Finite Time and Density Effects on Interacting Quantum Fields in

Cosmological Spacetimes

By

Mahmoud Parvizi

Dissertation
Submitted to the Faculty of the
Graduate School of Vanderbilt University
in partial fulfillment of the requirements

for the degree of

DOCTOR OF PHILOSOPHY
in

Physics
May 10, 2019

Nashville, Tennessee

Approved:

Robert J. Scherrer, Ph.D.
Andreas A. Berlind, Ph.D.
Marcelo M. Disconzi, Ph.D.
Thomas W. Kephart, Ph.D.

Thomas J. Weiler, Ph.D.



DEDICATION

To my beloved wife, Michele, your support is infinite in extent
and

To my cherished sons, Parviz and Oskar, the source of my motivation

i



ACKNOWLEDGMENTS

This work would not have been possible without the financial support of the Department
of Physics and Astronomy under the direction of Dr Julia Velkovska — Director of Graduate
Studies, College of Arts and Sciences, Vanderbilt University.

I am especially grateful to the chair of my committee, Dr Robert Scherrer. As my
advisor and mentor, you allowed me to purse and complete a project that was solely of my
passion and provided me the crucial support that secured a follow-on academic position.
I am grateful to Dr Keivan Stassun for his financial, professional, and personal support. I
am grateful to Dr Norman Tolk for his continued trust, mentorship, and friendship. I am
grateful to Dr Andreas Berlind, Dr Marcelo Disconzi, Dr Thomas Kephart, and Dr Thomas
Weiler. Thank you for supporting my interest in cosmology, mathematics, quantum field
theory, and general relativity; and thank you for serving on my committee.

I am grateful to Dr Dina Myers—Stroud, Dr Kelly Holley—Bockelmann, Dr David Ernst,
and all the graduate students associated with the Fisk—Vanderbilt Master’s-to-Ph.D. Bridge
Program. Thank you for trusting in me to tutor your students, I assure you that they taught
me more than I taught them, and for letting me share in the magic that is the Bridge fam-
ily. I am grateful to Alyce Dobyns and the Vanderbilt University REU for giving me my
chance at graduate physics. Finally, I am grateful to Dr Forrest Charnock and all my fellow
teaching assistants. Thank you for teaching me how to teach.

I would like to acknowledge Dr Daniel Boyanovsky and Dr Chiu Man Ho for helpful
discussion regarding non-equilibrium quantum field theory. I would also like to acknowl-
edge Dr Momchil Velkovsky for many interesting discussions on quantum field theory.
Finally, I would like to acknowledge Dr Thomas-Paul Hack whose work on the cosmo-
logical applications of algebraic quantum field theory is the foundation and inspiration for

mine.

1l



TABLE OF CONTENTS

Page

DEDICATION . . . . . . e e e fil
ACKNOWLEDGMENTS . . . . . . . e fii]
LISTOFFIGURES . . . . . . . o e [vil
1 Introduction . . . . . . . . . . . Il
2 Kinetic Theory . . . . . . . . . . . . . e )
2.1 Classical Particles . . . . . . ... ... .. ... . 4l
2.1.1 Single Particle Dynamics . . . . . ... ... ... ... .. ......

2.1.2 Dynamics in a Statistical Ensemble . . . . . . . . ... ... ...... 7

2.1.3 Boltzmann Kinetic Theory . . . . .. ... ... ... .. ....... 9

2.2 Quantum Fields . . . .. .. .. . ... ...
2.2.1 Relativistic Field Theory . . . . . . ... ... ... .. ........ 14

2.2.2 Canonical Quantization of a Relativistic Field . . . . . ... ... ... (L6l

2.2.3 Time-Dependent Perturbation Theory . . . . .. ... ... ... ... 18

2.2.4 Asymptotic States and the S-matrix . . . ... ... ... ... ... 21l

2.2.5 Ensembles of Quantum States . . . . . . ... ... ... ... ...,

2.2.6 Non-equilibrium Quantum Field Theory . . . .. ... ... ...... 27

3 Quantum Kinetic Theory in Cosmological Spacetime . . . . . ... ... ... .. 37
3.1 Cosmology . . .. ... .. ... ...
3.1.1 Cosmological Basics . . . . . . .. . ... . ..

3.1.2 Cosmological Relics . . . . . ... ... ... ... .. ... ...

3.2 Quantum Field Theory in Curved Spacetime . . . . . . .. ... ... .... 41l
3.2.1 Adiabatic States . . . . . . . . ... 41l

3.2.2 Semiclassical Approximation . . . . . . . . .. .. ... 43l

3.3 Algebraic Quantum Field Theory in Curved Spacetime . . . . . . . ... ... 48]
3.3.1 Algebraic Canonical Quantization . . . . .. . ... ... ... .... 48]

3.3.2 Homogeneous and Isotropic States . . . . . . . ... ... ....... 49|

3.3.3 Ground States as States of Low Energy . . . . . . ... ... ... ...

3.3.4 Excited States as Generalized Hadamard States . . . . . .. .. .. .. 53|

3.3.5 Excited States via Generalized Perturbative Interactions . . . . . . . . . 56|

3.4 Renormalized Energy Density from the Algebraic State . . . . . .. ... .. 59
3.4.1 General Form from the Perturbed Stated . . . . . . .. ... ... ... 59

3.4.2 Trilinear Interaction Example . . . . . . . . .. ... ... ....... 63

v



4 Conclusion

BIBLIOGRAPHY . . . . . . . e



LIST OF FIGURES

Figure Page

2.1 Closed-time-path contour C of the “in-in” formalism via the forward and backward time

evolution operators U (& ¢ 7,0) and U(®—;0,t #) given the sources ®+ and &~ respectively.

3.1 Conceptual representation of the evolution of the cosmological energy density & over cos-

mological time ¢ with M an arbitrary mass parameter. Left: The freeze-in of a quantum

field as a cosmological relic (solid blue curve) in which it fails to equilibrate with the dense

environment of quantum fields comprising the primordial plasma (solid red curve), i.e. it

does not attain the energy density &g prior to its interactions becoming kinematically for-

bidden at a time ¢y Right: The freeze-out of a quantum field as a cosmological relic (solid

blue curve) in which it equilibrates with the dense environment of quantum fields compris-

ing the primordial plasma (solid red curve), i.e. attains an energy density &rg prior to its

interactions becoming kinematically forbidden ata time tpo . . . . . . . . . . . . .. 39
3.2 Conceptual representation of the evolution of the cosmological energy density & over cos-

mological time ¢ with M an arbitrary mass parameter. Left: The dominant contribution

to the energy density of the relic x proceeds via the portal-plasma interaction ® — @

(solid green curve), with I' 2 ¢ o A2, such that the plasma maintains equilibrium through

o — pp (solid red curve), with o2 ,2 o< g%, leading to the freeze-in of the portal ® at a

time ¢ (dashed line) and the late time decays ® — ¢y (dashed red curve) and & — xx

(solid blue curve), with I'g , 2 A2. Right: The subdominant frozen-in yield arises from

the two-body scattering process ¢ — XX (solid blue curve) with o2 2 o A% where the

plasma maintains equilibrium via the scattering process ¢ — ¢ (solid red curve), with

Op202 X L 41l
3.3 Closed-time—path evolution for the finite macroscopic cosmological time interval ¢;, ¢y €

I, givent; < t, <t, <ty ontheforward(+) brancht; < ¢, <1, < t; on the backward(-)

branch. . . . . . . . . L e e e e e e e e e 58|

vi



Chapter 1

Introduction

“... it is the effects due to the interaction of quantum free matter fields with

a classical gravitational field.”

A.A. Starobinsky

A covariant description of quantum fields in the dynamical spacetime of the early uni-
verse is essential to models for the origins of the observed matter content at late times,
e.g. baryogenesis and dark matter production, and to models of the field(s) posited to
drive inflation. However, in a non-stationary Friedmann—Robertson—Walker (FRW) space-
time the lack of Poincaré invariance, among other concerns, makes the applicability of the
Minkowski space formalism of quantum fields suspect as there is no notion of a global
vacuum state serving as the basis of a Fock space. Additional issues arise when consider-
ing the nature of the interactions believed to be responsible for the observed inhomogene-
ity and matter content of the universe as the current paradigm supposes that during some
earlier period all quantum fields participated in both near-to and far-from-equilibrium in-
teractions with respect to a primordial plasma. Here, the Minkowski space formulation
of non-equilibrium quantum field theory can gives rise to appreciable corrections to the
aforementioned interaction rates [[1-3], and its extension to a non-stationary spacetime is
nontrivial [6]. The calculation of a cosmological observable involving these early universe
interactions is therefore usually carried out via a semiclassical approximation, i.e. classical
Boltzmann equations augmented with thermally averaged interaction rates derived from
the S-matrix associated with the irreducible representations of the standard model of par-
ticle physics in an effort to quantify particle production in a covariant generalization of
Minkowski spacetime to an FRW spacetime background.

An alternate treatment may be carried out within the algebraic formulation of locally
covariant quantum field theory as presented, for example, in Ref. [7]. This mathematically
rigorous formalism is in general useful for clarifying conceptual issues related to and/or
providing a foundation for the calculation of observables with traditionally heuristic justi-
fications. In this work, we propose a non-traditional application of the formalism inspired
by numerical calculations such as those found in Refs. [8, 9] where algebraic quantum
field theory is employed in order to characterize the energy density of a free scalar field
propagating in a non-stationary FRW spacetime. In other words, we seek to employ the

established algebraic formalism in a concrete numerical calculation of a cosmological ob-



servable and not in the traditional pursuit of a rigorous proof of theorem. Though this
numerical calculation may be computationally expensive, as compared to the standard for-
malism, meeting the requirement that cosmological observables be compatible with the
semiclassical Einstein equation; i.e. the stress-energy tensor is the expectation value of a
quantum state back-reacting on the metric of general relativity, would seem to justify the
cost [[10-13]].

In the algebraic framework the following considerations make finite time intervals es-

sential to formulating the physical states of interest in an FRW spacetime.

1. The lack of time-translation invariance does not allow for a unitary, one parameter
group of time shift automorphisms on the algebra of observables, hence a two pa-

rameter family of automorphisms is required [14, [15]]

2. Gravitationally induced excitation of the quantum matter field is a general feature of
a non-stationary spacetime background [16, [17] where the resulting quantum energy
density is only bound from below when smeared along a timelike curve [18, 19] such
that the ground state is defined as a state of minimal smeared energy along a finite

worldline of an isotropic observer [20} 21]]

3. Interacting quantum fields are generally defined by an algebra generated by a time

averaged perturbation in an arbitrarily small, yet finite, time slice [22]

Furthermore, the dense environment of quantum fields comprising the primordial plasma
require careful consideration as the usual notions of thermal equilibrium and non-equilibrium
dynamics become somewhat ambiguous in FRW spacetimes. For example, the work in
Refs. [23H25] suggests observables computed in a manner consistent with the standard
formulation of thermal quantum field theory in Minkowski spacetime may serve only as a
reference for the properties of the observed state in FRW spacetimes.

Hence, we take the first step towards probing for a correction to an observable com-
puted in the semiclassical approximation using the standard approach to particle physics.
We derive, via algebraic quantum field theory in curved spacetime, an expression for the
renormalized energy density of a free scalar field subjected during a finite time interval
to the influence of a perturbative interaction while propagating in a classical, yet non-
stationary, FRW spacetime. We claim that the resulting expression is, at least in principle,
amenable to numerical calculation. In order to derive this expression we must begin with
the general time evolution of the algebraic state. As there is no time-translation invari-
ance in our cosmological model, we make use of a two-parameter family of propagators,

including a time averaged perturbative interaction, resulting in a method analogous to the



Schwinger—Keldysh closed-time-path [26, 27], however extended to non-stationary space-
times. The evolved state will then encode both the effects of the finite time intervals via the
explicit construction of ground states and the influence of a dense environment via pertur-
bative interactions; as well as renormalization constraints and ambiguities associated with
curved spacetimes via techniques developed in the literature cited above.

To this end we allocate Ch. 2] to a review of the origins of Boltzmann kinetic theory
in both the classical and quantum regime, including the non-equilibrium dynamics of the
Schwinger—Keldysh formalism. In Ch. 3| we introduce kinetic theory in the standard cos-
mological context of cold dark matter and dark energy in the form of a cosmological con-
stant. Here, we develop a very general model of neutral scalars propagating in a spatially
flat FRW spacetime whose energy density is dominated by radiation, i.e. nearly massless
relativistic degrees of freedom. Though simplistic, these scalars serve as proxy for mod-
els in which a hidden quantum sector containing the field associated with dark matter and
an observed quantum sector containing fields comprising the primordial plasma, which si-
multaneously contribute to the classical gravitational curvature of the FRW spacetime, are
connected during early times via a feebly coupled unstable quantum field known as a por-
tal. We then review the semiclassical approximation of quantum Boltzmann kinetics in an
expanding universe in the context of this toy model.

As an intermediate step to our main result we present in Sec. [3.2.2] the numerical
results of Eq. (3.49) as corrections to the semiclassical approximation of the energy density
of a cosmic relic found by employing the full quantum treatment in the standard formalism
of non-equilibrium quantum field theory. In Sec. [3.4 we derive Eq. (3.132) as the main
result of this work; i.e. the general form of the expectation value of the renormalized
quantum energy density given the influence, during a finite interval of cosmological time,
of a dense environment of perturbative quantum interactions and a non-stationary spacetime
background; as derived for the first time by this author in Ref. [28]]. We conclude with a

discussion of this result and future works in Sec.



Chapter 2
Kinetic Theory

“There is nothing more practical than a good theory.”

K. Lewin

2.1 Classical Particles

In this section we review the classical theory of Lagrangian and Hamiltonian mechanics
along with the extension to Boltzmann kinetics (see, e.g. Ref. [29-31] for a pedagogical
introduction to the classical mechanics of a particle and its generalization to statistical

ensembles of V particles).

2.1.1 Single Particle Dynamics

In the Lagrangian formulation of classical mechanics, the dynamics of a single particle

with mass m are described by its Lagrangian function L(q, q;t) defined as

L(q,q;t) :=T(q) - V(a) (2.1)

given the kinetic energy 7'(q) = mq?/2 and a potential V (q) at some time ¢. Here, the
3-vectors q := (q1, g2, g3) With a general coordinate ¢;, where ¢; := dg;/dt, are those of the
standard Euclidean space (M3, d), i.e. a 3-manifold M3 := R3 with metric d such that

3
ds® =) da}. (2.2)
=1
The action functional S[L(q, q)] defined as

ty
Sitta.)i= [ dt Lia.at), 23

interpreted here as a path integral, is useful in expressing Hamilton’s principal of stationary

action

tdi i GL 4 1 t, 0L i 2 t,
0S[L(q, q)] = / dt’ Z( (qaf’ ) s, + %’;” )6%) =0, (24
t . K2 (2




to first order in the infinitesimal variation § where §(¢) = (¢ + dt) = 0, which gives rise

to the Euler-Lagrange equations of motion

%(aL(ngut)) _ aL(?;ji;t}' 2.5)
The Hamiltonian function H(q, p; t) is defined via the inverse Legendre transform
*. . (OL(gi diit) :
H(q,p;t) =) i (T) — L(gi, ¢i3 1), (2.6)

i=1

given the 3-momentum p := (pi, p2, p3) With p; = mg; as the canonical conjugate, such
that

H(q,p) =T(p)+V(q) (2.7

represents the total energy £/ = 1"+ V of the particle where, for example, a classical

particle in a central gravitational field has an ascribed energy

: 3 —1/2
H(q,p) =) 2pm - %G(ZQ?) (2.8)

i=1

with kG as the gravitational coupling given G as Newton’s constant and [x] = [m?].

Hamilton’s equations of motion are then

0H(q,p)

4G = o, (2.9)
and
pi = ——aHéq’p) (2.10)
qi

where the Hamiltonian uniquely defines the time evolution of states in the canonical phase

space Mg, i.e. the cotangent bundle 7 M3 defined here as the set

Mo :={qt),d(t+dt),...,pt),p ({t+dt),...}. (2.11)

The Poisson bracket [-, -| p, defined as

3
Ovow  0Ov ow
| B 2.12
[v,w]|p = Z (3% Op;  Op; 8qi)’ ( )

i=1




for any variables v(q, p,; t) and w(q, p, ; t) leaves Hamilton’s equations of motion invari-

ant under the infinitesimal canonical transformations

G — q+dg (2.13)
pi — pi +dp;. (2.14)

The canonical condition on the phase space Mg, requires

[gi»qjlp = [pispilp =0 and [q;,pj]lp = —[pi, ¢5]p = i (2.15)

as the fundamental Poisson brackets where d;; is the Kronecker delta. The canonical in-
variance of Egs. (2.9) and (2.10) in our Hamiltonian system now allows us to consider the
time evolution of some arbitrary constant of motion u where decomposition of the total

differential is

3
ou dqZ ou dp; Ou dt
- =0 2.16
; (8(]1 it op; dt) T (2.16)
such that
OoudH  OudH
— =— = |u, H|p. 2.17
Z (8(11- Op; 5101' 52%‘) - Hlp ( )
The Taylor expansion for u(t) is then
du 2 d*u 3 d3u
) = u(0)+t— i =
ut) = w0+t ol T
t? ¢
= wo+ t[u, Hlp + o;[[u, H], H]p + [[[u, H], H], H]p + ... (2.18)

2! 3!

where the Hamiltonian / is identified as the time translation generator for continuous

infinitesimal canonical transformations and

u(t) = woexp(t]-, H|p). (2.19)



2.1.2  Dynamics in a Statistical Ensemble

We now extend the dynamical formalism to a system of particles. Given an ensemble

of N identical, yet distinguishable, particles the phase space M, is expanded to

MY = {ai(t),...,an(t), pi(t),. .., pn(t);
At +dt),. .. qh(t+dt), pit+dt),... Pt +dt); ... }. (2.20)

where we define a phase space density py as

_dN

= 2.21
dVg (2.21)

PN :
such that at time ¢ the number of Hamiltonian systems d/Ng in a state .S, corresponding to

the infinitesimal phase space volume element

Vs = day(t), ... dax()dpa(t), ..., dpx(t) (2.22)

is
dNS = PNg dVS (223)

In accordance with the statistical, i.e. probabilistic, theory the expectation value of a ran-

dom variable (X') on the probability space {2, F, P} is the Lebesgue integral
(X) = / dP X (2.24)
Q

where the sample space €2 is the set of all possible outcomes, the o-algebra F = {0, ..., Q}
is the set of events containing no to all outcomes, and P : F — [0, 1] the map of events to
probabilities with the normalization P(Q2) = 1; given X : {2 — S as a measurable function
from the sample space to the outcome space S C F. In the context of our ensemble of
systems, the probability element d Ps := P(S)dVs corresponding to finding a state S € S,

now thought of as the state space, is simply

dN
dPs = —NS (2.25)

such that the probability of finding a system in our ensemble with a state S between

qi,.--,qy and g}, ..., q)y where ¢’ = q + dq with momentum between py, ..., py and



pi,...,py for p’ = p + dp at time ¢ is then

1
dPs = NP(Q1,~--7(1N; Pi,...,PnN; t)ddy,. ... dandpy,. .., dpy
(2.26)

with the obligatory normalization

/dp:/dq17"'7qudpl?"'7de,P(q17"'7qN; pl?"'7pN; t>:]" (2'27)
Q

Hence, the expected value of the energy (Es) corresponding to the system in state S is

specified as

1
<ES> = N/dq177qudp177de{

p(qlw"an; Pi,-.-,PnN; t) HN<q17"'7qN7p17'”7pN) } (228)

given Hy(qy, ...,qn, P1, -, PN) i= Zf:f:l H(qy, pn) as the N-particle Hamiltonian of the
system.
In what follows our ensemble is taken to be a dilute gas of /V particles with mass m

such that the Hamiltonian for the n'" particle is

3

2
pn,i
Hdn, pn) = Y 5 (2.29)

)

Liouville’s theorem of a conserved phase space volume under infinitesimal canonical trans-

formations, or

dqi, . ..,dqndpy, . ..,dpy = dqy, . .., dqNdpy, . . ., dp'y, (2.30)

in a Hamiltonian system with a velocity independent potential, implies

p(ds -+, AN P1y- -+, dPN; t) = p(dy, - - -, dys Py - -5 Py 1) (2.31)

such that p(qy, .. .,qn; P1,---,dpy; t) is constant in the absence of interactions between

systems and the continuity equation may be re-expressed as the Liouville equation

9oy



i.e. the equation of motion for the phase space density with time translations generated by

the system’s Hamiltonian where
px(t) = pw(0) exp(t]-, Hy)) (2.33)

via Eq. (2.19).

2.1.3 Boltzmann Kinetic Theory

Boltzmann’s theory of a dilute gas then breaks Liouville’s symmetry with the intro-
duction of a kinetic term that accounts for interactions between the systems. Adding this
term to Liouville’s equation, the so called Boltzmann collision kernel C[p(t)], represents

the classical elastic scattering of particles in our gas such that

dp
— =C|p(1)]. 2.34
= Clo(t)] (234)
Modeling the scattering processes via complicated, correlated multi-particle states is cum-
bersome at best and intractable as N — oo. Hence, Boltzmann simplifies the formulation
by invoking the Stosszahlansatz of uncorrelated initial momenta with a factorizable multi-

particle phase space density where

p(q; p1,- PN 1) = fila, p1; t) fa(a, p2; ) ... fy(a, Pwvs T) (2.35)

for f,(q, pn; t) as the distribution function for particles with momentum between p,, and
P» + dpa,.

Time evolution is now tractable and observables may be related to f1(q, p1; t)dqdp;
as the mean number of particles d/N; with momentum between p; and p; + dp; where, for

example, the number density n; is defined as

ni(a,t) = / dpy fi(a,pi; 1) (2.36)

or the mean number of particles per unit volume.
For simplicity, we consider the nonzero probability for elastic scattering given the

multi-particle distribution

p(d; Po,Pe; t) = fo(d, Pa; t)fs(q, Py; 1) (2.37)

of a dilute gas of point particles where ® corresponds to the incident particle with momen-



tum pg and ¢ to the target particle with momentum p,. In addition to the Stosszahlansatz,

a dilute gas refers to the following simplifying assumptions.

1. Multiple particle collisions are extremely rare as compared to two-body collisions,
hence two-body scattering is the dominant mechanism for evolving fs(q, pe; t) in

time

2. The effect of any external force F := p on the two-body scattering cross section is
negligible

3. The time between collisions is much longer than the interaction time of a collision

4. fo(q, pe; t) doesn’t vary over time or distance intervals relevant to particle interac-

tions

We may now write the Boltzmann equation as

(%4_%.%4_1:‘ %

ot ' m  dq -8p¢>:6[f¢(t)]. (2.38)

In general, we may express the Boltzmann equation for the distribution function fg as
L fo=C fo (2.39)

where the L is the Liouville operator as defined by the left-hand-side (LHS) of Eq.
and C the collision operator corresponding to a specified interaction.

In order to determine the kernel C[fs(t)] we focus on a fixed unit of volume between
q and q + dq. Changes to the momentum distribution f(q, pe; t) in our fixed volume
arise from both scattering into and out of the momentum range pg and pg + dpg in a time
t' — t. We begin with the probability of loss P~, or scattering from f(q, pe; t)dqdpe to
fo(q, pp; t')dqdpy where p’ # p + dp. Defined as

AN

dP~ :
Ip '

(2.40)

the differential probability is simply the mean number of scattered ¢’ and ¢ particles per
the flux /4 of incident @ particles. For our dilute gas of point particles, the incident flux

per unit volume is

Is = |po — PsldNg
= |pe — Pyl fo(q, Pa; t)dadpe (2.41)

10



given |pp — Pyl as the relative momentum. The differential probability for scattering per

unit time, or the differential scattering cross section

dP
do = , (2.42)
(' —1t)
is then
dN’
d ! / —
o(pepPy — pcppqs) —]é(t, 1)
_ fo(q, P ¥')dadpl fo(q, py; t)dadpy, (2.43)
IPs — Pyl fo(d, Pe; t)dadpe (¥ — 1)
such that the total cross section is now
»(q, Py; t')dq fs(q, py; t')dq
o(PePy — PoP, / dp: / :
(PaPs = PoPy) @ ¢!p —pqs\ fo(q, pe; t)dqdpe (' — t)
(2.44)

The interaction rate I'~ is then expressed as the product of the scattering cross sec-
tion and the relative incident flux of ® particles in a volume between q and q + dq with

momentum between pg and pe + dpg such that

I'” = I 0(PsPg — PopPy) (2.45)

and the time rate of change in f3(q, pe; t)dqdpe due to scatterings out of the momentum
range between pg and pg + dpe is thus the product of the interaction rate and the number
of target ¢ particles available per unit volume integrated over all possible momenta of the

target and scattered particles, or

0
g [fo(q, Pe; t)dqadpa]” / dpg / dpg / dply 7 f4(dy, Pg; t)dqdpy.
(2.46)
Similarly, for dP< := dN/I}, we find
0
% [f#(q, Pa; t)dqdps]™ dpyy | dpe [ dps T f4(q, pl; t)dqdp),.
(2.47)

Hence, the total time evolution associated with the kernel C[fs ()] is the difference of time

dependent gains (<) and losses (>) that represent ¢ particles scattering into and out of the

11



distribution such that

0 0
C [fo(q, Pe; t)dqdps] = 5 [fo(q, Pe; t)dqdps]™ — 5 [fo(q, Pe; t)dqdps]”.
(2.48)
By simple substitution we find

8f‘1> = _ d / d d / / / / Iy 249

S| = P, [ dPe | dpy |Ps — Pyl 0(PaPy < PoPy) fofs  (2.49)

8f<1> g / / /AN

5| = [ dps | dpg [ dpy IPs — Po| 0(PaPs — PaPy) fofs  (2.50)

where f := f(q,p; t) and f' := f(q/, p’; t') as shorthand notation.
The classical time reversal symmetry (¢ — t) — (¢t — ¢') of the equations of motion
gives the same probability to scatter from an initial momenta p7, into the momenta range

between pg and pe + dpe, i.€.

o(PePy < PoP)dPadPy = 0(PsPg — PyPy)dPsdP), (2.51)
and
IPs — Ps| = [Py — Pyl- (2.52)

given the conserved momentum of elastic collisions. The simplified collision term is thus

Clfa(t)] = / dps / dply / ap!, (F1fs — Fofo) Ipo — ol o(Pops — Dep))
(2.53)

such that the complete Boltzmann equation is written as the integrodifferential equation

Ofe  pPs Ofs Ofe .
(8t +mq> (9q+F(I> ops /)

/dp¢/dp&> /dp;, (fifs — fofa) IPe — Po| o(PaPy — PoPy)-
(2.54)

Observables of interest are related to fg, hence we require solutions to Eq. (2.54). We

first consider the case of kinetic equilibrium in our simplified model, i.e. C[fs(t)] = 0.

12



This condition is evaluated via the Boltzmann H-theorem

dHp
e <0 (2.55)
given
Hp = / dps f(q, pa; t) log <f(q, Pa; t)>- (2.56)

Equality in Eq. (2.55]) describes kinetic equilibrium as a constant number of particles
fECdpg in the available state fi“ for time scales longer than ¢’ — ¢, i.e. Hp is a form

of entropy. Here,

dH 1
73 —§/dpq> dpg {|pc1> — Pyl o(PaPy — P3D})
EQ
| resze - rregre] og(fE0rs?) - tog(r2s?) |}
= 0 < f°f =10 (2.57)

or equivalently log f f @4 log ff @ log f(;EQ + log fbeQ. As an additional constraint, we
include the conserved kinetic energy of elastic collisions where Fy + Ey = Eg + Ej such
that

2" = Aexp(—BEs) (2.58)

as the Maxwell-Boltzmann distribution for the dimensionless normalization constant A
and parameter 5 > 0, given [5] = [E]~'. We now encounter the Umkehreinwand, or the
Loschmidt, paradox of deducing the approach to equilibrium as an irreversible process from
an initial assumption of time reversal symmetry. This is a strong indication that the initial
Stosszahlansatz of uncorrelated momenta does not persist once collisions begin, otherwise
it would be equally probable by time reversal symmetry to begin in equilibrium and evolve
to a state that violates the H-theorem. Notice that no reference to temperature and/or ther-
modynamics is required to arrive at the preceding kinetic results; however, for the purpose

of analogy with the quantum theory in the next section we introduce the partition function
Z(B) defined as

2(8) =

= Ny /dqldqz...qu dp1dps...dpy exp(—SHy) (2.59)

given Planck’s parameter h > 0 with [h] = [Et].

For departures from kinetic equilibrium we may invoke the relaxation time assumption.

Here, we may simply assume that the effect of the kernel C[fg(t)] is to restore fg(t) to
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local equilibrium at a rate proportional to the collision frequency v := (' — )71, i.e.

Clfs(t)] = v [fo(t) — f5 %] (2.60)

such that
fo(t) = f£° + [f(0) — f'%] exp(~T't) (2.61)

given I" := v~ as the relation rate.

2.2  Quantum Fields

In this section, the classical kinetic theory is extended to the standard operator formal-
ism of relativistic quantum theory associated with the field theoretic interactions of particle
physics; to include open quantum systems in the context of non-equilibrium quantum field
theory (see, e.g. Refs. [32-34] for a pedagogical introduction to quantum field theory and
the standard model of particle physics, Refs. [35,[36]] for an introduction to thermal quan-
tum field theory, and Refs. [37,138] for an overview of open quantum systems both near-to

and far-from-equilibrium).

2.2.1 Relativistic Field Theory

We begin with the classical Lagrangian density for a manifestly Lorentz covariant scalar

field ®(x,) as a relativistic system with a continuous set of degrees of freedom
1 1. 5o 1
ZLNP(x,)] = 5@@(@)8“@(%“) - 5]\/[@(1) (x,) — 57/[(13(@"#)]. (2.62)

Here, the 4-vector coordinate z# := (g, x1, T2, r3) with 4-momentum p* := (po, p1, P2, P3)»
where zo := ¢ and py := wy = /P2 + MZ, are those of a Minkowski spacetime (Mo, 7)),
i.e. a globally hyperbolic Lorentzian manifold M, := R x R? with flat metric 1 given in

the standard form as

3
ds® = di* =) da? (2.63)
=1

where the relativistic constant ¢ = 1 and 0, := 0/0x*. The term ¥ [®(z,)] is a potential
density corresponding to field theoretic interactions and will be taken to be of the general
form

P [®(x,)] = J(2,)(x,) (2.64)

with J(x,) an external current sourcing the field ®(x,,).
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Invoking Hamilton’s principle of stationary action

0L 0L
5 ?) = [ d* 5(0,P) + =00 | = 2.
where 0P vanishes at the boundary, again leads to the Euler-Lagrange equations
0L 0L
8“(8(@}1))) =50 (2.66)

In the case of a free field, where 7' [®(x,)] = 0 with vanishing source, these equations of

motion reduce to the Klein—-Gordon equation
(O, +M3)®=0 (2.67)

with the d’Alembertian operator defined as [, := (95. Here, spacetime translations of the
field ® on (Mo, n), i.e.

O(z,) = ©(z, + 6x,) = ©(z,) + 02,0,P(z,) (2.68)

to first order in dx,,, corresponds to a global symmetry of the action

0Z
4
0S[ L (x, + dx,)) 6xl,/d xa“(@((?#@)ay ) 0 (2.69)
such that 9

or 0,1, = 0 in analogy with Noether’s theorem given

0%
T v = 81,@ - Vc? 2.71
= 50,®) i @71
as the conserved, canonical stress-energy tensor. The functional derivative H(a:u), as the

canonical conjugate to the free field ®(z,,), is defined

_ 0ZL[0(x,)]
(z,) = 0,5 (z,) (2.72)
such that the Hamiltonian density may be found via the transform
A[0(w,), 1(x,)] = (2,)0,B(x,) — L[0(x,), 0D (z,)]. (2.73)

15



Here, the Hamiltonian may be identified with the component 7§, as the energy density &5
given
0L
Ep =ll— — Z. 2.74
o o (2.74)
Solutions to the Klein—-Gordon equation, Eq. (2.67), are classical plane waves with the

general form

d’p . \ .
v = [ G (D owin) o Denira)) @19
witha € C and p'z, = wyxo —p - .

2.2.2 Canonical Quantization of a Relativistic Field

Canonical quantization is achieved by promoting the conjugate variables to operators,

ie. ® — ®and & — II, satisfying the commutation relation
[b(t, @), 11(¢,9)] = i6*(& — ) (2.76)

where §(Z) is the 3-dimensional Dirac distribution and Planck’s constant /i = 1. The free

quantum field (z,,) is defined

. d3 1
O(t, 7)== / P (dﬁ exp(—iwg t) + ELI_,. exp(iwg t)) exp(ip - &) (2.77)

(27T)3 A /2Wﬁ
such that
[, a5 = [al af) = 0 and [ag, af] = (2m)%6° (7 — k). (2.78)

Here, a; and d; are the creation and annihilation operators acting on the Fock space
F(Ho) := @D,y He™ given H, as the one-particle Hilbert space with unique vector |®5)
defined via the free field vacuum, i.e. the unique vector |0) defined

az|0) :==0 (2.79)
and subject to the normalization condition
(0[0) =1, (2.80)

such that
@) == \/2w; al;|0) (2.81)
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with
(Dl D7) = 2, /wiwy (0lag abj0) = 2wy (2m)%6° (k — p). (2.82)
Observables of the theory include correlation functions of the field operators, i.e. the

expectation value (0| &(z1)®(x5)...0(2,) |0). Here, we focus on the two-point function

&k / &p (0] az ak|o)
(

(0] & (2,)(y,) [0) = / : exp(ilk 2, — 'y,

27)3 2m)3 2,/ wp Wy
@k 1 \
_ / 2 2 PR~ ) (283)

via the normalization in Eq. (2.82)). In addition, the expectation value of the field’s energy
in the vacuum state (/) is found via the time-independent free field Hamiltonian operator

Hg, expressed as

~ A3k At 15,
Hy = W wi | Gz ag + 5(5,5(0) , (2.84)
such that
(E@O = (0|Hs|0) = 5 2n)? Wi 512(0) (2.85)

which is infinite. Here, removal of the infinite vacuum energy is carried out via normal

AT AT A

ordering where : O(ak, ﬂ) for some operator O means ag aﬂ — aﬁ ay, regardless of the

commutation relations in Eq. (2.78)). For example,

Lal ag + ag A= 24k ag (2.86)
such that the normal ordered Hamiltonian is
~ d®k o
. Hp = / s il ag (2.87)
and Eq. (2.85) becomes
(0 : Hp : [0) =0 (2.88)
which is equivalent to
01 Fo10) = O1al0) — 5 [ 55 520) (00, 2.89)
: :0) = - = w0 .
® ® 2] (2m)3 "k

1.e. subtraction of a reference state.

17



2.2.3 Time-Dependent Perturbation Theory
The free field quantum analog of classical time evolution in the Hamiltonian formula-
tion is
,®(t,7) = —i[®, Ho] (2.90)

with solution

t t
O(t,7) = exp(z’/ dt’ Hq>><f>(t0,:?) exp( —z’/ dt’ Hcp) (2.91)
to to

in analogy with Eq. (2.19). Perturbative dynamics are introduced via a time-dependent

interaction term of the general form

V(t) = J(t,2)D(t, T), (2.92)

corresponding to Eq. 1| with J (t,7) := rkJ(t,Z) given the perturbative coupling
parameter R 3 s < 1 and [J] = [M3]. The time-dependent Hamiltonian H (¢) is now the

sum

o~ ~

H(t) = He + V[®(2)]. (2.93)

The field operator & (¢, &), with dynamics perturbed by the non vanishing source J(t, 7),

now satisfies the Heisenberg equation of motion
07 (1) = —i[®”(to), H(t)] (2.94)

with solution

K>
—
~
o
N—
<
W)
~
\S‘F
~
o
N—r

() = STt to) (2.95)
such that

2S(tto) = H(1)S(t to) (2.96)

given ¢, as an arbitrary reference time, at which the Heisenberg field above corresponds to
the time independent Schrodinger field CiD(f) Here, the interacting field is related to the

free field via

O7(t) = Ut to) O(t) U(t,to). (2.97)
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where
A~ t ~ ~
Ult,ty) = exp(i/ dt’H¢,>S(t,to) (2.98)

to
and
~ t A~ ~ A~ t ~ A~
O U(t, ty) = exp(i/ dt’H¢)V[CI>(t)] exp(—i/ dt’H¢)U(t,t0). (2.99)
to to

The solution to the equation above is found via the Dyson series

Ot 1) — 1+Z /dtl/ dts. /dt T[ )]v@(m)]...v@(tn)]]

n+1
(2.100)

where, for convenience, we define V[®(t)] as

Vb)) = exp(i/t:dt’ﬁq))V[(i)(t)] exp(—z'/t:dt’ﬁq)) (2.101)

such that

Ut ty) = T{exp(—i/t:dt"/[(f(t’)])]. (2.102)

The time ordering operation T[...] places operators at earlier time prior to those at late times,

e.g.

I
K>

T[®(t)]
T[® ()b (1)

(t) (2.103)
(DOt —t') + D) D(1)O( — 1) (2.104)

I
K>

given 6(t) as the Heaviside step function. The two-point function for the time ordered

product of free fields is then written as

(O T[®(2,)0(y,)]10) = (0] D(ta)D(t,)[0) 6(ts —t,) + (0] D(t,)D (L) |0) 6(t, — t.)

X {exp(z‘w,;(tx — t,))0(ty, — tz) + exp(—iwg(t, — t,))0(ts — ty)} }

(2.105)
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where
exp(iw,g(tx - ty))e(ty —t) + exp(—iw,;(tz - ty))9<tw - ty) =

S 1
lim % / o expliwfts — t,])

=0 T J_ wQ—wE—i—ze

(2.106)

such that the free time ordered two-point function, known as the Feynman propagator

Dp(x,,y,), is now defined

Dr(zu,y) = (0| T[®(z,)®(y,)] |0)
B Z/ (;lw]§4 12 _ J\lﬁ + i€ exp(ik” [, = yu]).

(2.107)

where ko # w;. Here, the contour integral in Eq. (2.106) closes in the upper half plane for
the pole at —w;: + i€ and closes in the lower half plane for the pole at w; — ie.
The interacting vacuum |(2) is then defined via the invariant vector |0) in the asymptotic

limit
) = n U0,y — —00)0) (2.108)
Q = n*t{0|U(t— o0,0) (2.109)
with the normalization constants n~,n" € R such that the normalization condition

Q) =1 (2.110)

implies
nn~ = (0|U (00, —00)|0) . (2.111)

Hence, the general expression for interacting time ordered products is

Q] T[®7 (21)D (x3) ... ®7(2,)]]Q) =
O] T|®(z1)P(22) ... @(In)exp(z’/ d%V[cp(x)])hm

—00

{<0| T[exp(z’ /: d*x V[@(x)])] |0) }1.

(2.112)

X
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2.2.4 Asymptotic States and the S-matrix

In the quantum formulation the two-body scattering of the classical theory is interpreted
as evolving incoming asymptotic two-particle states to outgoing asymptotic two-particle
states, e.g. |y, @) — |Pf, %), where [D5, ¢p) =[P  ®|¢p) . Thisis
the so called “in-out” formalism. The scattering matrix, or S-matrix, is then defined via the

Lehmann—Symanzik—Zimmermann reduction formula

(@, 0L S |5, b, = / d'z, / d%?/ d4‘”3/ Cm{

x exp(—ipe:z1)(01 + m3,) exp(—ikyze) (O + mi/)
x exp(ipexs) (s + m3) exp(ikyzs)(Oy + mi)

X (Q| T[® (1)@ (22)D(3)p(a4)] | } (2.113)
where, for example, the Schwinger—Dyson equation gives

(O +mig) (Q T[®' (1) (22) D () d(x4)] 1) =
(Qf T[ 0o V[P (21)] & (22)D(w)d(a)] ) — 16" (21 — 22) (2 T[(w3) ()] |2)
i6* (21 — ) (Q T[Y (22)0(2a)] Q) — 6" (21 — 24) (Qf TP (22) 8 ()] 02).
(2.114)

Here, we have dropped the superscript .J for notational convenience.

The terms proportional to (x — z,,) are the quantum corrections to the classical corre-
lation functions. However, explicit calculations involving those corrections encounter di-
vergences, starting at order 2, that must be removed. Hence, we employ the framework of
renormalized perturbation theory in which we add formally infinite counterterms 6[O(x?)]
to the Lagrangian, e.g. O — /Zp® given Zg := 1 4 Jq as field strength renormalization,
such that the new Lagrangian is

2 1, = A | R .
LN®(x,)] = Z¢§8M<I>(xu)8“q)(:vu) — ZMZ%M;@?(%) - Z,{gV[(I)(xu)]. (2.115)

Here, the propagator associated with the renormalized, interacting time ordered products is

@ 20019 = i [ 32 [ T explirl, — )
(2.116)
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in the Killén-Lehmann representation. The spectral function 5(¢?), given as

5(a?) = — = ImlIT(?)] = Za 0(g” — m2) + o) 1)

where I1(¢?) is the dressed propagator and m,, is the mass at the pole corresponding to the
single-particle state of the free theory and o(¢?), contains a discontinuity associated with
the dynamical interactions of the theory.

The LHS of Eq. corresponds to the matrix element Sa, := (P}, @2 S |55, ¢7)
such that, after performing the integrals on the right-hand-side (RHS), we may rewrite the
expression as

Sog = (2m)*0* (P + ki, — po — kg)idlass (2.118)

where .#5_,, is the so called probability amplitude and encodes the probabilities associated
with the dynamics of the interacting time ordered products. In analogy with the classical

theory, the quantum differential scattering cross section do is defined

dP

do (P P = 2.119
where dP is the differential probability given by
At d3pl, d*p! 1
AP = (2m)*6" (ply + K, — po — by o o P = L2 28 (2.120)

V (27)3 (27)3 16 wy Wi Wi W

where At := (t — ty) — oo in the limit of asymptotic states and V' — oo is the volume
associated with the normalization factors in Eq. (2.82). Hence, the scattering cross section
is expressed as

3, d3K! 2m)4 64 (plp + K., — pe — k
dp@/ o] |%2‘>2|2( 7T) (p<1> ¢ P ¢) (2.121)

(2m)* ) (2m)? i

16[ve — vy|wy wy wi w'

(w0 — 09 - |

Additionally, the theory allows for the decay of quantum fields interpreted as the one-body
to two-body scattering process |®;) _ — |¢p, ¢g) . Where the differential decay rate
dl'(® — ¢¢) is defined

A0 (® — 6¢) = % (2.122)
such that
_ [ &p [ dq ,(2m)'0'(k—p—q)
(@ = é0) = / (2m)3 / (2m)3 [ 8 wy Wy Wy ' (2.123)
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The unitarity of the S-matrix, i.e. S'S = 1, has implications important for quantum

kinetics. Consider the generic process |4) __ — |B)_ . Now let S = 1 + .7 such that
(A| 7 |B) = (27)'6"(pa — kp)idap (2.124)

in accordance with Eq. (2.118) above. Here, i(71 — .7) = J1.7 gives the generalized
optical theorem

Bky 1

Moy — M, =i 2 B MMl O pa—kx).  (2.125)
k

If we take [A) = [B) = |®5,¢5) and [ X) = |P};,¢7), as in the two-body scattering case,

p
then in the center-of-mass (CM) reference frame

Im[.A#Z (5 ,07)] = 2Ecm|plo(Po — '¢). (2.126)
Similarly, for |A) = |B) = |®;) and | X)) = |¢5 .07 we find
Im[.A (P;)] = MaI'(® — ¢0) (2.127)
in the rest frame of ®. In this case, the optical theorem may be expressed as
Im[II(m,)] = m, ['(® — ¢¢). (2.128)

S-matrix elements may also be calculated via path integral methods. Here, the states

are expressed in the field basis as a complete set of eigenstates, a la Schrodinger, such that

K>

(@)|D:t) = @) |0;51) (2.129)
(@) 1L ¢) = 12 1L ) (2.130)

=

with ®(Z) and I1(Z) the eigenfunctions associated with the field operator and its canonical
conjugate. The vacuum matrix element (0; co|0; —oo) is calculated by first summing over
a complete set of intermediate states

(0:£]0; 1) =

/ DO, ( D, (t, 7) (0| exp(—idtH(t,) |Pn) (Bp|...|P1) (B1] exp(—idtH (to) |0) }
(2.131)
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for n infinitesimal time intervals 0t, with ¢,,, := ty + mdt and ¢,, := t. Here,

—~

(B exp(—idtH (1) |By) = / DIL,, (e [TL,,) <Hm\exp<—i5t / B (b, T)

= C exp( — idt / Pz LD (t,, f)]),
with C' a normalization constant, such that
(0:00[0: —00) = C / DA (t, 7) exp(—iS[L(®)]) (2.133)

with the boundary conditions ® (¢, Z) — (&) in the asymptotic limit ¢ — Foco. By now

inserting fields into the path integral, i.e
C/D@(t,:i:’) exp(—iS[L(P)]) — C/D@(t,a‘:’) exp(—iS[L(P)])P (¢, X),

and imposing the normalization condition of the asymptotic, interacting vacuum |§2), __ we

may express interacting time ordered products as
Q] T[®(21)P (). (x,)] Q) = C/D@(t,f) O(x1)P(x9)...9(x,,) exp(—iS[L(P)])

« [0 / Dot 7) exp(—w[c(@)})] T

The generating functional Z[J(t, )], i.e. the vacuum amplitude in the presence of our

source J(t, ¥), is defined as

ZIJ(t, 7)) = | DO(t,T) exp(—iS[ﬁo((I))] +i/d4x J(t,f)cb(t,f)) (2.135)

where Ly(®) is the free field Lagrangian. Now, the n'" order functional derivative gives

af(mlgéz ()9"’_)']&7(%) _ g / D@(x){exp<—z’5[co(<p)]+z’ / iz j(x)cp(a;))

x <®(x1)q)(x2)...q)(xn))} (2.136)
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such that

(=9)" 0"Z[J (x)]
Z[0] 8J(x1)0J (x3)...0.] ()

— [ Do) exp - islLo@)]) olen)0az).. 0

« UD@(@ exp<—i5[£0(@)])1_l

= (] T[®(21)P(w2)...0(z,)] |2)
(2.137)

via Eq. (2.134).

Of course, matrix elements are readily calculated via the diagrammatic methods of
Feynman, as detailed in Ch. 6. of Ref [32]]. As the ultimate goal of this work is to compute
observables without regard to the particle physics interpretation of quantum field theory we
do not cover this method here.

2.2.5 Ensembles of Quantum States

We now extend the quantum theory to a statistical ensemble of states. The quantum
analog of the classical distribution function p(q, p; t) is the density matrix operator p(t),

defined in the field basis via the spectral decomposition

Z wy UT(t,t0) [ Xn(t0)) (X (t0)| U(t, to) (2.138)
with positive weighting functions w,,. Normalization is then required such that
Tr [px ()] = 1. (2.139)
Here, Tr [p 2(t)] < 1, where the identity holds in the case of a pure state, i.e.
px(t) = [X () (X ()], (2.140)

and inequality describes the generic mixed state characterized by the convex linear combi-

nation
px(t) = My (1) + (1= \)pz(?) (2.141)
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for A € [0, 1]. Its time evolution is given by the now familiar expression

A

Dupx(t) = ilpx (t), H (D) (2.142)

as the Liouville—von Neumann equation of motion with solution

~

t

px(t) = px(to) — Z/ dt' [H(t'), px(t)]. (2.143)
to

Observables in the interaction picture, e.g. correlation functions of the interacting field

operators, are given by

(X (6 7)X (8, 7). X (8, T,)), = Tr [X (8, 7) X (1, Do) X (£, 7,) px (1)) (2.144)

p

where permutations are permitted via the cyclic property of the trace. Kinetic equilibrium

of the quantum ensemble is defined via the Kubo—Martin—Schwinger (KMS) condition
(XT(to) X (1)), = (X(t0)XT(t +iB)), (2.145)
such that

SEQ CXP(—BﬁX)
" Trexp(—BHy)

(2.146)

is time-independent. Here, Tr exp(— BH x) is the normalization factor, in analogy with the
classical partition function Z(3) in Eq. (2.59), such that the equilibrium quantum number
density

~T A 3
a. ap exp(—BH 1
N~ (ol ag) = Tr |22 p( _ x) = (2.147)
k koex Trexp(—5Hy) exp(fuwy) — 1

is given by the Bose—Einstein distribution. Similarly, the von Neumann entropy S|[px (¢)]
is defined

Slpx (1)) = —Tr [px(t) log px (1) (2.148)

in analogy with Eq. (2.56) such that S[px (¢)] > 0, where once again equality corresponds
to the pure state, and

S[U(t, to) px (to) U (L, to)] = S[px (to))- (2.149)
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Here, we take 0 log 0 := 0 and px to be an unbounded operator on a densely defined
subspace D(H,) C Hy if dim Hx = cc.

Dynamical far-from-equilibrium interactions are generally framed via the formulation
of an open quantum system, i.e. the Hilbert space of the ensemble is initially factorized
into that of a system of interest, and a coupled environment, such that Hsp — Hs ® Hp.
The density matrix of the total ensemble psg(ty) shares this structure at the initial time ¢,
such that

pse(to) = ps(to) ® pr(to) (2.150)
and evolves unitarily via
psu(t) = Ulp(t to) ps(to) ® pr(to) Us(t, t) (2.151)
given
t
Usk :T{exp(—i/ dt’ HSE(t’))] (2.152)
to
where
Hsp(t) = Hs @ I+ Hp © Is + V[Xs(t), Xp(t)] (2.153)

with Iy as the identity on Hx. The reduced system dynamics, i.e. the dynamics of the
system via interactions with the environment over the time interval (¢ — t) is obtained by
the partial trace as the map Trg : T(Hs ® Hg) — T (Hg) where T (Hx) is the Banach
space of possibly unbounded operators over H y, such that

ps(t) = Trg[Ul(t, to) ps(to) ® pr(te) Usk(t, to)]- (2.154)

2.2.6 Non-equilibrium Quantum Field Theory

In an attempt at brevity we focus here on the one-body to two-body decay process
|®2) — |¢g, dg). We take @ as the system of interest and the environment to be the
composite field operator U := ¢¢. The factorized Schrodinger picture density operator in

the field basis, including all three fields, is given at the initial time ¢, as

pay(to) = pa(to) ® Py, (2.155)

where pg(t) is the density operator for the system of ®-field states |®;;) in causal contact
with the environment of i-field states |1)57) = |¢5) @ |¢z); from here forward referred

to as the ®-system and its y-environment respectively. While the tensor product in Eq.
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(2.155) represents the pure state of the composite density operator, we take the initial state
of the ¢-environment to be of the KMS form. Hence, the density operator in the Born

approximation will maintain the a general form

R 1 5
Py = Z(B)CXP[_ﬁHw] (2.156)

where the quantum partition function is defined
Z(f) := Try exp[—BH,). (2.157)

Passing to the interaction picture, the unitary time evolution of the total ensemble from

the common reference time ¢, = 0 to a final time ¢ is then
pou(ts) = Ul(t7,0) pop(0) Uty 0) (2.158)

where

~

t
Ults,0) = T{ exp[— i(Hg + Hy)ty — @/ ' dtx/d?’x J(Z,t,)0(Z, tm)]} (2.159)
0

with J(Z,t,) := kMe®(Z, t,) given [1)] = [M2]. We now let Mg = 1 GeV for notational
convenience. In accordance with the partition function the generating functional is given

by the partial trace
Zy|®F, O] := Try, { U(D*:t5,0) pop(0) U(D;0,t5) } : (2.160)

Here, we double the degrees of freedom

s o+ R 1ﬁ+
— b and ¢ — & (2.161)

where U(0+; ¢ 7,0) and U (®~;0,t;) are now interpreted as forward and backward time
evolution operators on the closed-time-path contour C of Fig This is the so called
Schwinger—Keldysh “in-in”” formalism where the time evolution operators take as an in-
state the ensemble at some initial time ¢,, evolve out to some macroscopic final time ¢
on the positive branch of the contour, and then evolve the ensemble backwards over the
negative branch to the initial time ¢,. It is important to note the time dependence of the

source operators, i.e. if ®*(t,) = ®*(t,) = ®(t,) = & (t,) we recover equilibrium
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Figure 2.1: Closed-time-path contour C of the “in-in” formalism via the forward and backward time evo-
lution operators U(®*;¢7,0) and U(®~;0,ts) given the sources &+ and ¢~ respectively.

—1€

while &+ (t,) # ®t(t,) # ®(t,) # & (t,) allows for the analysis of field theoretic
non-equilibrium quantum dynamics.
Invoking the path integral representation, we may put the generating functional into the

standard form

28] ~ [oi@een(i [ [ ool e + T
= exp(—i/g/cdtm/cdty/dsx/d?’y ®e(Z, t,)De(7, ti;g,ty)éc(g,ty))

(2.162)
where
iase) = | EE T D] e
be(Tt,) = [BH(7t,), B (7t)] (2.164)
de(d,t,) = iigiz;] (2.165)

given the closed-time-path contour C. We may now find Dy, (%, t,; ¢/, t,) via the functional
derivatives o
(—1i)? PZ[PT, o]

- ~ 2.166
k2Z(0) ODE(Z, 1) 0D (77, t,) lo+— o ( )

iDii(f, tx; 37, ty> =
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such that

Dis(F—ite —t,)+ D (F = ity —t,) = Dy (F— ity — 1,) + Dy (F — i t, — 1,)

(2.167)
with
iD (T =i te —t,) = (TRO(@ L)V, t,)]) — (D(T, L) (D7, 1,));
for t,,t, € [+ie, tf]
(2.168)
iD__(Z— ity —t,) = (TR )0, t,)]) — D(F,1,) (D(F, 1)) ;
fort,,t, € [ty, —i€
(2.169)
iDi_(F—iita—1t,) = (D@ 1)0(E ) — ((F1,)) (DT ta)) ;
fort, € [+ie, ts], t, € [ty, —i€]
(2.170)
iD_(F—ita—t,) = (D@ )0 t,) (b — (1)) (D(F,1,)) :
fort, € [t;, —ie], t, € [+ie, ty].
(2.171)
Hence,
2 iy ta
Z,8+, 7] = <—i dt, [ at, [ d*z | d® {
w[ ] exp 2 +1€ [i-ie / m/ Y
(T, 1,)0T (7,t,)D” (T — i t, — t,)
+ &)7@‘7 tx)(i)i(_: ty)D<(f_ _” by — ty)
— (T, t,)dT (7, t,) D7 (T — i t, — 1)
— (T, t,) D (F,t,) D (T — T te — 1) })
(2.172)
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upon the relabeling of the connected correlation functions

D>(F— ity —t,) = iDey(Z—ifity —1,) (2.173)
DS(Z— ity —t,) = iDyi(f— Tty —t,). (2.174)

To all orders, the dynamics of the v)-environment are contained in the spectral function
- T d3p
U(/{J,/{JO;B) = 5 W [1+n5+ nfT] [5(]{?0—(4}13—(,05)—6(]{50+w17+wq~)]
[ = gl 8o — -+ ) = Ok + wp — )] }
(2.175)

where 7= |k — p] and

1 1
np=-———ing= ———————— (2.176)

explBig] — 17 explBuog] — 1

Here, the four delta functions correspond to all four processes, and their inverse, available

in the plasma:

[P7) = |95, 0 and  [d5, dg) = |Pf)
05) — [P, ¢ and  [Pp, 0q) — |dp)
0q) = [Pz, 05 and D, ) — [0g)
1) = [Pz, 05, 0g) and [P, 5, dg) — Q).

Given the relation

(D t2), D 1,)]) = / Tk / o (% ks B) expl—ikolts — £,) + ik - (7 — )]

(2m) 27
(2.177)
where
(& ta), V(. t,)]) = D7 (& — §ity — t,) — D(& — Fits — t,) (2.178)
such that
o (k. ko; B) = D (Ko, k; B) — D= (Ko, k; B) (2.179)
and
D> (k. ko: 8) = D<(k, ko; ) exp|Bko] (2.180)
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satisfies the KMS relation, then

D> (k,ko: B) = o(k, ko; B) [1 + n(ko)] (2.181)
D=<(k,ko: B) = o(k,ko; B) n(ko) (2.182)
for .

Following the formulation of Boyanovsky in Ref. [39] we may now ascribe an effective

action, to second order in k, in the form of

AL - ts . . L s
Sgp®@T, @75 8] = / dtl,/d?’x {D%[@“L(f, t.)] — L@ (7, tz)]} + P[0T, &7 3]
+te
(2.184)
with F[<f>+, (if; f] as the so called Feynman—Vernon influence phase of Ref. [40] such that

Zy|®F, 07 5] :exp<¢F[ci>+,§>—;ﬁ] ) (2.185)
Using the Fourier transforms
/ Pr & (7, 1,) explif - 7) = G*(t) (2.186)

and

4o o dog -y > .
/d3y d*(7,t,) exp(—ik - §) = /—k O (—k,wy) exp[—iwzt,]  (2.187)

A

produces the expression

A N 3 d
Fld+ &5 = hmm/ dt/ dt/dk / “k
+ie +ie
]

exp|—iwgt,] expli(wy — ko) (tz — ty)

(2.188)
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Here,

leig)l /t.x dt, expli(wy — ko)(t, — t,)] = ;) (1 — expli(wg — ko)tx])

+ie ((JJE - kU

such that we may decompose the influence phase

F[@T, @7 f] = R[2T, 07 8] + F3[07, 07; ] (2.189)

into a unitary fluctuation term

ALz b &Pk [ dw;
Fl[(I)Jr’CI)*;ﬁ] = i/<;2/0 dtx/ 2n 3/ wE exp(—iw,;tm){
A

} (2.190)

and a nonunitary dissipation term

o ! &Pk [ dw;
F2[¢+?¢7;ﬁ] = Z.’i2/0fdtz/(2ﬂ_)3 /%exp(—lwlgtz){

} (2.191)

given

(2.192)

and

(2.193)
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Having framed our effective field theory as an open quantum system we should then
expect a Markovian master equation (MME) as a description of the entropically irreversible
reduced dynamics of the ®-system. Here, we introduce a quasifree quantum dynamical
semigroup as the family of maps 1, : 7(He) — T (He) such that

O pa(t) = € pa(t); (2.194)

where the unbounded operator E, with dense domain D(E) C Hg, is the generator of a

one-parameter, completely positive Markov semigroup
e = exp( et ) (2.195)

and p; o s = fsi¢. In this context € is of course the Linblad superoperator where the
MME is of the well known Linblad form [41]]

el

po(t) = —ilHa, po(t) Z Ly pa(t)L} - —Z LiLy palt (2.196)
The complete positivity of j; ensures the form

=" M, po(0) M} (2.197)
where the Kraus operators ]\/Zn satisfy » ]\/4\71]\/4\71 < 1, such that

1 po(0) ) = Try [Ul(t, 0) po(0) ® py Ut 0)} , (2.198)

with the continued assumption of factorization throughout the unitarity evolution of the

total ensemble pg 4 (t). Given
exp(iF[®F,d7; 8] ) = Tr, {U‘ (D73 t4,0) poy(0) U(DT ;tf,())} (2.199)

established by Eqgs. (2.160) and (2.183)), we now review the main result of Ref. [39] via the

relation

pa(t;) = exp(iF[®T, & B]) (2.200)

such that to order x? Eq. (2.200) may be brought to the time-local form of a Bloch-Redfield
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master equation

¢
O py(t) = Ii2/ dt, d3y/d3x{
0

O (Z,t)0F(7,t,) po(t) D> (Z — 75t — 1)
— OHF DT, t,) po(t) D7 (F — §it — 1)
+ polt) (T, )P (7,t,)D(Z — 7;t — t)
— po(t) D (Z,t)0 (¢, t,)D=(Z — *;t—ty)}. (2.201)

To write Eq. (2.201)) as an MME of Linblad form we first transform to the spectral repre-
sentation via the relations of the previous subsection and time order the source terms o+
with respect to pg, €.g. drd- Po — o+ ﬁqﬁ)_. The Markov approximation is then made
by first replacing the time coordinate ¢, with the interval 6t := ¢ — t,, i.e. the interval over
which memory effects may be ignored, and then carrying out the integral over dt, with a

memoryless upper bound ¢ — oo such that

t
tlim dt, exp[—i(ko —wg)(t — 0t)] = PV[..]+m0(wp — ko).  (2.202)
— 00 0
Additionally, the secular approximation is invoked such that the contributions of rapidly
dephasing terms proportional to exp|+iw;(t + t,)] are ignored. We may now write the
Linblad master equation

i) = [ oo { vl al ag. pult)]

Here,

5%:Pﬂﬁ/%w%ﬁmzkm%m (2.204)

QWE 2w (w,g — ]{30) 20.)];:
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and

r.> K2 [ dk o -
= B S0 ok, B 8) (o) + 5 b (g — ko)
k
Im T (wp;
_ —W{"(%H?(Q] (2.205)
k

where II(wy; /3) contains the discontinuity associated with dynamics contained in the spec-
tral function and Z>(<) := 1(0). In accordance with the optical theorem, Eq. (2.128), we
may now write

Im II(wg; B) = wi Iy (2.206)

given I'p; 1= I‘g — FE. The fluctuating Hamiltonian like term dw; and dissipative non-

(<) correspond to the decomposed influence action terms F} [(if“, <i>‘; 1]

Hamiltonian terms F;
and F[®1 @, 5] respectively. One sees immediately that though we have imposed the
Born approximation along with the nontrivial approximation of secular, Markovian evolu-
tion there remain in this formulation dissipative nonlocal terms valid for the descriptions of
the non-unitary entropically irreversible evolution of the ®-system, i.e. 9;S[ps(t)] > 0.
Taking the derivative with respect to time of the expectation value of the number oper-

ator Ny := &]T; ay via the trace

Oy (Nz(t)) = Tr [al 7 0yps(t)] (2.207)
we find
O Np(t) = [A(t) + 1] T's — A(H) T2 (2.208)
with solution
Ni(t) = n(wg) + [A72(0) — n(wg)] exp(=T'; t) (2.209)

as Boltzmann’s equation in agreement with the classical theory; where A7(t) := (N 2(t))
is the statistical number density of the asymptotic state |®)_,  found via transition rates
(<) derived to include quantum corrections of order x? using the “in-in” formalism of
non-equilibrium quantum field theory.
There is of course an alternate formulation of quantum kinetic theory that is compati-
ble with the graphs of Feynman, the so called “imaginary-time” formalism of Matsubara
[42] (see Ref. [43] for a derivation of the quantum Boltzmann equation in the Matsubara

framework).
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Chapter 3
Quantum Kinetic Theory in Cosmological Spacetime

“... there is no natural definition of particles in a general curved spacetime.”

R.M. Wald

3.1 Cosmology

In this section we review the standard cosmological model and kinetic mechanisms of
the early universe posited as the origin of quantum matter relics (see, e.g. Refs. [44-
477)] for an introductory overview of the standard cosmology as well as the general kinetic

mechanisms and their associated observational constraints).

3.1.1 Cosmological Basics

We take our cosmology to be that of the A-CDM model. This is a universe in which the
total energy density is comprised of that of both the relativistic and non-relativistic matter
of the standard model of particle physics, cold dark matter (CDM) as non-relativistic matter
whose non-gravitational interactions with the standard model are taken to be feeble, and a
cosmological constant A as the so called dark energy contribution; as well as an early
period of cosmological inflation per the observational results found in Refs. [48, 49]. The
globally hyperbolic spacetime (M, g) is taken to be the Lorentzian manifold My, with
Cauchy surface Yy and metric g. Here My, := R x 3 is a spatially flat FRW spacetime

with metric written in the familiar form
ds* = dt* — aZd%3, (3.1)

such that the D’alembertian becomes

v2
Og = 07 + 3H,0, + a—f (3.2)
t
The Ricci scalar is then
ay a?
R=6—+ — 3.3)
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for a; := a(t) > 0 given a : R — R as the scale factor and

=2 (3.4)
Qg
is the Hubble parameter. We may pass to conformal time 7 via the relation dt = a;dn where
the metric becomes

ds® = aZ[dn® — dX3]. (3.5)

This transformation allows for the expansion of the domain of a; into (—oo, 1) with an
asymptotically de Sitter (dS) spacetime (.//\/\l;, g) where g = (£2/a;)?g, given the map

Q: Msx — R, such that a; = exp (Hat ) for n € [—o0, 1] corresponds to an early
period of inflation with H, a constant. A7l; then contains a cosmological past horizon J~
as a boundary, i.e. a smooth geodescially complete hypersurface diffeomorphic to R x $?

at 7 — —oo, with coordinates (v = t + r, 0, ¢) and metric of Bondi form
ds'|5- = 2dQdv + d%?. (3.6)

The abundance of a cosmological relic {2y o, is defined as the ratio of the late time

energy density of the relic X to the so called critical energy density &, or

gX 00
Qx oo 1= ——, (3.7)
X, &
where 1
o = —L. 3.8
c=goa (3.8)
Here, & is the T component of the FRW stress-energy tensor 7/ where
such that d(a}&) = —pd(a}) gives the Clausius relation. The pressure p contributes to
cosmological expansion via the Einstein equation
1
R, — §R g, =8mGT,+Ag,, (3.10)

where R, is the Ricci tensor, which then reduces to Eq. (3.8)) as the Friedmann equation
given the conditions of homogeneity and isotropy. The equation of state p = wé& then
describes the evolution of the free energy density, i.e. & x a, 3071 guch that &® o a;*

corresponding to w = 37! when & is dominated by massless relativistic (r) degrees of
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Figure 3.1: Conceptual representation of the evolution of the cosmological energy density & over cosmo-
logical time ¢ with M an arbitrary mass parameter. Left: The freeze-in of a quantum field as a cosmological
relic (solid blue curve) in which it fails to equilibrate with the dense environment of quantum fields com-
prising the primordial plasma (solid red curve), i.e. it does not attain the energy density &g¢ prior to its
interactions becoming kinematically forbidden at a time ¢; Right: The freeze-out of a quantum field as a
cosmological relic (solid blue curve) in which it equilibrates with the dense environment of quantum fields
comprising the primordial plasma (solid red curve), i.e. attains an energy density &g prior to its interactions
becoming kinematically forbidden at a time ¢t po

freedom and &M a;* corresponding to w = 0 when & is dominated by massive non-

relativistic matter (m).

3.1.2 Cosmological Relics

The so called “freeze-in” of a cosmological relic density is the kinetic process in which
a massive quantum field with at least one interaction of feeble strength, i.e. the coupling
parameter is of order 107!°, and a negligible initial abundance of asymptotic single-particle
states fails to equilibrate with the dense environment of quantum fields comprising the pri-
mordial plasma prior to its interactions becoming kinematically forbidden. An alternative,
“freeze-out”, is the process in which the field of interest first arrives at and then departs
from kinetic equilibrium via considerably stronger, yet still perturbative, interactions. Fig.
[3.1] provides a conceptual representation of the time evolution of the cosmological energy
density associated with quantum interactions in the early universe.

We consider, as a toy model, a quantum field theory of the massive, neutral scalars @,
X, and ¢, with hierarchy Mg > 2m, > 2m,, such that the nearly massless ¢ acts as a
proxy for the kinetically equilibrated primordial plasma with Boltzmann parameter ;. In

addition, we restrict consideration of the quantum interactions to an epoch dominated by
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relativistic degrees of freedom, i.e.
&, > Ep + 8 (3.11)

such that a; o< (t — t9)'/2. Given this toy model of scalars we examine the kinematics

arising from the fundamental interactions
VD, R, 0] = AR+ ADG? + AD® + A + g (3.12)

where both ® and y have a negligible initial abundance. The field  may now be interpreted
as a portal between two sectors of the quantum model that simultaneously contribute to the
classical gravitational curvature of the FRW spacetime; one containing the y-system as
the relic of interest and another containing the ¢-environment driving the cosmological
expansion. Here, A ~ 1079 is the feeble coupling and g > \ is a substantively stronger,
yet still perturbative, coupling given [A\| = [g] = [Mg].

There are then two quantum scattering processes that contribute to the abundance of
the relic y. These are of course the familiar one-body to two-body decay and the two-body
scattering processes of the preceding chapter. The decay and annihilation processes,

D5 = IXq > Xg) and  [Xq > X@) — [ Pp) (3.13)
D5 — log, - wp,)  and  Jop L ep) = |Pp) (3.14)

with transition rates I' oc \?> dominate the two-body scattering processes

ez, > 05,0 = IXa > X&) and [xq > X@) = e, 9r,) (3.15)

with cross sections o o< \*. Hence, the frozen-in abundance of the relic y via one to two-
body decays, or annihilations, will dominate the frozen-out abundance due to two-body
scattering. The plasma is assumed to maintain kinetic equilibrium through the two body

scattering process

leg, s 0r,) = ler, > er) (3.16)

with cross section o(pp — ©p) o< g* regardless of portal interactions given g* > \%. In
this model both the portal ® and the relic x are initially far-from-equilibrium such that the
frozen-in abundance of the relic  is derived first from the processes in Eq. where
the eventual decoupling of ® from the plasma then results in both the decay process of
Eq. (3.14) and of Eq. (3.13) at late times. The dominant frozen-in energy density via late
decays and the subdominant frozen-in density from the two-body scattering in Eq.
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are illustrated in Fig

- 4 Energy Density vs Time T A Energy Density vs Time
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B Decays — plasma Scattering ~ — Plasma
— relic — relic
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IOthF] 10g MtFI

Figure 3.2: Conceptual representation of the evolution of the cosmological energy density & over cosmo-
logical time ¢ with M an arbitrary mass parameter. Left: The dominant contribution to the energy density of
the relic x proceeds via the portal-plasma interaction ® — ¢ (solid green curve), with "2 ¢ A2, such
that the plasma maintains equilibrium through ¢ — ¢ (solid red curve), with o2 ,2 o< g*, leading to the
freeze-in of the portal ® at a time tp; (dashed line) and the late time decays ® — ¢y (dashed red curve)
and ® — xx (solid blue curve), with I'g ,2 o A2. Right: The subdominant frozen-in yield arises from
the two-body scattering process ¢ — xx (solid blue curve) with 0,2 y2 A% where the plasma maintains
equilibrium via the scattering process pp — @i (solid red curve), with o2 2 o g*.

3.2 Quantum Field Theory in Curved Spacetime

In this section we review the standard operator formalism of quantum field theory ex-
tended to cosmological spacetime backgrounds (see Refs. [S0, 51] for a detailed treatment

of the strengths and weaknesses of this formalism in curved spacetime).

3.2.1 Adiabatic States

We consider the quantum field theory of a neutral scalar ¢ on (My, g) where the free

field equation of motion is
(Og + M2+ ER)D(2,1) =0 (3.17)

with ¢ as the coupling to the scalar curvature. Given ¢ as a massive field with £ = 0 as
the minimal coupling to gravity the lack of Poincaré invariance in our non-stationary FRW

spacetime makes the irreducible representations of the Minkowski space formalism, i.e. the
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unique vacuum state defined globally via the action of the operator a; [0) _
applicable at later times as k—k a; " and wj; — wi(t) via the definition of [g in Eq. 1)
If we posit that our spacetime is asymptotically stationary, meaning (M, g) — (M, )

= 0 no longer

as t — $o0, the general Heisenberg field operator may be expressed

&(57 t) = !

Jav

where mode function 7%(t) is defined as

— 3 [0 b0+ T 0] ewE 5 @19
t k

t
Te(t) = 1 exp( - @/ dt' wg‘)(t’)) (3.19)
;(0) “

ng

given the specification of w](;") (t) to order n via the recursive relation

34> 3 3{00,%”)(?5)}2 1o ()
1

(n+1) 1 ;\12 (0) (112
0 N2 = @2 3G 3 3.20
for

0) 1y _ k2 2 1

%@—¢E+%‘a o2y

per the ansatz of adiabatic vacuum states [16]. The operator IA),;(t) is then defined by the

Bogoliubov transformation
b(t) == pg(t) ag + (1) (3.22)

with canonical condition | (t)|* — |vz(t)|* = 1 where

~

(Bp(1) + bp(t)] = [BL() L (1)) = 0 and [b(t) . bJi(#)] = 8°(k — ) (3.23)

provides for a unitarily equivalent theory in which I;,;(t) annihilates single-particle states
with momentum k a; * and energy wi(t).

The time-dependent number operator
Ne(t) == bL(t) b(1) (3.24)

is now an adiabatic invariant and given pg as the density matrix on the ¢ field Hilbert space
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He att — —o0, i.e. diagonal in the d%d,g basis, and we may write its expectation value as

(Nelt) = Tr

Q>
;Y —+
Q>
e
>

o] + [vz(t))? <1 +Tr [al g /3@]). (3.25)

We see that the function v;(t) controls the time-dependent gravitationally induced excita-

tion of the field ®; however, when summing over modes we find a divergence in the term

S
/0 o i) (3.26)

for a v(t) that doesn’t vanish sufficiently rapidly as k& — oco. We must now choose a
unitarily equivalent representation that does not result in a diverging particle number in the

limit ¢ — oo, i.e. the adiabatic limit a., = 0. This is accomplished with the relation

vp(t) = —fip(t) exp (22' /t Lt W (t') ) (3.27)
0
solved via a convergent series for n > 1 that holds for all ¢ € [; a finite time interval.
We emphasize that this formulation is predicated on the assumption of an asymptotically
stationary “in” and “out” spacetime which is not physically motivated. In addition, the
adiabatic vacuum state depends on the order of iteration n where the full iterative procedure
does not prevent the possibility of negative values for [(,u](;"“)(t)]2 [17, [18]. Hence, we
postpone a derivation of an expression for the abundance of a cosmological relic, based on
the operator formalism of quantum field theory, until the semiclassical approximation of

the next section.

3.2.2 Semiclassical Approximation

In this section, semiclassical refers to treating the evolution of classical distribution
functions f(x,,p,), given a classical N particle state space My, with transition rates
derived from quantum field theoretic probabilities. We define the semiclassical number
density n(t) in terms of a homogeneous and isotropic FRW, phase space density f(wy,t)
such that

n(t) = /(Z:))Tp;gf(wﬁ,t). (3.28)
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Boltzmann kinetics, i.e.

Le[f(wpt)] = C.ulf(wst)] (3.29)
where

-~ 0 L, 0

Lg = pu% — F‘uupp ppa_pﬂ (330)

is the FRW Liouville operator such that

~

0 0
Lg[f(wpt)] = Wﬁaf(wﬁ7t)_Ht52%f(wﬁat) (3.31)
p

and C_, is the quantum collision operator, are now expressed

3
) +38 1) = [ s Clf(up) (3:32)
In this context the semiclassical Boltzmann equation approximates the rate of change in
the number density of asymptotic single-particle states of a quantum field, using classical
N particle distribution functions, given the external gravitational force of cosmological
expansion entering via the connection of general relativity I, and the transition rates of
quantum field theory F;}q derived from the “in-out” S-matrix formalism.

We continue with the decay dominated scenario for the cosmological freeze-in of the
stable relic x via late time decays of the portal @, i.e. the decay and annihilation processes
of Egs. (3.13) and (3.14)), with the nearly massless ¢ acting as proxy for the primordial

plasma. The Boltzmann equation describing the far-from-equilibrium evolution of & is
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written as

w0 +3tn(t) = [ g A0l T - flenn %)

—

- d3p 1 d3k1 d3]€2 (271')454(]7 — ]{?1 — ]{32)
- [l [ [ ren

| 1l PIE A ) = | P04 FEOL+ 120
/ d36]1 / d3Q2 (27r)454(p —q1—q2)

(2m)* ) (27)° 4wy Wy,

X { | M=ol fa fas (L + fo) — [ Moon P+ f2) (1 + [2,) fo } }

(3.33)

given

s, = Tl(pp — @)+ [ (xx — D) (3.34)
>, = TP — o)+ D[P — xx)] (3.35)

via Eq. (2.123). Crucially, effects of the p-environment are statistically encoded in the
phase space factor

1
exp(Big,) — 1

1
fEQ .= and flfQ =
2

= 3.36
k exp (S, ) — 1 (3.36)

In conventional calculations the following simplifying assumptions are often employed in

order to approximate the full statistical treatment of Eq. (3.33).
1. Assume the absence of stimulated emission such that (1 + f) ~ 1

2. Assume a Maxwell-Boltzmann like distribution for all fields in kinetic equilibrium
such that fF@(w,t) := exp(—fFw)

3. Assume quantum time-reversal symmetry such that | #Z,, 4[> = | #s_p,|*
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Following these simplifying assumptions, Eq (3.33)) becomes

() + SHy mat) = / dp 1 {/d%l / By (20)154(p — oy — k)

(2m)3 2wy (2m)3 ) (2m)3 4wy wi,

|%<I>—><p<p|2 |:ngng - f‘b :|

X
n / d*q) / gy (2m)'6%(p — @1 — q2)
X |%‘1>—>XX|2 {f§1f§2_f¢:|}'
(3.37)
Applying the principle of detailed balance
f;an;;]iQ = exp(—filwy, + wy]) = exp(—Buy) = f3 7, (3.38)

as well as imposing the freeze-in condition f§ @_ fo =~ ff 9 and ignoring the subdominant

buildup in x until late time gives

dp 1

(27) 205 L@ = )] f5°(wp Br)-  (339)

We now scale out the cosmological expansion by defining the number of ¢ particles in a
comoving volume at a time ¢ as Ng ; := ne(t)/o(5;) with o(5;) the entropy density of our

scalar proxy, where
272

o(B) = 55 (3.40)

for B, := 11 t/2 given  as a constant with [u] = [Mg /%], such that S := o(8,) a? is the

conserved entropy of the comoving volume. Here, N, o(83;) = 1 (t) + 3H; ne(t) and

Nooo = / F / L0 L D@ = o) [Ent) G4D
> o o(t) ) (2m)? 2wy e
where we have restored the explicit time dependencies for clarity.

We now wish to compute the cosmological observable of interest, i.e. the relic abun-
dance of the massive non-relativistic asymptotic single-particle states |x;) via the decay
|®7) — |Xa » Xq) of the frozen-in asymptotic states |®;) at a time ¢ty — oco. Here, the
relic abundance is given as

Q) 00 = Soc By 2my No o (3.42)
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with s, a constant, for [so] = [m'], accounting for both the present day entropy den-
sity 0 and the present day critical energy density &¢ ~; B, is then the branching ratio

accounting for the portion of late decays into the relic y;, i.e.

The relic abundance of the stable asymptotic states of , in the semiclassical approximation,
is then

Qoo = S0 2m, B /Oo at / T 1 (@ )] FE9wnt). (3.44)
00 XXy o) ) (2m)3 2wy e

We are now interested in determining if applying the open quantum system formalism

of the previous chapter to this simple scenario of cosmological freeze-in, i.e. computing

the relic abundance of y via the full non-equilibrium quantum field theory solution to the

Boltzmann equation as found in Eq. (2.209)), results in a substantive correction. In this case

Eq. (3.44) becomes

I e dt ddp EQ I
Qx,oo = S0o me BX ; E (27‘(‘)3 Ng (Wﬁ‘) 1— eXp<—Fﬁ t) . (345)

Here, I} := Fpg< - Fpg> = wy "Im [[I(wp, B)] via Eq. (2.205) and is explicitly derived by
Ho and Scherrer in Ref. [4] such that, e.g.

> _
F}? —

. A2 n ( 1 —exp(—SBuw™

1 —exp(—fiwp) [Fﬁ Ry wyp  \1-— exp(_ﬁtw—>] O(M — )

(3.46)

given

A2 Am2\ '/ 1 amz\
I = 87rw~<1 — M;) and w* = 5 [wﬁip<1 — M;) } (3.47)
P ® s

We now restore the A-CDM parameters to their observed physical values such that

~2889.2cm ™ 2my By N o
"~ 1.05375 x 10~% cm —3 GeV

Qoo = Qyoch (3.48)

and present our intermediate result A({)g) as a correction to the semiclassical approxima-

tion by including the full dynamics of non-equilibrium quantum field theory to order \? in
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® and to all orders in ¢:
A(Qp) = (Qy00h) QY b — Qyoch) ~ O(1). (3.49)

Numerical calculations were performed over a wide range of masses Mg and initial plasma
conditions, i.e. “reheat” temperatures, such that for all observationally allowed ranges of
B7(ty) > M, the correction A(Qg) ~ O(1) persisted. It is important to note that the
renormalization term via the non-equilibrium formalism, dw; o< Re II(wy, (), contributes

a [3; dependent correction to the mass term Mg, i.e.

Mcp — Mcp + Aqu,(ﬂt), (350)
where

is negligible for all 5; Mg > 10719 and hence unimportant in our freeze-in scenario.
Emboldened by this intermediate result, we now wish to determine if carrying out a full
non-equilibrium quantum field theory in curved spacetime calculation results in additional
corrections. Given that the curved spacetime of interest is additionally FRW, i.e. non-
stationary, and given the previously discussed failings of the operator formalism is this
arena we must seek an alternate formulation. To this end we dedicate the remainder of this

work to derivations in the framework of algebraic quantum field theory in curved spacetime.

3.3 Algebraic Quantum Field Theory in Curved Spacetime

In this section we review the algebraic formulation of quantum field theory pertinent to
FRW spacetime (see Refs. [52,153] for a general introduction to the algebraic approach in

the context of curved spacetime and [8, 9] for an extension to cosmological spacetime).

3.3.1 Algebraic Canonical Quantization

We consider now the classical theory of a neutral scalar field ¢(z,) on the globally

hyperbolic spacetime (My, g) via the free Lagrangian

L = —% (g“”vuqsqus +m2e® + §R¢2) : (3.52)
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Here, canonical quantization is realized by constructing the Borchers—Uhlmann algebra, a

topological x-algebra (with unit) defined as
AMs, g) = Ag(Ms, 8)/I(Ms, g) (3.53)

where Ay(Msy, g) = @, D(M%E) given D(MY,) = C, is the free tensor algebra over
D(My,) as the space of smooth compactly supported densities f(z,) on My and Z(My;, g)
the x-ideal. The free field ¢(z,) is henceforth denoted by the formal symbol A,. The

“smeared” fields

A(f) = /M dpg f(x,)As, (3.54)

where djig is the measure on My, generate the algebra A(My, g) such that f — A(f) is

R-linear and

A = A(f) (3.55)
[A(f), Alg)] = iE(f,9) (3.56)
AKf) = 0 (3.57)

Vf,g € D(My) and A(f), A(g) € A(Msx,g); while Z(My, g) is generated by elements
including K f and the causal propagator F/ := E~ — E< defined via the unique advanced
(>) and retarded (<) fundamental solutions of the Klein—Gordon operator

K = (Og +m? +€R). (3.58)

The smearing of A, in Eq. (3.54) is necessary to overcome the infinitely many degrees
of freedom encoded in the traditional field operator and may be interpreted physically as
contributing to a weighted measurement of the quantum observable, i.e. measurements
require quantum interactions to occur in a region of finite spatial extent over an interval of

finite time.

3.3.2 Homogeneous and Isotropic States

The algebraic states w : A — C, where w(A*A) > 0 and w(1) = 1 VA € A define the
n—point functions w(A; As...A,,). In the case of quasifree states, i.e. the Gaussian states

ZX H{i,j}ex W(AiAj) 7 even
0 n odd
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X = the set of all possible parings {i, j} where i < j,

we require the two—point function w(A; A;) be of the physically admissible Hadamard form

1
(A Ay) = lim = | V8w )

elo 8m2 | oe(Ty, Yy)

+V (2, y,) log (W) + F(2,,) } (3.60)

where the functions U, V, and F' are smooth real-valued bi-distributions and

O, Yu) = 0Ty, Yu) + 2i€[T(2,) — T(yu)] + e, (3.61)

with o(z,,y,) the signed squared geodesic distance; while 7 : My, — R is an arbitrary
time function, and L the length scale. This allows us to extend the factored *-algebra to
W(Ms, g) such that A(My, g) C W(My, g) where renormalization up to mass and cur-
vature ambiguities is carried out by local and covariant Hadamard point-splitting regular-

ization, i.e. normal ordered Wick products W € WW(My, g) are defined in the coincidence

limit
w(: A2 ) = lim[w(A4,4,) — H(z,, y,)] (3.62)
y—T
given the purely geometric Hadamard parametrix H(x,,y,) as the first two terms in Eq.
(3.60) and
w(: AM(f) 1) = / Hdﬂg(%‘) flz1)d(xy, zay .oy) A1 As. Ay (3.63)

2 =1

Hence, the time ordered products necessary to define perturbative interactions as well as
prove the spin-statistics and CPT theorems allow for reliable cosmological observables
[13}154-57].

We now pass to conformal time 7 such that the Klein—-Gordon operator of Eq. (3.58)) is

rewritten as

~

1 - 1
K, = p {af, — Vi +aim? +al (5 - 6) R} : (3.64)

Following the formulation of Ref. [17] with explicit constructions found in Ref. [58] the

symmetric part,

{w<A<f>A<g>> " w<A<g>A<f>>} , (3.65)
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of a quasifree homogeneous and isotropic states in FRW spacetimes is expressed

A0AG) = [ @k [an, [ an, % {X,;mx)'x,;(m+X,;<nx>X,;<ny>} Fen)3cnm)

(3.66)
with, for example,
5 >z . o
i) = 2 f(e, @) exp(—ik - ) (3.67)
as the spatial Fourier transform. The mode functions Xz (n) satisfy
, .
Xp(mXg(n) = Xg(n) Xg(n) =i (3.68)

given X3 (n)" as the derivative with respect to 7. Members of the set of unitarily equivalent
mode functions satisfying Eq. (3.68)) are expressed as a Bogoliubov transformation such
that

Xz(m) = pg Tp(n) + az Tr(n) (3.69)

with |pz|*> — |qz|* = 1 and T%(n) an arbitrary reference mode that satisfies the time portion
of [?n Tr(n) = 0. Here, X; > 1/2 is polynomially bounded in % such that equality obtains
the pure state while inequality corresponds to the generic mixed state, i.e. the convex

combination

W ANAG) =D Anwps MW =20, D> A =1 (3.70)

of at least two other mixed states w; and wj; such that w; # w;. Crucially, in the sense of
distributions, we may restrict the free field state to a Cauchy surface of constant conformal
time 7 such that Eq. becomes

Wi(A()A(g)) = 2 / &k X | Xe(n)? T G 3.71)

Given the fields in our model are real scalers, there is a Gel fand—Naimark—Segal
(GNS)-representation 7, : A — T (D), where 7 (D) is the Banach space of linear op-
erators on a dense domain D of the Hilbert space H,,, with cyclic vector €2, € D C H,
such that

w(A) = (Qfm,(A)|€2) (3.72)

where the irreducible representations 7, (A) are in one-to-one correspondence with the
pure algebraic states and contain the usual annihilation and creation operators over D as
the bosonic Fock space over the one—particle space HD. However, for more robust models

that include interacting fields of perturbative Yang—Mills theory in a general non-stationary
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spacetime; an equivalent correspondence with +-helicity one-particle states of the electro-
magnetic field is not possible [53, 55]. Hence, we continue in the algebraic framework

without regard to a Hilbert space representation.

3.3.3 Ground States as States of Low Energy

We now propose generalized ground states from states of low energy (SLE) as put
forward in Ref. [20] with explicit constructions in FRW spacetimes found in Refs. [8, 9].
Here, we focus on a massive minimally coupled, i.e. £ = 0, free scalar field. We remind the
reader that the cosmological observables of interest is the expectation value of the smeared

quantum energy density
Eacy = w(Too(: A*(f) 2)) (3.73)

consistent with the local and covariant semiclassical Einstein equation

1
R, (z,) — 1 g () = 817G w (TW(: A2 :)) (3.74)

where the RHS is interpreted as the expectation value of the free field stress—energy tensor
T,,, corresponding to the quantum matter field A,. Here, semiclassical refers to the LHS of
Eq. as those of the classical Einstein field equations. Though quantum energy densi-
ties restricted to a point are not bound from below [[18]], those smeared along the worldline
of an isotropic observer in FRW spacetimes do have a lower bound when Hadamard states
are consider [19].

SLE are then the quasifree pure homogeneous and isotropic states specified by mode

functions that minimize the energy density per mode

]' / /
G0 = g (KO — o X))
+ (K + ajm® + a§H3)|X,;(n)P> (3.75)

via the Bogoliubov coefficients of Eq. (3.69) such that

pp = exp(z‘[w—argcz(l?)]) fl(k) - +% (3.76)
2/ 3(F) — lea()P
c1 (k) 1
G = = — — - 3.77)
Y N2/ - e

52



where, for a comoving observer,

- 1 [t
a) = 5 [ @ POfX0P - (xR
ti
+ (K* + a;m® + afo)|X,;(n)|2} (3.78)

and

alf) = 3 [ @ pofxpm - ampcor

i

+ (k* + a;m® + a?Hf)XE(n)z}. (3.79)

Convolution with the compactly supported function f(¢) is then taken over a finite interval

of cosmological time, i.e. ¢;,t; € I; C IR. In what follows we take as our reference

Tr(n) = 29;*(77) exp( — z'/17 dm Qg(ﬁ)) (3.80)

k 10

where

Qp(7) = \//Z2 +a?m? — a?R/6 (3.81)

such that as we approach the asymptotically dS spacetime /f\/\l;

. 1 .
Jim  T(n) = T exp(—ikn) (3.82)

gives the Bunch—-Davies vacuum. This is consistent with a bulk—to—boundary correspon-

dence via the injective *—homomorphism o : A(Ms) = A(F7) in order to construct an
induced Hadamard ground state, i.e. Bunch—Davies, on the bulk FRW spacetime [59 60]].

3.3.4 Excited States as Generalized Hadamard States

The formulation of a generalized free field state in the algebraic framework,

w(B, A A,By)

wB(AxAy) = o(B.B,)

(3.83)
follows from a generalized Hadamard condition such that any finite excitation of a free

field Hadamard state is itself a Hadamard state [61]. For example, in Minkowski spacetime

the free field KMS state is indeed Hadamard and invariant under the x—automorphisms o
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such that, given the global temperature parameter 3~ °,

w( u(A(f)A(g) ) = w( Alg)ar—is(A(f)) ) (3.84)

where

ar(A(f)) == A( f(15 ' (x)) ) (3.85)

for 7y : x, — x, +1 & with € a timelike unit vector. We direct the reader to Refs. [62, 163]]
for a rigorous and extensive treatment of both the vacuum and the thermal KMS state, con-
structed at a finite time in a Hamiltonian approach to perturbative algebraic quantum field
theory in Minkowski spacetime via a distinguished time-direction using a one-parameter
group of automorphisms a;, where the interacting dynamics are related to free dynamics by
a co-cycle in the algebra of the free field; for a similar treatment of non-equilibrium steady
states see Ref. [64]. However, in FRW spacetimes there is no time translation invariance
and hence no abelian one-parameter group of automorphisms a; implemented as unitary
operators on a corresponding Fock space [18], i.e. there is no well defined Hamiltonian as
the generator of time translations and no strict notion of local thermal equilibrium in non-
stationary spacetimes. This has led to several innovative and interesting frameworks, e.g.
the Almost Equilibrium States of Ref. [65]], Local S, Thermal Equilibrium States found in
Refs. [23], and the Bulk-to-Boundary Approximate KMS States in Ref. [66].

In this work, we invoke the notion of a propagator-family [14,15] as a non-commutative
two-parameter family of automorphisms oy s such that o;, = ;5 © 5, and the following
group automorphism properties are imposed to ensure the dynamics are consistent with a

causal propagator:

Qi = 1 (386)
0, = Qg (3.87)
at,s(AsBs) = Oét’s(As) at,s(Bs)- (388)

We define the evolution of the state via the composition
wi(A) = ws(A) o Bsr = w( o s(As)) (3.89)

where 3, ; = 3, s o 55;. The infinitesimal generators of time shifts are then defined via the
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relations

Qps = dioayg (3.90)
Bs,t = B0 (3.91)
where
L . Qrpntt — Qg
s AT A (392
e Brirar — B
s AT (399
such that
Qs (AsBs) = Ay s(As) By 4+ Ay G o(Bs). (3.94)

We may not equate Eq. (3.92) with the Heisenberg equation of motion in non-stationary

spacetimes; however, we may define a generator of a perturbed time shift via the relation
5 (A) = B, Al (3.95)

given
ft = it o (0 + 553)- (3.96)

with ﬁft = 1 and time dependent perturbation F;. Hence, we let

ﬁtlj,tf (Atz) = ﬂ(tﬁ ti)_lﬁti,tf (Atz) ﬂ(tf, ti) (397)

where

Uty 1) =T {exp( i / 7t BM(PS))} (3.98)
t;
with TJ...] as the time ordered product and $(¢s,#;) ™" := $A(¢;, ;) such that
Wi;(A) = w( 5£,tf(Ati) ) = w( s, (Ar) ) © Ve, (3.99)
given 7y, ., := Ad U(ty, t;)~1. The generalized excited state may now be written as

WP (AA) = w( 5£,ti<AtiAti) ) o wlag,, (Ay) g (Ary) ) 0 Yy
Y w(BE (1)) (L) 0 Yons -

(3.100)
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3.3.5 Excited States via Generalized Perturbative Interactions

We begin with the classical Lagrangian . = %, + %} given an interaction term of the

general form

L= =Y R, (3.101)

where k; as a perturbative coupling parameter and ®; as any polynomial in the field ¢. In-
teracting time ordered products as elements of the free field algebra are in general expressed

via Bogoliubov’s formula

T[H/dﬂi fiq)i:| = Zan[H/dﬂi fi®4s /d# 931@)"}» (3.102)
i=1 n ) i=1

where R,,[...] is the retarded product to order n, as defined in Sec. 4.1 of ref [13] and
0 € D(Mg) a smooth function of compact support. This is of course a well studied per-
turbative power series with no expectation of convergence and we do not rigorously prove
the existence of F; here. Instead, we invoke the axioms and analysis of Ref. [13] such
that if the perturbative quantum field theory satisfies the field equations in the presence
of an arbitrary classical current source J(z,) we may at least rely on Wick polynomials
W7 € W(Ms, g, J) as self-interactions in the form of an arbitrary but finite n'* order per-
turbative correction to ¢ and more generally on the existence of time ordered products and
a conserved stress-energy tensor. Hence, we follow Ref. [13] in constructing an interacting

theory with .7 given by the very general, yet nontrivial, classical interaction Lagrangian
L =—J(x,)o(x,). (3.103)

The interacting quantum theory, now generated by elements of W( My, g, J), is con-
structed such that egs. (3.55]) and (3.56) remain satisfied by the sourced A7 (f) and W(Msx, g, J) —
W(My, g) via the relation

AN K f) = / dpg f(x,)J(z,) - 1 (3.104)
where Eq. (3.57) is recovered in the case of a vanishing source.

In order to derive a general expression for the excited state w/ (A”(f)A”(g)) we ex-

press the time averaged perturbation as

iy
P, = f@/ dtu/d?’u O(t,, 0)W, (3.105)
t;
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with 0(t,,, @) = h(t,)® (@) such that the adiabatic limit corresponds to the constant function
(@) = Lonsupp f € MU = {(t,,@)| t; < t, < t}. (3.106)

Hence,
Uty t;) = —m/ dt,, /d3uh (3.107)
——/ dt/ dt, /d3 /d%h {W"W"}

truncated to second order in x. The perturbed state wtp; (AA) of Eq. (3.100), rewritten as

w(u—lm, 1) AT Alg) (k1) )

wy (A7()A”(9)) :
w ( ﬂ_1<ti, tf) 1 ﬂ(tl, tf) )
(3.108)
may now be expressed
LW NG = (oA (DA )+ (3 / i, [ oo
T[W/] A7(f) A7 (g) TIW] = A7(f) A7 (g) T(W,] W]

LT A (f) A () T[vm T WJ] A"(f) A7(g) ]) }

{w(1)+w(%2 /t;f dtu/d?’u/: dtv/d?’v h(tu)h(tv){

T T — T W) T T — T W) D }
(3.109)

X
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Closed-Time-Path

|t Wi W
t; ty tu t f
Wy Wy

Figure 3.3: Closed-time—path evolution for the finite macroscopic cosmological time interval ¢;,¢; € Iy,
givent; < t, < t, <ty on the forward(+) branch t; < ¢, < t, < t; on the backward(-) branch.

W (A(f)A(g) = Zw{wtf<A<f>A<g>

)
K2 [t ty ty iy
+ w(— dtx/d?’x/ dtu/d?’u/ dtv/d?’v/ dty/dgy{
2 ti t; t; t;
St it bttt )

W;A;A;Wj — A;A;WJWJ + W;A;A;WJ — W;I/I@;A;A;j))] }
(3.110)

where

K2 [ ) ty
Zw = 1 - Wtf (?/ dtu/dju/ dtv/dgv h’(tu)g(tv)|:
t; t;

W, W, —Wiwr + W, W — W;W;D (3.111)

is a state dependent normalization factor. Here, we replace the superscript J of the sourced
field with the time-ordering index =4 corresponding to the forward(+) and backward(-)
branch of the closed-time-path depicted in Fig. In addition, we relabel A7 as A7
and A; as A to denote that no point z,, € supp f(z,,) is in the past of 3, € supp g(y,).
This is equivalent to the Schwinger—Keldysh “in—in” formalism and hence appropriate for
far-from-equilibrium interactions. Notably, the CPT theorem in FRW spacetimes relates an
in-state in an expanding universe to an in-state in the corresponding contracting universe
[S7]. We also note that both the excitation and the perturbative portion of the normalization
factor, i.e. the terms proportional to 2, are finite via the properties of Hadamard states.

Equivalently, we may write the symmetric part of the perturbed state as a homogeneous
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and isotropic quasifree state restricted to the Cauchy surface >,
WM (A(fA(g) = 8 / dk K X | Xp (O fr 95 (3.112)

for all ¢ > t; where, for example, the source J(z,) vanishes for ¢ ¢ I,. Here, %g’f is
now the polynomialy bounded function perturbed via the generator P, and X(t) the mode
functions defined in Eq. (3.69)), such that

Xt o= Z[ae + K2 wt<®kUdt /d3 / dt., /d3 / dt/d3 /dt /d3{
t
f(te, ©)g(ty, y)h(tu)h(
X [WquA;Wj - A;A;WJWJ + W, A AW, — WUWUAIA;} })1
(3.113)

given %% as the polynomially bounded function, as defined in Eq. |i for the state
wo(A(f)A(g)) specified at the time ¢; and the differential operator D), defined as

P — —1
—~ RS d
Dy, = (87 X0 fz g,;) o (3.114)

3.4 Renormalized Energy Density from the Algebraic State

In this section we derive Eq. (3.132)) as the general form of the renormalized, perturbed
energy density via interacting quantum fields in cosmological spacetimes. This constitutes

the main result of this work and was derived for the first time by this author in Ref. [28]].

3.4.1 General Form from the Perturbed Stated

Following the formulations and results in Refs. [38, 8, 9], we now review the expec-
tation value of the energy density of a minimally coupled, i.e. £ = 0, free scalar field in
an arbitrary mixed state propagating in a non-stationary FRW spacetime background. We
begin with the expectation value of the renormalized stress-energy tensor, taken in the free

field limit at a finite cosmological time ¢ > ¢ and restricted to the total diagonal such that

W( Ty (: A7 1)) =

{W&P (ﬁw y[As Ay]) - Bxy]H (T, Yu) +

Ty = Yu
(3.115)
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Here, the bi—differential operator D is defined

)

. 90 1 ay7b
D,y = <8aab+ VeV —|—m> (3.116)

and the purely geometric Hadamard parametrix is expressed

1 xwyu) " Ue@w%t)
]Hn(xlhy,u) - lelﬁ)l A2 |i aé(quﬁyﬂ Z V ( lOg L2 )

(3.117)
where V,,, satisfies the so called Hadamard recursion relations (see e.g. Ref. [38]).
< 1
H (20, yu) = 2 Hy (2, y) + Hi(yp, 74) (3.118)
is then the symmetric Hadamard bi—distribution truncated to order n = 1 where
1 7> S
Vi = —ng]Hl(xu,yﬂ) (3.119)

and C,,(x,) carries the renormalization freedom of Wick products contained in a con-
served stress-energy tensor.

The renormalized energy density of the perturbed state, taken in the free field limit for
n(t) > ny, is found via the restriction of the stress-energy tensor; first to the partial diagonal

n = 1y = n(t) then in the coincidence limit # = ¢ such that
Py
& = wyi(Too: A%(f) 2) ), (3.120)

This is a nuanced expression that we briefly explain term by term. Here,

1 o Py 1
= — . dk {k2 %E @ a—? |:|XI%(77)|2 — CLth(|XE(7])’2)/

272

o (Busfanat))

a=y
+ (K* + aim® + atHQ)\X (77)]2] }
(3.121)

is the divergent mode integral with mode functions X;(n) found via the SLE minimized en-

ergy density of the ground state and the polynomially bounded function %kf”(t) determined
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by the perturbation P, via Eq. (3.113).

S 1 12 m?+ H? 1
Doy Hi(f, 9)lo=y = rﬂ[—a_gz(fw 2a7 tE(f)
m4 2m2Ht2 2Hth 6HthQ HtQ
m- 2t (1 log(a?
+ (16 6 T 16 T 16 16)<00(f)+ 0g<at))
O R TH2  H,\ m* HY 11HH,
g 2 e T it
T T ( 24 4) 8 80 120
61H2H, 19H?2
_ te ¢ : (3.122)
120 240

where the singular counterterms given by the symmetric distributions 7%, 72, and lo, are

defined via the convolutions

2 — 1 3. V()

) =l ) T (3-123)

1 1 s J(@)

)=t ) e G129

log(f) = /d%f(f)log(f?), (3.125)
R3

for a fixed f € C§°(IR?) are the geometric contribution of the parametrix. Here, the sum of

the singular terms may then be rewritten as a mode integral, i.e.

1 .
lim —— / di K2T(k) exp(i[F - 7 + ike]) =

el0 272

se{ — G )+ () + Elon()

T+ +

+ 47r/ d%f(f) A}im [/Mdk:k(k:l(k:)
R3 - | Jo

— ¢ k- €0> - ¢ ( log(ML)—1+ ’yEM> } }
(3.126)

where v, is the Euler—-Mascheroni constant and the integrand 7 (k) has asymptotic be-

havior

1
Cn _
I(k—o00)=Y_ gt + O 5, (3.127)

m=—1

such that the subtraction of singular terms may occur inside the mode integral of Eq.
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(3.121)); and

1= s
_Kanl(fagNa::y = 3

1 /3H? [, TH?H, TH,H
( t+ﬂ t t+ t41¢

3 472\ 40 20 60 20
29HY  m* mPH? m2H,
— - — . 3.128
60 8 2 1 (3.128)
Coo( n(t) ) = c1m4g00 + C2m2G00 + (3C3 + C4)(6Ht2 — 12ﬁth — 36Hth2)
(3.129)

allows for a renormalization freedom via the coefficients ¢y 2 34y, Which are not fixed a
priori in the theory. However, they may be constrained either by experiment or physical
arguments. This is to say that ¢; and ¢ correspond to a renormalization of the cosmologi-
cal constant A and Newton’s constant GG respectively, as quantities appearing in Einstein’s
equation, while the sum (3c3 + ¢4) is constrained by higher order derivative corrections to
the semiclassical field equations. In this work we take the position that ¢y 3 43 are not free
parameters at the length scale, L of Eq. (3.60), probed by current experiments that support
the A-CDM model and we omit the afforded freedom. However, we do embrace renor-
malization of the vacuum energy density where the requirement that this scheme reduces
to normal ordering [8} 13, 156], i.e. subtraction of é"g as the reference state in Minkowski

spacetime where

1 [ &k
0 = - = - up — — . 2
Fiu = 2/0 2n)? {ITMI + Q| T () } (3.130)

fixes ¢; as a function of L such that

4

m 3
¢ (L) m'gy, = ~353 <log(mL) —log(2) — i 'YEM) 200 (3.131)

P

Hence, we find as our main result the general expression for &, """ as the renormalized,

perturbed energy density of a massive, minimally coupled scalar field in the free field limit
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to be
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2a}  k 4a? k3 16
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9672 12872 9672 '

(3.132)

3.4.2 Trilinear Interaction Example

As an example of a concrete realization of Eq. (3.132) that is in principal amenable to

a numerical calculation we choose here the perturbation F; to be the product
nf
P, = /-4;/ dny, / d*u 0(n,, @) AyB,C. (3.133)
i

corresponding to a trilinear scalar interaction with classical Lagrangian

L1 = —KQ10203. (3.134)

We concede that such a product is not the self-interacting Wick polynomial W,, employed
in the previous section, however we believe this example highlights key features of the

perturbed energy density and is thus useful. In this instance, the perturbed stated may be
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written

R ADNAG) = Z{ S A)AG)

ey [ fee [ d”u/d3/ i o [, [ o]
i
S (e, ©) g (ny, 9 R(10) 10 (@) A1)
. (A;B;C;A;A;“AijCj _ A;A;AIBJCJA;LBJCJ

+ A B, CyA ATATBICr — AJB CyA B C A A] )D }

(3.135)
where
Z, = ( / i, [ / an, [ [ d?’{ Dh(n,)9(?)
« {AuBuCuAijOj L ATBCRATBCH
+&&q@mq—m&q&mq”) (3.136)

Taking, as an example, the first term of order x? in Eq. (3.135), defined as w(u~" 2~y v ™),

we may expand it as a homogeneous and isotropic quasifree state such that

K2 ) g g n(t)
wu z ytvt) = Zw (E/ dnm/d:sx/ dnu/dSu/ dm/d?’v/ dny/d:gy[
i i i i

F 010y )9 1y R (0 Y @) 1, Y (6) AuBucquA;A;B;c;})
(3.137)

becomes

Wyt = 7, w( /W) /dS/ dnu/cﬁ/ dm/ds/ /d?’[
f (N, £)g(ny, §)R(0) (@) h(0,) 1) (D)
AL AL A AT By BEAC )
+ w(A; ADw(A Ay )w(B, B )w(C, CF)

+ w(AxA;r)w(AuAj)w(BuBj)w(CuCj)} } (3.138)
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given the cluster property w(A,B,) = w(A,)w(B,) Vt ¢ I;. In addition, we may simplify
Eq. (3.138) via a cancellation of terms of the form

—sta(na@) 5 [Man [ @ [" i [aonmsmnm

ot ante o) |
by a similar expansion of Z, where we now write
ny nf
wu z-ytvt) = —/ /d3 / dnu/d3 / dm/d?’/ dny/d3 {

S (e, ) g (0, ) M) () R (1,
Y [w<Aqu>w<A;A:>w<BuBi>w<cuc:>

w(A;Aj)w(A;A;j)w(B;B;“)w(C’;C’;“)} } (3.139)
Taking the limit ¢» — 1 and carrying out the spatial integrals we find

wu z ytot) /d3 /d3 /n(t) / / dnu/ dm{

fk(ﬁm).@ (77) (nu (nv)
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(3.140)

via the construction of the homogeneous and isotropic Hadamard states of Eq. (3.66). Here,



we introduce a more compact notation with the expression

wyy(u” "y o" /d3 / / / dnu/ dm{

2 (XX + X0 X0 ) D ) |

(3.141)

where
D" ()= / d%{%‘*(%mmnifﬁ(m)%)

< 22 (T ) + 2o %o )
(3.142)

A similar treatment of the remaining terms in Eq. (3.135) allows the function %J’ @
Eq. (3.113) to be written as

Py 0 g g
361Z :%E + |X ‘2 dnu dm h(n,)h(n,)

(3.143)

Here, the exact form of the perturbed state first requires the form of %%, ﬁii, and (,@%i;,
In order to carry out a numerical calculation these functions may simply specify that of the
SLE vacuum or, for example, a Bulk-to-Boundary Approximate KMS state. On the other

hand, additional interactions may be considered such that a system of coupled equations for
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. P . .
X9, 2 and 22T may be employed. In addition, &, ", as a function of H,, is of course
B P k—p A

subject to the so called back-reaction problem via the semiclassical Friedmann equation
8t
H} = — w/ (TOO(: A(f)? ;)). (3.144)

However, we may still in principal carry out a concrete numerical calculation by imposing
the solution for a;, i.e. we may take a; to maintain a fixed form of aﬁA) o exp(Hat),
al” o (t — ;)2 or a{™ (¢ — t;)*/? during an epoch dominated by a constant vacuum

energy (), radiation (r), or matter (m) respectively.
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Chapter 4

Conclusion

In this work we began with first principles of algebraic quantum field theory in curved
spacetime where we employed both the SLE construction of renormalizable ground states
and a two-parameter family of automorphisms, including a time averaged perturbation,
in describing the dynamics of a dense environment of interacting quantum fields in FRW
spacetimes. We then derived for the first time Eq. (3.132) as an expression that is in princi-
pal amenable to a numerical calculations for the renormalized energy density of a massive,
minimally coupled free scalar field perturbed during a finite time interval via quantum
interactions, including those far-from-equilibrium, while propagating in a non-stationary
spacetime background. This algebraic expression is thus appropriate for computing cos-
mological observables, i.e. relic abundance calculations associated with common proposals
for quantum matter production in the early universe, in order to determine if there are dis-
parities between the algebraic approach and the general approximation, that are in princi-
ple experimentally verifiable by future high-precision electromagnetic and/or gravitational-
wave detectors. If there are indeed discernible disparities they may serve to illuminate the
interplay between quantum interactions and the dynamics of classical spacetime.

An additional application of the algebraic state containing the perturbation derived in
Eq. is a search for finite time and density corrections to the standard calculation
of the observable power spectrum of super-Hubble fluctuations of the proposed quantum
field responsible for inflation. Beginning with the linearized Einstein—Klein—Gordon sys-
tem these fluctuations may be quantized according to the algebraic framework. The gauge
invariant perturbations of the field, and hence the comoving curvature perturbations, may
then be given the standard treatment via the Bardeen potentials and the Mukhanov—Sasaki
variable, i.e. a Klein—Gordon field with time-dependent mass. An examination of the
spectrum found via the perturbed two-point function may then be compared to that of the
spectrum computed in the Bunch—-Davies vacuum state. Furthermore, corrections arising
from this perturbed algebraic calculation may be probed by a direct comparison with exist-
ing calculations carried out in an effective field theory approach to the operator framework.

We leave this for future work.
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