functions. They obtained local estimates (which

repeated the result of D’Azevedo) and also suggested some algorithms for constructing

10



function dependent triangulations of the whole domain.

Huang [32], and Huang and Sun [33] considered the problem of variational mesh adap-
tation in the numerical solutions of partial differential equations. This method utilizes
a functional (the so-called monitor function) to determine the coordinate transformation
needed for mesh generation. Using this method, they obtained asymptotic bounds on the
interpolation error estimates in Lo for adaptive meshes that satisfy regularity and equidis-
tribution conditions.

Chen proved that if f € C?(D) is a strictly convex (or concave) function defined on
a bounded convex region D, and {TV} is a family of triangulations of D satisfying some
additional assumptions (most of which are either not necessary or redundant) then there

exists a constant C' such that

Jim N f— [, = C|| Vdet H] , . 1<p< o0,
—00 5

2p+d

where f is a linear interpolant to f constructed on TV. Therefore, Chen in fact proved
only the order of the error, not the exact asymptotic behavior.

Table 1 summarizes major results in the direction of investigating the asymptotics of
the error of adaptive interpolation by linear functions in R? (a similar table for R? will be

given in Chapter III).

11



CHAPTER II

LINEAR SPLINES IN R?

Let D = [0,1]? and f € C?(D). Denote the Hessian of f(x,y) by

H(f;x, y) = (fxacfyy - fzzy)(xJ y)-

Observe the connection between the Hessian H(f;z,y) and the Gaussian curvature K (x,y)

of the surface which is the graph of the function f(x,y):

H(f;z,y) .
(14 (fo(@, )2 + (fy(2,9))2)?

K(:C,y) =

We shall use the following commonly accepted definition. A collection Ay = Ay (D) =

{Tl}f\il of N triangles in the plane is called a triangulation of a set D provided that

1. any pair of triangles from A intersect at most at a common vertex or along a common

edge,
2. D=UNT;.

Clearly, in the case of interpolation by linear splines, triangulations are the most natural
partitions of the domain.

Let Py be the set of linear polynomials
p(z,y) =ax+by+ec, a,bceR.
Given a triangulation Ay define the space S(/A ) of linear splines to be
SUAN):={feC(D):Vi=1,..N 3 p; € P| st. flr, =p}.

Let s(f, An) denote the spline from S?(A ) which interpolates the function f € C(D)

12



at the vertices of the triangulation Ay. Note that the linear spline s(f, Ay) is uniquely
defined by its values at the vertices of the triangulation Apy.

Now let the function f € C?(D) and the number of triangles N € N be fixed. Define
the optimal L, q-error of the interpolation of the function f by the continuous piecewise

linear function s(f, Ay) € SY(Ay) to be

RN (f, Lpo, ST (AN)) = inf[|f = s(f, An)lp.o- (15)

A triangulation A% is called optimal for the given function f if

If = s(f, ARl = BN (£, Lp.o, ST (AN)).- (16)

In this chapter we will investigate the asymptotic behavior of the error of optimal inter-
polation of functions from the class C?(D) by linear splines in two cases: when the Hessian
of the given function is positive at every point of the domain and when the Hessian is
negative.

The chapter is organized as follows. In Sections 11.4.1-11.4.2 we give the proof of the
following two general theorems for the weighted L, (1 < p < o0) error for functions with

positive Hessian.

Theorem 2. Let f € C*(D) and H(f;z,y) > CT > 0 for all (x,y) € D. Let also the

positive continuous weight function Q(x,y) be given. Then for all 1 < p < oo

p+1

Cct
imsup N7 = s(£. 85 1e < 4 ([ B @@ ) T an
N—oo ’ 2 D
where
CF — min L, — error of linear interpollatian of 2 + 4% on T' (18)
T T

To prove the lower bound we impose some (mild) additional restrictions which most

likely can be avoided.

Theorem 3. Let f € C*(D) and H(f;z,y) > CT > 0 for all (x,y) € D. Let also the

positive continuous weight function Q(z,y) be given. Then for all 1 < p < oo and for any

13



sequence {AN}R_, of triangulations satisfying

Sup\ﬁ max diam(7T") < co (19)
TeAN
we have
p+1
p
l1m1anHf _ 5(f7 AN)HP,Q > — (/ H fal' y) 2(P+1)Q(l' y)p+1 dl’dy> ; (20)

where C,f is defined in (18).

The estimate from above is contained in Section I1.4.1, and the estimate from below is
in Section I1.4.2. Sections 11.4.3 — 11.4.4 are devoted to calculating the constant C’;r for the
cases p =1, and p = 2.

For the case p = oo the result is contained in the following theorem.

Theorem 4. Let f € C*(D) and H(f;z,y) > Ct > 0 for all (z,y) € D. Let also the

positive continuous weight function Q(x,y) be given. Then

1+
RN(f, Loy SUAN)) = MON /\/ (Fo ), y)dedy, N —oco.  (21)

The proof of this theorem can be found in Section II.6.

For functions with negative everywhere Hessian we prove the following theorems in

Section I1.5.

Theorem 5. Let f € C?*(D) and H(f;x,y) < C~ < 0 for all (x,y) € D. Let also
the positive continuous weight function Q(x,y) be given. Then there exists a sequence of

triangulations { AN }¥_, satisfying

sup VN max diam(T) < oo (22)
N Tely

such that

lasup N1 = s(f. A7)l < 5= / VIHF 0 9)00, y)dedy.  (23)

N—o0
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Theorem 6. Let f € C*(D) and H(f;x,y) < C~ < 0 for all (x,y) € D. Let also
positive continuous weight function Q(x,y) be given. Then for any sequence of triangulations

{AN}N_, satisfying (22) we have

tim inf N[/ — sx(f, &) e > 2;5 /D VIE(fi2,9)[0a, y)dedy. (24)

Remark 1. Assumption (22) implies avoiding anisotropic meshes (triangulations with
long and “skinny” triangles). However, such triangulations can be useful for interpolation
of certain functions. For some details on using anisotropic meshes see, for example, [44].

Remark 2. In all results here we impose certain restrictions on the Hessian. We take
it to be bounded away from zero. However, this is not a necessary assumption and can be
removed using techniques similar to those used by Boréczky in [9].

In fact, in the case when the Hessian (or curvature) equals (or is close) to zero, the plane
can be used as a local approximation for a function. In this case large elements of partition
can be used and the order of approximation will be improved (to o(V)).

Remark 3. Although all theorems above are stated for only either convex or saddle-
shaped surfaces, clearly the results can be combined (with the help of introducing a piecewise
constant weight function) to obtain exact asymptotics of the error for interpolation of more
complex surfaces (which have positive curvature on some regions, and negative curvature
on others).

Remark 4. Theorems 4-6 for the special case {2 = 1 were proved in [4].

Let us describe the most essential part of obtaining estimates from above in these theo-
rems. It consists of finding an appropriate sequence of “good” triangulations of D. This is

done in the following way:

1. Divide D into a number m?v (which is small in comparison with V) of equal subregions
DN. On each DY, instead of f, consider its Taylor polynomial Py ; of second degree

taken at the center of DZN .

2. To find an appropriate triangulation of D}, first take any triangle 7" which solves the
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following extremal problem:

L, — error of linear interpolation of 2>2+y>onT

1 — min.
T "

The value of the minimum will provide the constant C’;,t.

Then we reshape T depending on values of second derivatives of the function f at a

point of DlN .

Moreover, we choose the size of T in such a way that the overall number nf\] of
2
MmN

triangles used for DZN is such that the sum Z nfv is approximately N, and the errors
i=1
of interpolation on each DZN are approximately equal.
3. We obtain the final triangulation of D by “gluing” together triangulations of each

region DYV possibly subdividing (without adding new vertices) triangles which have

nonempty intersection with U;0DN where DY denotes the boundary of D}.

II.1 Basics from Differential Geometry of a surface.

In this section let us recall some notions from the differential geometry of a surface, see,
for example, [14, 20].

Let us consider the quadratic form

Q(x,y) = feedr? + 2fp dady + fy,dy* = d*f. (25)

Let a surface z = f(x,y) and a point (zo, 3o, 20) at which grad f = 0 be given (for
simplicity we suppose that the z—axis is perpendicular to the tangent plane to the surface
at (2o, Yo, 20). This condition, in fact, can be removed requiring more technical details). We
define the principal curvatures of the surface at the point to be the eigenvalues of the matrix
of the quadratic form (25). (These eigenvalues are real since the matrix is symmetric).

It was shown by Gauss (see for example [20]) that the Gaussian curvature K of the
surface (which was defined earlier) is an “intrinsic” invariant of the surface, i.e. depends

only on the internal metrical properties of the surface.
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If we assume that the eigenvalues ki, ko are distinct, then by Lemma 8.2.1 from [20]
we have that corresponding eigenvectors are perpendicular. Hence, we can replace the
coordinate system x, y by a new system z’, 1/, with axes in the principal directions, obtained
from the old system by means of a rotation of the (x,y)-plane through an angle ¢. Then

in terms of the new coordinates z’,v, 2 we have

Z = f(m(m/,y'), y(xl’y,))’

where

x =’ cosp + 1 sin o,
y = —a’sin ¢ + ¢ cos .

Relative to these new coordinates, the second fundamental form (25) becomes (at the point

(20, Y0, 20))
k1(dz')? + ko(dy')% (26)

Let us also recall the classification of surfaces in R? depending on the sign of the Gaussian
curvature K, see [14]. When K is positive, the normal curvature (defined as the curvature
of the curve in a normal cross-section) in this case never leaves the range from k; to ko
and has the same sign in all directions. Thus, the surface is bending away from its tangent
plane in all tangent directions. Such a surface is said to be synclastic (or “oval”). Ellipsoids,
elliptic paraboloids and hyperboloids of two sheets are everywhere synclastic. In the case
K > 0, the quadratic approximation to the surface z = f(z,y) near point (z¢, yo, z0) is the
paraboloid

22 = kyx?® + k2y2.

When K is negative, the normal curvature changes sign twice (during the rotation of the
normal plane through a half-turn about the normal at a point); therefore, it is zero in the
directions of two special tangents, called the inflectional tangents. Clearly, in this case the
principal curvatures k1 and ko have opposite signs. Such a surface is said to be anticlastic

(or “saddle-shaped”). Non degenerate ruled quadrics (namely, hyperbolic paraboloids and

17



hyperboloids of one sheet) are everywhere anticlastic. The quadratic approximation of such
a surface near point (xo, Yo, 20) is a hyperboloid.

Surfaces more complicated than quadrics may be synclastic in some regions and anti-
clastic in others. Regions of the two kinds are then separated by a locus of parabolic points,
at which K = 0.

Surfaces on which K = 0 everywhere are said to be developable. Such surfaces include
cones and cylinders, and also the surfaces traced out by the tangents of any twisted curve.
In the case when only one principal curvature is zero, the quadratic approximation is a
ruled surface. When both principal curvatures vanish the quadratic approximation reduces
simply to the plane.

II.2 An estimate for the deviation of the second degree Taylor polynomial for

C? functions defined on [0, 1]2.

Let us define the modulus of continuity of f € C?(D) as follows

w(f,0) == sup{|f(z,y) — f(',y)|: |x—2| <8 Jy—9| <0 (x,y),(2,y) e D} (27)

Set

Wl(é) = w(fxryé)a w2(5> = w(fzy75)7 w3(5) = w(fyy75)7

and

w(0) := max{w; (9),w2(0),ws(d)}. (28)

Lemma 1. Let f € C?(D). If Py(x,y) denotes the quadratic part of the Taylor polynomial
for f at the center of a square Dy, C D with side length equal to h, then we have the following

estimate

2
o) =~ e < o (3 ) @) e D (29

where w(t) is defined in (28).
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Proof: The Taylor formula for f € C?(D) about the point (xg,%0) with remainder in

the Lagrange form is given by

f(x,y) :Pl(xay)+Rl($7y)’ (30)

where

Pi(z,y) = f(xo0,90) + fa(xo,y0)(x — x0) + fy (20, v0) (¥ — vo)

and for some 0 < 0 < 1

r—XT 2
Ri(e.) = 0 g 40— 20). 0 + 60— 0)
+ (2 — 20) (Y — Yo) fay (w0 + O(z — z0),y0 + 6(y — v0))
HRY
W g o 400 — 20), 0 + 00y — o). (1)

We add and subtract the term

(z — 0)?
2

(y — y0)?

9 fyy(xm yO) (32)

fea(0,90) + (2 — 20) (Y — Yo) fay (w0, Y0) +

to the right-hand side of (31). Then (30) can be rewritten as

r—X 2
£.9) = PoCe) + O o 4 00— )90+ 00y — ) — Fael 30)
+ (= 20)(y — o) (fay(xo + 0(z — 20), 50 + 0(y — 0)) — fay(®0,%0))
R
WO (o 400 — m0). 90+ 00— 1)) — Fyp (0. 30)
:Pz(ﬂc,y)Jng(x,y), (33)
where
xr — X 2
Py(x,y) == Pi(z,y) + (20)fm:(950, Yo) + (. — 20) (Y — yo) fay(T0, Y0)
+ (y_2y[))2fyy(x0,3/0)a
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and

Ra(x,y) = W(fm(iﬂo +0(x —x0), 90 + 0(y — Y0)) — frz(T0,%0))
+ (. — 20)(y — Y0) (fay (w0 + 0(z — 20),y0 + O(y — y0)) — fay(T0,%0))
URY
+ WO o 400 — 20), 50 + 00y —0)) ~ fuy(o, 90))

By the triangle inequality we have

(z — o)

2
|Ra(7,y)| < 5 | fex(z0 + 0(x — 20),90 + 0(y — v0)) — fee(Z0,v0)|

+ |z — zol|ly — yol| fay(z0 + O(x — z0), yo + 0(y — v0)) — fay(x0,Y0)]

N2
+ MV%(% +0(x — z0), 90 + 0(y — v0)) — fyy(xo,90)|-

2
(x — )2
————w(max{|0(z — z0)|, [0(y — yo)[})

|Ra(z,y)] < 5

+ |z = 2olly — yolw(max{|6(z — 20)],[0(y — vo)[})

ERY
+ 0 a6 — 20)1 160 — w)1). (34)

Hence, on the square Dy, with side length equal to h we have the following estimate

|f(z,y) = Pa(z,9)] < %w (Z) : (35)

and, therefore,

h? h
I = Palle < o (5 )

Corollary. Under the conditions of Lemma 1 we have

h rh
If =227 o,y = /0 /0 (f(z,y) = Po(a,y))" dedy < 1?||f = P2},

and, hence,
h2(1+l)

5 iy (Z) (36)

If = Pallp <
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I1.3 Preliminaries.

To investigate the asymptotic behavior of the error of the optimal piecewise linear inter-
polation of an arbitrary function from the class C?(D), D = [0,1]?, we shall use linear
interpolation of the piecewise quadratic functions which appear as intermediate approxima-
tions of f (see the idea of the proof in the previous section).

Some of the facts we shall present in this section are quite easy to see. However, we
shall prove them, first of all for completeness, and secondly, because we shall use them in
the construction of the asymptotically optimal sequence of triangulations.

First, observe that the error of linear interpolation of a quadratic function on a triangle
is not affected by a shift of this triangle or a reflection about the midpoint of any side of

this triangle. More precisely, we have the following almost obvious lemma.

Lemma 2. For the given quadratic function

Q(z,y) = Az® + By* + 2Cxy, (37)

an arbitrary triangle T, and any (a,b) € R2, the Ly-errors (1 < p < o0) of linear interpo-
lation of Q(x,y) on T, (a,b) + T, and a triangle T which is symmetric to T with respect to

the midpoint of any side of T, are equal.

Let Lo r(x,y) denotes the linear function which interpolates Q(z,y) at the vertices of

the triangle T'. Define

dorp = 1Q — LQ,THp-

As we already mentioned, we need to solve the problem

—==— — min, (38)

and describe those triangles 7' which provide the minimum in (38). Observe that such an

optimal triangle always exists.
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Lemma 3. There always exists an optimal triangle T which solves problem (38).

Proof: Observe that for any triangle T' dg 1), is a continuous function of six variables
(vertices of triangle T'). Therefore, dg, 7, achieves its minimum and maximum values (call
them min(d) and max(d), respectively) on the compact set which is the subset of [0, 1]% of
vertices of all triangles T" with area equal to 1. From the definition of dg 1, it is easy to see
that the function % is a homogeneous function in the sense that if we take an arbitrary

|
triangle T" and its scaled version /1" then

dQp _ dQ.otp
’T‘l—i-% ’OCT‘H-%

. " . d . o
Therefore, for any triangle 7', the minimum and maximum values of % will coincide

o
with min(d) and max(d), respectively. [J .

In Sections I1.4.3-11.4.4 we shall solve problem (38) for sign definite quadratic forms, i.e.
for forms Q(x,y) such that AB — C? > 0, and for cases p = 1,2. The case of the uniform
norm is considered separately in Section I1.6. For forms Q(z,y) with AB — C? < 0 in case
p = oo the solution will be given in Section I1.5.1.

Now let

Q(z,y) = Az® + By* + 20y (39)

be an arbitrary form such that either AB — C? > 0 or AB — C? < 0. Without loss of
generality we may assume A > 0 (A > 0 in the case of the form with AB — C? > 0).

First let us find the eigenvalues and eigenvectors (take the lengths of the eigenvectors
to be equal to 1) of the matrix of this quadratic form.

For eigenvalues we have

2
AmaX=A+B+\/(A;B> —(AB—(?), (40)

2

2
>\min: A—;B_\/<A;B> _(AB_CQ)' (41)

Observe that we have 0 < Amin < Amax for the form Q(z,y) with AB — C? > 0, and
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Amin < 0 < Apax for the form Q(z,y) with AB — C? < 0. Also note that
)\min)\max =AB — 02-

Let (&1,&) from the unit circle S' be an eigenvector of Q(z,y) corresponding to the
eigenvalue A\pax. Then (§2,—&1) € St is an eigenvector corresponding to the eigenvalue
Amin. Observe that

)\max = Af% + Bf% + 2051527
>\min = Af% + Bf% - 205152

We shall define the new coordinate system (2/,y") with the help of vectors (£1,&2) and

(&2, —¢&1) in the following way
Fiooa =26 +y&, ¢ =26 -y (42)
The quadratic function (39) in this new system has the form
Qo FyH)(@,) = Amax(2)? + Aumin(y). (43)

Note that the ratio 272 does not depend on the choice of the orthogonal coordinate

|71
system, i.e.,
dQ7T7p — deFlTvp
T [T |
Therefore, we shall solve the problem of minimizing dcf:‘FTl’p in the coordinate system (2, y').

I1.4 Functions with positive Hessian.

Let
Q(z,y) = Az® + By? + 2Cxy (44)

be a sign definite form. Without loss of generality we may assume (44) to be a positive
definite form, i.e. such that A > 0 and AB — C? > 0.

To characterize triangles 7" which give a solution to problem (38) let us consider the
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following linear transformation

Fy: = \Amaxt', v= /\miny’,

which converts (43) to

(Qo Fy o FyY)(u,v) = u? 4 v

Both the L,-error of interpolation and the area of the triangle must be multiplied by the

Jacobian of the transformation, i.e. |FoT| = |T'|v/AmaxAmin and

dQOFl_IOFz_l,(onFl)T,p = d,1p(AmaxAmin)

Observe also that

1
. \2p
do.Tp onFfloFgl,(FQOFI)T,p()‘maX)‘mm) !

1
2p

\T|H% 1

1+
(wxm:@mm |(F20 Fl)T‘) ’

Therefore, by definition of C;f" we obtain

do,T
% 2 C; V )\max)\min-
T[>

This can be rewritten as

1
dorp > CHITI™ P/ AmaxAmin

which will be used later.

In addition, we shall need the following lemma.

(47)

Lemma 4. Let us consider the collection of quadratic forms of type (44) which satisfy the

following conditions:

0<A<AY 0<B<B' and H=AB-C?>C*,

where AY, BT, C" are some positive numbers. Then for any such form

2
Amin > %(A+ + B+) - \/(;(14+ + B+)> —Ct>0.
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Proof: Due to (41) and the assumption that H = AB — C? > CT > 0, we have

2
Nt = %(A +B)— \/G(A + B)) _(AB—(?)

(A+B) - \/<;(A+B)>2—C+.

>

N

Let us consider the function
g(u) =u—u2—-C+, u>Ct.

Differentiating we obtain

() =1 — ——— < 0.
g(u) NP e

Hence, g(u) is a decreasing function, and achieves its minimum when u is maximal. There-

fore,

2
>\min > %(A+ + B+) - \/(;(AJ'_ + B+)) —Ct>0.

Later we shall also need the following statement which follows from Lemmas 3 and 4.

Lemma 5. For the collection of quadratic forms satisfying the assumptions of Lemma 4,
the ratio of the diameter of the optimal triangle to the square root of the area of this triangle

is uniformly bounded.

I1.4.1 General form for the error of interpolation of C? functions defined on

[0,1]% by linear splines. Estimate from above.

Proof of Theorem 2: For a fixed £ € (0,1) and for every N € N we define

. 1 1 €
my ::mln{m>0. mw <2m> SN}’ (50)

where w(9) is the function defined in (28).

Observe that clearly for mpy defined in (50) it is true that my — oo as N — oco. In
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addition, note that

N
—— — 00, N — o0, (51)
2(1+3)
my
1
ie. my=o0 (N2(1+117)> as N — oo and 4 =0 <<}+>> Indeed, by the definition of my
m
for all large enough N we have "
N (my-)M 1 N ( | >
2(14+1) — 2(1+1 2 20+ _
m]\; ) m]\; W (Q(mzlv—l)) 2 (my — 1)) \20my —1)
20+
>52(mN D) ’ 1 — 00, as N — o0,

> m%l-&-%) w(m)
1

2(1++)
since (%};1) P > 1landw (m) — 0 as N — oo. Hence, (51) is proved.

Divide the unit square [0, 1] x [0, 1] into squares with side length equal to i and denote

the resulting squares by DN, i = 1,.. . Next take the center point (zV,4¥) in each

square DY and set
1 1
N im L), BY = L ), OF = e ).
Note that

H(al,ylY) = H(f;2)y") = 4AYBY — (C1)) 2 CF, vi=1,...,m}.  (52)

Set, - _
1
N1 —e)H(zN Q)
n = | NUZOHA @y, il (hy )Ty \m. (53)
my
1
e
L J=1 J
The nfv , 1 =1,.. .,m?\,, are determined by minimizing the sum of the errors of the

interpolation of piecewise quadratic functions on each region, subject to the condition that

the total number of triangles is N. For that purpose we shall use the method of Lagrange
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multipliers. Let us consider

2

RS (CARTE
= L 77 ~’L’ Q ’L y Yi + )\ n = 0
on; ZZ; m]\gp-*'l)( )p+1 y Z

This can be rewritten as

pH( ’f\/’yiN)g N N —
- 2D (N )p+19($i,yz’)+)‘—0-

Hence,
1

ﬁi— (pH( i Yi )2Q< Ti oY ))M

)\m]épﬂ)

We shall find A from the condition that the total number of triangles is N:

2

m?\, L my

1

N = ﬁf:“‘*ZFTN ARGl AR
i—1 AP T3, i

N

Solving for A and plugging this value back into the expression for n;

', we obtain

_1
v N = HEY, )0, N7

i 2
my

S H@Y, N)2(p+1)Q( ) Nyt
J=1

The method of Lagrange multipliers provides only the necessary conditions for the minimum.
However, in this case the obtained ﬁfv indeed provides the minimum, because it clearly does
not provide the maximum (the maximum can be explicitly constructed in a simple way)
and the minimum exists.

Observe that all n)¥ — oo when N — co. This follows from the obvious estimate

N(1 - e)(C*) T mmbﬁmzw}wl
ni\[ Z (xvy)e , (54)
miy | Hlls T | & g

N

together with (51) (since if — 00 then clearly — — oo as N — o0), and

N
m?v(H%)
min {Q(z > 0.
Jmin, {2z 9)}
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Given nl¥ for each square DY we construct the triangulation A% (D) of DY in the

following way:

1. Given the positive definite quadratic function
QY (z,y) = AYa® + 20wy + By
on DY, consider transformations Ff\g and FQJ\Z of form (42) and (45) respectively,

corresponding to the quadratic form QN (z,v).

2. Take an arbitrary triangle 7" which solves problem (38), and consider ((Ff\g)_l o
(Fyy) T

3. Define T to be a rescaling of ((FlNl)_1 o (Fﬁ)_l)T so that

1

2. N-
mym;

Y| =

4. Let TZN be a triangle symmetric to TZ-N with respect to the midpoint of any side. Their

union is a parallelogram.

5. Cover the square DZN with shifts of this parallelogram. We obtain the cover of DZN by

the shifts of the triangle TZ-N and its reflection TiN .

6. If the intersection of DZN and a triangle T from this cover is a triangle, call it T, and

include it in A% (D).

Figure 1: If the intersection of the triangle and a region is a quadrilateral, subdivide it
without adding new vertices
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Figure 2: Subdivision of triangles on the boundary without adding new vertices

If the intersection of DZN and a triangle T is a quadrilateral, subdivide it into triangles

without adding new vertices and include those triangles in A% (DN) (see Figure 1).

We obtain the triangulation A} (D) of the whole domain D “gluing” together triangu-
lations of each region without adding new vertices (see, Figure 2). Let us show that the
triangulation A}, (D) is asymptotically optimal.

Everywhere below ¢y, co, ..., stand for constants independent of V.

Let us note that since for all (z,y) € D we have

0< fxx(xay) < foa:HOO? 0< fyy(xay) < ||fyyHc>07 and H(f;a:,y) > ct > 0, (55)

by Lemma 4 and Lemma 5 there exists a constant ¢; such that for any triangle TiN we have

1
diam(TN <c1/7.
(z)— 1 m?\[niv

Let us consider a ¢q , /ﬁ—neighborhood of the boundary of DZN . Only those triangles
N

that lie completely in this neighborhood may have nonempty intersection with the boundary
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of DlN . Therefore, if we denote their number by KZN then

1 1 1 1
KN = K 5N =8 2 N + 20 :
myn; mymn; my m

This implies that
KZN < C21/ nfv

After possible subdivision the number of triangles that have nonempty intersection with the
boundary in the triangulation of DZN will be not greater than cs /nlN with some constant
c3. Hence, the total number of triangles that have nonempty intersection with the boundary

is not greater than

1

myy myy _p
N 1— H N N 2(p+1) Q N N 11
C3ZM§C3 g (1 —e)H(z,y;") (x5 y; )P
=1 i=1

2

mN __ b 1
> H(ag y )Py ) e
j=1

p 1 3+l

[ H|[s& ||| a8 2]
< ey VNmiy — < oVNmy =o | N7 )
2(p+1)
M (C+) T ( min {Q<x,y>}) ’
(x,y)€D

1

as N — oo (since my = o (NQ(”II))) as N — oo because of (51)).

Therefore, since 3 + 1% <2(2+ %), the number of triangles in the constructed triangula-
tion will not exceed N, for all N large enough.
Let fn denote the piecewise quadratic function constructed in the following way. On

DY we set fy to be AV2? +2CN 2y + BNy?. Then for i > 1 on DN\ Ué;lD;V we set
vz, y) = AN2? 420N zy + BN 2.

Observe that

RN(f7 LMQ?S?(AN)) < Hf - S(f7 A*N)

p,Q2

<|f = Inllpo + 1 = s(fv: AN)

p.o + ls(f5, AN) = s(f, AN llp.o-
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Obviously,
Is(fn, AN) = s(f, AN < If — fN

pvﬂ'

Hence,

N(f, Ly ST(AN)) <201 = fnllpe + v = s(fv, %) po-

Let us estimate each term. First of all, by the corollary of Lemma 1 and the definition of

my we have

1
192]1% 1 € o
1f = fnllpe < —w < o).
2

mf\g“‘;) 2mpy

Let us estimate the second term now. It is clear that for two embedded triangles the error of
linear interpolation of a quadratic function with H(f;z,y) > C* > 0 is greater on the larger
triangle. Therefore, we shall estimate this error on triangles that do not have intersection
with the boundary.

Let us take a triangle T/ € A% (DY) that does not have common points with the

boundary of DY. By (47), for every point (z,y) € T}V we have

. o+\" /2 xN,yN
[fn(@,y) = s(fn, Az, y)P < (;) ICARTADE (ZZJV);+)1

(miyn;
Hence, the p-power of the error on the whole D is bounded by

pmN

+
|fN(:L‘ y) _S(fNaANax y) ( ) ZnNQ x; ’yz ( N’yzjv)p/221)p+1

(m3nl¥

By the definition of n)¥ and by (54), for all large enough N, for all 4, and for all (z,y) € D,

we have

|fn(z,y) — s(fn, Az, y) P <

S H(@Y,yY) IO (a Ny et

C ) (1+¢) p/2 i=1
S H ( ivvyzN) = -
(3) Z N(1L = (N ) T O )
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p+1

Cf (1+¢) o 1
B (;) p+1) Z 2(p+1)Q( y;V)p 1

Since this estimate does not depend on z and y, we obtain that

pt1
2 P
(1+e)CH i 1
Ifn = s(fv, BN)lps < —55 = s ZH v, N)Q(”“’Q( Yoy a
N] 1
Note that since H(f;z,y) and Q(z,y) both are Riemann integrable
m¥ X
Y HEY )@,y )
N] 1
N N _1 _p _1
= Z D1 )Y Q)T — | H(fy) T Q) Py (56)
as N — oo. Hence, for all N large enough we obtain
CH142 b o %
v =s(fn AWl < 57— (/D H(f;ﬂfvy)%’*”Q(ﬂf?y)P“dwdy)
Therefore,
+1
€ L CF 149 P 1 5
—s(f, A} < 19& + =2 /H s, y) 2D Q(x, y) P ded
IF = st 850 na < 100 + 55 72 ([ #5000 dody

Because € > 0 is arbitrary, we obtain the desired estimate. [J

I1.4.2 General form for the error of interpolation of C? functions defined on

[0,1]% by linear splines. Estimate from below.

In what follows, the quantities my, nN DN AN N etc., are the same as defined in

7
Section 11.4.1.
Proof of Theorem 3: To obtain the estimate from below we shall consider an arbitrary

sequence of triangulations { Ay }%_, which satisfies (22). For any ¢ > 0 denote by DX (¢)

the square congruent to DZN with side length equal to % Assumption (22) implies that
N
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my = o (\/N ) and, hence, for all large enough N there exists a triangle TZ-% which lies
completely in DN (¢).

For each N and iy, set
Inin(z,y) == AN 2%+ 2C'N xy + BlNy
Observe that

1f = s(f, AN, oy 2 1wy = sUNins AN, o) = 21 = fvinlle, g@n )
By (47) we have for all N large enough

(1—2)(Cy /2
| fvin — (fN’LNaAN)”p o(TY) > Wﬂ@%ay%)p Qx ffvayffv)
By the definition of nf}fv we have that the error on the whole D for all N large enough
satisfies
my
(1- )(C+)p N  N\P/2¢y/ N N
v = s(fns AN o > ZWH(% NN VICANTAY

=1
2 p
my

ZH N N)z(p+1)Q(N N)

> <C+ ZH Q(:cN ylV) =
= p+l [ARR-L N(l—E)H( N yN)2(p+1)Q( Nyl )%
T p+1
(Cy)P N7

et H 2(P+1)Q . p+1

(1—e)p- NP+ Z (@3)

(CHP(L—e) [ SEN L p+1

m /D (f;z,y)2@ (z,y) P drdy .

Hence, for all N large enough we obtain
cyf ; 1 %
lfn — s(fn, AN)lpa > ﬁ(l — C6€) (/ H(f;z,y) D Q(z,y) dazdy)
D
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On the other hand

HQHOO 1 € 5
1 = il aceyy <17 = vinle, o < oy (o ) < 2 190%

24
2m
due to the choice of my. Hence, we obtain that for all large enough N

+ ptl
p

IF = st 230l = (= o) ([ (s T 0o dody)

with some positive constant cy;. Therefore,

> 1.

p+1

hmlnf Hf_s(f’ AN)HPQ
N—oo ==
S (Jo B (i) W00, g) i dedy)

This completes the proof of the theorem. [J

I1.4.3 Calculation of C;r.

In this section we shall find the solution to the following extremal problem. Let

Q(z,y) = Az® + By? + 2Cxy

(57)

be a sign definite quadratic form, i.e. such that AB — C? > 0. Without loss of generality

we may take A > 0.

Let Lo r(x,y) denote the linear function which interpolates Q(x,y) at the vertices of

the triangle T'. Recall that we denoted by

1/2
dor2 = 1Q— Lorll2 = </T(Q(!L‘,y) - LQ,T(:E,y))2dfﬂdy> :

(58)

and as before let |T'| denote the area of triangle 7. The problem is to describe those triangles

T which solve the problem
dor2
|T[3/2
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(u,h)

Figure 3: Triangle T,

Lemma 6. For the function Q(x,y) = x> +y* and an arbitrary triangle T we have

dora 4

T2~ Va5

The equality occurs if and only if T' is an equilateral triangle.

Remark. By definition of C; this lemma implies that

Cy = (60)

8=
ot

Proof: First, let us consider the triangle T,, in Figure 1 with vertices (—a,0), (a,0) and
(u, h), and let us investigate how the difference between function Q(z,y) = 22 + y? and its

interpolant Lg 7, (z,y), denoted by

6Tu($,y) = Q(x,y) - LQ,Tu (l’, y)7

behaves, depending on wu.

First of all, observe that the equation of the interpolant Lg 7, (x,y) to z2 + y? at the
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vertices of the triangle T, is
1
Lom,(w,y) = 5 (u” + h? = a®)y + a®, (61)

Note that it is enough to consider the behavior of the difference 7, (x,y) on the lines of

the form y = hg. The restriction of the elliptic paraboloid Q(x,y) to this line is
z(z, ho) = 2° + h3,
and the restriction of the interpolant Lg 1, (x,y) to this line is
Lo, (z,ho) = %(u2 + h? — a?)hy + a®.
The points of intersection of the line y = hg with the sides of the triangle T, are

(f;?(u—i—a) a,h0> , (f;lo(u—a)—i—a,ho) .

For brevity, denote the z-coordinates of these points by xg(h) and z1(h), respectively.

Observe that in this notation

z1(h)
dQ T2 —/ / (07, (x,y ) dxdy.

o(h)

Computing the square of the Lo error on y = hg, we obtain

z1(h) T /1 2
¢ (u) == / (67, (@, ho))? do = / (h(u2 +h? —a®)ho + a* — 2% — h%) de  (62)

o(h) 0

~1/5 (hg (1}‘; “) 4 a)5 —1/5 <h0 (T a) _ a>5

+1/3 (—2 (u2+h2h_a2)h —2a2+2hy ) <<h0(?2—a)+a>3_ (W—a>3>

+<(u2+h2_a2) ho he? (hg (u—a)

h
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The roots of the equation

are

up =0,
—3hg (3h2h 2a%h + 3a%h
u2:1/3\/ o ( 0o +2a*h+3a 0),
ho
—3ho (3h2%h 2a%h + 3ah
uy = —1/3 3% ( 0h+ a*h +3aho)
0

Since the only real root is u; = 0, the minimum of the Lo error of the difference between
function and interpolant is obtained when u = 0 or, in other words, for isosceles triangle 7.
Now observe that, clearly, no equilateral triangle can be optimal. For every isosceles
triangle which is not equilateral, using arguments similar to the arguments above, we can
find a triangle with the same area but on which the Ly norm of the difference will be smaller.
Next we calculate the square of the Lg error of interpolation in the case when the triangle

T is equilateral with given side length 2a (or fixed area |T'|). In this case we have u = 0

and, therefore, the interpolant becomes @y + a? and we obtain for the error
V3a rV3(a—w) /o 2 16v/3
d2 = / / (ay +a?— 2% - y2> drdy = ——aS (63)
Q,T.2 0 VB(ata) V3 15

or, in terms of the area |T'| = v/3a?,

16
dor2)’ = —|T)>.
(dor2)” = 4= IT]

In other words, if T" is an equilateral triangle then

dore 4

T2 " 35

Therefore, taking into consideration (47) note that we have proved the following lemma.
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Lemma 7. For the quadratic form

Q(z,y) = Az® + By? + 2Cxy

such that AB — C? > 0, and for an arbitrary triangle T we have

dQ7T72 4 241/2
T2 > \/74—5(143 -2 (64)

Moreover, equality is obtained for triangles T = (F3 o Fl)*lf, where T is an arbitrary
equilateral triangle, and only for them.
I1.4.4 Calculation of C}.

The result of this section will repeat the result of Fejes Toth (see Section 1.3.2). However, we
shall need it later to prove the generalization of Fejes Toth’s result to the case of integration
with any positive continuous weight.

In this section we shall find the solution to the following extremal problem. Let
Q(z,y) = Az® + By? + 2Cxy (65)

be a sign definite quadratic form, i.e. such that AB — C? > 0. Without loss of generality
we may take A > 0.
As before, let Lo r(z,y) denote the linear function which interpolates Q(x,y) at the

vertices of the triangle T'. Recall the notation

dors = Q — Lozl = /D Q. y) — Lo(z,y)|dady, (66)

and below let |T'| denote the area of the triangle 7. The main goal is to find

d
Q.T,1 . (67)

|T’2 — min

and to describe those triangles T' which solve this minimization problem.
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Lemma 8. For the function Q(x,y) = x? +y* and an arbitrary triangle T we have

dor V3
TP 3

The equality occurs if and only if T is an equilateral triangle.

Remark. From this lemma it follows that

of = %2 (68)

Proof: First, let us consider the triangle T,, in Figure 1 with vertices (—a,0), (a,0) and
(u, h), and let us investigate how the difference between function Q(z,y) = 2% + y? and its

interpolant Lo 7, (x,y), denoted by

or, (z,y) == Q(z,y) — Lo1,(7,Y),

behaves, depending on u.
First of all, observe that the equation of the interpolant Lg 1, (z,y) to 2* + y* at the

vertices of the triangle T;, is
1
Lo, (w,y) = 7(u* + 1 = a®)y + @’ (69)

Note that it is enough to consider the behavior of the difference o7, (x,y) on the lines

y = hg. The restriction of the elliptic paraboloid Q(z,y) to this line is
z(z, ho) = 2 + h3,
and the restriction of the interpolant Lg 7, (x,y) is

1
LQ,Tu(x, ho) = E(Uz +h? - az)ho + a2
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The points of intersection of the line y = hg with the sides of the triangle T, are

(’Z)(Ha) a,h0> , (?(u—a)—i—a,ho) .

For brevity, denote the z-coordinates of these points by xg(h) and z;(h), respectively.

Therefore, the value of the Ly error on y = hg is

o) = [ (e h)lde = |

x1 1
= (W +h% = a®)hg+a® — 2 — hE ) dx.
h 0

0

1
—(u®+h? —a®)ho +a* —2* — h3

h( dx (70)

Differentiating this function of u, we obtain

d o 4h0ua(h0 — h)2

Obviously, the only solution to the equation

d . 4h0ua(h0 — h)2

@q(u) =0 or % =0

is u = 0, and, hence, the minimum of the L; error of the difference between function and
interpolant is obtained when u = 0 or, in other words, for isosceles triangle T5,.

Now observe that, clearly, no equilateral triangle can be optimal. For every isosceles
triangle which is not equilateral, using arguments similar to the arguments above, we can
find a triangle with the same area but on which the L norm of the difference will be smaller.

Next we calculate the L error of interpolation in the case when triangle T is equilateral
with given side length 2a (or fixed area |T'|). In this case we have u = 0 and, therefore, the

interpolant becomes 2\[‘13/ + a? and we obtain for the error

V3a  pvV3(a—x)
dQTl—/ / (ay—i—a —x —y)davdy:\/ga4 (71)
a—i—a}
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or, in terms of the area |T'| = v/3a?,

1 3

—d = T

2 Q7T71 \/3 | ’
In other words, if T is an equilateral triangle then

dori 3

EVES

Therefore, we have proved the following lemma.

Lemma 9. For the quadratic form

Q(z,y) = Az® + By? + 2Cxy

such that AB — C? > 0, and for an arbitrary triangle T we have

dar E\/AB —C2. (72)

P = 3
Moreover, equality is obtained for triangles T = (Fs o Fl)*lj”, where T is an arbitrary
equilateral triangle, and only for them.
I1.4.5 Computing constants C;' for other values of p.

Using a method similar those described in the two previous section we can also calculate

constants for some other values of p. For example

1 1 1
124 3 704 \ 4 256 5
c;:( ) , 0;2(4725> , c;;( >
35-32 55 .32

However, at this point we do not have the explicit value of C’;‘ for an arbitrary p.
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II.5 Functions with negative Hessian and the case of the L, o norm.

Now we shall consider the quadratic form

Q(z,y) = Az® + By’ +2Cxy (73)

with A > 0 and AB — C? < 0. Recall that in this case Apin < 0 < Amax.

Let us consider the following transformation

GZ LU= Amaxx/ - ’)\min’y/’ V= \/)\maxx/ + \/|>\min|y/- (74)
Under this transformation (73) becomes
(Qo F{toGyY) (u,v) = uw.

Note that the interpolation error does not change under this transformation, but to obtain
the area of the new triangle G2T we have to multiply the area |T'| by the Jacobian of the
transformation Ga, i.e., |G2T| = 21/ AmaxAmin||T|-

As before we are interested in the problem of minimizing the ratio

dQ T,00
() , (75)
T
and characterizing those triangles which provide the minimum of this ratio.
Observe that for an arbitrary triangle T" we have
dQTeo onF;l,FlT,oo _ onFl_loGQ_I,(GgoFl)T,oo (76)
T BT J '
’ | ‘ 1 | 2\/m‘(G20F1)T’
Therefore, if we denote
O— — min Ly, — error of linear interpolation of uwv on T (77)

T T
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then for an arbitrary quadratic form of type (73) we have

doT.co _
CTC’ZY;’, 2 QCOO V ’AmaxAmin|‘ (78)

11.5.1 Calculation of C_.
We shall need the following two simple auxiliary statements.

Lemma 10. The Lys-error of interpolation of the function z = xy by a linear function on

any triangle is attained on its boundary.

Proof: For any fixed value x = z( the function z = zy is a linear function of y:
2 =20Y.

The restriction of the interpolant to this line & = x¢ is also linear. Hence, their difference
is a linear function as well. Therefore, it achieves its maximal and minimal values at the
end points of the interval (which is the intersection of the triangle with the line x = x).
This is true for any value of xg. Therefore, the maximal value of the error will be indeed
attained on the boundary of the triangle. [J

Remark. Clearly, the statement of the last lemma holds for any bilinear function on a

convex set.

Lemma 11. For any triangle T there exists a shift that maps one of the vertices of the

triangle to the origin, and the remaining two to the same coordinate quadrant.

Proof: For the given triangle T let us consider the rectangle of minimal area containing
T whose sides are parallel to the coordinate axes. Because the area of the rectangle is
minimal, every side of the rectangle should contain a vertex of the triangle 7', and one of
the vertices of T" has to coincide with a vertex of the rectangle. This is the one that has to
be placed at the origin. Clearly, setting the sides of the rectangle that contain this vertex
on the coordinate axes, we obtain that the rectangle lies in one quadrant. [J

Further, due to Lemma 2 and the fact that the error of interpolation will not change

if we take the triangle which is symmetric to the given one with respect to any coordinate
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S1 S2

S3

Figure 4: Triangle T" with one vertex at the origin and corresponding areas Sy, So, and Ss

axis, without loss of generality, we consider a triangle in the first coordinate quadrant.

Let us now take an arbitrary triangle 7. By Lemma 11, we may take T to have one
vertex at the origin and to be inscribed in the rectangle with side length equal to a and
b. Observe that this creates three right triangles whose union forms the complement of T
with respect to the rectangle. Denote their areas by Si, Sz, and S3 (see Figure 4).

Note that the error of linear interpolation on each side of triangle 7" is equal to the error
on the longest side of the right triangle which has this side common with 7" and complements
T to the rectangle. The error on the longest side of this right triangle will not change if
we place its right angle at the origin, and will be attained on its longest side (hypotenuse).
The interpolant on this triangle is zero, and it is easy to calculate the maximum of the
restriction of the function to the longest side. This shows, in particular, that the error of
linear interpolation on each side of triangle 7" is equal to half of the area of a right triangle
which has this side common with 7" and complements T" to the rectangle.

Therefore, the problem of minimizing ratio (75) is equivalent to the extremal problem:

max{S1, S2, S3}
2(ab — (Sl +S9 + Sg))

— min . (79)
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The following lemma provides the solution to this problem.

Lemma 12. For an arbitrary a > 0 and b > 0, the solution to problem (79) is given by the

triangle with vertices

(0,0), (32*/5(1,1)), (a,32\/5b>. (80)

Moreover, ratio (75) (and (79)) for this triangle is equal to ﬁ

Proof: If we denote the coordinates of an arbitrary triangle T" with one vertex at the
origin and the other two vertices on the sides of the rectangle with sides a and b by (z,b)

and (a,y) then (79) can be rewritten as

}max be , @ ’(a—a:)(b—y) — min. (81)
2 ab—zy’ ab—zy ab — zy

We need to show that for an arbitrary triangle T', with vertices (0,0), (z,b), and (a,y),

where z € (0,a) and y € (0,b), we have

1 bx ay (a—2x)(b—y) 1
il > . 82
Qmax{ab—acy’ab—xy’ ab— zy ~ 25 (82)

As for the location of vertices of T" the following four cases are possible:

1.z > 372‘/5a, y > 3*2‘/513.

2. < 3_2\/5a, y < 3_2\/517.

3. > 3_2‘/5a, y < 3_2\/517.

4. x < 372‘/5(1, y > 3*2‘/513.

Before we consider each case, observe that for x € (0,a) and y € (0,b) the function

abbfxy is increasing with respect to x when y is fixed; the function ab‘iyxy is increasing with
respect to y when z is fixed; the function % is decreasing with respect to x when y

is fixed and with respect to y when z is fixed.
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Case 1. Clearly, in this case we have

; { ba ay (a—x)(b—y)} ba

— >
rax ab—zy ab—xy  ab—xy ~ 2(ab — zy)

354 1

> = .
2(ab — 3;5/5@3_2‘/56) 2v/5

Case 2. In this case we have

S S e e
-2

o hax ab—xy’ ab—xy’  ab—zy ab — xy
_la- 5a)(b— 250 1
T2 gho 3283V, 25

2 2

Cases 3 — 4. Note that it is enough to consider only one of the cases 3 and 4 because of
the symmetry. Let us choose case 3.

First of all, observe that conditions of this case imply that £ > ¥. Hence,

1 { b ay (a—$)(b—y)}

— max , ,
ab—zy’ ab— zy ab — xy

2

:1max{ b (ax)(by)}'

2 ab—zy’  ab—ay

Clearly, since the first term is increasing and the second is decreasing, the maximum value

will be greater than the value at the point where both terms are equal, i.e. when x = az(ll:z)'
This gives
a(b—y)
1 br  (a—xz)(b—y) %y __ blb—y)
— max , > = .
2 ab — xy ab — xy ab—w,y b2 + (b —y)?
~y

Note that the function 7% is increasing for any u (in our case u = b — y). Therefore, it
attains its minimum for the minimal possible value of « which corresponds to the maximal
possible value of y, that is 3_7\/513. Plugging this value in, we obtain the desired inequality.
This completes the proof of the lemma. [

With the help of Lemma 12, observations (76) and (78) we can prove the following
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lemma.

Lemma 13. For the quadratic form
Q(z,y) = Az? + By?* + 2Cxy (83)

with AB — C? < 0 and an arbitrary triangle T we have

dorso . V/IAB = C?]
T T 5

The equality occurs for triangles T = (F} Lo G;l)T where T is an arbitrary triangle with
vertices (80) or symmetric to it with respect to any coordinate axis, and only for such

triangles.

Later in Section I1.5 in the process of construction of the optimal triangulation we would

like to avoid long and skinny triangles. This can be done due to the following lemma.

Lemma 14. The parameters a and b in the triangle with vertices (80) can always be chosen
so that ratios of lengths of each side of the triangle T = (Fl_loGgl)T where T is an arbitrary

triangle of the form (80) to the square root of the area of the triangle are all bounded.

Proof: Note that the orthogonal transformation F; does not affect the ratios in the

statement of the lemma. Preimages of vertices (0,0), (3*2\/5(1, b), (a, 3*2‘/51)) with respect

to the transformation Gy are

All == (0,0)

1 3—5 1 3—-V5
Ay = b|, ————|b—
? (2 Amax ( 2 ot >72 |)\min| < 2 a>>7
( .

A3: =

respectively.
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Calculating the lengths of the vectors defined by these vertices, we obtain

9 2
& = A& = g ( ; a+b> ST .\<”—2“> o)
9 2
, by 1 3—v5 L (3=V5,
d2 - ||A1A3H2 - 4Amax <CL+ 2 b + 4‘)\m1n‘ 2 b @ ’
2
. VE—1 1 1
3 = ||A2A3H§—( 5 ) <4A (a—b)2+4|/\ . |(a+b)2>.

For the area of the triangle G5 1T we have

R , 1 _ _
25 = (A1Ag, A1 A3) = \ <3 Qﬁa + b) (a + 3 2\/517)

1 3—5 3—5
+4‘)\mm‘ (b— 5 a)( 5 b—a>.

The following two cases are possible:

Case 1. Amax < |Amin]

Case 2. [Amin] < Amax

Observe that because the Hessian AB — C? is bounded away from zero, both Apay and
[Amin| cannot be small.

Case 1. Let us take

a=>b= v Anax-

For these values of parameters we have

2 2 2
21 (V51 13 (v/5-1 13 (v/5-1
28 > = d? < = d? < = d?
5_16<2>’1_2<2>’2_2<2>’3

IN

(=)

Hence, the corresponding ratios can be bounded from above as follows

Therefore, under the conditions of the Case 1 we found values of parameters a and b

such that all ratios of the lengths of each side to the square root of the area of the triangle
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are bounded. Case 2 can be considered analogously. [

I1.5.2 The error of linear interpolation of C? functions with negative Hessian.

Estimate from above.

Proof of Theorem 5: Let ¢ > 0 be fixed and my be defined as in (50). Recall that we
showed in Section I1.4.1 that my = o(v/N) as N — co. As before, without loss of generality
we may assume fy,(z,y) > 0 for all (z,y) € D.

As in Section II.4.1 we shall divide the unit square [0, 1] x [0, 1] into squares with side
length equal to % and denote the resulting squares by DZN ,i=1,... ,m?\,. Next we shall

choose the center point (:L‘iv , le ) in each square DlN and set
Y iz el ), BY = Jhna ), O = fu el o),
Note that in this case
H(x)' ) = H(f;2),y)) = 4(AYBY — (C))*) <C7, Vi=1,...,m§.  (86)

Set

N(]‘ie) |H( ’L’y’b )|Q( Z?yz) . 2
n; = 5 , t=1,...,my. (87)

my
S JIHEY g Q@ y)
=

We find n;, i = 1, ..., m%, by minimizing the overall L, o-error on D, i.e. by equating errors
N> Py 8 :

on all regions DlN under additional condition that the total number of knots is IV:

1y IHEY )] ) H (e y1)| @)

\/5 m?vn]\[ LY, \/5 m%\fﬁjlv T ,Y1
7

From this condition we can find ﬁfv :

LACARTANICARTAY

Z
\/‘H m1 »yl )1 $1 7y1
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From the condition

3
2[\)
=
I
=

S
I
_

il

we have

N = nl Z\/ ’Q zuyz

|H(551 ' )‘Q(l‘l vyl =1
After solving this equation for 7)Y, then substituting the result in the expression for ﬁfv ,
and finally taking the integer part we obtain the formula for nl¥.
We can estimate (87) similary to (54) in the proof of Lemma 2 which will imply that all
nl¥ — 0o as N — oo because of (86).
Given nl¥ for each region DY we construct a triangulation A% (DY) of DN in the

following way:

1. Given the quadratic function
AN2? 4 20N zy + BNy? (88)

with AYBY — (CN)? < 0 on DY, let us consider transformations F}; and G%; of

types (42) and (74) respectively, corresponding to the quadratic form QN (z,y).

2. Take a triangle T' with vertices as in (80) where parameters a and b are chosen de-

pending on the quadratic form Q¥ (z,y) (see Lemma 14):

@ = b= min {y/Npwer /Wl }

AN and AN are eigenvalues of QY (z,v).

7,max 2, min

3. Define T to be a rescaling of ((F]f\’l)_1 o (Gé\;)_l)T so that

1

N*
mNn

Y| =

4. Let TiN be a triangle symmetric to TiN with respect to the midpoint of any side. The

union of TiN and TiN is a parallelogram.
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5. Cover the square DY with shifts of this parallelogram. We obtain the cover of DY by

the shifts of the triangle TZN and its reflection TiN .

6. If the intersection of DlN and a triangle T from this cover is a triangle, denote it T

and include in A% (DN).

If the intersection of DZN and a triangle 7" is a quadrilateral, subdivide it into triangles

without adding new vertices and include those triangles in A% (D).

Finally, the triangulation A} (D) of the whole domain D is obtained by “gluing” to-
gether the partitions A% (DY) of the subdomains DY without adding new vertices as was
described before.

Because of Lemma 14 we have

[ 1
muyn;

Considering a cg, /Wlnﬁv—neighborhood of the boundary of DZN and counting the number of
triangles in it, we can show, as in I1.4.1, that the number of triangles that have nonempty
intersection with the boundary does not exceed cg W .

Hence, in this case as well as before, the total number of triangles that have nonempty
intersection with the boundary will be o(N) as N — oo.

Therefore, the total number of triangles in the constructed triangulation will not exceed
N for N large enough. This fact together with (89) shows that the constructed triangulation
satisfies condition (22) of Theorem 5.

Let fn denote the piecewise quadratic function constructed in the following way. On
DY we set fy to be AVa?+20Nxy + BNy? Then for i = 2,...,m3 on DN\ Ué;lDJN we
set

fn(z,y) = A{Vx2 + ZCZ»N:IJy + BiNy2.

We observe that as in the proof of Lemma 2

If = s(f, AN)llso < 2/ f = flloo,e + lfv — s(fn: AN) lloo,0-
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Let us estimate each term. First of all, by Lemma 1 and the definition of my we have

1 1 €
— < —— ) Qo < =|]]so-
I = floos < gz (g ) 1901 < 190

As for the second term, it is clear that for two embedded triangles the error of linear
interpolation by quadratic function with H(f;z,y) < C~ < 0 is greater on the larger
triangle. Therefore, it is enough to estimate this error on triangles that do not have common
points with the boundary.

By Lemma 13 and the definition of nl¥, for every triangle TV € A% (DY) that has an

empty intersection with the boundary and for all large enough N we have

[In(z,y) = s(fn, Az, ) [z, y) < fn(z,y) — s(fn, AR L @)

IRRVALACARAS| I VICANTAD

1 1 1
2voTmy N1 —e)y/[H @), yM) QN yN)
X
1+¢
= H(zN, yM) |z,
A o o VG i o)
Note that
my
1
TZ |H( 7yj )‘Q Z‘DN’\/ NayJN ‘Q
my ' Z
7=1
~ [ VG0, g)dody
as N — oo.

Hence, for all N large enough we obtain

N 1+ 2e
I = s(iws 80 < e | VI ). g)dady.
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Therefore,

" 2e 1+ 2¢
I = 5(.850llosr < 19U + 5o e [ VI gl y)dady,

Because € > 0 is arbitrary we obtain the desired estimate

fmoup —— Hf( 83 e

N—oo NgffD‘/ Q:cyda:dy

which completes the proof. [

I1.5.3 The error of linear interpolation of C? functions with negative Hessian.

Estimate from below.

In this section all quantities my, DZN , nfv , AZN etc. are as defined in the previous sections.
Proof of Theorem 6: To prove Theorem 6 we shall consider an arbitrary sequence of
triangulations {Axn}3_; which satisfies (22).
Assumption (22) insures that for an arbitrary fixed ¢ € (0,1) and for large enough N

there exists a triangle TZZ from the triangulation Ay which lies completely in ng with

area greater than (1 — 5)m L — which lies completely in Dﬁv .
NT N

Now for each such N and iy let
fniy(@y) == AN 2® +2C) zy + Bl .

Observe that
If —s(f, AN)IILOO,Q(T;JVV) (90)

2 1 fwvin = sUnin, AN oy = 20 = fvinllog aer)-

By Lemma 13, we have

Nyin Nin s SN Lo o(T) = 25 m?v”f\]]\, )
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Clearly, since |H(f;x,y)| is an integrable function, we have as before

Z\/ =N,y Q) vy

’H( f\fv’y’fy\])’Q( fYV?yi]Xf) > ’H( lN’y’LN)‘Q ’LN7yZN)
2 N — 2
manN mN N(]‘_E) ‘H( 1N7yzN)|Q( zN’yZN)

m2
S 1

- N 1—¢) Z\/i‘Q ]N’y]N Z N/D [H(f; 2, 9) |z, y)dzdy
=1

as N — oo. Therefore, for all large enough N

H (=], i )1 ull)

7, 7yz Z 7yz ]_
N 21\1 _ N N /<N/D ‘H(f;;c,y)\fl(x,y)dxdy> >1

My

Hence, for all large enough N we obtain

i = 5(Uins SN gy = (1 =€) fN / VIE G 2.9)|9a, y)dzdy.

On the other hand

1 1 €
If = vaiNHLoo,Q(TZ-JJVV) <|f- vaiNHLoo,Q(D{\]’V) < mw <mN> Qoo < N”QHOO

due to the choice of my. Hence, combining these two estimates with (90) we obtain that

for all large enough N

I = 50 )l > (1 = exe) s | Iy, )dady.

(} J AIV o0 52

N—oo szfD\/WQxydmdy

which completes the proof of Theorem 6. [

I1.6 The Lo.-error of interpolation of C? functions with positive Hessian.

In this section all quantities my, DlN , an , Afv etc. are as defined in the Section I1.4.1.
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Figure 5: Chebyshev circle of the triangle T

I1.6.1 Calculation of C.

Lemma 15. For the function

Q(z,y) = 2° + 37,

and an arbitrary triangle T

dQ.T,00 4
> 91
Equality occurs only in the case when T is an arbitrary equilateral triangle.
Remark. This lemma implies that
4
s (92)

S

Proof: Let T be an arbitrary triangle, let O be its Chebyshev center (which coincides
with the center of the circumscribed circle if the center belongs to a triangle, and is the
midpoint of the longest side if the center does not belong to a triangle), and let R be its
Chebyshev radius. Observe that 7" is contained in the circle (call it S7) centered at O with
radius R. The error of linear interpolation of Q(x,y) on T is equal to R?. Clearly, the
ratio in (38) will decrease if instead of 7" we consider the triangle which contains 7" and

has all vertices on the circle S (the error does not change, but the area increases). As is
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well known, the equilateral triangle has the largest area among all triangles inscribed in a
circle. Hence, in this case, equilateral triangles and only they solve problem (38). It is easy

to calculate that the ratio of the left-hand side of (91) for an equilateral triangle is equal to

3v3’

Taking into consideration (46), note that we have proved the following lemma.

Lemma 16. For the quadratic form
Q(z,y) = Az® + By? + 2Cxy (93)

such that AB — C? > 0, and for an arbitrary triangle T we have

dorsc  4VAB - C?
T~ 33

Equality occurs for triangles T = (F] oF2_1)T, where T is an arbitrary equilateral triangle,

and only for them.
I1.6.2 Estimates of the error.

In this section we shall provide the proof of Theorem 4. The upper bound for the error is

in the following lemma.

Lemma 17. Let f € C*(D) and H(f;x,y) > CT < 0 for all (z,y) € D. Let also the

positive continuous weight function Q(x,y) be given. Then

limsup NI — sv(fs An)lloonr < —n / VHF;2,9)9, y)dzdy. (94)
3v3 Jp

N—oo

The proof of the upper bound is very similar to the proof of Theorem 5, so we shall
not provide it here. However, the lower bound can be proven without any additional

assumptions on the triangulations. Namely we can prove the following lemma.

Lemma 18. Let f € C*(D) and H(f;x,y) > C* < 0 for all (z,y) € D. Let also the
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positive continuous weight function Q(x,y) be given. Then

lim inf N7 — sx(f, &) e > ?)jg /D VH(F2, )0, y)dady. (95)

For the proof of this lemma we shall need some auxiliary results.

Lemma 19. If H(f;z,y) > Ct > 0 for all (z,y) € [0,1] x [0,1], then the second derivative
of f € C?(D) in any direction £ = (£1,&2), €2 + €2 = 1, is also bounded away from 0.

Proof: For an arbitrary point (x,y) we have

0% f

762 @) = fas(@, Y)EL + 2fuy (2, y) 160 + fyy(,y)E5. (96)

Let us consider the matrix of this form

fxz(xa y) fxy(xa y)

M = M(z,y) :=
fey(x,y)  fyy(z,9)
so that
0% f

As is known (see, for instance, [5]), for eigenvalues of this matrix Apin < Amax, we have

(&, M)
Amax = X ey
and
(03
Amin = 100 764

Observe that coefficients of form (96) are satisfying the assumptions of Lemma 4 because
of (55).

Therefore, if € belongs to the unit sphere S! then by Lemma 4 we obtain

(f,M((L’,y)f) > )\min >
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1 1 2
> i(Hfacm”oo + nyyHOO) - \/(2(‘fﬂcxHoo + ”fyyHOO)) -C*t>0.
This implies that in any direction & the derivative g%g is bounded away from zero. [

Lemma 20. Let f € C?0,h] be such that f"(z) > c¢ > 0 for all x € [0,h]. Let I(f,z) be a

linear function which interpolates f at the end points O and h. Then

2

15 = 10)lle = '

Proof: Let p(x) = c%. First of all, let us show that for all = € [0, h)

l(f7 x) - f(:U) > l(pv x) —p(a:).

Assume, to the contrary, that there exists xg such that

I(f,z0) — f(xo) < U(p,x0) — p(x0)-

Consider the difference

o(x) = I(f,z) — f(x) = (lp, 2) — p()).

Clearly, we have §(0) = d(h) = 0 and §(zp) < 0. By Rolle’s theorem this implies that there
exist points z1 € [0,20) and 23 € (x0, h] such that §'(z1) < 0 and §'(x2) > 0. Therefore,
there is a point z3 € (z1,x2) such that §"(z3) = —f"(x3) + ¢ > 0, i.e. f’(x3) < ¢ and we
obtain a contradiction with the assumption of the lemma.

Now calculating the maximum of the difference between p(x) and I(p, x) which interpo-
lates p(z) at 0 and h, we obtain the desired estimate. [J

Proof of Lemma 18: To obtain the estimate from below we shall consider an arbitrary
sequence of triangulations {An}3_;.

The following two cases are possible:

max diam(7})

Case 1. L := limsup ————— > 0.
N—oo 1/my
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1
Case 2. maxdiam(T) = o <> when N — oo.
7 my
In the first case for any 0 < € < L there exists a sequence {N}, Ny — oo as k — oo,
. N, N N,
and a sequence of triangles {Tzkk}, T, " € A(D N:), such that
diam (T'%)
——* > L—c
1/ TN,
On every such triangle TZ]:’“ the deviation of the interpolant from the function will be not less
than the deviation of the interpolant from the function on the longest side of the triangle.

Taking into consideration the boundedness away from zero of the second derivative of f in

any direction and using Lemma 20 we obtain that there exists a constant cg such that

If = s(f, Any)|loo = 6

5
my,
Observe that
I = Bl 5 o Nk
=+ m
Nk Nk

Recall that WZL\Q“ — 00 as k — oo, hence,
Nk

If = s( Bxlles

1
N

as k — 0o, so that triangulations satisfying the conditions of Case 1 provide a large error
of interpolation and cannot be asymptotically optimal.

Next, we shall consider Case 2. Let ¢ > 0 be fixed. We shall estimate the sum of the
areas of triangles in the triangulation Ay that have common points with the union of the
boundaries of DZN, i=1,... ,m%v.

The sum of these areas will not exceed

4(my + 1) max diam(TN) = 4(my + 1)o (mlN> =o(1),

as N — oo.

We shall show that under the conditions of Case 2, for all large enough N there is
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a triangle T,L]]Vv in the region D{YV from the triangulation Ay with area greater than (1 —

€) wZ L ~- Indeed, if for some subsequence Ny — oo all triangles in each DZN ,i=1,..., m?\,k,
N

have area that does not exceed (1 — s)ﬁ, then their sum will not exceed
N,

2
m
N

1
N,
z:ni’“(l—s)i2 Ny =1-—e¢.

i=1 My, 1

But this contradicts the fact that the sum of the areas of all triangles that have nonempty
intersection with the union of boundaries DZN *is o(1) as N — oc.

For each such N and iy, set
fN,iN(mvy) AN $2+20ny+BzNy
Observe that

|f — s(f, AN)HLC,O,Q(TZJJVV) > || fniy — S(vins ANz aeryy) =21 = vl q@ -

By Lemma 15, we have

N NYQ(zN N
A > 2 H( ZN’y’LN)Q( ZN’le) 1

1N = sUNines AN g o) 2 373 g —¢).
By definition of nf\]{, we have that for all N large enough
mi

H(xY, yN )92y, y)Y)

N NN N N N Z J 7] REY
H(z}, ,y;0 ) viy) Hz,u) S
2 N = 2
Ny N N1 =)/ H (@, gl )yl )

2
my
= 1_5 Z;,/ Q(],y] >/\/ (z,y)Qz,y)dxdy.

Hence, for all large enough N we obtain

2
/Ny — S(fN,iN?AN)HLOO,Q(TiJIVV) = (1- 5)@ /D VH(z, y)Uz, y)dudy.
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On the other hand

1€2]] 0o 1 £
1f — fN,z'NHLOO,Q(Tg]VV) <|f- fN,z'NHLOO’Q(ngV) < om?, “\omn < NHQHOO

due to the choice of my. Hence, we obtain that for all large enough N

I = 5(. 50l > (1 = 20)z | TG0, g)ody

with some positive constant ¢. Therefore,

liminf Hf_s(f7 AN)HC>079 > 1
W 2Ly VG e, vy

This completes the proof of the lemma. [J

I1.7 Algorithms.

In this section we shall provide an example of an algorithm for the construction of the
asymptotically optimal sequence of triangulations for a spline interpolation. We shall also
discuss the question of optimality of the presented algorithm.

We restrict ourselves to the case of functions with positive Hessian. Algorithms for
functions with negative Hessian can be developed analogously.

There are two main questions in the problem of constructing an algorithm:

1. Given a precision ¢, design an algorithm which provides this precision.
In this section, in particular, we shall show why and in what sense our algorithm is
optimal.

2. Given number N of elements of the parition (or number of measurements), construct

an algorithm, which places these elements in an optimal way, and compute the error.

The answer to this question was already given in Sections I1.4.1-11.4.2 and will be recalled
in this section as well.
To develop an algorithm we have to impose some additional (not too restrictive) smooth-

ness assumptions on the function. Namely, we need to assume that f € C?T%(D), a € (0, 1],
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where

C*t(D) = {f € C*(D) : w(t) < Kst*}, (97)

where Ky is some positive constant and the modulus of continuity w(t) is defined in (28).

Observe that for functions from this class Lemma 1 can be restated as follows.

Lemma 21. Let f € C?>T%(D). If Py(x,y) denotes the quadratic part of Taylor polynomial
for f at the center of a square with side length equal to h, then in this square the following

estimate holds:

24«
e - Pae)l <20, (5) (99

For simplicity we take the weight function Q(z,y) = 1.
Let 6 > 0 and precision € > 0 be given. Taking ¢ in the place of £ in the proof of
Theorem 2, we obtain after carrying out all the necessary constructions and computations

(see, Section I1.4.1) that for all N large enough

. 20 Kf1426
RN ([ Ly, SUAN)) = ] = s(f, A%l < 5 Kp + 75 (99)
where »
Cif =
Ky = —- (/ H(f;%y)mﬁ”dwdy) ’
2 \Up
Given the precision € > 0 we set
26 K142
— —_— pr— ].
N N 1-9¢ (100)
Solving this equation for N we obtain
2K6 + KF +45 — 462 K 2 Kf
N=—2" P =L (14 (—=+2)0)=—(1+kF). 101
2¢(1 —9) € <+<KZ}"+> 6(+ ) (101)
Therefore, we define the number of triangles to be
2K 0+ K7 +46 — 467 . 109
0 2¢(1—9) i (102)
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Next we choose my, which is the linear size (the length of a side) of the initial grid for D.

1
No \ 3+1)
my, = [(43) » ] . (103)

Divide the unit square [0, 1] x [0, 1] into squares with side length equal to L and denote

It is sufficient to take

the resulting squares by DzN 0 j=1,...,m5 No- Next we take the center point (z ( ,yiN %) in
each square DZN 0 and set
N N, N N N No . N
Ai 0= 7fx:1:( ] Ov Y O)’ Bz‘ ° = 7fyy( ; Oa Y 0)7 Cz = fﬂﬂy(xz O’yi D) (104)

and
H(}, y) = H(f;200,y)0) = 4 (ANBN — ()], )0 = (', y™).

Set the number of triangles to be

No(1 — &) H (w0, yNo) 705D
O B O CARY A i=1,..,mk. (105)
mNO

N 2 T
ZH o,yj Bl

Given a number of triangles nZ]-VD for each region DZN Ci=1,..., m?vo, we construct a trian-
gulation of DlN 9 as described in the proof of Lemma 2.
By fn, denote the piecewise quadratic function constructed in the following way. On

DNO we set fn, to be ANO:U2 + ZCNOxy+ BN0 2. Then for i > 1 on DNO \U’ 1DN0 we set
fro(,y) == A02® + 20 0wy + By?

By the choice of Ny we have
N(fa Lpa S?(AN)) <€

and, hence, for the given precision ¢ > 0 we gave an algorithms to construct a sequence
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of triangulations which provides this precision. This algorithm is optimal in the following

sense. In (101) we observed that

K
N~ —(1+4+kd), k>0.
€
If instead we take
K
N~ —(1-15), 1>0,

€

then from the estimate from below (see the proof of Lemma 2) it will follow that for all
N > Ny
R 1-— 075 >
= €>¢€
(1—15) 1=10

RN(f,Lp, S} (AN)) > (1= c7)

et

€

for I > ¢7, and, therefore, we will not obtain the desired precision €. This answers the

question in what sense the described algorithm is optimal.

II.8 Applications to quadrature formulae.

One of the most natural applications of adaptive choice of knots is to design quadrature
formulae which are optimal on the class of functions we consider and exact on a certain
subset of it.

In this section we shall give a rule for computing an integral of an arbitrary function
f € C%(D), such that its Hessian H(f;x,y) is positive and bounded away from zero, with
positive weight Q@ € C(D), and obtain the estimate for the error. For convenience, in this
section we take IV to be the number of vertices.

Any triangulation generates a quadrature formula which is exact on the piecewise linear
functions corresponding to this particular partition. To introduce the formula we shall first
take an asymptotically optimal triangulation A%, constructed in Section I1.4.1 and define

the following functions. Let [ax ; be the linear spline defined on A which interpolates 1

N

at the vertex v;", ¢ = 1,..., N, and interpolates 0 at the rest of vertices. Set

CA*;V’i:/DZARJ(J?,?/)Q(-T,y)dxdy, (106)
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where TV € A% Define the quadrature formula for a function f € C%(D) to be
N
QU AN) = easif(v]). (107)
i=1
Denote by
B 0%) = QU1 05) = [ 1l n)0e s

We have the following estimate:

B(f,A%) = ‘Q(ﬁ s~ | f(x,ym(x,y)dxdy\

N

> easif(v / f (a2, ), y)dzdy

=1

Z </D N CADIUCE y)dfcdy> / f(z,9)Q(z, y)dzdy

N
b (Z L@, 9) F(07)) = f(x,y)> Oz, y)dady
i=1

N
Observe that Z Lnx i@, y) f(v M) is a spline sy (f) which interpolates f at the vertices of

triangulation A . Hence,
E(f, %) < 191/PRy(f, Lp.o, ST (AN))-

Using Theorems 2-4, we can rewrite it in the form

p+1

P

B30 < gl [ (e ™50 00,0 deay )

In cases p = 0o, p =1, and p = 2 we can provide explicit constants due to Lemmas 15, 6,

and 8.
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CHAPTER III
LINEAR SPLINES IN R?

Let D = [0,1)% and f € C?(D). In this chapter we shall give the exact asymptotics of the
uniform error of optimal linear spline interpolation in R%. More precisely, if by Sf’O(A N)
we denote the space of d-dimensional linear splines, then the problem is to investigate the
asymptotic behavior of the optimal error Ry (f, Loo,q, Sf’O(A ~)), where Ay is a simplicial
partition of D.

For the given function f € C%(D) and x € R? define the Hessian

o 0’ f .
H(f;x):=det (axiaxj(x)>, i,j=1,...,d.

The main results of this chapter are in the following two theorems.

Theorem 7. Let f € C?(D), D = [0,1]¢ ¢ R%, and H(f;x) > C* >0 for all x € D. Let

also positive weight function Q(x) € C(D) be given. Then

2 ]. C—) 2/d 1 d %
it N1 = Al < 5 (22) ([ HU0d000tax) " 0y

where ©4 is the density of the thinnest covering of R% by balls of fixed radius, and

/2

RCEEY) (109)

KRq =

is the volume of the unit ball in RY.

Theorem 8. Let f € C?(D), where D = [0,1]¢ C R, and H(f;x) > C+ >0 for allx € D.
Let also positive weight function Q(x) € C(D) be given. Then for any sequence of sets of

points and a corresponding sequence of Delaunay triangulations of D {AN}_, satisfying

1
Ni diam(T) < 110
sup N'd max fam(7') < oo (110)
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we have
2/d 2
hmianiuf—s<f,AN>\|oon1(@d) ( / H(f;xﬁmx)?dx)d, (111)
N—oo0 ’ 2 \ kg D

where Oy is the density of the thinnest covering of R by balls of fized radius, and and kg

is the volume of the unit ball in R?.

After providing the necessary background in Sections IT1.1 —II1.3, in Section I11.4 we give
the upper bound for the asymptotics of the error. To describe the sequence of asymptotically
optimal simplicial partitions we use the thinnest coverings of R% by balls of certain fixed
radius and the corresponding (to centers of balls providing the thinnest covering) Delaunay
triangulations. In Section I11.6 we discuss the lower bound. Since for the cases d = 2,3,4,5
the lattice covering density is known, in I11.8 we restrict ourselves to considering the thinnest
covering only by the lattice arrangements of balls, which enables us to provide explicit

constants in certain cases.

III.1 An estimate for the deviation of the second degree Taylor polynomial

for C? functions defined on [0, 1]¢.

Let us define the modulus of continuity of f € C?(D), D € R?, as

w(f,8) =sup{|f(x) = f(X)]: |x=x|<6, x,x' € DCRY, (112)
where |x| ;= max |z;| for x € R%.
1<i<d
Set
wij(6) = w(frx;,0), i,5=1,...,d,
and
w(0) = s iy (0)) (13)

Lemma 22. Let f € C?(D). If Py(x) denotes the quadratic Taylor polynomial for f at the

center xo of a cube Dy, C D in R? with side length equal to h, then we have the following
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estimate:

|f(x) — Pa(x)| < d—2 <Z>2w <Z> , X €Dy, (114)

where w(t) is defined at (113).

Proof: The Taylor formula for f € C?(D) about point xg € R? with remainder in the

Lagrange form is

f(x) = Pi(x) + Ri(x), (115)
d
where Pj(x) = f(x) + Z fa; (%) (i — 4,) and
i=1
14
Ri(30) = 5 305 fuue, (5 +00x = x0)) i — ) (w; — i), 0€ (0,1).  (116)
i=1 j=1

We add and subtract the term

N

d d
Z Z xﬂ"ﬂ x’io)(xj - xjo)
i=1 j=1

to the right-hand side of (116). Then (115) can be rewritten as

f(x) = Pa(x) + Ra(x), (117)
where 1 Y
PQ(X) 5 Z Z fzixj (X)($2 - xio)(:z:j - xjo)
i=1 j=1
and

d d
= %ZZ fzzm] X+ 0 X X())) — fgcixj (X)) (.TUZ — xio)(xj — xjo)

d d
1
|Ra(x 5 ZZ Jaia; (X +0(X —%0)) = friz; (x)} lz; — @i | |25 — 2|
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In other words, on the cube centered at xg with side length equal to h

Rl < 5 (5 )ii (1 — xa)

Hence, on the d-dimensional cube with side length equal to h we have the following

[f(x) = P(x)] < d; (Z)Qw (Z) : (118)

estimate

ITI.2 Necessary concepts and facts from Discrete and Computational Geome-

try.

Let us introduce the following notation and definitions.

Let D = [0,1]¢ be the unit cube in R?. In this section we shall take N € N to be the
number of vertices in the simplicial partition.

Let F = {F} be a family of sets, and U be a region in the space R?. We say that F'is a
covering of U if U is contained in the union UpcpF of all members of F. If U is the whole
Euclidean space R? then a covering of U is simply called a covering.

If U is a bounded region, then the density O(F|U) of F relative to U is defined as

O(F|U) : ZV (FNU), (119)
FeF

where V(U) denotes the volume of set U. We shall also need concepts of inner and outer

density of F' relative to U:

1
inn ‘= — F ,
O(F|U) 70 FEEZF:CUV( nu)

1
O(F|U )t 1= ——— V(FNU).
(F1U)out = 17 FEF;U;A@ ( )
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Define the lower density to be
©_(F) := lim inf O, (F|B(r)), (120)
where B(r) is a ball of radius r, and the upper density to be

O, (F) :=limsup Oy (F|B(r)). (121)

T—00

If they coincide we call the common value the density of F and denote it by O(F).

The covering density v(K) of a convex body K is defined to be
v(K) :=inf{@_(C) | Cis a covering of R? with congruent copies of K}.

Recall that the lattice is the set of all integer linear combinations of a particular basis of
R?. The lattice arrangement is the set of translates of a given set in R? by all vectors of a

lattice. The lattice covering density vy (K)
v (K) :=inf{®_(C) | Cis a covering of R? with lattice arrangements of K}.

By ©4 denote the density of the thinnest covering of R? by balls of equal radius.

By polytope P we understand the convex hull of a finite set of points. For a d-dimensional
polytope its boundary consists of faces of dimension -1 (the empty set), 0 (vertices), 1
(edges), 2, ..., and d—1 (facets). A d-dimensional simplex is a d-polytope with exactly d+ 1
distinct vertices.

A simplicial complez T in R is a finite nonempty family of simplices in R% such that
1. o0 € I" implies that 7 € " for every face 7 of o;
2. ifo,7 €T and o N7 # () then o N T is a face of both ¢ and 7.

If the body of I' is the polytope P, then we call I' a triangulation of P.
Let S be a finite set of points. Let R(S) be the maximal of all numbers R such that

there exists a ball of radius R centered at a point of D, the interior of which does not
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contain points of the set S. Let r(S) be the smallest of numbers r such that the balls of

radius r centered at points of S cover D.

Lemma 23. (see, for example, [3] )

Proof: Let balls of radius r centered at points of S cover D. Then for any point M € D

in p(M, M) <
Al};uensp( M) <,

where p(M, M},) denotes the Euclidean distance between two points M and M}, in R?, i.e.

R(S) > r(S) is not possible. Therefore,

R(S) < r(S).

On the other hand, by the definition of r(S), for every € > 0 there exists a point My € D
such that

in p(My. M) > r(S) — e.
Ag;lensﬂ( 0, M) > 7(S) —¢

This implies that the ball centered at My with radius r(S) — ¢ does not contain any points

from S. Hence,

R(S) > r(S) — ¢,

and since ¢ is arbitrary we obtain the desired

R(S) > r(S). O

II1.3 Delaunay triangulations in R9.

We shall also need the definition of the Delaunay triangulation (in R?), since it is one of
the tools used for the main construction in this chapter.

Sometimes we will refer to a d-dimensional simplex as a triangle in R%. A triangulation
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Figure 6: Delaunay triangulation in R?

of a set of points in R is a simplicial decomposition of the convex hull of the point set where
the vertices of the tringles are contained in the point set. The Delaunay triangulation of
a set of points in R? is defined (see, for example, [26]) to be the triangulation such that
the circumsphere of every triangle in the triangulation contains no point from the set in
its interior (see Figure 6 for an example of a Delaunay triangulation of a set of points in
R?). Such a triangulation exists for every point set in R%. The triangulation is unique if
the points are in general position. (The set of sites (points) S C R? is said to be in general
position (or is nondegenerate) if no d + 2 points lie on a common d-sphere and no k + 2
points lie on a common k-flat, for k < d.)

In R? Delaunay triangulations have been studied extensively (see, for example, [25,
7]). These triangulations possess many nice optimality properties. In particular, among
all triangulations of a set of points in R?, the Delaunay triangulation lexicographically
maximizes the minimum angle (Lawson), and also lexicographically minimizes the maximum
circumradii.

Recall that in the Introduction we also mentioned the results on the optimality of De-

launay triangulations for the interpolation in L, norm. In three and higher dimension very
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few results are known [26]. Most of the optimality properties of Delaunay triangulations
do not generalize to higher dimensions. However, there is one exception: the Delaunay
triangulation minimizes the maximum radius of a simplex enclosing sphere. Recall that the
enclosing sphere (or Chebyshev sphere) is the smallest sphere containing a simplex. It is

either the circumsphere, or the circumsphere of some face (see Figure 5).

Lemma 24. (Rajan, [43]) The Delaunay triangulation minimizes the maximum radius of

a simplex enclosing sphere (or Chebyshev radius).

To compute the Delaunay triangulation for the given set of points several algorithms
exist. In particular, using the connection with convexity, any (d + 1)-dimensional convex
hull algorithm can be used to compute a d-dimensional Delaunay triangulation. In fact,
randomized incremental and gift-wrapping algorithms which are specialized convex hull
algorithms, can be used.

The randomized incremental algorithm adds sites one by one, updating the Delaunay
triangulation after each addition. The update consists of discovering all Delaunay faces
whose circumspheres contain the new site. These faces are deleted and the empty region is
partitioned into new faces, each of which has the new site as a vertex. An efficient algorithm
requires a good data structure for finding the faces to be deleted. Then the running time is
determined by the total number of faces updates, which depends upon site insertion order.
Running time for the worst-case inputs is O(N[%21), and for inputs chosen uniformly at
random is O(N log N).

The gift-wrapping algorithm is a specialization of the convex-hull gift-wrapping algo-
rithm (or the graph traversal method) to Delaunay triangulations.

For an overview of these basic algorithms and their development see, for example, [26,

23).
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II1.4 History.

Let C1 and C3 be compact convex bodies in R?, ho, and hg, be the corresponding support

functions (see, for example, [29]) on the unit sphere S%~!. Define
01 (C1, C2) = |lhe, — hey oo = sup{|hcy (u) = hoy(u)] : uw € ST (122)

This is called the Hausdorff distance. If C is a convex body with boundary (denoted by
90 of class C? for which the Gaussian curvature K¢ is positive it was shown by Gruber

[29] for d > 3 (for d = 3 this is the result of Fejes Toth, see Section 1.3.2) that

2
1 © d 1
5H(Ca PzJXs) = 5 <]V:d oc KC(X)I/QdU(X)> +o <W) ’ N — o0, (123)

where P}, is an iscribed polytope with NN vertices, Oy is the density of the thinnest covering
of R? by balls of fixed radius, and 4 is the volume of the unit ball in R? as in (109). However,
there is no algorithm to construct a sequence of inscribed polytopes which provides the
asymptotically optimal error.

In general, questions of approximating the convex bodies by polytopes of various types
are of special interest in convex and discrete geometry. In particular, Béroczky [9] obtained
exact asymptotics of the optimal error for approximation of a convex body by general
polytopes, i.e. polytopes that are not necessarily inscribed or circumsrbibed to the body C.

An interesting construction, somewhat similar to ours (presented later) was used by
Gruber to prove a formula similar to (123) in the case of symmetric difference metric
(also called Nikodym metric [29]). However, the obtained constants are maximal only for
ellipsoids.

He considers first the approximation problem for paraboloids. His idea proceeds as
follows. Given a thin covering in R? with balls of different sizes, one may delete balls in
such a way that the remaining balls form a packing where the total volume of the balls of
the packing is not too small. For paraboloids the case of inscribed polytopes corresponds

to Delaunay triangulations in R?. The transition from paraboloids to the convex body C' is

achieved by a version of Blaschke’s “Schiittelung” (shaking) operator; best approximating
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Table 2: Previously known results in R?

’ Author(s) \ Class Result Norm \ Const \ Weight \ Algor. ‘
Dudley (1974) convex up. bound | Hausd. | no no no
Bronstein-Ivanov (’75) convex up. bound | Hausd. | no no no
Betke-Wills(’79) convex up. bound | Hausd. | no no no
Schneider-Wieacker (’81) | f € C, K > 0 | asympt. Hausd. | sharp | no no
Gruber (792) feC? K >0 | asympt. Hausd. | sharp | no no
Chen (’04) feC? K >0 | order p no no no

polytopes of paraboloids are transformed into polytopes which well approximate C locally

and vice versa.

IT1.5 Linear interpolation of quadratic functions.

Let the domain be the d-dimensional unit cube D = [0,1]¢ c R

Let Pld be a set of linear polynomials in d variables. In this chapter let N be the
number of vertices of a simplicial partition, or simply partitions, rather than the number of
simplicies in a partition.

Given a triangulation Ay of D define the space ST(Ay) of d-dimensional lincar splines
to be

Sf’O(AN) = {f €eC(D):Vi=1,.,N 3 pe P! st. f|r, :p|Ti}.

Let s(f, An) denote the spline from Sf’O(AN) which interpolates the function f € C'(D)
at the vertices of the triangulation Ap.
Let f € C%(D) and number of vertices N € N be fixed. Let My be a system of N points

in the cube D that contains the vertices of D. Define

RS, M) = inf £ = s(f, 5) | (121)

75



and

Ry (f) = inf R(f, My). (125)

A sequence {A}}J_; of simplicial partitions of D is called asymptotically optimal if

= s(f A0l
Jim 0 =1. (126)

The goal of this chapter is to investigate the asymptotic behavior of Ry(f) as N — oo and
to describe those sequences of simplicial partitions that provide exact asymptotics of the

error.
d
Lemma 25. The uniform error of linear interpolation of the quadratic form Z Aia:? on a

i=1
simplex T is equal to the square of the Chebyshev radius of this simplex in the norm

(127)

Proof: Let x be the Chebyshev center, and R4 be the Chebyshev radius of the simplex

T in the norm (127). The uniform error of linear interpolation on 7" of the given quadratic

d
form Z A;z? and of the form
i=1

d
R?L‘ — ZAZ(xz — .f,')Q (128)
=1

coincide. The value of the form (128) at the point x is equal to Ri. The values of it at the
vertices of the simplex T' ( since they belong to the ball B(X, R4) in the norm (127)) are
nonnegative. Therefore, the values of the interpolant on the whole simplex are nonnegative.
Hence, at every point of T" the error does not exceed R124.

On the other hand, for the Chebyshev center x there exists a face of a simplex (can be
the whole simplex T") that has all its vertices on the sphere S(x, R4). Therefore, the values

of the interpolant at X is zero. [J

Lemma 26. For every € > 0 there exist numbers Ny and | such that for all k > Ny there

exists a simplicial partition {Ti}f:l of the cube P such that every simplex is contained in a
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ball of radius

@dV[P]>d (129)

< (1

e < (1+¢) ( kriql
where O is the density of the thinnest covering of R by balls of equal radius, and kq is the
volume of the unit ball in R? as in (109).

Moreover, the number of vertices in the partition satisfies
N(k,No) < (1 +¢)%kl®.

Proof: Let € > 0 and [ be fixed. We shall divide P into ¢ of equal cubes. It follows
from the Theorem 1.10 of [45] that there exists Ng = Ny(e) such that for all £ > Ny some
system of balls B = {b; + B }le, b; € P, of shifts of the ball B centered at the origin and
of radius rj, will cover one of the cubes of the partition with the volume [¢. In this case, we

have

To construct the needed partition {T;}%_; let us consider the system of balls {% + b; + B},
where s € Z% and i = 1,...,k. We shall take the projections of the centers of those balls
that cover P on (d — 1)-dimensional faces of P. Clearly, there will be k2dl~! projections.
Let Vi be the set of those centers of the balls of the system that belong to P, obtained
projections, and vertices of the cube. It is easy to see that the number of elements in Vj
will not exceed

k% + 2dki® + 2°.

Using the empty ball method (see, for example, [18]) it is easy to see that there exists a
simplicial partition of P (in fact, it is going to be exactly the Delaunay triangulation of V)
with vertices at the points from V}, (and only them) such that every simplex is contained
in the ball of radius ry.

If we now chose [ from the condition

d

20 2 .
1+7+ﬁ<(1+€)
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we obtain the desired partition {7}}%_;. The lemma is proved. O

d

Lemma 27. For the quadratic function Q(x) = ZAN%Z on a parallelepiped P with sides
i=1

parallel to coordinate axes and volume V[P] the uniform error of linear interpolation Ry (Q)

on P satisfies

2
PIVH\*
liminf N Ry (Q) = <W> : (130)
N—oo Kd
d
where H = H A;.
i=1
d
Proof: For the given quadratic form Q(x) = Z A;x? let us consider a linear transfor-
i=1
mation F' such that
d
(QoF)(w) =) u;. (131)
i=1
In other words,
uq Ug
Flu) = ——,...,—L). 132
W = (e ) (132
Observe that the determinant of the inverse of this transformation is
det(F~1) = (133)
Let us consider the parallelepiped F'~!(P) with the volume
VIF~YP)] = V[P]det(F). (134)
Let us also define the radius R to be such that
NkqRY ~ ©,V[F~Y(P)]. (135)

More rigorously, from Lemma 26 it follows that for every ¢ > 0 there exists a subsequence

{Ni}32, and the corresponding sequence {Ry, }7°; of radii such that

@dV[F_I(P)]>1/d. (136)

Ry, < (1+¢) < N
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Let us take the thinnest covering of R? by balls of radius Rpy,. The set of centers of these
balls that fall into the parallelepiped F~!(P), their projections on the (d — 1) faces, and
vertices of F~1(P), we denote by F~1(My,).

By Lemma 26 there exists a simplicial partition Ty, = {T;}% of F~!(P) such that
the uniform error of linear interpolation of @ o F' on any simplex of (and, therefore, on the

whole F~1(P)) satisfies

(137)

®dV[F‘1(P)]>2/d
Nikg '

Ry, (Qo F) < (11 ¢)? (

Note that the uniform error will not change under the linear transformation F. Hence, the
uniform error of linear interpolation of Q on F(F~!(P)) = P is also equal to (137). In

other words, we found a sequence of simplicial partitions {F(7;)}:°; on which

(138)

Kd

2

liminf N4 Ry (Q) < (1+¢) (W) B

and because € > 0 is arbitrary, the estimate from above in the lemma is proved.
Observe also that the image of the thinnest covering by balls of radius R under linear

transformation F' becomes the thinnest covering of R? by “ellipsoids” (the density ©4 will

be the same, see Theorem 1.9 in [45]).

Let us show now that in fact for all large enough N we have

liminf NaRn(Q) > (1 — ¢)

N—oo Rd

<@dV[PWE)3

Observe that a ball in the norm defined in (127) is in fact an ellipsoid in the usual
Euclidean (l2) norm.

If in Lemma 23 we use the distance function defined by
p(u,v) = lu—-v|, uveR? (139)

where || - || is as in (127), then the statement of the lemma will hold for radii of the balls in

the new norm, i.e. if Vi, is the set of centers obtained from the thinnest covering by balls
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in the new metric than

T(VN;C) = R<VNk)‘

It is not hard to see that for all Nj large enough

oV PIVA "
r(Vn,) = <M> )

since otherwise we would have for some § > 0, N, and T’ Ni, that

Nkor(VNkO )d

SV PV S (1-6)O.

This implies that there exists a covering of R? with equal balls with the density less than

©,4 which contradicts the definition of ©4. [

I11.6 Error of linear interpolation of C? functions defined on [0,1]?. Estimate

from above.

Proof of Theorem 7: For the fixed € € (0,1) and for every N we define

_ 21N (1 €
my ::m1n{m>0: 2<2m) w<2m><N§}7 (140)

where w(9) is the function defined in (113).
Observe that, clearly, for my defined in (140) it is true that my — oo as N — oo. In
addition,
Ni

2
my

— 00, N — o0, (141)

ie. my = O(N%) as N — oo. Indeed, by the definition of my for all large enough N we

have
Ni 8 (my— 1) 1 L < 1 )
m% 2 m% w(z(m;— )) 8 (my —1)2 2(my — 1)
8 . 2
_6—(mN D) 1 — 00, as N — o0,
d? m?\, w 1
2(mpy—1)
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2
since (mygi;l) — 1 and w <m> — 0 as N — oo. Hence, (141) is proved.

Divide the unit cube D into cubes with side length equal to miN and denote the resulting

cubes by DZN, l=1,... ,m‘}v. Next we take the center point fo in each cube DZN and set
Ni_ L Pf N _ d
Ai,j —§W(Xl ), Z,]—l,...,d, l—l,...,mN.
Set also
H(x)) := det Ot (x) i,j=1 d, 1=1
l . (’“)xﬁx] 1 ) ’ ’ s Wy 3
Set _ :
1 d
N(1—e)H(xM)2QxN)2
o | VU ZHOEODN | oy (142
myy i .
> H)Qx})?
L J=1 i
We find n{v by minimizing the overall error on D.
Set the radius )
e} a
RY = <Ndd> ,ol=1,...,m%. (143)

Kany' m$;

Let us consider the thinnest covering of the space R? by balls of radius RlN and system

of points which are centers of this balls. Next we shall take the Delaunay triangulation A

of this system of points.

As we mentioned before, to compute the d-dimensional Delaunay triangulation one

can use any (d + 1)-dimensional convex hull algorithm. For example, either randomized

incremental or “gift-wrapping” algorithms can be used (for detailed description see, for

example, [26], pp. 516-518).

Recall that by Lemma 24 this triangulation has the following property: it has the small-

est maximum of Chebyshev radii of the obtained simplices among all possible triangulations

of VZN.

Given a positive definite quadratic form

d d
QN (x) =D A wpa;,

k=1 j=1
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consider the corresponding to this form orthogonal transformation Flj\é which
d
N,
FY QM) — AN 1=1, . md,
i=1

where /\f»v’l, i =1,...,d are the eigenvalues of the form Q1" (x); and the linear transformation

Fyy of the form (132) which

d d
N . E 2 § : 2 _ d
F2,l . Ale — fl:,i, l—l,,mN
i=1 i=1

Taking the partition ((Fﬁ)_1 o (Fﬁ)_l)A we construct the desired partition A% (D) of
DY in the following way. If the intersection of ((F 1]?;)*1 o (Fﬁ)*l)ﬁ and DY is a simplex we
include it in An (D). If the intersection of ((Ff\?)_l o (FQJ\;)_I)A and DY is a nonsimplex
we subdivide it without adding new vertices and resulting simplices include in A N(DZN ).

We finally obtain the needed partition of D by gluing together partitions of each DZN
without adding new vertices. Denote by A% the partition of D obtained in this way.

Because of (143) and because, clearly, there will be only o(/N) vertices on the boundary,
the total number of vertices in A}, is asymptotically N.

Recall that by Lemma 27 the error of linear interpolation of the quadratic form Q{V on

2
O4y/det AN\
liminf N Ry (QF) = Bl e A I

/idn{\f mﬁl\,

DlN satisfies

Let fn denote the piecewise quadratic function constructed in the following way. On

DY we set fn to be Q¥ (x). Then for I > 1 on DN\ Ué;lle-V we set
fn(x) = QY ().

As before, we have

If = s(fi AN) oo, < 2|[f = [Nlloo,2 + [N — s(fv, AN) |00
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By Lemma 22 and definition (140) of my

@2 (h\? [Rh\ _ €]
_ < — | = — | < .
Hf fN”oo,Q > ”QHoo 5 <2> w <2> > N%

Let us take a simplex TY € An(D}) that does not have common points with the

boundary of DZN . By Lemma 27, for every x € DZN we have

2/d
. 1 [ Oay/H(x") N
Kam$n;

By the definition of nfv, for all large enough N, for all I =1,..., mj‘lv, and for all x € TlN,

we have

mjiv d
2 HxN)20(x)2
1 (QaJHEN)\ 14 JZ; b))
[fn() = s(fv, Axix)| < 5 5 ) | Q).
N5 N5
2 Kd my | N(1 - e)H(xN)20Q(xN)?

Simplifying the last expression and taking into consideration that this estimate does not

depend on x, we obtain that

[SYIN)

d

2
@d d 1+€ X Ny 1 d
E H(xN20(xN) 5
(KdN(l _€)> m?\[ =~ (Xj ) (X] )

—_

Ifn = s(fv; ANl <

2

Note that since H(x) is Riemann integrable

v

ma d mé 2

1 i 1 d 1 X 1 d 1 d d

o d H(x{)zQ(x}))z | = mﬁE H(x}))z2Q(x))2 —></ H(f;X)QQ(X)QdX)
N \ j=1 N j=1 D

(144)

as N — oo. Hence, for all N large enough we obtain

Ifn = s(fvs AN ) llson < % (ng]\f?ld—a))Z (1+ 2¢) (/D H(f;x)%sz(xﬁdx)i.
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Therefore,

Q 00 ) % 1 d d
I = 5(£, 83)loon < 0o 4 2 (Wf_g)) (14 22) (/D H(f;x>2sz<x>2dx> |

Because € > 0 is arbitrary, we obtain the desired estimate. [J

I11.7 Error of linear interpolation of C? functions defined on [0,1]?. Estimate

from below.

Let my. n, DY etc. be as defined in the previous section.

The proof of Theorem 8: Let us consider an arbitrary sequence {/An} of simplicial
partitions of D which satisfies (110). Recall that the notation Ay means that the partition
has N vertices. As before, by v(Ax) denote the set of all vertices of the simplicial partition
AN.

Since the total number of vertices is NV there exists an index lp such that the number n,

of vertices in the cube whose center coincides with the center of D%O but the side length is

1=2¢ gatisfies
mn l ;
N(1+e)H(x))2Q(x}))2 (145)

For the radius of the covering by balls with the centers at these n;, vertices we have for all

N large enough

1
O4H(xM)2\ "1
TN>< d (Xlo)Q) l—e (146)

my
Therefore, the error on a simplex from this region, and, hence, on the whole region will be

not less than

V]

OuH(xM)2Q(xN)5\ ? (1 )2
| fv — S(fN,A}k\[)HLoo’Q(Dy]ylo) > %T?VQ(XZJX) > % ( aH (x;,)2Q(x;,) (1—¢)

2
KdNi, my
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ISYIN)

d

1 gmN 1 d

OaH (x)2Q(x)2 Y " H(x))?Q(x})?
i=1

> 1 J (1-¢)?
— 1 2
2 kaN(1+ ) H(x)2Q(x])? my
2
m‘]iv d

C1(1—e)? [Og\4 1 1 NoEo, Nd

2
1/04\% [1-2\% 1 1 1 a
> =2

2( > <1+6> N2/d <m?V/DH(X)QQ(X)2

Hence for all N large enough we have

o 1 (1—2€¢\?
If = s(fws DNl 2 5 < d) N2/d (Hj) (mN/ o

In addition, recall that by Lemma 22 and definition (140) of my we have

QU
»
N——
SHIN

M\»—l

2
d
d>.

d2 h h || oo

Hence,

If = s(fi AN |Leca = 1Ny = SUNins AN Lo = 211 = fNin Lo

2
d
2dx) ,

Since € > 0 is arbitrary, we obtain the statement of the theorem. [

l\’)\»—t

> 5020 (%) s (g oot

where ¢ is some positive constant.

IT1.8 Locally lattice-like systems of points.

Particularly nice, explicit construction of an asymptotically optimal sequence of partitions

can be given in the case when centers of the balls from the thinnest covering are arranged

in a lattice.

Let the sequence {My} of sets of N points be given. We say that this system is

85



asymptotically locally lattice-like if there exists a sequence {ay} (any = o(IN)) such that for

each N there are oy of lattices )\év and

aN

D #(My 0 AY) = (14 0(1))N.

k=1

By M denote the collection of all such sets, and by A%‘ the set of all possible simplicial
partitions of set of point from M with N elements.

Define

R (f) = b 1 = s(f, 85l

If we consider the question of asymptotic behavior of Rl]\}( f) as N — oo, we shall arrive to
results similar to Theorems 7 and 8. However, instead of density ©4, the lattice covering
density (denote it by vy, (B%)) will appear in the constant. Therefore, we obtain the following

result.

Theorem 9. Let f € C?(D), D =[0,1]¢ ¢ R?, and H(f;x) > C* >0 for all x € D. Let
also positive weight function Q(x) € C(D) be given. Then there exist a sequence of sets of

points and a sequence of triangulations {A%'}%’:l such that

R = (Lfd))/d (f H(f;X)éﬁ(X)ng)Z vo(sma). 0

where v, (B?) is the lattice covering density of R by balls of fived radius, and

d/2

Kg = —5——
I'(¢+1)

is the volume of the unit ball in RY.

The exact value of vy (BY) is known for d = 2,3,4,5 (see Table 3, [26]).

For d > 6 only the upper estimate for the vz,(B¢) is known:
v, (BY) < ed(In d)'os2 V2e,

with some suitable constant c¢. This estimate was proved by Rogers [45].
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Table 3: Known values of lattice covering density

Dim | v, (BY) | Author

2 32% Kershner

3 5‘2/;;7’” Bambah

4 % Delaunay and Ryshkov

5 % Baranovskii and Ryshkov

Coxeter, Few, and Rogers ( [45], Theorem 8.1) proved a dual counterpart to Roger’s
bound:

UL(Bd) > U(Bd) > T4,

where 74 is the ratio between the total volume of the intersection of d + 1 unit balls with

the regular simplex of edge /2(d + 1)/d if their centers lie at the vertices of the simplex,

and the volume of the simplex. Asymptotically,

Td =X — -
d= 2372
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CHAPTER IV

BILINEAR SPLINES IN R2

In this chapter we shall consider the question of near interpolation of a bivariate C? func-
tion by bilinear spline surface. As for the linear splines in the previous chapters we shall
investigate the asymptotics of the error (in Lj, L2, and Lo, norms) of near interpolation
and consider sequences of rectangular partitions which provide this error.

The only other work known to us in the direction of analysis of the asymptotic behav-
ior of the optimal error in the case of bilinear interpolation at the points associated with
a rectangle is due to D’Azevedo [15]. In the case of the uniform error he locally com-
pared the errors of interpolation by linear splines over triangles and by bilinear splines over

quadrilaterals.

IV.1 Notation and Definitions.

Let the domain D be the unit square D = [0,1]2. Let f € C?(D). Define

H(f;x,y) = (fxxfyy)(may) (148)

By Oy = {Ri}i]il we denote any rectangular partition of the set D consisting of N
elements with sides parallel to the coordinate axis (see Figure 7 for a typical partition).

Let P, be the set of bilinear polynomials

p(z,y) =azy+br+cy+d, a,b,c,deR.

Given a partition Oy (D) define the space BSY(Oy) of bilinear splines to be

BSY(Oy):={fecC(D):Vi=1,..,N 3 pe Py s.t. flr, =plr,}-

Note that the bilinear spline s(f,dy) is uniquely defined by its values at the vertices of
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Figure 7: Type of meshes we use for bilinear near interpolation (before subdivision)

the rectangular partition.

Let s(f,0x) € BSY(Oy) denote a spline which interpolates the function f at all vertices
of the partition [y except for o(IN) of them.

Now let f € C%(D) and the number of rectangles N € N be fixed. Define the error
of optimal interpolation of the function f by the continuous piecewise bilinear function

s(f,0y) € BSY(Oy) to be
BN (f, Lpa, BSI(O)) = mf[|f = s(£,0n) s, (149)

where inf is taken over all rectangular partitions of D containing N rectangles. The
main goal of this chapter is to investigate the asymptotic behaviour of the optimal error

RN (f, Lo, BSY(Oyn)). The main theorems of this chapter are the following.
Theorem 10. Let f € C%(D) and |H(f;z,y)] > Ct > 0 for all (z,y) € D. Let also
positive continuous weight function Q(z,y) be given. Then for any 1 < p < oo

ptl

M*
limsup N[ = s(£,0n)p0 < —2- </ |H(f;x,y)|2<p‘11>9(x,y)pi1dxdy> T (150)
D

—0Q
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where
L,, — error of bilinear interpolation of > +y> on R

M7T = min
p 1
R |R|1+P

(151)
Theorem 11. Let f € C%*(D) and |H(f;z,y)] > C* > 0 for all (x,y) € D. Let also

positive continuous weight function Q(xz,y) be given. Then for any 1 < p < oo and for any

sequence {0 }3_, of rectangular partitions with sides parallel to the coordinate azes which

satisfies
sup VN max diamR < co (152)
N Rely
we have
M » s %f
liminf N||f — s(f,0On)|po > —2 </ ]H(f;x,y)]%pﬂ)Q(x,y)ﬁldxdy) , (153)
N—o0 ’ 2 D
where
Mi — min L, — error of bilinear interpolation of z* £ y* on rectangle R' (154)

1

In the case of the uniform norm a similar theorem can be proved.

This theorem is a particular case of Theorem 77 in Chapter V, so we will not present a
separate proof of it.

The main idea of the proofs (estimate from above) of these theorems is similar to the

idea of proofs of corresponding statements for linear splines on R? and proceeds as follows.

1. Divide D into a number m?v (which is small in comparison with N) of equal subregions
DlN . On each DZN instead of f we consider the quadratic part of its Taylor polynomial

Py ; taken at the center of DZN .

2. To find an appropriate partition of DZN we shall use rectangles R which solve the

following extremal problem:

L, — error of bilinear interpolation of Py ; on rectangleRR

(R

— min. (155)

N

Moreover, we choose the size of these rectangles in such a way that their number n;
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my
is such that the sum anv is approximately N, and the errors of interpolation on
i=1
each DZ-N are approximately equal.
3. We obtain the final partition of D by “gluing” together partitions of each region DN

possibly subdividing (without adding new vertices) rectangles which have nonempty

intersection with the boundary U;0DYN.

The chapter is organized as follows. Sections IV.4.1-1V.4.3 solve the optimization prob-
lem (155) for functions Az? + By? in the cases p = 00, 1,2, respectively. Sections IV.5.1-
IV.5.3 solve the optimization problem (155) for functions Az? — By? in the cases p = o0, 1, 2,
respectively. Section IV.6 is devoted to the obtaining the estimate from above for the error

Rn(f,Lpq). Section IV.7 is devoted to the obtaining the estimate from below for the error

RN(f7 Lp,Q)'

IV.2 Two approaches: near interpolation and near continuity.
For bilinear splines there are two approaches, depending on the problem.

1. If we take the “near continuity” approach, the result will be an interpolating spline

which is discontinuous on o(V) elements of a partition.

In this case on every rectangle we take an interpolating spline and define it to be 0
outside of the rectangle. Taking thier average gives the interpolating but discontinuous

bilinear spline.

2. In contrast to this, the “near interpolation” approach will provide a continuous spline

which interpolates the original function at all but o(IN) vertices.

In this case, the idea is to take a coarse partition of a square (domain), put a regular
lattice on each region, refine “boundary elements”, and interpolate not the original
function but the spline already defined there. This way we gain continuity of the
approximant but interpolate in all but o(NN) vertices. In this case we do have to
introduce some restrictions on the rectangular partitions we work with (not to have

to refine all of them).
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Both methods provide asymptotically optimal error. So the difference is which we want:
continuity or interpolation.
We shall demonstrate the first approach in the case of bilinear splines, and the second

one in the case of biquadratic splines.

IV.3 Solution of the interpolation problem.

The fact that the problem of interpolation at four knots P;, i = 1,2, 3,4, of the rectangular
lattice is equivalent to the fact that there is no bilinear polynomial that takes zero values
at these knots.

Let us assume that such a polynomial p(z,y) exists, i.e.

p(xi,y) =0, i=1,23,4. (156)

Solving the equation

axiy; +bx; +cy; +d =0

for y;, we obtain

yi:_d—Fb{L‘i (157)

c+az;

This implies that the polynomial P(z,) annihilates at the points (z;, y;) if and only if (157)
holds, i.e. these points lie on the hyperbola. However, we consider only rectangular lattices

with sides parallel to the coordinate axis. Therefore, (157) is not possible.

IV.4 Interpolation of quadratic functions Az? + By? with AB > 0 by bilinear

splines.

Let the quadratic form

Q(z,y) = Az® + By? (158)

with AB > 0 be given. Observe that for interpolation by bilinear splines it is enough to
consider quadratic functions of type (158), without the term ”zy”.

First of all, observe that the error of interpolation of quadratic functions on a rectangle

92



does not depend on a shift of this rectangle. More precisely, we prove the following simple
statement.

Lemma 28. For the given quadratic function
Q(z,y) = Az® + By’ (159)

and an arbitrary rectangle R, the error (in any L, norm) of bilinear interpolation on R and

HR, where HR is obtained from R by the linear transformation
H: 2/=x+a, v=y+b, (160)

is the same.

Proof: In the new coordinates function (159) has the form
Q',y) = A(e’ —a)* + B(y' = b)* = A()’ + B(y)* + L(2" 9/, (161)

where L(2',y') = —2Aax’ + Aa® — 2Bby’ + Bb? is a linear function and, hence, can be
regarded as a part of an interpolant.

Since coefficients next to terms containing x and 2/, y and 3’ are the same, the errors
of interpolation by bilinear splines on R and H R are the same in any metric. [

We shall need a solution to the following extremal problem : minimize the ratio

L, — error of interpolation of Q(z,y) on R

(B

(162)

The solution to this problem in the case of Q(z,y) with AB > 0 will be given in Section
IV.4.1 (case of uniform norm), Section IV.4.2 (case of L1 norm), and Section IV.4.3 (case

of Ly norm).
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IV.4.1 The uniform norm.

Let T r(x,y) denote the bilinear spline which interpolates the quadratic function Q(z,y)

at the vertices of the rectangle R. Set also

dQ,R,oo = max ’Q(‘Ta y) - TQ,R(‘T7 y)’a (163)
(z,y)ER

and let |R| denote the area of the rectangle R. The problem is to characterize those

rectangles R for which

dQ,R,oo
|R|

— min, (164)

and find the minimum of this ratio.

By Lemma 28, it is enough to consider the error of interpolation on the symmetric
rectangle R = [—hy, h1] x [—ha, ha] centered at the origin, since any other rectangle can be
brought to this by a linear transformation (shift).

The following lemma gives the answer to problem (164).

Lemma 29. Let the quadratic form
Q(z,y) = Az® + By’
with AB > 0 be given. For an arbitrary rectangle R = [—hq, h1] X [—ha, ha] we have

dQRoo 1
—— > —v/AB. 165
=2 1o

Moreover, equality is obtained for rectangles with \/Ahy = v/Bhs and only for them.

Proof: Obviously, the interpolant to the function Q(x,y) on the rectangle R is a con-
stant equal to

To.r(z,y) = Ah% + Bh%.

In addition, note that the error in the uniform norm on the rectangle R is the same as the

error on [0, ha] X [0, hy].
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Denote the difference between function Q(z,y) and interpolant Ty g(z,y) by
§(z,y) := Az® + By*> — Ah? — Bh3. (166)

Clearly, the point (0,0) is a critical point of this function. The value of difference (166) at
this point is

5(0,0) = Ah? + Bh3.

In addition, observe that on the boundary of [0, he] x [0, h1] we have
§(z,hy) = Az® — Ah?, and 6(hy,y) = By? — Bh3
and, hence, the maximal values are
16(0, ho)| = Ah? and |6(hy,0)| = Bh3.

Therefore, in the case of the uniform norm extremal problem (164) can be rewritten as
follows. Find
d := min max{Ah? + Bh3, Ah?, Bh3} (167)

R1,ho
under the condition that the area of rectangle [0, hq] x [0, hs] is fixed, i.e. hihe = S. It is
easy to see that this minimum will be attained when V/Ahy = V/Bhsy. From this fact and
from the condition h1ho = S we can find h; and hs:

hy = <i>1/4 VS, hg= <2>1/4 VS. (168)

Plugging this back into the expression for the error (167) gives the minimal value for the

error over the rectangle of area S:

d=2VABS.

Therefore, for the error on the whole R (recall that |R| = 45) we have

dQRoo 1
—— = - AB 169
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which gives the solution to problem (164) and completes the proof of the lemma. O

Remark. The previous lemma gives

1
M = 3 (170)

IV.4.2 The L norm.

Let again Tg r(x,y) denote the bilinear spline which interpolates the quadratic function

Q(x,y) at the vertices of the rectangle R. Let also

dg,Rr1 ::/R/]Q(:c,y)—TQR(:c,y)]dxdy, (171)

and let |R| denote the area of the rectangle R. According to (162) for p = 1, the problem

is to characterize those rectangles R which minimize the ratio

dQ,r,1
|R|?

— min, (172)

and find the minimum of it.

The following lemma gives the answer to this problem. Clearly, it is enough to consider
the error of interpolation on the symmetric rectangle R = [—hy, hi] X [—ha, ha] centered
at the origin, since any other rectangle can be brought to this by a linear transformation

(shift).

Lemma 30. Let the quadratic form

Q(z,y) = Az* + By?

with AB > 0 be given. For an arbitrary rectangle R = [—h1, h1] X [—ha, ha] we have

dQRl 1
- > —VAB. 173
AN 1

Moreover, equality is obtained for rectangles with \/Ahy = \/Bhs and only for them.

Proof: As we already mentioned, the interpolant on the rectangle R is a constant equal
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to

Tor(z,y) = Ah% + Bh%.

In the L; case, extremal problem (172) can be rewritten as follows: Find

h1 ho
d := min / / |Az® + By* — Ahi — Bh3| dxdy (174)
hiha Jo o Jo

under the condition that the area of the rectangle [0, 1] x [0, ho| is fixed, i.e. hihg = S.

We have
]’Ll h2 hl h2
/ / |Az? + By* — Ah? — Bh3|dzdy = / / (Ah? + Bh — Az® — By?)dxdy
0 0 0 0

2
= g(Ah% + Bh23)hyhs.

Hence, we have to minimize the function %(Ah% + Bh%)hl ho under the condition hihg = S.
Using the method of Lagrange multipliers we obtain that the minimum is attained for

V/Ahy = V/Bhsy. From here and condition hihy = S we can find hy and hs:

by — @)/ U5, <g>/ /3

Plugging this back into the expression for the error gives the minimal value for the error

over the rectangle of area S:

d= %\/ABSQ.

Note that |R| = 4S. Therefore, for the error on the whole R we have

dt 1
Q7R _

which gives solution to (172) and completes the proof of the lemma. O

Remark. The previous lemma provides

1
M = 3 (176)
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IV.4.3 The Ly norm.

Let again T gr(z,y) denote the bilinear spline which interpolates quadratic function Q(z,y)

at the vertices of the rectangle R. Let also

dwm=é/@%w—%ﬂ%w%w, (177)

and let |R| denote the area of the rectangle R. The problem is to characterize those

rectangles R which minimize the ratio

, (178)

and find the minimum of it.
The following lemma gives the answer to this problem (again it is enough to consider
the error of interpolation on the symmetric rectangle R = [—hq, hi] X [—ha, ho] centered at

the origin).

Lemma 31. Let the quadratic form

Q(z,y) = Az* + By?

with AB > 0 be given. For an arbitrary rectangle R = [—hy, h1] X [—ha, ha] we have

dg.r2 11
BN L NIY:) |
Rz =\ 90 (179)

Moreover, equality is obtained for rectangles with \/Ahy = v/Bhy and only for them.

Proof: As we mentioned before, the interpolant on the rectangle R is a constant equal
to

To.r(x,y) = AW? + BIS.

In the case of Ly norm, extremal problem (178) can be rewritten as follows. Find

h1 ho
d? = }?111512 /0 /0 (Az® + By? — Ah} — Bh§)2 dzdy (180)
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under the condition that the area of rectangle [0, h1] x [0, ho] is fixed, i.e. hihy = S. We

have
hy o rha 2 8 8 8
/0 /0 (A2 + By® — Ahi — Bh3)" dzdy = hihs <1532h3 + §ABh§h§ - 15A2h§1> .

Hence, we have to minimize the function

8 8 8
hihe | —=B?h3 + —~ABRIh3 + — A%h}
1ha (15 2Ty 1 + 1A
under the condition hihe = S. Considering the corresponding Lagrangian and partial

derivatives with respect to hy and ho, we obtain that the minimum is attained for VA =
V/Bhs. From here and condition h1hy = S we can find hy and he:

by = <§>1/4 VB, hy= (;‘)M /3

Plugging this back into the expression for the error gives the minimal value for the error

over the rectangle of area S:
88

d?> = —ABS3.
45

Therefore, for the error on the whole R (recall that |R| = 45) we have

dg.r2 11

—~ =4/ —VAB 181
|R|3/2 90 (181)
which gives solution to (178) and completes the proof of the lemma. O

Remark. The previous lemma gives

11
M = TR (182)
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IV.5 Interpolation of quadratic functions Az?> — By? with AB > 0 by bilinear

splines.

IV.5.1 The L -norm.

Let Tg r(x,y) denote the bilinear spline which interpolates the quadratic function Q(z,y)

at the vertices of the rectangle R. Set also

dQ,R,oo = max ’Q(l',y) - TQ,R(xay)’7 (183)
(z,y)ER

and let |R| denote the area of the rectangle R. The problem is to characterize those

rectangles R which minimize the ratio

dQ,R,%

— min, (184)

and find the minimum of it.

By Lemma 28, it is enough to consider the error of interpolation on the symmetric
rectangle R = [—hy, h1] X [—hg, ha] centered at the origin, since any other rectangle can be
brought to this one by a linear transformation (shift).

The following lemma gives the answer to problem (184).

Lemma 32. Let the quadratic form

Q(z,y) = Az* — By?

with AB > 0 be given. For an arbitrary rectangle R = [—h1, h1] X [—ha, ha] we have

dQRoo 1
fos 2 \/AB. 185
CRRE )

Moreover, equality is obtained for rectangles with \/Ahy = v/Bhs and only for them.

Proof: Obviously, the interpolant to the function Q(x,y) on a rectangle R is a constant
equal to

Tor(z,y) = Ah% — Bh%.
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Observe that the error in the uniform norm on R is the same as the error on [0, ko] X [0, hq].

Denote the difference between the function Q(z,y) and the interpolant T r(x,y) by
§(z,y) := Az? — By*> — Ah? + Bh3. (186)

Clearly, the point (0,0) is a critical point of this function. The value of the difference (186)
at this point is
6(0,0)] = | AT — Bh3)|.

Also observe that on the boundary of [0, ha] x [0, h;] we have
8(z,hy) = Az® — AR}, and 6(hy,y) = By? — Bh3
and, hence, maximal values are
16(0,he)| = Ah? and [6(hq,0)| = Bh3.

Therefore, in the case of uniform norm the extremal problem (164) can be rewritten as
follows. Find

d := min max{|Ah? — Bh3|, Ah?, Bh3} (187)
1,12

under the condition that the area of rectangle [0, hi] x [0, ho] is fixed, i.e. hihe = S. It
is easy to see that this minimum will be attained when \/Zhl = \/Ehg. From here and
condition h1he = S we can find h; and hs:

by = (i)m VB, hy= (g)m /3

Plugging this back into the expression for the error gives the minimal value for the error

over the rectangle of area S:

d=VABS.
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Therefore, for the error on the whole R we have

dg. R0 1
—— = -VAB 188

which gives the solution to (184) and completes the proof of the lemma. [

Remark. The previous lemma gives
M =-. (189)

IV.5.2 The L;-norm.

Let Tg,r(z,y) denote the bilinear spline which interpolates quadratic function Q(z,y) at

the vertices of the rectangle R. Let also

dQ,R,l = /R/ |Q($7y) - TQ’R(I‘,y”dI'dy, (190)

and let |R| denote the area of the rectangle R. The problem is to characterize those

rectangles R which minimize the ratio

dQ,Rr,1
|R|?

— min (191)

and find the minimum of it.
The following lemma gives the answer to this problem. Clearly, it is enough to consider
the error of interpolation on the symmetric rectangle R = [—hq, h1] X [—he, ha] centered at

the origin, since any other rectangle can be brought to this one by a linear transformation

(shift).

Lemma 33. Let the quadratic form

Q(z,y) = Az* — By?

102



with AB > 0 be given. For an arbitrary rectangle R = [—hy, h1] X [—ha, he] we have

dQ,R,1
B2 12\/AB (192)

Moreover, equality is obtained for rectangles with \/Ahy = \/Bhs and only for them.

Proof: As we already mentioned, the interpolant on a rectangle R is a constant equal
to

Ty r(x,y) = Ahi — Bh.

The extremal problem (191) can be rewritten as follows: find
h1,hz

hi rho
d:= min/ / |Az? — By* — Ah? + Bh3|dxdy (193)

under the condition that the area of rectangle [0, h1] X [0, ho] is fixed, i.e. hihe = S (assume

for definiteness ha > hi, another case is analogous). Set

Ax?2 — Ah? + Bh3
r(x):= \/ Bl 2

With this notation we have

h1 ho
/ / }A:c2 — By® — Ah3 + Bh%‘ dydzx
h1 hiy
= / / (Ah} — Bh3 — Az® + By?) dydx — / / (AR — Bh3 — A2® + By?) dydx
(2)

:/ <h2(3h2 AR? + Az )——h?’ 1 (BR3 - an? —|—Aa:2)3/2>d:n. (194)
0 3VB

Hence, we have to minimize the function

h B 4
/ (h2 (Bh3 — AhT + Ax®) — —hj —
0

Bh2 AR + Az?)Y 2) dz

under the condition hihe = S. Clearly, the minimum of this function exists since the
function is continuous on a compact set. Let us show that the minimum is obtained for

VAhy = v/ Bhs. Assume to the contrary, that the minimum is attained for the point (hy, ha)
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such that v/ Ah; # v/ Bhsy. For this point necessary conditions of the minimum have to be
satisfied. Considering the corresponding Lagrangian and setting partial derivatives with

respect to hy and hy equal to 0, we have:

/ 2 2
_gBhg — 2AR3hy +4,/%h1 ( AB hy+ B2 — AR, VA + \/E}”) + Mo = 0.

2 2 J/BhE — AR?
2 . ) [B. (VAB Bh3 — Ah} . /Ahy + vV Bhs B
_§Ah1 + 2Bh5h; — 4 ZhQ ( 5 hihs + 5 In Bh% = Ah% + Ah1 = 0.

Multiplying the first equation by h;, the second one by —ho and adding, we obtain after

simplifying

2 A 2 )
(AhQ—BhQ) ghth_Q(Bh2+ hl) In \/>h1+\/§h2 _
1 2 3

VAB /BhZ — Ah?

Due to the assumption vV Ah; # v/ Bhy we obtain

2, (Bh3+ AR VAhy +VBhy\
3 VAB VB2 — Al
First of all observe that it is enough to consider the case A = B =1 (due to the change of

variables) and hjhy = 1. Then the system of equations can be rewritten

h1+h2_2

ho —hy 3

(h3 + h2)In

and hiho = 1. Set hy = h < 1 and, hence, hy = % > 1. Therefore,

1+ h2 2h2

ST oh? T3 1)

1

Denote the left-hand side of the last equation by f(h) and right-hand side by g(h). Note

that f(0) = g(0) = 0. Let us show that for all h € (0,1)

f'(n) > g'(h). (195)
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Indeed, calculating the derivatives we obtain

4h 4 1-ht
"h) = —— "(h) = h——

Therefore, we obtain an obvious inequality and (195) holds. This means that the only
solution of the system is V/Ahy = VBhy or

by = (i)m B, hy= (g)m /3

Plugging this back into the expression for the error gives the minimal value for the error

over the rectangle of area S:

d= %\/ABSQ.

Note that |R| = 4S. Therefore, for the error on the whole R we have

dQ7R71 1
R = EVAB (196)

which gives solution to (191) and completes the proof of the lemma. O

Remark. The previous lemma gives
M =—. (197)

IV.5.3 The Ls-norm.

Let again T g(z,y) denote the bilinear spline which interpolates quadratic function Q(z,y)

at the vertices of the rectangle R. Let also

dg,r2 = ( /R / (Q(z,y) _TQ,R(ﬂfay))2dﬂsdy> 1/2, (198)

and let |R| denote the area of the rectangle R. The problem is to characterize those

rectangles R which minimize the ratio

dg.r2
|R’3/2

— min, (199)
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and find the minimum of it.
The following lemma gives the answer to this problem (again it is enough to consider
the error of interpolation on the symmetric rectangle R = [—hq, h1] X [—ha, ha| centered at

the origin).

Lemma 34. Let the quadratic form

Q(x,y) = Az® — By’

with AB > 0 be given. For an arbitrary rectangle R = [—hy, h1] X [—hg, ha] we have

do.r2 1

= >\ —=VAB 200
|R|3/2 = V 90 (200)
Moreover, the equality is obtained for rectangles with /Ahy1 = v Bhs and only for them.

Proof: As we mentioned before, the interpolant on the rectangle R is a constant equal
to

To.r(z,y) = AhT — Bh3.

In the case of Ly norm the extremal problem (199) can be rewritten as follows. Find

hi ha
d? .= }Tihr; /0 /0 (Ax? — By? — Ah? + Bh3)*dxdy (201)

under the condition that the area of rectangle [0, hi] x [0, ho| is fixed, i.e. hihe = S. We

have

8

hi ha
/ / (Az? — By? — Ah + Bh3)*dxdy = hihs <1532h§ — gABhfhg + 185A2h‘1‘> .
0 0

Hence, we have to minimize the function

8 8 8
— B%hy — _ABRILS + — A%h]
h1h2 <15 h2 9 h1h2 + 15 h‘l

under the condition hihs = S. Using the method of Lagrange multipliers we obtain that
the minimum is attained for vVAh; = v/ Bhy. From this and from the condition h1hy = S
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we can find hq and hso:

by = <§>1/4 VB, hy= <g>1/4 /3

Plugging these back into the expression for the error gives the minimal value for the error

over the rectangle of area S:

8
d’> = — ABS3.
45

Therefore, for the error on the whole R (recall that |R| = 45) we have

dQ,RQ 1
’R|3/2 = \/%\/AB (202)

which gives the solution to (199) and completes the proof of the lemma. [

Remark. The previous lemma gives

My = (203)

IV.6 General form of the error in the case of near interpolation of C? functions

defined on [0,1)? by bilinear splines. Estimate from above.

We restart numbering of the constants ci,ca, . ...

Proof of Theorem 10: For an arbitrary fixed € € (0,1) and for every N € N we define

i >0 ! Ly ¢ (204)
m =mimmsm LW | — = (>
N om2+5)  \2m ) = N

where w(9) is a function defined in (28).
Observe that clearly for my defined in (204) it is true that my — oo as N — oco. In

addition, as before we can show

—— > 00, N — o0, (205)
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1
ie. my=o0 <N2<1+11>>> as N — oo and % =0 <Q(f+1)>
mN P
Divide the unit square [0, 1] x [0, 1] into squares with side length equal to m—lN and denote

the resulting squares by DV, i = 1,...,m%,. Next we take the center point (z¥,y") in each

square DY and set

1 1
= §f$ﬂc<sz7yzN>v BzN = ifyy<mzj'v7yzN>'

Note that
[H () y))| = 4|AVBY| > CF, Vi=1,...,mk. (206)
Set ~ _
p 1
N(1 =) H(zN. yM) 2o Q (N yN) i1
N | _ LGS T @YD" (207)
MmN
S a2 ) e )
J=1 J
The nfv , 1 =1,.. .,m?\,, are determined by minimizing the sum of the errors of the

interpolation of piecewise quadratic functions on each region subject to the condition the
total number of rectangles is V.

To find the minimum we shall use the method of Lagrange multipliers. Let us consider

0 L {CANTAD R
= Tt AN QN yM) +AY Al | =
= (B et S

This can be rewritten as

P HEY yN)
2(p+1)( Nyp+1

QN yN)+ X =0.

Hence,
1

_ (plHEN yMPPoEN )\ T
" Am 2D '
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We shall find A from the condition that the sum of all rectangles is IV:

3
ZN

1
N=Y Al = Z\H AR EaRlCARRO b

lmNz 1

s
I
—

N

Solving for A and plugging this value back into the expression for n;*, we obtain

v N(l—a>|H<N N (e, yN) 7

ni -

1

Z |H (2} 2(p+1)Q( Y Ny

The method of Lagrange multipliers provides only necessary conditions for the minimum.
However, in this case the obtained ﬁfv indeed provides the minimum, because it clearly does
not provide the maximum (the maximum can be explicitly constructed in a simple way)
and the minimum exists.

Observe that all nY¥ — oo when N — oo.

Having the number of rectangles nlN

on each region DZN , 1 =1, ...,m?\,, we construct a
partition O% (DY) of DY in the following way.
Let h% and h% be the linear sizes of the optimal rectangle on DY (call it RY), i.e. the

one which solves the problem

L, — error of biquadratic interpolation of AZN z3 + BlN y3 on RZN

208
RN [ -

Observe that due to Lemmas 29-34 we can provide the explicit expressions for h% and

hf-YQ in cases p = 1, 2, cc:

BN 1/4 AN 1/4 1
hY = ( > (BZN> — i=1,...,m%. (209)
my4/mn ( m nV

N i

Most likely these expressions will also provide optimal parameters for other values of p as

well.
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V- ----- ®

vaD------ ®

Di Dj

Figure 8: Stitching of partitions on neighboring regions.

The intersection of the lattice
[khiY, (k + 1)RN] x 1Ay, (1 + )R], k1€ Z (210)

with DY gives us the partition 0% (DY) of DY, i =1,...,m%.

Stitching of partitions of neighboring regions proceeds as follows.

Let us consider two neighboring regions va and D;V with corresponding interpolants SIN
and S JN . If the parameters of the grid on them are different, we have to subdivide rectangles
that have nonempty intersection with the boundary to ensure the global continuity of the
approximant (see Figure 8). For that purpose we need to continue each line (horizontal
in this case) of the grid from DY which intersects the boundary between DY and D;V to
the intersection with the first line (vertical in this case) of the grid of D;V and vice versa.
Newly created in this way vertices (v1, v2 and vg on the picture) we shall call “irregular”
vertices, and all vertices of both partitions before subdivision we call “regular”. We shall
also call “irregular” those rectangles from [} (DZN ) that have sides on the boundary of DZN
and “regular” - all the rest.

To obtain the final approximant and to ensure the global continuity of it we shall in-
terpolate the original function f at the regular vertices, and we shall interpolate original
splines SZN and SJN at irregular vertices.

Let us calculate the number of irregular rectangles (denote it by K/V). Recalling (313)
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and the fact that the area of a rectangle from (0% (DY) is m21n ~ we have that
N

| AN | BN
N i [N i /,N /N
=24/ =%/n +2 n:y = cir/n;
N N
B; ! A; t !

. AN BN . . o N

with ¢ = 2 v+ 1/ =% |. The number of irregular rectangles in the partition of D;
Bi Az (3

is not greater than cq1/nY. Hence, the total number of irregular rectangles is not greater

than
m?\, m?\, __p _1
N(1 =) H(zN, M) 2D Q2N 4N )
CQZ /nQNSQZ (m?vg) (z;,y:")| (=%, ;")
i=1 i=1 _p 1
> H ) I )
j=1
3+1
H 4(p+1 Q 2(p+1 P
e/ | % < ey —o (N |
2(p+1
M(Cn 5 (min (90}
(z,y)eD

1

as N — oo (since my = o <N2(1+11’)> as N — oo because of (205)).

Therefore, since 3 + % <2 (2 + %), the number of rectangles in the constructed partition
will not exceed N for all N large enough.
By fn denote the piecewise quadratic function constructed in the following way. On

DY we set fn to be AVx? + BNy2. Then for i > 1 on DV \ Uz 1DN we set
In(z,y) = AYa® + By,

If a function f is such that fi.f,, > 0 for all (z,y) € D then all BY >0,i=1,...,m%. If
a function f is such that f,. f,, <0 for all (z,y) € D then all BN <0,i=1,... , M3

To estimate Ry (f, Ly, BSY(Oy)) we observe that

RN(vapyﬂuBS(l)(DN)) < ”f_ S(fv D?\/’)’

p.2 S| = Inllpa+ /5 = s(f5, On)llpo

Flls(fn: Bn) = s(f, B0 lIp.0-
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Obviously,
Is(fn,0x) = s(f,On) e < If = fN

pvﬂ'

Hence,

RN (f, Lpo, BSY(ON)) < 2|f = fullpo + 1fx = s(fn. ON)lpe-

Let us estimate each term. First of all, by Lemma 1 and the definition of my we have

1
» 1
17 = dwllon < L5 (1) < Siane.
2m

Let us estimate the second term now. It is clear that for two embedded rectangles the error
of linear interpolation of quadratic function with |H(f;z,y)| > C* > 0 will be greater on
the larger rectangle. Therefore, we shall estimate this error on rectangles that do not have
an intersection with the boundary.

Let us take a rectangle RY € D}}(D{V ) that does not have common points with the

boundary of DY. By (47), for every (z,y) € RY we have

M=\ 1
_ * . 2 _p N N PR__ 2
|fn(z,y) — s(fn, Oz, y)|P < ( 5 > |H(z;" 95 )] (m2nV )+l

Hence, the p-power of the error on the whole D is bounded by

M g N N Ny P/2 1
‘fN(.T,y)—S(fN,DN,l',y)’pg ( ) Zn Q Ty 7yz ‘H( Z; Y )‘ W
By the definition of n’ and by (54), for all large enough N, for all i, and for all (z,y) € D,
we have
|fN(I7y)_S(fN7D*N1x7y)|p

2
my

_1
> G o e )

Mi) (1+¢)
< L{CART G IEARTD
( 2“’“)2 N = o) H @yl 0 e,y 7
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p+1
M* 1+¢) _p 1
N (;) ( P+1 Z ‘H i 2(P+1) Q(;pj\f? yév) p+1 .

Since this estimate does not depend on x and y, we obtain that

p+1
2 P
(1+e)ME [ 1 X p e
[~ = s(fn, On)llpa < Tp s Z |H (2}, y)| 2o Qo)) )Y ) i
N j=1
Note that since H(f;z,y) and Q(z,y) are Riemann integrable
Z H (Y y )T Q) g )7 (211)
= Z IDN|[H (V)7 Q)7 — / H(f;2,)| 7050 Q(z, y) 77 dardy
D
as N — oo. Hence, for all N large enough we obtain
pt1

1+25
2N

P

1~ = s(fv, On)lpa <

( [ ()0 00, y)pﬂdmdy)

Therefore,

p+1
p

MF142 o N
s ([ s ) dody

2e 1
1f = (£, BNl < 1% +
Because € > 0 is arbitrary, we obtain the desired estimate. [

IV.7 General form of the error in the case of near interpolation of C? functions

defined on [0,1]? by bilinear splines. Estimate from below.

In this section, let my, n DN etc. be as defined in Section IV.6.

Proof of Theorem 11: To obtain the estimate from below we shall consider an arbi-
trary sequence of partitions {{Jnx}37_; which satisfies (152).

For the fixed & > 0 denote by DX (¢) the square congruent to DV with side length equal
to :n%; Assumption (22) implies that for all large enough N and for any € > 0 there exists

a rectangle Rf\[v which lies completely in D (¢).
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For each such N and 7y, set
fN,iN(‘r7y) AN‘T2+BzNy

If a function f is such that fif,, > 0 for all (z,y) € D then all BY >0,i=1,...,m%. If
a function f is such that f..f,, <0 for all (z,y) € D then all BZN <0,i=1,... ,m?\,.

Observe that

1f = s(f DML, qrd ) 2 1Ny = s(Unvins BNz, omy ) = 20 = INin L, orY )-

By Lemmas 29-34 we have for all N large enough

(1— &) (M) 2
[ fnin — (szNaDN)HL o(RN) = W’H@z]‘v»yfv”p/ Qal,y)

By the definition of M;t, by definition of nf}fv , and (315) we have that for all N large enough

(1 _5)(M:t)p N N\ /P/2 N N
(mniY )P+t LEACAR AP IR UC AR A
P
ZIH RGRICANT RS
> RO, y) -
N(l—g)\H(mZ- )‘2(p+1)Q( Ly )T
- —E)P]\I;p 2(p+1) Z’H 7 NHQ@H)Q( y )
)P p 1 p+l
> </ |H(f;xyy)’2(P+1)Q([E,y)P+1d5(;dy) .
D

Hence, for all N large enough we obtain

+ pt1

M, _» 1 v
I = s Ol > 52 = 2) [ 1875000 00 daay
D
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On the other hand

1
1205 (1Y - = o
17 = einlsy gy < 1 = anlz, o) < — iy () < 1

due to the choice of my. Hence, we obtain that for all large enough N

p+1
P

M=* p 1
1f = s(f,0On)|lpo > (1 - 066)72]’\’, (/ \H(f;w,y)IQ(“”Q(w,y)“ldxdy)
D

with some positive constant cg. Therefore,

p,Q2

_— I = 54, 0n)

P (fp H(f3.,9)| 0 Qa, y)r}rldmdy> ’

This completes the proof of the theorem. [J

IV.8 Remarks: choice of an element.

The choice of whether to use a triangular or rectangular partition depends primarily on the
setting of the problem and on the shape of the domain. Triangles are more flexible, however,
in solid mechanics (the study of load carrying members in terms of forces, deformations, and
stability, where there are often prefered directions because of certain geometric relations)

rectangular elements are generally preferred.

115



CHAPTER V

MULTILINEAR SPLINES IN R?

In R? we understand the space of multilinear splines to be the collection of functions of d

variables which are linear in each variable, i.e. have the form

aHazl—f—Zb Hmz—f—Zchj H x; +
Jj=1 i#j J=1k#j 175,k

Denote this space by BS?’O. Let the d-dimensional box partition Oy of D = |0, l]d with
sides parallel to the coordinate axes be fixed. By B Scll’O(D ~) denote the space of multilinear
splines on this partition. Let s(f,0Oy) € BS?’O(D ~) denote a spline which interpolates the
function f at all vertices of the partition [y except for o(/V) of them.

The main question of this chapter is to investigate the asymptotic behaviour of the
optimal error Ry (f, Ly q, BS‘f’O(DN)).

In this chapter the main theorems are the following.

Theorem 12. Let f € C?*(D ), and D = [0,1]* ¢ R, In addition, assume that at every

point x the quadratic form Z f

=1
|H(f;x)| > Ct >0 for allx € D (md a positive continuous weight function Q(x) be given.

(x)h? has the signature (k,d —k),0 < k < d. Let also

Then

limsup N4 || f — s(f, DN)HooQ<ékdd k)! (/ |H(f )dx)d. (212)

N—oo

Theorem 13. Let f € C*(D ), and D = [0,1]* c RY. In addition, assume that at every
92
point x the quadratic form Z o 2 )h2 has the signature (k,d — k),k > 0. Let also

|H(f;x)] > C* >0 for all x 6 D and a positive continuous weight function Q(x) be given.

Then for any sequences of box partitions {0} which satisfies

sup Ni max diam(R) < o0 (213)
N REDN
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we have

2
d

it N = (7,00l > R =05 [ rrofacota) . e
Nooo 8 D

Let us remark here that the interpolation problem on the partitions with sides parallel

to the coordinate axes has a solution since clearly the interpolation matrix is nonsingular.

V.1 Interpolation of quadratic functions with arbitrary signature.

Let the following quadratic form
d
Qx) = o] (215)
i=1

be given. Assume that o; = 1forall 1 <i<kando; = —1forall k+1<i<d. In this

case we say that the quadratic form (215) has the signature (k,d — k).

Lemma 35. The error of interpolation of the quadratic form (215) with signature (k,d—k),
d
0 <k <d, by multilinear splines at the vertices of the d-dimensional box H[_hi’ h;] is

=1

max {h + -+ hi, hjq +- +h3}. (216)

Proof: We shall proceed by induction. The basis of induction, i.e. the statement of the
theorem in the case d = 2 and k£ = 1 has been proved in Lemma 32.
Next let us consider the form (215) with signature (k,d — k). The value of the error at

the center is

k d

5(0) =) _ni— > hil. (217)
i=1 i=k+1
Let us consider the error on the boundary.
On the face z; = h; in the case when ¢ < k the form (215) becomes
k d

> -y 2 19

J=1,j#i j=k+1
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and the error by hypothesis of induction is
k d
maxq Y k3, > hTp. (219)
j=Li#i  j=k+1
On the face z; = h; in the case when ¢ > k the form (215) becomes
d
SETED 20
j=1 j=k+1,j7i
and the error by hypothesis of induction is
k d
max Z h?, Z h? . (221)
Jj=1 Jj=k+1,j#i

Therefore, the global error is

k d k d k d
A = max E h?— E h? ,max max E h?, E h? ,max max g h?, g h?
i=1 i=ht1 ’ j=1lg#i j=k+1 ' J=1 =kl
k d k d
= max | Maxmax g h?, E h? , TAX max g h?, E h?
1< > . . .
= j=Lli#i  j=k+1 J=1 j=k+lgi
k d k d
= max { max { max g h2, E h? %, max E h2, max E h?
i<k 4~ / — ik o
j=1,j#1 j=k+1 j=1 j=k+1,5#1
k d k d
= max { max E h?, E hf,g h?,max E h?
i<k A~ ) ‘ i>k iy
Jj=1,5#i Jj=k+1 7j=1 J=k+1,5%#1
d k
_ 2 2
= max E hj,g h;
j=k+1 j=1

The lemma is proved. [J

Next we shall compute the value of the minimal [, error. Denote by

k d

e i 2 2

A= min g h3, E hi o, (222)
o=t j=k+1
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where min is taken over all h; such that
d
2 [[hi =V. (223)
i=1

In the next two lemmas we shall compute the value of A in the case of positive definite

quadratic form and in the case of the quadratic form with arbitrary signature.

Lemma 36. The minimal error of interpolation of the quadratic form (215) with signature
d

(d,0), by multilinear splines at the vertices of the d-dimensional box H[_hi’ hi] of volume
i=1

V is '

V. (224)

d
Proof: Clearly, the minimum of the function th with the additional assumption
i=1
(223) is achieved when all h; are equal, i.e.

In this case, we have

d
A = mi 20 =dn’.
H}lllin{ith} dh

From condition (223) we also have

Vi
h=—,
2
and, hence,
2
Va
A=d—.
d 4
O

Lemma 37. The minimal error of interpolation of the quadratic form (215) with signature

d
(k,d—k), 0 < k < d, by multilinear splines on the d-dimensional box H[_hi’ hi] of volume
=1
V is
1
A= Zk%(d —k)ava, (225)

Proof: To prove the lemma, i.e. to minimize the l—norm of (216), we minimize the [,
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norm (with an arbitrary p) of (216) under assumption that the volume of the parralelepiped

is fixed (= V') and take the value of the minimum when p = co:

p p

d k
SRARIOAR (226)
j=k+1 Jj=1
since
phjgo 2|z, ®e) = 2] Lo (ra)»

and, therefore, if the actual maximum value was less than the value obtained in this way
then it would also be true for all p large enough.

The assumption of volume being fixed is equivalent to
d
22 [[h =V~ (227)
i=1

To minimize the function in (226), we shall use the method of Lagrange multipliers. Let us

consider the function (we substitute z; = h?)

d P k P d
FR = D 2| + [ Dow | ][ (228)
j=k+1 J=1 J=1
and its partial derivatives
k p-1 d
aof .
8332-21) ij +)\‘H‘xj:(), i1=1,...,k
J=1 J=Lj#i
p—1
o7 =p ix- +A ﬁ z; =0, 1=k+1 d (229)
Oz; , ! A1 e T
J=k+1 J=1j#i
Multiplying the first equation by z; we obtain
k p-l
pri [ > +AVIRH =0, i=1,... k. (230)
j=1
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Analogously,

d p—l
pri | Y x| AR =0, i=k+1,...,d (231)
Jj=k+1
Therefore, the only solution is
1=+ =xF =T,
T+l =" =Tqg =Y

Taking into consideration assumption (227)

phydk — 2924

and using equations (230) and (231), we can find x and y:

(k)P = y((d — k)y)P~".

It is easy to check that we obtain

d—k (1-5)-1) V%
_ ya 232
o= () . (232)
and -
d—k\ a0 Vi

In the case p = oo we have

Therefore,
d—k
1 /d—k\ 2@ _ 1
P e d <
h; 2( - ) Va, i<k, (234)
1 /d—k\ 2
hj:2(;> Vi, j>k (235)
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Hence, the global error is

ki(d—k)'"ava. (236)

Now let the quadratic form

d
Qx) = Z A;x? (237)
=1

be given. Assume that A; > O0forall1 <:<kand A; <Oforall k+1<1:¢<d,ie. the

form Q(x) has the sign (k,d — k).

Lemma 38. The error of interpolation of quadratic form (237) with signature (k,d — k),

0 < k < d, by multilinear splines on the d-dimensional box P of volume V[P] is

v

1
- 238
: (233)
d
Proof: For the given quadratic form Q(x) = Z A;z? let us consider a linear transfor-
i=1
mation F' such that '
d
(QoF)(w) =) u;. (239)
i=1

In other words,

F(u) = (\ZTI o \;%) . (240)

Observe that the determinant of the inverse of this transformation is

(241)

(242)

Combining the result of the previous lemma about the error of interpolation on the box
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F~1(P) with (242) and (241), we obtain (243). OJ

Similarly, in the case of positive definite form we obtain the following statement.

Lemma 39. The error of interpolation of the positive definite quadratic form by multilinear

splines on the d-dimensional box P of volume V[P] is

v

(243)

V.2 Error of near interpolation of C? functions defined on [0,1]%. Estimate
from above.

In this section we restart the numbering of constants.
Proof of Theorem 12: For a fixed ¢ € (0,1) and for every N we define as before
, 2/ 1)? 1 €
where w(9) is a function defined in (113).

Observe that clearly for mpy defined in (244) it is true that my — oo as N — oo. In

addition, we can show as in Section I1.4.1 that

(245)

ie. my = O(N%) as N — oo.

Divide the unit cube D into cubes with side length equal to m—IN and denote the resulting

cubes by DZN, l=1,... ,mﬁlv. Next take the center point va in each cube DZN and set

1 0%f
ANb .= 2 2L (xN ,i=1,...,d, 1=1,...
2, 2 axzax] (Xl )7 2W) ) s &y )

Observe that, clearly,

NI _ 4NI .
A=A, wi=1....d 1=1,...
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In addition, denote by

Set

N(1 - &) H(xM)2Q(x]N)?
nd = (1= &) | H () =620 ) ,ol=1,...,m4. (246)

my

1 d
> IH(x))|292(x})?
j=1

We find n{v by minimizing the overall error on D.
Clearly, the minimal overall error in the uniform norm will be achieved when errors

on each region are equal. Using this condition and Lemma 39 we arrive at the following

equations for alllzl,...,mﬁlv
e He
1 k 1_& HXZ N 1 k 1_& HXI N

From this we find the number ﬁlN :

my
From the condition Z 7 = N we have
=1

n N\ Y26 Nyd/2
N = Z’H(Xl )
1/2
H )P0 5

Solving for 72{Y, substituting it in the expression for ﬁlN , and taking the integer part of it

gives us the formula for nlN .

We have shown in Section 11.4.1 that nfv — 00 when N — oo.
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Now set

d—k 1

1(d—k\% [ 1 \4
Y i<k l=1..mk, 247
Vs ()T ) i " o
hN._1<dk>2kd( ! )‘li >k 1=1,...,m4 (248)
i ok m§nl ) T T ey

The intersection of the lattice

TTZbs, (Li + DAY < T[ILehiS. (L + DAY], Li€Z, 1=1,...,m§, (249)

i<k i>k

with DY gives us the desired partition 0% (D) of DY, 1 = 1,...,m%.. The stitching of the
partitions on the neighboring regions proceeds as was described in Section IV.3 for R? with
the obvious corresponding changes. Denote by [0},(D) the obtained partition of D. Let us
show that the sequence of obtained in such a way partitions {0} (D)} will be asymptotically
optimal.

By fn denote thedpiecewise quadratic function constructed in the following way. On

DY we set fy to be zAlNlle Then for [ > 1 on DN \ Ué;llD;V we set

i=1
d
fn(x) = ZAszla:?
i=1
To estimate Ry (f, Lo, BS?’O(DN)) we observe that
RN (f, Lo, BST*(ON) < |1 = s(£.00)lloc0 < IF = fvlloos + £ = s(fv, OR) oo

+ls(fn, Ox) = s(f, N loo,2 < 21f = I lloo,2 + 1 — s(f3, EN) lloo,0-

Let us estimate each term. First of all, by Lemma 22 and the definition of my we have

2/ 1\ 1 €
_ < | = [ < — .
If fNHOO,Q =5 (2m> w <2mN> 19|00 < N% 192/ 0o

Let us estimate the second term now. It is clear that for two embedded elements of partition
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the error of multilinear interpolation of a quadratic function is greater on the larger element.
Therefore, we shall estimate this error on elements that do not have intersection with the

boundary.

Let us take an element RlN € D}"V(DZN ) that does not have common points with the

boundary of DlN . By Lemma 37, for every x € RZN we have

v () = s(fv, O ) 1Q0xY) < [l fv = s(fv, O )l

2
Lk 1-k 1 NG N
— gkd(d—k) d <mf,lvnfv |H (x, )) Q(x;").

By the definition of nlN , for all large enough N, for all [, and for all x € RlN , we have

v (x) = s(fv, Ohs %) 1Q(x7Y) <

[SUIN

m;iv A )
SO IHEY)EQRN)?
ki(d—k)'a = HEN) | Q@)).

< T
my N (1 — &)l H(x{¥)[2Q(x)Y)

ool =

Since this estimate does not depend on x, we obtain

2
md d
ki (d—k)l=a 1 O~ NYIZ (V) 2
HfN—S(fN’DN")HOOQ—S(N( 8))2/d m?\[];’H(x] )‘QQ(Xj )2
Note that
md
1 X NyE N & 1 d
— S IHED)PQ(x))2 —>/D|H(f;x)|29(x)2dx, as N — oc.
Nj—l

Hence, for all N large enough we have

k

ki d k) —a i
[fnv = s(fn, Ons oo, < 8(N 2/d </ [H(f;x) )de> .
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Therefore,

&\?r

2 ki (d— k)!
Hf—S(f,D}V;‘)Hoo,QS]\éIIQHong(](V(l</ H(f: %) 0(x >2dx)

&\N

Because € > 0 is arbitrary, we obtain the desired estimate (250). O

Remark. Observe that in the case k = d, i.e. in the case when the quadratic part of
Taylor polynomial is a positive definite form, we obtain the idefinite form 0°. However, all
arguments will hold true if we set 0° = 1. Therefore, in the case k = d we have the following

result.
Lemma 40. Let f € C?*(D), and D = [0,1]¢ C R?. In addition, assume that at every point
d
o?
x the quadratic form Z @(x)hl2 has the signature (d,0). Let also |H(f;x)| > CT >0
— Ox;
for all x € D and a positive continuous weight function Q(x) be given. Then

imsup N s(F, 050 < § ([ 1H(03000%x) " (250)

N—oo

V.3 Error of near interpolation of C? functions defined on [0,1]%. Estimate

from below.

Let my, nfv , DZN etc. be as defined in the previous section.

Proof of Theorem 13: To obtain the estimate from below we shall consider an arbi-
trary sequence of box partitions {{n}%_; which satisfies (213). This assumption implies
that for all N large enough there exists I and Dljyv that completely contains an element

N

For each such N and [y, set

v (x ZANZ 2

Observe that

1f = s(f, DN)HL(,O,Q(R;L) > | fviy — S(fN,lN,DN)HLOO,Q(R;jV) =2||f - fN,lNHLOO,Q(R{jV)-
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By Lemma 37 we have

1
8

al
alx

1wy = s(FNin, ON)l 1y gy ) 2 (1 =€) gha(d = k)

( 1
d. N
mymn

By the definition of ”IIX, we have that for all IV large enough

2
1 & k 1 d
—ka(d—k)'""a (———/[HEM|) Qx{"
SR =1 (g iG] )
md
= N2 (N2
. D HEY) Q)
- ékﬁ(d — k) = |H(x]N

e,

mdN(1 - 2) [ H(xV)[2Q(xN)

kZ(d_k)l—S( o )3
>—8N% /D|H(f,x)| Q(x)2dx | .

Hence, for all N large enough we obtain

alw

ke (d

1_§ 1 d
1 — s(fs D)oo > (1 — >;V’“) ( [ 1 x>|m<x>2dx>

8

On the other hand

9
1f = Ivinlli oy ) < HQHOOE

due to the choice of my. Hence, we obtain that for all large enough N

[ (

v

2
d

k k 2
ka(d—Fk)‘a 1 4 a
I =50 Ol = (1= 2 S ([ (i b bax)
8N a D
with some positive constant cs. Therefore,
N—oo i (d—k)'~d 2 =

(fD |H(f;x)‘%Q(X)gdx)

2
8N
This completes the proof of the lemma. [J

Analogously, the following statement can be proved.
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Lemma 41. Let f € C?(D), and D = [0,1]¢ C RY. In addition, assume that at every point
d
82
x the quadratic form Z aac‘é(x)hz2 has the signature (d,0). Let also |H(f;x)| > CT >0
=1

for all x € D and let a positive continuous weight function Q(x) be given. Then for any

sequences of box partitions {On} which satisfies (213) we have

2
d

2 d 1 d
tnint N7 = (7 Dl 2 & ([ (01000 B0 ) (251)
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CHAPTER VI

BIQUADRATIC SPLINES

A popular interpolation scheme on rectangles consists of piecewise polynomials of degree 3

whose restriction to the edges are quadratic polynomials, i.e. functions of the type

az?y + bxy? + ca® + dzy + ey® + fx + gy + h.

There are eight parameters or eight degrees of freedom. They can be used to interpolate a
given function at the vertices of the rectangle and at the midpoints of the sides (see Figure
9). Using the language of finite element methods, this element is called the eight node
element or the serendipity element.

Using this space of biquadratic polynomials to interpolate a given C® function we shall
ask the same question as before: what are the exact asymptotics of the optimal error of
interpolation the given function on the rectangular grid with sides parallel to the coordinate
axes? We shall also provide a construction of the sequence of partitions which will provide
the asymptotically optimal error.

Let P3 be the set of biquadratic polynomials, i.e. functions of the type

p(z,y) = axy + bry® + cx® + dey +ey* + fr + gy +h, a,b,c,d €R.

e S P
0 0
G S )

Figure 9: Interpolation scheme which uses biquadratic splines
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Given a partition Oy (D) define the space QSY(0y) of bilinear splines to be
QSYOy):={fecC(D):Vi=1,....N 3 pc Py st. flg, =plr,}

Note that the bilinear spline s(f,0y) is uniquely defined by its values at the vertices of
the rectangular partition.

Let s(f,Oy) € QSY(0x) denote a spline which interpolates the function f at all vertices
of the partition [y except for o(IN) of them.

Now let f € C3(D), D = [0,1], and the number of rectangles N € N be fixed. Define
the error of optimal interpolation of the function f by the continuous piecewise bilinear

function s(f,Oy) € QSY(Ox) to be

B (f: Lo, QS1(On)) i= i 1f = (/. On)llpe; (252)

where inf is taken over all rectangular partitions of D containing N rectangles. The main
goal of this chapter is to investigate the asymptotics of the optimal error Ry (f, Ly.q, @S?(OnN)).

The following two theorems give the answer to this question.

Theorem 14. Let f € C3(D), D = [0,1)%, and |H(f;2,y)| := | foza fyyy(x,y)] = CT >0
for all (x,y) € D. Let also positive continuous weight function Q(x,y) be given. Then for
any 1 < p < oo in the case of interpolation by biquadratic splines on rectangular partition
with sides parallel to the coordinate axes we have

ME(1+ o(1))

_p 1 S+
([ s P 0 P daay )

(253)

. 3
limsup N2 || f—s(f,On)|p0 <
N—oo

where

L, — error of biquadratic interpolation of £3 + y3 on rectangle R

M¥ = min "
" R

f (254)

Theorem 15. Let f € C3(D), D = [0,1)%, and |H(f;2,y)| := | foza fyyy(x,y)] = CT >0

for all (x,y) € D. Let also positive continuous weight function Q(x,y) be given. Then for
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any 1 < p < oo and for any sequence of rectangular partitions {n}3_, satisfying

sup \/N}]Zmax diam(R) < oo, (255)
N

EAN

we have

N|wW

1
+p

MZE(1+o(1 . L
it N3 7 —s(, 0l = 2 ([ (11 () P (0, 0) T iy

(256)

To prove these theorems we need to investigate the question of biquadratic interpolation

of cubic functions of the type

Q(z,y) = Az + By (257)

Remark. Observe that it is enough to solve the interpolation problem for the cubic
functions of the type (257) since the terms 22y and 2y? belong to the biquadratic interpolant.

It is not hard to check that the interpolant to the function Q(x,y) on the rectangle
R = [—hy, ha] x [—hg, ha] is

Ior(z,y) = Ahiz + Bh3y. (258)

Moreover, observe that the error of interpolation of cubic functions on a rectangle does

not depend on a shift of this rectangle. More precisely, we have the following simple lemma.

Lemma 42. For the given cubic function
Q(z,y) = Az’ + By’ (259)

and an arbitrary rectangle R, the error (in any L, norm) of biquadratic interpolation on R

and HR, where HR is obtained from R by linear transformation
H: 2/=2+a, v =y+0, (260)

is the same.
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Proof: In new coordinates, function (259) looks like
Q(z',y) = A(@' —a)® + B(y — ) = A(2))® + B(y/)® + L(z',y/), (261)

where

L(z',y) = =3a(z')? + 3a®2’ — 3b(y')? + 3b%y — b° — a3

is a quadratic function and, hence, can be regarded as a part of the interpolant.
Since coefficients next to the terms containing z and 2/, y and y are the same, the errors
of interpolation by biquadratic splines on R and H R are the same in any metric. [J

We shall need a solution to the following extremal problem : minimize the ratio

L, — error of interpolation of Q(x,y) on R

R?*

(262)

The solution to this problem in the case of Az3 + By? with AB > 0 will be given in
Section VI.1.1 (the case of the uniform norm), Section VI.1.2 (the case of the L; norm) and
Section VI.1.3 (the case of the Ly norm).

The solution in the case of Az — By? with AB > 0 will be given in Section VI.2.1 (the

case of uniform norm) and Section VI.2.2 (the case of Ly norm).

VI.1 Interpolation of cubic functions Az® 4+ By? with AB > 0 by biquadratic

splines.

VI.1.1 The uniform norm.

Let Ig r(x,y) denote the biquadratic spline which interpolates the cubic function Q(z,y)

at the vertices and at the midpoints of the sides of the rectangle R. Set also

Ao R 1= ) — T, ), 263
Q.R, (IIE??R'Q("” y) — Ig.r(7,y)| (263)
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and let |R| denote the area of the rectangle R. The problem is to characterize those

rectangles R for which

dQ,R,oo
|R|3/2

— min, (264)

and find the minimum of this ratio.

By Lemma 42, it is enough to consider the error of interpolation on the symmetric
rectangle R = [—hy, h1] X [—hg, ha] centered at the origin, since any other rectangle can be
brought to this form by a linear transformation (shift).

The following lemma gives the answer to problem (264).

Lemma 43. Let the function

Q(z,y) = Az® + By®

with AB > 0 be given. For an arbitrary rectangle R = [—hy, h1] X [—ha, ha] we have

dQ,R,co 1
o= > —VAB. 2
RB2 2" (265)

Moreover, equality is obtained for rectangles with </ Ahi = </Bhy and only for them.

Proof: As we already mentioned, the interpolant to the function Q(z, y) on the rectangle
R has the form
Ton(e,y) = Al + Bidy.

In addition, note that because of the symmetry the Lyo-error in the uniform norm on the
rectangle R is the same as the error on [0, hq] x [0, ha].

Denote the difference between the function Q(x,y) and the interpolant Tg r(x,y) by
§(z,y) == Az® + By® — Ah2xz — Bh3y. (266)

Taking partial derivatives of d(x,y) with respect to x and y we obtain that this function

has a critical point at <§—\/1§, 2723) The value of the difference (266) at this point is

h1 heo 2
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In addition, observe that on the boundary of [0, h;] x [0, he] we have
8(z,hy) = Az® — Ah?z, and §(h1,y) = By® — Bh3y
and, hence, maximal values are obtained at the points
hy ha
(75) (n35)
respectively, and are equal to

(357

2 ho 2
=—"—_Ah3 and |§ <h >‘ =~ _Bh3.
3v3 ‘ VB 33

Obviously,

v |2 P (g5e)| = (G5 8) 2 (35
0l =—=,=—= || >0 ==,h and [0 —=,—= || > 10| h1,—= )|
Therefore, in the case of the uniform norm, extremal problem (264) can be rewritten as

follows. Find

. 2
d := min {33/2 (ARt + Bhg)} (267)

under the condition that the area of the rectangle [0, h1] x [0, ho] is fixed, i.e. hihy = S. It
is easy to see that this minimum will be attained when /Ahy = /Bhs. From this fact and

from the condition hihe = S we can find hy and ho:

hy = <Jj>1/6 VS, hy= (2)1/6 VS. (263)

Plugging this back into the expression for error (267) gives us the minimal value for the

error over the rectangle of area S:

4
d=—_/ABS?,
3v3
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Therefore, for the error on the whole R (recall that |R| = 4S) we have

dQ R,00 1
X — _~ _\/AB 269
|RI32 63 (269)

which gives the solution to problem (264) and completes the proof of the lemma. [

Remark. The previous lemma gives

M = (270)

1
6v3
VI.1.2 The L; norm.

Let again Ig r(x,y) denote the biquadratic spline which interpolates the cubic function

Q(z,y) at the vertices of the rectangle R. Let also

dor: = /R / Q(x,y) — To.r(z, y)\dzdy, (271)

and let |R| denote the area of the rectangle R. According to (262) for p = 1, the problem

is to characterize those rectangles R which minimize the ratio

dg,r1
|R|5/2

— min, (272)

and find the minimum of it.

The following lemma gives the answer to this problem. Clearly, again it is enough to
consider the error of interpolation on the symmetric rectangle R = [—hq, h1] X [—ha, ho]
centered at the origin, since any other rectangle can be brought to this form by a linear

transformation (shift).

Lemma 44. Let the function

Q(z,y) = Az® + By?

with AB > 0 be given. For an arbitrary rectangle R = [—h1, h1] X [—ha, he] we have
dQ R 1
- > —VAB. 2
R[F2 = 16 (273)
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Moreover, equality is obtained for rectangles with /Ah1 = \/Bhsy and only for them.

Proof: As we already mentioned, the interpolant on the rectangle R is
Ior(z,y) = Ah3z + Bh3y.

In the case of L; norm, extremal problem (272) can be rewritten as follows: find

h1 ha
d := min / / ’Ax3 + By® — Ah3x — Bh%y‘ dxdy (274)
hi,he Jo 0

under the condition that the area of rectangle [0, h1] x [0, ho] is fixed, i.e. hihe = S. We

have
h1 hQ hl h2
/ / |Az® + By® — Ah3x — Bhiy|dedy = / / (Ah3z + Bhiy — Ax® — By®)dzdy
o Jo o Jo

1
= i(Ahi’ + Bh3)hyhs.

Hence, we have to minimize function i(Ah‘i’ + Bh3)hihg under the condition hihg = S. To

that end, we shall use the method of Lagrange multipliers. Let us consider the function
1
L(hy, ho) = Z(Ah? + Bh3)hihg — Ahyhy

and its partial derivatives

0

3 1
—L=SAh3hs + —ho(AR3 + BRh3) — \h
oh; 1 12+4 2(Ah7 + Bhy) 2,

d 3 1
— L = SBhih3 + ~hi(Ah? + Bh3) — \h;.
s T h1h2+4h1( h$ + Bh3) — \hy

Setting the derivatives equal to zero we see that the minimum is attained when
3 3
Taking into consideration this fact, together with the condition hihs = S, we can find hy
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and ho:

e (2) s e (2) Vs

Plugging this back into the expression for the error gives the minimal value for the error

over the rectangle of area S:

d= %\/ABSW?.

Note that |R| = 4S. Therefore, for the error on the whole R we have

dQ7R71 _ 1
‘R|5/2 = 1—6\/ AB (275)

which gives solution to (272) and completes the proof of the lemma. O

Remark. The previous lemma gives

1
M = o (276)

VI.1.3 The Ly norm.

Let again Ig r(x,y) denote the biquadratic spline which interpolates the cubic function

Q(x,y) at the vertices of the rectangle R. Let also

do.ns = /R [ @)~ Tt ) Pasdy, @77)

and let |R| denote the area of the rectangle R. The problem is to characterize those

rectangles R which minimize the ratio

dQ,Rr2
|R|?

— min, (278)

and find the minimum of it.
The following lemma gives the answer to this problem (again it is enough to consider
the error of interpolation on the symmetric rectangle R = [—hq, h1] X [—he, ha] centered at

the origin).
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Lemma 45. Let the function

Q(a,y) = Az® + By’ (279)

with AB > 0 be given. For an arbitrary rectangle R = [—hy, h1] x [—hg, ha] we have

dg.r2 11
o= >\ —=VAB 280
|R|2 — V90 (280)
Moreover, equality is obtained for rectangles with </ Ahy = ~/Bhy and only for them.

Proof: As we mentioned before, the interpolant to Q(x,y) in (279) on the rectangle R
is

Io r(z,y) = Ah%x + Bh%y

In the case of Ly norm, extremal problem (278) can be rewritten as follows. Find

h1 ha
= }fnlhn / Ax + By® — Ah3z — Bh%y)2 dxdy (281)
1,12

under the condition that the area of rectangle [0, h1] x [0, ho] is fixed, i.e. hihe = S. We

have

h1  pho
/ (Aa?® + By® — Ah2x — Bh3y)® dady = %hlhg (64A%RS + 105ABhTR3 + 64BhS) .

Hence, we have to minimize the function
1
Sioihe (64A%RS + 105ABhSh3 + 64B%hS)

under the condition hjhe = S. Considering the corresponding Lagrangian and partial

derivatives with respect to h1 and ho, we obtain

1
+ ——hy (64A%hS + 105ABRh3 + 64B*RhS) — Ahy = 0,

711 h 4A%h3 + 315ABh3h;
172 (38 +3 5 1 2) 840

840
1 1
MR (315ABhSRS + 384B%hS) + o™ (64A%RS + 105ABhS RS + 64B%hS) — Ahy = 0,
and, it is easy to check that the minimum is attained for V/Ah; = v/Bhs. From here and
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condition hi1hy = S we can find hy and hs:

by = (ﬁ)w VB, hy= (g)”ﬁ /3

Plugging this back into the expression for the error gives the minimal value for the error

over the rectangle of area S:
233
d* = == ABS".
840

Therefore, for the error on the whole R (recall that |R| = 45) we have

do.Rr2 233
B2 VAB 282
|R[2 53760 (282)

which gives solution to (278) and completes the proof of the lemma. O

Remark. The previous lemma gives

N 233

M = . 283
2 53760 (283)

VI.2 Interpolation of cubic functions Az? — By? with AB > 0 by biquadratic

splines.

VI1.2.1 The L -norm.

Let Ig r(z,y) denote the biquadratic spline which interpolates the cubic function
Q(z,y) = Az® — By’
at the vertices of the rectangle R. Set also

dQ,R,oo ‘= maX IQ(x,y) - IQ7R($7y)|7 (284)
(z,y)ER
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and let |R| denote the area of the rectangle R. The problem is to characterize those

rectangles R which minimize the ratio

dQ,R,oo
|R|3/2

— min, (285)

and find the minimum of it.

By Lemma 42, it is enough to consider the error of interpolation on the symmetric
rectangle R = [—hy, h1] X [—hg, ha] centered at the origin, since any other rectangle can be
brought to this one by a linear transformation (shift).

The following lemma gives the answer to problem (285).

Lemma 46. Let the quadratic form

Q(z,y) = Az® — By?

with AB > 0 be given. For an arbitrary rectangle R = [—hy, h1] X [—hg, ha] we have

dg.r,c0 1
520 > VAB. 286
|R|3/2 — 123 (286)

Moreover, equality is obtained for rectangles with \/Ahy = v/Bhy and only for them.

Proof: It is easy to see that the interpolant to the function Q(z,y) on a rectangle R is
Igr(z,y) = Ahiz — Bh3y.

In addition, note that the error in the uniform norm on R is the same as the error on
[O, hg] X [0, hl].

Denote the difference between function @Q(x,y) and interpolant Ig r(z,y) by
§(z,y) == Az® — By® — Ah2x + Bh3y. (287)

Taking the derivatives of d(x,y) with respect to x and y and setting them equal to zero,
ho

i i hy ha
we obtain that the point <\/§’ v

) is a critical point of this function inside the rectangle
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[0, ha] x [0, h1]. The value of difference (287) at this point is

(2] g

Also observe that on the boundary of [0, ha] x [0, h;] we have
6(z, hy) = 6(x,0) = Az — ARz,

§(h1,y) = 6(0,y) = —By® + Bh3y.

Hence, the maximal values are
o —=,h = ——Ah

ha 2
§(h,—= || = —=Bh3.
Therefore, in the case of the uniform norm the extremal problem (285) can be rewritten as

follows. Find

2 2 2
d := min max { ——= |Bh3 — AR3|, ——=Ah3, Bh3} 288
hi,h2 {3\/3 ‘ 2 1‘ 3\/§ ! 3\/§ 2 ( )

under the condition that the area of rectangle [0, hi] x [0, ho] is fixed, i.e. hihy = S. It is
easy to see that this minimum will be attained when \S/Zhl = \S/Ehg. From here and the
condition hihy = S we can find hy and hs:

by — (i)”ﬁ V5. hy= (;‘)1/6 /3

Plugging this back into the expression for the error gives the minimal value for the error

over the rectangle of area S:
2

T 3V3

Therefore, for the error on the whole R we have

d VABS? .

dQ’Rf": L _ViB (289)
IRz 12V3



which gives solution to (285) and completes the proof of the lemma. O

Remark. The previous lemma gives

1
M7 = ——. 290
123 (290)

VI1.2.2 The Ly norm.

Let again Ig r(x,y) denote the biquadratic spline which interpolates the cubic function
Q(z,y) = Az® — By’
with AB > 0 at the vertices and at the midpoints of the rectangle R. Let also

do.ns = /R [ @G.9) - 10 atw.p)Pdsdy, (201)

and let |R| denote the area of the rectangle R. The problem is to characterize those

rectangles R which minimize the ratio

dQ,Rr2
|R|?

— min, (292)

and find the minimum of it.
The following lemma gives the answer to this problem (again it is enough to consider
the error of interpolation on the symmetric rectangle R = [—hy, hi] X [—ha, ha] centered at

the origin).

Lemma 47. Let the function

Q(z,y) = Az’ — By?

with AB > 0 be given. For an arbitrary rectangle R = [—hy, h1] X [—hg, ha] we have
dg,r2 23
s > VAB. 293
IR2 =V 53760 (293)

Moreover, the equality is obtained for rectangles with \/Ahi = </Bhy and only for them.
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Proof: As we mentioned before, the interpolant on the rectangle R is
Ig,r(z,y) = Ahfz — Bhyy
In the case of Ly norm, extremal problem (292) can be rewritten as follows. Find

h1 hg 9
= ]rlm}{l / / — By — Ah3x + Bh%y) dxdy (294)
1,12

under the condition that the area of rectangle [0, h1] x [0, ho] is fixed, i.e. hihy = S. We

have
ki rho ) 1

/ (Az? — By® — Ahiz + Bh3y)” dady = So/he (64A%RS — 105ABhTh3 + 64Bh3) .

Hence, we have to minimize the function

%hlhg (64A4%hS — 105ABhIR3 + 64B%hS)

under the condition hihe = S. Considering the corresponding Lagrangian and setting its
partial derivatives with respect to h1 and hg equal to zero, we obtain

1
+ ——hy (64A%h§ — 105ABh3R3 + 64B%hS) — Mho =0

1 215 213
%hlhg (384A%h} — 315ABhih3) 10

%hlhg (—315ABR;hS + 384B%h3) + %h 1 (64A%h$ — 105ABRhS + 64B%hS) — Ahy = 0

and, it is easy to check that the minimum is attained for /Ahy = V/Bhs. From here and

the condition h1hy = S we can find hq and ho:

by — (i)”ﬁ VB, = (g)”ﬁ /3

Plugging this back into the expression for the error gives the minimal value for the error
over the rectangle of area S:

d?> = AB 4
840 5
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Therefore, for the error on the whole R (recall that |R| = 4S) we have

dg.r2 23
o — VAB 295
|R|? 53760 (295)

which gives the solution to (292) and completes the proof of the lemma. [

Remark. The previous lemma gives

[ 23
M =] ——. 296
2 53760 (296)

V1.3 Estimate of the deviation of the third degree Taylor polynomial for C?

functions.

Let us define the modulus of continuity of f € C3(D) as follows

w(f,d) =sup{|f(z,y) = f(@",y)|: |o—2'[ <o, ly—y| <o (2,9),(«",y) € D}. (297)
Set
wi(0) := w(faze,0), w2(0) := W(frzy,9),
UJ3(5) = w(fxyya5)7 LU4(5) = w(fyyyaé)

and

w(9) := max{wi(0),w2(0),ws(d),ws(d)}. (298)

Lemma 48. Let f € C3(D). If Ps3(z,y) denotes the Taylor polynomial of third degree for f

at the center of a square Dy, with side length equal to h, then we have the following estimate

3
) - Prtel < o (5). (299)

where w(t) is defined at (298).

Proof: The Taylor formula for f € C3(D) about point (zg,y) with remainder in the

Lagrange form is

f(xay) ng(x,y)+R2(x,y), (300)
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where

(z — x0)?

Py(z,y) = f(x0,v0) + fz(zo,y0)(x — x0) + fy(Z0,0)(y — yo) + fzz (20, Y0) 5

)(y — y0)?

+fzy($0,y0)($—$o)(y—yo) +fyy($073/0 5

and

Ro(ovy) = gifonalw+ 0o = 0),0 + 0y o)) & — 70)°
b 3 ey o+ 0@ — 70), 30 + 0y — 0)) @ — 70)(y — 30)
£ S Fao + 00— 20), 90+ 6y — 10) (& — 70) y — o)

* %fyyy(onr@(l?—ﬂfo)ayo+9(y—yo))(y—yo)3 (301)

with 6 € (0,1). We add and subtract the term

e (20,000 (& = 20)° + 2 fray (50, 10) (2 — 20)2(y — o)

+ %fryy(-rO: Y0)(z — o) (y — y0)* + %fyyy(l'o, 0)(y — vo)* (302)

to the right-hand side of (301). Then (300) can be rewritten as

f(x,y) = Pg(.fl?,y) + Rg(l‘,y),

where

Py(z,y) = P(x,y)+ %fxxw(xﬁay())(x —x0)® + %fmy(ifo,yo)(fﬂ —20)%(y — o)

5 o0, 30) (@ — 70)(y — 90)° + 51 Fuy (50, 30) (0 — 90)°, (303)
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and

r—T 3
Rg(fl’,y) = (3'0) (fxaxc(‘ro + 9('% - 330), Yo + 0(y - yO)) - fa:wx(x()vyO))

b Gl 0] (4 00— )0+ 0y — 1) — Faryl0,30)

—~ N

Tr—x — y0)?
+ ( 0)(¥ — o) (fmyy(g;o+0(x—a;0)7y0+9(y—y0))—facyy(xOva))

@ N

+ (y—?)!yo) (fyyy(xo +60(x — 20), 90 + 0(y — v0)) — fyyy(x0,%0)) - (304)

By (298) and the triangle inequality we obtain the estimate

Ra(z.y)| < (x_?)!xo)gw(maxﬂxo +0(x = 20)l; lyo + 0y — o))
N xo);(y = 0) y(max{ 20 + 0(z — 7)), [yo + 0y — yo)|})
b GO0+ 0 — a0l oo + 00— o)1)
b B0 naeflao + 0 — 20)],lyo + 0 — wo)). (305)

3!

In other words, for every (z,y) from the square Dy, centered at (zg,yp) with the side length

equal to h we obtain the estimate

h3 h
O
Corollary. Under the assumptions of the theorem we have
h rh )
If = Palll ) = /O /0 (F(e.y) — Py(a,y)) dedy < W21 = sl
and, hence,
B3t n
17 - Pl < "0 (3). (307)
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VI.4 Error of biquadratic interpolation of C3 functions defined on [0, 1]%. Esti-

mate from above.

Proof of Theorem 14: For the fixed € € (0,1) and for every N € N we define

1 1
my =mindm > 0: “(JJ()gi , (308)
2 3+1 2m N3

6m
where w(9) is the function defined in (298).
Observe that clearly for my defined in (308) it is true that my — oo as N — oo. In

addition,

— 00, N — o0, (309)

3
. 264y
ie. my=o <N2<3+p>> as N — oo.

Indeed, by the definition of my for all large enough N we have

N3 _G(mN—1)3+% 1 1 N3 w( 1 >
3+2 342 6 342 -
mN+p mN+p w (2(m]{]—1)) 0 (my —1)""» 2(my = 1)
2
_ )3t 1
256(mN 3+2) ’ N — 00, as N — oo,

342
since (%};1) "> 1landw (W) — 0 as N — oo. Hence, (309) is proved.
Divide the unit square [0, 1] x [0, 1] into squares with side length equal to miN and denote
the resulting squares by DZN ,i=1,... ,m?\,. Next we take the center point (a:iv , yiN ) in each

square DZN and set
1 1
AfV = éfzm(xivayzzv)’ BZ‘N = Efyyy(va,yfv).

Note that

|H(vaayzN)’ = ’H(favaayzN)’:&AiszN‘ ZCJr? Vi:L...,m?\/. (310)
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Set

p 2
N(1=e)|H(zN, yM) B2 QN yN)5+2
nfv = (A — o) H (= )| AR ADNG , 0= 1,...,m?\,. (311)

-y )

P _2
S H (@ )P ) ) m
j=1

The nfv , 0= 1,.. .,m?\,, are determined by minimizing the sum of the errors of the
interpolation of piecewise quadratic functions on each region subject to the condition the
total number of rectangles is V.

Observe that all nfv — 0o when N — oo.

Having the number of rectangles an on each region DZN ,i=1,..., m?\,, we construct a
partition (0% (DY) of DY in the following way. Let h% and hf»YQ be the linear sizes of the

optimal rectangle on D;N , i.e. the one which solves the problem

L, — error of biquadratic interpolation of Afv z3 + BZN y3 on R

312
R o

N

Observe that due to Lemmas 44-47 we can provide explicit formulas for thl and h;% in

the cases p =1,2, 0

BN\ /6 1 ANN /6 1 .
hiy = <AZN> — hiy = <BZN> _—, i=1,..,m%. (313
7 m 1 m

ny/n Ny/n

Most likely these formulae will provide the optimal parameters for all other values of p as
well.

The intersection of the lattice
kb, (k + 1)) x Ay, (L 4+ )RS, k1€ Z, (314)

with DZN gives us the partition E]*N(DZN) of DZN, i=1,..,m3.
Define the biquadratic spline on each element of the partition obtained by interpolating
the original function f(z,y) at the eight points as shown on Figure 9.

By fn denote the piecewise cubic function constructed in the following way. On D{V we
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set fx to be ANx? + BNy3. Then for i > 1 on DN\UZ lDN we set

fn(z,y) = AYa® + BNy

If a function f is such that frzfyyy > 0 for all (x,y) € D then all BN >0,i=1,...,m%.
If a function f is such that fyuq fyyy < 0 for all (z,y) € D then all BN <0,i=1,...,m%.

Observe that

If = s(f,0n)

p,2 < 2||f - fNHp,Q + HfN - S(valjy\f)HPvQ‘

Let us estimate each term. First of all, by Lemma 48 and the definition of my we have

1
Q2 1 € 1
1f = Fullpg < ”"‘;w( )sgmn&.
. =

3+ 2mp
P
2m

Let us estimate the second term now. It is clear that for two embedded rectangles the error
of linear interpolation of a quadratic function with |H (f;xz,y)] > C* > 0 will be greater on
the larger rectangle. Therefore, we shall estimate this error on rectangles that do not have
an intersection with the boundary.

Let us take a rectangle RY ¢ D}‘V(va ) that does not have common points with the

boundary of DY. By Lemmas 44-47, for every (z,y) € RZN we have

ME\” 2 1
Fn(y) — s(fn, Oas )P < | =2 ) [HEY, oM —
6 (myn )31

Hence, the p-power of the error on the whole D is bounded by

p my

:t
2 1

3zt

By the definition of n)¥ and by (54), for all large enough N, for all 4, and for all (z,y) € D,
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we have

[fn(@,y) = s(fn, O 2, 9) [Pz, y)

TﬂN 1

Z‘H 2(2p+1>Q( N yN) 3pt1

M:t

IN

/2
(é’) . Z| 0 )

— 1
N —e)[H (Y, y; M) QY AR

3
MEN" (14 2) m N, N\Tpi o
- 72(2”1) Z\H S QN yN) 3 _

NP

Since this estimate does not depend on z and y, we obtain that

N
njw
+
3 =

1

p
3
D ST H ) B 0l ) B

Ifv = s(fnv: Ol <

Note that since H(f;z,y) and Q(z,y) are Riemann integrable

1

ZIH 2<2”+”Q( Ny g (315)
my

= S DN ) T~ [ () 00 ) T dady
7j=1

as N — oo. Hence, for all N large enough we obtain

o

1
*p

* Mi 1+2 2 1 B+l
e / H(f: ) 5857 e, ) 571 dady

2

Therefore,

njw

1
+P

. %2 1 MF142
1 = s(F. Ol < 25 1 + 2 < [ s ) T Oz, ) w“dxdy)
N2 6N§

Because € > 0 is arbitrary, we obtain the desired estimate. [J
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VI.5 Error of biquadratic interpolation of C3 functions defined on [0, 1]%. Esti-

mate from below.

Let mN,an ,va etc. be as defined in the previous section. We shall also restart the
numbering of constants.

Proof of Theorem 15: To obtain the estimate from below we shall consider an arbi-
trary sequence of partitions {{n}3_; satisfying (255).

For the fixed € > 0 denote by DzN (€) the square congruent to DZN with side length equal
to 7171;2; Assumption (22) implies that for all large enough N and for any ¢ > 0 there exists
a rectangle RZ]-YV which lies completely in D (¢).

For each such N and iy, set
frin (@) = AN 2° + B .

If the function f is such that (fizsfyyy)(z,y) > 0 for all (z,y) € D then all BY > 0,
i=1,...,m%. If the function f is such that (frzzfyyy)(z,y) <0 for all (x,y) € D then all
BN <0,i=1,...,m%.

Observe that

1f = s(£, Oz, o) 2 1 = U N BNz, q(ry ) = 21 = FNin L, o(m -

By Lemmas 44-47 we have

(1 —e)(M7)P

6r(m2nl )20+

N N\ P/2 N . N
| (xij\ﬂ lN)’ Q(mi]\ﬂ ’iN)'

HfN,'L'N - S(fN’iNJ:IN)H]Zp’Q(Ri\;V) -

By the definition of M;t, (315), and by the definition of nf}fv we have that for all N large
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enough the error on the whole region DY

2
X (1 —e)(MF)P 9
S 2| H @,y [Py,
‘ (m2 nN )zp 1
=1 N IN

o
s

1

Z\H e ) B o) T

(Mi X N N\ P/2 N . N
> (I—E)ﬁzui(xi » Ui )l Q(‘rz » Yi )
237D & N(1 = o) H@ ,y)| 7T QN yN) T

(Mi) (1—¢)

Sp+l
_ (Z|H 2<2p+1>Q( N y§V)2pl+l>
3

(1—¢)3PN2Pm 2(2p+1)
(MjE

2p+1
= ([t T T )

Hence, for all N large enough we obtain

N|w

M +5
1fn = s(fn, On)lpa > P —L(1-e¢ (/ |H(f;, y)l”f‘“ Q(x,y) fp“dxdy>

On the other hand

19215 1 € ot
17 fN?’N”Lp,Q(R%\;) <|f fN’ZN”Lp,Q(Di\va) - 2(%+%)w 2my ) ~ N2 €2l

6m

due to the choice of my. Hence, we obtain that for all large enough N

M S o T )2
1 = 0. 000l > (1 = e26) 25 ([ (i) 0,5 T iy )
6N 2 D

with some positive constant co. Therefore,

If = 5(.0) o o

(fD\H fix y)\2(2”“ Q(z,y) Zp*ldwdy>

lim inf
N—oo

wlw
+
D=

6N

This completes the proof of the theorem. [J

Similarly (with obvious corresponding changes) the following lemmas can be proved.

Lemma 49. Let f € C3(D) and |H(f;x,y)| > CT >0 for all (z,y) € D. Let also positive
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continuous weight function Q(x,y) be given. Then

limsup N3 ||f — s(f, On) oo < 22 ( JREE y)sdwdy) . (316

N—oo
where ML is as in (270) and (290).

Lemma 50. Let f € C3(D) and |H(f;x,y)| > CT >0 for all (z,y) € D. Let also positive
continuous weight function Q(x,y) be given. Then for any sequence of rectangular partitions

which satisfies (255) we have

11m1an2Hf—s(f On) |loc,0 > —= </ |H(f;x y)|3§2(az y)3d:17dy> , (317)

where MZE is as in (270) and (290).
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CHAPTER VII

CONCLUDING REMARKS

In this dissertation we investigate the asympotic behavior of the Lj-error of interpolation
and near interpolation of functions (bivariate and multivariate) by various classes of splines
(linear, multilinear, biquadratic). The proofs of results obtained lead to algorithms for the
construction of asymptotically optimal sequences of partitions (triangulations or rectangular
partitions, respectively).

The results obtained as well as the algorithms based on them might find interesting
applications in computational geometry, the problems of approximation of convex bodies
by polytopes, computer-aided geometric design, etc.

As a next step it would be interesting to try to use techniques similar to those devel-
oped to obtain the exact asymptotics of the error in different norms for higher order splines
(quadratic, cubic, etc.) and other types of splines (best approximating splines, best one-
sided approximating splines etc.) in arbitrary dimensions, and to develop corresponding
algorithms. We are also interested in considering the splines of maximal defect (discon-
tinuous splines) in arbitrary dimensions that might have interesting applications in edge
detection problems.

Because of the numerous applications, it would be interesting to write such algorithms
for scattered data and for parametric surfaces. As an idea, we could use a least squares
fit instead of the quadratic part of the Taylor polynomial at the stage of intermediate
approximation if we have scattered data (as opposed to the continuous function).

We also plan to investigate other (different from those considered) interpolation schemes

due to numerous applications in finite element methods for numerical solutions of PDE’s.

155



BIBLIOGRAPHY

Azarin, V. S.; Barmin, V. I. Approzimation by piecewise linear functions Mathematics

collection, Izdat. “Naukova Dumka”, Kiev, 1976, pp. 25—26.

Azarin, V. S.; Barmin, V. I. The approzimation by piecewise linear functions Teor.

Funkcii, Funkcional. Anal. i Prilozhen. Vyp. 25 (1976), pp. 5-14.

Babenko V.F., Interpolation of Continuous Functions by Piecewise Linear Ones,

Math. Notes, 24, no.1, (1978) 43-53.

Babenko V., Babenko Yu., Ligun A., Shumeiko A., On asymptotical behavior of the
optimal linear spline interpolation error of C? functions, East J. Approx., V. 12, N. 1

(2006), 71-101.
Beckenbach E., Bellman R., Inequalities, Berlin, Springer, 1961.

Below A., De Loera J., Richter-Gebert J. The complexity of finding small triangu-
lations of convex 3-polytopes. SODA 2000 special issue. J. Algorithms 50 (2004), no. 2,
134-167.

Bern M., Eppstein D., Mesh generation and optimal triangulation, manuscript.

Bertram M., Barnes J., Hamann B., Joy K., Pottmann H., Wushour D., Piecewise
optimal triangulation for the approximation of scattered data in the plane, Comput.

Aided Geom. Design 17, no. 8, (2000) 767-787.

Boroczky K., Approximation of general smooth convex bodies, Adv. in Math., 153
(2000) 325-341.

Boroczky K., Finite packing and covering, Cambridge University Press, 2004.

Boroczky K., Ludwig M., Approzimation of Convex Bodies and a Momentum Lemma

for Power Diagrams, Monatshefte fir Mathematik, V. 127, N. 2, (1999) 101-110.

156



[12]

[13]

[14]

[15]

[17]

[18]

Chen L. Optimal Delaunay triangulations, J. Comp. Math., Vol. 22, No. 2, 2004, 299-
308.

Chen L., Sun P., Xu J. Optimal anisotropic meshes for minimizing interpolation

errors in Ly-norm, Math. Comp.,
Coxeter H.S.M., Introduction to Geometry, 1969.

D’Azevedo, E. F. Are bilinear quadrilaterals better than linear triangles? SIAM J.

Sci. Comput. 22 (2000), no. 1, 198-217.

D’Azevedo, E. F. Optimal triangular mesh generation by coordinate transformation.

SIAM J. Sci. Statist. Comput. 12 (1991), no. 4, 755-786.

D’Azevedo, E. F.; Simpson, R. B. On optimal interpolation triangle incidences. STAM
J. Sci. Statist. Comput. 10 (1989), no. 6, 1063-1075.

Delone, B. N.; Ryshkov, S. S. Extremal problems of the theory of positive quadratic
forms. (Russian) Collection of articles dedicated to Academician Ivan Matveevich Vino-

gradov on his eightieth birthday, I. Trudy Mat. Inst. Steklov. 112 (1971), 203-223, 387.

Demaret L., Dyn N., Iske A., Image compression by linear splines over adaptive

triangulations, IEEE Transactions on Image Processing.

Dubrovin B.A., Fomenko A.T., Novikov S.P., Modern Geometry - methods and

applications, Springer, 1984.

Dyn N., Levin D., Rippa S., Data dependent triangulations for piecewise linear in-
terpolation, IMA J. Numer. Anal., 10, no. 1 (1990) 137-154.

Dyn N., Levin D., Rippa S., Boundary correction for piecewise linear interpola-
tion defined over data-dependent triangulations, Journal of Computational and Applied

Mathematics, 39, 1992, pp. 179-192.

Edelsbrunner H., Algorithms in Combinatorial Geometry, EATCS Monographs on

Theoretical Computer Science, Volume 10, Springer-Verlag, 1987.

157



Fejes Toth L., Lagerungen in der Ebene, auf der Kugel und im Raum, 2nd edn. Berlin:

Springer, 1972.

Fortune, S. Voronoi diagrams and Delaunay triangulations. Handbook of discrete and
computational geometry, 377-388, CRC Press Ser. Discrete Math. Appl., CRC, Boca

Raton, FL, 1997.

Goodman J., O’Rourke J., (editors) Handbook of Discrete and Computational Ge-

ometry, CRC Press, 2004.

Grebennikov, A. I. The choice of nodes in the spline approzimation of functions Z.

Vy¢isl. Mat. i Mat. Fiz. 16 (1976), no. 1, 219-223, 278.

Gruber P., Volume approximation of convex bodies by inscribed polytopes, Math. Ann.,

V. 281, 1988, pp.229-245.

Gruber P., Aspects of approximation of convex bodies. In: GRUBER P.M., WILLS J
(eds) Handbook of Convex Geometry A, Amsterdam: North-Holland, (1999) 319-345.

Gruber P., Error of asymptotic formulae for volume approzimation of convex bodies

in B¢, Monatsh. Math. 135 (2002) 279-304.
Handscomb, D.C., Errors of linear interpolation on a triangle, Report N. 95, 1995.

Huang, W.Variational mesh adaptation: isotropy and equidistribution. J. Comput.

Phys. 174 (2001), no. 2, 903-924.

Huang, W.; Sun, W. Variational mesh adaptation. II. Error estimates and monitor

functions. J. Comput. Phys. 184 (2003), no. 2, 619-648

Ligun A.A., Shumeiko A.A., Optimal choice of knots for approximation by splines,
Dokl. AN USSR, A, N. 6, (1984) 18-22.

Ligun A.A., Shumeiko A.A., Asymptotic methods of curve recovery, Kiev. Inst. of
Math. NAS of Ukraine, 1997. (in Russian)

Ligun, A. A.; Storcai, V. F. Best choice of nodes in the approzimation of functions

by local Hermite splines Ukrain. Mat. Zh. 32 (1980), no. 6, pp. 824-830.

158



[37]

[38]

Ligun, A. A.; Storchai, V. F. Interpolation of functions by cubic Hermitian splines
Izv. Vyssh. Uchebn. Zaved. Mat. 1982, no. 6, pp. 26-29.

Manzi, C.; Rapetti, F.; Formaggia, L. Function approzimation on triangular grids:
some numerical results using adaptive techniques. (English. English summary) Numeri-
cal grid generation-technologies for advanced simulations (Berlin, 1997). Appl. Numer.

Math. 32 (2000), no. 4, 389-399

Nadler E., Piecewise linear best Lo approximation on triangles, in: Chui, C.K., Schu-
maker, L.L. and Ward, J.D. (Eds.), Approximation Theory V, Academic Press, (1986)
499-502.

Nadler E., Piecewise linear approximation on triangulations of a planar region, PhD

thesis, 1986.

Pottmann H., Krasauskas R., Hamann B. Joy K., Seibold W., On piecewise linear

approximation of quadratic functions, J. Geom. Graph. 4, no. 1, (2000) 31-53.

Powell, M. J. D. On best Lo spline approximations 1968 Numerische Mathe-
matik. Differentialgleichungen. Approximationstheorie (Tagungen, Oberwolfach, 1966)

Birkhuser, Basel, pp. 317-339.

Rajan V. T., Optimality of the Delaunay triangulations in R? Discrete Comput.
Geom., 12: 189-202, 1994.

Rippa, S., Long and thin triangles can be good for linear interpolation, STAM J. Num.
An., Vol. 29, No. 1 (1992), 257-270.

Rogers, C.A., Packing and Covering, Cambridge University Press, Cambridge, 1964.

Schneider R. Zur optimalen Approzimation konvexer Hyperfichen durch Polyeder.
Math. Ann. 256 (1981), no. 3, 289-301.

Schumaker L. L., Spline Functions : Basic Theory, 1981, p. 553.

Subbotin, Ju. N.; Cernykh, N. I. The order of the best spline approzimations of

certain classes of functions Mat. Zametki 7, 1970, pp. 31-42.

159





