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CHAPTER I
INTRODUCTION

Residuated lattices are algebraic structures with strong connections to mathematical
logic. This thesis studies properties of a number of collections of residuated lattices. The
algebras under investigation combine the fundamental notions of multiplication, order and
residuation, and include many well-studied ordered algebraic structures.

Residuated lattices were first considered, albeit in a more restrictive setting than the one
we adopt here, by M. Ward and R. P. Dilworth in the 1930’s. Their investigation stemmed
from attempts to generalize properties of the lattice of ideals of a ring. On the other hand,
work on residuation, a concept closely related to the notions of categorical adjunction and of
Galois connection, was undertaken in algebra, with emphasis on multiplication, and in logic,
with emphasis on implication, but without substantial communication between the fields.
During relatively recent years, studies in relevant logic, linear logic and substructural logic
as well as on the algebraic side draw attention to and establish strong connections between
the fields. See, for example, [OK], [BvA], [RvA] and [JT].

The generality in the definition of residuated lattices is due to K. Blount and C. Tsinakis
(see [BT]) who first developed a structure theory for these algebras. This thesis relies on
their results and concentrates on subvarieties of residuated lattices.

After discussing, in Chapter II, the background needed for reading this thesis, in Chapter
IIT we give the definition of residuated lattices and an extensive list of examples and construc-
tions on residuated lattices. Also, we give a short overview of the description of congruence
relations, presented in [BT], comment on the case of a finite residuated lattice and give two
easy corollaries of the general theory. Furthermore, we define a number of interesting subva-
rieties of residuated lattices and discuss properties of the subvariety lattice. In particular, we
establish a correspondence between positive universal formulas in the language of residuated
lattices and residuated-lattice varieties and apply it to show, among other things, that the
join of two finitely based commutative varieties of residuated lattices is also finitely based.
We give a brief exposition of the fact that residuated lattices provide algebraic semantics
for the full Lambek calculus, and review how this implies the decidability of the equational
theory of residuated lattices, a fact proved in [JT]. Finally, we investigate the limitations of
lexicographic orders on semidirect products, a useful tool for lattice-ordered groups, in the
case of residuated lattices.

Chapter IV contains results to appear in [BCGJT]. In particular, we note that the class

of residuated lattices with a cancellative monoid reduct is a variety, and we give a number



of equational bases for the varieties of lattice-ordered groups and their negative cones and
illuminate the connections between the two varieties.

In Chapter V we undertake an investigation of the atomic layer in the subvariety lattice
of residuated lattices. We show that there exist only two cancellative atoms and provide
a countably infinite list of commutative atoms. Moreover, we construct a continuum of
atomic varieties that have an idempotent monoid reduct and are generated by totally ordered
residuated lattices. We note that there are only two idempotent commutative atoms.

Chapter VI focuses on residuated lattices with a distributive lattice reduct. We mention
that the variety of distributive residuated lattices has an undecidable quasi-equational theory,
see [Gal, and remark that the same variety has a decidable equational theory, see [GR].
Moreover, we establish a Priestley-type duality for the category of distributive residuated
bounded-lattices.

The collections of MV-algebras, lattice-ordered groups and their negative cones are gen-
eralized to the variety of GMV-algebras, in Chapter VII. We prove that a GMV-algebra
decomposes into the Cartesian product of a lattice-ordered group and a nucleus-retraction
on the negative cone of a lattice-ordered group. Moreover, we show that a GMV-algebra
is the image of a monotone, idempotent map on a lattice ordered group. These character-
izations and known results regarding lattice-ordered groups imply the decidability of the
equational theory of GMV-algebras. Finally, we establish an equivalence between the cate-
gory of GMV-algebras and a category of pairs of lattice-ordered groups and certain maps on

them. We conclude our study with a list of open problems, in Chapter VIII.

An effort has been made so that the exposition can be understood by the non-specialist.

Toward this goal we have tried to present proofs in full detail.



CHAPTER II
PRELIMINARIES

We assume familiarity with basic concepts from set theory, mathematical logic, topology
and category theory. If 4 is a map from A to Band C C A, D C B, we set h[C] = {h(c)|c €
C} and h™'[D] = {a € A| h(a) € D}. In what follows, we give the basic notions and results
that will be needed for the presentation of this thesis, organized according to three subject

areas.

Universal algebra
We start with some basic definitions from universal algebra. For a detailed exposition of
notions and results of the fields, the reader is referred to [MMT] and [BS].

An (algebraic) language, signature, or (similarity) type F is an indexed set of symbols
F together with a map o : ' — N called the arity map. An operation on a set A of arity
n is a map from A" to A. An algebra A of type F consists of a set A and an indexed set
(f™)er of operations fA : AY) — A on A of arity o(f). The set A is called the underlying
set or the universe of A and the maps f# are called the fundamental operations of A. We
will be dealing with algebras over a finite similarity type. Such algebras will be denoted
by A = (A, f&, f&, ..., fA), and most of the times we will omit the superscript A. Two
algebras that have the same similarity type are called similar.

A subuniverse of an algebra A is a subset B of A that is closed under the fundamental
operations, i.e., f4(by, b, .. bo(p)) € B, for all by,...b,5) € B. If B is a subuniverse of
of an algebra A = (A, f1, fa, ..., fn), then the algebra B = (B, fi|s, f2|s,-- -, fulB), Where
fi| B is the restriction of f# to B’ is called a subalgebra of A.

If F is a similarity type and G is a subset of F, the G-reduct of an algebra A with
underlying set A, similarity type F and fundamental operations f4, f € F is the algebra
A% with underlying set A and fundamental operations f2, f € G. A G-subreduct is a
subalgebra of a G-reduct.

A homomorphism between two algebras A and B of the same similarity type F is a map
h: A — B, that commutes with all the fundamental operations, i.e., h(f*(a1, as, . .., ax(s))) =
fB(h(ar), h(az), ..., h(ay(p)), for all ai,as, ..., amp) € A and for all f € F. If h is an onto
homomorphism form A to B, then we say that B is a homomorphic image of A. The kernel
of a homomorphism h : A — B is defined to be the set Ker(h) = {(z,y) € A?|h(x) = h(y)}.

If A={A;|i e I} is an indexed set of algebras of a given similarity type F, then the



product of the algebras of A is the algebra P = []
product of the underlying sets of the algebras in A, similarity type F and fundamental
operations fF, f € F, defined by fP<<ai1>iela ) <aio(f)>ief) = <fAi (@i, - - ,aio(f)»iela for
all A, e A a;; € Ajyielandje{l,....o(f)}

A congruence relation on an algebra A of type F is an equivalence relation 6 that is

ser Ai with underlying set the Cartesian

compatible with the fundamental operations of A, i.e., for every fundamental operation
fA f€F,and ai,as,... L Ag(fy, D1y ba, o bo(ry € Ay i a1 @by, a2 @by, ..., as(r) 0bs(s) then
flar,ag, ... a005) 0 f(b1,ba, ... bocpy). It is easy to see that the congruence relations on
an algebra coincide with the kernels of homomorphisms on the algebra. The congruence
generated by a set X of pairs of elements from an algebra A is the least congruence relation
Cg(X) containing X. The congruence generated by a singleton is called principal. The
collection of all congruences on an algebra A forms a lattice, see definition below, denoted
by L(A). Every non-trivial algebra has at least two congruences; the universal congruence
A? and the diagonal congruence {(a,a) | a € A}. If an algebra has exactly two congruences
it is called simple. The class of all simple algebras of a class K is denoted by Kg;.

If A=(A fi,fo,..., fn) is an algebra and 6 a congruence on A, we define the algebra
A /0 of the same similarity type as A, with underlying set the set of all #-congruence blocks
la]p, a € A, and fundamental operations ff/e, R defined by fiA/g([al]g, o lasyle) =
[fA(a1,. .., a0(s))]e, for all i € {1,2,...,n} - the fact that 6 is a congruence guarantees that
the operations are well-defined. The algebra A /6 is called the quotient algebra of A by 6.

A subdirect product of an indexed set A = {A;|i € I} of algebras of a given similarity
type F, is a subalgebra B of the product of the algebras of A, such that for every i € I and
for every a; € A;, there exists an element of B, whose i-th coordinate is a;. In other words,
the projection to the i-th coordinate map from B to A; is onto. An non-trivial algebra is
called subdirectly irreducible, if it is not a subdirect product of more than one non-trivial
algebras. Looking at the kernels of the i-th projection maps, it can be seen that an algebra
is subdirectly irreducible iff it has a minimum non-trivial congruence, called the monolith.
The collection of all subdirectly irreducible members of a class of algebras K is denoted by
Ksr.

An ultrafilter over a set X is a filter, see definition below, in the power set P(X) of X
that is maximal with respect to inclusion. If A = {A;|i € I} is an indexed set of algebras of
a given similarity type and U is an ultrafilter over the index set I, then the binary relation
6y on the product P of the algebras of A, defined by (a;)icr O(bi)icr iff {i € I'|a; =b;} € U,
is a congruence on P. The quotient algebra P /6, is called the ultraproduct of A over the

ultrafilter . The class of all ultraproducts of collections of algebras from a class I is denoted
by P, (K).



The ultraproduct construction preserves the validity of first-order formulas over the sim-
ilarity type F. A celebrated result due to B. Jénsson, known as Jonsson’s Lemma, states
that if a variety V is congruence distributive, i.e., the congruence lattice of every algebra is
distributive, see definition below, then the subdirectly irreducible algebras of V are homomor-
phic images of subalgebras of ultraproducts of algebras of V; in symbols Vs; C HSP, (V).

If K is a class of algebras we denote by S(K), H(K) and P(K) the classes of all algebras
that are isomorphic to a subalgebra, a homomorphic image and a product of algebras of IC,
respectively. A class of algebras is called a variety , if it is closed under the three operators
S, H and P. We denote the composition HSP by V. It is not hard to prove that a class
V of algebras is a variety iff V = V(V). Moreover, given a class K of similar algebras, the
smallest variety containing K is V(K), the variety generated by IC. It K = {A1, Aa, ..., AL},
we write V(Aq, As, ..., A,) for V(K).

Let X be a set of variables, F a similarity type and (X UF)* the set of all finite sequences
of elements of X U F'. The set T#(X) of terms in F over X is the least subset of (X U F')*
that contains X and if f € F and t1,ts,...,to5) € Tr(X), then the sequence ftits...to(p)
is in T’#(X). Usually, we omit the set of variables and write T, if it is understood or of no
particular importance. Frequently, we will take the set of variables to be (bijective to) the
set N of natural numbers. The set of variables Var(t) of a term ¢ in F over X - we avoid
the clear inductive definition - is the indexed subset of variables of X that occur in t. The
term algebra Tx in F over X is the algebra with underlying set T'x, similarity type F and
fundamental operations fT#, for f € F, defined by fT7(t1,ts,. .., te) = ftita- - to(p), for
all t; € Tr.

If A is an algebra of type F, t a term in F over a set of variables X and Var(t) =
{21, 29,...,7,}, we define the evaluation, or term operation t* of t inductively on the sub-
terms of ¢ to be the operation from on A of arity n defined as follows: z2 is the i-th

)

projection operation on A", and if s = ftity...1,(5), where f € F and ti,ty,... 15 €

T, then s is defined by s®(ay,as,...,a,) = fAt2ay, aq,...,a,),t5(ay,aq,...,a,),...,
t?(f)(al, ag,...,a,)). It ty, to, ... t, are terms of Tz and n = |Var(t)|, then the substitu-
tion of ty,ts,...,t, into t is defined to be the element tT7(t1,t,...,t,). We also allow for

substitutions of fewer terms than the variables. If A is an algebra of type F and t a term in
F, then the operation t* on A is called a term operation. Two algebras of possibly different
similarity types are called term equivalent, if every fundamental operation of one is a term
operation of the other.

An equation in the similarity type F over a variable set X is a pair of terms of Tx. If
t,s are terms we write ¢ /= s for the equation they define, instead of (¢,s). We say that an

equation t &~ s in F over X is wvalid in an algebra A of type F, or an identity of A, or that



it is satisfied by A, in symbols A |=t ~ s, if t* = s*. The notion of validity is extended to
classes of algebras and sets of equations. A set £ of equations in a type F is said to be valid
in, a set of identities of, or satisfied by a class KC of algebras of type F, in symbols K = &,
if every equation of £ is valid in every algebra of K.

It is easy to see that if an equation is valid in an algebra then it also valid in any
subalgebra and in any homomorphic image of the algebra. Moreover, if an equation is valid
in a set of algebras then it is valid in their product. In other words, equations are preserved
by the operators S, H and P.

A theory of equations, or equational theory 7 in a similarity type F is a congruence on
T x closed under substitutions, i.e., if (t = s) € 7, Var(t) U Var(s) = {x1,22,...,2,}, and
ti,ta, ...ty € T, then (tT7 (t,ty, ... t,) = sT7(t1,to, ..., t,)) € T. It is easy to see that if
K is a class of algebras of similarity type F, then Thg(K) ={(t=s) € Tr | K =t~ s} is
an equational theory, called the equational theory of K.

Given a set £ of equations of a similarity type F the equational class axiomatized by
€ is defined to be the class Mod(€) = {A | A |= £} of algebras of type F, that satisfy all
equations of &; the set £ is called an equational basis for Mod(£). By previous observations,
every variety is an equational class. G. Birkhoft’s celebrated HSP-theorem of establishes
that every equational class is a variety. Moreover, for every variety ) of similar algebras,
we have that Mod(Thg,(V)) = V, and for every theory 7 of equations in a given type,
Thg,(Mod(T)) =T.

If K is a class of algebras of similarity type F, then the quotient algebra Fi(X) =
Tx(X)/Thg,(K) is called the free algebra for K over X and has the following universal
property: every map from X to an algebra A of K can be extended, in a unique way, to a
homomorphism from F(X) to A. It can be shown that if V is a variety then Fy,(X) is in
V.

A subvariety is a subclass of a variety that is a variety. The class of all subvarieties of a
variety V of algebras of type F is a set bijective to the set of all subtheories of T'#(N), that
contain the theory Thg,(V). Both of these sets form lattices, see definition below, under
inclusion that are dually isomorphic. We denote the lattice of subvarieties, or subvariety
lattice of a variety V, by L(V). Note that L(V) = L(F(N)).

Order and lattice theory

Basic definitions and results in order and lattice theory can be found in [Gr].

A (partial) order relation < on a set P is a subset of P? such that for all z,y,z € P, (we
write © <y for (z,y) € <)



1. z <z
2. if x <y, then y < x; and
3. ifx <yandy <z then z < 2.

A partially ordered set or poset P is a set P with a partial order < on it; P = (P, <). Tt
is easy to see that given a partial order <, the converse relation > is also an order. The
poset P? = (P, >) is called the dual of P = (P,<). A subset X of P is called increasing,
an upset, or an order filter if p € X, whenever x < p, for some x € X. A decreasing set, an
downset, or an order ideal is the dual concept. The interval [x,y] in P is defined to be the
set {z€ P|lz<z<y}.

An upper bound of a set X of elements in a poset P is an element p of P, such that
x < p, for all x € X. A lower bound is an upper bound of X in the dual poset. If there
exists a least upper bound for a set X of elements in a poset P, then it is called the join
\/ X of X. The greatest lower bound of X, if it exists, is called the meet A X of X. If X
is a doubleton {z,y}, we denote its join by x V y and its meet by x A y. A lattice L is a
poset, such that every pair of elements x,y € L, has a join and a meet. In this case, the
meet and the join can be considered as binary operations on L. The algebra L = (L, A, V)

is also called a lattice . Every lattice satisfies the following equations:
l.xANr=zx=uzVu,
2.z ANy~yAzand zVy~yVuz; and
. xAN(xVy)rmzrazV(xAy).

It can be shown that if an algebra L = (L, A, V) satisfies these identities, then (L, <), where
x <yiff t = x Ay, is a lattice. We will be considering lattices as algebraic objects and think
of the order as an auxiliary expressive tool, as defined above.

A (lattice) ideal in a lattice is an order ideal that is closed under joins. Obviously, a
lattice ideal is a sublattice. The notion of a (lattice) filter is defined dually. A proper ideal
I is called prime, if for every pair of elements x,y, x € I or y € I, whenever x Ay € I. The
dual concept is that of a prime filter. The Prime Ideal Theorem states that if I N F = (), for
an ideal I and filter F', then there exists a prime ideal J that contains I and J N F = ().

If P = (P ,<p)and Q = (Q,<q) are posets and f is a map from P to @, then f is
said to preserve the order, or that to be order preserving, if for all x,y € P, f(z) <q f(y),
whenever z <p y.

A closure operator on a lattice L is a map v : L — L, that satisfies the following

conditions:



1. v is extensive: z < ~y(x), for all x € L.
2. v is monotone: if z < y, then v(x) < (y), for all x,y € L.
3. v is idempotent: y(y(z)) = v(z), for all z € L.
An interior operator on a lattice L is amap ¢ : L. — L, that satisfies the following conditions:
1. § is contracting: 0(x) < z, for all x € L.
2. § is monotone: if z < y, then §(x) < §(y), for all z,y € L.
3. ¢ is idempotent: 6(d(z)) = d(z), for all z € L.
We denote the image of an idempotent operator o on a lattice L, by L,. Note that = € L,

iff © = a(z).

Residuation

For background in residuation theory we refer the reader to [Ro].

Let P = (P, <) be a poset. A map f: P — P is called residuated if there exists a map
f*: P — P, such that for all x,y € P,

flz) <y e =< [ (y).

In this case, f* is called the residual of f. It is not hard to see that if f is residuated then
it preserves the order and existing joins. Note that if f* is the residual of f, then f*o f is a
closure operator and f o f* is an interior operator.

Let U be a set and S C U?, a binary relation on U. For every subset X of U, we set
SIX] =S5X,.]={yeU|xSy, for some x € X} and S[_.,X]| = {y € U |ySuz, for
some z € X}. We define the maps fs,gs on the power set of U, by fs(X) = S[X] and
gs(X) ={y e U|S[_,{y}] € X}. Tt is not hard to see that both fg,gs are residuated and
that f3(X) = S, X] and g5(X) = {y € U | S[{y},-] € X}.

A binary operation * on a poset P = (P, <) is called residuated if the maps [, and r, on
P, defined by I,(y) = x *xy and r,(y) = y * x, are residuated, for all x € P, i.e., if there exist
binary operations \ and / on P, such that for all z,y,2z € P

rxy<z o y<a\z & r<z/y.

Let U be a set and R C U3, a ternary relation on U. We write R(z,y, z) for (z,y,2) € R
and R[X,Y,_] for {z € P| R(x,y,z), for some x € X, y € Y}. For X,Y subsets of U,

8



we define the binary relations on U, Rx = {(y,z) € P?| R(z,v, z), for some z € X} and
RY = {(x,2) € P?| R(z,y,2), for some y € Y}, and the binary operation on the power set
of U, X xY = R[X,Y, _]. It is easy to see that * is residuated and the associated residuals,
or division operations are X\Z = f (Z) and Z/Y = f;,(Z).



CHAPTER III
RESIDUATED LATTICES
We begin with the definition of residuated lattices and a list of their basic properties.

Definition
A residuated lattice, or residuated lattice-ordered monoid, is an algebra
L = (L,AV,\,/,e) such that (L, A,V) is a lattice; (L,-,e) is a monoid; and for all
a,b,c € L,
a-b<c & a<c/b s b<ad\c
It is not hard to see that RL, the class of all residuated lattices, is a variety and the
identities
r~cAN(zyVze)ly, xz(yVz)=ayVez (z/y)yVe=zx
yryAz\(zyVz), (yVz)rmyzrVze, yly\r)Ve=zx

together with the monoid and the lattice identities form an equational basis for it.

In a residuated lattice term, multiplication has priority over the division operations,
which, in turn, have priority over the lattice operations. So, for example, x/yz A u\v means
[z/(yz)] A (u\v). We will be using the inequalitiy ¢ < s instead of the equalities t = t A s

and t V s = s to simplify the presentation, whenever appropriate.

The following lemma contains a number of identities useful in algebraic manipulations of

residuated lattices. The proof can be found in [BT] and is left to the reader.
Lemma 3.1. /[BT] Residuated lattices satisfy the following identities:

1. x(yVz)~zyVez and (yVz)r =yxV zx

2. B\(yA2) ~ (@\Y) A (8\2) and (y A z)/z~ (y/2) A (2/2)

3. x/yVz) = (z/y) A(z/2) and (yV z)\z = (y\z) A (2\1)

4. (z/y)y <z and y(y\z) <z

5. x(y/z) <zy/z and (2\y)z < z\yz

6. (x/y)/z=x/(zy) and 2\(y\r) = (y2)\z

7 (2/y)y/z) < x/z and (2\y)(y\z) < 2\z
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8. x/y < (x/2)/(y/z) and y\z < (2\y)\(z\z)
9. xfy < (z/x)\(z/y) and y\z < (y\z)/(2\z)

10. z/y < zz/yz and y\z < zy\zz

11,z < y/(x\y) and x < (y/x)\y

12. 2\(y/2) = (x\y)/=

13. xje~x~e\x

1. e<z/r and e <z\z

15. z(2\2) ~ 2 ~ (z/2)z

16. (x\2)? ~ (2\z) and (z/2)? ~ (z/z)

Moreover, if a residuated lattice has a bottom element 0, then it also has a top element 1

and for every element a, we have:
(i) a0 =0a =0,
(ii) a/0=0\a =1 and

(iii) 1/a =a\l = 1.

It follows from (1), (2) and (3) of the lemma above that multiplication is order-preserving
and that the two divisions are order-preserving in the numerator and order-reversing in the
denominator. Moreover, it is shown in [BT] that the distribution in (1) and (2) holds for all
existing meets and joins.

It is not difficult to see that the last condition in the definition of a residuated lattice is
equivalent to the stipulation that multiplication is order-preserving and for any two elements
Yy, z, the join of each of the sets {z | zy < z} and {z | yx < z} exists and is equal to z/y and
y\z, respectively.

The dual of a residuated lattice equation is the equation obtained by interchanging the
two lattice operations. By the opposite of a residuated lattice equation we understand the
“mirror image” of it, namely the equation written in reverse order, where the two division op-
erations are interchanged. Examples of the opposite of an equation can be seen in properties

(4)-(11) of Lemma 3.1; property (12) is self-opposite up to a permutation of the variables.

11



A residuated lattice is called commutative (respectively, cancellative, idempotent, n-
potent), when its monoid reduct is commutative (respectively, cancellative, idempotent, n-
potent). A residuated lattice is called distributive if it has a distributive lattice reduct; it is
called integral if its lattice reduct is upper bounded by the multiplicative identity. Note that
if a residuated lattice is commutative the two divisions operations coincide (each one is the

opposite of the other). In this case we denote the element x\y = y/x by x — v.

A residuated bounded-lattice is an algebra L = (L, A,V,-\,/,e,0) such that
L={(L,AV,-e,\,/) is aresiduated lattice and the nullary operation, 0, satisfies x V0 =~ x.
Note that 1 = 0\0 = 0/0 is the top element of such an algebra, so the constant 1 can be
conservatively added to the type.

An element a in a residuated lattice L is called invertible, if there exists an element ¢+

1

such that aa™ = e = a™'a; a is called integral, if e/a = a\e = e. We denote the set of

invertible elements of L by G(L) and the set of integral elements by I(L). It is easy to see

1

that a is invertible iff a(a\e) = e = (e/a)a; in this case, a™' = e/a = da\e.

To establish an equality between two elements a,b of a residuated lattice, we will fre-
quently prove that x < a & z < b, for every element z. By setting x = a, we have a < b.

On the other hand, by setting x = b, we obtain b < a.
Lemma 3.2. If a is invertible, then for all x,y we have

1. x/a=za"! and a\x = a 'z;

2. a(lx Ny) =ax ANay and (x ANy)a = za A ya;

3. a\a=eandaja =e;

4. (x/a)y = x(a\y); and

5. ala tz/aly) = (z/y)a and a(a " y\a ' x) = a(y\z).
Moreover, (4) implies that a is invertible.

Proof. 1) For every element z we have
z<z/a & za<r & z<za ',

so x/a = za~!. Similarly, we get the opposite equality a\z = a'z.

12



2) We have a(x Ay) < ax,ay, so a(x Ay) < ax Aay. For the reverse inequality, note that
a HNar Nay) <alax Aalay =2 Ay,

hence ax A ay < a(z Ay). Similarly we get the opposite equality.

3) This is a direct consequence of (1).

4) If @ is invertible, then (z/a)y = za~'y = z(a\y). Conversely, if we set z =c and y = a
in (z/a)y = x(a\y), we get (e/a)e = a\a. Since, by Lemma 3.1(4) and (14), (e¢/a)a < e and
a\a > e, we obtain (e/a)a = a\a = e. Similarly, (a\e)a = e.

5) For every z, we have

z<alaz/a™ly) & alz<alx/aly
& atzaly<alz
& atly<a
& za ' <uz/ly
& 2 < (z/y)a

The opposite equation follows, since the definition of an invertible element is self-opposite.

]

Examples
In what follows we give a list of examples of residuated lattices, with the goal of enhancing

the intuition of the reader.

Known algebraic structures

As mentioned before, residuated lattices generalize a class of well studied algebraic struc-

tures. In what follows we mention a few.

Example 3.1. Lattice-ordered groups

A lattice-ordered group or (-group is an algebra G = (G, A, V, -, 71, €), such that (G, A, V)
is a lattice, (G,-, 7! €) is a group and multiplication is order preserving. It can be easily
shown, see [AF], that the last requirement is equivalent to the stipulation that multiplication
distributes over binary meets and/or joins, hence the class of all f-groups is a variety. It
is easy to see that this variety is term equivalent to the subvariety of residuated lattices

1

axiomatized by the identity (e/z)x ~ e, via 27! = ¢/z and x/y = zy~!, y\z = y ', see

Lemma 4.3.
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Example 3.2. Generalized Boolean algebras

A generalized Boolean algebra B is a lattice such that every principal filter is a Boolean
algebra. We include in the type symbols for the lattice operations, the top element e and the
binary operation that, given x,y in B, produces the complement of x in the Boolean algebra
[y, e]. Tt is shown in Proposition 5.3 that the class of generalized Boolean algebras is term
equivalent to the subvariety GBA of RL generated by 2, the two-element residuated lattice.
This variety is shown to be an atom in the lattice of subvarieties of residuated lattices and

an equational basis is provided for it.

Example 3.3. Brouwerian algebras

A generalized Boolean algebra is a special case of a Brouwerian algebra. The latter is a
lattice such that for any pair of elements x,y there exits an element z, which is maximum
with respect to the property x A z < y. This element is denoted by x — y and it is called
the relative pseudo-complement of x with respect to y. As in the case of generalized Boolean
algebras, the lattice operations, the top element and the relative pseudo-complement are
considered as fundamental operations of the Brouwerian algebra. It is easy to see that the
class of Brouwerian algebras is term equivalent to the subvariety Br of residuated lattices
axiomatized by the equation x - y &~ x A y and that the only atom below Br is GBA. For a

study of Brouwerian algebras we refer the reader to [BD].

Example 3.4. Reducts of MV-algebras

MV-algebras are algebraic models of multi-valued logic. Among many term equivalent
definitions, we chose the one given in the setting of residuated lattices. An MV-algebra is
a commutative residuated bounded-lattice that satisfies the identity (z — y) — y = z V y,
the relativized law of double negation. MV-algebras are generalizations of Boolean algebras
and have been studied extensively; see [COM], [Ha] and [Mu]. In Chapter 7, we investigate

a common generalization of MV-algebras and ¢-groups.

Example 3.5. Reducts of relation algebras
A relation algebra is an algebra A = (A AV, 7,0,1,-;e, V), such that
(A, A, V, 7,0,1) is a Boolean algebra, (A, -, e) is a monoid and for all a,b,c € A

(i) (a”)” =a, (ab)” = b a";
(ii) a(bVe)=abVac, (bVc)a=baV ca, (aVb)” =a"Vb’; and
(iii) a“(ab)” < b~.
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The structure R(A) = (A, A, V, -\, /,e), where a\b = (a“b7)~ and b/a = (b~a")” is
a residuated lattice. The only thing to be checked is that the division operations are the
residuals of multiplication, i.e., the last condition in the definition of a residuated lattice. If
ab < ¢ then ¢~ < (ab)~. So, a”c™ < a“(ab)™ < b, by (iii); hence b < (a“c™)~. On the other
hand, if b < (a”c™)~, then ab < a(a”c™)~ < ¢, by (iii), and the idempotency of ¥ and ~

General constructions on residuated lattices

Before proceeding to concrete examples, we mention some general constructions on ex-

isting residuated lattices that produce new ones.

Example 3.6. Subalgebras, products and homomorphic images
As mentioned before, the class of all residuated lattices is equationally definable. Thus,
by Birkhoff’s Theorem, it is a variety, namely it is closed under the operations of subalgebras,

products and homomorphic images.

Example 3.7. The negative cone

The negative cone of a residuated lattice L = (L,A,V,-,\,/,e) is defined to be the
algebra L™ = (L7, A, V,,\1L-, /L-,€), where L™ = {x € L|x < e}, 2\p-y = x\y A e and
x/L-y = x/y ANe. Tt is easy to check that L~ is also a residuated lattice, which is obviously
integral. If IC is a class of residuated lattices, we denote the class of negative cones of elements
of I by K.

Example 3.8. The opposite residuated lattice

The opposite of a residuated lattice L = (L,A,V,-,\,/,e) is the algebra L? =
(L, N\, V, P \P [P e), where x -y = y -z, /Py = y\z and y\®’x = x/y. The oppo-
site of a residuated lattice is also a residuated lattice, because the defining identities of
residuated lattices are self-opposite. We will use this symmetry frequently to obtain proofs

of the opposites of already proved identities.

Example 3.9. [Ro] Nuclei retractions

We first define an important notion in the context of residuated lattices.

A nucleus on a residuated lattice L is a closure operator v on L such that v(a)y(b) <
v(ab), for all a,b € L.

The concept of a nucleus is not new to ordered algebraic structures. It was defined in

the context of Brouwerian algebras, see [ST]. Recall that L, is the image of L under .
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Lemma 3.3. [Ro] If v is a closure operator on a residuated lattice L, then the following

statements are equivalent:
1. v is a nucleus.
2. y(v(@)v(y)) = v(zy), for all z,y € L.
3. x/y, y\e € L, for allz € L, y € L.

Proof. (1) = (2):
¥(v(x)¥(y)). On the other hand, by the defining property of a nucleus and monotonicity, we
have v(v(2)v(y)) < v(v(zy)). So, ¥(v(x)y(y)) < ~(zy), since v is idempotent.

Let x € L, and y € L. Since 7 is extensive and monotone, we have y(zy) <

(2) = (3): Since xz € L., we get y(z) = z. So,

Y(x/y) -y <v(y(z/y)-v(y)) (v is extensive)
=7((z/y) - y) (2)

v(z) (Lemma 3.1(4) and monotonicity)
x

IN

So, v(z/y) < x/y, by the defining property of residuated lattices. Since the reverse
inequality follows by the extensivity of 7, we have z/y = vy(z/y) € L,. Similarly, we get the

result for the other division operation.

(3) = (1): Since 7 is extensive, zy < vy(zy), so x < v(zy)/y. By the monotonicity of
v and the hypothesis, we have v(z) < v(xy)/y. Using the defining property of residuated
lattices, we get y < v(x)\7y(zy). Invoking the monotonicity of v and the hypothesis, once

more, we obtain y(y) < v(x)\7(zy), namely v(z)y(y) < v(zy). O

Actually, it can be shown that an arbitrary map v on a residuated lattice L is a nucleus
if and only if y(a)/b = v(a)/v(b) and b\y(a) = v(b)\y(a), for all a,b € L.

If L = (L,AV,-\,/,e) is a residuated lattice and v a nucleus on L, then the algebra
L, = (L,,A\,Vy,04,\,/,7(€)), where x o, y = y(x - y) and = V, y = y(x V y), is called the

~v-retraction of L.

Proposition 3.4. [Ro] If L is a residuated lattice and y a nucleus on it, then the y-retraction

L, of L is a residuated lattice.

Proof. Obviously, v(e) is the multiplicative identity of L, and L, is closed under o, and A,.

By Lemma 3.3, it is also closed under the division operations. To prove that L. is closed
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under meets, note that for z,y € L., y(x Ay) < vy(z) Ay(y) = 2 Ay. The reverse inequality
follows by the fact that v is extensive, so x Ay € L. Thus, L, is closed under all operations,

and it is a meet-subsemilattice of L.

To show that L, is a lattice note that for elements z,y,2 € L., x,y < z is equivalent to
xVy < z. Since y(z) = z and 7 is extensive, this is, in turn, equivalent to y(z V y) < z,

namely to x V, y < z. Thus, V, is the join in L.

We next show that multiplication is associative. Let z,y, 2 € L,. Using Lemma 3.3 and

the definition of multiplication, we get

(zoyy)oyz =

Similarly,
zoy(yo,z) =7z y-2).

Hence, multiplication in L., is associative and (L, o, 7y(e)) is a monoid.

Finally, to check that o, is residuated, consider z,y, 2 € L,. We have

ro,y<z & y(x-y) <z
czy<z  (z-y<y(r-y)and z =7(2))
&y <z\z

Likewise, z o,y < z & z < z/y. O

If L is an algebra on the signature of residuated lattices without the constant e, then
the concept of nucleus can be defined as above. In that case L, defines a residuated lattice,

provided that it has a multiplicative identity.

The preceding construction is quite general as it can be seen in the following known

result.

Proposition 3.5. [Ro] Every complete residuated lattice is a nucleus retraction of the power
set of a monoid. (See Example 3.15.)

Example 3.10. Retraction to an interval
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Let L be a residuated lattice and a € L such that a < e. The structure L, =
(la,e], A,V 04, \as Jas €), Where z o, y = zy V a, x\.y = (z\y) A e and y/.x = (y/z) Ae,
is a residuated lattice.

The map v on L™, defined by 7(z) = x V a is obviously a closure operator. To see that

it is a nucleus, note that if z,y < a, then za, ya, a®> < a, so
(@) -A(y) = (xVa)yVa)=zyVaaVayVa® <zyVa=(zy).

It is easy to observe that L, = (L™),, which is a residuated lattice, by Proposition 3.4. Note
that if a« € L™, then L, = (L7),.

It is known, see [Mu], that if L is a commutative ¢-group and a is a negative element of
L, then L, is an MV-algebra.

Example 3.11. Kernel contractions

A kernel 6 on a residuated lattice L is an interior operator such that for all x,y in L

2. §(e) = e and
3. d(x) Ny =46(0(x) ANy).

Let L be a residuated lattice and ¢ a kernel on it. The d-contraction of L is the algebra
Ls = (Ls, \,V, -, \s, /s, €), where z/5y = 6(x/y) and x\sy = d(z\y).

Proposition 3.6. The d-contraction Ls of a residuated lattice L under a kernel 6 on L is

a residuated lattice. Moreover, Ly is a lattice-ideal of L.

Proof. Note that Ls is closed under join, since § is an interior operator, and under multipli-
cation, by the first property of a kernel. Moreover, it contains e and it is obviously closed
under \s and /.

By the third property of a kernel and the fact that it is closed under joins, L; is an ideal
of L. So, Ly is closed under all the operations.

Finally, Ls is residuated. Indeed, for all z,y, z € Ls, = < z/sy is equivalent to x < d(z/y),

which in turn is equivalent to z < z/y, since ¢ is contracting and x = §(x). O

Note that under the weaker assumptions §(d(x)d(y)) = d(x)d(y) and d(e)d(x) = d(x) =
d(z)d(e) on 6, the algebra (Ls, A, Vs, -, \s, /5,0(€)), where z Vs y = d(z V y), is a residuated

lattice.
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The d-contraction construction, where § is a kernel, is a generalization of the negative
cone construction, defined in Example 3.7. The negative cone of a residuated lattice is its

d-contraction, where 6(x) =z Ae.

Example 3.12. The dual of a residuated lattice with respect to an element
Let L = (L,A,V,-,\,/,e) be a residuated lattice and a € L a dualizing element, i.e., an
element of L such that

z = af(z\a) = (a/2)\a,

for all + € L. Then, the dual of L with respect to the element a is the algebra
L% = (L,V,\,+, —, = ,a), where z +y = z/(y\a), v~y = x(y\a) and z—y = (a/z)y.
(Notice that the underlying lattice of L% is the dual of the lattice reduct of L.)

Proposition 3.7. The dual L% of a residuated lattice L with respect to a dualizing element

a of L is also a residuated lattice.

Proof. First observe that

vty =x/(y\a)
(a/z)\a)/((y\a)
a/x)\(a/(y\a))
a/x)\y
and that e = a/(e\a) = (a/e)\a, ie., e = a/a = a\a.

It is obvious that (L, V, A) is a lattice. Multiplication is associative because

(
(
(

(x+y)+2z =[(a/x)\y]/(z\a)
= (a/2)\ly/(2\a)]
=+ (y+ 2);
and a is the additive identity since

r+a=z/(a\a) =z/e==x

and
a+z=(a/a)\r =e\z = x.
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Finally multiplication is residuated, since

r+y>Lz
z/(y\a) >1 2
x>y, 2(y\a)
T 2L 2y

T+ Y <goa 2

te o0

T <10, 2 Y
and similarly for —. m

The dual is a generalization of a construction for MV-algebras. The dual of an MV-

algebra with respect to its least element is known to be an MV-algebra.

Example 3.13. Translations with respect to an invertible element

Let L be a residuated lattice, a an invertible element of L and f, the map on L defined by
fa(x) = ax. Note that the map f, is invertible and f,;'(x) = a 'z. Consider the structure
L = (L, A%, Ve, -2\, /% e*), where e* = a and for every binary operation x € {A,V,-,\,/},

wxty = f(fH @) * [T (y)-
By Lemma 3.2, we have
AN y=ala 'z Naly) =aa N (x Ay) =z Ay

Similarly, V® = V. Moreover, by Lemma 3.2,

a 1

z-%y=ala 'za™ty) = zaty,

z/% = ala” 'z/a”y) = (z/y)a
and
y\z = a(a”'y\a 'z) = a(y\z).

Note that if we take g,(x) = za, then we obtain the same structure, so L* does not depend
on the choice of left or right multiplication by a. The algebra L* = (L, A,V, -\, /% a)
is called the translation of L with respect to a. We remark that we could have defined the

operations as follows: z %y = (z/a)y, y\*x = (y/a)\x and z/% = z/(a\y).

Proposition 3.8. The translation L® of a residuated lattice L with respect to an invertible

element a is a residuated lattice.

20



Proof. 1t is trivial to check that multiplication is associative and a is the multiplicative

identity. To show that multiplication is residuated, let x,y, z € L. We have
rily<z e raly<z e aly<r\z & y<alr\z) & y <o\

and similarly for the other division. m

Note that the translation by an invertible element and the negative cone constructions

on a residuated lattice L commute, i.e., (L*)” = (L)%

Example 3.14. [Bl] The Dedekind-McNetille completion

Let L be a residuated lattice and « the map defined on P(L) by y(X) = X%, where
A ={reL|x<aforalla€ A} and A' ={x € L|z > afor all a € A}, for all A C L.
It is shown in [Bl] that v is a nucleus, so the Dedekind-McNeille completion P(L),, see
Examples 3.15 and 3.9, of L is a residuated lattice. The Dedekind-McNeille completion is
a complete residuated lattice and arbitrary existing joins and meets of L are preserved. In
view of Proposition 3.5, this shows that every residuated lattice is a subalgebra of the nucleus

image of the power set of a monoid.

For two more completions of residuated lattices see Examples 3.17 and 3.24, below.

Subsets of monoids

We now proceed to concrete examples of residuated lattices.

Example 3.15. The power set of a monoid

Let M = (M, -,e) be a monoid. For any two elements X,Y of the power set P(M) of
M, we denote their intersection, union and complex product respectively, by X NY, X UY
and X - Y ={z-y|z € X,y € Y}. Also, we define the sets X/Y = {z|{z}-Y C X} and
Y\X ={z|Y -{z} C X}. Tt is easy to see that the algebra P(M) = (P(M),N,U, -\, /,{e})

is a residuated lattice.

It follows that every monoid is a monoid subreduct of a residuated lattice. On the other
hand no finite non-trivial group is the monoid reduct of a residuated lattice. It is an open

problem to determine all monoid reducts of residuated lattices.

A partial groupoid (S,*) is a set S with a partially defined binary operation * on it,
namely a subset of S3 such that if (z,y,2) € * and (z,y, ') € * then 2z = 2’. If there is a z
such that (x,y, z) € %, we denote this unique z, the product of z,y, by x x y. We abbreviate
the fact that such a z exists by x xy € S.
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A partial semigroup (S,#) is partial groupoid such that if any of the two sides of the
associativity condition is defined, then the other side is also defined and they are equal. It
is not hard to see that if the product of some elements of S exists with respect to a certain
association of the parenthesis, then the product of the elements in the same order exists with
respect to any other association of the parenthesis and the two products are equal.

A partial monoid (M,x, e) is a structure, such that (M, *) is a partial semigroup and

rxe=exx=ux, forall v € M.

Example 3.16. The power set of a partial monoid

Let M = (M, R, E) be a structure, where M is a set, R C M? a ternary relation on
M and F is a subset of M. Define the following operations on the power set P(M) of M:
XoY=RX,)Y, |, X)Y ={zeM|{z}oVY CX}and Y\X ={2€eM|Yo{z} C X} It
is not hard to see that the algebra P(M) = (M,N,U,0,\,/, E) is a residuated lattice iff for
all x,y,z,w e M,

1. R(x,e,y), for some e € E| iff x =y, iff R(e,z,y), for some e € F; and

2. R(z,y,u) and R(u, z,w), for some u € M iff R(x,v,w) and R(y, z,v), for some v € M.

In this case, the residuated lattice P(M) is called the power set of M. If R is a partial

operation, then E' is a singleton and M is a partial monoid.

Example 3.17. Order ideals of a partially ordered monoid

As a different generalization of Example 3.15, let M = (M, -, e, <) be a partially ordered
monoid, namely a relational structure such that (M, - e) is a monoid, (M, <) is a partially
ordered set and multiplication is order preserving. Moreover, let O be the set of all order
ideals of the underlying partially ordered set. For every X,Y € O, set X oY =] (X -Y),
the downset of their complex product. Then, the algebra O(M) = (O,N,U, e \,/, | {e}) is
a residuated lattice.

To prove this we show that the map v on P(M) defined by v(X) =| X is a nucleus.
Indeed, if z € v(X)y(Y) = (] X)(l Y), then z = ab, a < z and b < y, for some z € X and
y €Y. So, z < zy, namely z €| XY. Finally notice that for any two order ideals X,Y,
YXUY)=|(XUY)=XUY. Thus, by Proposition 3.4, O(M) = (P(M)),.

In the case of a discrete order we obtain Example 3.15. Note that we could have taken

order filters instead of order ideals.

If (S,*) is a partial semigroup, then for every two subsets X,Y of S we set X xY =
{zxy|lzxy € S, x € X,y € Y}, the complezx product of X and Y, (X), = {x1*x9%-- %1, €
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S|neN, xy,...x, € X}, the subsemigroup generated by X, and [X]. = X U (S* X)U (X *
S)U (S * X % S), the semigroup ideal generated by X.
Example 3.18. Ideals of a commutative partial semigroup

Let S = (S, *) be a commutative partial semigroup. Define v on the power set of S, by
v(X) = [X].. Since S is commutative this simplifies to y(X) = X U (S * X).

It is easy to see that v is a closure operator. Moreover, note that if XY C S, a €
XU(S*X)and be YU(S*Y), then ax*b is in one of the two forms xxy, s*z*y, for some
se€ S, x€ Xandy €Y. Inboth cases axb is an element of (X *Y )U(S*x X xY) = y(X*Y).
Finally, Sx X = X x5 = X, for every closed set X, i.e., S acts as an identity element. So, by
the remark following Proposition 3.4, v gives rise to the residuated lattice Z-(S) = (P(S)),

of semigroup-ideals of S.

In case that a partial semigroup is commutative and idempotent, namely a partial semi-

lattice, we can look at its subsemigroups.

Example 3.19. Subsemilattices of a partial lower-bounded semilattice.

Let L = (L, V) be a partial lower-bounded join-semilattice and let v be the map defined
by v(X) = (X)y, for every subset X of L. It is clear that 7 is a closure operator. Moreover,
if a € y(X) and b € y(Y), then

a=x1VaraV...Vez,and b=y, Vya V...V Y,

for some n,m € N, x1,x9,...,2, € X and y1,%2,...,Ym € Y. So,
aVb=(x1VzaV..Va,)V(yi Vya V... Vyn).
If n < m, using the commutativity and idempotency of join, we get
aVb=(z1Vy)V(x2Vy2) V.. (T Vyn) V(21 VYpt1) V...V (21VYn),

which is an element of v(X VY'). If 0 is the lower bound of L, then {0}VvX = XV{0} = X, for
all X C L; so invoking the remark after Proposition 3.4, we can see that the subsemilattices
of L form a residuated lattice S(L) = (P(L)),.

Example 3.20. Subsemigroups of a partial semiring

A partial semiring is a structure S = (S, *, e, +) such that (S, *, e) is a monoid, (S, +) is

a partial semigroup and * distributes over existing binary sums, namely if x +y € S, then
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rxxz+xxy = (r+y)*zand zxx+zxy = 2% (xr+y). Note, that it follows that * distributes

over finite existing sums.

Assume that S = (S,*,e,+) is a partial semiring. By Example 3.15, P((S,*,¢)) is a
residuated lattice, which we denote by P(S). Define v on P(S) by v(X) = (X),. We will
show that 7 is a nucleus on P(S).

It is clear that v is a closure operator. To check that y(X) * y(Y) < (X *Y), namely
(XD + (V)L C(X*Y);, let ae (X); and b € (Y);. Then

a=z1+x2+ - +a,and b=y +y2+ -+ Y,

for some m,n € N, xy,29...2, € X and y1,9o,...ym € Y. So,
axb=(z1+ T4+ o)yt +Ym)

which, by the definition of a partial semiring, is equal to a sum of products of elements of
X and Y. Thus, axbe (X xY),.
According to Proposition 3.4, v gives rise to the residuated lattice S(S) = (P(S)), of the

~+-subsemigroups of S.

Note that in a partial semiring S = (S, %, e, +), multiplication coincides with addition
iff " = (S, %,¢e) is a lower-bounded join-semilattice. Moreover, in this case the residuated
lattice S(S) of subsemigroups of S, given in Example 3.19, coincides with the residuated

lattice of subsemilattices S(S’) of S’ given in Example 3.20.

Example 3.21. Semigroup-ideals of a partial +-commutative semiring

Assume that S = (S, %, e, +) is a partial +-commutative semiring. Define the map v(X) =
[X]+ on P(S). In view of commutativity of addition, v simplifies to v(X) = X U (S + X).

Clearly v is a closure operator. To see that it is a nucleus, let X,Y be subsets of S,
aey(X)=XUlE+X)andbey(Y)=YU(S+Y). Thena=zora=s+x,and b=y
or b= sy +y, for some sy,s9 € S, r € XandyeY. If a=s; +2 and b = sy + y, then

axb=(s1+x)*(so+y) =81 %Sy+ S %y +T*S+T*y,

which is an element of (X *Y )U[S+(X*Y)] = v(X*Y). It is easy to see that axb € (X *Y)
in the other three cases, as well. Thus, by Proposition 3.4, the nucleus ~ gives rise to the
residuated lattice Zs(S) = (P(S)), of semigroup-ideals of S.
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Note that a partially ordered monoid M = (M, - e, <) can be identified with a partial
semiring M’ = (M, - e, A\) such that xt Ax = x for all z € M and if z Ay € M then
x ANy = y A x. The definitional equivalence is given by x Ay = x iff x < y. Moreover,
| X = [X], namely the notions of order-ideal of M and semigroup-ideal of M’ coincide. So,
the residuated lattice O(M) of order-ideals of M given in Example 3.17 is a special case of

the residuated lattice Zs(M) of semigroup-ideals of M’ given in the previous example.

Example 3.22. Ideals of a partial semiring

Assume that S = (S, %, e, +) is a partial semiring. Set Z = {X C S| X = [(X)4].}, the
collection of all ideals of S. It is easy to see that Z(S) = (Z, A, V,-,/,\,e) is a subalgebra of
S(S), given in Example 3.20. In the case where S is x-commutative, Z(S) can be realized as
the image of the power set of S under the nucleus defined by v(X) = [(X) ]+, the composition
of the nuclei given in Examples 3.20 and 3.18.

In case that S is a ring with unit we get the residuated lattice of ideals of a ring. It was
in this setting that (commutative, integral) residuated lattices were first considered by Ward
and Dilworth, see [WD38] and [WD39].

Example 3.23. Ideals of a join-semilattice-ordered monoid

A join-semilattice-ordered monoid M = (M, *,e,V) is an algebra, such that (M, x, e) is
a monoid, (M, V) is a join-semilattice and multiplication distributes over binary joins. Such
an algebra is a special case of a partial semiring, so by Example 3.22 the join-closed subsets
of M form a residuated lattice.

A meet-semilattice-ordered monoid is defined in a similar way.

Let M = (M, *,e,V) be a join-semilattice-ordered monoid. Under the order induced
by the join operation, M can be considered a partially ordered monoid. By Example 3.17
the map defined by 71(X) =] X is a nucleus. Moreover, by the previous observation and
Example 3.19, the map defined by ~,(X) = (X)y is also a nucleus. It is easy to see that the
composition of two nuclei is also a nucleus. The composition v of the two maps, which in

our case commute, gives rise to the residuated lattice Zy(M) = (P(M)), of join-ideals of M.

Note that the same holds for the filters of a meet-semilattice-ordered monoid.

In view of the remark following Example 3.21, a join-semilattice-ordered monoid can be
viewed as a structure M = (M, x,e,V,A), where (M, *,e,V) and (M, *,e, A) are partial
semirings. It is mentioned that the map 7, is a special case of the nucleus of Example 3.19,

that gives the V-subsemigroups of (M, *, e, V), while the map 7, can be considered a spe-
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cial case of the nucleus v(X) = [X], in Example 3.17, that gives the A-semigroup-ideals
of (M,x*,e,A). Obviously, the join-ideals of a join-semilattice-ordered monoid are the V-

subsemigroups that happen to be A-ideals.

Example 3.24. Ideals of a lattice-ordered monoid

A lattice-ordered monoid M = (M, x,e, A\, V) is an algebra such that (MA, V) is a lattice,
and both (M, *,e,V) and (M, x, e, A\) are semilattice-ordered monoids.

As a special case of the previous example and of the remark following it, we obtain that
the ideals of a lattice-ordered monoid M form a residuated lattice Z,(M). The same holds

for the filters of a lattice-ordered monoid.

Example 3.25. Ideals of a distributive lattice

A bounded distributive lattice L can be viewed as a lattice or join-semilattice ordered
monoid, where multiplication is meet. So the ideals of it form a residuated lattice. Even
without the assumption of bounds the map defined on the power set of the semigroup
(L,A) by v(X) =] (X)yv = [(X)y]r gives rise to an integral residuated lattice, actually

to a Brouwerian algebra, in view of the remark following Proposition 3.4.

Example 3.26. Cancellative Monoids

Let K = (K, -, e) be a cancellative monoid and set Myx = K U{0,1}. We define an
order on My, by 0 < k < 1, for all k € K, and extend the multiplication of K to Mg, by
stipulating that 1 is an absorbing element for K U {1} and 0 an absorbing element for the
set Mg. Consider the algebra Mg = (Mg, A, V,-,\,/,e), where z/y = \/{z | zy < z} and
y\z = V{z|yz < x}. To see that Mk is a residuated lattice, note that it is isomorphic to
(P(K)),, where v(X) = X, if X has at most one element, and v(X) = K otherwise, for
every X C K. The map 7 is a nucleus since, if at least one of X,Y is the empty set, then
both v(X)y(Y) and v(XY') are empty. If X,Y are both singletons then v(X)v(Y) = XY,
which is also a singleton, thus equal to y(XY). Finally if none is empty and at least
one has more than one elements then XY has at least two elements, by cancellativity, so
YXY) = K 2 y(X)y(Y).

Note that the stipulation that K is cancellative is necessary, since otherwise if ab = ac
for some a,b,c¢ € K, then, by Lemma 3.1(1), 1 = al = a(bVc¢) = abVac = ab € K, a

contradiction.
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Other examples

We present a few more examples that we consider of special interest.

Example 3.27. Every bounded lattice with at least one completely join-irreducible

element

Let (L, A, V) be a bounded lattice with at least one completely join-irreducible element
e. Denote by 0 and 1 the least and greatest elements of the lattice and define multiplication
on L by zy = 0, if both z,y are less than e; zy = yxr = y if y is less than e, but x is not;
and xy = 1, if none of z,y is less than or equal to e. The element e is the multiplicative
identity. One can easily check that multiplication is associative, order preserving and that
the joins z/y = \/{z | zy < z} and y\z = \/{z | yz < x} exist in L. Thus, (L,A,V,-,\,/,€)

is a residuated lattice.

This example generalizes the example due to Peter Jipsen mentioned in [Bl], where e
is stipulated to be an atom of L. As a special case we get that every dually algebraic
lattice, in particular every finite lattice, can be residuated, i.e., it is the lattice reduct of a
residuated lattice. Moreover, it follows that every lattice is a lattice subreduct of a residuated
lattice. Actually, it is shown in [BCGJT] that every lattice is a lattice subreduct of a simple,

cancellative residuated lattice.

Nevertheless, it is not the case that every lattice is the lattice reduct of a residuated
lattice. By Lemma 3.1, if a residuated lattice has a bottom element then it must have a top
element, as well. So, lattices that are lower, but not upper bounded cannot be residuated.

An example of an algebraic lattice that cannot be residuated is given below.

Example 3.28. The lattice of a binary tree: a non-example

Consider an infinite binary tree and add a least element to it. The underlying set L of
the lattice L obtained can be realized as the set of all finite words on two letters, that is
the set of all functions from initial segments of the natural numbers to the two element set
{1,2}, together with a distinguished element 0. The order is defined as follows: a function
f is greater than or equal to a function ¢ iff the domain of f is a subset of the domain of g,
and f, g agree on the domain of f. Moreover, the element 0 is less than any function.

Assume that L can be residuated and let e be the multiplicative identity. Every non-zero
element of L has exactly two lower covers. Let a, b be the lower covers of e, and ¢ one of the
two lower covers of b. Since a,b,c < e, we have ab < ae = a and ab < b, so ab < a Ab = 0.
Moreover, ¢b < ce = ¢. By Lemma 3.1(1), b = eb = (aV )b =abVeh < 0Ve=c¢ a

contradiction.
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Figure 1: A non-distributive cancellative commutative example

It is an open problem to determine the lattice reducts of all residuated lattices.

Example 3.29. [BCGJT] A commutative, non-distributive residuated lattice on a

free monoid

Let F = ({a'¥/c" : 4,5,k € N}, e) be the 3-generated free commutative monoid. For a
word w € F, we denote the length of w by |w|, and for x € {a,b,c}, we define |w|, to be
the number of occurrences of z in w. The order on F is defined by w < v if |w| > |v], or
lw| = |v|, |wly < |v]p and |wl|. < |v]. (see Figure 1). In [BCGJT] it is verified that F defines

a residuated lattice.

We refer the reader to [Co2], for general constructions of residuated lattices, whose

monoid reduct is a free monoid.

Example 3.30. ([Bl], [Le|]) Residuated maps

Let L be a complete residuated lattice and let Res(L,L) be the set of all residuated
maps on L. If we order all such maps point-wise and define multiplication to be composition
then it can be shown, see [Bl], that the algebra LY = (Res(L, L), A, V, 0, \, /) is a residuated

lattice, where f/g=\{h|hog< f} and g\f =\{h|goh < f}.
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Structure theory
The structure theory of residuated lattices was developed by K. Blount and C. Tsinakis in
[BT]. We review their basic result, specialize it to the finite case and give two easy corollaries

of their descriptions of congruence relations on residuated lattices.

Congruences as convex normal subalgebras

Congruence relations are in one-to-one correspondence with normal subgroups, in the
setting of group theory and with ideals in ring theory, but generally it is not the case that
congruences correspond to special subalgebras. It is shown in [BT] that residuated-lattice

congruences correspond to convexr normal subalgebras.

Lemma 3.9. [BT] Let L be a residuated lattice and 8 € Con(L). Then the following are

equivalent:
1. afb
2. lajbNel@e and [b/a Ne]fe
3. [a\bNelfe and [b\aNe]fe

Let L be a residuated lattice, Y a set of variables. For x € LUY U {e}, where e is the

constant in the language of residuated lattices and y € Y, we define the polynomials

pz(y) = zy/z N e and A\, (y) = x\yx Ae,

the right and left conjugate of y with respect to x. An iterated conjugate is a composition of
a number of left and right conjugates - we consider composition of conjugates with respect
to their arguments. For X, A subsets of LUY U {e}, we define the sets I = {\.},

'Y (A) = {y(a) |y €T%, a € A},
Iy = | J{T% In €N},

Dye(A) = _{T%(4) |n € N},

Note that if L is a residuated lattice, A.(x) = pe(z) = z A e, v(x) < e and v(e) = e,
for all x € L and for every iterated conjugate v € I'y. In particular, if x is negative,

Ae(x) = pe(x) = z. If L is commutative, then x A e < y(z), for all z € L and vy € T';.
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N

C N, for
all v € I'y. A subset X of L is called conwver, if for every x,y in X and zin L, x < z <y

A subset N of L is called normal, if it is closed under conjugation, i.e., y(N)

implies that z is in X.
Theorem 3.10. /BT]

1. The convex normal subalgebras of a residuated lattice L form a lattice CNS(L), which

is isomorphic to the congruence lattice ConL of L via
S+ 0g = {(a,b) € L*| (a/bAe)(bjane) € H}

and 0 — [e]y, the O-class of e.

Moreover, for each a € L, the principal congruence generated by (a,e) corresponds to

the convex normal subalgebra generated by a.

2. The convex normal (in L) submonoids of the negative cone of a residuated lattice
L form a lattice CNL,SM(L™), which is isomorphic to CNS(L), via S — S~ and
M—Sy={zel|m<z<e/m, meM}.

The convex normal submonoid generated by a negative element corresponds to the con-

vex normal subalgebra generated by that element.

3. If A C L~ then the conver normal (in L) submonoid of the negative cone of L is
M(A)={z € L|g192...9n < x < e, for somen € N and g1,...,9, € Tr(A)}.

The description of congruences in a residuated lattice by convex normal subalgebras is
pivotal. For finite residuated lattices, we can get a more concrete representation than the

one in the general case.

Let L be a residuated lattice and S C L. We denote the set of idempotent elements of S by
E(S) = {a € S|a® = a} and the set of central idempotents of S by CE(S) ={a € S|a*>=a

and ar = xa, for all z € L}.

Lemma 3.11. Let L be a residuated lattice. If a € CE(L™), then [a,e/a] is the universe
of a convex normal subalgebra of L. Conversely, if N is the universe of a convexr normal
subalgebra of L with a least element a, then N = [a,e/a] and a € CE(L™).

Proof. Let a € CE(L™). Note that a(e/a) = (e/a)a < e, so e/a < a\e. Similarly we get

a\e < e/a, hence, e/a = a\e. Moreover, since a is negative, e < e/a, so by Lemma 3.1,

e/a < (e/a)(e/a) < (e/a)e/a < (e/a)/a = e/a® = e/a,
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hence e/a € E(L). For every x,y € [a,e/a], we have
a=a* <y < (e/a)(e/a) = e/a,
thus, zy € [a,e/a]. Moreover,
a=a*<a/(e/a) <z/y<(e/a)/a=ela* = e]a,

that is z/y € [a,e/a]. Since, © V y,x Ay, e € [a,e/a], the interval [a,e/a] is a subuniverse,
which is obviously convex. To prove that [a,e/a] is normal, let = € [a,e/a] and z € L. We
have,

a=aNhe<az/zNe=za/zNe<zx/zNe<e,

that is p.(x) € [a,e/a]. Similarly, we show that \,(z) € [a,e/al.

Conversely, assume that N is a convex normal subalgebra with a least element a. The
element a is in the negative cone, so a® < a. Since a®> € N, we get a = a?, i.e., a € E(L). By
the normality of N, for all z € L, za/z A e is an element of N, hence a < za/z Ae. Since a is
already negative, this is equivalent to a < za/z, thus az < za for all z € L. Symmetrically,
we get za < az for all z € L, so a € CE(L™). Moreover, since N is a convex subalgebra
la,e/a] € N. On the other hand, for every b € N, we have e¢/b € N, so a < e/b, i.e.,
ab < e. By the centrality of a we get ba < e, i.e., b < e/a, hence b € [a,e/a]. Consequently,
la,e/a] = N. O

The next theorem shows that the congruence lattice of a finite residuated lattice is dually

isomorphic to a join-subsemilattice of L.

Theorem 3.12. Let L be a finite residuated lattice. Then the structure CE(L™) =
(CE(L7™),-,V) is a lattice and ConL = (CE(L™))?.

Proof. Tt is easy to see that CE(L™) is a lattice and that for all a,b € CE(L™),
a=ab & a<b & aVb=0.

We define the map ¢ : CE(L™) — CNS(L), by ¢(a) = [a, e/a]. If follows from the previous
lemma that ¢ is well defined. If ¢(a) = ¢(b) for some a,b € CE(L™), then [a,e/a] =
[b,e/b], so a = b; hence ¢ is one-to-one. If N € CNS(L), then, by the previous lemma,
N = [a,e/a], for some a € CE(L™), so ¢ is onto. The map ¢ reverses the order, since
if a < b, then [b,e/b] C [a,e/a]. Moreover, if [a,e/a] C [b,e/b] then b < a, so ¢ is a
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lattice anti-isomorphism. Using the isomorphism between ConL and CNS(L) provided in
Theorem 3.10, we get an anti-isomorphism between ConL and CE(L™). O

In the commutative case we do not need the centrality assumption.

Corollary 3.13. Let L be a finite commutative residuated lattice. Then E(L™) is a lattice
with multiplication as meet and ConL = (E(L™7))?.

Note that the statement is false without the assumption of finiteness. For example,

|ConZ~| =2, but |[CE(Z™)| = 1.

Varieties with equationally definable principal congruences

We use the description of congruence relations to characterize the commutative varieties
of residuated lattices that have EDPC.
For two elements a, b in a residuated lattice, set aAb = (a/bAe)(b/a Ae).

Lemma 3.14. If a variety V satisfies the identity (z A e)*y =~ y(z A e)¥, for some k € N*,
then for every L € V and for all a,b,c,d € L, (a,b) € Cg(c,d) is equivalent to (cAd)! < aAb,
for some l € N

Proof. Let L be a residuated lattice and a,b € L. It follows from Lemma 3.9 that afb
iff (aAb)fe. Consequently, Cg(a,b) = Cg(aAb,e); moreover, (a,b) € Cg(c,d) iff aAb €
lelcg(ende)- Since aAb is negative, (a,b) € Cyg(c,d) is equivalent to aAb € M(cAd), by
Theorem 3.10. Using the description of the convex, normal submonoid M (s) generated
by a negative element s given Theorem 3.10(3), we see that this is in turn equivalent to
[T%, vi(cAd) < aAb, for some m € N and some iterated conjugates 71, ...,7, € 1. Recall
that f < ~(f), for every negative element f € L and for every iterated conjugate v € 'y, so,

(cAd)*™ = ((cAd)¥) ﬁ (cAd)¥) < ﬁ (cAd),

thus (a,b) € Cg(c,d) is equivalent to (cAd)! < aAb, for some [ € N. O

We say that a variety has equationally definable principal congruences or EDPC' if there
is a conjunction ¢(z,y, z, w) of equations such that for every algebra in the variety and for all
elements a, b, ¢, d in the algebra, (a, b) is in the congruence generated by (c, d) iff ¢(a,b, ¢, d)
holds.

Proposition 3.15. Let V be a variety that satisfies (x A e)*y =~ y(x A e)*, for some k € N*
and let . Then, ¥V has EDPC iff V satisfies (x Ae)" =~ (x Ae)"*t, for some n € N.
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Proof. Assume that V satisfies (z A e)® ~ (z A €)™, for some n € N and let L € V and
a,b,c,d € L. Since, (cAd)" < (cAd)!, for every [, by Lemma 3.14 we get

(a,b) € Cg(e,d) & (cAd)" < aAb.

Conversely, if V has EDPC given by a conjunction ¢ of equations and (zAe)" =~ (zAe)" !
fails for every natural number n, then for every n there exist A, € V and a,, € A,, a, < €,
such that a?™ < a. Let A =[], Ay, a = (ap)neny and b = (a™),en. Since A, satisfies
o(a™ e, an,e), for all n, it follows that A satisfies ¢(b, e, a,e), that is (b,e) € Cg(a,e). By
Lemma 3.14, this is equivalent to a' < b, for some number /. Thus, a} < aﬁ“, for some [, a

contradiction. 0

Corollary 3.16. A wvariety of commutative residuated lattices has EDPC iff the negative

cones of the algebras in the variety are n-potent, for some natural number n.

The congruence extension property

A variety has the congruence extension property or CEP if for every algebra A in the
variety, for any subalgebra B of A and for any congruence # on B, there exists a congruence
6 on A, such that 6 N B% = 4.

Note that in view of Theorem 3.10 congruences of subalgebras can be extended to the

whole algebra iff convex normal subalgebras can be extended.

Lemma 3.17. If a variety satisfies (z A e)*y ~ y(x A e)k then it enjoys the congruence

extension property. In particular CRL has the CEP.

Proof. Recall that by Theorem 3.10, congruences on a residuated lattice are in one-to-one
correspondence with convex normal (in the whole residuated lattice) submonoids of the
negative cone. Let A be a residuated lattice, B a subalgebra of it and N a convex normal
submonoid of B. If N’ is the convex normal submonoid of A generated by N, it suffices to
show that N = N’N B. For the non-obvious inclusion, let b € N'N B. Then [[;_, vi(a;) <b,
for some ay,...,a, € N and some iterated conjugates vi,...,7,. Since, k-powers of the
negative cone are in the center, a¥ < v;(a¥). Moreover, v;(a¥) < ~;(a;), because a; are in the
negative cone. Thus, [[;_; a¥ <b. Since, a; € N and b € B, we get b € N. O]

)

Not every residuated lattice satisfies the CEP. Let A = {0,¢,b,a,e} and0 < c<b<a <
e. Define a®> = a,b*> = ba = ab = b,ac = bc = ¢, and let all other non-trivial products be
0. It is easy to see that A is a residuated lattice and B = {e,a,b} defines a subalgebra of
it. B has the non-trivial congruence {{e,a}, {b}}, while A is simple. To see that, let 0 be a

non-trivial congruence and afe; then (ca/c)fce/c, namely cfe. So, 0fe, hence § = A x A.
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The subvariety lattice
In this section we define a number of interesting subvarieties of RL and investigate their
relative position in L(RL). Also, we describe a correspondence between positive universal
formulas of residuated lattices and subvarieties, and we apply it to get equational basis for
joins of varieties in L(RL). Finally, we provide sufficient conditions for the join of two
finitely based varieties to be finitely based and give examples where the join of two varieties

is their Cartesian product.

We denote the class of commutative, cancellative, distributive, and integral residuated
lattices, by CRL, CanRL, DRL and ZRL, respectively. It is clear that all these classes,
except possibly for CanR L, are varieties (in particular, ZRL = Mod(zAe ~ x) = Mod(e/x ~
e)). We will show in Lemma 4.1 that CanRL is a variety as well. Also, let RLY be the

variety generated by the class of all totally ordered residuated lattices.

Theorem 3.18. ([BTJ, [JT]) The equation \.(x/(xVy))V pu(y/(zVy)) ~ e constitutes an
equational basis for RLE .

Definition 3.19. A generalized BL-algebra (GBL-algebra) is a residuated lattice that satisfies

the identities

(@AY /y)y~=zny=yy\(zAy)).

A generalized MV-algebra (GMV-algebra) is a residuated lattice that satisfies the identities

r/((xVy\e) =z Vy = (z/(xVy))\.

We denote the varieties of all GBL-algebras and all GMV-algebras, by GBL and GMV,
respectively. GBL-algebras generalize BL-algebras, the algebraic counterpart of basic logic
(see [Hal).

It is noted in [Bl] that the variety RL is arithmetical; in particular the subvariety lattice
L(RL) is distributive. We give a partial picture of the subvariety lattice. Inclusions that

have not been discussed will be proved in subsequent chapters.

Varieties generated by positive universal classes

A variety V is called a discriminator variety if there exists a term ¢(z, y, z) in the language
of V, such that if an algebra A of V is subdirectly irreducible then ¢(a, a, c) = c and t(a, b, c) =
a, for all a,b,c € A, with a # b.

If V is a discriminator variety, to every first order formula corresponds a variety with the

property that a subdirectly irreducible algebra is in the variety iff it satisfies the first order
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formula. In this case it is easy to construct an equational basis for the variety generated by
the class of all models of a first order formula. Moreover, all subdirectly irreducible algebras

are simple.

Residuated lattices do not form a discriminator variety, since e.g. not all subdirectly
irreducible residuated lattices are simple. Nevertheless, a similar correspondence can be
developed for positive universal formulas. We construct an equational basis for the variety
generated by an arbitrary positive universal class in a recursive way. The main tool in the
proof is the lattice isomorphism between congruence relations and certain subalgebras of a
residuated lattice developed in [BT], see Theorem 3.10. Even though the produced basis of

equations is infinite it reduces to a finite one for certain classes.

Lemma 3.20. Let L be a residuated lattice and A, ..., A, finite subsets of L. If a1 V ... V
a, = e, for all a; € A;, i € {1,...n}, then for all i € {1,...,n}, n; € N, and for all

Ai1, A2y - -+ 5 Qip, S Ai; we have P1 V... \/pn =€, where Di = Q1042+ * Qi -
Proof. The proof is a simple induction argument. O]

An open positive universal formula in a given language is an open first order formula
that can be written as a disjunction of conjunctions of equations in the language. A (closed)
positive universal formula is the universal closure of an open one. A positive universal class

is the collection of all models of a set of positive universal formulas.

Lemma 3.21. Every open (closed) positive universal formula, ¢, in the language of residu-
ated lattices is equivalent to (the universal closure of) a disjunction, ¢', of equations of the

form e & r, where the evaluation of the term r is negative in all residuated lattices.

Proof. Every equation t & s in in the language of residuated lattices, where ¢, s are terms,
is equivalent to the conjunction of the two inequalities ¢ < s and s < ¢, which in turn
is equivalent to the conjunction of the inequalities ¢ < s/t and e < t/s. Moreover, a
conjunction of a finite number of inequalities of the form e < ¢;, for 1 < ¢ < n is equivalent
to the inequality e < t; A ... At,. So, a conjunction of a a finite number of equations
is equivalent to a single inequality of the form e < p, which in turn is equivalent to the

equation e &~ r, where r =p Ae. O]

Recall the definition of the set ']’ of conjugate terms on the variable set Y.
For a positive universal formula ¢(Z) and a countable set of variables Y, we define
By (¢'(7)) = {e @ n(r () V... Vn(ra(2)) [ € Ty}
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and By (¢/(z)) = U{BV(¢'(z)) | m € N}, where ¢'(z) = (r1(Z) = e or ... or r,(T) =€) is

the equivalent to ¢(z) formula, given in Lemma 3.21.

Theorem 3.22. Let ¢ be a positive universal formula in the language of residuated lattices

and L a residuated lattice.

1. If L satisfies (Vz)(¢(Z)), then L satisfies (VZ,y)(e(Z, 7)), for all (Z,y) in By (¢'(Z))
and § €Y', for some appropriate | € N.

2. If L is subdirectly irreducible, then L satisfies (Vz)(¢(z)) iff L satisfies the equation
(vZ,9)(e(7,9)), for all £(7,7) in By(¢/(z)) and y € Y.

Proof. 1) Let L be a residuated lattice that satisfies (VZ)(4(Z)). Moreover, let €(Z,y) be
an equation in By (¢'(Z)), ¢ € L* and d € L!. We will show that £(¢,d) holds in L. Since
L satisfies (VZ)(4(Z)), ¢/(¢) holds in L. So, r;(¢) = e, for some ¢ € {1,2,...,n}; hence

v(ri(¢)) = e, for all v € I'y. Thus, &(¢, d) holds.

2) Let L be a subdirectly irreducible that satisfies By (¢'(z)) and ¢ € L*, and let a; = r;(¢).
We will show that a; = e for some 7.

Let b € M(a;)N...NM(a,), where M (x) symbolizes the convex normal submonoid of the
negative cone generated by x. Using Theorem 3.10(3), we have that for all i € {1,2,... n},

s
Hgii < b <e, for some sy, Sa,...,5, € Nand g1, g2, - -, gis; € I'n(a;). So,
j=1

S1

52 Sn
Hglj\/Hggj\/...\/Hgngbge.

J=1 J=1 J=1

On the other hand,
Yi(a1) V ya(ag) V... V ya(an) = e,

for all 4; € I'z, since every equation of By (¢/(Z)) holds in L. Thus, for all 7 € {1,2,...,n}
and g; € I'r(a;), we have g1 V go V ... V g, = e and, by Lemma 3.20,

S1 S2 Sn
Hglj\/Hggj\/...\/Hggj = €.
j=1 j=1 j=1

Thus, b = e and M(a;) N...N M(a,) = {e}.

Using the lattice isomorphisms of Theorem 3.10, we obtain
O(a1,e) NO(agz, e) N...NO(ay, e) = A,
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where O(a,e) denotes the principal congruence generated by (a,e) and A denotes the di-
agonal congruence. Since L is subdirectly irreducible, this implies that ©(a;,e) = A, i.e.,
a; = e, for some i. Thus, (Vz)(¢'(z)) holds in L. O

Corollary 3.23. Let {¢; | i € I} be a collection of positive universal formulas. Then,
U{B(¢))|i € I} is an equational basis for the variety generated by the (subdirectly irreducible)
residuated lattices that satisfy ¢;, for every i € I.

Proof. By the previous theorem a subdirectly irreducible residuated lattice satisfies ¢; iff it

satisfies all the equations in B(¢}), so

(Mod(U{¢: |7 € I}))sr = M{(Mod(¢s))ss | € T}
= {(Mod(B(¢;)))sr | i € I}
= (Mod(U{B(¢}) | i € I}))sr,

where for every variety V and every set of equations £, Vs; denotes the class of all subdirectly

irreducible algebras of V and Mod (&) denotes the variety of all models of £. Consequently,

V((Mod(U{¢: | i € I}))sr) = V((Mod(U{B(¢;) | € I}))s1)
= Mod(U{B(¢}) | i € I}),

where V(K) denotes the variety generated by a class IC of similar algebras. [

Note that the equational basis for the variety generated by the models of a positive
universal formula is recursive.

The basis given in Theorem 3.22 is by no means of minimal cardinality. It is always
infinite, while, as it can be easily seen, for commutative subvarieties it simplifies to the
conjunction of commutativity and the equation of B°(¢’). So, for example, the variety
generated by the commutative residuated lattices, whose underlying set is the union of its

positive and negative cone, is axiomatized by zy ~ yr and e = (x Ae) V (e/x N e).

Equational bases for joins of subvarieties

We can apply the correspondence to the join of two residuated lattice varieties to obtain
an equational basis for it, given equational bases for the two varieties. In particular, we
provide sufficient conditions for a variety so that the join of any two of its finitely based

subvarieties is also finitely based.

Corollary 3.24. If By, B, ... B, are equational bases for the varieties Vi, Vs, ...,V,, such
that the sets of variables in each basis are pairwise disjoint, then \J{B(¢}) |i € I} is an
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equational basis for the join ViV Vo V...V V,, where ¢; ranges over all possible disjunctions

of n equations, one from each of By, Bs, ..., B,.

Proof. The variety RL is congruence distributive, so, by Jénsson’s Lemma, a subdirectly
irreducible residuated lattice in the join of finitely many varieties is in one of the varieties.
Moreover, by the definition of ¢, it is clear that a subdirectly irreducible residuated lattice

satisfies every ¢;, for ¢ € I, if and only if it is in one of the varieties Vi, Vs, ..., V,. So,

ViVVaV ... VY,

V((ViV Ve V...V V,)sr)
V(v uW, U -UVn)sf)
V(Mod(U{¢i | i € I})sr)
Mod(U{B(¢}) | i € I}).

In the case of the join of finitely based varieties the situation is simpler.

Corollary 3.25. If By, By, ... B, are finite equational bases for the varieties Vi, Va, ..., Vy,
then B(¢') is an equational basis for the join Vi V Vo V ...V V, of the varieties, where
o= (ANBi1VABV---VAB,) and for everyi € {1,2,--- ,n}, \ B; denotes the conjunction

of the equations in B;.

Proof. Retaining the notation of Corollary 3.24, we see that | J{¢; | i € I} is equivalent to ¢
and (J{B(¢}) | i € I} is equivalent to B(¢'). O

Corollary 3.26. The join of finitely many finitely based varieties of residuated lattices is

recursively based.

We define the varieties C;, RL = Mod((z A e)*(y Ae) ~ (y Ae)(z Ae)*) and CanCy RL =
CanRLNC; RL.

Theorem 3.27.
1. The join of two finitely based subvarieties of LGV CanC; RL is also finitely based.

2. The join of two finitely based subvarieties of RLE V C, RL 1is also finitely based, for
every k > 1.
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Proof. 1) Note that LG satisfies A, (A, (7)) = A2 (2) and p.(x) = \,-1(x), since

A(Aw(z)) =2\(w\zwAe)zAe
= z\(w\zw)z A z\z A e
=z lwlzwz ANe
= (wz)tzwz Ae
=wz\zwz A e

= Ay ()

and

p.(z) =z2x/2Ne=zaz ' Ne=z2"Naz ' Ae= A1 (2).

So, A,(Aw(x Ae)) = Ayz(z Ae) and p.(x Ae) = A-1(x Ae) hold in £LG. The same two
equations hold in CanC; RL, since for any negative element a and any element b, A\,(a) =
b\abNe=0b\baANe=aAe=aand p(a) =aAe=a. Thus, these equations hold in the
join LGV CanC;{ RL.

If V1, Vs, are subvarieties of LG V CanC; RL with finite equational bases Bj, Bs, their
join satisfies the two equations, which together with the equations in B?(¢') imply every
equation of B(¢'), where ¢ = \ B1 V A Bs.

2) The variety RLY satisfies the implication
zVy=e = \(2)Vpu(y) =e,

by Theorem 3.18. We will show that the same implication holds in C,, RL. If zVy = e, then,

k2 = zz* hence

by Lemma 3.20, z*Vy* = e. Since, z < e, we have ¥ < x < e; so, for all z, z
2% < 2\aFz and 2% < 22 /2. Since 2 < e, this implies 2* < 2\2%2 A e and 2% < z2%/2 Ace,
ie., zF < A, (2%) and ¥ < p,(2F), for all 2. Thus, A, (z*) V pu,(y*) = e. Moreover, left and
right conjugates are increasing in their arguments, so A, (x) V p,(y) = e.

All subdirectly irreducible residuated lattices in the join RLE Vv C,, RL coincide with the
subdirectly irreducibles in the union RLE U C, RL, so all of them satisfy the implication.
Since every residuated lattice in the join RLE V C, RL is a subdirect product of subdirectly
irreducible algebras, and quasi-equations are preserved under products and subalgebras, the
join satisfies the above implication.

Now, if Vi, Vs, are subvarieties of RLE Vv C, RL with finite equational basis By, By, then
their join also satisfies the implication. Since, B(¢') is an equational basis for Vi V Vs,
where ¢ = A\ By V )\ Bz, the implication is a consequence of a finite subset B of B(¢'), by

compactness. It is clear that B U B%(¢') is a finite equational basis for Vi V Vs. O
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Corollary 3.28. The join of two finitely based commutative varieties of residuated lattices

is finitely based.

It is an open problem whether the join of two finitely based varieties of residuated lattices

is finitely based.

Direct product decompositions

Certain pairs of subvarieties of RL are so different that their join decomposes into their
the Cartesian product of the two varieties, i.e., the class of all Cartesian products of algebras
of the two varieties. Such a pair is the variety of ¢-groups and the variety of their negative
cones. First we give a general lemma that allows us to obtain such decompositions of the

join of two varieties from two projection-terms.

The following proposition is in the folklore of the subject and easy to prove.

Proposition 3.29. Let Vi, Vs be subvarieties of RL with equational bases By and By, respec-
tively, and let m(z), m(x) be unary terms, such that V, satisfies m(z) = x and m(z) ~ e
and Vs satisfies m(x) ~ e and ma(x) = x. Then Vi V Vo = Vi X Vs and the following list,
By % By, of equations is an equational basis for it.
i) m(x) - mo(r) ~
i) mi(mj(x)) =~ e, fori,je{l,2},i#j and m(m(x)) = m(z) forie {1,2}.
iii) mi(xxy) = m(x) x m(y), where x € {\,V,-, /,\} and i € {1,2}
i) e(m(x1), ..., m(xy)), for all equations e(xy, ..., x,) of By
v) e(mo(x1), ..., m2(2,)), for all equations (x4, ..., x,) of By

For any pair of subvarieties of V1, Vs, the same decomposition holds for their join, and if
By, By are finite, then so is By * Bs.

Proof. 1t is easy to see that the equations in B; % By hold both in V; and Vs, hence they hold
in V; V Vs, also. Now, suppose that the residuated lattice A satisfies the equations Bj * Bs;
we will show that A is in V; x Vs.

Define A; = {z € A| m(z) = e} and Ay = {x € A| m(x) = e}. Using (iii) and (i),
it is easy to see that A; and A, are subalgebras of A. Define the map f : A — A; x Ay,
by f(z) = (mi(z), me(z)). It is easy to check that f is well defined, using (ii); that it is a
homomorphism, using (iii); one-to-one, using (i); and onto, using (iii) and (i). Thus, A is
isomorphic to Ay X Ay € Vi x Vo TV V Vs O

Corollary 3.30. If By = {(e/z)x = e} and By = {e Nz = x}, then By * By is an equational
basis for LGV IRL = LG x TRL.
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Proof. Let m(z) = e/(e/x) and ma(x) = (e/x)x. It is easy to see that LG satisfies e/(e/z) ~
elex™)™! ~ z and (e/z)r ~ x7'z &~ e, and that ZRL satisfies (e¢/r)r ~ er ~ x and

e/(e/x) =~ e. O

Substructural logics and the decidability of the equational theory
In this section we discuss the connections of residuated lattices to logical sequent calculi
and mention the derivation of the decidability of the equational theory of RL from this

analysis, given in [JT].

Let £ be the similarity type of residuated lattices and T the set of all residuated lattice

terms. A sequent is a sequence of the form

WY1, -+ Yo, 11(T), -t (T)) F (),

where T = (z1,...2;), n,m,l € N, w is a monoid word on its arguments; ¢,1,...,t,, are
residuated lattice terms; and 7y, ...,7, are distinct symbols. An instance of a sequent is
obtained by substituting (t1x,...,t;,x) for v and s; for z;, where i € N, k € N,,, 4 €

N, s;,t;j € Tr. A sequent rule or Gentzen rule is a sequence of the form
Fla <. Fm,Fm+1,

where m € N and T'; are sequents for all © € N,,,.1. An instance of the rule is obtained by
substituting instances of the sequents in it. We denote the empty monoid word by ¢ and
the empty sequence of sequents by space. A Gentzen rule R is usually written in fraction

notation:
IiIly... T, I
Fm—l—l

A sequent calculus or Gentzen system is a set of Gentzen rules.

Let ¥ be a set of instances of sequents, I' an instance of a sequent and S a Gentzen
system. We call I' an immediate consequence of ¥ via S, if there are I'y,...,I',, € ¥ and
R € S, such that M is an instance of R. We say that ' is provable from ¥ via S, if
there is a sequence I'y, ..., I",, = T', such that for all i € N,,, I'; is an immediate consequence
of YU{Ty,...T;_1}, via S. If T is provable from () via S, we say that I" is provable in S.

We define the interpretation, [], of a sequence of terms, an instance of a sequent and an

instance of a Gentzen rule in the following way:

h/] = [(t17t27""tl)] =11 -la-- 1 [5] =€
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] =[wn, . s ta(S), - t(3)) F E(5)]
= (w(h/l]a [’72]a sy [’ynLtl(g)? s 7tm(§)) S [t(g)])7

where w is the evaluation of w in residuated lattices, yx = (f1g, ..., tix) and § = (sy,..., Sk);

{w} = (([l'1] and [[y] and ... and [[',,]) imply [T]).

Consider the following Gentzen system, G:

i (1d) 77@5511; (e-left) ey (e-right)
072(85\5;5:; (\left) ;Z :\t - (\right)
Uvit;sﬁfff (/left) 77 il;/ts (/right)

7(Zf\i%(/\lefm) 7gii%mleftz) %Wigm)

This system lacks the three structural rules of weakening, contraction and exchange, so
it describes a substructural logic. Actually, the corresponding logic is the unbounded version
of the Full Lambek calculus. It is easy to check that if I' is provable in G, then [I'] is true in
RL, by verifying that the interpretation of every immediate consequence of ¥ is satisfied, if
the interpretation of every element of ¥ is satisfied. But more than soundness of the rules
is true; the following completeness theorem is a generalization to the non-commutative case

of a theorem for a fragment of intuitionistic linear logic, proved in [OT|. The details can be

found in [JT].

Theorem 3.31. [JT] For a residuated lattice term p, the inequality e < p is satisfied in RL
iff the sequent € = p is provable in G.

Corollary 3.32. [JT] The equational theory of residuated lattices is decidable.

Proof. Let t, s be residuated lattice terms. Note that an equation ¢t ~ s is equivalent to the

conjunction of the inequalities e < s/t and e < t/s. Thus, to decide whether ¢ ~ s holds
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in RL it suffices to decide whether RL |= e < p, where p is a term. By Theorem 3.31,
this is equivalent to deciding whether € - p is provable in GG. Note that provability in G is
decidable, because if I" is provable then there is a sequence of immediate consequences, of
which I' is the last member. There are only finitely many choices for the rule used in the
last step. Actually, only the rules for which there is an instance with I' as the denominator
are candidates. Moreover, there are finitely many ways in which I' can be a denominator
of a given instance of a rule. Thus, we have finitely many collections of finitely many
sequent instances as the only choices for numerators of rule instances that can produce T'.
Additionally, all these sequent instances have strictly lower complexity than I', where the
complexity of a sequent instance could be taken as the sum of the heights of the terms that
are members of it (a sequent instance is a sequence of terms and ). Of course the same
argumentation applies to the candidate sequent instances. This process of checking possible
elements for being denominators has to stop because of the decreasing-complexity nature of
it. If a possible route, which can be visualized as a branch of a search tree, leads to the
numerator of the Id-rule or of the e-right rule, then I' is provable in GG. Otherwise, if all
routes stop at some sequent that is not a denominator of any instance of a rule in G, then
[’ cannot be provable. Thus, it is decidable whether ¢ F p is provable in G, for every term
p. ]

Lexicographic orders on semidirect products of residuated lattices
We conclude this section with an observation on semidirect products of residuated lattices
under the lexicographic order. Lexicographic orders on /-groups turn out to be a useful tool,
see [AF], [Me]. We provide conditions for the semidirect product of two residuated lattices

under the lexicographic order to be a residuated lattice.

Let K and Q be residuated lattices and # a monoid homomorphism from the monoid
reduct of Q to the endomorphism monoid of the monoid reduct of K. It is easy to check
that the set K x ) together with the multiplication given by (a,b) - (¢,d) = (a-6y(c), bd) and
the order defined by (a,b) < (¢,d) < b < dor (b =d and a < ¢), the reverse lexicographic
order, is actually a monoid with identity element (1k, 1q) and a partially ordered set. We
call this structure the semidirect product of K by Q over # and we symbolize it by K ;9 Q.

(Note that multiplication is not necessarily compatible with the order.)

Proposition 3.33. Let K and Q be residuated lattices and 6 a monoid homomorphism from
the monoid reduct of Q to the endomorphism monoid of the monoid reduct of K. Then,
K ;9 Q defines a residuated lattice iff all the following conditions hold
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1. Q is a chain or K is bounded;

2. 0, is a residuated map, for all x € Q;

3. Q s cancellative or K is a singleton; and

4. Q is an L-group or K has a mazimum element.

Proof. Assume all the conditions hold. The first condition guarantees that the structure is
a lattice. In both cases the join and the meet are easy to compute.

If K is bounded then
(aVeb) ifb=d

(a,b) V (c,d) :{ (Ox,bVvd) ifb#£d

and

(aned) ifb=d

(a,b) A (c,d) :{ (1x,bAd) ifb#d

If Q is a chain then

([ (aVe,d) ifb=d
(a,b) V (¢, d) =< (a,b) if b>d
L (c,d) itb<d
and
(aNned) ifb=d
(a,b) A (c,d) =< (c,d) if b>d
L (a,b) ifb<d

If K is a singleton, multiplication is vacuously order preserving. In view of the third
condition assume that Q is cancellative. Let a,c, f € K, b,d,g € @ and (a,b) < (c,d), i.e.,
b<dor (b=danda < c). We will show that (a,b)(f,q) < (¢,d)(f,g) and (f,g)(a,b) <
(f,9)(c,d), namely that (aby(f),bg) < (cba(f),dg) and that (f6,(a), gb) < (f0,(c), gd).

If b < d then bg < dg and gb < gd, because of cancellativity, so both of the inequalities
hold. If b = d and a < ¢, then bg = dg and gb = gd. Additionally, ab,(f) = aby(f) < cBa(f)
and 6,(a) < 0,(c), so f0,(a) < fb,(c). Thus, the inequalities hold in this case, as well.

By the second condition, 6, = 6(z) is a residuated map for all x € @Q; let 6*(z) denote
the residual of 6,. To prove that multiplication is residuated, in view of the last condition,
suppose first that @ is an l-group. Let k,I,m € K, x,y,z € (). We will show that the pair
(0%(k\l), 2~ 'y) is the maximum (m,z) with respect to the property (k,x)(m,z) < (I,y).
Note that

(k, 2)(05(k\1), 2 'y) = (k0o (07 (k\D)), 227 y) < (k(k\D),y) < (I,y)-
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Conversely, if (k, z)(m, z) < (I,y), then (kf,(m),zz) < (I,y). So either xz <y, or xz =y
and k6,(m) < I. In the first case, z < x7 'y, so (m,2) < (6:(k\l),z"'y). In the second
case, z = x 'y and 0,(m) < k\l, so m < 6*(k\l), hence (m,z) < (0%(k\l),z"'y). Thus,
(k,2)\(l,y) = (0%(k\l), 2~ 'y). Similarly, we can show that (I,y)/(k,z) = (yx~1, 0,—1(k)\1).

In the case that K has a top element, working as above we can see that

(1k,z\y) if v(z\y) <y

(k,2)\(l,y) = { (OX(k\D),z\y) ifz(x\y) =y

and
(Ik,y/z) if (y/z)z <y

(L, y)/(k,x) = { (1/8y)u(k),y/z) if (y/x)x =y

Conversely, suppose that K ;9 Q is a residuated lattice. If Q is not a chain, then there
is a pair of incomparable elements x,y. Let a € K and (a,z)V (a,y) = (b, 2), for some b € K
and z € Q). Since, (a,x), (a,y) < (b,z) we get x,y < z, thus x Vy < z. If 2 Vy < z then
(a,z V y) would be a common upper bound of (a,z) and (a,y), but strictly less than their
join, a contradiction. So z = x V y. Since z,y are incomparable (a,z), (a,y) < (¢,x V y) for
all ¢ € K, thus (b,zVy) = (a,z)V(a,y) < (c,zVy) for all c € K; hence b < ¢, for all c € K,
namely b is the least element of K. Similarly, one can prove that K is upper bounded; thus
the first condition holds.

If @ is not an l-group, then there exists an element x in @ such that x(z\e) < e. Let
k,lbm e K, z € Q and (m,z) = (k,x)\(l,e). Then (kf.(m),zz) < (l,e), so zz < e, i.e.,

z < x\e. Hence, (m, z) < (m,x\e). Moreover,

(k, z)(m, x\e) = (k0(m), z(x\e)) < (I, ),

hence (m, z) = (m, z\e). Furthermore, for every n € K,

(k, x)(n, 2\e) = (kb (n), z(x\e)) < (I,e),

hence (n,z\e) < (m,z\e). Thus, n < m, for all n € K, i.e., K has an upper bound, a fact
that establishes the last condition.

To prove the second condition, we need to show that for all x € @, the map 6, is
residuated, i.e., there exists a map ¢/ such that for all k,n € K, 0,(n) < [ iff n < 0/(1).
We define 0..(1) to be the first coordinate of the element (e, x)\(l,z). It is easy to see that
the second coordinate of this element is z\z, so (0,(l),z\x) = (e,z)\(l,z). Given that
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x - (x\x) = z holds in every residuated lattice, by Lemma 3.1(15), we have

n < 8,() (n, x\z) < (6,(1), z\z)
(n, 2\z) < (e, )\(l,z)
e,x)(n,z\z) < (I, )

(€ - Ou(n), - (\z)) < (I, 2)
0.(n) <1

Tt 0T

Assume, now, that K is not a singleton. We will show that Q is cancellative. Note first
that for all ¢ € @, there are m,n € K such that m < n and ,(m) # 6,(n), because otherwise
0,(x) = 0,(y), for all z,y € K, a contradiction since no constant map is residuated, unless it is
defined over a singleton. Suppose, by way of contradiction, that ¢s = qr, for some ¢, s, € Q.
If t =sVr, then gt = q(s Vr) = gs V qr = gs. Since multiplication is order preserving
and (n,s) < (m,t), we get (e,q)(n,s) < (e,q)(m,t), namely (6,(n),qs) < (6,(m),qt). Since
qs = qt, we get 0,(n) < 6,(m), while from m < n and the fact that 6, is order preserving
we have ,(m) < 6,(n), a contradiction. Now, suppose that sq¢ = tq and s < ¢, for some
q,s,t € Q. From (n,s) < (m,t), we get (n,s)(e,q) < (m,t)(e, q), namely (n,sq) < (m,tq).
Since sq = tq, we get n < m, a contradiction. Thus, Q is both left and right cancellative. [

Since the direct product is a special case of a semidirect product under a residuated map,

the same conditions apply.

For a study of semidirect products under different order relations, we refer the reader to

the work in progress [JoT] of B. Jénsson and C. Tsinakis.
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CHAPTER IV
CANCELLATIVE RESIDUATED LATTICES

This section contains a brief exposition of cancellative residuated lattices and of the
connections between (-groups and their negative cones. Most of the results will appear in
the author’s joint paper [BCGJT] and will be used in Chapter VII.

Note that every non-trivial cancellative residuated lattice is infinite. Indeed, since a non-
trivial residuated lattice has a non-trivial negative cone (it can have a trivial positive cone),
and multiplication is order preserving and cancellative, it follows that all the powers of a

strictly negative element have to be distinct.

It turns out that the language of residuated lattices has enough descriptive power to

express equationally the property of cancellativity (ac = bc = a = ¢).

Lemma 4.1. [BCGJT] A residuated lattice is right cancellative as a monoid if and only if
it satisfies the identity xy/y ~ x.

Proof. The identity (zy/y)y ~ xy holds in every residuated lattice since xy/y < xy/y implies
(xy/y)y < zy, and zy < xy implies © < zy/y, hence zy < (zy/y)y. By right cancellativity,
we have xy/y = x. Conversely, suppose zy/y ~ x holds, and consider elements a, b, ¢ such

that ac = bc. Then a = ac/c = bc/c = b, so right cancellativity is satisfied. ]

Thus, a residuated lattice is cancellative if it satisfies both z\zy ~ y and yx/x ~ y.
Consequently, the class CanRL of cancellative residuated lattices is a variety.

In [AF], it is shown that the lattice reduct of an f-group is distributive. Example 3.29
shows that this is not the case for, even commutative, cancellative residuated lattices. Ac-
tually, it is shown in [BCGJT] that CanR L satisfies no non-trivial lattice identity.

The following proposition shows that V(Z~), the variety of residuated lattices generated
by the non-positive integers under addition and the natural order, and the variety of ¢-groups

form a splitting pair in the subvariety lattice of cancellative residuated lattices.

Proposition 4.2. For every cancellative residuated lattice, either it has Z~ as a subalgebra

or it s an £-group.

Proof. Let A be a cancellative residuated lattice. In view of Lemma 3.1(4) either there
exists a strictly negative element a of A, such that e/a = e or for every strictly negative

element x of A, e < e/x. It is easy to see that in the first case the subalgebra generated
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by a is isomorphic to Z~. In the second case for every element a of A, consider the element
x = (e/a)a. Tt cannot be strictly negative because e/z = e/(e/a)a = (e/a)/(e/a) = e, by

cancellativity; so x = e. Thus, A is an /-group. m

Lattice-ordered groups
The most well studied examples of cancellative residuated lattices are /-groups. As men-
tioned in Example 3.1, the class LG of /-groups is axiomatized, in the context of residuated

lattices, by the identity x(x\e) =~ e. Below we provide alternative axiomatizations of £G.
Lemma 4.3. Fach of the following sets of equations forms an equational basis for LG.

1. (efr)r~e

2. x~ef(x\e) and x/x =€

5. &% y/(2\y)

4. x/(y\e) = yx

5. z/(y\e) = xy and e/x ~ z\e

6. (y/x)x~y

7. x/(y\z) = (z/7)\y)

Proof. Recall that an ¢-group has a group and a lattice reduct and multiplication distributes
over joins. Obviously all the equations are valid in f-groups, if we define z/y = zy~! and
y\v =y ',

A residuated lattice that satisfies the first identity is a monoid such that every element
has a right inverse, so it is a group. Multiplication distributes over joins, by Lemma 3.1, so

we obtain an ¢-group. Using the two identities of (2) and Lemma 3.1 we get

(e/a)/(e/x) e = ef(e/r)r~e
= [e/(e/z)a]\e ~ e\e

= (e/z)r =~ e.

So, (2) implies (1). Setting y = e in (3), we obtain z ~ e/(x\e); setting x = e, we get
e ~ y/y. So (3) implies (2). Setting z = e in (4), we have e/(y\e) ~ y; setting y = e/x,
we get x/[(e/x)\e] = (e/x)x, so x/x =~ (e/z)x. It follows from Lemma 3.1(4) and (14) that

x/x is an element of the positive cone and that (e/x)x is an element of the negative cone, so
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x/z = (e/x) ~ e. For (5) we work in a similar way. Identity (6) yields (1) for y = e. Finally,
forx =2z =-ein (7), we get y = ¢/(y\e) and for z = z,y = e we have e < z/x = (z/z)\e, so
x/x <e, sox/x=e Thus, (7) implies (1). O

The subvariety lattice of LG has a unique atom, the variety CLG of commutative /-groups.
This varitey is known (see [AF]) to be equal to V(Z), the variety of {-groups generated by
the integers under addition and the natural order. Moreover, LG has a unique lower cover
N. Tt is well known that £G has a decidable equational theory.

Negative cones of /-groups
Recall the definition of the negative cone of a residuated lattice and of a class of residuated
lattices given in Example 3.7. We present a characterization of the negative cones of -groups,
that allows to conclude that £G~ is a variety. Moreover, we investigate the similarities
between the subvariety lattices of LG and LG .
Recall the definition of a generalized BL-algebra and of a generalized MV-algebra, from
page 34.

Theorem 4.4. [BCGJT] For a residuated lattice L, the following statements are equivalent.
1. L s the negative cone of an £-group.
2. L is a cancellative integral GMV-algebra.
3. L is a cancellative integral GBL-algebra.

Corollary 4.5. [BCGJT] The class LG~ is a variety, axiomatized relative to RL by the
identities xy/y ~ x ~ y\yr and (z/y)y =~ v ANy =~ y(y\z). Alternatively, the last two
identities can be replaced by x/(y\z) =~ x Vy ~ (z/y)\z.

Recall that for a class I of residuated lattices, H(KC), S(K), P(K) and K~ denote,
respectively, the class of homomorphic images, subalgebras, products and negative cones of

members of K.

Theorem 4.6. [BCGJT] The map K — K, defined on classes of £-groups, commutes with
the operators H, S and P, and restricts to a lattice isomorphism between the subvariety

lattices of LG and LG .

Corollary 4.7. [BCGJT] The variety V(Z~) consists of all negative cones of Abelian (-

groups.
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We now show how equational bases of varieties are translated by the isomorphism of the
subvariety lattices of LG and LG™.

For a residuated lattice term ¢, we define a translated term ¢t~ by

r=x/Ne e
(s/t)y" =s"Jt-Ne (s\t)” =s"\t" Ae
(st)- =st (sVt)"=s" Vi~ (sAt)” =s At

=€

Lemma 4.8. [BCGJT] ForanyLe RL, L™ =s~tiffLEs ~t .

Theorem 4.9. [BCGJT] Let V be a subvariety of LG, defined by a set € of identities and
let W=Mod(E™)NLG, where E~ ={s  ~t | (s~t)€&}. Then W™ =V.

Note that since - and ~! distribute over V and A, any LG identity is equivalent to a
conjunction of two identities of the form e < p(gi,...,g,), where p is a lattice term and
g1, - - -, gn are group terms. Since f-groups are distributive, this can be further reduced to a
finite conjunction of inequalities of the form e < g, V---V g,.

For a term t(xy,...,x,,) and a variable z distinct from z1, ..., z,,, let
tHz, 20, . om) =tz oy, 2 ).

Every group term g can be written in the form piq; 'pags - - - ppq; ' where the p; and ¢

are products of variables (without inverses). Define

9= @\ (- (@(ap1/q1)p2/q2) -+ )Pn/ @]

Theorem 4.10. /[BCGJT] Let V be a subvariety of LG, defined by a set € of identities,
which we may assume to be of the forme < g1 V...V g,. Let

E={ex~a V..V le<qV...Vg,isinE}.

Then € is an equational basis for V™ relative to LG .

For example consider the variety R = RLY N LG of representable (-groups which (by
definition) is generated by the class of totally ordered groups (see [AF] for more details). An
equational basis for this variety is given by e < z7lyxz V =1 (relative to £G). Applying the

translation above, we obtain e &~ zx\(zy/z)z V y\z as as equational basis for R™.

Corollary 4.11. [BCGJT] The map V +— V~ from L(LG) to L(LG™) sends finitely based
subvarieties of LG to finitely based subvarieties of LG .
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CHAPTER V
ATOMIC SUBVARIETIES

In this chapter we investigate the atomic varieties in the subvariety lattice of residuated
lattices. In particular, we give infinitely many commutative atoms and note that there are
only two cancellative ones. Moreover, we present a continuum of atoms that satisfy the
idempotency law for multiplication and are in RLY. Finally, we observe that there are only

two commutative idempotent atomic varieties.

A non-trivial algebra A is called strictly simple if it lacks non-trivial proper subalgebras
and congruences. Recall that, by Theorem 3.10, congruences on residuated lattices corre-
spond to convex normal subalgebras. So, the absence of non-trivial proper subalgebras is

enough to establish the strict simplicity of a residuated lattice.

Proposition 5.1. Let a be a non-identity element of a strictly simple, lower bounded resid-
uated lattice, A, and let t(z) be a term such that A satisfies t(x) = a, if v # e. Then, the

variety generated by A is an atom in the subvariety lattice.

Proof. Let V be the variety generated by A. By Jénsson’s Lemma the subdirectly irreducible
algebras of V are contained in HSP,(A). So, if D € Vg, there exists, an ultrapower B of A
and a non-trivial subalgebra C of B such that D = f(C) for some homomorphism f. Since
A is strictly simple, thus generated by any of its non-identity elements, we can assume,
without loss of generality, that a = 0, the least element of A. Note that A satisfies the first

order formula:
(V9. 2)(w £ e £y — Ha) = t(y) < 2),

thus, so does B, by the remark on page 5. So, B has a least element (', which is actually
contained in all non-trivial subalgebras of B.

Since the least element is term definable and A is generated by 0, the subalgebra F of
C generated by 0/ is isomorphic to A, hence F is strictly simple. If any two elements of
F have the same image under f, then f(F) = {e}; thus f(0') = f(e). Since the identity
element of a residuated lattice is its least element only if the residuated lattice is trivial, we
get f(C) = {e}, a contradiction. Consequently, f(F) C D is isomorphic to F. Thus, A
is isomorphic to a subalgebra of every subdirectly irreducible member of V, hence V is an

atom. u

The following lemma describes the finitely generated atoms of L(RL).
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Corollary 5.2. Let V be a finitely generated variety. Then V is an atom in L(RL) iff
V = V(L), for some finite strictly simple L.

Proof. Let V be an atomic variety generated by a finite algebra K. If K is not strictly simple,
then there is a minimal non-trivial subalgebra L of K. Since V is an atom, it is generated
by L. The converse is a direct consequence of the previous lemma; the necessary term exists

because L is strictly simple and finite. O]

Commutative atoms
The simplest non-trivial residuated lattice is 2. The underlying set is 2 = {0, e}, 0 is the
least element and e the multiplicative identity. Recall the definition of a generalized Boolean
algebra from Example 3.2. We prove that the class GB.A of generalized Boolean algebras is

a variety and it is generated by 2. Additionally, we provide equational bases for this variety.
Proposition 5.3. Let L be a residuated lattice. The following statements are equivalent.
1. L is a generalized Boolean algebra.

2. L is in the variety V(2).

Co

. L satisfies the identities
(a) x-y=~z ANy, and
(b) z/(xVy)V(xVy) ~e.

. L satisfies the identities

E

(a) x-y=~z Ay, and
(b) (xAy)lyVy=e.
5. L satisfies the identities
(a) xy ~x ANy, and
(b) y/(y/z) =z Vy.
6. L satisfies v/(x\y) =z =~ (y/z)\x.

Proof. We will show that (1) = (3) = (4) = (2) = (5) = (1) and that (6) < (1).
(1) = (3): We assume that every principal ideal is a Boolean algebra. In particular, L

has a top element e. Consider arbitrary x,y € L. Since the element x V y is in the interval
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[z, €], it has a complement z in [z, e]. Note that z/(x Vy) A (zVy) < z, by Lemma 3.1, and
x/(x Vy) is the maximum element with this property. Since z also satisfies this property, we
have z < z/(xVy). So,e =zV(xVy) <z/(xVy)V(xVy) <e, hence x/(xVy)V(xVy) =e.

(3) = (4): The identity (4)(b) follows from the identity (3)(b). by substituting = A y
for x.

(4) = (2): Let P be a prime filter of L and fp : L — 2 be defined by f(z) = 1 iff
xr € P. We will show that f is a residuated lattice homomorphism. It is clear that fp is
a lattice homomorphism, thus a monoid homomorphism as well. To prove that it preserves

the division operations, given their behavior on 2, we only need to show that
r/yg Piff t ¢ Pandy € P.

Assume that x/y ¢ P and y ¢ P. Since, x/y = (x A y)/y, and P is prime we have
e=(xAy)/yVy & P, a contradiction. Assume that z/y ¢ P and = € P, then < x/y and,
since P is a filter, z/y € P, a contradiction. Conversely, if z ¢ P, y € P and x/y € P, then
x> (x/y) Ny € P, hence x € P, a contradiction.

Since fp is a homomorphism, Ker(fp) is a congruence on L. In order to prove that
L is a subdirect product of copies of 2, we need only show that the intersection of the
congruences above is the diagonal. This follows from the fact that any pair of elements (a, b)
in a distributive lattice can be separated by a prime filter, i.e., there exists a prime filter P
such that a € P and b ¢ P, or such that b € P and a ¢ P. Thus L is in V(2).

(2) = (5): It is trivial to check that 2 satisfies the identities in (5).

(5) = (1): Assume that z,y are elements of L, such that x < y. We will show that
x/y is the complement of y in [z,e]. We have z < x/y, since x Ay < z; 50 x < y A (z/y).
Moreover, y A (z/y) < x, hence y A (z/y) = z. Additionally,

yV(x/y) = (z/y)/((x/y)/y) = (x/y)/(x/(y ANy)) = (x/y)/(x/y) = e.

(1) & (6): Having established the equivalence of (1) and (2), note that the algebra 2
satisfies the identity (6). Conversely, suppose the equation (6) holds in L. For every element
y of it we have e = e/(e\y), so e < e/y, i.e., y < e. So, L is an integral residuated lattice.

Moreover, we have

rz/(r\y) = 2\(2\y) = (z/(z\y))\(z\y)
= 2?\y ~x\y
= 22~ 2.

Together with integrality this gives zy = x Ay, for all x,y € L. Assume now that y < x.
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We will show that the complement of = in [y, €] is x\y. Note that y < x\y, by integrality, so
y < x Az\y. On the other hand we have x A (z\y) < y, by Lemma 3.1, thus z A z\y = y.
Moreover,
wVa\y = (z/(zVa\y)\(zVz\y)
= (z/z Ax/(2\y)\(z V z\y)
= (z/z Ax)\(z V z\y)

> x\x > e.
So, x Vz\y =e. O
Recall that Br denotes the variety of Brouwerian algebras, see Example 3.3, and GMV
the variety of generalized MV-algebras, see page 34. By (5)(b) of the previous lemma, we
have GBA = Br N GMYV. Moreover, GBA is an atom in the subvariety lattice, since 2 is

strictly simple. It is easy to see that it is the only atom below Br.

We denote by n the integral residuated lattice defined by the monoid on the set
{e,a,a? ...,a" '}, under the obvious linear order. It is easy to see that n is an n-potent
GMV-algebra.

Lemma 5.4. The following list is an equational basis for V(n+ 1).

1o A(z/(xVy)Vpuly/(zVy)) =e

2.z o gn

3. x Ny =az(x\y) = (y/x)x

4o at =a"/(z"\y")

5. (" /y")? = (z"/y") and (y"\a")* = y"\z"
6. xy ~ yx

Proof. Obviously, the algebra n + 1 satisfies all the identities. Conversely, assume that L is
a subdirectly irreducible residuated lattice that satisfies the identities. By (1) and (2), L is
an n-potent chain. It is easy to see, and it will be proved in Lemma 7.5, that L is an integral
GBL-algebra, by (3). Note that the idempotent elements are of the form 2™ and that they
form a subalgebra of L. Indeed, they are closed under division by (5), obviously closed under
the lattice operations, and the product of any two such elements is their meet - if a < b,
then a = a® < ab < a. By the fourth identity and Proposition 5.3(6), this subalgebra is a

generalized Boolean algebra. Since it is also totally ordered it is isomorphic to 2.
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We will, now, show that L is generated by a single element as a monoid. Assume
that there are non-identity elements a < b that are not powers of a common element.
Define a; = a, by = b, agy1 = by Abp\ag and bgry = by V bp\ag. Obviously, ar < by,
ar = ag+1bgs1, because of (6) and (3), for all k, and by is an increasing sequence. So,
a = a; = aghy = azbsby = -+ = a1 104102051+ b3by < e(byy1)™ = (bny1)™. Since there
are only two idempotent elements in L, either (b,41)" = 0, or (b,41)" = e. In the first
case, a = 0 = b", so both a and b are powers of b. In the second case b,,; = e. Since
b1 = by Vb \apn =bp 1 Vb 1\ 1 V...V \a,=---=bVb\ayV...Vb,\a,, we have
bp\ar = e, for some k. We have b, < ag, so ax = bx. Using the fact that by € {ags1,bri1}
and ap = agy1bry1, for all k; and induction, it is not hard to see that both b and a are powers
of b*. O]

Any strictly simple finite residuated lattice different from 2 has to have a top element
different than e. This is because otherwise {0,e} would be a subalgebra isomorphic to 2.
We give below an infinite list of examples of finite commutative totally ordered residuated

lattices that are strictly simple and generate distinct atoms in L(RL).

For every natural number n set T,, = {1,e} U {u | £ € N, }. Define an order relation
on T, by up < iff £ > [, and up < e < 1, for all natural numbers k£ < n. Also, define
multiplication by x1 = 1z = z, for all x # e; urw; = Upmin{nr+1), for all k,1 € N,,; and the
two division operations by z/y = \/{z € T, | 2y < 2} and y\z = /{z € T,, | yz < z}.
Note that multiplication is order preserving and, since 7, is dually well ordered, T, =
(T, \,V, -, \, /,e) is a residuated lattice.

Uy

Uz

® U,

Figure 3: The residuated lattice T,,.

Lemma 5.5. The variety V(T,,) is an atom in the subvariety lattice of RL, for every natural

number n.
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Proof. Note that T,, is generated by any of its non-identity elements. If z < e, then e/z = 1;
moreover, e¢/1 = u and uy, = u*, for all K < n. So, T, is strictly simple, hence it generates

an atom by Corollary 5.2. O
Set 1(x) =z V (e/x). If a € T, — {e}, then 1(a) = 1.

Proposition 5.6. For every n, the following list B, of equations is a finite equational basis
for V(T,).

~

C Az /(2 V) Vopuly/(xVy)) e

2. g™ A g

3. (xVve)i=(zVe)

J.oe/((zVe)\e) maVe

5. (e/1(x))" -z =~ (e/1(x))"

6. tAyhem(zAhe)(zAe\yAe)~((yAe)/(zAe))zAe)
7 (wAe) m (zAe)/((xAe)\(yAe) Ae) Ae

8. (a"/y")? ~ (a"/y") and (y"\z")* ~ y"\z"

9. xy ~ yzx

Proof. Obviously, V(T,,) satisfies B,. Let L be a subdirectly irreducible residuated lattice
that satisfies B,,. L has to be a chain, because of the first equation and Theorem 3.18, and
its negative cone is isomorphic to n, because of equations (2), (6), (7), (8) and (9). Assume
that the negative cone is {e, u, u?, ...,u™ = 0}. Observe that L has a strictly positive element
a. Otherwise, L would be integral, so e/x = e, for all z € L, hence 1(z) = e. In that case,
(5) would imply e -z = e, for all z € A, a contradiction. By (3), we get a*> = a. Since L
has a bottom element, it also has a top element 1. For every strictly positive element b of
L, we have u = eu < bu. If e < bu, we have e < beu < bbuu < ... < b"u™ = b"0 =0, a
contradiction. So bu = u, hence b\e = u. Using equation (4), we have b = ¢/(b\e) = e/u = 1,

so there is a unique strictly positive element and L is isomorphic to T, O]

Working toward a partial description of finite, commutative, strictly simple, residuated

chains, we note that they have similar properties as the algebras T,,.

Lemma 5.7. Let L be a finite, commutative, strictly simple member of RLS and let 1 be
its top element. Then z1 = x, /1 = x, x/x = 1 and x(e/1) < x A (e/1), for all x # e.

Moreover, 1 covers e and e covers e/1.
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Proof. Obviously, L is a subdirectly irreducible element of RLY, so L is chain. If L 2 2, then
the conclusion is obvious. Otherwise, L has a top element 1 # e. If e = e/1, then e < e/1,
i.e., 1 < e, a contradiction. So, e # e/1. Note that e/1 =¢/1? = (¢/1)/1, so e¢/1 < (e/1)/1,
hence (e/1)1 < e/1. On the other hand, e/1 < (e/1)1, since e < 1;s0 /1 = (e/1)1.

It is easy to show that if x1 = z and yl = y, then zyl = zy, (z/y)l = x/y and
(e/x)1 = e/x. By the assumption of strict simplicity, for every element of a # e of L, there
exists a term t,, such that a = ¢,(1). It is easy to prove that x1 = z, for all = # e, by
induction on the complexity of ¢,. Consequently, x < x/1. Since, /1 < x/e = x, we have
x/1 = x. Moreover, 1oz < z implies 1 < z/x, so z/x = 1. Obviously, e/1 < e, so z(e/1) < x.
Also, e/1 < e/x, since x < 1, i.e., x(e/1) < e. So, z(e/1)1 < e, hence xz(e/1) < e/1. Thus,
z(e/1) <z A (e/1). To show that e is covered by 1, note that if z > e, then 1 < lz = x. It

is obvious that e/1 < e. If x < e, then 1lx < e, so x < e/1, hence e is a cover of e/1. ]

Corollary 5.8. Let V = (e/(e/z))" <z and (x Ne)" = (z ANe)" . Then CanIRLV YV =
CanZRL x V. Hence, CanZRLN V(T;,, Tiy, ..., Ti,) = CanZRL x V(Ty,, Tiy, ..., Ti ).

Proof. Let m(x) = ((eAnz)"t /(e Az)*) Ae and ma(x) = (e/(e/x))" V x. Note that CanZRL
satisfies 71 (z) = ((e Ax)"™ /(e Ax)") ANe~ (e ANx) Ae ~ x and ma(x) = (e/(e/x))" V x ~
e"Vx =~ e. On the other hand, V satisfies mo(z) = (e/(e/z))" Vo ~ x and m(x) =
(enz)"H/(enz))Nem ((enz)*/(e ANx)") Ne = e.

If n>m and x € T,,, then, m;(z) = ((eAx)"™ /(eAz)*) Ae = (0/0) Ae = 1 Ae = e, for
x#e 1, m(e)=e and m (1) = (e/e) ANe = e. Thus, V(T,,) satisfies m (z) ~ e. Moreover,
if x € T,,, then mo(z) = (e/(e/x))" Vo = (e/1)" Ve =0V =uz forx#el, me)=ce
and mo(1) = (e/(e/1))" V1= 1. So V(T,,) satisfies my(x) ~ z. If we pick n > max{iy, ..., iy}
then V(T,,, Ty, ..., T;,) satisfies my(z) = e and my(z) = x. O

Note that ZRLV V(Ty) # IRL x V(T,) since A € S(T; x 2) — (ZRL x V(Ty)), where
A={(1,1),(1,¢),(1,0),(0,0)}.

Idempotent atoms
It is well known and easy to observe that the variety V(Z) generated by the ¢-group of
the integers under addition is the only ¢-group atom. It is shown in [BCGJT] that the variety
V(Z~) generated by the negative cone of Z is the only atom below the variety of negative
cones of /-groups. Both of these atoms are cancellative. It follows from Proposition 4.2 that

they are actually the only atoms below the variety of cancellative residuated lattices.

Corollary 5.9. The varieties V(Z) and V(Z~) are the only cancellative atoms.
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In view of this observation, it makes sense to investigate the other end of the spectrum of
atoms, i.e., varieties that are n-potent for some n. We will provide a continuum of idempotent
atoms, that are actually distributive.

For every set of integers S, set Ng = {a;|i € Z}U{b; |i € Z} U{e}. We define an order
on Ng, by b; < b; < e <ay <a, forall ¢,7,k,l € Z, such that i < j and k£ > [. Obviously,

this is a total order on Ng. We also define a multiplication by

;05 = Qmin{i,j}, bibj = bmin{i,j}
and
. by ifj<i,ori=j€S a; fi<j ori=j€S8
ja; = ; a;05 = - . . .
! a; ifi<j ori=j5¢8 ! by fi>j, ori=35¢8

The division operations are defined in the usual way by z/y = \/{z | zz < y} and y\z =

V{z]zz <y}

It is easy to see that multiplication is associative, order preserving and residuated. So, we
can define a residuated lattice Ng with underlying set Ng and operations the ones described

above.
We will investigate for which sets S the variety generated by Ng is an atom in the

subvariety lattice of residuated lattices.

Define the following residuated lattice terms:
lz) =2z\e, r(z) = e/,
t(x) =e/xVa\e,
m(z) = (x) N lr(z) Aré(z) Arr(z),
p(x) = 0l(x) V lr(x) vV ré(z) V rr(x).
Moreover, define three binary relations by,
oy e () =y,

vy & )=y,

r—y < r(zr)=yorllzx)=uy.
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a_q
Qo

ai

Figure 4: The residuated lattice Ng.

A word over {0,1} is a function w : A — {0, 1}, where A is a subinterval of Z; A is called
the support, supp(w), of w. We call w finite (infinite, bi-infinite) if |A] <w (A=N, A =17,
respectively). If w is a bi-infinite and v a finite word, we say v is a subword of w, if there
exists an integer k, such that v(i) = w(i+k) for all i € supp(v). Note that the characteristic
function wg of a subset S of Z is a bi-infinite word. For two bi-infinite words w;, ws, define
wy; < ws iff every finite subword of w, is a subword of wy. Obviously, < is a pre-order.
Define w; = wsy iff w; < wy < w;p. We call a bi-infinite word w minimal with respect to the

pre-order <, if w = w’, whenever w < w’, for some bi-infinite word w’.
Proposition 5.10. The following properties hold for Ng, for every S.

1. For all i € Z, m(b;) = bi_1, p(b;) = biy1, m(a;) = a;y1, pla;) = a;—1. Moreover,
t(a;) = b; and t(b;) = a;.

2. It 1s totally ordered.

3. For every x, {zt(x),t(x)x} = {x,t(x)}.
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4. Ifx<e<vy, thenm(x) <x <plx)<e<m(y) <y <ply) and t(y) < e < t(z).

5. For every o, m(t(x) = t(p(x)), plt(x)) = tm(z)), mp(@) = p(m(z)) = = ond
t(t(z)) = x.

x forx <y<t(x
6. If x is negative, then xy = yr = =Y ()
y fory <zort(r)<y.
r fort(z)<y<cw
If x 1s positive, then xy = yx = (7) <y <
y fory <t(z)orz<y.

7. For allx,y; v Ny, Vy,zy € {z,y}.

8. Forall x,y; x/y,y\v € {z,m(x), p(x), t(x), m(t(x)), t(y), m(t(y)), p(t(y)}-

9. For every finite word v there exists a universal first order formula ¢(v), such that v is
not a subword of wg iff ¢p(v) is satisfied in Ng.

Proof. 1t is easy to see that

bz'fl 7 a; <€—r> bl i> a1 (Z c S)
bi—1 < a; <T—E> b; 7 i1 (Z ¢ S)

It follows directly that t(b;) = a; V a;+1 = a; and t(a;) = b;_1 V b; = b;.
Moreover,

{r(r(0:i), (£(b:)), £(r (b)), £(€(bi)) } = {bi1, bi, biy1},

so m(b;) = bi—1 and p(b;) = b;y1. Similarly, m(a;) = a;4+1 and p(a;) = a;—1. So (1) holds.
Moreover, (2) is obvious from the definition; (3)-(7) follow from (1); and (8) is easy to check.

Finally for (9), the first order formula associated to a finite word v is
o = (YT1, . Ty Y1y ooy Yn)[(T1 < T2 < oo Ry <€ <Yy < oo < Y1)

& () =y & & t(x,) =yn) — ~(r1y1 = 51 & - & 29, = 5],

where n is the length of v and s; = x;, if v(i) = 1 and s; = y; if v(i) = 0. Note that ¢, is

equivalent to a universally quantified formula in the language of residuated lattices. O
Corollary 5.11. The residuated lattice Ng is strictly simple, for every set of integers S.

Proof. For all a,b € Ng — {e}, (a,b) is in the transitive closure of the relation — defined
above. Thus, Ng is strictly simple. O
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Lemma 5.12. Fvery non-trivial one-generated subalgebra of an ultrapower of Ng is isomor-

phic to Ng, for some set of integers S'.

Proof. Every first order formula true in Ny is also true in an ultrapower of it. Since prop-
erties (2)-(8) of Proposition 5.10 can be expressed as first order formulas, they hold in any
ultrapower of Ng.

By property (2), any ultrapower B of Ny is totally ordered, so the same holds for every
subalgebra of B. Let A be a non-trivial one-generated subalgebra of B and let a be a
generator for A. The element a can be taken to be negative, since if a is positive, t(a) is
negative and, by property (4), it generates A, because t(t(a)) = a, by property (5).

By properties (7) and (8), A is the set of evaluations of terms composed by the terms
m, p,t and the constant term e. By property (5), these compositions reduce to one of the
forms m"(z), p™(x), p"(t(x)) and m™(t(x)), for n a natural number.

Set b_,, = m"(a),b, = p"(a),a_, = p"(t(a)) and a, = m™(t(a)), for all natural numbers
n. By the remark above, A consists of exactly these elements together with e. Define a
subset S’ of Z, by m € S’ iff b,,a,, = b,, and consider the following map f : A — Ng,
f(b;) =b, fla;) = al, f(e) =€, where N = {b; |i € Z} U{a|i € Z} U{e'}. By property
(4), this map is an order isomorphism and, since A is totally ordered, a lattice isomorphism,
as well. Moreover, it is easy to check that it is a monoid homomorphism, using properties
(3) and (6). Any lattice isomorphism preserves existing joins, so f preserves the two division

operations. Thus, A is isomorphic to Ng. O]

Theorem 5.13. Let A be a one-generated residuated lattice and S a subset of Z. Then,
A € HSP,(Ng) iff A = Ng, for some S" such that wg < wg.

Proof. Let S’ be a set of integers, such that wg < wg. Also, let B = (Ng)N/F, where F is
an ultrafilter over N that extends the filter of co-finite subsets, and Ng = {b;|i € Z}U{a;|i €
Z} U {e}. We will show that Ng € ISP, (Ng).

For every natural number n, define the finite approximations, v,, of the bi-infinite word
wgr, by v, (i) = wg/ (1), for all i € [—n,n]z. Since, wg < wg, the words v,, are subwords of
wg, so for every natural number n there exists an integer K, such that v, (i) = ws(K, + 1),
for all i € supp(vy,) = [—n,nlz.

Let b = (bg, Jnen, Where bg, € Ng. By Lemma 5.12, the subalgebra of B generated by
b = [b], the equivalence class of b under F, is isomorphic to Ng, Ng = {b; |i € Z} U{a;|i €
7} U {é}, for some subset S of Z. We identify the subalgebra generated by b with Ng and
we can actually choose S such that by = b. We will show that S = 5.

We pick representatives b,, and a,,, for by and a,, and we adopt a double subscript

notation for their coordinates. So, there exist b, and @, in Ng, such that l;m = [Bm] =
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[(bmn)nGN] and ELm - [dm] - [(amn)nEN]‘
It is easy to prove that b,, = [(bk,+m)nen] and @, = [(ax, +m)nen], using the definition

of b, Proposition 5.10(1), basic induction and the following facts:

[(t(bmn))neN]

IS}
3
Il
~
—~
S
3
~
Il
~
—~
—
(=
3
3
~—
3
m
2,
S~—
Il

5m+1 = p(gm) = P([(bmn)nen]) = [(p@mn))nEN]

lN)mfl = m(i)m) = M([(bmn)nen)) = [(M(bynn) )nen]

Now, for |m| < n, i.e., m € supp(v,), we have

K,+meS < wsK,+m)=1
& vp(m) =1
& wg(m) =1
& me S

Since, b, +maK,+m = Uk,+m €xactly when K, +m € S, we get that if |m| < n, then
bk, +maK, +m = bk, +m 1S equivalent to m € 5.

In other words,

Since the first set is in F, so is the second one. It is not hard to check that this means that:
{n | bk, +max, +m = bk,+m} € F is equivalent to m € S’. So, bmdm = bm is equivalent to
me S henceme Siff meS. Thus, S =5

For the converse, we will prove the implication for A € SP,(Ng). This is sufficient since
under a homomorphism every one generated subalgebra will either map isomorphically or
to the identity element, because of the strictly simple nature of the algebras Ng/. Let A be
a subalgebra of an ultrapower of Ng. By Lemma 5.12, A is isomorphic to Ng/, for some
subset S’ of Z.

To show that ws < wg it suffices to show that, for every finite word v, if v is not a
subword of wg, then it is not a subword of wg: either. If v is not a subword of wg, then
Ny satisfies ¢, of Proposition 5.10(9); hence so does every ultrapower of Ng. Since ¢, is
universally quantified it is also satisfied by any subalgebra of an ultrapower of Ng and in

particular by Ng/. Thus, v is not a subword of wg:. O

Corollary 5.14. Let S,S’ be sets of integers, then
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1. V(Ng/) € V(Ng) if and only if we < wg, and

2. if wg is minimal with respect to <, then V = V(Ng) is an atom in the subvariety
lattice of RL.

Proof. 1) If wg < wg then, by Theorem 5.13, Ng» € HSP,(Ng) € V(Ng), so V(Ng/) C
V(Ng). Conversely, if V(INg') € V(Ng), then Ng € V(Ng). Ng is subdirectly irreducible,
by Lemma 5.11, so, by Jénsson’s Lemma, Ng € HSP,(Ng). By Theorem 5.13, wg < wg.
2) If L is a subdirectly irreducible of V, then L € HSP,(Ng), by Jénsson’s Lemma.
Every one-generated subalgebra A of L is a member of SHSP,(Ng) C HSP,(Ng), because
SH < HS; so, by Theorem 5.13, A is isomorphic to some Ng/, where wg < wg. Since wg is
minimal with respect to the pre-order <, we have wg = wg; hence V(Ng) = V(Ng), by (i).
Thus, V = V(Ng/) = V(A) C V(L) C V. Since V = V (L), for every subdirectly irreducible
L in V, V is an atom. n

The following corollary generalizes a result of [JT].

Corollary 5.15. There are uncountably many atoms in the subvariety lattice of RLE N
Mod(2? ~ ).

Proof. There are uncountably many minimal bi-infinite words that are not related by =, by
[Lo]. O

The proof of the previous result relies heavily on the non-commutativity of the generating
algebras. If we add the restriction of commutativity or even the weaker condition e/z ~ x\e,
we get only finitely many atoms, actually only two, even without the hypothesis that they

are in RLC.

Theorem 5.16. The only atoms below the variety Mod(x? ~ z,e/x =~ x\e) are the varieties
generated by the residuated lattices on the chains {0,e} and {0,e, T}.

Proof. Assume A is a non trivial member of Mod(2? ~ z,e/z ~ x\e) and let a be a negative
element of A. If e/a = e, then {e,a} is a subalgebra of A. If e < e/a, set T' = e/a and
b =¢€/T. We have a < b < T = (¢/T)T < e and bT = bbT < b, so bT = b. Since
e/T = T\e, we also get Tb = b. Additionally, " < e/b. If S = e/b, then Sa < Sb < e,
so S < e/a =T; thus, T = e/b. Moreover, b < b/T < (b/T)T < b, so b/T =b. Also,
a<aa <ba<asoT/b=(efa)/b=e/ba =e/a =T. Thus, {b,e, T} is a subalgebra of
A. ]
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CHAPTER VI
DISTRIBUTIVE RESIDUATED LATTICES

Many interesting examples of residuated lattices are distributive. In this section we
discuss the undecidability of the quasi-equational theory of the variety DRL of distributive

residuated lattices and provide a duality theory for distributive residuated bounded-lattices.

We start with some sufficient conditions for distributivity.

Corollary 6.1. [BCGJT] For residuated lattices, any of the following sets of identities im-

plies the distributive law:
1. x/r=eand (xVy)/zr=z/zVy/z
2. x(z\(x ANy)) =z Ay

3. x\ey =y, zy = yx and x(y A z) = zy A zy.

Undecidability of the quasi-equational theory
The results in this section are due to the author and can be found in [Ga]. We present

only the main theorem and its consequences and refer the reader to the paper for details.

Let V be a vector space. The residuated lattice P(V) on the power set of the monoid

reduct of V, given in Example 3.15, is distributive.

Theorem 6.2. [Ga] Let V be a variety of distributive residuated lattices, containing P(V),
for some infinite-dimensional vector space V. Then, there is a finitely presented residuated

lattice in V, with unsolvable word problem.

The proof of the theorem uses the notion of an n-frame and results on distributive lattices
to reduce the decidability of the word problem for semigroups to the decidability of the word

problem for distributive residuated lattices.

Corollary 6.3. [Ga] If V is a variety such that HSP(P(V)) C V C DRL, for some

infinite-dimensional vector space V, then V has an undecidable quasi-equational theory.

Corollary 6.4. [Ga] The word problem and the quasi-equational theory of distributive and

for commutative distributive residuated lattices are undecidable.
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This result becomes more interesting given that, as recently proved, the equational theory

of commutative distributive residuated lattices is decidable. The details can be found in [GR].

Duality Theory for distributive residuated bounded-lattices
In what follows we try to extend the Priestley duality for bounded distributive lattices to
distributive residuated bounded-lattices. The ideas stem from [Ur|, where a duality theory

for bounded distributive lattice-ordered semigroups is developed.

Priestley duality

H. Priestley introduced, see e.g. [DP], a duality between the category of bounded dis-
tributive lattices and certain ordered topological spaces. The theory is useful because it
presents an alternative understanding of distributive lattices and suggests a different ap-
proach to problems about them.

A structure S = (S, 7, <) is called a Priestley space if (S,7) is a compact topological
space, (S, <) is a bounded partially ordered set and S is totally order-disconnected, i.e., for
all x,y € S, if x <y, then there exists a clopen increasing set containing y, but not z.

A map h : S; — S, between two Priestley spaces is a Priestley map if it is order-
preserving, continuous and preserves the bounds.

IfL=(L,A,V,0,1) is a bounded distributive lattice, then its dual space is the structure
S(L) = (S(L), 7, <), where S(L) is the set of all prime filters of L; 7 is the topology having
the family of all sets of the form f(I) and (f(l))¢, | € L, as sub-basis, where f(I) = {X €
S(L)|l € X}, for I € L; and < is set inclusion.

If S = (9, 7, <) is a Priestley space then its dual lattice is the structure £(S) = (L£(S),N, U,

where £(5) is the set of all clopen increasing subsets of S.
Theorem 6.5. [DP/

1. The dual space of a bounded distributive lattice L is a Priestley space and L(S(L)) =
{fO1T e Ly u{0,S(L)}.

2. The dual lattice of a Priestley space is a bounded distributive lattice.
Theorem 6.6. [DP]

1. If Ly, Ly are bounded distributive lattices and h : Ly — Lg is a bounded-lattice homo-
morphism, then the map S(h) : S(Ly) — S(L1), defined by S(h)(X) = h~[X], is a
Priestley map.

2. If S1,Sy are Priestley spaces and h : Sy — Sy is a Priestley map, then the map L(h) :
L(Sy) — L(S1), defined by L(h)(A) = h[A], is a bounded-lattice homomorphism.
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Theorem 6.7. [DP] The categories of bounded distributive lattices with bounded-lattice ho-

momorphisms and of Priestley spaces with Priestley maps are dual.

Duality for distributive residuated bounded-lattices

For XY subsets of a residuated lattice, we denote by X - Y their complex product and
define X oY =7 (X -Y). Note that if Z is a filter then X - Y C Z iff X oY C Z.

Lemma 6.8. If XY are filters in a residuated lattice, then X oY is also a filter.
Proof. The set X oY is obviously increasing. Moreover, if ki, ks € X oY, then a1b; < k;
and asby < ko, for some aq,as € X, by,by € Y. Thus,

(a1 A a2>(b1 A bg) S (a1 N Gg)bl N (Cll A ag)bg S Cllbl N szg S ]fl A kg

and a; Aas € X, by Aby € Y; hence, ki ANky € X oY, O

Lemma 6.9. If X,Y, Z are filters in a distributive residuated lattice L, Z is a prime filter
and XY C Z, then there are prime filters X', Y, such that X C X', Y CY', X'Y C Z and
XY' CZ.

Proof. We first show that [ = {l € L|IY € Z} is a down-set. Indeed, if ' <l € [ andl' € I,
then I'Y C Z, ie., 'y € Z, for all y € Y. Since l'y < ly and Z is a filter, we have ly € Z for
ally € Y, ie,lY CZ. So, 1 & I, a contradiction.

Furthermore, if l1,lo € [ then 1Y € Z and LY € Z, ie., lyyys € Z and Ly, & Z, for

some Y1,y € Y. Since Z is prime, we have lyy; V loys € Z. Moreover,

(I3 V) (yr Ay2) = li(yr Ay2) Via(yr Aye) < lyyr V loys,

so (I1 VIo)(y1 ANya) € Z, because Z is a filter. Consequently, (I; V)Y € Z,ie., 3 Viy € 1.
Thus, I is an ideal.

Note that X NI = (), since zY C Z for all x in X, so by the Prime Ideal Theorem, there
exists a prime filter X’, such that X € X’ and X'NI =0, ie., x &€ I, for all x in X’. So
Y C Z, for all x in X', i.e., X'Y C Z. The existence of Y is proved similarly. H

If R is a ternary relation on a set S, x,y, z are elements of S and A, B are subsets of S,

we write R(z,y, z) for (z,y,z) € R. Moreover, we define
R[A, B, -] ={z € 5| (3z € A)(3y € B)(R(z,y,2))},
Rlxz,B,_] = R[{z},B,_] and R[A,y,_] = R[A, {y},-].
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Multiplication in a residuated lattice corresponds to a suitable ternary relation in the
dual space. Recall the definition of £(S).

A distributive residuated bounded-lattice space (DRbL-space) is a structure S = (S, 7, <
, R, E), where (S, 7,<) is a Priestley space, R is a ternary relation on S and F C S, such
that for all z,y, z,w € S the following properties hold:

1. R(z,y,u) and R(u,z,w) for some u € S iff R(y,z,v) and R(z,v,w) for some v € S.

2. If z <y and R(y, z,w), then R(z, z, w);
if v <y and R(z,y,w), then R(z,z,w); and
if x <y and R(z,w,x), then R(z, w,y).

3. The failure of R(z,y, z) is witnessed by some A, B € L(S), namely z € A, y € B and
z ¢ R[A, B, _].

4. If A, B € L(S) then the sets R[A, B, _],{z € S|R[z,B,_] C A} and {z € S|R[B, z, | C
A} are clopen.

5. E € L(S) and for all K € L(S), R[K,E,_|=R[E,K,_ | =K.

The dual space of a distributive residuated bounded-lattice is an extension of the Priestley
space of the distributive lattice reduct. Note that the third condition states that the space is
totally disconnected with respect to the ternary relation. This condition for ternary relations
is the analogue of the assumption that the space is totally disconnected with respect to the

order. The first and last conditions are reminiscent of the conditions in Example 3.16.

Let L = (L,A,V,-,\,/,e,0,1) be a distributive residuated bounded-lattice. We denote
by S(L) the set of all prime filters of L and set

fk) ={X e S(L)| k € X},

for every k € L. Let 7 be the topology whose sub-basis is the family of all sets of the
form f(l) and (f(1))°, l € L. Also, let E = f(e) and R(X,Y,Z) = (X oY C Z), for all
X,Y,Z € §(L). The structure S(L) = (S(L), 7,C, R, E) is called the dual space of L.

Let S = (S,7,<,R,E) be a DRbL-space and L(S), as mentioned before, the set of
all clopen increasing subsets of S. For A, B € L(S), define the operations A o B =
RIA,B, |, A/IB={2¢€ S|z0oB C A}, and B\A = {z € S| Boz C A}. The struc-
ture £(S) = (L(S),N,U,0,\,/, E,0,S), is called the dual algebra of S.
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In the proofs of the results in this section we will use variables for different structures.
To make the exposition as clear as possible, we use specific letters for each set of variables.
In particular, we use lower-case letters toward the end of the alphabet for elements of DRbL-
spaces and letters in the first part of the alphabet for bounded residuated lattices. For the
dual of a structure we use uppercase letters and for the second dual lower-case Greek letters.

For example we will use x, y, z for elements of a DRbL-space and A, B, C, for elements of its
dual.

Lemma 6.10. Let L be a bounded distributive residuated lattice. Then, for all k,1 € L,
L f(k-1) = f(k)o f(I),
2. f(k/1) = f(k)/f(I) and
3. f(R\D) = f(R\S (D).

Proof. 1) If W € f(k)o f(I) = R[f(k), f(l),-], then there exist U € f(k) and V € f(I)
such that R(U,V, W), i.e., there exist prime filters U,V of L such that k € U, [ € V and
U-V CW. Hence, kle U -V C W ie, W e f(kl).

Conversely, if W € f(kl), i.e., W is a prime filter of L that contains the element kI,
then (7T k)(T 1) € W. By Lemma 6.9, there exist prime filters U,V such that k € U,
[ €V and UV C W, ie., there exist U € f(k) and V' € f(I) such that R(U,V,W); hence

We f(k)o f(I).

2) We have f(k/l) o f(I) = f((k/D)]) ={W € S(L)| (k/I)l € W}. Since (k/l)l < k, we
have f(k/1)o f(I) C {W € S(L)|k € W} = f(k). So, if X € f(k/l), then {X}o f(I) C f(k),
ie., X € f(k)/f(1).

Conversely, assume that X € f(k)/f(l) and let U = {l € L | (3a € X)(al < k)}. If
!’ <[ e U, then there is an a € X such that al < k. So, al’ < al < k, hence I! € U.
Moreover, if Iy, 1, € U, then a1ly < k and asly < k, for some a;,a, € X. Note that

(a1 N ag)(ll V 12) = (a1 A ag)ll V (&1 A a2)l2 S CL1l1 V aglg S kVEk=k

and (a1 A ag) € X, since X is a filter; so, I; V Iy € U. Consequently, U is an ideal.

We will show that [ € U. Assume, by way of contradiction, that [ € U. Then UN 71 =0
and, by the Prime Ideal Theorem, there exists a prime filter U such that T [ C U and
UNU = 0. In particular, U is contained in the complement of U, hence for all ' € U and
for all @ € X, we have al £ k. Consequently, k ¢ X eU, hence | kN X oU = (). Since X o U
is a filter by Lemma 6.8, there is a prime filter V' such that X ¢ U CV and | kNV = (.
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Note that [ € U, since I’ € U’, and that k € V, since | k NV = (). Summarizing, there
exist prime filters U and V such that X ¢ U C V, U € f(I) and V ¢ f(k). This shows that
RIX, f(),-] € f(k), ie., X o f(l) Z f(k), a contradiction, since {X} € f(k)/f(1).

Consequently, [ € U, i.e., al < k, for some a € X; hence a < k/I, for some a € X. Since
X is a filter, we get (k/1) € X, i.e.,, X € f(k/).

3) We obtain the proof of the last property in a similar way. n
Theorem 6.11.

1. The dual algebra L(S) of a DRbL-space S is a distributive residuated bounded-lattice.

2. The dual space S(L) of a distributive residuated bounded-lattice L is a DRbL-space.

Proof. 1) Assume that S is a DRbL-space. By Priestley duality for bounded distributive
lattices, we have that £(S) has a bounded distributive lattice reduct.

We will show that £(.S) is closed under multiplication and the two division operations.
If A, B are clopen and and increasing then A o B, A/B, B\ A are clopen, by the the fourth
property of a DRbL-space. Moreover, if x € Ao B and x < y, then x € R[A, B,_], i.e.,
R(a,b,x) for some a € A and b € B. By the second property of a DRbL-space, we get
R(a,b,y),i.e.,y € AoB. Thus, AoB is increasing. Additionally, if z € A/B and x < y, then
Rlz,B,_ ] C Aand R[y,B,_] C Rlx,B,_]. So, R[y,B,_] C A, i.e., y € A/B. Consequently,
A/B is increasing. The opposite set B\ A is also increasing; thus, Ao B, A/B, B\A € L(S).

To see that multiplication is associative, note that w € (A o B) o C, namely w €
R[R[A, B, _],C, _], is equivalent to R(x,y,u) and R(u,z,w), for some u € L, x € A, y € B
and z € C. By the first property of a DRbL-space, this is equivalent to R(x,v,w) and
R(y, z,v), for some v € L, x € A, y € B and z € C. Finally, this is in turn equivalent to
w € R[A,R[B,C,_],_], namely w € Ao (Bo(C). Thus, (Ao B)o(C = Ao (BoC).

To show that / is the right residual of multiplication, we need to show that Ao B C C
iff AC C/B, i.e., that

RIA,B,.]CCiff AC {x € S|Rlz,B,_] CC}.

For the forward direction, assume that = € A. If z € R[z, B, _], then there is a y € B such
that R(z,y,2); thus z € R[A, B, _]. By assumption R[A, B,_| C C, so z € C. Conversely,
assume that z € R[A, B,_]. Then, there is an # € A such that z € Rz, B,_]. By our
assumption R[z, B,_] C C, for all x € A, hence z € C.

Likewise, we have that \ is the left residual of multiplication. Finally, it follows from the

last property of a DRbL-space that E is the multiplicative identity.
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2) By Theorem 6.5, (S(L), 7, <) is a Priestley space and L(S(L)) = {f(l)|l € L} U
{0,S(L)}. In what follows we verify all the properties of a DRbL-space.

For the first property, suppose R(X,Y,U) and R(U,Z,W) hold, i.e., X Y C U and
UeZ CW. Let V=Y eZ. If d € X oV’ then there exist « € X and ¢ € V' such
that ag < d. Since V' =Y e Z, there exist b € Y and ¢ € Z such that bc < g. Moreover,
ab € U, since X oY C U, hence abc € U e Z. Consequently, ag € U @ Z, so d € W. Thus,
X o V' C W. By Lemma 6.9, there exists a prime filter V' such that X ¢V C Z, V/ C V
and Yo Z CV, ie, R(X,V,W) and R(Y,Z,V).

To see that the second property holds, let X,Y, U,V € S(L) and X CY. If R(Y,U,V)
holds, i.e., Y ¢ U C V. then

XeU=1(X-U)CI(Y-U)=YeUCYV,

thus X ¢ U C V ie., R(X,U,V) holds. The other two implications are proved similarly.

To prove the third property, note first that if there exist A, B € L£(S), such that = €
A,y € B and 2z ¢ R[A,B,_], then R(U,V,Z) fails, for all U € o« and V € 3. In
particular R(X,Y, Z) is false. Conversely, if R(X,Y, Z) fails for some X,Y,Z € S(L), then
1(X-Y) < Z, ie., there exists a ¢ in L such that c €7 (X -Y) and ¢ € Z. So, ab < ¢ and
cg Z forsomece L,ae XandbeY. If a = f(a), 3= f(b), then, X € « and Y € .
We will show that Z & Rla, 3,_]. If Z € R|a, 3,_], then R(X")Y', Z), ie., 1 (X'-Y') C Z,
for some X’ € o, Y’ € 3. Since a € X', b€ Y and ab < ¢, we get ¢ € Z, a contradiction.

The fourth property follows from Lemma 6.10, since if a, 3 € L(S(L)), then there exist
a € L and b € L, such that & = f(a) and 5 = f(b)). So,

Rla, 5, ] = aof = f(a)o f(b) = f(ab) € LIS(L));

{ce X[{c}oB Ca}l=a/B=f(a)/f(b) = f(a/b) € L(S(L));
and

{ce X|Bo{c} Ca} =p\a= f(b)\f(a) = f(b\a) € L(S(L)).

To verify the last property, let K be a clopen increasing subset of S(L); then, K = f(k),
for some k € L. We have,

RIK,E,_] = R[f(k), f(e),-] = f(k) o f(e) = f(ke) = f(k) = K
and similarly R[E, K, _| = K. ]

The following theorem shows that we can recover the original structure from the dual.

71



Theorem 6.12.

1. The dual algebra L(S(L)) of the dual space of a distributive residuated bounded-lattice

L is isomorphic to L.

2. The dual space S(L(S)) of the dual algebra of a DRbL-space S is homeomorphic to S

under a map that respects and preserves the order, the ternary and the unary relation.

Proof. 1) Let f: L — L(S(L)) be the map [ — f(I). Note that f is a lattice isomorphism,
by Theorem 6.7; L(S(L)) is a distributive residuated bounded-lattice, by Theorem 6.11; and
f preserves multiplication and both division operations, by Lemma 6.10. Since f(e) = E,
the map f is a residuated lattice isomorphism.

2) Define g : S — S(L(S)) by g(z) = {A € L(S)| x € A}. Notice that, by Theorem 6.7,
g is a topological homeomorphism that is also an order-isomorphism. We will show that g

is a R-isomorphism, as well, i.e.,

Rs(x,y,2) ff Rsi(sy)(9(), 9(y), 9(2)),

or equivalently that

Rs(z,y,2) < 1(g(x)og(y)) C g(2).

For the forward direction, assume that C' €1 (g(z) o g(y)). Then, Ao B C C, for some
A € g(z) and B € g(y), i.e.,, Rg[A, B,_] C C, for some prime filters A, B, such that z € A
and y € B. By the hypothesis, z € Rg[A, B, _], thus z € C, i.e., C € g(z).

Conversely, if Rg(z,y, 2) is false, then there exist A, B € L£(S), such that x € A, y € B
and z € R[A,B,_ | = Ao B, ie, Ao B & g(z), for some A € g(x) and B € g(y). So,

g(x) o g(y) Z g(2); a fortiori, T (g(z) 0 g(y)) Z g(2).
Finally, « € Eg iff Es € g(x) iff g(x) € f(Es) iff g(x) € Ess)), namely g is an

E-isomorphism. O

Let Sl = <517T1,§1,R1,E1> and 82 = <SQ,T2,§2,R2,E2> be two DRbL—SpaCGS. A
DRbL-map, is a Priestley map h : S; — S5 that satisfies the following conditions.

1. If Ry(x,y,2), then Ro(h(z), h(y), h(2)).
2. If Ry(u,v,h(z)), then u < h(z), v < h(y) and Ry(x,y, z), for some x,y € 5.

3. Forall B,C € L(Sy) and for all z € Sy, if Ry[z, h"[B], ] C h'[C] then Ry[h(x), B, | C
C.

4. h7Ey) = E\.
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We can now prove the main result in this section.

Theorem 6.13. The categories of distributive residuated bounded-lattices with residuated
bounded-lattice homomorphisms that preserve the lattice bounds and DRbL-spaces with DRbL

maps are dual.

Proof. The restrictions S and £ of the functors S and £ that arise from Priestley duality,
given in Theorem 6.7, are bijective on objects of the subcategories of distributive residu-
ated bounded-lattices and DRbL-spaces, by Theorems 6.11 and 6.12. We show that these

restrictions map morphisms to morphisms on the subcategories.

Let L, Ly be distributive residuated bounded-lattices and A : L; — Ly a residuated
lattice homomorphism that preserves the lattice bounds. We define the map S(h) : S(Lg) —
S(Ly), by S(h)(A) = h~'[A]. By Theorem 6.6, it is a Priestley map. To show that S(h) is
a DRbL-map we verify the four conditions of the definition.

If Ry(X,Y, Z), ie., X -V C Z, then h'[X - Y] C h~'[Z]. So h~'[X]-h~'[Y] C h~'[Z],
ie., Ri(h'X], W Y],k HZ]).

For the second condition, assume that Ry (U, V, h=![Z]), i.e., UV C h™![Z], holds and set
X' =1 (h[U]) and Y' =1 (h[V]). If a € U, then h(a) € h[U] C7T (h[U]) = X', so a € b7 '[X'].
Thus U C h}[X'] and similarly V' C h~1[Y’]. Moreover, if a € X’ and b € Y’, then there are
c € U, d € V such that h(c) < a and h(d) < b; so, h(c)-h(d) < aband cd € UV C h™1[Z],
i.e., h(ed) € Z. Since h is a homomorphism and Z is an upset we have ab € Z. Thus,
XY’ C Z. Finally, by Lemma 6.9, there are prime filters X,Y such that X’ C X, Y' CY
and XY C Z, ie., UCh~'[X], V Ch'[Y"] and Ry(X,Y, Z).

To show the third condition, let 3, be clopen increasing subsets of S; = S(Ly), let
X € Sy = 8(Ly) and assume that Ry[X, (S(h))7[G],-] C (S(h))~t[y]. We will show that
Ri[S(h)[X], 3, ] C . For that purpose let Z € R;[h~![X], 3, ], namely R, (h~'[X],Y, Z), for
some Y € (. By definition, 8 = f(b) and v = f(c), for some b,c € Lo, so T (hHX]Y) C Z,
for some prime filter Y of Ly, such that b € Y. We will show that Z € v, i.e., that c € Z.

We will first show that ¢/b € h™'[X]. If this is not the case, then ¢/b ¢ h™'[X], i.e.,
h(c)/h(b) & X, since h is a homomorphism. Since X is increasing, we have that there is no
element a of X, such that a < h(c)/h(b), i.e., such that ah(b) < h(c). So, h(c) €7 (X- 7T
(h(b))) and in particular

T(X- 1 (h(0) N L (h(c)) = 0.

Note that T (X- T (h(b))) is a filter, by Lemma 6.8, so by the Prime Ideal Theorem there
exists a prime filter W such that 1 (X- 7 (h(b))) € W and WN | (h(c)) = 0, i.e., such that
T (X- 7 (h(b))) € W and h(c) ¢ W. By Lemma 6.9, there is a prime filter V', such that
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h(b) € V and XV C W, i.e., such that b € h™'[V] and XV C W. So, there is a prime filter V,
such that A=} [V] € 3, XV C W and ¢ & h™'[W], i.e., there exist a V' € S(h))~![3], such that
XV C W and h™!'[W] & ~. Consequently, W € Ry[X, (S(h))"'[8],-], but W & (S(h))*[7],
a contradiction to our hypothesis. So, ¢/b € h™1[X].

Now, note that since b € Y and ¢/b € h™'[X], we have (¢/b)b € h™'[X]Y. Moreover,
(e/b)b < ¢, s0 cel (h[X]Y). Thus, c € Z.

Finally, for the last condition, we will show that (S(h))~'[E;] = F». Note that a clopen
increasing set X is in the first set iff X € (S(h))"1(Y), forsome Y € Ej, i.e., if S(h)(X) =Y,
for some clopen increasing set Y, such that e; € Y. Recalling the definition of S(h), this
is equivalent to h™(X) =Y and ¢; € Y, ie., to e; € h™}(X). This is in turn equivalent
to h(e;) € X, namely to e; € X. In view of the definition of Es, this is a restatement of
X € Es.

For the reverse direction, let S;,Ss be DRbL-spaces and h : S; — Sy a DRbL-map.
We define the map L(h) : L£(Ss) — L£(S1), by L(h)(A) = h~'[A]. By Theorem 6.6, L(h)
is a lattice homomorphism that preserves lattice bounds. To show that it is a residuated
lattice homomorphism we need to demonstrate that it preserves multiplication, both division
operations and the identity.

We first show that

B [A] o h7'[B] = h™ (Ao B),

If z € h™1[A]oh™![B], i.e., z € Ri[h " [A],h7}[B], ], then (R (z,y, z), for some z € h™'[A]
and y € h™![B]. By the first property of a DRbL-map, we get Ry(h(x), h(y), h(2)), for some
x,y € Sy such that h(x) € A and h(y) € B, hence h(z) € Rs[A, B, _]. So, h(z) € Ao B, i.e.,
z€h (Ao B).

Conversely, if z € h™'(A o B), then h(z) € Ao B = Ry[A, B,_], ie., Ro(z,y,h(z)),
for some x € A and y € B. By the second property for h, we have R;(u,v,z), for some
x € A, y € B and for some u,v € S such that x < h(u) and y < h(v). In other words
Ry (u, v, z), for some u,v € Sy such that h(u) € A and h(v) € B, i.e., such that u € h™![A]
and v € h™'[B]. So, z € Ry[h " '[A],h7'[B], .| = h " '[A] o A[B].

Next we show that

h~'[C/B)o h™'[B] = h~'[C]/h'[B].

First, note that h~'[C/B] o h™'[B] = h™'[(C'/B) o B] C h'[C]. Consequently, we have
h=Y[C/B] C h7YC]/h7[B]. Conversely, if z € h='[C]/h~'[B], then x o h~'[B] C h[C],
i.e., Ry[z,h '[B],_] C h7'[C]. By the third property of h, we have Ry|h(z),B,_] C C, i.e.,
h(z)o B C C. Thus, h(z) € C/B, namely z € h™'[C//B].
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Finally the last condition for h gives h™![F,] = E;.

Thus, the correspondences S and £ are the restrictions of the functors S and £ on the
objects and on the morphisms of the subcategories. Since they are actually restrictions of
a duality, they induce a duality between the category of distributive residuated bounded-
lattices and homomorphisms, and the category of DRbL-spaces and DRbL-maps. O]
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CHAPTER VII
GENERALIZED MV-ALGEBRAS

As we have seen before, generalized BL-algebras encompass ¢-groups and Brouwerian
algebras. Also, generalized Boolean algebras and /-groups are special cases of generalized
MV-algebras. In this chapter we study GBL and GMV-algebras and show that they de-
compose into Cartesian products of /-groups and integral residuated lattices. Moreover, we
characterize the integral factor of a GMV-algebra as a nucleus retraction on the negative
cone of an f-group. From the analysis we get that every GMV-algebra is equivalent to an
image of a core map on an /-group. Both of the correspondences, in the integral and in the
general case, extend to categorical equivalences. Finally, we observe that the close connec-
tion of the variety GMYV with those of ¢-groups and of their negative cones guarantees the

decidability of its equational theory.

Definitions and basic properties
Recall the definition of a GBL and of a GMV-algebra from page 34. Note that the
equational bases for the varieties GBL of generalized BL-algebras and GMYV of generalized

MV-algebras have the following more simple quasi-identity formulations, respectively:

<y = (z/y)y =z =y(y\r)

and
<y = z/(y\z) =y = (z/y)\z.

Moreover, it is noted in [BCGJT| that the following are equivalent bases of equations for

the two varieties, respectively:
r(z\yNe) =z Ay~ (y/xNe)x

and
z/(Y\rANe)=xVy=(v/yNe)\z

Also note that the first set of identities is also equivalent to the property of divisibility:
r<y = (Fzw)(zy =z =yw),

in the setting of residuated lattices.
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Lemma 7.1. [BCGJT] Every GMV-algebra is also a GBL-algebra.

Proof. Let x,y be elements of L such that z < y. Set z = (z/y)y and note that, by
Lemma 3.1, z <z and y/z < z/z.
Using the equivalent quasi-equation for GMV-algebras and Lemma 3.1(12), (6), we have
the following;:
(z/2)\z ==
((z/2)\2)/y = x/y
(z/2)\(2/y) = x/y
(z/9)/((z/2)\(2/y)) = (2/y)/(z/y)
2w =z/(x/y)y
(z/2)\z = (2/(z/y)y)\z
z=(z/y)y

z2<x

R 2 2

Thus, x <y implies z = (z/y)y. Likewise, z < y implies y(y\z) = x. ]

Lattice-ordered groups and their negative cones are examples of cancellative GMV-

algebras. Non-cancellative examples include generalized Boolean algebras.
Lemma 7.2. Let L be a GBL-algebra. Then,

1. FEvery positive element of L is invertible.

2. L satisfies the identities x /v ~ x\x ~ e.

3. L satisfies e/x =~ x\e.

Proof. For the first property, let a be a positive element; by the defining identity for GBL-
algebras, we get a(a\e) = e = (e/a)a; that is, a is invertible. By (1) and Lemma 3.1(14),
x/x and x\z are invertible for every z. Hence, by Lemma 3.1(16), x/x = e = x\z. Finally,
by (2) and Lemma 3.1(5), z(e/x) < xz/x = e, hence e/x < z\e. Likewise, z\e < e/x. O

Lemma 7.3. If x,y are elements of a GBL-algebra and xV y = e, (x,y are orthogonal),
then zy = x N y.

Proof. We have,
v=zfe=z/(xVy)=z/rANz/y=elz/y=ylyNz/y=(yAz)/y.

So, zy = ((x Ay)/y)y =2 A y. O

Lemma 7.4. Fvery GBL-algebra has a distributive lattice reduct.
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Proof. Let L be a GBL-algebra and z,y, z € L. Using Lemma 3.1, we have

rAyVz) =[en(yVva2)/(yv)lyVe2)
z/(yVz) Nel(y V 2)
=[z/(yVv2)NelyVx/(yVz) Nelz
<(x/yne)yV (z/zNe)z

= (@AY V(zA2),

=
o

for all x,y, z. We have proved that the lattice reduct of L is distributive. n

We denote the variety of integral GBL-algebras by ZGBL and the variety of integral
GMV-algebras by ZGMV .

Lemma 7.5.

1. The variety ZGBL is axiomatized, relative to RL, by the equations
(x/y)y =z ANy = y(y\z).
2. The variety TGMV is axiomatized by the equations
z/(y\z) =z Vy = (z/y)\z.

Proof. In view of the alternative axiomatizations of GBL and GMYV, the proposed equations
hold in the corresponding varieties. For the reverse direction we verify that the proposed
identities imply integrality. This is obvious for the first set of identities for y = e. For the

second set observe that for every x,
e<eVel/r=ce/(le/x)\e) =¢/(eV x);

soeVzx<e,ie., x<e. O

Negative cones of (-groups are examples of integral GMV-algebras, hence also of integral
GBL-algebras. Moreover, they are cancellative residuated lattices. Note that, by Corol-
lary 4.4, LG~ =ZIGMYV NCanRL =ZGBL N CanRL.

It is easy to see that ZGBL contains all Brouwerian algebras. Also, it was mentioned
before that GBA = V(2) = ZGMV N Br.

Lemma 7.6.

1. Every integral GBL-algebra satisfies the identity (y/x)\(x/y) = z/y and its opposite.
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2. Every integral GMV-algebra satisfies the identity x/y\V y/x =~ e and its opposite.

3. Every commutative integral GMV-algebra is in RLEY. Consequently, the subdirectly

wrreducible commutative integral GMV-algebras are totally ordered.

Proof. 1) For every integral GBL-algebra, y/x < e, so (y/x)\(z/y) > z/y.

To show the reverse inequality, we need to check that

((w/x)\(z/y))y < .

By Lemma 3.1(12), it suffices to show that

(((y/x)\x)/y)y < .

Using one of the the defining equations, (u/v)v & (v/u)u, of integral GBL-algebras, we see

that the last equation is equivalent to

(y/((y/2)\2))((y/x)\z) <z,

which in turn is equivalent to

y/((y/2)\z) < z/((y/2)\z).

To show that this holds note that

y/((y/x)\x) <y,

since y/x < e, and that

y/x < x/((y/x)\r),

since u < v/(u\v) is valid in any residuated lattice, by Lemma 3.1(11).

2) Using one of the defining equations, u V v ~ u/(v\u), for integral GMV-algebras,

x/yVy/x equals (z/y)/((y/x)\(z/y)), which simplifies to (x/y)/(z/y), by invoking (1) and
the fact that integral GMV-algebras are integral GBL-algebras. Finally, the last term equals

to e in integral residuated lattices.
3) By Lemma 3.18, an equational basis for RLE, relative to RL, is

/(@ Vvy)zVuly/(zVy)w=e,
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which simplifies to
z/(xVy)Vy/(zVy) =e,

under commutativity and integrality. In every residuated lattice

z/(xVy)Vy/(xVy) = (x/zNz/y)V (y/z Nyly),

which in turn equals x/y V y/x, under integrality. By (2), every commutative integral GMV-

algebra satisfies the last equation. O]

Bosbach’s embedding theorem
The results of this section are due to B. Bosbach, see [BoRG] and [BoCA]. Our presen-
tation is a variant of his exposition.

A cone algebra is an algebra C = (C,\, /, e), that satisfies:

(@\y\(2\2) = (\)\(W\2) (2/y)/(x/y) = (2/x)/(y/2)

e\y~y y~yle
2\(y/z) = (z\y)/> z/(y\z) = (y/x)\y
T\~ e r/r e

Lemma 7.7. ([BoRGJ, [BoCA]) If C = (C,\,/,e) is a cone algebra, then
1. for all a,b e C, a\b=-c iff b/a = e;

2. the relation < on C defined by a < b < a\b = e is a semilattice order with a V b =

a/(b\a); in particular a < e, for all a;
3. ifa <b, then c\a < c\b and a/c < b/c.

IfL = (L AV, e\, /,), is an integral GMV-algebra, then (L,\,/) is a cone algebra,
called the cone algebra of L.

It will be shown that every cone algebra is a subalgebra of the cone algebra of the
negative cone of an ¢-group. In the following construction, the negative cone is defined as
the union of an ascending chain (C,),en of cone algebras, each of which is a subalgebra
of its successor. In the process of constructing the algebras C,, we also define in C,,;
binary products of elements of C,. Each such product is identified with the congruence
class of the corresponding ordered pair. The definition below of the division operations

becomes transparent if we note that negative cones of f-groups satisfy the law ab\cd =

(b\(a\c)) - (((a\c)\b)\((c\a)\d)) and its opposite.
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Let C be a cone algebra. Define the operations \ and / and the relations 6 and 6" on
C x C, by
(a,b)\(¢, d) = (0\(a\e), ((a\e)\D)\((c\a)\d))

(d,c)/(b,a) = ((d/(a/c))/(b](c/a)),(c/a)/b)
(a,0)(c,d) < (a,b)\(c,d) = (e,e) and (c,d)\(a,b) = (e, e)
(a,0)0'(c,d) < (a,b)/(c,d) = (e,e) and (¢, d)/(a,b) = (e, e)

Lemma 7.8. (/[BoRG/, [BoCA]) Let C be a cone algebra. Then:
i)0=10".

i) 0 is a congruence relation.

iii) s(C) = (C x C,\,/)/0 is a cone algebra.

iv) C can be embedded in s(C).

Let Cy = C, C,41 = 5(C,), for every natural number n, and C = |JC,, the directed

union of the C,,’s.

We can now establish the main result of [BoCA].

Theorem 7.9. [BoCA] Every cone algebra C is a subalgebra of the cone algebra of the

negative cone C of an {-group. Moreover, every element ofa s a product of elements of C.

Proof. We will show that C is the cone algebra, i.e., the {\, /}-reduct of the negative cone
C of an (-group.

For two elements of C, we define their product, a-b, to be the element [(a, b)]¢. This is well
defined, because of the embedding of C,, into C,, 1, for every n. Let C= (C,N V40N, /),
where \ =\g, / =/c, tVy=2/(y\z) and x Ay = (2/y) - y. We will show that C is the
negative cone of an ¢-group.

By the definition of the operations in C and Lemma 7.7(2), Cisa join semilattice. Note
that ab\cd = (b\(a\c)) - (((a\c)\b)\((c\a)\d)). In particular, ab\c = b\(a\c) and a\ab = b.
The dual equations hold, as well. Finally, note that e/a = e = a\e.

To see that multiplication is order preserving, let a < ¢. We have e = a\c, by the
definition of <. To show that ab < ¢b, we note that ab\cb = b\[(c\a)\b] = [(c\a)b]\b.

Moreover,
b/[(c\a)b] = (b/b)/(c\d) = e/(c\d) = e.

This yields successively, (c\a)b < b, [(c\a)b]\b = e, ab\cb = e and ab < ¢b. Likewise a < ¢
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implies ba < bc. Also, multiplication is associative, since

(ab)e < d ab < d/c

b < a\(d/c)
b < (a\d)/c
be < (a\d)

a(be) < d.

te o0

To see that multiplication is residuated, note that a(a\c) < ¢, since [a(a\c)]\c =
(a\c)\(a\c) = e. If ab < ¢, then a\ab < a\c, so b < a\c. Conversely, if b < a\c, then
ab < a(a\c) < ¢. The equivalence for right division is the opposite of the one established.

To show that the operation A that we have defined above is the meet operation, note
that it was proved above that a(a\b) < b. Moreover, a(a\b) < ae = a. On the other hand,
if ¢ <a and ¢ <b, then e = c\a = ¢\b. We have,

cA\a(a\b) = (c\a) - [(a\c)\(a\e)] = (\a)\(c\b) =,

so ¢ < a(a\b). Interchanging the roles of a and b we get that ¢ < a,b < ¢ < b(b\a). The
opposites of these properties are obtained in a similar way.

Thus, C is a residuated lattice. Since it satisfies x\zy =y ~yx/rand x/(y\r) = zVy ~
(x/y)\z, it is the negative cone of an f-group, by Corollary 4.5. Finally, by construction,

every element of C is the product of elements of C'. O
The algebra C is called the product extension of C.
Decomposition of GBL-algebras
We now show that every GBL-algebra decomposes into a direct product.
Lemma 7.10. Every GBL-algebra satisfies the identity x ~ (z V e)(x A e).

Proof. Setting y = e into the equivalent axiomatization of GBL-algebras, we have that
(e/x Ne)x = x Ae. Moreover, by Lemma 7.2(1), zVe is invertible and (zVe)™! =e/(zVe) =
e/x Ne. Thus, (xVe)tr =z Ae, ie,xz=(xVe)lrAe). O

We say that an algebra A is the direct sum of two of its subuniverses B, C', in symbols
A=B®(C,ifthemap f: B x C — A, defined by f(z,y) = zy is an isomorphism.

Recall the definition of the set G(L) of invertible and I(L) of integral elements of L.

Theorem 7.11. Every GBL-algebra, L, is equal to the direct sum G(L) @ I(L).
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Proof. We begin with a series of claims.
Claim 1: G(L) is a subuniverse of L.

Let x, y be invertible elements. It is clear that xy is invertible. Additionally, by Lemma 3.2,

r/y=xy ' and y\zv =y
Lastly, zVy = (xy~'Ve)y. So, xVy is invertible, since every positive element is invertible,

x are invertible.

by Lemma 7.2(1), and the fact that the product of two invertible elements is invertible. By
Lemma 7.2(3), x Ay = e/(x~! V y~'), which is invertible, since we have already shown
that G(L) is closed under joins and the division operation. We have verified that G(L) is a

subuniverse of L.
Claim 2: I(L) is a subuniverse of L.

Note that every integral element a is negative, since e = e¢/a implies e < e/a and a < e.

For z,y € I(L), using Lemma 3.1 repeatedly, we get:
ef/ry = (e/y)/x =e/z =e, so zy € I(L).
e/(xVy)=e/xNe/y=e,soxVyecIL).
e<el/r<ef(xNy)<elxy=e,soxANyeclL).
e=ef(efy) <e/(x/y) <e/(x/e) =e/z = e, sox/y € I(L).

We have shown that I(L) is a subuniverse of L.
Claim 3: For every g € (G(L))™ and every h € I(L), gV h =e.

Let g € (G(L))” and h € I(L). We have e/(gV h) =e/gANe/h =e/gNe = e, since
e < e/g. Moreover, g < gV h,soe < g (gVh). Thus, by the GBL-algebra identities

= (e/lg" gV R)lg~ (g V h)]
(le/(gVvh)l/g")g gV h)
=(e/g7")g (g V)
99~ (g V h)
gV h.

Claim 4: For every g € (G(L))™ and every h € I(L), gh = g A h.

In light of Lemma 7.10, g7'h = (¢ *h V e)(g7'h A €). Multiplication by ¢ yields h =
(hV g)(g7'h Ae). Using Claim 3 and Lemma 3.2(2), we have gh = g(g"'h Ae) =h A g.
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Claim 5: For every g € G(L) and every h € I(L), gh = hg.

The statement is true if g < e, by Claim 4. If ¢ > e then ¢! < e, thus g~ 'h = hg™ !,
hence hg = gh. For arbitrary ¢, note that both ¢ V e and g A e commute with h. Using
Lemma 7.10, we get gh = (g Ve)(gANe)h = (gVe)h(gNe)=h(gVe)(gAe)=hg.

Claim 6: For every x € L, there exist g, € G(L) and h, € I(L), such that x = g,h,.

By Lemma 7.10, z = (z Ve)(x Ae). Since e <z Ve and e < e/(z Ae), by Lemma 7.2(1),
these elements are invertible. Set g, = (z Ve)(e/(x Ae))™! and h, = (e/(z Ae))(z Ae). Tt

is clear that x = g,h,, g, is invertible and h, is integral.

Claim 7: For every g1, 9o € G(L) and hy, hy € I(L), g1h1 < gohs if and only if ¢g; < go and
hi < hs.

For the non-trivial direction we have

gih1 < gohy = g5 g1hi < hy = gy'g1 < hy/hy <e = g1 < ¢o.

Moreover,
95 91 < haf/hy = e < g7 ga(ha/h1)
= e = [e/gi " g2(ha/Mn)]gr " g2(ha/ 1)
= e=[(e/(ha/M))/ g7 g2lg1 ' ga(ha/ 1)
= e=g;" 9197 g2(ha/1)
= e=hy/hy
= hy < hs.

By Claims 1 and 2, G(L) and I(L) are subalgebras of L. Define f : G(L) x I(L) — L
by f(g,h) = gh. We will show that f is an isomorphism. It is onto by Claim 6 and an order
isomorphism by Claim 7. So, it is a lattice isomorphism, as well. To verify that f preserves
the other operations note that, by Claim 5 and 7, for all g,¢' € G(L) and h,h’ € I(L),

gg'hh' = ghg'W, gh/g'h' = (g/g')(h/}') and g'h"\gh = (g"\g)(h'\h). O
Corollary 7.12. The varieties GBL and GMYV decompose as follows:
OBL =LG xXTIGBL=LGVIGBL and GMYV = LG X IGMY = LGV IGMV

Taking intersections with CanRL and recalling Theorem 4.4, we get:
Corollary 7.13. CanGMYV = CanGBL = LG x LG .

This simplifies the equational basis obtained by Corollary 3.30. Moreover, in conjunction
with Lemma 7.6(3) and Theorem 3.18, we have:
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Corollary 7.14. CGMY C RLE. Thus, every commutative GMV-algebra is a subdirect
product of totally ordered GMV-algebras.

Representation theorems
In this section we establish two related representation theorems for generalized MV-

algebras, by first characterizing integral GMV-algebras.

Direct product representation

The first representation decomposes a generalized MV-algebra into the direct product of
an (-group and the nucleus image of the negative cone of an ¢-group.

Recall the definition of a nucleus from Example 3.3.
Theorem 7.15. If L = (L, A, V,-,\,/,e) is a GMV-algebra and v a nucleus on it, then
1. L, =(L,,A,V,04,\,/,€) and L, is a« GMV-algebra,
2. L, is a filter in L and
3. v 1s join-preserving.

Proof. 1) By Lemma 3.4, L, is a residuated lattice. Since v is extensive, e < ~(e). Hence,
7v(e) is invertible, by Lemma 7.2(i). By the fact that v is a nucleus, we get v(e)vy(e) < 7y(e),
so y(e) < e. Thus, y(e) =e.

Since L is a GMV-algebra, if x € L., then xVy = z/((x Vy)\z) € L,, by Lemma 3.3(2).
Thus, V., is the restriction of V on L,. Finally, L, is a GMV-algebra, because the join and
division operations of L., are the restrictions of the ones in L, and L is a GMV-algebra.

2) If v € L,, y € L and < y, then by Lemma 3.3, y =2z Vy = z/((z Vy)\z) is an
element of L,. Since L, is also a sublattice, it is a filter.

3) For all z,y € L we have

Y(z) V(y) < vz Vy),

by the monotonicity of 7. So,

Y(v(x) VA(y)) < v(xVy),

by the monotonicity and idempotency of . The reverse inequality is also true, since 7 is

extensive and monotone, so
Y Vy) =v(v(x) V().
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Finally, since y(x) V 7(y) is an element of L.,

Y(v(z) Vy(y)) = v(z) V(y).

Thus,
Y@ Vy) =y(r) VYY)

]

Corollary 7.16. If L is an integral GMV-algebra and vy is a nucleus on it, then L, is an
integral GMV-algebra, as well.

Lemma 7.17. Let L be the negative cone of an €-group and v a nucleus on it. If z € L and

u=y(z), then v agrees with 7, on the principal filter generated by z, where v,(x) = u V z.

Proof. Let x > z. We will show that v(z) = uVz. On the one hand, uVz = v(z) Ve < y(z),
since v is monotone and extensive. Moreover, z < uV x, so y(x) < y(uVz) = uV x, because
L., is a filter, by Theorem 7.15(2). O

Corollary 7.18. FEvery nucleus on a GMV-algebra is a lattice homomorphism.

Proof. In view of Theorem 7.15(3), we need only show that v preserves meets. Let z,y be

elements of the GMV-algebra and set z = 2 Ay and u = y(z). By Lemma 7.17, we have

Y@ Ay)=v(zAy)=uV (zAy) = (uVr)A(uVy)=7(2) Av(y) =v(x) Av(y).

We used the fact that GMV-algebras have a distributive lattice reduct; this follows from
Lemmas 7.1 and 7.4. O

Theorem 7.19. The residuated lattice M is an integral GMV-algebra if and only if M = L.,

for some L € LG~ and some nucleus vy on it.

Proof. One direction follows from the previous corollary. For the other direction, let
M = (M,A,V,e,\,/,e) be an integral GMV-algebra. Using Lemma 7.1, Lemma 7.5(2),
Lemma 3.1(6), Lemma 7.2(2), Lemma 3.1(8),(7) and Lemma 7.5(1), we see that (M,\, /)
is a cone algebra. So, by Theorem 7.9, it is a subreduct of the negative cone L = M of an
(-group, such that the monoid generated by M is equal to L.

Since the division operations of M are the restrictions of the division operations of L we
use the symbols \ and / for the latter, as well. Moreover, the same holds for the join and
the constant e, because in integral GMV-algebras they are term definable by the division

operations (x Vy =~ x/(y\z) and e =~ z/z). We denote multiplication in L by -.
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Since M generates L as a monoid, for every x € L, there exist elements x1,...,z, € M,

such that x = x1 - x5 - - - x,. We prove the following Claim.

Claim: If ze Mz e Landx =x1---x,,then 2V =2Vzx,e- - - 01,

2V =z/(x\z) (axiom of IGMV-algebras)
/(e )\2)
2/[xa\(. .. (x2\(z1\2)) ...)] (Lemma 3.1(6))
=z/((x1 0 - 0x,)\2) (Lemma 3.1(4))
=zVrie---ex, (axiom of IGMV-algebras)

Suppose now that x =21 ---x, = y1 - - - Ypn, with x;,y; € M. Then,
xl.....xn\/yl.....yn:Ilo....xn\/xl.....xn’

by the preceding claim. Hence, y,;@---0y, < z;0---0x,. Likewise, z,0---0x, < y,0--- -0y,
hence r1e-- -0z, =y, 0 ---07,.

Retaining the notation established in the preceding paragraph, we define y(z) = z0-- o
Zn. By the previous paragraph this map is well-defined. We will show that it is a nucleus
onL, L, = M and L, = M.

Note that y(z) € M , for all x € L, so by setting z = y(x) to the claim above, we get
Y(z) Vx=~y(x). So, x < ~(x), for all x € L. If z <y, then

(@) <A(y) V(e
=(y) Ve (Claim for z = y(y))
<y Vy  (z<y)
< (y) (extensivity of )

So, 7 is monotone. We also have

1(v(@) = (w10 ex,) = a1 0 ez, =(2).

We have shown that v is idempotent, hence 7 is a closure operator. Finally, ifx =z, ---x,

and y =y, ---Yn, then

v(@) - y) <) ( )) (extensivity)
= 7((% o Ty) (y1@---0y,)) (definition of +)
= (11 o xn) (yyo---o yn) (definition of )
=7(x y) (definition of )
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Thus, v is a nucleus. By definition, vy(z) € M, for every x € L. So, L, C M. Conversely,
if z € M, then v(z) = x, that is x € L,. We have established that L, = M.

By the remarks at the beginning of the proof and the definition of L., we see that the

¥
division operations, join and e agree on L., and M. Moreover, for z,y € M, v o,y =
v(z-y) = z e y. Finally, the meet operation on the two structures is the same, since integral

GMV-algebras satisfy the identity Ay =~ (z/y)-y. Thus, the two structures are identical. [J

As an example, we note that the collection of all co-finite subsets of N is the universe

of a generalized Boolean algebra A, hence an integral GMV-algebra. It is easy to see that
A = ((Z7)Y),, where y((2n)nen) = (2 V (—1))nen-

Combining Theorem 7.11 and Theorem 7.19, we obtain the following.

Theorem 7.20. A residuated lattice M is a GMV-algebra if and only if it has a direct

product decomposition M = G x H7 ,where G, H are {-groups and vy is a nucleus on H™.

Representation as a retraction

In what follows we obtain a second characterization of GMV-algebras. A generalized MV-
algebra is shown to be the image of an /-group under an idempotent monotone operator.

Recall the definition of a kernel from Example 3.11.

Lemma 7.21. If L is a GMV-algebra or a GBL-algebra and § a kernel on it, then so is the

0-contraction of L.

Proof. Tf L is a GMV-algebra, then
(xvVy\zr=a\zAy\zr =eAy\z <e.
Since Ls is an ideal that contains e, we have
5((z Vy)\z) = (zVy)\z.
So,
z/s[(x vV y)\sz] = 6(z/0((x Vy)\z)) = 0(z/((z Vy)\z)) =d(z Vy) =z Vy.
Similarly, if L is a GBL-algebra, (z Ay)/y < e, so
((Ay)/sy)y =0((xAy)/y)y = (& Ay)/y)y =z Ay.
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The opposite properties are obtained similarly. O]

Theorem 7.22. A residuated lattice L is a GMV-algebra iff L = (Gy),, for some (-group

G, some kernel 6 on G and some nucleus v on Gy.

Proof. By the previous lemma, if G is an /-group and 0 a kernel on it, then Gy is a GMV-
algebra. Moreover, by Theorem 7.16, (Gy), is a GMV-algebra, as well.

Conversely, let L be a GMV-algebra. By Corollary 7.22, L = K x H_, for some ¢-groups
K and H, and a nucleus v on H™. Define a map § on K x H, by §(k,h) = (k,h Ae). We
will show that ¢ is a kernel. It is obviously an interior operator and d(e,e) = (e,e). Note
that

§(k,R)S(K' 1) = (k,h Ae)(K' W Ne) = (kK (h A e)(W Ae)) = (kk',hh' Nh AR Ae)
and 0(kk',hh' Nh AR Ne) = (kk',hh' AN h AR Ae). Similarly
d(k,h) N (K R = (k,hne) N(K h)=(kAE hAeND)
and 0(kANK hANeNR)=(EANK hANeN]).

Observe that the underlying set of (K x H)s is K x H~. Define ¥ on K x H~, by
7(k,h) = (k,~v(h)). We will show that ¥ is a nucleus on (K x H)s. It is obviously a closure
operator. Moreover,

Yk YRR = (kv (b)) (K v ()
= (KK, v (h)y ()
< (kK',~v(hh'))
= v(kk', hh')
(R, R) (K 1)),

Notice that ¥((K x H);) = ¥(K x H™) = K x H. So, the underlying set of K x HZ
and ((K x H);)5 coincide. Recalling the constructions of the d-contraction and y-retraction,
we see that the lattice operations on the two algebras coincide. To show that the other

operations are the same, as well, note that for all (k,h), (K'h’) € K x H-,

= (k, h) o5 (K, ')

=7((k,h) - (K, h))
= (kk/ hh')

= (KK, y(hh'))

= (kk',ho, 1)

( ) KxHYy (k/>h/)

(k, 1) o xm)y); (K1)
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O((ky h)\iexcm (K, 1))
O((K\k', h\uh'))
= (k\xk', h\uah' Ae)
= (K\xk', h\u-h")
= (
= (

(K, h)\(xxH)5)5 (K, B')

K, B\gg- 1Y)
k? h)\KXH; (k/v h/)

and likewise for the other division operation. O

We investigate the action of nuclei and kernels on GMV-algebras, before we characterize

their compositions.

Corollary 7.23. If d is a kernel on an (-group G, then there exist £-groups K, H, such that
G=KxH and 6(k,h) = (k,h Ne), for all (k,h) € K x H. Thus, Gs =K x H™.

Proof. Since Gg is a GMV-algebra, by Theorem 7.15, there are ¢-groups K, H and a nucleus
v on H™, such that Gs = KxH_" and the submonoid generated by A" is H™. Since K x H.
is contained in G, the {-subgroup generated by K x H_ is contained in G, as well. So, K
and the {-subgroup generated by H_ are contained in . Since the submonoid generated by
H7 is H™ and the (-subgroup generated by H~ is H, H is contained in G. So, K x H is
contained in G. By Theorem 7.21, Gy is a lattice ideal of G. Since (k,h) € G, for k € K
and h € H™, and (k,e) € K x HT = Gj, we get (k,h) € G5. So, K x H™ is contained in
Gs = K x H, which in turn is contained in K’ x H™. Thus, Gs = K x H™. Itz € G~, we
get x € Gy, since e € G5. So, G~ is contained in G5 = K x H~, hence GG~ is contained in
K~ x H™, which in turn is contained in G. So, G- = K~ x H™, thus G = K x H.
Consequently, (K x H)s = K x H™,s0 6( K x H) = 0'(K x H), where 0'(g,h) = (g, h Ae)
is a interior operator. Since an interior operator is defined by its image, we get d(g,h) =
(g,h Ne). O

Lemma 7.24.

1. The identity map is the only nucleus on an (-group.

2. The identity is the only kernel on an integral GMV-algebra.

Proof. 1) Assume ~ is a nucleus on the ¢-group G. Since G is a GMV-algebra, by Theo-
rem 7.15, e = y(e) € G,. Moreover, by Lemma 3.3, for every x € G, e/z € G,, that is
z~!' € G,. Thus, G, = G. Since a closure operator is uniquely defined by its image, v is the
identity on G.

2) Assume that § is a kernel on an integral GMV-algebra M. By Lemma 7.21, My is an ideal
of M. Moreover, e = §(e) € Ms. So, Ms = M, hence ¢ is the identity. O
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Corollary 7.25. If ¢ is a kernel on a GMV-algebra M, then there exist a GMV-algebra N
and an (-group H, such that M = N x H and 6(n,h) = (n,h Ae), for all (n,h) € N x H.
Thus, Mg =N x H™.

Proof. By Theorem 7.20, there are ¢-groups G, L, and a nucleus v on L™, such that M =
G x L. The coordinate maps of 9, which we denote by 0, as well, on G and L are kernels,
because of the equational definition of a kernel. By Corollary 7.23, there exist ¢-groups K, H,
such that G = K x H and 6(k, h) = (k,h Ae), for all (k,h) € K x H. So, M = KxH x L.
Moreover, by Lemma 7.24(2), § on L is the identity. If we identify isomorphic algebras and
set N =K x L7, we get M =N x Hand (n,h) = (n,h Ae), forall (n,h) e Nx H. [

Corollary 7.26.

1. A residuated lattice L is a cancellative GMV-algebra iff L =2 Gy, for some (-group G

and some kernel § on G.

2. A residuated lattice L is a GMV-algebra iff L = K., for some cancellative GMV-algebra

K and some nucleus v on K.

Proof. 1) One direction follows from Corollary 7.23 and Corollary 7.13. For the other direc-
tion, assume that L is a cancellative GMV-algebra. By Corollary 7.13, L = K x H™, for
some (-groups K, H. Tt is easy to see that the map § on K x H, defined by §(k, h) = (k, hAe)
is a kernel and that (K x H)s = K x H™ = L.

2) One direction follows from Theorem 7.15. Conversely, if L is a GMV-algebra, by Theo-
rem 7.20 , there exist (-groups G, H and a nucleus on H™, such that L = G x H_. It is
easy to check that the map 4 on G x H™ defined by ¥(g,h) = (g,7v(h)) is a nucleus and
that (G x H™); = G x H} = L. Finally, K = G x H™ is a cancellative GMV-algebra, by
Corollary 7.13. O

A core, defined below, on a GMV-algebra is a typical composition of a nucleus and a
kernel.

A map S on a residuated lattice is called a core if
L B(x)B(y) < Blzy),

2. Ble) = e,

3. (B(x) Ax)(B(y) Ay) < BI(B(x) Ax)(B(y) Ay)),
4. B(x) Az Ay < B(B(x) Az Ay) and

5. B(B(x) Ax) = B(x).
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If § is a map on a residuated lattice L and v a map on §(L), define 5,5 on L, by
Biys)(x) = v(d(x)). Moreover, 3 is a map on a residuated lattice, define 3 on L and 5 on

55(L), by 85(x) = Bla) A and y5(x) = B(a).

Lemma 7.27. Let L be a GMV-algebra. If ¢ is a kernel on L, v a nucleus on Ls, and (3 a

core on L, then

1. 7s is a nucleus on 6g(L) and g is a kernel on L,

2. 63(7,5) = 57 VBey5) = and ﬁ('yg,ﬁg) =,
3. Biy,s) 18 a core on L.

Proof. 1) Since 74 is the restriction of 3, we have vs(x)v3(y) < vs(xy), by the first property
of a core. So, g is a nucleus.

Obviously, dz(e) = B(e) A e = e, by the second property of a core. The remaining two
properties of a kernel state that dz(2)ds(y) and dz(z) V y are elements fixed by ds. It is easy
to see that for every x, dg(x) = z iff < (x). So, the remaining properties are equivalent
to properties (3) and (4) of the definition of a core, which hold for 5. Thus, dz is a kernel.

2) We have d5_ ; (v) = B4 (z) Az = v(0(x)) Az. In view of Corollary 7.25, to show
that dg_, = 9, it suffices to verify that y(d(x)) A 2 = d(z), only for the cases d(z) = =
and §(x) = x A e. In the first case, the equation holds, by the extensivity of . In the
second case, the equation reduces to y(x A e) Ax = x A e. By the extensivity of v we have
xAe = zNeNz < y(xzAe) Az and by the monotonicity of v we get y(xAe)Ax < y(e) Az = eAx,
by Theorem 7.15(1).

For every x in the range of dg_, = d, namely 6(z) = z, we have v5_; (¥) = B(,.5)(z) =
1(8(2)) = (). Finally, 50 (@) = 75(05(x)) = B(5() A ) = Hla).

3) For the first property of a core we have

B(x)B(y) = v(6(x))v(0(y)) < v(6(x)d(y)) = v(6(6(x)d(y))) < v(d(zy)) = B(zy).

Also, ((e) = v(d(e)) = v(e) = e, by Theorem 7.15(1).

Since for every z, ¥ < B(,5)(2) iff dg_ , (z) = x, properties (3) and (4) of the definition
of a core hold for [, ) iff and only if the last two properties of a kernel hold for dg,_ ;. This
is a true statement, since dg_ , =0, by (2).

The last property of a core for 3, s) is equivalent to 5,4 (05. , (7)) = By (), that is
Bi,6)(0(x)) = By,0)(x), namely y(6(6(x))) = v(0(x)), which follows from the idempotency of
J. O
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For a residuated lattice L and a core 3 on it, define Lg = (Ls, ),

Corollary 7.28. A residuated lattice L is a GMV-algebra iff L = Gg, for some {-group G

and some core 3 on G.

Categorical equivalences
In this section we show that the representations of integral GMV-algebras and of GMV-

algebras extend to categorical equivalences.

Let IGMYV be the category with objects integral GMV-algebras and morphisms resid-
uated lattice homomorphisms. Also, let LG, be the category with objects algebras (L,7),
such that L is the negative cone of an /-group and + is a nucleus on it, whose image gener-
ates L as a monoid. Let the morphisms of this category be homomorphisms between these

algebras.

Moreover, let GMYV be the category with objects GMV-algebras and morphisms resid-
uated lattice homomorphisms. Also, let LG* be the category with objects algebras (G, (3),
such that G is an f-group and [ is core on G, whose image generates G. Let the morphisms

of this category be homomorphisms between these algebras.

The two main results of this section, Theorem 7.43 and Theorem 7.44, assert that the

two pairs of categories defined above are pairs of equivalent categories.

Lemma 7.29. For a,b, c in the negative cone of an (-group, ab = c iff (a = c/b and ¢ < b)
iff (b= a\c and ¢ < a). Moreover, the negative cone of every (-group satisfies the identity,
x/(yNz)~z/yVa/z and its opposite.

Proof. If ab = ¢, then ab/b = ¢/b, so, by Theorem 4.5, a = ¢/b. Moreover, ¢ = ab < eb < b,
by integrality. Conversely, if a = ¢/b, then ab = (¢/b)b. So, since negative cones of (-groups
are integral GBL-algebras, ab = ¢ A b. Since ¢ < b, we get ab = c.

Assume that G is an /-group and recall the definition of a negative cone. For elements

x,y,z € G~, we have

For the opposite equation we work similarly. O
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Definition 7.30 and lemmas 7.31, 7.32, 7.33, 7.36 and 7.39 are non-commutative, un-

bounded generalizations of concepts and results in [Mul].

Definition 7.30. Let L be the negative cone of an (-group and u,x elements of it. Define
the elements x; and by, for every natural number n, inductwely, by by = x and z};,, =
uwV by, bl =i \b, for all k> 0.

Lemma 7.31. Let L be the negative cone of an {-group and u,x elements of it. For all

natural numbers n,
u n
1. bt = um\z,

2. bt = (atay - a)\x,

u

U U
3. x <azfxy---x,.

Proof. Statement (1) is obvious for n = 0; we proceed by induction. Assume the statement
is true for n = k. To show that it is true for n = k + 1, note that, using properties (3) and

(6) of Lemma 3.1, we get

Vi1 = iy \bp = (u V b)\by
= u\b} N B\bY = u\b} Ne

= u\(uF\z) = 1\ 2.

The second statement is clear from the definition of 4% and Lemma 3.1(6). We prove the
third statement by induction. For n =1 we have z = b < u Vb = x;. If © < zfzf .- 2,
then,
r =xtxy---xp AT
= alay - (el - )\a]
= abal .. tht
< atay - ah(u Vb

U

U U u
S 2Ty Ty Ty

Thus, x < z{x¥ - -- 2" holds for all natural numbers. ]

Lemma 7.32. Let L be the negative cone of an (-group and u,x elements of it. If u" < x,

for some natural number n, then
1. b_, =e, for all k > n,

2. x}t =e, for allk > n,
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4. If x <y, then x} <y, for all .

Proof. For the first property note that «*~' < u" < z, so e < v '\z. Hence, b¥ | =
u*Y\z = e. As a consequence we have 2% = u V b! | = uVe = e. Moreover, by
Lemma 7.29 and Lemma 7.31(3), z = afzy - - 2% s0 e = b} | = (a2l ---2¥)\z. Finally, by
Lemma 7.31(1), we have z¥ = u V u""\z < uVu't\y = y¥ for all 7. O

Lemma 7.33. Let L be the negative cone of an £-group and vy a nucleus on it, such that L.

generates L as a monoid. If v € L and u < v(x), then x = xialy ---z¥, for some n.

Proof. By the monoid generation property, we have r = zyx9---x,, for some elements

Z1,...x, of L, and some natural number n. So,

for all 4. Thus, u" < xy29---x, = x. The lemma follows from Lemma 7.32(3). O

Lemma 7.34. Let L be the negative cone of an {-group and v a nucleus on it, such that L.
generates L as a monoid. Also, let z,x € L, x < z and u = y(2). Then, the elements '
are the unique elements x; that satisfy x = xy - - - x,, for some n, and x; oy x;11 = x;, for all
1> 1.

Proof. Note that x =z --- 2, for some n, by Lemma 7.33, since u = v(z) < y(z), by the
monotonicity of v. Additionally, zj o, x| = y(xjz, ) = vu(ziz}, ), by Lemma 7.17, since
z < x < xfad,,, which in turn equals w V z¥z} , = u V 2¥(u V bY) = w V zfu V 2}'b} =
uVziuVb, =uVb, =z

Conversely, if © = x;---x,, for some n, and z; o, ;41 = w;, for all 4, then y(x) =
Y(x1 -+ x,). So, since z < x, by Lemma 7.17, v,(z) = 1 0, - -+ 0y x,, hence u V z = x,

namely x; = z{. We proceed by induction. If z; = 2}, for all i < k, then

(4 -+ 2\ = s

b =Xpg1- T > > 2

(xl"'xk)\x:$k+l"'xn

Y(b;) = V(Ths1 - - - 2p) and 2 < b

’Y(bZ) = Tk+1 Oy """ Oy Ty and V(bzkf) = vu(blkl)
Y(b%) = 141 and y(bj) = u V b,

A R

Tt1 = Tpyq-
Thus, the decomposition is unique. O

Corollary 7.35. Let L be the negative cone of an -group and v a nucleus on it, such that

L., generates L as a monoid. If z,x € L and z < z, then, for alli > 1, xz(z) = xz(x).
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Lemma 7.36. Let L be the negative cone of an £-group and vy a nucleus on it, such that L.

generates L as a monoid. Also, let x,y,t be elements of L, such thatt < xz Ay and u = ().

Then, for some natural number s,

S

v Ay =@ A

=1

Proof. Set z = x Ay. Then, by Lemma 7.33, for some s,

S S S
— u . u _ u
z—”xi,y—”yi andz-”zi.
i=1 i=1 i=1

Obviously,

=1

Moreover, z < x,y, SO

ﬁ(mﬂyé‘) Sﬁxwﬁyg:“yzz
i=1 i=1

z <z Ay, for all 4, by Lemma 7.32(4). Consequently,

S S
=]z <[] nyd).
=1 =1

s

Thus, z = H(x? Ay).

=1

O

Let L be the negative cone of an f-group and a;,bj,¢;; € L. We say that the matrix

C =g, 1 <i<n, 1< j < misan orthogonal decomposition of the factors of the

equation ay - as - --a, = by - by - - - b,,, in symbols,

ai
by C11
bm Cm1
if for all 4, 7,
m
a; = H Cij,
Jj=1

and the (7, j)-orthogonality condition,

Cin

Cmn

n

bj = Hcij,

i=1

n m
[T ey I o=

k=i+1
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holds, for all 7, j; that is the product of the elements to the right of ¢;; is orthogonal to
the product of elements below it.

Lemma 7.37. Let L be the negative cone of an (-group and a;,b;,c;; € L. If the matriz C
s an orthogonal decomposition of the factors of the equation ay-as---a, = by -by---b,,, then

the equation holds.

Proof. For m = n = 2, we have ajas = €11¢12C21Co0 = €11C21C12C20 = b1by. We proceed by
induction on the pair (m,n). Assume the lemma is true for all pairs (m, k), where m > 2
and k < n. We will show it is true for the pair (m,n).

Suppose that the matrix C' = [¢;;], 1 <7 <n, 1 < j < m is an orthogonal decomposition

of the factors of the equation ay - as---a, = by - by---b,,. It is easy to see that

Ay ... Qp ap ¢
C1 Ci2 .. Cip by i1 G
and
Cm Cm2 .. Cmn bm Cm1 Cm
where ¢ = ¢+ ¢p. S0, a1 -Gy -a, =ay - (ca - Cp) =a1c="0y by by, O

The following refinement lemma, can be found in [Fu]. For completeness, we give the

proof in the language of negative cones of ¢-groups.

Lemma 7.38. ([Fu/, Theorem 1, p. 68) Let L be the negative cone of an {-group and let
A1y .eeyQpy by, ., by, be elements of L. Then, ay - ag---a, = by - by -+ b, iff there exists an

orthogonal decomposition of the factors of the equation.

Proof. One direction is given by the previous lemma. For the other direction we use induc-

tion. We first prove it for m = n = 2. Assume that aias = biby = c. Set

cin=a1 Vb, ¢ =ay/cy

ci2 =ci1\a1, Co=ayVby
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Using Lemma 7.29 and Lemma 3.1 we get

Co1 = ag/cay = az/(az V by)
= (a1\c)/(a1\c V bi\c)
= (a1\c)/((ay A b1)\c)
= ar\[¢/((a1 A1) \c)]
=a1\[(a1 AN by) V (]
=ai\(a; Aby) = ai\ay A ap\by
=eNaj\by = a;\by A b1\b
= (a1 Vb)\by = c11\b1

Similarly, we show that ¢15 = by/ces. Consequently, we can compute the products
ciiciz = ci(en\a) =cuNap = (a1 Vo) ANay = ay

C21C22 = (CL2/C22)622 = ag N\ Cyg = Q3
C11C21 = 011(611\b1) =c 1 ANb=b
C12C22 = (52/022)022 = by A cag = by

Finally, C12 V Co1 = 011\a1 V Cll\bl = 011\(CL1 V bl) = 611\011 = €.
For the general case, we proceed by induction on the pair (m,n). Assume that the
statement is true for all pairs (m, k), where m > 2 and k < n. We will show it is true for

the pair (m,n).

Assume that a; -ag---a, = by -by---b,, and set a = as - as...a,. So, aja = by - by---byy,.

By the induction hypothesis, we get

a a as ... Qg
by €11 Ci2 C12 diy .. dip
and
bm Cm1 Cm2 Cm2 dm2 .. dmn

So, we have,
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ay as ... Qp

b1 C11 d12 e dln
bm le dm2 PR dmn
m
Lemma 7.39. Let L be the negative cone of an (-group, v a nucleus on it and a,aq, ..., a,

in L,. Then, a = a1 -as---a, iff a = a1 0y ag 0y - -+ 0y @y and ap = (Qk Oy A1 Oy -+ Oy

an)/(@k41 Oy Qi O -+ 0y ay), for all 1 < k < n.

Proof. We use induction on n. For n = 2, if a = ajas, then vy(a) = y(a1a2), so a = a; o, as.
Moreover, by Lemma 7.29, a; = a/as, so a; = (a1 04 az)/as. Conversely, if a = ay 0, as, then
a = 7y(ajaz) < 7v(az) = as. Since a3 = a/ay, we get a = ajas, by Lemma 7.29.

Assume, now, that the statement is true for all numbers less than n.

a=ai(ay---a,) <& a=abandb=ay---a,

& a=a;0,b, a1 =a/b, b=ayo0,---0,a, and
ak:(akofyak—&-lo’y"'O'yan)/(ak—Ho'yak+2o'y"'ofyan)>
forall2<k<n

& 4 =10y Q2 0y -0y ay and
@ = (Ak O Qppt1 O+ On @) /(Ah41 O Q2 O+ Oy An),

forall1 <k <n.
O

Lemma 7.40. Assume K, L are negative cones of (-groups, 71,72 are nuclei and K., L.,
generate K and L respectively as monoids. Moreover, let f : K, — L., be a residuated

lattice homomorphism and let ay,. .., a,,by, ..., b, be elements of M, such that ayas - - - a, =
biby - - - by, where multiplication is in K. Then, f(aq)f(az) - f(an) = f(b1)f(b2) -+ f(bm),

where multiplication s in L.

Proof. First note that, for all ¢1,ca,...,c, € K, if c1ca--- ¢, € K, then

flerca-cn) = fler)f(ca) -+ flen).

To see that, notice that by Lemma 7.39, ¢ = ¢¢s - - - ¢, is equivalent to a system of IGMV-
algebra equations in K. Since f is a homomorphism, the same equations hold for the images

of the elements under f. Applying Lemma 7.39 again, we get f(c) = f(c1)f(c2) - f(cn).
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By Lemma 7.38, there exist ¢;; € K, such that if for all ¢, 7,
ch, b = HCU and H Crj V H Ci = e.
k=i+1 I=j+1

Using the observation above and the fact that f preserves joins (join in K., is the

restriction of join in K), we get that, for all , j,
m
Hf C’L] H CZ] and H f Ck] \/ H f Czl
7=1 i= k=i+1 l=j+1

Applying Lemma 7.38 again, we get

flar)f(az) - flan) = f(b1)f(b2) -+ f(bm),

where multiplication is calculated in L. O

Lemma 7.41. Assume K,L are negative cones of (-groups, v1,72 are nuclei, K, , L.,

generate K and L respectively as monoids, and f : K, — L., is a residuated lattice homo-
morphism. Then, the map f : K — L, defined by f(x129---2,) = f(x1)f(22) - f(20), is @
homomorphism, such that f o~y = vy 0 f.

Proof. By Lemma 7.40, f is well defined and it obviously preserves multiplication. If x € K,

then there exist x1,...,x, € L,, such that = x; -- - z,,. Hence,
fn() = f(n(x))
= f(2(@1-- - 20))
- f($1 Oy Oy xn)
= f(21) 09y -+ 0ny f(n)
=7(f(z1) - f(zn))

Thus, f o, = v, 0 f. Note that f is order preserving. If z <y and u = v(z A y), then
fla) = fat)--- flam) < f) - flun) = fy),
by Lemma 7.32(4). Note that if u = ,(z), z < z, then, by Lemma 7.34,

r=uxy -z, and 7} o, 1} = 1.
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So,

f(x) = fxy)- - fla,) and f(x}) oy, f(a7y1) = f(7).

Applying Lemma 7.34 again, we get that for all ¢,
fat) = (PP,
Since f preserves order, f(z) < f(z). So, by Corollary 7.35,
fat) = ()P,

We can now show that f preserves meets.

Let z =2 Ay, u=(z)

flxny) = f(H(x? Ayi')) (Lemma 7.36)

»

[ ANyy)

w
Il
—

I
.:m.

(Fa) A T (1)
= [T A (Fpr™)
— (@) A ()

where the last equality is given by Lemma 7.36, since

<

12(f(2)) < 72(f(2)) Ava(f ().

Thus, f is a map between the negative cones of two /-groups that preserves multiplication

and meet. By Theorem 1.4.5 of [BKW], f is a homomorphism. O

Corollary 7.42. Under the hypothesis of the previous theorem, if f is an isomorphism, then

50 is f.

Proof. To show that f is onto, let 4y € L. There exist yi,...,yn € K.,,, such that y =
Y1+ Yn. Moreover, there exist zi,...,z, € K, such that f(x;) = y; for all i. Then,

flayan) = flza) - f(an) =91 yn = y.
If f(z) = f(y), namely f(z%)--- f(z%) = f(y¥)--- f(y%) then, by the preservation of the

uniqueness of the decomposition under f, given in the proof of the previous theorem, we get

f(z¥) = f(y) for all i. By the injectivity of f we get z¥ = y¥, for all i, so z = y. ]
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Theorem 7.43. The categories LG, and IGMYV are equivalent.

Proof. For an object (K,v) of LG}, let I'((K,v)) = K, and for a homomorphism f :
(K,m) — (L, ) let I'(f) be the restriction of f to K,,.

By Corollary 7.16, I'((K, v)) is an object. Using the fact that f commutes with the nuclei
it is easy to see that I'(f) is a morphism of IGMV. To check, for example, that it preserves

multiplication, note that

L)@ oy y) = f(rlzy)) = 2(f(zy) = 2(f(2)f(y) = f(x) ory f(y)-

Moreover, it is obvious that I'(f o g) = T'(f) o I'(g) and that I'(idk ) = idk, . Thus, T
is a functor between the two categories. By Theorem 7.19, I' is onto the objects of IGMV
and by Lemma 7.41, T" is full. Finally, I' is faithful, because if two morphisms agree on a
generating set, they agree on the whole negative cone of the ¢-group. Thus, by [Ml], T is a

categorical equivalence between the two categories. O

Since the category of ¢-groups and the category of their negative cones are equivalent,
by [BCGJT], one can consider for objects pairs (G, ), where G is an ¢-group, but all other
conditions remain the same (i.e., v is a nucleus on G~ and morphisms are homomorphisms

between negative cones), and still obtain a categorical equivalence between the categories
LG, and IGMYV.

The categorical equivalence holds also for the full subcategories of IGMV and LG, (or
LG.), where we consider only bounded IGMV-algebras, also known as pseudo-MV-algebras
(category bIGMV), and nuclei v such that v(z) = u V z, for some u (category bLG} or
bLG,).

Moreover, the categorical equivalence holds also for the subcategories of IGMV and
LG, (or LG,), where we consider only homomorphisms such that the order filter generated
by the image is the co-domain (categories IGM VDb, and LG, b or LG.b).

Finally, the same holds if we make both of these restrictions to obtain the categories
bIGMVb, and bLG_b or bLG,b. This final categorical equivalence is the one established
by Dvurecenskij in [Dv]. If we restrict further to the commutative sub-case, we obtain

Mundici’s result, in [Mu].
Theorem 7.44. The categories LG* and GMV are equivalent.

Proof. For an object (G, ) of LG*, define I'((G, 3)) = Gg. For a morphism f of LG* with
domain (G, [3), define I'(f) to be the restriction of f to Gg.
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Let 0 = 63 and v = 73. By Corollary 7.21 and Theorem 7.15, I'((G, 3)) is an object
of GMV. Actually, Gs = ((Gs)4, A, V, 04, \s, /s5,€). To show that I'(f) is a morphism of
GMYV we use the fact that f commutes with 3 - we use the same symbol for the cores in
the domain and in the co-domain.

First note that if z = B(x), then x = v(x) = d(x). In this case f(z) = 0(f(z)) = v(f(z)).
By Lemma 7.27,

0(f(x)) = B(f(x) A f(x) = f(B(x)) A fz) = f(B(z) Ax) = f(O(x)) = f(x).
Moreover, y(f(z)) = v(6(f(x))) = f(7(6(x))) = f(=).

We can now show that f preserves multiplication. For xz,y € 8(G), © = 6(x) = v(z) and
y =0(y)v(y), so 6(zy) = 6(6(x)d(y)) = 6(x)d(y) = xy. Thus,

J@o,y) =

Additionally,

For the other division we work similarly. I'(f) preserves the lattice operations, because they
are restrictions of the lattice operations of the ¢-group, so I'(f) is a homomorphism.

By Theorem 7.28, I' is onto the objects of GMV. Moreover, I' is faithful, because if two
morphisms agree on a generating set, they agree on the whole ¢-group.

To see that I'is full, let g : M — N, be a morphism in GMV. By Corollary 7.20, there
exist (-groups K, H, K, H and nuclei v, on H™ and v, on H , such that M = K x H_ and
N =K x H_,. Moreover, by the proof of Theorem 7.22, there exist kernels 6; on K x H, 4,
on K x H, and nuclei 77 on (K x H);s, and 75 on (K x H)g,, such that §;(k,h) = (k,h A e)
and ¥;(k,h) = (k,7(h)), i € {1,2}. So, there are homomorphisms ¢, : G — G and
g2 H, — ﬁ;, such that ¢ = (g1, 92). By Theorem 7.41, there exists a homomorphism
fo : H- — H , that extends g and commutes with the +’s. By the results in [BCGJT],
there exists a homomorphism f, : H — H that extends f,. Let f: K x H — K x H be
defined by f = (g1, f2). It is clear that I'(f) = g. We will show that g(0i(z)) = fa(g(x)),
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= (91(k), g2(m(h Ne)))
= (g1(k),72(g2(h) Ae)) = 72(g1(k), g2(h) Ae)
= T2(02((g1(k), g2(h)))) = Ba(g(k, )

Thus, by [Ml], T' is a categorical equivalence between the two categories. O]

Decidability of the equational theory
We obtain the decidability of the equational theory of GMYV as an easy application of

the representation theorem, established above.

For a residuated lattice term ¢t and a variable z & Var(t), we define the term ¢, inductively

on the complexity of a term, by

T,=xVZ e, =¢e
(sVr),=s,Vr, (SAT),=8,Ar,

(s/r), = s./r, (s\7), = s.\r. (sr), = 8.7,V 2,

for every variable x and every pair of terms s, r.

Recall the definition of the term operation t* on an algebra A induced by a term t over
the (ordered) set of variables {z; | i € N}, given on page 5.

For a residuated lattice term ¢, a residuated lattice L and a map v on L, we define the

operation ¢, on L, of arity equal to the number of variables in ¢, by

x., =zt e, = el
(sVT)y=5,V1y (8AT)y=5yAT,

(8/1)y = 85/72 (s\1)y = s5\ry (1) = 7(8475)

for every variable x and every pair of terms s, r.

Essentially, ¢, is obtained from t“ by replacing every product sr by ~(sr), and ¢, is
obtained from t by replacing every product sr by sr V z and every variable x by z V z. We
extend the above definitions to every residuated lattice identity € = (t &~ s) by €, = (¢, = s.),
for a variable z that does not occur in €. Moreover, we define ¢,(a) = (¢,(a) = s,(a)), where

a is an element of an appropriate power of L.

Lemma 7.45. An identity € holds in ZGMYV iff the identity €, holds in LG, where z ¢
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Var(e).

Proof. We prove the contrapositive of the lemma. Let € be an identity that fails in ZGMV.
Then there exists an integral generalized MV-algebra M, and an a in an appropriate power,
n, of M, such that e(a) is false. By Theorem 7.19, there exists a negative cone L of an
(-group and a nucleus v on L, such that M = L,. By the definition of L., it follows that
e,(a) is false in L. Let p be the meet of all products t,(a)s,(a), where ¢, s range over all
subterms of ¢ and u = «(p). By Lemma 7.17, v and =, agree on the upset of p. Since the
arguments of all occurences of 7 in ¢, (a) are of the form ¢,(a)s,(a), where ¢, s are subterms
of e, and t,(a)s,(a) are in the upset of p, we can replace, working inductively inwards, all
occurences of v in e, (a) by v,. So, €,,(a) = £,(a), hence €, (a) is false in L. Note that p is
below a(7), for all i € {1,...,n}, so u=~(p) < ~(a(i)) = a(i), hence a(i) = a(i) V u, for all
i € {1,...,n}. Consequently, ¢, (a) = (¢,)%(a,u), thus ¢, fails in L; i.e., ¢, fails in £LG.
Conversely, if €., fails in LG, then there exists a negative cone L of an /-group, a in
an appropriate power, n, of L and u € L, such that (g,)¥(a,u) is false. Obviously, v, is
a nucleus on L, so L., is an integral generalized MV-algebra. Let b be the element of L",
defined by b(i) = a(i) V u, for all i € {1,...,n}. Note that (¢,)¥(a,u) = &,,(b) = et (b)
and u,b(i) € L., for all i € {1,...,n}. So ¢ fails in L., hence it fails in ZGMV. ]

In view of Theorem 7.20 we have the following corollary.

Corollary 7.46. An identity € holds in GMV iff € holds in LG and €, holds in LG, where
z & Var(e).

The variety of ¢-groups has a decidable equational theory by [HM]. Based on this fact,
it is shown in [BCGJT] that the same holds for £LG™. So, we get the following result.

Corollary 7.47. The equational theories of the varieties TGMY and GMY are decidable.
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CHAPTER VIII
CONCLUDING REMARKS AND OPEN PROBLEMS

In this thesis we have tried to present a range of subvarieties of residuated lattices.
Our goal was not to exhaust the topic, but rather to stimulate interest for this area of
mathematics that is algebraic in nature and has connections to logic. The vastness of the
topic is apparent considering that many well and not well-studied classes of algebras are
examples of residuated lattices. We believe that the context of residuated lattices is ideal
for formulating and proving general results about its subclasses.

The connections to logic (substructural, relevant, linear etc.) have not been explored
fully. It is promising that lately researchers concentrate on the interactions mentioned above.
Certain results seem to have easier, or only, logic proofs, i.e., see [JT], [GR].

We mention below a number of open problems that have come up from our study. We
believe that a lot of them have relative easy answers, but we suspect that some are very
hard.

1. Is there a continuum of commutative atomic subvarieties of residuated lattices?
2. Are there infinitely many integral atoms in the subvariety lattice of RL?

3. Is the equational theory of distributive or cancellative residuated lattices decidable?

Are there cut-free Gentzen systems for the corresponding logics?

4. Do commutative cancellative integral residuated lattices satisfy any non-trivial lattice
identity?

5. Is the join of any two finitely based residuated lattice varieties also finitely based?
6. Which varieties of residuated lattices have EDPC. Which satisfy the CEP or the AP?

7. Is there a good description of all monoid or lattice reducts of residuated lattices?
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algebra, 3
Brouwerian, 14
cone, 80
generalized BL, GBL, 34
generalized Boolean, 14
generalized MV, GMV, 34
MV, 14

quotient, 4
relation, 14
similar, 3
CEP, 33
congruence, 4
diagonal, 4

distributive, 5
generated, 4
lattice, 4
universal, 4
contraction
kernel, 18
convex, 30
core, 91

decreasing, 7
direct sum, 82
downset, 7
DRbL
map, 72
DRbL-space, 68
dual
algebra, 68
identity, 11
lattice, 66
poset, 7
residuated lattice, 19
space, 66, 68
dualizing element, 19

EDPC, 32

equation, 5

equational
basis, 6
class, 6

INDEX

theory, 6
equational theory, 6

Gentzen
rule, 42
system, 42

homomorphism, 3

ideal
lattice, 7
prime, 7
order, 7
semigroup, 23
semiring, 25
identity, 5
increasing, 7
integral, 12
interval, 7
invertible, 12

join, 7
Jonsson’s Lemma, 5

kernel, 18
contraction, 18

(-group, 13
l-groups
{-groups
negative cones, 50
{-groups, 49
lattice, 7
filter, 7
prime, 7
ideal, 7
of subvarieties, 6
lattice-ordered group, 13

meet, 7

negative cone, 15
normal, 30
nucleus, 15

107



retraction, 16

operation, 3
fundamental, 3
term, 5

operator
closure, 7
interior, 8

opposite
identity, 11
residuated lattice, 15

order, 6
preserving map, 7

order filter, 7

orthogonal decomposition, 96

partial semiring, 23
poset, 7
Priestley space, 66
Prime Ideal Theorem, 7
product
complex, 22
of algebras, 4
subdirect, 4
ultraproduct, 4
product extension, 82

reduct, 3
residuated
bounded-lattice, 12
lattice, 10
cancellative, 12, 34
commutative, 12, 34
distributive, 34
idempotent, 12
integral, 34
n-potent, 12
map, 8
operation, 8
retraction
nucleus, 16
to an interval, 17
RL, 10
RLE, 34

sequent, 42
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calculus, 42

rule, 42
simple, 4

strictly, 52
subdirectly irreducible, 4
subreduct, 3
subvariety, 6

term, 5
equivalence, 5
operation, 5

translation, 20

type, 3

ultrafilter, 4
underlying set, 3
universe, 3
upset, 7

variety, b
generated, 5

word, 60
bi-finite, 60
finite, 60
infinite, 60
subword, 60
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