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CHAPTER 1
INTRODUCTION

I.1 History

The mathematical area that this thesis focuses on is asymptotic group theory. Over the last 5 years, I have
been learning about several different functions, all of which are “large-scale” invariants of the groups they
are associated to. Although the foundations for asymptotic group theory were laid a long time ago, the
subject as it is known today was introduced by Gromov, in 1987, in [Gr]. In his subsequent monograph,
[Gr2], the so-called Gromov’s program was introduced. The goal of this program is to classify all finitely
generated groups with the word metric up to quasi-isometry. This includes the study of properties of a
group that do not change under quasi-isometry. Some specific such ideas that will be introduced in this
dissertation include the growth function of a finitely generated group. Another direction for research is the
idea of using geometric techniques to study quasi-isometry invariants of groups in order to obtain algebraic
results. For instance, in the case of free nilpotent groups, we are able to give an algebraic description of
the collection of subgroups for which there exists a quasi-isometric embedding. The excellent paper [Dr]
contains a description of this kind of background and more.

The building blocks for all of this theory was put into place long before the 1980’s, although as men-
tioned above, that was the time that the field of geometric group theory started to develop as it is known
today. In the 1910’s, Max Dehn posed the word problem for groups. Dehn’s algorithm was created to solve
the word problem for fundamental groups of surfaces (in particular closed orientable surfaces of genus at
least two). Small cancellation theory was introduced by Grindlinger in the 1960’s, and further developed
by Lyndon and Schupp. It was later seen that Dehn’s algorithm solves the word problem in certain small
cancellation groups. The study of van Kampen diagrams has been invaluable in modern combinatorial group
theory, which studies presentations of groups. These kinds of ideas, combined with the fundamental notion
of the Cayley graph and word metric of a group, are all the foundations of the type of mathematics I have
been working on. For instance, the Dehn function, named after Max Dehn, is of interest to many people.
One particularly remarkable result in this area is that of Birget, Rips and Sapir in [SBR] describing which
functions can be Dehn functions of finitely presented groups.

Although not included in this dissertation, I have considered the study of Dehn functions in [D]. There it
was proved that every finitely generated nilpotent group of nilpotency class 2 is isomorphically embeddable
into a group with a quadratic Dehn function. Also, that the central product of @ copies of an n-generated,
2-nilpotent group has quadratic isoperimetric function. This generalizes the work done in [OS2].

There are many connections indeed between topology, geometry and group theory. However, the field
of geometric group theory encompasses even more connections that that. There are also important bridges
with the study of algorithmic problems. For instance, another function which will be studied in detail in
this thesis is the distortion function associated to a particular embedding of one finitely generated group into
another. The distortion function has deep connections with the (algorithmic) membership problem. It was

observed in [Gr2] and proved in [F] that for a finitely generated subgroup H of a finitely generated group G



with solvable word problem, the membership problem is solvable in H if and only if the distortion function

of H in G, A%(1), is bounded by a recursive function.

1.2 Motivation

This thesis will introduce several important ideas from geometric group theory. The main types of groups
that we will study are nilpotent and solvable. These kinds of groups are generalizations of abelian groups.
In particular, we will study free nilpotent and free metabelian groups, as well as have a discussion of free
solvable groups. We will also study wreath products of finitely generated abelian groups. The kinds of
asymptotic (large scale geometric) notions which we will associate to these groups are the relative growth
function and the distortion function. We will also consider semigroups.

Let us turn our attention to distortion. The main motivation for studying the distortion function is
twofold. First of all, it is interesting because of its connections with the algorithmic membership problem,
just as the study of Dehn functions is motivated by the word problem. Also, it is interesting to study from the
point of view of geometric group theory because it provides yet another way to view (extrinsic) geometry of
groups, and because it is an asymptotic invariant.

There has been a wide range of work done on distortion in finitely generated groups. For instance, the
complete description of length functions on subgroups of finitely generated and finitely presented groups can
be found in [O] and [OS]. This answered a question posed by Gromov. Other interesting finitely generated
groups with fractional distortion are constructed in [Br]. In [Ge], an example of a subgroup whose distortion
is stronger than any multi-exponential function is constructed. In [U], it is shown that there are certain (free
solvable) groups for which the membership problem is not solvable, leading to the existence of embeddings
with no recursive upper bound on distortion. In [Os2], the formula for distortion in finitely generated
nilpotent groups and nilpotent Lie groups is obtained.

Note that wreath products A wr B where A is abelian play a very important role in group theory for many
reasons. Given any product G = CD with abelian normal subgroup C, then any two homomorphisms from
A — C and B — D (uniquely) extend to a homomorphism from A wr B to G. Also, if B is presented as a
factor-group F /N of a k-generated free group F, then the maximal extension F' /[N, N] of B with abelian ker-
nel is canonically embedded in Z* wr B (see [M].) Wreath products of abelian groups give an inexhaustible
source of examples and counter-examples in group theory.

For instance, the group Z wr Z is the simplest example of a finitely generated (though not finitely pre-
sented) group containing a free abelian group of infinite rank. In [GS] the group Z wr Z is studied in con-
nection with diagram groups and in particular with Thompson’s group. In the same paper, it is shown that
forHy=(---(Z wr Z) wr Z) - -- wr Z), where the group Z appears d times, there is a subgroup K < H; x H;
having distortion function Ag" xHa (1) = 1. In contrast to the study of these iterated wreath products, here we
obtain polynomial distortion of arbitrary degree in the group Z wr Z itself. In [C] the distortion of Z wr Z
in Baumslag’s metabelian group (cf. [B]) is shown to be at least exponential, and an undistorted embedding
of Z wr Z in Thompson’s group is constructed.

We also consider the relative growth function associated to a subgroup of a finitely generated group.

The notion of relative growth was first introduced by Grigorchuk in [G2]. The relative growth of subgroups



in solvable and linear groups was studied by Osin in [Os]. He provided a description of relative growth
functions of cyclic subgroups in solvable groups, up to a rougher equivalence relation then the one we
will use in this dissertation. He also provided a negative example to the following question: Is it true
that the relative growth functions of subgroups in solvable groups (linear groups) are either polynomial or
exponential? However, the growth of any finitely generated subgroup of a free solvable groups is either
exponential or polynomial. In this dissertation, it is the connections between the relative growth of cyclic

subgroups, and the corresponding distortion function of the embedding that is studied.

1.3 Results

One of the results of this dissertation is an understanding of some connections between relative growth of

cyclic subgroups in finitely generated groups and distortion, and is summarized in the following.

Theorem 1.3.1. 1. There exists a cyclic subgroup G of a two generated group H such that Ag(r) is not

bounded above by any recursive function, yet f,¢(r) is o(r?).

2. For any cyclic subgroup G of a finitely generated group H such that Ag(r) is not bounded above by
any recursive function, we have that f,.;(n) cannot be bounded from above by any function of the form

#zr) where the effective limit of g(r) is infinity.

A large part of this dissertation is focused on computing distortion in free nilpotent groups and wreath
products of cyclic groups. A classification of subgroup distortion in finitely generated free nilpotent groups

is given by the following theorem.

Theorem L1.3.2. Let F be a free m-generated, c-nilpotent group. A subgroup H in F is undistorted if and
only if H is a retract of a subgroup of finite index in F.

When the undistorted subgroup H is normal in F' we may further refine our classification.

Corollary 1.3.3. Let H be a nontrivial normal subgroup of the free m-generated, c-nilpotent group F, and
assume that ¢ > 2. Then H is undistorted if and only if [F : H| < oo

This led to the question of distortion in free metabelian and free solvable groups. As will be explained
in more detail later, the question of distortion in free solvable groups is not good for study, because there
exist subgroups with distortion greater than any recursive funciton. In the course of studying distortion in
metabelian groups, the effects of subgroup distortion in the wreath products A wr Z, where A is finitely
generated abelian were considered. This is due to the fact, which will be elaborated on later, that distortion
in free metabelian groups is similar to that in wreath products of free abelian groups. I was able to prove the

following.
Theorem 1.3.4. Let A be a finitely generated abelian group.

1. For any finitely generated subgroup H < A wr Z there exists m € N such that the distortion of H in
AwrZis
A?IwrZ(l) ~ M



2. If A is finite, then m = 1; that is, all subgroups are undistorted.

3. If A is infinite, then for every m € N, there is a 2-generated subnormal subgroup H of A wr Z having

distortion function
A?IwrZ(l) ~ M

In the future, I would like to expand on these ideas to a larger class of wreath products, with the ultimate
goal of obtaining a further understanding of distortion in solvable groups. This goal and others will be
discussed in more detail in the section on Future Work at the end of this manuscript.

In terms of semigroup theory, my work was motivated by the work done for groups by Olshanskii in [O],
[O2] and by Olshanskii and Sapir in [OS]. I described for a given semigroup S, which functions / : § — N
can be realized up to equivalence as length functions g — |g|y by embedding S into a finitely generated
semigroup H. 1 also provided a complete description of length functions of a given finitely generated

semigroup with enumerable set of relations inside a finitely presented semigroup.



CHAPTER 1
PRELIMINARIES

We begin by providing a wealth of background information, including all necessary definitions and
notation, as well as more motivation on the subject. As mentioned in the introduction, to understand infinite
groups in general, it can be useful to study their geometry, up to quasi-isometry. It is this understanding of
the geometric properties of a group that can help us ultimately understand its structure. We begin with some

background in basic group theory.

1.1 Basic Group Theory

First we introduce the most basic notion of a nilpotent group. We will use the notation that for elements
x,y of a group, [x,y] = x "'y~ !xy and ¥’ = y~'xy. We also use the notation that for a group G, the derived
subgroup is G’ = (G, G| = gp{{[g,h] : g,h € G}) and the center is Z(G) = {x € G : gx = xg for all g € G}.

Definition I1.1.1. Let G be a group. Then G is called nilpotent of nilpotency class ¢, or c-nilpotent, if the
descending central series
G=G12G,2G32---2Gqy1 ={1}

terminates and satisfies G, # 1, where by definition G = G, and G; = [G;_,G], for all i > 2. Note that G;

is also sometimes denoted by ¥;(G), and G, = G'. We will use all this notation interchangeably.

Definition II.1.2. Let G be a group. Then G is called solvable of solvability class ¢, or c-solvable, if the
derived series
G=6Vo2G?o2G®o...0G = {1}

terminates and satisfies G() # 1, where by definition G = [GU~1) G~V for all i > 2.
Lemma I1.1.3. Let x,y,z be elements of any group. Then |xy,z] = [x,z]"[y,z] and [x,yz] = [x,z][x,y]*.
Proof. The computations are simple:

1 1

by =y I e yz =y I e gy T e vz = [ 2P 7

and

1 1. -1 1

eyl =x 'z y yz = e vz Iy iz = [ 2 ey

O]

Some commutator identities hold in nilpotent groups. In [H] special cases of the following facts are

discussed. We provide detailed proofs.

Lemma I1.1.4. If G is c-nilpotent, then the following identities hold:



[xy,z) = [x,2][y,2] and [x,yz] = [x,2][y,2] if z € Ge—1 (IL1)
2.
X1y s VZyeeesXe] = X1y ey Yooy Xe| X1y ey 2y e e Xe] 1.2)
3.
X xl] =[x, x M formg, L ne € N (IL.3)
Proof.

1. Because G is c-nilpotent, G. C Z(G). Therefore, by Lemma I1.1.3, if z € G, then [xy,z] = [x,7]*[y,z] =
[x,2][y 2.

2. We proceed by induction. By Equation (II.1), we have that the identity holds in case ¢ = 2. Observe that
X1,y Y2y Xe] = [[X1,---,YZ, .. .],xc]. By induction hypothesis, this equals

X1y osy o oxel %y .- -2, - -], xc]. By LemmaI1.1.3, this expression equals [x1,...,y, ..., X ] [x1,. ., 2, ..., Xc].
Because 7.(G) C Z(G), we see that

X1y Yy XXy ey 2y X = X1y ey 2y ey X X2y X

3. By equation (IL.1) we have that [x',... x| = [x;,x5? ..., x][x|'""",...,x/] which, by induction on n;,

equals [x1,x57 ..., x%]™. By induction on c,

X2 xie) = [x2,...,xc]™ e

Therefore,
] = e, x ™ = e, [, X

By equation (II.1) we have that
[x1, [y ooy xe) ™)™ = ([x1, %2, -+, Xe] [xl,[xz,...,xc]”z"'""*l])”l.

By induction on n; - - - n., the previous expression equals [xy, ..., x.]" 7. O
Next we will look at free objects in the class of nilpotent groups, and their properties.

Definition II.1.5. A free n-generated class ¢ nilpotent group G, . is a c-nilpotent group with generators
¥1,...yn defined by the following universal property: given an arbitrary d-nilpotent group H for d < ¢ and
elements hy,...,h, € H there is a unique homomorphism ¢ : G, — H :y;— h; foralli=1,...,n. We will

occasionally use the alternative notation F, . to denote the free n-generated, c-nilpotent group.
This generalizes the notion of absolutely free group.

Definition I1.1.6. An n-generated (absolutely) free group is a group F with generators xp, ..., x, satisfying
the following universal property: given an arbitrary group H and elements Ay, ..., h, € H there is a unique

homomorphism ¢ : F — H : x;— h;jforalli=1,...,n.



A free group is so named for two reasons. First, one is “free” to choose a homomorphism using the
universal property. Also, a free group is one in which no relations hold between the generators, so it is
“free” of relations. This is in contrast to a free nilpotent group, which is not free of relations. However, the
only relations present are those arising from the fact that the group is nilpotent. Observe that a free abelian
group simply means a free 1-nilpotent group. Free objects in other varieties (e.g. that of solvable groups)

are defined analogously to Definition II.1.6.

Definition I1.1.7. A linearly independent subset of a free abelian group which generates the group is called
a basis. The number of elements in a basis is called the rank of the free abelian group. All free abelian

groups are isomorphic to a direct sum of Z. The number of copies equals the rank of the free abelian group.

Let us look at some examples.
Example 11.1.8.

1. We have that G, = UT3(Z), where UT3(Z) is the group of all 3 x 3 unitriangle matrics with entries in
the integer ring. Moreover, the group UT3(Z) is also isomorphic to the 3-dimensional Heisenberg group
A3 = (a,b,c|la,b] = c,|a,c] = [b,c] = 1). It is easy to compute that this group has center {(c).. coinciding
with its commutator subgroup. It can be realized as a linear group under the identification

110 1 00 1 01
a=| 010 |,b=[0T11 |,ec=]1010
0 01 0 01 0 01

2. Consider the 2n + 1-dimensional Heisenberg group

A = (p1, Py g2l [pisg)]) = 2%, [pisd] = [g,7] = 1)
For each n > 1 this is a 2-nilpotent group.
Proposition I1.1.9. Let G, be an n-generated free 2-nilpotent group generated by {yi,...y,}, and F, an
n-generated absolutely free group. Then the following hold:
1. G, = F,/[|Fy, Fl, Fl-
2. The derived subgroup [G,, G, is equal to the center of G,. In particular, the derived subgroup is abelian.
3. [Gn, Gy is free abelian of rank @ with basis {[yi,y;] }i< ;.

4. The abelianization G, /|G, G, is also free abelian, of rank n.

Proof.

1. Let H = F,/[[Fy, Fy],F,]. Then clearly H is 2-nilpotent. Let F, be generated by xi,...,x,. Then by
definition of G,, there is a homomorphism ¢ : G, — H taking each y; to x;[[F,, F,],F,]. We must prove
that ¢ is a bijection. By Von Dyck’s theorem, because G, is an n-generated group satisfying the defining
relations of H, there is a surjective homomorphism y : H — Gy, : Y(x;[[F,, F,], F,]) = y; Vi. This is clearly

the inverse map to ¢, hence both maps are isomorphisms.



2. The fact that G|, C Z(G,) follows directly from the definition of 2-nilpotent. When n = 2 the reverse

inclusion holds because, as remarked in Example II.1.8, a presentation of G, can be given by (a,b,c|[a,b] =

¢,la,c] = [b,c] = 1), and the center of this group is explicitly computed to be (c), which is equal to the

commutator subgroup. Now let n > 2 and suppose by way of contradiction that there exists an element
k

w € Z(G,) — G,,. Write w = Hyfjf, k € N,g; € Z. Then because w is not an element of Gj,, the exponent

j=1
sum for some y;; is nonzero. Without loss of generality that the exponent sum of y; is nonzero. By freeness,

there is a homomorphism from G, to G, taking y; to y;, y» to y, and y; to 1 for all i > 2. Under this
homomorphism, w goes to a word w’ in Z(G,), such that the exponent sum of y; in w’ is nonzero, which is

a contradiction.

3. The fact that the given set generates G/, follows from the definition of derived subgroup, together with
Lemma II.1.3 and the fact that for any x,y € G, we have [x,y]"! = [y,x]. Thus is suffices to show the
generating set is linearly independent. Suppose by way of contradiction that there is a linear combina-
tion [xy,x2)2[xy,x3]43 -+ [x,_1,%,] ' equal to 1 with some integer coefficient a; ; # 0. Consider the
homomorphism from G, onto G, taking x; to x;, xj to x; and x; to 1 if k # i, j. Then in G, we have that

1 = [x;,x;]“, which is a contradiction.

4. A free abelian group of rank n can be given by the presentation A, = (ai,...,an|[a;,a;]i<;). Therefore,
by Von Dyck’s Theorem, because G,/[G,,G,] is a group which also satisfies these relations, there is an
epimorphism € : A, — G, /|Gy, G, : a; — yi[G,,G,]. Because G, is free 2-nilpotent, and A, is abelian, there
is also a homomorphism y : G, — A, : y; — a;. We have that G, /ker(y) is abelian, hence by definition
of derived subgroup, [G,,G,| C ker(y). Therefore the function G,/[G,,G,] — A, : g[Gn,Gn] — W(g) is
well-defined, and an inverse to €. Therefore € is an isomorphism. O

Definition I1.1.10. Let C be a class of groups (e.g. finite, cyclic, free). Then a group G is said to be virtually

in the class C if G has a subgroup of finite index in C.

The following definition is important because it is satisfied by all finitely generated nilpotent groups (cf.
[B2]).

Definition I1.1.11. A group is said to be polycyclic if there exists a finite subnormal series 1 = Gy < G; <
.-+ < G; = G such that the factor G, /G; is cyclic, forall i = 0,...,I — 1. Such a series is called a polycyclic

series.

The following elementary Lemma will also be useful later. It is useful when proving that subgroups of

nilpotent groups are of finite index.

Lemma I1.1.12. If G is a finitely generated nilpotent group and H < G, then if some positive power of each
element of a set of generators of G lies in H, then |G : H| < o and a positive power of every element of G

liesin H.

A proof of this fact can be found in [B2], Lemma 2.8.
We will use the following definitions later in our study of undistorted subgroups in free nilpotent groups.



Definition II.1.13. Let G be any group, and H a subgroup of G. A map r : G — H is a retract if r is a group
homomorphism and r |y = idy. In this case, we also say that H is a retract of G.

Definition I1.1.14. A group G is a semidirect product of H and N, written G = HAN if N<G,H < G,HN
N ={1},and HN =G.

Lemma I1.1.15. A subgroup H of a group G is a retract if and only if G is a semidirect product of H and

some normal subgroup N of G.

Proof. First, suppose that H is a retract of G under a homomorphism ¢ : G — H such that ¢ |y= idy.
Let N = ker(¢). Then N <{G. We will show that G = HN. Let g € G. Then observe that g = ¢(g)p (g~ ')g
where §(g) € H, and as we will show, 9(g~1)g € N. Indeed, ¢ (9(g~1)g) = 6(0g~)0(2) = 9(g~ )9 (g) = 1
because ¢(g~') € Hso ¢(¢pg~') = ¢(g~"). Now suppose that G = HAN. First consider the map y : H <
G — G/N : h+— h+— hN. Observe that  is an isomorphism of H with G/N. Clearly y is a homomorphism,
by its defintion. Also, & € kery if and only if # € NN H which occurs if and only if 2 =1, and so y is
monomorphism. To see Y is surjective, take any gN € G/N, which we may write asg = hn where h € H,n €
N, s0 gN = hN = y(h). Next, let ¢ = y~! : G/N — H. Then define & : G — H : a(g) = ¢(gN). We claim
that o is a retract. It is a homomorphism because it is a composition of two homomorphisms. If 4 € H then

o(h) = ¢ (hN) = h, so « yields the identity map when restricted to H, as required. O

II.2  Asymptotic Group Theory

A main tool for studying large scale geometry of groups and metric spaces is the notion of quasi-isometry.
Definition II.2.1. Let (X,dx) and (Y,dy) be metric spaces. A quasi-isometry between X and Y is a map
q : X — Y such that:

1. There exists constants A > 0,L > 0 such that

1

7 dx(0y) =L =dy(qx),q(y)) = Adx (x,y) + L

forall x,y € X.

2. There exists o > D > 0 such that for any y € Y we have dy(y,q(X)) < D.

Example 11.2.2. 1t is well known that R and Z are quasi-isometric under the natural inclusion map (each
with the usual metric).

The notion of quasi-isometry is more flexible than the notion of isometry, and aims to capture infor-
mation about the large-scale geometry of a space. As in Example I1.2.2, the quasi-isometry confirms our
intuition that R and Z look the same “from an infinite distance”. The objects we wish to study will be

invariant under quasi-isometry.

Lemma 11.2.3. The Cayley graphs of a group G with respect to two different generating sets are quasi-

isometric.



Proof. Let S| = {g1,...g,} and S, = {hy,...h,} be two symmetric generating sets of G, and consider the
respective Cayley graphs (G,d;) and (G,d>). Let 1,75 € G. Then let k = di(11,%) = min{K|y; 'y =
iy - 8ix» 8i; € S1,Vi;}. Foreachi=1,...,n write g; = Hj."zl h, ; where each hy, ; € S;. Then

K Sig
1'% =g --gic = [T (1)
qg=1 j=1
Therefore, d>(y1,7) < c1k where ¢; = max{sy,...s,}. Therefore, d»(71,72) < c1d1(71,72). And by sym-
metry, we obtain the reverse inequality. This shows that the identity map is a quasi-isometry. O

I1.2.1 Subgroup Distortion

Another notion which will be investigated in this thesis is that of distortion of a subgroup.

Definition I1.2.4. Let M be a subgroup of a group G, where M and G are generated by the finite sets S and

T, respectively. Then the distortion function of M in G is defined as
AS N — N:n— max{|w|s:w €M, |w|r <n},

where |w|s denotes the word length of w in M with respect to the finite generating set S, and |w|r is defined

similarly.

We will only study subgroup distortion up to a natural equivalence relation. First, we define an ordering

on the set of all monotone functions from N — N.

Definition I1.2.5. We say that f < g if there exists C > 0 such that f(/) < Cg(Cl) for all | > 0. We say two
functions are equivalent, written f ~ g, if f < gand g < f.

This equivalence relation preserves the asymptotic behaviour of the function. In particular, it would
identify all quadratic functions, but distinguish a quadratic function from a cubic, or a polynomial of any
other degree. The distortion function does not depend on the choice of S and 7', if studied up to equivalence.
This follows from the proof of Lemma II.2.3. Moreover, if [G : H| < o then H is undistorted in G. This
follows by [Al] because [G : H] < oo implies that H embeds quasi-isometrically into G.

If M is infinite, then the distortion function is at least linear, so one may use the expression Cg(CI+C) +
Cl+ C in Definition I1.2.5 of equivalence rather than Cg(Cl), without changing the equivalence class of the

distortion function. We will use this in some of our later estimates.

Remark 11.2.6. Suppose there exists a subsequence of N given by {/;};cny where [; < ;4 for i > 1. If there
exists ¢ > 0 such that l’li,‘ <c,foralli>1,and f(I;) > g(l;), then f > g.

Definition I1.2.7. The subgroup M of G is said to be undistorted if AS;(n) ~ n.

If a subgroup M is not undistorted, then it is said to be distorted, and its distortion refers to the equiva-

lence class of A (n). The distortion function measures the difference in the metrics induced by generators

10



of G and M. Intuitively, a subgroup M of a group G is highly distorted if one must travel a long distance in
the Cayley graph of M whereas traveling between the same points in G takes a relatively short distance.

It is also true that any retraction of a group is undistorted. To see this, one takes a generating set of
the subgroup H to be the images under the retract of a finite set of generators for the big group G. Let

¢ : G — H be a retraction. Let {g;,...,g,} be a finite generating set for G. Select the finite generating

set {¢(g1),...,0(gn)} for H. Then if h € H, we have h =g;,---gi;, so h=¢(h) = ¢(gi,)---d(gi,) SO
|h| < |h|G, which implies that H is undistorted in G.

Example 11.2.8.

1. Consider the three-dimensional Heisenberg group
A% = (a,b,c|c = [a,b],[a,c] = [b,c] = 1).

Consider the cyclic subgroup M = (a)... This subgroup is undistorted, because it is a retract.

2. Consider .7 again, and this time consider the cyclic subgroup N = (c)... This time, N is distorted and in
fact it has at least quadratic distortion. To see why this is true, notice that the word ¢ has quadratic length
in N, but that in .73, we have

¢ = [a,b]" = [a",b"]
which has at most linear length. Observe that M =2 N =2 7Z, so distortion depends heavily on the embedding;
i.e. it is not well-defined to ask whether the integers are distorted in .7>. However, whenever we speak on

the distortion of a specific subgroup, we will always understand what the underlying embedding is.

3. Consider the Baumslag-Solitar Group BS(1,2) = (a,b|bab™" = a?). This group may be concretely

()

It has cyclic subgroup (a) with at least exponential distortion. Indeed,

recognized as a matrix group under

a2 = <02)2n—1 _ (babil)szl _ [(babil)z]zH _ [ba2b,1}2nfz _

= [PPab " = = Dab ",
The following result of Osin will be very useful to us later on.

Proposition I1.2.9. Let G be a finitely generated nilpotent group, and M a subgroup of G. Let M° be the
collection of elements of M having infinite order. For m € M°, let the weight of m in G be defined by

vg(m) = max{k|(m) NGy # {1}}

and similarly for vyr(m). Then
A (n) ~n"

11



where
vG(m)

r = max .
meMO VM(m)

A proof of this fact can be found in [Os2], Theorem 2.2.

Corollary I1.2.10. If G is nilpotent of class ¢ and M is cyclic, then
AS (n) =~ n?

where d € N and d < c.

Because we are only interested in the equivalence class of distortion functions, we will sometimes use

the “big-O” notation to describe asymptotic behaviour. We record here its precise definition.

Definition I1.2.11. Let f, g be defined on some subset of the real numbers. We say f(x) = O(g(x)) if there
exist xo € R,M > 0, such that | f(x)| < M|g(x)| for all x > xo.

We recall a couple of other similar notions.
Definition I1.2.12. We say that a function f(r) is o(g(r)) if lim L o,

Definition I1.2.13. The effective limit of a function g(r) is infinity if there is an algorithm that given an
integer C computes N = N(C) such that g(r) > C for every r > N.

I1.2.2 Relative Growth
Finally, we discuss some background information on relative subgroup growth.

Definition I1.2.14. Let G be a finitely generated group finitely generated by 7 with any subgroup H. The

relative growth function of H in G is
free ! N—=N:r—#{geH:|glr <r}=#(Bs(r)NH).

It is natural to use a slightly different equivalence relation to study relative growth functions. We also
use a different notation for elements of N, normally writing “r” rather than “n” or “I”’. For two nondecreasing
functions f,g : N — N, say that f does not exceed g up to equivalence if there exists a constant ¢ so that
for all r € N we have f(r) < g(cr), and that f is equivalent to g if both f does not exceed g and g does
not exceed f, up to equivalence. If we define the relative growth function to be the equivalence class of f;
above, then it becomes independent of the choice of finite generating set. This is because if S and T and two
finite generating sets for G, then for the constant ¢ = max{|s|7 : s € S} we have that {g € G: |g|s <r} C {g €
G : |g|r < cr}. If one considers infinite subgroups only, then one may use the equivalence relation defined
earlier in Definition I1.2.5 for distortion instead and obtain the same equivalence class of relative subgroup
growth. Because we will compare relative growth and distortion functions to one another, and because the
latter equivalence relation is more natural for studying subgroup distortion, we will choose to utilize it.

We provide some examples, found in [Os], which can be compared with Example I1.2.8.

12



Example 11.2.15. 1. Let G be the 3-dimensional Heisenberg group G = 7> = {(a,b,c|c = |a,b],[c,a] =
[c,b] = 1) and H = gp(c). Then g5 (r) =~ r*,gn(r) ~ r, and fo(r) =~ r2.

2. Let G be the Baumslag-Solitar Group BS(1,2) = (a,b|bab~" = a). Let H be the cyclic subgroup
(@)oo Then fre(r) = 2.

Observe that in Example I1.2.15 Parts (1) and (2) we have that the relative growth of the cyclic subgroups
under consideration and the distortion function are the same.

The relative growth function can be studied in contrast with the usual growth functions of H (if H is
also fintiely generated) and G defined respectively as: gy (r) = #By(r) and gg(r) = #Bg(r). It is clear that
fret(r) = gc(r) and that when H = G that f,¢(r) = gg(r). Also, if K < H < G then there are two relative
growth functions, fi(r), the relative growth of K in G, and f>(r), the relative growth of H in G. In this case
we have that f1(r) < f2(r).

Observe further that if H is a finitely generated subgroup of a finitely generated group G, then we have
that

frei(r) = gu(r). (I1.4)

This follows because By (r) C Bg(cr) N H where ¢ is a constant depending only on the choice of finite
generating sets.

Some remarkable results have been obtained regarding the usual growth function. One says that a
finitely generated group G with finite generating set S has polynomial growth if gg(r) < ¢ for some d € N.
A group G is said to have exponential growth if for some d € N, gg(r) = d". Because of the fact that
ga(r) < (2#S+1)", we see that the regular and relative growth functions are always at most exponential.
It was proved by Wolf in [W] that that if G is a finitely generated nilpotent group, then G has polynomial
growth. The degree of polynomial growth in nilpotent groups is computed by Bass in [B] and is given by

the following explicit formula

d=Y k-1k(Gr/Git1), (IL5)
k>1

where rk represents the rank of an abelian group, and Gy the terms of the descending central series for G.
With respect to Gromov’s program which was described earlier, solvable and nilpotent groups arise as well.
The famous theorem of Gromov says that a finitely generated group G has polynomial growth only if it is
virtually nilpotent (see [Gr3]). In particular, a group which is quasi-isometric to a nilpotent group is itself
virtually nilpotent. However, solvable groups do not enjoy this kind of rigidity: it is proved in [Dy] that a
group which is quasi-isometric to a solvable group may itself not be virtually solvable. Moreover, there are
examples of groups of intermediate growth; that is, groups whose growth function is neither polynomial nor

exponential (see [G]).
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CHAPTER 111
RELATIVE GROWTH AND DISTORTION

The main result of this section is the following, which sheds light on the connections between the relative
growth of cyclic subgroups, and the corresponding distortion function of the embedding. It will be proved
in Section I11.3.

Theorem. 1.3.1

1. There exists a cyclic subgroup G of a two generated group H such that Ag (r) is not bounded above

by any recursive function, yet f,;(r) is o(r?).

2. For any cyclic subgroup G of a finitely generated group H such that Ag(r) is not bounded above by
any recursive function, we have that f,.;(n) cannot be bounded from above by any function of the form

% where the effective limit of g(r) is infinity.

The result is interesting in light of the fact that, such as in Examples I1.2.8 and I1.2.15, the distortion and

relative growth can both be equal.

III.1 Connections with Distortion

Here we would like to understand some of the connections between the relative growth of a finitely generated

subgroup in a finitely generated group, and the distortion function A% (r).

Lemma IIL.1.1. Suppose that K is a cyclic subgroup of a finitely generated group G. If the distortion of K

in G is not linear, then the relative growth function of K is also not linear.

Proof. Let the cyclic subgroup K be generated by an element a. We assume that distortion is not linear, and
will show that the relative growth is also not linear. By hypothesis on distortion, we have that for any d there
exists a [ so that A¢(l) > dI. Letting A¢(l) = max{|m| : |[a"|¢ < I} = |mp| for some my € Z we have that
la™|g <1< W;—"‘. Rephrasing, we may say that for every € > 0, we can find @™ so that |a"|c < em. Let us
fix m = m(€). Consider any a'. Write [ = km+r where 0 < r < m. Let ¢ = ¢(m) = max{|a’|g : 0 < r < m}.
Then a' = (a™)*a" and so |a'|g < k|a™|G + ¢ < le + c. Because [ was arbitrary, it follows that the relative
growth function of X is at least €'/ 4 C for C = C(€). Because € was arbitrarily small, the relative growth

function is not bounded from above by any linear function. O

Lemma III.1.2. If H is a finitely generated subgroup of a finitely generated group G, then f.(r) ~r
implies that AS (r) must also be linear. That is to say, if the embedding is distorted, then the relative growth

is non-linear.

Proof. Tt follows from the assumption that f,;(r) is linear that gy (r) is also linear, because f.;(r) = gu(r),
by Equation (II.4). Therefore, by Gromov’s Theorem, we have that H is virtually nilpotent. By Bass’s
formula, 1 = rk(H/H'), which implies that H’ is finite and H is virtually cyclic: there exists an infinite
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cyclic subgroup K of H with finite index. Suppose by way of contradiction that the embedding of H to G
is distorted. Then because [H : K| < e, the embedding of K to G is also distorted. This implies that @
is unbounded. Therefore, because K is cyclic, it follows from Lemma III.1.1 the relative growth of K in
G also has f%(r) unbounded. This is a contradiction to the hypothesis that the relative growth of H in G is
linear. O

Lemma II1.1.3. Let G be a finitely generated group, and let H be the infinite cyclic subgroup generated by

an element a € G. Then
Ag(’") = frer(r).

Proof. We have that
Afj(r) = max{|a"| : |a"|g < r} = max{[k| : |a"| < r} = |ko]

for some ko € Z. Then if a” € H has |a™|g < r we have that |m| < |ko|, by definition of distortion. That is,

if we consider the set

-1 2 =2 k —k
S={l,a,a ",a*,a*,...,a",a "}

we have that {a" € H : |a"|g < r} C S. Therefore,
Frai(r) <#S =2[ko| +1 ~ Afj(r)

as required. O

Note that such a relationship between relative growth and distortion cannot hold in a larger class of
subgroups than infinite cyclic. For even if H = G, then A% (n) ~ n, while f,,;(n) = gu(n) is strictly greater
than linear if H is not virtually cyclic.

Combining Lemmas III.1.1 and III.1.3, we have proved the following.

Proposition I11.1.4. A cyclic subgroup of a finitely generated group is undistorted if and only if it has linear

relative growth.

Again we remark on the relationship between distortion and relative growth. If one has a subgroup H of
a group G which is distorted, then there is at least one element in B (n) N H having large length in H. This
does not always imply that there are at least |g|y other elements in Bg(n) N H. One reason for this fact is
that distortion can be superexponential, whereas relative growth is always at most exponential, as explained

above.

III.2  Embeddings and Relative Growth

We recall the following result of Olshanskii (see [O]).
Theorem I1L2.1. Let [ :7Z — N be a function satisfying:

e (Cl)l(n)=1(—n),n € Z;l(n) =0if and only ifn =0
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o (C2)I(n+m)<I(n)+1(m)
e (C3) There exists a > 0 such that #{i € Z.: 1(i) < r} < a" for any r € N.

Then there exists a two-generated group H and an element g € H such that

18" = 1(n).

We refer to conditions (C1),(C2), and (C3) as the (C) condition.

Remark 111.2.2. We may translate the geometric group theoretic functions into different terms as follows.
Suppose that [ : Z — N satisfies the (C) condition, so that we have an embedding (g) — H as in Theorem
II1.2.1. Then the relative growth of the cyclic group in H is given by

frel(r) :#{HGZZZ(H) < I"},

and the distortion is
A@(r) =max{n e N:[l(n) <r}.

.3 Proof of Theorem 1.3.1
II1.3.1 Constructing a Cyclic Subgroup with Prescribed Data
We begin by introducing some lemmas that will be used in the proof of Part (1) of Theorem 1.3.1.

Lemma IIL.3.1. There exist increasing sequences {a; }icn,{n;}icn of natural numbers satisfying the follow-

ing properties for all i > 2.
e aq=n=1
e a;>2"n;_,
® n; >ni_1a;/ai
® i1 \ni
e There does not exist a recursive function f such that n; < f(a;) for every i.

Proof. We will use induction to define a choice of sequences that satisfies all required conditions. We use
that the set of recursive functions is countable. Denote it by { f;}icn. Suppose that a;—; and n;_; have been
defined. Let a; = 213n;_ 1 + 1. Let

ni—14a;

i—

n; = max{n;_ <[ 1+ 1> iy (IIJ)ng(fj(ai))>}-
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We will construct an embedding of a cyclic subgroup with the required properties, by exploiting Theo-
rem II1.2.1 and using the sequence defined in Lemma I11.3.1.

Define a function / : Z — N by the formula /(0) = 0 and for nonzero n € Z
I(n) = min{a;, +---+a;|n = £n; £---£n; forsomei,...,i; € N} (IIL.1)

Lemma II1.3.2. The function [ defined in Equation (I11.1) satisfies the (C) condition of Theorem II1.2.1.

Proof. Observe that for each n € Z,n = n-1 = n-ny, so the function is defined. To see that the condition
(C1) is satisfied, select n € Z. Without loss of generality, n # 0. Let [(n) = a;, + - - - +a;,, so that there is an
expression n = +n;, & --- £ n; . This implies that —n = —(£n;, £ --- £n;,) and so by definition of /, we have
that /(—n) <I(n). Equality holds by symmetry. The (C2) condition is similarly easy: let{(n) =a;, +---+a;,
and [(m) = aj, +--- +aj,. Then one expression representing n +m is +n; +---£n; £n; £---£n; which
implies that [(n+m) < [(n) +[(m).

O

Therefore, Theorem II1.2.1 implies that there is an embedding of a cyclic subgroup (g) into a two-
generated group H with |g" |y =~ [(n).

We would like to obtain some lemmas which will provide useful estimates for computing the relative
growth function associated to this embedding. Let » be a natural number. We want to be able to compute
#{n:1(n) <r}. Suppose that n is in this set, let

l(l’l) = Cl,’l +-- '+Cl,'s
and consider the corresponding minimal presentation given by
n==xn; £---Ln;.

Lemma I11.3.3. This expression has no summands with subscript greater than or equal to j, where j is

defined by the property: aj_1 <r < a;.

This is true, since otherwise /(n) > a j > r. Therefore, we may rewrite the expression as
n= k]i’l] +--- +kj_1l’lj_1.

We may assume that j > 3 in the following, since eventually we will let r become very large, and with it, so
will j.

Remark 111.3.4. Observe that |k; | < ;*—, for otherwise, [(n) > |kj1|a;—1 > r. For the same reason, [k;»|
=

also does not exceed ﬁ
J=

Lemma IIL.3.5. Forany 2 <i < j— 1 we have that |k;| < ";Tfl
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l’lj,]

Proof. We will show that |k; »| < 7= For if by way of contradiction, there is s > 0 such that |k; | =
Jj—2
ni_y
ﬁ + s, then
n=kn+---£lkjolnjo+kjnj 1=
nj—1

a4
nj_z

)njgisnjz-i-kjlnjl =
kiny —|—---:l:snj,2—|—(kj,1 + 1)nj,1.

Then we have that sa;_o+ |kj_1 £ 1]a;—1 <saj_>+|kj_i|aj—1+aj—1. We will show, contrary to minimality,
that aj_| +saj_» < |kj_2|aj—>. The right hand side equals Z;—:;aj,z +sa;_>. We are done because a;_| <
nj—i1a

#. Similarly, the above arguments works for any i. u
J=

We proceed with the proof of Theorem I.3.1 Part (1).

Proof. We will show that the embedding (g) <— H obtained by applying Theorem II1.2.1 to the function /
of Equation (III.1) satisfies the required properties.

By the choice of the sequences {a;},{n;} the embedding has distortion function which is not bounded
by a recursive function. This follows because Afg ) (a;) > n; by definition, and by construction, there is no
recursive function satisfying this property.

Now we will show that the relative growth function f(r) = #{n: I(n) < r} is o(r?). Taking into account
the signs, we have by Remark III.3.4 and Lemma III.3.5 that the number of values of n with [(n) < r is at

most the product over the number of values of k;, namely:

2(r—|— 1) 2(I’+ 1) 2I’Lj,2 2nj,3 o @ - r22j+21’lj72 _ P2

aj—1 aj-2 nj-3 nj4 ni aj—1a;-2 aj-2

Y

by the choice of a; in Lemma IT1.3.1. Now we have that lim a;_, = oo by the choice of j = j(r) as in Lemma
I11.3.3. Therefore, f(r) is o(r?). O

I11.3.2 Producing Bounds on Relative Growth

We now introduce some notation and lemmas towards proving Theorem 1.3.1 Part (2).
Let G = (g) < H where H is finitely generated. Consider the length function corresponding to the
embedding given by [ : N — N: [(r) = |¢g"|n.

Lemma II1.3.6. Suppose that the distortion function Ag(r) is not bounded from above by any recursive

function. Then for any g(r) with effective limit infinity, we cannot have 20l(n) > g(n) for all n > N.

Proof. Suppose by way of contradiction that 20/(n) > g(n) for all n > N and some N. Then the effective
limit of /() is also infinity, and so given any C, one can effectively compute N(C), such that /(n) > C for
any n > N(C). But this means that the distortion function A (r) is bounded from above by the recursive

function N(r) of r, a contradiction. O

Remark 11.3.7. By Lemma IIL.3.6, there exists an infinite sequence n; = 1 < ny < n3 < ... such that

201(n;) < g(n;). In addition we may assume by choosing a subsequence that for all i > 1 we have
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o n;>i*(ny+-+niq).
®nj > n?
Denote /(n;) by a;. Let us consider the numbers n of the form kjn; + ... + k;n; where

ona((+1)2-1)

0<k;< forje{l,...,i}. 1.2
— " nj(]+l)2 orj { l} ( )

Lemma I11.3.8. Different coefficients with this condition define diferent sums.

Proof. This is true because otherwise for some j <iand m > 0, we will have mn; =m;_n; | +---+mn;

where for each s < j, |my| < (1— G 4_11)2 )" by choice of coefficients in Equation (II1.2). Then we have that

wenfi- )it onlo- )

1 n;
u(1-7) =

by the choice of 7}, a contradiction. O

Lemma II1.3.9. If we assume in addition that,

n; r
kig < —— ki < — and r = n;,
3]1,'_1 36[1'

then we have that l(n) <r.
Proof. By the properties of [, together with the additional assumptions stated in Lemma I11.3.9, we have

that
a;—1n;

ainy a;r
Ik et kin ) < —= 4+ 4 — .
(kiny + -+ kin;) < 3, + +3a,-+ 3

aiini _ Gioir
3n;_y 3n;y

We have that % = £ and that

=3 < 5 because a; < n;. Finally, observe that

aj_in; ajnjy)
s B L)

I’lj,I 6I’LJ'
for each j by the choice of n;, 1. Therefore,
any a,_1n; 1 1 1 aj_n; _2r
... <(l+-+=4+.--4+— < —,
ny Tt 3ni_1 ( +6+62+ +6‘72) ni—1 ~ 3
Therefore, I(n) < r. O

We now proceed with the proof of Theorem 1.3.1 Part (2).

Proof. Let r be fixed. Lemmas I11.3.8 and I11.3.9 together with the choice of k1, . .., k; imply that the number
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of n’s with such /(n) < ris at least

1 ny 1 n3 1 ni_1 1 n r
(-5 () (-5) () (-=2) () Ga ) s>
ﬁ l_i i > 7'2
=2 j2 9611' 2061,'.

. d 1
This follows because » = n; and the product I I (1— .—2) converges to % Hence the value of the correspond-
=2
ing relative growth function of Z at r = n; is at least

}"2 }"2 r2

20a; 201(n;) ” g(ny)

by the choice of n;. Thus this function f,;(r) is not bounded from above by any ﬁi) where g is a function

with effective limit infinity, because the g we started with was arbitrary. O

20



CHAPTER 1V
DISTORTION IN FREE NILPOTENT GROUPS

IvV.1 Introduction

IV.1.1 Background and Preliminaries

The primary notion which will be investigated in this portion of the dissertation is that of distortion of a
subgroup, which has been defined previously.

Observe that if M < H < G and both M is undistorted in H as well as H is undistorted in G, then M
must also be undistorted in G; this follows from the definition of distortion. Suppose that we fix finite
generating sets of M, H, and G. Let Ali(n) = an+ b and A (n) = cn+d for some a,b,c,d > 0. Let
w € M realize |w|y = A (n) = max{|w|y : w € M, |w|g < n}. Then because w € M C H, and |w|g < n, we
have that |w|y < AG(n) = an+ b. Moreover, |w|y < Al (an+ b) by definition. By hypothesis, this equals
c(an+b) +d. Therefore, A, (n) = |w|y < (ca)n+ (cb+d) =~ n.

In this section, we will be studying free nilpotent groups. Note that free nilpotent groups are torsion-free.

See, for example, [B2].

Remark IV.1.1. We remind the reader that we use the notation that the commutator [xy,x;] = xflx; L 1x
and inductively define higher commutators by [xi,...,x;] = [x1,[x2,...,xi]], for i > 3. The descending central
series of a group G is defined inductively as: Y (G) = G and ¥(G) = [G,%—1(G)]. With this notation we
have that the free nilpotent group G, . has presentation given by R/Y..1(R) where R is the absolutely free
group of rank m.

IV.1.2 Statement of Main Results

The main result of this note is the following. It will be proved in Section IV.3.

Theorem. 1.3.2 Let F be a free m-generated, c-nilpotent group. A subgroup H in F is undistorted if and
only if H is a retract of a subgroup of finite index in F.

When the undistorted subgroup H is normal in F' we may further refine our classification.

Corollary. 1.3.3 Let H be a nontrivial normal subgroup of the free m-generated, c-nilpotent group F, and
assume that ¢ > 2. Then H is undistorted if and only if [F : H] < oo.

IV.2  Facts on Nilpotent Groups

We record several well known facts about nilpotent and free nilpotent groups which will be used in the
proof of Theorem 1.3.2. For instance, nilpotent groups possess special commutator identities, as discussed

in Lemma II.1.4 of the Preliminaries Section.
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Lemma IV.2.1. If G is any finitely generated nilpotent group, and H < G then [G : HG']| < oo implies
[G:H] < oo

In [H], a special case of this Lemma is proved. The more general result of Lemma IV.2.1 follows by a

simple argument.

Proof. We will proceed by induction on c. If ¢ = 1 the claim is obvious. Now suppose the claim is true for
any group of nilpotency class d < ¢ and let G be cnilpotent with [G : HG'] < . By induction, [G: HG,| < ce.
It suffices to show that [HG, : H] < co. By Lemma II.1.12, it suffices to show that a positive power of
any generator of HG, lies in H. The group HG, is generated by elements of H as well as some c-long
commutators of generators of G. Consider such a generator [fi,..., f.] where each fj for 1 < j<cisa
generator of G. Because [G : HG'] < o we know that for each j there exists k; > 0 with fJ].(j € HG'. Let
k =T1;k;. Then for each j, fJ’.‘ =u;jv;j € HG', where u; € H,v; € G'. By Lemma II.1.4

[fl,...,fc]k: [ulvl,...,ucvc] = [ul,...,uc] €EH.

The following result of Magnus will help us in proving Theorem 1.3.2.

Proposition IV.2.2. Let R be an absolutely free group. For 1 # x € R, let the weight of x, w(x) = m, be the
first natural number such that x € Y, (R) but x & Yin+1(R). Then for nontrivial elements x; and x, having
respective weights A and A, we have that the weight of x = [x1,x;] equals A + Ay if i # Ay. Moreover,
w(x) > Ay + Ay if and only if the subgroup generated by x| and x; is also generated by some X1,X; with
weights Ay and Ay + W, respectively, where L > 0 and in this case, the weight of x is 2A; + U.

A proof of Proposition IV.2.2 can be found in [M2].

Lemma IV.2.3. If ¢ > 1 and F is free c-nilpotent, then the centralizer of an element x| ¢ F’ is of the form
Ye(F) % {(a), where a ¢ F'.

Proof. Let R be an absolutely free group with the same number of generators as F'. As mentioned in Remark
IV.1.1, we have that F = R/¥.+1(R). An element x; is contained in the centralizer of x; in F, Cr(x;), if and
only if x = [x;,x2] = 1 in F if and only if x € ¥ (R). That is, if considered as words in the absolutely
free group R, w(x) > ¢+ 1. If w(xz) = 1 then by Proposition IV.2.2, and with notation as in Proposition
IV.2.2, w(x) > ¢+ 1 which is equivalent to saying that 2+ pu > c+1; i.e. 1+ u > ¢. This means that
gp(x1,x2) = gp(¥1,x2) where w(x7) = 1 and w(x;) = 1 + u > ¢, which occurs if ¥; € ¥.(R). Observe that
if w(xz) # 1 then by Proposition IV.2.2, w(x) = w(xz) + 1 > ¢+ 1 hence w(xz) > ¢ which implies that
X2 € Y(R). Therefore, we have that x, € gp(x7) X % (R), with the understanding that in case w(xz) # 1 we
take X7 = x; and X3 = x».

Hence, the image x%.+1(R) in F belongs to (X7%.+1(R)) X (¥%(R)/¥+1(R)). The product is direct: the
intersection is trivial because ¢ > 1 implies that (x7) N Y:.(R) C (x1) N % (R) = {1} because w(x;) = 1. Let
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(yYe+1(R)) be the unique maximal cyclic subgroup of the free nilpotent group F containing x; .41 (R). This
subgroup is the isolator of the cyclic subgroup. We will show that

I¥er1(R)) X (Ye(R)/Yet1(R))

is the centralizer of x;. One inclusion has already been shown. It suffices to observe that y € Cp(x;). This

follows because there exists n € Z with y*¥.41(R) = x1¥%e41(R). O

Proposition IV.2.4. Let F be a free m-generated, c-nilpotent group with free generators ay, . .. ay, forc > 1.
Suppose by, ...by € F are such that {b\F',...bF'} is a linearly independent set in the free abelian group
F/F'" then K := gp(by,...by) is free c-nilpotent.

For a proof of Proposition IV.2.4 refer to [N].

V3 Undistorted Subgroups in Free Nilpotent Groups

From this point on, all notation is fixed. Let F be a free m-generated, c-nilpotent group with free gener-
ators aj,...,ay, for ¢ > 1. Suppose that H is any nontrivial subgroup of F. Consider the group HF'/F’.
Being a subgroup of the free abelian group F/F’, it is free abelian itself. Denote the free generators of
HF'/F' by b\F',...byF’, where each b; € H, so k = rank(HF'/F"). Without loss of generality, k > 0, for
if k=0 then H C F’ so by Proposition 11.2.9, H is a distorted subgroup in F. We can assume further that
by,...bg,ais1,...ay are independent modulo F’.

Let D = gp{(ay,...ax). Consider themap r: F — D :

a ifi<k,
1 ifi>k

r(ai) =
Then r is a retraction of F. This is clear: r is a homomorphism because F is free, and r restricted to D
is the identity map. Let N = ker(r).
Lemma IV.3.1. We have [F : HN| < oo.

Proof. The elements by, ...,by,ary1,...,a, generate a subgroup S of finite index in F'. This follows because

the elements by, ..., by, a1, - . .,a, are linearly independent modulo F’, so
SF'/F' = gp(b\F',....byF' a1\ F',... anF' F)

is free abelian of rank m and is a subgroup of F/F’. Therefore we have that [F/F' : SF'/F’'] < oo, which
implies that [F : SF'] < oo. Hence by Lemma IV.2.1, we have that [F : §] < c. Because N is generated by
Af+1,---,am and H contains by, ..., by, then HN contains S, so [F : HN] < co.

O

The following Lemmas are working towards proving that for H undistorted, H NN = {1}, which would

essentially complete the proof of Theorem 1.3.2.
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Lemma IV.3.2. If HNN # {1} then NNHNY.(F) # {1}.

Proof. Observe that the Lemma is true in case ¢ = 1, so in the proof we assume that ¢ > 2. Because H is

nilpotent group, and H NN is nontrivial normal subgroup, we must have Z(H) NH NN # {1}. Observe that
Z(H) = (MheuCr(h))NH < Cp(bi)NH

which by Lemma IV.2.3 has the form (¥.(F) x (a)) N H where a ¢ F'. Now observe that HNN < F'.
This follows because the image of H in F/F’ is generated by {by,...,b;} and the image of N in F/F’ is
generated by {ay1,...,an}, so because the set {b,...,bx,ax+1,...,an} is independent, the intersection
HF'/F'NNF'/F'=1,s0 (HNN)F'/F' =1 which implies that H NN C F’. Thus we have

Z(H)NN < (Y(F) x (@)) N F' < 1.(F).

Therefore, there is a nontrivial element in Z(H) "N N y.(F) as required. O
Lemma IV.3.3. FNNHNY.(F) # {1} then H is distorted.

Proof. Let 1 #u € NNHNY.(F). We will show that that (u) Ny.(H) = {1}. For if u”" € y.(H) for some
0 # r € Z, then " is a product of c-long commutators of the from [yi,...,y.]*! where y; is either one
of by,...,by or an element of F’ since H is generated by by,...,b; and F' N H. But if one of the y;’s
belongs to F’, then the commutator is trivial because it is a ¢ + 1-long commutator in F. It follows that
u" € gp(by,...,br) NN.

By Lemma IV.3.1, the subgroup S = gp(by,...,bx,ax+1 --.,ay) has finite index in F. This implies by
Lemma I1.1.12 that

[F(F):r(S)] =[D:gp{r(by),...,r(by))] < eo.

Therefore, we also have that
[D/D/ : gp<r(b1)a"'7r(bk)>D,/D/] <o

and so {r(b))D',...,r(by)D'} is linearly independent in the free abelian group of rank k, D/D’. By Propo-
sition IV.2.4 we have that both

gp(r(b1),...,r(bx)) and gp(b1,...,bx)

are free k-generated, c-nilpotent groups. This implies that the intersection gp(by,...,bx) NN is trivial, be-
cause N = ker(r).

Hence (u) Ny.(H) = {1} and 1 # u € y.(F). It follows by Propsotion II.2.9 that the distortion of the
cyclic subgroup (u) in F is greater than its distortion in H. Thus H cannot be undistorted in F. O

Corollary IV.3.4. If HNN # {1}, then H is distorted.

Proof. This follows directly from Lemmas IV.3.2 and IV.3.3. O

Now we proceed with the proof of Theorem 1.3.2.
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Proof. As mentioned in Section IV.1, every retract of a subgroup having finite index in any group G is
undistorted. Conversely, if H is undistorted in F then by Corollary IV.3.4 we have that H NN = {1}. Then
by Lemma IV.3.1, H is a retract of the subgroup HN of finite index in F', as required. O

We also proceed with the proof of Corollary 1.3.3.

Proof. We use the notation already established in this Section. Observe that if k = m then we have by
definition of k that [F : H] < . If by way of contradiction we suppose that k < m, then by Corollary IV.3.4,
H undistorted implies that H NN = {1}. It follows by the normality of H and N and the fact that b; € H and
am € N that [b,a,,| = 1. On the other hand, by Proposition IV.2.4, we have that gp(b;,a,,) is free nilpotent
of class at least 2, a contradiction. O

IV4  Examples and Discussion

Example IV.4A.1. In the formulation of Theorem 1.3.2, one may not replace “retract of a subgroup of finite
index” by “finite index subgroup in a retract”, although this is true in some cases (e.g. (a?) in 7).

For a counterexample, consider the cyclic subgroup H = (a*[a,b]?) of the free 2-generated, 2-nilpotent
group F = (a,b|[a,[a,b]] = [b,[a,b]] = 1). Since no non-trivial power of the generator of H is in F’, it
follows that H N F’ = {1}. Therefore, by Proposition 11.2.9, H is undistorted in F. By Theorem 1.3.2, we
know that H is a retract of a subgroup of finite index in F. Following the steps of the proof, we arrive at the
subgroup M = (a*[a,b]?,b).

However, it should be remarked that H is not a subgroup of finite index in a retraction of F. First, observe
that H is not a retraction itself. For, if by way of contradiction there were such a homomorphism ¢ : F — H,
then we have equations ¢ (a) = (a*[a,b]*)" and ¢ (b) = (a*[a,b]*)™ as well as a*[a,b]® = ¢ (a)*[¢(a), ¢ (b)]>.
But this set of equations has no solutions, even modulo F’. Next, observe that H is not a proper subgroup of
finite index in any K < F. This follows because H is a maximal cyclic subgroup in a torsion-free nilpotent
group.

Example 1V.4.2. Freeness is necessary for the formulation. For instance, consider the case of non-free

5-dimensional Heisenberg group F = J#> defined by the presentation
oy u vzl y] = [uv) =z, [,z = [v,2] = [u, 2] = [n2] = 1).

Then by Lemma I1.2.9, H = .#7 is an undistorted subgroup of F. However, as we will show, H is not a
retract of any subgroup K of finite index in F. For if by way of contradiction, [F : K] < e and H is a retract
of K, then we would have that the Dehn functions fy < fx ~ fr which implies that n> < n?. These facts
about Dehn functions are well known as mentioned earlier and the reader may see [A] or [OS2] for more

information about the Dehn function of .7 and [Ge] for more information on the Dehn function of .7#3.

The following result is a direct implication of the proof of Theorem 1.3.2.

Corollary IV.4.3. Every undistorted subgroup H of F is “almost a retract” in the following sense: there
exists a normal subgroup N < F such that HN is of finite index in F and HNN = {1}.
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Corollary IV.4.4. The undistorted subgroup H of F is virtually free c—nilpotent.

Proof. With the notation of Section IV.3, we have that r(H) contains the free subgroup K = gp(r(b1),...,r(b)).
Because [D : K] < o0 and K < r(H) it follows that [r(H) : K] < o. Finally, because H NN = {1} we have
that r(H) =~ H/(HNN) = H. 0

Example IV.4.5. There are undistorted subgroups of free nilpotent groups that are not free. For example,
consider again the 3-dimensional Heisenberg group . and its subgroup H = gp(a®, b, [a,b]). Then H is
undistorted because it is of finite index in .7#>. Moreover, H is not free because H' = ([a,b]) and so H /H'
contains the nontrivial torsion element [a,b]. However, the group H is virtually free, as it contains the free

nilpotent subgroup (a?,b) of finite index.
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CHAPTER V
DISTORTION IN WREATH PRODUCTS OF ABELIAN GROUPS

We study the effects of subgroup distortion in the wreath products A wr Z, where A is finitely generated
abelian. We show that every finitely generated subgroup of A wr Z has distortion function equivalent to
some polynomial. Moreover, for A infinite, and for any polynomial I, there is a 2-generated subgroup
of A wr Z having distortion function equivalent to the given polynomial. Also a formula for the length of
elements in arbitrary wreath product H wr G easily shows that the group Z, wr Z? has distorted subgroups,

while the lamplighter group Z, wr Z has no distorted (finitely generated) subgroups.

V.1 Introduction

Here we study the effects of distortion in various subgroups of the wreath products Z* wr Z, for 0 < k € Z,
and more generally, in A wr Z where A is finitely generated abelian. The main results are as follows. Note
that as opposed to previous sections of this dissertation, where the variable for functions from N — N was

called “n”, for the remainder of this section, we use the convention that they are called “/”.
Theorem. 1.3.4 Let A be a finitely generated abelian group.

1. For any finitely generated subgroup H < A wr Z there exists m € N such that the distortion of H in
AwrZis
A?iwrZ(l) ~ M

2. If A is finite, then m = 1, that is, all subgroups are undistorted.

3. If A is infinite, then for every m € N, there is a 2-generated subnormal subgroup H of A wr Z having

distortion function
A}AiwrZ(l) ~ M

Theorem 1.3.4 will be proved in Section V.11.
The following will be explained in Subsection V.2.3.

Corollary V.1.1. For every m € N, there is a 2-generated subgroup H of the free n-generated metabelian
group S, > having distortion function

AR (1) = 1.

Corollary V.1.2. If we let the standard generating set for 7. wr Z be {a,b}, then the subgroup
H = (b,[---[a,b],D],--- ,b]), where the commutator is (m — 1)-fold is m — 1 subnormal with distortion I".
In particular, the subgroup ([a,b],b) is normal, isomorphic to the whole group Z wr Z, and has quadratic

distortion.

Corollary V.1.2 follows from the proof of Theorem 1.3.4. Because the subgroup ([a,b],b) of Z wr Z is

normal, it follows by induction that the distorted subgroup H is subnormal.
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Remark V.1.3. There are distorted embeddings from the group Z wr Z into itself as a normal subgroup. For
example, the map defined on generators by b — b,a — [a,b] extends to an embedding, and the image is a
quadratically distorted subgroup by Corollary V.1.2. By Lemma V.2.5, Z wr Z is the smallest example of a

metabelian group embeddable to itself as a normal subgroup with distortion.
Corollary V.1.4. There is a distorted embedding of 7 wr Z into Thompson’s group F.

Under the embedding of Remark V.1.3, Z wr Z embeds into itself as a distorted subgroup. It is proved
in [GS] that Z wr Z embeds to F. Therefore, Corollary V.1.4 is true.
It is interesting to contrast Theorem 1.3.4 part (2) with the following, which will be discussed in Section

V.4. Throughout this paper, we use the convention that Z, represents the finite group Z/nZ.

Proposition V.1.5. Ifwe consider the group G = Z, wr ZF for p prime, then there exists a finitely generated
subgroup H of G with distortion at least I*.

V.2 Background and Preliminaries

V.2.1 Subgroup Distortion

Here we provide some examples of distortion as well as some basic facts to be used later on.
Example V.2.1.

1. Consider the three-dimensional Heisenberg group ¢ = (a,b, c|c = [a,b], [a,c] = [b,c] = 1). It has cyclic

subgroup (c). with quadratic distortion, which follows from the equation = [d',b'].

2. The Baumslag-Solitar Group BS(1,2) = {(a,b|bab~' = a*) has cyclic subgroup (a).. with at least expo-
nential distortion, because a2 = blab .

However, there are no similar mechanisms distorting subgroups in Z wr Z. Therefore, a natural con-
jecture would be that free metabelian groups or the group Z wr Z do not contain distorted subgroups. This
conjecture was brought to the attention of the author by Denis Osin. The result of Theorem 1.3.4 shows that
the conjecture is not true.

The following facts are well-known and easily verified. When we discuss distortion functions, it is
assumed that the groups under consideration are finitely generated.

Lemma V.2.2.

1. IfH <G and [G: H] < oo then A% (1) ~ L.
2. IfH <K < G then AK (1) < AS(1).

3. IfH <K < Gthen AS(1) =< AS((AK(D)).
4. IfH is a retract of G then AG (1) ~ L.

5. If G is a finitely generated abelian group, and H < G, then A% (1) ~ 1.
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V.2.2 Wreath Products

We consider the wreath products A wr B of finitely generated groups A = gp(S) = ({y1,...,ys}) and B =
gp(T) = ({x1,...,x:}). We introduce the notation that A wr B is the semidirect product WA B, where W is
the direct product X ¢cpA,, of isomorphic copies A, of the group A. We view elements of W as functions
from B to A with finite support, where for any f € W, the support of f is supp(f) = {g € B: f(g) # 1}. The
(left) action o of B on W by automorphisms is given by the following formula: for any f € W, g € B and
x € B we have that (go f)(x) = f(xg).

Any element of the group A wr B may be written uniquely as wg where g € Bjw € W. The for-
mula for multiplication in the group A wr B is given as follows. For g;,g» € B,w;,w, € W we have that

(w1g1)(w2g2) = (wi(g1 ow2))(g1g2). In particular, B acts by conjugation on W in the wreath product:

gwg~! =gow.

Therefore the wreath product is generated by the subgroups A; and B. In what follows, the subgroup
Ay is identified with A, and so A, = gAg~! and SUT is a finite set of generators in A wr B. In particular,
Z wr Z is generated by a and b where a generates the left (passive) infinite cyclic group and b generates the
right (active) one.

Here we observe that a finitely generated abelian subgroup of G = A wr B with finitely generated abelian
A and B is undistorted. It should be remarked that the author is aware that the proof of the fact that abelian
subgroups of Z* wr Z are undistorted is available in [GS]. In that paper it is shown that Z* wr Z is a subgroup
of the Thompson group F, and that every finitely generated abelian subgroup of F is undistorted. However,

our observation is elementary and so we include it.

Lemma V.2.3. Let A and B be finitely generated abelian groups. Then every finitely generated abelian
subgroup H of A wr B is undistorted.

Proof. 1t follows from the classification of finitely generated abelian groups G that every subgroup S is a
retract of a subgroup of finite index in G, and so we are done if H is a subgroup of A or B, or if HNW = {1},
by Lemma V.2.2. Therefore we assume that H W # {1}. Since H is abelian, this implies that the the
factor-group HW /W is finite. Then it suffices to prove the lemma for H; = HNW since [H : Hj| < oo.
Because H, is finitely generated, it is contained in a finite product of conjugate copies of A. That is to say,
H, C A’ for a wreath product A’ wr B = WAB' where B’ has finite index in B. We are now reduced to our

earlier argument, thus completing the proof. O

Remark V.2.4. In fact, under the assumptions of Lemma V.2.3, H is a retract of a subgroup having finite

index in A wr B.

We now return to one of the motivating ideas of this paper, and complete the explanation of Remark
V.1.3.

Lemma V.2.5. The group 7Z wr Z is the smallest metabelian group which embeds to itself as a normal
distorted subgroup in the following sense. For any metabelian group G, if there is an embedding ¢ : G — G
such that ¢ (G) <G and ¢ (G) is a distorted subgroup in G, then there exists some subgroup H of G for which
H=ZwrZ.
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Proof. By Lemma V.2.2, we have that the group G/¢(G) is infinite, else ¢ (G) would be undistorted. Being a
finitely generated solvable group, G/¢(G) must have a subnormal factor isomorphic to Z. Because ¢ (G) =
G, one may repeat this argument to obtain a subnormal series in G with arbitrarily many infinite cyclic
factors. Therefore, the derived subgroup G’ has infinite (rational) rank.

Since the group B = G/G’ is finitely presented, the action of B by conjugation makes G’ a finitely
generated left B module. Hence, G' = (B o C) for some finitely generated C < G'. Because it is a finitely
generated abelian group, B = (by)--- (b1) is a product of cyclic groups. Therefore for some i we have a
subgroup A = ((b;—1) -+ (b1) o C) of finite rank in G’ but ((b;) o A) has infinite rank. Then A has an element
a such that the (b;)-submodule generated by a has infinite rank, and so it is a free (b;)-module. It follows

that a and b, where b; = bG', generate a subgroup of the form Z wr Z. O

V.2.3 Connections with Free Solvable Groups

In [M], Magnus shows that if F = Fy is an absolutely free group of rank k£ with normal subgroup N, then
the group F/[N,N] embeds into Z* wr F /N = Z* wr G. This wreath product is a semidirect product WAG
where the action of G by conjugation turns W into a free left Z][G]-module with k generators. For more

information in an easy to read exposition, refer to [RS].
Remark V.2.6. The monomorphism ¢ : F/[N,N] — Z* wr G is called the Magnus embedding.

Because the subgroup W of G = Z wr Z = WAZ is abelian, we also use additive notation to represent

elements of W.
Remark V.2.7. In the case of Z wr Z = (a) wr (b), we use module language to write any element as
w= Y m;(b'oa) = f(x)a where f(x) = ) mx'
[=—00 [=—00

is a Laurent polynomial in x, and the sum is finite, indicated by the ° symbol.

Lemma V.2.8. Consider the group 7. wr Z.=WA(b). Let 1 #w € W,x ¢ W. Then gp(w,x) = Z wr Z under

the group monomorphism a — w, b — b.

Proof. This follows because in this case W is a free module with one generator a over the domain Z[(b)],

w = ra for some r € Z[(D)], and the mapping x — rx (x € W) is an injective module homomorphism. O

We let Sy ; denote the k-generated derived length / free solvable group.

Lemma V.2.9. Ifk,l > 2, then the group Si; contains a subgroup isomorphic to Z wr 7.

Proof. 1t suffices to show that the free metabelian group of rank 2, S, >, contains a subgroup isomorphic
to Z wr Z. This follows because for any H < S, we may use the Nielsen-Schrier Theorem to identify
H<F"™/FY <p/FY =5,

Let S5 » have free generators x,y. Because Z wr Z is metabelian, we have a homomorphism

O:82—2ZwrZ:x—a,y—b,

30



where a, b are the usual generators of Z wr Z. Let H be the subgroup of S, » generated by [x,y] and y. Then
H maps to the subgroup L = gp{|a,b],b} which is isomorphic to Z wr Z by Lemma V.2.8. It follows that

the normal closure of [x,y] in S, 5 is itself a free Z[(y)]-module, and H is isomorphic to L. O

It should be noted that by results of [S], the group Z wr Z? can not be embedded into any free metabelian
or free solvable groups.

As mentioned in the Introduction, subgroup distortion has connections with the membership problem.

By Theorem 2 of [U], the membership problem for free solvable groups of length greater than two
is undecidable. Therefore, because of the connections between subgroup distortion and the membership
problem, we restrict our primary attention to the case of free metabelian groups. It is worthwhile to note
that the membership problem for free metabelian groups is solvable (see [Ro]).

Lemma V.2.9 motivates us to study distortion in Z wr Z in order to better understand distortion in free
metabelian groups. Distortion in free metabelian groups is similar to distortion in wreath products of free
abelian groups, by Lemma V.2.9 and the Magnus embedding. In particular, if £ > 2 then

Zowr 7. < Sga < 7K wr ZF.
Thus by Lemma V.2.2, given H < Z wr Z we have
A1) % A (D).
This explains Corollary V.1.1. On the other hand, given L < §j > then we have
AL (1) < A7),

Based on this discussion, we ask the following. An answer would be helpful in order to more fully under-

stand subgroup distortion in free metabelian groups.

Question V.2.10.

What effects of subgroup distortion are possible in Z* wr Z¥ for k > 1?

V.3 Canonical Forms and Word Metric

Here we aim to further understand how the length of an element of a wreath product A wr B depends on the
canonical form of this element.

Let us start with G = Z* wr Z = WA (b), where Z* = gp{ay,...,a;}. We will use the notation that
(w); equals the conjugate bwb ' for i € Z and w € W. We remark that as opposed to previous sections where
conjugation was performed in the opposite order, we will use the convention in this section that commutators

1

are [x,y] = xyx~'y~! and conjugation is ¥ = yxy~! for x,y group elements. This convention is based on our

decision to use a left action to define our wreath products.
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Remark V.3.1. By the definition of Z* wr Z, arbitrary element in Z* wr Z = gp{ay, . .., ax,b) is (in module
notation for the abelian subgroup W) of the form

k
wh' = <Zf,~(x)ai) v,
i=1

where f;(x) are Laurent polynomials. The form is unique.

The normal form described in Remark V.3.2 for elements of A wr Z, where A is a finitely generated

abelian group, is necessary to obtain a general formula for computing the word length.

Remark V.3.2. Arbitrary element of A wr Z may be written in a normal form, following [CT], as
)y 4 )iy + (V1) ey -+ (Vaa) - )

where 0 < 1) < -+~ <1y,0< & <--- <&y, and uy,...,uy,vy,...,vy are elements in A — {1}.

The following formula for the word length in A wr Z is given in [CT].

Lemma V.3.3. Given an element in A wr Z having normal form as in Remark V.3.2, its length is given by

the formula
M

N
luila+ ) [vila+min{2ey + v+ |t — ty], 21y + &3 + |t + n}
=1 i=1

1

where | x |4 is the length in the group A.

The formula from Lemma V.3.3 becomes more intelligible if one extends it to wreath products A wr B of
arbitrary finitely generated groups. We want to obtain such a generalization in this section since we consider
non-cyclic active groups in Section V.4. We fix the notation that, with respect to the symmetric generating
set T = T, the Cayley graph Cay(B) is defined as follows. The set of vertices is all elements of G. For
any g € G,t € T, g and gt are joined by an edge pointing from g to g whose label is ¢.

Any u € A wr B can be expressed as follows:

(broay)...(broa,)g (V.1)

where g € B,w = (bioay)...(byoa,) €W, 1 #aj€A,bj € Band for i # j we have b; # b;. The expression
(V.1) is unique, up to a rearrangement of the (commuting) factors b;oa;.

For any u = wg € A wr B with canonical form as in Equation (V.1) we consider the set P of paths in the
Cayley graph Cay(B) which start at 1, go through every vertex by,...,b, and end at g. We introduce the
notation that

reach(u) = min{||p|| : p € P},

route(a) = the particular p € P realizing reach(u) = ||p||.
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We also define the norm of any such representative w of W by

r

[wlla =Y lajls.
j=1
We have the following formula for word length, which generalizes that given for the case where B =7

in the paper [CT].

Theorem V.3.4. For any element u =wg € A wr B, we have that
lwgls,r = |[w|| + reach(u)

where u = (byoay)...(b,oa,)g is the canonical form of Equation (V.1).

Proof. We will use the following pseudo-canonical (non-unique) form in the proof. This is just the expres-
sion of Equation (V.1) but without the assumption that all b; are distinct.
For any element u € A wr B which is expressed in pseudo-canonical form we may define a quantity

depending on the given factorization by

.
W((bioar)...(broa)g) =Y lajls+ |bilr + by 'balr +---+ b, brlr + b, g7
=1
First we show that for « in canonical form (V.1) it holds that |u|s 7 > ||w||4 + reach(u).
By the choice of generating set {S,T} of A wr B, we have that any element u € A wr B may be written
as
u=gohig1---hmg&m (V.2)
where m > 0,g; € B,hj € A,go and g,, can be trivial, but all other factors are non-trivial. We may choose
the expression (V.2) so that [uls 7 = ¥ |h)]s + ¥iZo [gil7- Observe that we may use the expression from

Equation (V.2) to write
u=(xjohy)...(xpohy)g (V.3)

where g =go...gnand x; =go...gj_1,for j=1,....m.

Then we have by definition that for the pseudo-canonical form (V.3),

m
W((xi0h)...(xmohm)g) = Y [hjls+ baalr + b alr + - 1,1 7 + 1%, gl
=1

m m
=Y lhjls+ Y lgilr = |uls,r. (V.4)
j=1 i=0

=

It is possible that in the form of Equation (V.3), some x; = x; for 1 <i# j < m. When taking u to the
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canonical form wg = (bjoay)...(b,0a,)g of Equation (V.1), we claim that
m
[Iwlla < ) Ijls (V.5)
j=1

and that
reach(u) < |xi|7 + ¥ xalr -+ ol + x5, gl (V.6)

Obtaining the canonical form requires a finite number of steps of the following nature. We take an expression

such as
(X] Oh])...(x,'Ohi)...(xiOhj)...(mehm)

and replace it with
(xiohy)...(x;ohih;)...(xj—10hj_1)(xjy10hj41) ... (XmOhy).
The assertion of Equation (V.5) follows because
|hihjls < |hils +|hjls.
Equation (V.6) is true because
x;_llxj+1|T < |x;_11x/\r+ |x;1xj+1 T
which implies that
b1l7 + by balr -+ b, bylr 4 by glr < Ixilr + [x alr e g, il + [, gl
Finally, we have that
reach(u) < |by |7 +|by ' bolr + -+ b byl + |b, gl

because the right hand side is the length of a particular path in P: the path which travels from 1 to b; to
by,...,to0 b, to g. It follows that the length of this path is at least as large as the length of route(u).
Thus for a canonical form u = (by oay)...(b,oa,)g we see by Equations (V.4), (V.5) and (V.6) that

||w||a +reach(u) <W((x10hy)...(Xmohm)g) = |uls .

To obtain the reverse inequality, take u = (bjoay)...(byoa,)g in A wr B in canonical form. By the
definition, route(«) will be a path that starts at 1, goes in some order directly through all of by,...,b,, and
ends at g.

We may rephrase this to say that for some ¢ € Sym(s), there is a path p = route(«) in P such that
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\plr = bo|T + ’b;(ll)ba(Z) lr+...+ |b;(1r_1)b6(,) 7+ |b;(1r>g|T. In other words,
reach(u) = [bo(1)|1 + by bo)|r 4 b1y b |7+ b 8lT-

Moreover, in the wreath product we have that

1= (bo(1)0a6(1)) (bo(r) ©ao(n)8 = bo(1)as(1)by(1)Po@)d0(2) by(r_1)Po(rdo(rby(n8:

This implies that

luls,r < |bon)lr +lac()ls + by bo)lr + -+ lao(nls + by, 8lr

.
Z laj|s +reach(u) = ||w||4 +reach(u).

V.4 Distortion in Z, wr 7k

We begin with the following result, the proof of which exploits the formula of Theorem V.3.4.
Proposition V.4.1. The group 7> wr Z?* contains distorted subgroups.

This is interesting in contrast to the case of Z, wr Z which has no effects of subgroup distortion. The
essence in the difference comes from the fact that the Cayley graph of Z is one-dimensional, and that of Z?
is asymptotically two-dimensional, which gives us more room to create distortion using Theorem V.3.4.

We will use the following notation in the case of G = Z, wr Z?: a generates the passive group of order
2 while b and ¢ generate the active group Z?.

The canonical form of Equation (V.1) will be denoted by

((g1+---+gr)a)g

for g1,...,gx distinct elements of Z? and g € Z2. We may do this because any nontrivial element of Z, is

just equal to the generator a. The proof of the following lemma is similar to the proof of Lemma V.2.8.

Lemma V.4.2. Let H < G be generated by a nontrivial element w € W as well as the generators b, c of 7.
Then H = G.

We know that W = GB (goa) is a free module over Z[Z?]. Therefore, we may think of W as being
geZ?
the Laurent polynomial ring in two variables, say, x for b and y for c. We can use the module language to

express any element as w = f(x,y)a = (x''y/! 4 --. +x'y/*)a, where for p # q we have that x»y/r £ xlayJa,
This corresponds to the canonical form w = (g1 + - - + gx)a where g, = b'rc/r for p=1,... k.

We now have all the required facts to prove Proposition V.4.1.
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Cc\“ Po—<p D cf; b CC\H Cfl)l b
C——b S—D ¢ D
——b S—D G D
G——4 S—D ¢ D
C——=6 S—0,, C O,
1 b 1 b

Figure V.4.1: Figure 1: The [? vertices (left) and the rectangle with perimeter 2/ +2(I — 1) (right)

Proof. of Proposition V.4.1: Let G = Z, wr Z* = gp{a, b,c) and H = gp(b,c,w) where w = [a,b] = (1 +x)a.
By Lemma V.4.2 we have that H = G. Let

-1

filx) = ;xi and g;(x) = (1+x)fi(x).

i=0

The element f;(x) f;(y)w € H is in canonical form, when written in the additive group notation as Zf;io bicio
w.

By Theorem V.3.4, we have that its length in H is at least /> + [ since the support of it has cardinality
12, and the length of arbitrary loop going through /> different vertices is at least /2.

Now we compute the length of f;(x)f;(y)w in G. We have that

-1
AR = 1+ )=l i)a= | T0+4)]a
i=0
Theorem V.3.4 shows that | f;(x) f;(y)w|g = 21 +2(I — 1) + 21. This is because the shortest path in Cay(Z?)
starting at 1, passing through 1,c,...,c!~! and &',cb',...,c!~'b' and ending at 1 is given by traversing the
perimeter of the rectangle, and so gives the length of 2(/ — 1) + 21.
Therefore the subgroup H is at least quadratically distorted. O

Remark V.4.3. The subgroup H is not normal in G because the element aca™! is not in H.

The proof of Proposition V.4.1 can be generalized as follows. Consider the group G = Z, wr 7k =
gpla,by,...,by) for p prime and k > 1. Then the subgroup H = gp(w, by, ...,by) where w = (1 —x)--- (1 —
Xt_1)a = [...]a,b1],ba], ...bx_1] has distortion at least /*. This is a restatement of Proposition V.1.5.

By (the analogue of) Lemma V.4.2 we have that H = G and so we can compute lengths using Theorem
V.3.4. Consider the element f;(x;)--- fi(x¢)w in H. Then it has length in H at least equal to I* 4 ¥ because
the path in Cay(Z¥) arising from Theorem V.3.4 would need to pass through at least I* vertices: by ™ --- by %
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for o € {0,...,1—1},i=1,... k. In the group G,

Ji(xr) - fila)w = gi(x1) - -~ g1 (xk—1) fi (xx ).

This has linear length, which follows because the vertices of the support are placed along the edges of a

k-dimensional parallelotope, such that the length of any edge of the parallelotope is at most /.

V.5 Structure of Some Subgroups of A wr Z
Lemma V.5.1. Let G be a group having normal subgroup W and cyclic G/W = (bW). Then any finitely
generated subgroup H of G may be generated by elements of the form wib' ,wy, ... ,ws where w; € W.

The proof is elementary and follows from the assumption that G /W is cyclic.

Remark V.5.2. It follows that if A is finitely generated abelian, then any finitely generated subgroup in
A wr Z = WA(b) can be generated by elements wib',w,...,w; where w; € W.

Definition V.5.3. For A a fixed finitely generated abelian group and any ¢ > 0, the group L, is the subgroup
of A wr Z generated by the subgroup W and by the element 5.

The following discussion will be used in later sections.
Lemma V.5.4. If A is a fixed r generated abelian group then L, = A" wr Z.
The statement follows from Remark V.3.1.

Lemma V.5.5. Foranyw € W there is an automorphism L; — L, identical on W such that wb' — b, provided
t #£0.
This follows because the actions by conjugation of b and wb' on W coincide.

Lemma V.5.6. Let H be a finitely generated subgroup of A wr Z not contained in W, where A is finitely
generated abelian. Then the distortion of H in A wr Z is equivalent to the distortion of a subgroup H' in
A" wr Z where b (the generator of Z) is contained in H', and A’ = A" = A+ ---+ A is also finitely generated

abelian.

Proof. By Lemma V.5.1 the generators of H may be chosen to have the form wob', wy,...,w; where w; € W.

Therefore, for this value of ¢ we have that H is a subgroup of L;. Using the isomorphisms of Lemmas V.5.4

and V.5.5 we have that H is a subgroup of A’ wr Z = A’ wr Z generated by the image of b'wg, w1, ..., wy
under the two isomorphisms: elements b, xy,...,x,. Finally, because [A wr Z : L;] < e we have by Lemma
V.2.2 that the distortion of H in A wr Z is equivalent to the distortion of its image in A’ wr Z. O

Definition V.5.7. Let H be a subgroup of A wr Z = WA (b) where A is finitely generated abelian. We call H
“a subgroup with b” if the generators of H may be given by b, wy,...,w; forw; € W.
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V.6 Distortion in Z* wr Z

The main results of this paper deal with distortion in finitely generated subgroups of wreath products of
the form A wr Z, where A is finitely generated abelian. In the case where A is free abelian, we may reduce

computations to certain subgroups that are easier to understand.

V.6.1 Some Modules

We will need the following auxiliary remarks about module theory. The following is well known (see also
[FSD.
Lemma V.6.1. The ring F[(b)] is a principal ideal ring if F is a field.

Lemma V.6.2. Let F be a field, and suppose that W and V are free modules over F[(b)] of respective ranks
rand | < k. Then these free F[(b)|-modules V and W have bases ¢|,...,e; and f{,..., f] respectively such
that

for some u} € F[(b)].

Proof. The statement of Lemma V.6.2 is a result from module theory. It follows because by Lemma V.6.1
W is a free module over a prinicipal ideal ring with submodule V. See for instance, [Bo].
O

We are now able to prove the following special case of Theorem 1.3.4 Part (2).

Lemma V.6.3. If p is a prime, then any finitely generated subgroup H of G = Z’; wr Z is undistorted.

Proof. One may assume that the subgroup H is infinite, so by Lemma V.5.6 one may assume that H is a
subgroup of L = Zi, wr Z = WA(b) (I = kt) with b. By Lemma V.2.2, it suffices to show that H has finite
index in a retract K of a subgroup L of finite index in G.

Since p is a prime, that Z,, is a field. This implies by Lemma V.6.1 that the ring R = Z,[(b)] is a principal

ideal ring.

Let V.=HNW. Then V is a free R-module, being a submodule of the free module W over the PIR R.
Just as in Lemma V.6.2, we have that V and W have bases ey,...,e, and fi,..., f; respectively, for m <1
such that

ei=gifi,i=1,....m V.7

for some polynomials g; € R\0. Thus we can choose the generators for L and H to be {b, fi,..., f;} and
{b,ei,...,en}, respectively, and H is a subgroup of the retract K of L, where K is isomorphic to Zj, wr Z and
is generated by {b, fi,..., fu}. Now V is a submodule of the Z,[(b)]-module W' generated by {fi,..., fn},
and the factor-module W’/V is a direct sum of cyclic modules (f;)/(gf;). Hence W'/V is finite since it is
easy to see that each (f;)/(g;f;) has finite order at most pd°€8i_ Since the subgroup H contains b, the index
of H in K is also finite.

O
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We return to our discussion of module theory. Let H < Z" wr Z be generated by b, as well as any
elements wy,...,wx € W. Let V be the normal closure of wy,...,wy in Z" wr Z, i.e., the Z[(b)]-submodule
of W generated by wy,...,wi. Let V=V ®7Q and W = W ®7 Q. Observe W and V are free modules over
Q[(b)] of respective ranks r and / < k.

Remark V.6.4. It follows from Lemma V.6.2 that there exist 0 < m,n € Z with (me}) = u;(nf!) where
e;=me, €V, f; =nf! € W,u; € Z[(b)]. Moreover, the modules generated by {ey,...,¢;} and { f1,..., f,} are

free.

Remark V.6.5. There is a bijective correspondence between the set of finitely generated Z[(b)] submodules
N of Z[(b)]" and the set of subgroups K = N(b) of Z" wr Z such that the finite set of generators of K is of

the form b,wy,...,wr, w; € W.

Remark V.6.6. Let V| and W) be generated as submodules over Z[(b)] by the elements from Remark V.6.4:
el,...,e; and fi,...,f» respectively. Let H; and G; be subgroups of Z" wr Z generated by {b,V;} and
{b, W} respectively. It follows by Remark V.6.4 that that G| = Z" wr Z and H; = 7 wr Z.

Remark V.6.7. Observe that under the correspondence of Remark V.6.5 each generator of the group H; is in
the normal closure of only one generator of G;. That is, for each i, ¢; = u; f; for u; € Z[(b)] means that there

exist expressions e; = g;(x)f; where g;(x) = ZZ: | i pxTi.

Definition V.6.8. We will call subgroups of Z" wr Z or Z;, wr Z generated by b and w; from different sub-
modules Z[(b)]a; or Z,[(b)]a; “special”.

Lemma V.6.9. There exists 0 < n',m’ € N so thatn'W C Wy CW,and m'V CV; C V.

Proof. By Remark V.6.5 we have that V is a finitely generated Z[(b)] module with generators wi,...,wy.
For each w;, we have that the element w; ® 1 € V. Therefore, by Lemma V.6.2, there are 4; ; € Q[(b)] so that
w; = Z§:1 Ai, je;. First observe that mw; = Z§:1 A; jej, because e; = me; € V.

Next, there exists M; € N so that Mymw; = 2321 Ui jej € Vi where ; j € Z[(b)]. Let m' = M, ... Mym.
Then for any v € V, we have that v = Zi-‘:l viw; where v; € Z[(b)], and therefore, m'v € V; as required. A

similar argument works for obtaining n’. O

Lemma V.6.10. Let ZV wrZ = G = WA/(b) and let K = {(wy,...,wi))¢ < G be the normal closure of
elements w; € W. Suppose that there exists n € N and a finitely generated subgroup K' < K so that nK < K'.
Then

Proof. We will use the notation that K| = gp(K,b),K| = gp(K’,b),K{ = gp(nK,b). Observe that the map-
ping ¢ : G — G: b — b,w — nw for w € W is an injective homomorphism which restricts to an isomorphism
K; — K{'. An easy computation which uses Lemma V.3.3 and the definition of ¢ shows that for any g € K|,

we have that
gle <19(8)lc <nlglc (V.8)

where the lengths are computed in G with respect to the usual generating set {aj,...,a,,b}.

39



Observe that under the map ¢ we have that
for x € Ky, |x[k, = [9(x)[xy, (V.9)

where the lengths in K|’ are computed with respect to the images under ¢ of a fixed generating set of K.

By their definitions, we have the embeddings
K/ <K, <K K. (V.10)

By Equation (V.10) there exists &' > 0 depending only on the chosen generating sets of K and K] so
that
for any x € K], |x|x, §k’\x\K{. (V.11)

It also follows by by Equation (V.10) that there exists a constant k > 0 depending only on the chosen
generating sets of K| and K| so that
for any x € K7, x| g < k|x[gr. (V.12)

First we show that Agi'(l ) < AI% (1).

Let g € K| be such that |g|g <[ and [g[xs = Ag{,(l). Then there exists ¢’ € K; such that ¢(g') = g.
Therefore, it follows that Agi' (1) =lglxkr =10(&)kr = lg'lx, < AI% (1). The first and second equalities follow
by definition, the third by Equation (V.9), and the inequality is true because by Equation (V.8) we have that
¢'le < 10(8)l6 = lgle < 1.

We claim that AF (1) < AIG{{ ().

Let g € K, be such that [g|k, = AZ ({). Then |g|x, <[9(g)[x, <K[9(g)lx < k’A% (nl), which follows
from Equations (V.8), (V.11) and by definition.

On the other hand, we will show that AIG({ (1) = Agi'(l)' Let g € K| be such that [g|x = Ag{ (I). Then

gl < 10(8)lk; < kl¢(g)lky < kA%,(nl), which follows from Equations (V.8), (V.12) and by definition.

Therefore, we have that AY (1) < A%, (1) X AS, (1) < AL (1). O
1 1

Lemma V.6.11. Let H be a subgroup of Z" wr Z with b. Then the distortion of H in 7" wr Z is equivalent to
the distortion of a special subgroup. Recall by Definition V.6.8 that this means H is generated by elements

bwi,...,wx where k <r, ZwrZ = gp{b,ay,...,a,) and each w; is in the normal closure of one a; only.

This follows from the results of Section V.6.1. Recall that the special subgroup H; of the group G| was
defined in Lemma V.6.6, and these groups were associated to the given H < G. It follows from Lemmas
V.6.9 and V.6.10 that the distortion functions

A (1) =~ AG(1) ~ L and A (1) = Af(1).
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V.7 The Case of A wr Z

In this section, we will reduce distortion in subgroups of A wr Z where A is finitely generated abelian to that
in subgroups of Z* wr Z only. By the previous section, we have reduced the problem of studying distortion
in Z¥ wr Z to the study of special subgroups.

Here we recall some basic similarities and differences between the groups Zt wr Z and Z* wr Z. Let
G=7FwrZ,forn>2k>1.

Although the notion of equivalence has only been defined for functions from N to N, we would like
to define a notion of equivalence for functions on a finitely generated group. We say that two functions

f,8& 1 G — N are equivalent if there exists C > 0 such that for any x € G we have
1
S0~ C <) ST +C.

If there is a function f : G — N such that f ~ | - |, then for any subgroup H of G, A% (1) ~ max{|x|y : x €
H, f(x) <I}.

Lemma V.7.1. For any g € G, the following function f : G — N is equivalent to the length in G. Using the

notation of Remark V.3.2, we have that

f(g)=ltl+em+w = |glc.

Proof. First let g € G have normal form as in the statement of Lemma V.3.2. Then by Lemma V.3.3 it
follows that

l8le < (N+M)(n—1)+2(ty +&m) + [t] < (v + 1+&m) (n— 1) +2(tv +&m) + [t

< (+1)(v+em) + |+ (n—1) <Cf(g) +C,

where C = n+ 1. The computations follow from the definitions, as well as the fact that gy > M, iy > N —1
and the length in Z¥ of each u;,v; is bounded from above by n— 1. On the other hand, observe that |g|¢ >
max{|t|, 1y + €y }. Therefore, 2|g|c > f(g), so the two functions are equivalent. O

Lemma V.7.2. Let A be a finitely generated abelian group and consider G=AwrZ =A wr (b). IfH is a
finitely generated subgroup of G, then there exists k so that the distortion of H in G is equivalent to that of
a finitely generated subgroup in ZF wr 7.

Proof. There exists a series
A=A)>A > - >A,27ZF

for k > 0 where A;_;/A; has prime order fori = 1,...,m.

We induct on m. If m = 0, then A =2 ZF and the claim holds.

Now let m > 0. Observe that A; is a finitely generated abelian group with a series A > --- > A,, = Z
of length m — 1. Therefore, by induction, any finitely generated subgroup in G, = A; wr Z has distortion
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equivalent to that of a finitely generated subgroup in Z* wr Z, for some k.
By Lemma V.6.3, all finitely generated subgroups of G; = (A/A;) wr Z are undistorted. Denote the
natural homomorphism by ¢ : G — Gy. Let

U=EPA| =ker(9).
(b)

Observe that U - (b) = G,. The product is semidirect because U is a normal subgroup which meets (b)

trivially, and it is isomorphic to the wreath product by definition: the action of b on the module EBAl is the
()

same.

Let H be a finitely generated subgroup in G. Suppose that H is not contained in W. It follows in this
case by Lemmas V.5.1 and Lemma V.5.6 that H is a subgroup with b.

Let R = Z[(b)]. Observe that R is a Noetherian ring. This follows from basic algebra because Z is a
commutative Noetherian ring. Therefore, W is a finitely generated module over the Noetherian ring R, hence
is Noetherian itself. Thus, the R-submodule H NU is finitely generated. Let {w/,...,w.} generate HNU as
a R-module. Let {b,w;,...,ws} be a set of generators of H modulo U;; that is, the images of these elements
generate the subgroup H; = HU /U 2 H/HNU of G,. Then the set {b,wy,...,ws,w|,...,w.} generates H.
Furthermore, the collection {b,w/,...,w,} generates the subgroup H, = (HNU)- (b) of G,.

Let g € H have |g|¢ <. Then the image g; = ¢(g) in G belongs to H,, because g € H, and has length
|g|lg, <1by Lemma V.7.1 and definition of ¢ and G;. It follows by Lemma V.6.3 that H; is undistorted in
G1. Therefore, there exists a linear function f : N — N (which does not depend on the choice of g) such that
|g1|m, < f(1). That is to say, there exists a product P of at most f(/) of the chosen generators {b,wy,...,ws}
of Hy such that P = gfl in H;. Taking preimages, we obtain that gP € U.

Because H is a subgroup of G, there exists a constant ¢ depending only on the choice of finite generating

set of H such that for any x € H we have that
xle < clx|m. (V.13)
It follows by Equation (V.13) that
18Plc < [glc + Plc < |glc +c|Plu < I+cf(l). (V.14)

Observe that gP € H,. This follows because gP € U by construction, and g € H by choice. Further,

P € H because it is a product of some of the generators of H. Since H, = (HNU) - (b) we see that gP € H,.

Using the fact that G and G, are wreath products together with the length formula in Lemma V.3.3, we have
that for any x € Gy,

IxlG, < |x|g- (V.15)

By induction, the finitely generated subgroup H, of G, has distortion function F (/) equivalent to that of
a finitely generated subgroup H in Z* wr Z for some k. That is, F(I) = Afé () ~ Ag wrZ([). In particular,
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for any x € H»,
¥, < F(|xl,)- (V.16)

Since gP € H;, we have that

|8Plm, < F([gPl6,) < F(|gPle) < F(I+cf(1)).

The first inequality follows from Equation (V.16), the second from Equation (V.15), and the last from Equa-
tion (V.7).
Because H, < H there is a constant k such that for any x € Ha, |x|g < k|x|g,.

Combining all previous estimates, we compute that
gl < |gP|u + |Plu < k|gP|u, + (1) < kF(I+cf (1)) + f(1).

Thus, at this point we have shown that A% (/) < F () = Ag; (1), since f is linear. On the other hand, Afj (/) =
A$ (1) by Lemma V.6.10. By Lemma V.2.2 we have that A7 (1) < A, (1) and so A% (1) ~ A2 (1) ~ Afg wrZ(p),
If the subgroup H had been abelian, it follows by induction that it is undistorted, because the finitely

generated group H NU is also abelian, and so its distortion in G, is linear. U

V.7.1 Estimating Word Length

We need to establish a looser way of estimating lengths in Z” wr Z, r > 1 than the formula introduced in
Lemma V.3.3.

Lemma V.7.3. Let 7" wr Z have standard generating set {ay,...,a,,b}. Let H < 7" wrZ be a special

subgroup with generators b,wy, ..., wi.Then H is isomorphic to 7% wr Z.

This follows from what has been established already. Each w; generates a free cyclic Z[(b)] submodule.
By hypothesis, all w;’s are in different direct summands, so they generate a free Z[(b)] module of rank k.
We will only consider special subgroups of Z" wr Z. Such a subgroup H has generators b,wy, ..., wg

where w; € W, and further, for eachi =1,...,k we have that
1 .
w; = ri(x)a; where r;(x) = Z d; jx’. V.17)
j=0

This follows without loss of generality by conjugating by a power of b. Then for any element g € H, we

may write
k Sitpi
g= (Z ﬁ(x)w;) b" where fi(x) = Y zgx (V.18)
i=1 q=Si
for some s;,2; 4 € Z, p; > 0. In the generators of Z" wr Z we may also write this element as
k Si+pi+t )
(Zgi(x)ai) b" where g;(x) = ri(x) fi(x) = Y yij/, (V.19)
i=1 j=si
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for some y; ; € Z. For this element, consider the norms

k si+pitt k Si+pi
e(@=Y Y lyijlanden(s)=Y Y lzigl-
i=1 j=s; i=1 g=si

Letting 1 = max;{#; +s; + p;,0}, € = min;{s;,0}, 1y = max;{s; + p;,0} we define up(g) =1y —€ and u(g) =

1—E.

Consider the function

0(l) =max{en(g): g€ HNW,e(g) <land u(g) <I}.

The following Lemma shows that we may simplify computations of word length in special subgroups.

Lemma V.7.4. Let H < 7" wr Z be special, given by generators of the form described in Equation (V.17).

Then we have that
AZ I & §(D).

Proof. Recall that by Lemma V.3.3 as well as Lemma V.7.3, we have the following formulas. For g € H with

the notation established above, we have that: |g|y = ey (g) + min{—2e + 1y + |n— 15],21y — €+ |n— €|}

zrwez =e(g)+min{-2e+1+|n—1|,2t —e+ |n—¢€l|}.
The following inequality follows from the definitions:

and |g

max{e(g),u(g), [n} < [glzr wrz-
Similarly, we have that
|gln < en(g) +2un(g) +[n| and [g|zr wrz < e(g) +2u(g) + |n.
Observe that for g € HNW we have that
|8l = max{en(g),un(g)}-

Observe that
max{ug(g): g€ H,u(g) <1} <L

Thus,
A (1) < max{en(g) : g € H,e(g) < Lu(g) <1} +max{2up(g) : g € H,u(g) <1}

+max{|n|: g€ H,|n| <1} <5(I)+3L.

The first inequality follows from Equation (V.20), the second from Equation (V.21).
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On the other hand, we have that
ALY P(1) > max{en(g) : g € HNW,e(g) <1/4,u(g) <1/4}

—max{uy(g): g€ HNW,e(g) <I1/4,u(g) <1/4} > 5(1/4) —1/4.
The first inequality follows from Equation (V.21), the second from Equation (V.22), and the third from

Equation (V.23).
Thus AZ ¥ Z%(1) and §(1) are equivalent. O

V.7.2 Tame Subgroups

In this Subsection, we will be able to further reduce the study of distortion of special subgroups to that of

two generated subgroups of Z wr Z.

Definition V.7.5. We call a subgroup of Z wr Z generated by b and w = h(x)a € W where h(x) € Z|x| has
nonzero constant term a “tame” subgroup. We will fix the notation that the polynomial i(x) = do+ - - -+ d;x’'
where dy,d; # 0.

Lemma V.7.6. Let H < 7" wr Z = G be a special subgroup. Let H; = gp(b,w;) and G; = gp(b,a;) for
i=1,...,k. Then we have that
AG (1) ~ max{AG (D) }iet k-

Further, we may assume without loss of generality that each H; is a tame subgroup.

Proof. Observe that H; — H is an undistorted embedding, due to that fact that H; is a retract of H (and
similarly for G; < G). Therefore, by Lemma V.2.2 we have that

A (D) 2 AL =2 AG(D),

for every i. To prove the other inclusion, we will apply Lemma V.7.4. We know, using the notation of
Lemma V.7.4, that

Si+pi

k
AG (1) =~ 8(1) = max{ey(g): g € HNW,e(g) < land u(g Z Z |i 4]

for some g € HNW which is equal to Y5, £i(x)w; and f;(x) = APz gX1.
Let the number j € {1,...,k} be so that

Si+pi Si+p;j
max { Z |zigl} = Z 12).ql-
K g=s; q=s;

Denote this max1mum value by M;. We have that A (! ) S(I) =Y Xoir \z, 4| < kM;. We will show

.....

filx)wj € HiNW. Let w; = rj(x)a;, where rj(x) = Z?‘:Odj’,-x" and let g;(x ) fj( ) i(x) = ZS’er’H’yJV,-x".

1=S5j
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Then Y3 77" |y, ;| <1, by hypothesis that g satisfies e(g) < L. It also follows that max{z; +s; 4 p;,0} <

1=5;

,,,,,

Therefore, by Lemma V.7.4 applied to the subgroup H; of G;, we have that M; < Agj (1) as desired. O

V.8 Distortion of Polynomials

In order to understand distortion in tame subgroups of Z wr Z, we will introduce the notion of the distortion

of a polynomial.

Definition V.8.1. Let R be a subring of a field with a real valuation, and consider the polynomial ring R[x].
We will define the norm function S : R[x] — R which takes any f(x) = Y jax' € R[x] to S(f) = ¥ q |ail.
For any i € R[x] and ¢ > 0, we define the distortion of the polynomial % from N to N by

Ap (1) =sup{S(f) : deg(f) < cl, and S(hf) < cl}. (V.24)

Remark V.8.2. Taking into account the inequality S(hf) < cl, one can easily find some explicit upper
boundes C; = C;(h,c,1) for the modules of the coefficient at x' of f(x) in Formula (V.8.1), starting with
the lowest coefficients. Therefore the supremum in Equation (V.24) is finite. Furthermore, if R=7Z,R or C
then the supremum is taken over a compact set of polynomials of bounded degree with bounded coefficients,

and since S is a continuous function, one may replace sup by max in Definition V.8.1.

Note that the distortion does not depend on the constant ¢, up to equivalence, and so we will consider
A (1). We will eventually show that the distortion of a tame subgroup is equivalent to the distortion of the

polynomial associated to its generator in W.

V.8.1 Connections Between Subgroup and Polynomial Distortion

The following fact makes concrete our motivation for studying distortion of polynomials.

Lemma V.8.3. Let H be a tame subgroup, where as usual (cf. Definition V.7.5) H = (b,w) < Z wr Z where
w=h(x)aforh=dy+---+dx' € Zlx]. Then

An(1) = &G (D).

We break the proof of Lemma V.8.3 into two smaller lemmas, each demonstrating one inequality.

Lemma V.8.4. With all notation as in Lemma V.8.3, we have that AL %(1) < Ay(1).

Proof. By Lemma V.7.4, we have that A2“"Z(1) ~ §(I) = max{ey(g) : g € HNW,e(g) < l,u(g) < 1}.
Let g = f(x)w € HNW be so that §(I) = e(g). Write f(x) = Y72 z,x9. There exists n € Z so that
g1 =D"ghb™" € H and g; = fi(x)w where fi(x) is a regular polynomial. It is easy to check that ey (g) =
en(g1),e(g) =e(g1) and u(g) < u(g). Now observe that deg(f1) < u(g1) <u(g) <land S(hf;) =e(g1) =

e(g) < 1. Therefore, Ap(1) = S(f1) = en(g1) = en(g) ~ ALY L(]).

O

Lemma V.8.5. With all notation as in Lemma V.8.3, we have that A5 Z(1) = Ay(1)
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Proof. By Lemma V.2.8 we have that H = Z wr Z under the isomorphism b — b,w — a. We fix the notation
!

that w; = biwb~". Let Ay (1) = S(f) where f(x) Z z4x7. We have that in the subgroup H, f(x Z ZgWg»
q=0
so by Lemma V.3.3 we have that

l
)hla = fblqu =S(f) = An(D).
o

I+t
On the other hand, in Z wr Z = (a,b) we have that f(x)w = f(x)h(x)a. Let f(x)h Zylx Then
i=0
1+
xX)a = Z yia;.
Jj=0
Therefore by Lemma V.3.3,
t+1
fiCwlzwez = Y [yl +2(t+1) = S(fl) +2(1+1) <31+1.
j=0
Therefore, the distortion of H in Z wr Z is at least A, (/). O

V.9 Lower Bounds on Polynomial Distortion

For the rest of this section and the next, although we are motivated by studying groups, we are only dis-
cussing polynomials. Given any polynomial & = }¥;_,d ix) € Z[x],dy,d; # 0, we are able to compute the

equivalence class of its distortion function.

Lemma V.9.1. The distortion of h with respect to the ring of polynomials over Z,R, or C is bounded from

below by I, up to equivalence, where c is a complex root of h of multiplicity k and modulus one.
Proof. Let c be a complex root of ~ of multiplicity K and modulus 1. That is,
h(x) = (x —¢)*h(x)
over C. Let
i) =T e R

Then the product
h(x) fE () = (o =) R(x) fi(x)

satisfies S(hf ') is O(1), because f;(x) is O(I). On the other hand, because |c| = 1, we have that S(f ') >
|fi(c)<*!| = I¥*1. This implies that if ¢ € R; i.e. ¢ = %1, then A (1) = [¥*!, where the distortion is consid-
ered over C, R or over Z.

We will show that a similar computation holds over R or over Z even in the case when ¢ € C —R. Let ¢
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1

be the complex conjugate of c. By hypothesis that ¢ ¢ R we know that ¢ # ¢. Then ¢ = ¢~ is a root of A(x)

of multiplicity k as well, and
h(x) = (x—c¢)*(x—¢)*H (x)

where H (x) has real coefficients. Consider the product fj(x)f;(x), where
filx) =x"t a4 4@
A simple calculation shows that each of the coefficients of this product is a sum of the form

Y do=Y) R
i+j=K i+j=K

This is a geometric progression with common ratio ¢? # 1. Therefore, S(f;) < |1_202| and therefore S(fif7)
is O(S(f7)) = O(1). This computation implies that the products

h(x) ) A ) = (0 = DR =) H (0 £i(0) fix)

have the sum of modules of coefficients which are O(l).

The polynomial £ (x) £ (x) has real coefficients. There is a polynomial F;(x) with integer coeffi-
cients such that each coefficient of Fj(x) — £ (x) f! (x) has modulus at most one. Thus S(hF;) is also
o(l).

We will show that the sums of modules of coefficients of Fj(x) grow at least as [**! on a subsequence
from Remark I1.2.6. It suffices to obtain the same property for ! (x) £ (x). Since |c| = 1, we have that

the sum of modules of the coefficients of £ (x) £ (x) is at least

R (O = N E o).

We will show that there exists a subsequence {/;} so that on this sequence,

A o] =

i

N —

We have that
ﬁ(c)zclfl+clf26+”.+c—,l71 A S IIRRRTIPR B

because ¢ = ¢~ !. Therefore |fj(c)| = |1 +c? +---+c* 72| and similarly, |fi(c)| = |1 +c>+---+c?|. One
of these two numbers must be at least one half because |fi(c) — fi11(c)| = [c*| = 1. Thus either [ or [ + 1

can be included in the sequence {/;}, and all required properties are shown. O
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V.10  Upper Bounds on Distortion of Polynomials

V.10.1 Some Linear Algebra

In order to obtain upper bounds on distortion of polynomials we require some facts from linear algebra. Fix

an integer k > 1 and let n > 0 be arbitrary.

Lemma V.10.1. Let Yy,....Y,,Cy,...,C, be k X 1 column vectors. Suppose that the sum of the modules of
all coordinates of C,,...,Cy is bounded by some constant ¢, and that the modulus of each coordinate of Y

and Y, is also bounded by c. Suppose further we have the relationship
Y, =AY, +C,i=2,...,n (V.25)

where A is a k X k matrix, in Jordan normal form, having only one Jordan block. Then the modulus of each
coordinate of arbitrary Y;,2 < i < n— 1 is bounded by dcn*~" where d depends on A only. In the case where
the eigenvalue of A does not have modulus one, the modulus of each coordinate of arbitrary ¥;,2 <i<n—1

is bounded by cd, where d depends on A only. All matrix entries are assumed to be complex.

A 0 0...0

1 A 0...0
Proof. Let A be the eigenvalue of A, so that A =

We will consider cases.
e First suppose that |A| < 1.
From Formula (V.25) we derive:
Y; =A(AY; 2+ Ci1) +Ci = (A) Y2 +ACi_ +Ci = ---

= (A +(A)2C+ - +AC +C. (V.26)

The following formula for A" is well-known because A is assumed to be a Jordan block; it may also be

checked easily using induction. We have that

AT 0 0... 0
rar! AT 0... 0
A — r(rfl))brfz rlrfl AT 0

2! )

r! )krf(kfl)“‘ V(’*l))tr72 r)erl AT

r——1)Ik—1)! 2!
with the understanding that if » < k— 1, any terms of the form (;) A"~/ where r < j are 0. Arbitrary nonzero
element of the matrix A” is of the form (;)l’*j for some j < k— 1. Let a,,(r) denote the s, entry of A”.
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Then ay,(r) is either zero or of the form (;)/’L’_j for some 0 < j < k— 1 depending on s and ¢. Then

r; lag:(r)] < r; |as(r)] = r; | <J'>)Lr1’

which is a constant depending on A and not on #, because the series on the right is convergent when || < 1.
Let

oo

] = max {Z las,: (r)|}.

1<s,t<k =
r=1

Let A be the k x k matrix whose s, entry is Y'>°_ | |as,(r)|, and the column C be obtained by placing in the j*

row the sum of the modules of the entries of the j* row of all C; and Y;. Then every entry of C is bounded
by 2c. Observe that the modulus of every entry in the right side of (V.26) is bounded by an entry of AC,

which is in turn bounded by 2cc, which does not include any power of # at all.
o Let|A|>1.

Because A ! is an eigenvalue of A~!, there exists a decomposition A~! = SJ/S~! where

1
Lo 0.0
1 L 0...0
J= A ,
1
0 0.. 1 1

Letting ¥/ = S~'Y; and C} = S~!C; we see by Equation (V.25) that
Yo, =Y+ Cot I IC o IC

forr=1,...,n—2. Observe that the sum of modules of coordinates of ¥, _, is less than or equal to ksc, where
s depends on S (and hence on A) only. Similarly, the sum of all modules of all coordinates of C),...,C), is
bounded above by ksc. This case now follows just as the previous one to obtain constant upper bounds on
the modules of the entries in Y5,...,Y, . Finally, the modulus of any coordinate of ¥,,_, is bounded by ks

times the modulus of a coordinate of Y, _,..
o Let|A|=1.

In this case, we have that

|<;>}Lrj _ (;) _ r(r_1)...§!r_(j_1))

<rr=1) (= (G=1) < <ab

It follows from Equation (V.26) that every entry of ¥; is bounded above by 2cn* 1. O
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Lemma V.10.2. Let Yy,....Y,,Cy,...,C, be k X 1 column vectors. Suppose that the sum of the modules of
all coordinates of C,,...,C, is bounded by some constant c, and that the modulus of each coordinate of Y,

and Y, is also bounded by c. Suppose further we have the relationship
Yi =AY, 1 +C,i=2,...,n

where A is a k X k matrix. Then the modulus of each coordinate of arbitrary Y;,2 < i < n— 1 is bounded by

Kk—1

dcn®™" where d depends on A only, and x < k is the maximal size of any Jordan block of the Jordan form of

A having eigenvalue with modulus one.

Proof. There exists a Jordan decomposition, A = SA’S~!.
Let S = (s;)1<i j< and let s = max |s; ;|. Then for C; = S~!C; and ¥/ = S~'Y; we have that

Y/ =AY +C. (V.27)

By hypothesis, the sum of the modules of all coordinates of Cj,...,C, is bounded by ksc = ¢’ and the
coordinates of ¥/ and Y, are bounded by ¢’ as well. As we will explain, our problem can be reduced to
the similar problem for ¥/ in (V.27). Suppose that the modules of coordinates of every ¥/ are bounded by
dc'n*~! where d depends on A only. Then, letting S = (s7;)1<; j<x and § = max |s7 ;| we have by definition
of ¥/ that arbitrary element of ¥; has modulus bounded above by k§dc'n*~! = d’cn*~! where d’ = k*ssd
only depends on A’, as required.

Lemma V.10.1 says that if A’ has only one Jordan block, then the bound is constant if the eigenvalue
does not have modulus one. Otherwise, we have in this case that k = k and the claim is true. If there is more
than one Jordan block present in A’, the problem is decomposed into at most k subproblems, each with only

one Jordan block of size smaller than k. Again, we are done by Lemma V.10.1. 0

We will use Lemma V.10.2 to prove the following fact, which requires establishing some notation prior
to being introduced. Let dy,...,d;, € Z where dy,d; # 0. Let the (n+ k) x n matrix M have j”* column,
for j=1,...,n, given by [0,...,0,do,d\,...,d,0,...,0]", where dy first appears as the j* entry in this ;"

column. Given the matrix M, we may also construct the matrix

0 1 0... O
0 0 1... 0

A= : : IR (V.28)
0 O... 0 1
ay ay... dadp—1 dg,
where a; = —dk;lé“ ,for j=1,... k. Let k be the maximal size of a Jordan block of the Jordan form of A

having eigenvalue with modulus one.

T

Lemma V.10.3. Suppose that X = [x,x2,...,X,|" is a solution to the system of equations MX = B, where

B = [b1,b3,...,b,st]". Then it is possible to bound the modules of all coordinates xy, ..., x, of the vector
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X such that |x;| < cbn* ! where b =Y {|bj|} for 1 < j < n-+k and the constant ¢ depends upon dy, ... ,dx
only.

Prior to proving Lemma V.10.3 we prove an easier special case.

Lemma V.10.4. [t is possible to bound the coordinates xy,...,x; of the vector X from Lemma V.10.3 from
above by by where b =Y ;{|b;|} and 7 = ¥(dy, . . .,dr1).

Proof. By Cramer’s Rule, we have the explicit formula that

det (L,)
det(L)

xi| =

where L is the k x k upper left submatrix of M corresponding to the first £ equations, and L; is obtained by
replacing column i in L with [by,...,b]T. Because det(L) = d¥, it suffices to show that the desired bounds
exist for det(L;); that is, we must show that there exists a constant ¥ depending on dj, ...,dy_; only such

that |det(L;)| < by fori=1,...,k. By expanding along the i’ column in L;, we find that

det(L;) = %b1 fi(do,...,dk—1) £b2fo(do, ..., dx—1) £ - L bifi(do, ... ,dk-1),
where for each i = 1,...,k, f; is a function of dp, ...,d;—; only obtained as the determinant of a submatrix
containing none of by,...,b;. The proof is complete by the triangle inequality. O

Note that the |x;| for j =n—k+1,...,n are similarly bounded by b7 for the same b and some ¥ =
Y(do,...,dx—1) as in Lemma V.10.4. It is clear according to Lemma V.10.4 that we may assume that |x;| < by
for the same y = y(dp,...,dy_1) foralli=1,....k,n—k+1,...,n.

We proceed with the Proof of Lemma V.10.3.

Proof. 1t suffices to obtain upper bounds for |x;| whenn—k >i>k+ 1.

For such indices, we have that
dixi—x +di_1xip1 -k + - +doxi = b;.

In other words,

xi =&t axig+asxivi g+ Fagxioi,

where & = 5—(") and a; = —d";l—é“. Let X; = [x; t11,---,x]7 and let Z; = [0,...,0,&]7. Then for the matrix A

of Equation (V.28) we have the recursive relationship
Xi=AXi1+ &

for i = k,...,n. Observe that the matrix A depends on d,...,d; only, and that the sum of modules of the

entries in all =; are bounded by %.

52



We see by Lemma V.10.4 that Lemma V.10.2 applies to our situation. Therefore, the modules of coor-
dinates of arbitrary X;, k+1 < i < n— k are bounded by dc(n —k+1)¥"! < dcn*~!, where d depends only
ondo,...,dk,c:max{ﬁ,yb}. O

Lemma V.10.5. Let h(x) =do+ -+ d;x', where dy,d, # 0. Then the distortion of h is at most [ where
K is the maximal size of a Jordan block of the Jordan form of

0 1 0... 0
0 0 1... 0
A= : S
0 0... 0 1
_d _di _d  _d
dy dy " dy dy

of Equation (V.28) with eigenvalue having modulus one.

Proof. Consider any f = Y37 z,x7 as in Definition V.8.1. Then consider /f = Zj.if *y;x/. The coefficients

y; are given by the matrix equation MZ =Y, where Z = [z, ..., 254 p]T,Y = [Vs,- -+, Vsip+e) | and

d 0 0 0
d dy 0 0
d2 d1 d() 0
M=\|d d— ... di... 0
0 d ... dy... O
0 O dt dtfl
o ... 0 0 d

isan (p+t+1) x (p+1) matrix.
By Lemma V.10.3 we have that foreach g =s,...,s+pthat|z,| <cy(p+1)*~! where c =c(dy, ..., d;),y =

Y|yl <. Therefore,
s+p

M) <S(f) =Y Izgl S e+ 1)<
q=s

O]

The following Lemma shows that the upper and lower bounds are the same, and so we can compute
exactly the distortion of a polynomial.

Lemma V.10.6. Let h(x) =do+ - - +dix' be a polynomial in Z[x|. Then the distortion of h is equivalent to
a polynomial. Further, the degree of this polynomial is exactly one plus the maximal multiplicity of a root of

h(x) having modulus one.
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Proof. Lemma V.9.1 shows that the distortion is bounded from below by the one plus the maximal multi-
plicity of a root of (x) having modulus one. We will show that the upper bounds of one greater than the
maximal size of a Jordan block of the Jordan form of A with eigenvalue having modulus one obtained in
Remark V.10.5 are the same as these lower bounds. The characteristic polynomial of the matrix A equals
x4 %x’_l +- 4+ d&—;]x—i- & Therefore, doh(x) is the characteristic polynomial for A=!. If ¢ is an eigen-

!is an eigenvalue of A~! also having modulus one. Therefore any

value of A with modulus one, then ¢~
Jordan block for A corresponding to an eigenvalue ¢ with modulus one has size which does not exceed the
multiplicity of the root ¢! in the polynomial /. The roots ¢ and ¢~! where |c| = 1 have equal multiplicities

in A. O

Lemma V.10.7. Any finitely generated subgroup H of A wr Z where A is finitely generated abelian has

distortion equivalent to the distortion of a tame subgroup of Z. wr 7.

This follows by combining what has already been established: Lemmas V.7.2, V.7.6, V.6.11, V.10.6.

V.11 Proof of the Main Theorem

Theorem 1.3.4 Part (1) follows from Lemmas V.10.7, V.8.3 and V.10.6.

It follows by Lemma V.7.2 that all finitely generated subgroups in A wr Z where A is finite abelian are
undistorted. For in this case, k = 0 and so F (/) is linear. Therefore, Theorem 1.3.4 Part (2) is also proved.

Now we complete the proof of Theorem 1.3.4, Part (3). Let A be a finitely generated abelian group
of rank k. Consider the 2-generated subgroup H < Z wr Z constructed as follows. Let m € N. Consider
h(x) = (1 —x)"™!. Then the distortion of the polynomial / is seen to be equivalent to /", by Lemma V.10.6.
By Lemma V.8.3, this means that the 2-generated subgroup (b, (1 —x)"'a) = H,, < Z wr Z has distortion
AIZ_L:” Z(1) = I'". The subgroup Z wr Z is a retract of A wr Z if A is infinite. Therefore, the distortion of H,

in Z wr Z and in A wr Z are equivalent by Lemma V.2.2.

Remark V.11.1. If we adopt the notation that the commutator [a,b] = aba~'b~!, then we see that in Z wr Z,
the element of W corresponding to the polynomial (1 —x)""'ais [---[a,b],b],--- ,b] where the commutator
is (m — 1)-fold. This explains Corollary V.1.2.
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CHAPTER VI
LENGTH FUNCTIONS FOR SEMIGROUPS

VI.1 Introduction

Following the work done in [O] for groups, we describe, for a given semigroup S, which functions / : § — N
can be realized up to equivalence as length functions g — |g|y by embedding S into a finitely generated
semigroup H. We also, following the work done in [O2] and [OS], provide a complete description of length
functions of a given finitely generated semigroup with enumerable set of relations inside a finitely presented
semigroup.

It has recently come to my attention that some of these results have been independently obtained in [E],
by using the same method of proof. However, we still include them in this thesis, because at the time I was
working on them, I did not know they had been proved already. These results are included in the dissertation
with the knowledge of Ershov.

VI.1.1 Preliminaries
Let S be an arbitrary semigroup (without signature identity element) with a finite generating set </ =
{al,...,am}.

Definition VI.1.1. The length of an element g € S is |g| = |g| is the length of the shortest word over the
alphabet .7 which represents the element g, where for any word W in .7 we define its length ||W|| to be the

number of letters in W.

Observe that if the semigroup S is embedded into another finitely generated semigroup H with a gener-

ating system % = {by,..., by}, then for any g € S we have
gz < clglos (VL1)
with the constant ¢ = max{|a1|, ..., |an|2} independent of g. Motivated by inequality (VI.1), we introduce

the following notion of equivalence.

Definition VI.1.2. Let /1, : S — N = {1,2,3,...}. We say that /; and /, are equivalent, /; ~ I, if there

exist constants ¢y, ¢y > 0 such that
cili(g) <h(g) <cahi(g)

forall g € S.

The discussion above implies that the word length in S does not depend up to equivalence on the choice
of finite generating set.
We will also be considering a semigroup analogue of the notion of distortion. We say that an embedding

of one semigroup H with finite generating system 24 into another semigroup R with finite generating system
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7 is undistorted if

(I17) la~ |- |-

Otherwise, the embedding is distorted. The notion is clearly independent of the choice of finite generating
sets % and 7.

Definition VI.1.3. The semigroup S is said to have the presentation
<X|Al =B;ic I>
in terms of generators and defining relations if the set S is the quotient of the free semigroup on the set X by

the congruence relation generated by the set {A; = B; }ic;.

Two words x and y are equal in § if and only if there is a finite chain
Wo—)wl —)'-.—)Wk

where wg = x,w; =y and w;_; — w; means that the word w; was obtained from w;_; by replacing some
subword of the form A; = B;,i € I.

VI.1.2 Statement of Main Results

The main goal of this note is to prove an analog of Theorem 1 in [O] for semigroups. The necessary condi-
tions for distortion functions of semigroups are as follows. The main result of this article is the sufficiency

of said conditions.

Lemma VI.1.4. Let S be a semigroup and [l : S — N a function defined by some embedding of the semigroup
S into a semigroup H with a finite generating system 9 = {by,... by}, that is, [(g) = |g|». Then

(D1) I(gh) <1(g)+1(h) forall g,h € S;
(D2) There exists a positive number a such that card{g € S:1(g) < r} < d" forany r € N.

Proof. The condition (D1) is obvious. To prove the condition (D2) it will suffice to take a = k+ 1. This

follows because the number of all words in % having length < r is not greater than (k+1)". 0

We establish the notation that the (D) condition refers to conditions (D1) and (D2) of Lemma VI.1.4.

Theorem VI.1.5. 1. For any semigroup and any function | : S — N satisfying the (D) condition, there
is an embedding of S into a 2-generated semigroup H with generating set 8 = {by,b,}, such that the

function g — |g| 4 is equivalent to the function I.

2. For any semigroup S and any function | : S — N satisfying the (D) condition, there is an embedding

of S into a finitely generated semigroup K with finite generating set ¢ such that the function g — |g|¢

is equal to the function .
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Corollary VI.1.6. 1. Let g be an element such that g generates as infinite subsemigroup in a semigroup
H with finite generating set B = {by,...,by}; i.e. card{g"},en = . Denote l(i) = |g'| 5 = |g| for
i € N. Then

(CI) 1(i+ j) <I1(i)+1(j) foralli,j € N (1 is subadditive);

(C2) There exists a positive number a such that card{i € N : (i) < r} < a" forany r € N.

2. For any function | : N — N, satisfying conditions (C1) and (C2), there is a 2-generated semigroup H
and an element h € H such that |h'|y ~ [(i).

3. For any function | : N — N, satisfying conditions (C1) and (C2), there is a finitely generated semi-
group K and an element k € K such that |k'|x = 1(i).

We observe that the main result of [O2] also holds for semigroups.

Theorem VI.1.7. Let | be a computable function with properties (D1) — (D2) on a semigroup S. Suppose
further that S has enumerable set of defining relations. Then S can be isomorphically embedded into some

finitely presented semigroup R in such a way that the function l is equivalent to the restriction of | |g to S.

This Theorem will be proved in Section VI.4.

Example V1.1.8. Because the function / : N — N : i+ [/*7¢] is computable (7 and e being computable
numbers) and satisfies the (D) condition, we have by Theorem VI.1.7 that there exists a finitely presented

semigroup R and an element r € R such that ||z ~ [(i).

Theorem VI.1.7 fails to provide a complete description of length functions of a given finitely generated
semigroup with enumerable set of relations inside finitely presented semigroups. In [OS], the corresponding
question was answered for groups, by extending the (D) condition. We obtain a semigroup analog of the
main result in [OS] as follows.

We use the notation that F;, is an absolutely free semigroup of rank m. Given an m-generated semigroup

S, and a function / : § — N, we may obtain the natural lift function [* : F,, — N.

Definition VI.1.9. Let S be an m-generated semigroup, and / : S — N. We say that [ satisfies condition (D3)
if there exists a natural number » and a recursively enumerable set T C F,,, X F;, such that

1. (vi,u),(va,u) € T for some words vy, v,,u then vy and v, represent the same element in S.
2. If v; and v, represent the same element in S then there exists an element u such that (vi,u), (vo,u) € T.
3. I*(v) = min{||u|| : (v,u) € T} for every v € F,.

Theorem VI.1.10. Let S be a finitely generated subsemigroup of a finitely presented semigroup H. Then the
corresponding length function on S satisfies conditions (D1) — (D3). Conversely, for every finitely generated
semigroup S and function | : S — N satisfying conditions (D1) — (D3), there exists an embedding of S into
a finitely presented semigroup H such that the length function g — |g|u is equivalent to I, in the sense of
Definition VI.1.2.
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This Theorem will be proved in Section VI.4.

When S has solvable word problem, the condition (D3) can be replaced by a simpler condition.

Definition VI.1.11. The graph of a function /* : F,, — N is the set {(w,l*(w)) : w € F,,}. A pair (w,k) is
said to lie above the graph of /* if I*(w) < k.

We observe that the following result of [OS] also holds in the semigroup setting. In fact, the proof
uses no special properties of groups such as existence of identity element or inverses and so goes through

immediately and directly.

Theorem VI.1.12. Let S be a finitely generated semigroup with decidable word problem. Then the func-

tionl: g — |gly given by an embedding of S into a finitely presented semigroup H satisfies the conditions
(D1) — (D2) as well as the following condition:

(D3') The set of pairs above the graph of I* is recursively enumerable.

Conversely, for every function | : S — N satisfying (D1),(D2) and (D3'), there exists an embedding of S
into a finitely presented semigroup H such that the corresponding length function on S is equivalent (in the
sense of Definition VI.1.2) to .

The following Corollary follows from Theorem VI.1.12 and reminds us of the statement of Corollary
VI.1.6.

Corollary VI.1.13. 1. Let g be an element generating an infinite subsemigroup in a finitely presented
semigroup H with generating set B = {by,...,b}. Denote 1(i) = |g'| 5 = |g'| for i € N. Then

(C1) I(i+j) <I1(i)+1(j) foralli,j € N (I is subadditive);
(C2) There exists a positive number a such that card{i € N:1(i) <r} <a" for any r € N.

(C3) The set of natural pairs above the graph of | is recursively enumerable.

2. Conversely, For any function | : N — N, satisfying conditions (C1) — (C3), there is a finitely presented
semigroup H and an element g € H such that |g'|y ~ (i).

VL2  Exponential Sets of Words

Definition VI.2.1. Let 2" be a set of words over the alphabet
o ={ay,...,an}. We call 2" exponential if there are constants N and ¢ > 1 such that

card{X € 2 : ||X|| <i} >

for every i > N.
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Definition VI.2.2. A collection % of words satisfies the overlap property if whenever Y,Z € % we have
that
Y is not a proper subword of Z and (V1.2)

U nonempty, Y =UV and Z=WU impliesY =U =Z (VL.3)
where = represents letter-for-letter equality.

Lemma VIL.2.3. There exists an exponential set of words in the alphabet {b\,b,} satisfying the overlap
property of Definition VI.2.2.

Proof. Consider the set .# of all words
{B3VD3 : V = byV'b; contains neither b3 nor b3 as a subword.}

This set does satisfiy the overlap property of Definition VI.2.2. Condition (VI.2) is satisfied because if
Y.Z € .# andY is a subword of Z = W, YW,, then we have that b? is a prefix of both Y and Z. However, the
only time that b? can occur in a word in ./ is at the very beginning. Therefore, W) is empty. Similarly, W,
is empty. Condition (VI.3) is satisfied because if Y = UV and Z = WU then the prefix of U must be b1 and
the suffix of U must be by, say U = b;U'b,. This implies that b;U’'b,V = Wb U'b, = b?V’bg for some V'.
Therefore, U = b3V" b3, for some V" which implies that both V and W are empty.

We will verify that .# is an exponential set. Consider the set

M;={xe & :|x|| <i}.

Consider a word x = b3b,bP' 6% b% ... b% bP2b, b3 where B; € {0,1} for j = 1,2 and & € {1,2} for j €
,...,n},an n= =12 Such a word has ||x <10+2n=isox € M;. If i > N = 12, then there exists ¢ >
1 dn =5 Such dh 10+2 M;. If i > N = 12, then th 1

satisfying 2" > ¢. This implies that card(M;) > 22" > ¢l foralli > N. O

Lemma VI1.2.4. Let .# be an exponential set satisfying the overlap property. Suppose V=X1X,---X; =
SnY,---Y,,T where m,t > 1 and X,,,Y; € A forall 1 <n <t,1 < j<m. Then there exists an i <t such
that S =Xy X; 1, T =Xjym-- Xy andY; =X 1 yiyjfor j=1,....m.

Proof. Because X1 Xo---X; =SV Y,---Y,T is letter-for-letter equality, we know that the first letter, u, in Y}
also occurs in X; for some i. We proceed by considering cases. If u is also the first letter in X; then either
X; is a subword of Y; or vice-versa. In either of these cases, by condition (VI.2), we have that X; =Y.
Now suppose that u is not the first letter in X;. If Y] is a subword of X; then we apply condition (VI.2)
again. Otherwise, a suffix of X; must equal a prefix of Y, which implies by condition (VI1.3) that X; =Y.
Now consider Y,. We know that the first letter of ¥, must also be the first letter of X;, ;. Therefore, one is
a subword of the other, so by condition (VI.2) we obtain that ¥, = X;, ;. The same argument shows that
Y =X jyyjforj=1,....mhence T =X\ ,---X; and S=X; --- X;_. ]
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Lemma VI.2.5. Let .# be an exponential set of words over a finite alphabet {ay, ... ,a,}. Then for a given
function 1 : S — N satisfying the (D) condition, there is a constant d = d(.# ,1) such that there exists an
injection S — M : g — X, € M satisfying

I(g) < |1X,]| <dl(g),g €S. (V14)

Proof. A proof can be found in [O] for the case where words are considered in a positive alphabet and hence

it holds for semigroups as well. 0

VL3 Constructing the Embedding

We begin by fixing some notation. Let .# be the exponential set of words in the alphabet 8 = {b;,b,}
obtained in Lemma VI.2.3. Let S be a semigroup and / : S — N a function satisfying the (D) condition. Let
d=d(A,l)and Z = {X,},cs C .4 be the constant and exponential subset guaranteed by Lemma VI.2.5
and satisfying the inequality (V1.4).

The semigroup S is a homomorphic image of the free semigroup Fs with basis &7 = {x,}4cs under the
epimorphism € : x, — g. Let p = ker(€). Therefore, S = Fs/p, and p provides all relations which hold in S.
Let

R = {(xp,xpyxp) : h="HH"in S}.

Then R represents the relations of S arising from its multiplication table.

Lemma VL.3.1. The semigroup S has presentation (< |R).

Proof. We must show that the congruence p coincides with RY, the unique smallest congruence relation on

Fy containing R. By definition of kernel the congruence p equals
{(xgl Xy Xhy e 'th) € Fy < Fy: g(xgl o 'xgn) = g(xhl v 'xhn)} =

{(xgl...xgnjxhl...th):gl...gn:hl...hmins}_

To see that p D R is easy, because p clearly contains R, and hence p is at least as large as the smallest con-
gruence on Fs containing R. Conversely, take an arbitrary element (X, - - - Xg,,Xp, -~ X, ) € p. We will show
this element is also in R*. Because R’ is an equivalence relation, it suffices to show that (x,, -+ x,,x,) € RF,
where ¢ = g1---g, in S. By induction, we may assume that (xg, - X, |, Xg ., 1) € R*. Then because
R® is left compatible, we have that (xg, -+ Xy, ,Xg g, 1Xe,) € R*. By definition of R we also have that

(Xgy-gy 1 Xen,Xg) € RE. Therefore, (xg, -+ Xg,,X,) € R as required. O
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Consider the following commutative diagram:

B(xg) =X, Y(g) = X,$

F(by,b2) H=F(,b0)/S

where & is the unique smallest congruence relation on the free semigroup F (by,b,) containing the set R =
{(Xp, X Xp) : h = H'K" in S} of defining relations of H, and € is the natural epimorphism. Observe that y
may be well-defined by the formula ye = ; i.e. ¥:= €B&~'. This definition is independent of the choice
of €7!(g) for g € S; in particular, we may select representative £ ! (g) = Xg. This is because if we have two
representatives, € 1(g) = X; = Xg,Xg, *+*Xg, then €(xg) = €(xg,Xg, *+Xg,) = €(Xg,) - €(Xg,) S0 & = g1+ &n
in S. One computes that € (xg,X,, - - Xg,) = €(Xg, Xg, -+ - X, ) = X, X, -+ X,,& and € (x,) = €X, = X,€.
By definition, X, X, - - - Xg,& = X, & if (Xg, X,, -+ - X,,,X,) € §. By induction, we may assume that

(X, -+ Xqg, |, Xg,.g,,) € E. Then because & is left compatible, we have that (X, --- X, ,Xg, ...,  Xq,) € &.
By definition of BR we also have that (Xg,...,, ,Xs,,Xg) € &. Therefore, (X,, ---X,,,X,) € & as required.

Lemma V1.3.2. The map B is injective.

Proof. Suppose Xg, -+ Xg, ,Xp, ;- Xn, € Fs and B(xg, ---Xg,) = B(xn,, - -xp,). Then Xy, --- X, = Xp, - - Xp,
Because Xy, - - - X,, and X}, - -- X, are words in the free group F(b;,b,) the equality must in fact be letter-
for-letter. Therefore by Lemma V1.2.4, we have that n = m and X, = Xj,, fori=1,...,n. By Lemma VIL.2.5
the map S — F(b1,b) : g — X, is injective, hence g1 = hy,...,8n = hy SO Xg, =+ - Xg, = Xp,*** Xp

m*

O
Lemma V1.3.3. The map 7y is injective.

Proof. Suppose that g,¢’ € S and y(g) = y(g’). We will show that g = g’. Since y=€B¢e~!, we have that
€Px, = €Bxy which implies that £X, = €X,s. Thus by definition of € we have that (X,, X, ) € & which means
that there is a finite chain

Xy = Xiy — Xiy — Xk - — Xi,, = Xy

where each — is obtained by applying a defining relation. Every X, is a product of elements of the form
X, where h € S. Each time we apply a defining relation, we replace one Xj, with XjyX;» or vice-versa, where
h=HIh" in S. Therefore, for each X, the product of subscripts equals the same element of S; in particular,

g = ¢’ as required. O

Let Hs be the free subsemigroup of F(by,b,) with free generating set {X, } sc5. We know that Hy is free
by Lemma VI.3.2, because Hg = imf3 = F/ ker B = Fs. As € is an epimorphism, we can consider the system
% = {b1,by} to be a generating set for the semigroup H which contains the isomorphic copy y(S) of S, by
Lemma VI.3.3.
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By an Hs-word we mean any word of the form W (X, ...,X;). Any Hg-word can be rewritten as a word
in the letters b; and b;.
The following is an important ingredient in the proof of Theorem VI.1.5 Part (1).

Lemma VL.3.4. For any Hg-word U, there is an Hg-word V such that €V) =€(U) and ||V|| < ||W]|]| for
any word W with €(W) = €(U).

Proof. 1t suffices to show that if a word W satisfies €(W) = €(U) then W must be an Hg-word. Because
W =U in H there is a finite chain

U=Uy—U — - —U,=W

where each — is obtained by applying a defining relation in H. Suppose by induction that at the n'" step
we have U, — U, where the Hg-word U, = X;, --- X, for l1,...,l; € S. Therefore we have that X;, ---X;, =
T'X,T = T'Xy Xy T = U,y for some words T, T’ where the defining relation applied was Xj, = Xy X, for
h=Hnh"in S. By Lemma VI1.2.4, both T and T’ are Hg-words. Thus so is U, 1, and by induction, W.  [J

Proof. of Theorem VI.1.5 Part 1:
By Lemma VI.3.3 we may identify S with its image y(S) C H. The equalities

g=7(g) =€Be ' (g) =EP(xy) =E(X,)

and the inequalities (V1.4) yield
gz < dl(g) (VL5)

for d > 0 and for any g € S C H. To obtain the opposite estimate, we consider an element g € S and apply
Lemma VI1.3.4 to the Hg-word U = X,. For a word W of minimum length representing the element X,, and

for the Hg-word V from Lemma VI.3.4, we have
gl = W] = [|V]]. (VL6)

By definition of Hg there exists a unique decomposition of the Hg-word V as a product V = X, X,, - - - X, for
some g; € S. Because V =W in H we have that (X, --- X, ,X,) € & which implies by previous arguments
that g = g1 - - - g5 in the subsemigroup S of H. Taking into account the inequalities (VI.4) we conclude that
||X,;|| = 1(g;). Hence, by the condition (D;) we have that

Wl =Y 11Xl > Y 1)) > 1(g).
=1 =1

Therefore, |g| > [(g), by (VL.6). This, together with inequality (VL.5), completes the proof. O

The following Lemma will essentially prove Theorem VI.1.5 Part 2. We fix notation as in the Theorem:

S is a finitely generated semigroup, and [ : § — N satisfies the (D) condition.
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Lemma V1.3.5. There is an exponential set of words N over a finite alphabet € satisfying the overlap
property such that there is an injection S — N : g — X, satisfying

l(g) = [|1X,]l- (VL7)

Proof. Let a be the integer arising from condition (D2) for the given function . Let ¢’ = {c1,...,cqt2}. It

suffices to produce a set of words .4 satisfying the overlap property and subject to
card{y € A : ||y|| =i} > d'.

For if this is satisfied, then for every g € S we may find a distinct word of length /(g) from our exponential
set satisfying the overlap property. The same argument as that given in the proof of Lemma VI.2.3 shows
that the set

N = {C]V(C‘27 <oy Catl )ca+2}
where v is an arbitrary word in c¢», ..., c.+1 does satisfy the required properties. 0

Remark V1.3.6. Observe that Theorem VI.1.5 Part 2 follows from Lemma VI1.3.5 by replacing the set .# by
-/ and the inequalities (VI.4) by equality (VI.7) everywhere in the proof of Theorem VI.1.5 Part 1.

VI.4  Embedding to Finitely Presented Semigroups

In this section we will prove Theorems VI.1.7 and VI.1.10.

We begin with an undistorted analogue of Murskii’s embedding theorem.

Theorem V1.4.1. Let H be a semigroup with a finite generating set % and a recursively enumerable set of
(defining) relations. Then there exists an isomorphic embedding of H in some finitely presented semigroup

R with generating set 7 without distortion.

Observe that Theorem VI.1.7 follows immediately from Theorem VI.1.5, Part 1, Theorem VI.4.1 and
the assumption that S has recursively enumerable set of defining relations.

Although an undistorted semigroup analog of Murskii’s embedding appears in [Bi], that Theorem makes
additional assumptions regarding time complexity of the word problem in H. It is not clear to the author
whether a simple proof of Theorem VI.4.1 may be extracted from [Bi].

To prove Theorem VI1.4.1 we will instead use such an embedding which was invented in [Mu], and show

that it is undistorted.

Proof. of Theorem V1.4.1. Let P € H and W is a word representing the image of P in R under the embedding.
We have by [Mu] Lemma 3.3 that if a word P in the alphabet 4 is equal in R to a word W in the alphabet

7 then it is possible to represent W in the form
W= P0U1P1U2 ce U[P[

such that
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1. All P’s are words in the alphabet %;

2. One can delete some subwords from every U; and obtain a word U/, which by Lemma 3.1 in [Mu]
has subword R;, where R; are words in the alphabet % and R; is are not words in the alphabet 4, but
||R:|| = ||R;|| for all i.

3. The word PyR P, ---R;P; is equal to P in H.

This implies that
|Plz < |PR\P---RiPl|z < |Py|z+|Ri|z+ -+ |Pl|z

< [IRoll +1IRill +---+ IR = [[Rol| + [[Ry ][ + - + [
< [IRoll+ T+ + RN < IRl + U]+ + B = [[W]].

Indeed, we have that ||R;|| < ||U/|| because R; is a subword of U/ for all i. Similarly, because U/ is
obtained from U; by deleting subwords, we have |U;| > |U/| for all i. Since W is any word equal to P in R,
the above inequalities hold in particular when ||W|| = |P| 7 so we have that |P| 4 < |P| 7, which shows that
the embedding is undistorted. O

We proceed with consideration of Theorem VI.1.10, in particular towards establishing notation to be
used in the proof.

Let S be a finitely generated semigroup with generating set &/ = {ay,...,a,}. For any k > 0, let Fj
denote the free semigroup of rank k.

Suppose that a function / : § — N satisfies conditions (D1) — (D3). Let 7 : F,, — S be the natural
projection. By hypothesis, there exists a recursively enumerable set T satisfying Properties (1),(2), and (3)
of Condition (D3). Let U be the natural projection of T onto F,. Let ¢ : U — F,, such that v = ¢(u) if
(v,u) € T and (v,u) is the first pair in the enumeration of 7 whose second component is u.

By Lemma VI.2.3 there exists an exponential set of words .# over the alphabet {x;,x;} satisfying the
overlap condition of Definition VI.2.2. For the word length function F,, — N, there exists by Lemma VI1.2.5
a constant d and an injection y : F,, — .# C F, = F(x1,x2) : u — X, satisfying

oel | < 11Xl < ] (VL8)

We may chose the function y to be recursive. Begin by putting an order (e.g. ShortLex) on U. Then for
every u starting with the shortest we select the smallest word X, satisfying equation (VL.8) and such that
X, # Xy if v/ <u.

Let F(V) be the free semigroup with basis V = {x, },cr,. Consider the natural epimorphism defined on
generators by § : F(V) — S: {(x,) = m(v). Define the free semigroup F(Y) with basis ¥ = {y, }ucu. Let
n:F(Y)— F(V) be defined by n(yu) = x4(,). Then the product € = {1 is an epimorphism because by
Parts (1) and (2) of Condition (D3), for any v € F,,, there is (v, u) € T such that ¢ (u) =V and n(V') = 7w (v).
Therefore, there is a presentation S = (Y|#) defined by the isomorphism S = F(Y)/ker(g).

Define a homomorphism 8 : F(Y) — F> : B(y,) = w(u) = X,,.. Let & be the unique smallest congruence
relation on the free semigroup F> containing the set B(%) = {(B(a),B(D)) : (a,b) € Z}. Let € the natural
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epimorphism of F> onto H = F,/&. Let y: S — H be defined by y = €B8&~!. There is also a map F(V) —
Fy, : x, — v. Consider the commutative diagram defined by all these maps:

F(V) —>Fy,

;{Le\;!‘
b

F2*8>H

Y

Lemma V1.4.2. The map B is injective.

Proof. This fact is proved exactly similarly to Lemma VI.3.2. The application of Lemma VI.2.4 is still
valid, because our set .# D {X,},cu is exponential and satisfies the overlap property. Moreover, we have

that the map U — F; : u — X,, is injective. These are the only facts used in the proof of Lemma VI1.3.2. []
Lemma V1.4.3. The map v is a well-defined monomorphism.

Proof. The fact that y does not depend on the choice of preimage under € of g € S follows exactly as the
proof of the same fact in Section VI.3. If we had two preimages for one element, say €(y,) =€(yy) =g € S
then (y,,y,) € N which implies that (X,,X,) € £. This implies that y does not depend on the choice of
preimage of g € S, and that ¥ is a homomorphism.

Moreover, ¥ is injective. The proof is similar to that of Lemma VI.3.3. Suppose that g,¢’ € S and

¥(g) = y(g'). We will show that g = g. Since y=¢Be!

, we have that €3y, = €fBy,/, where y, and y,, are
preimages of g and g’, respectively under €; i.e. €(y,) = N (yu) = {(xp()) = 7P (u) = g. This implies that

€X, = €X,s. Thus by definition of € we have that (X,,X,/) € & which means that there is a finite chain
Xy =Xy = Xpy = Xiy -+ — X, = X

where each — is obtained by applying a defining relation. Each time we apply a defining relation we
replace X, = H?:l Xy with Xp,,, = Hjl:] Ky - Since Xj, = B(Hjlzl yui._,’) and X, , = B (Hjl:l yui+11j) and
by definition of £ we conclude that E(Hj.": i) = S(H;’; 1Yui,1,;)- Since this holds true at every step, we
have in particular that £(y,) = €(yy); ie. g=¢'. O

Lemma V1.4.4. The semigroup H is recursively presented.

Proof. The set of defining relations for H is & = B(#). Because the map y : F,, — F> was chosen to
be recursive, and by definition of S, it suffices to show that the relations % are recursively enumerable.
First observe that the set of relations of S in generators {ay,...,ay} is recursively enumerable. We have by
Condition (D3), Parts (1) and (2) that vy (ay,...,a,) =v2(ai,...,a,) in S if and only if both (vi,u), (v2,u) €

T for some u. Therefore, because T is recursively enumerable, so is the set of relations of S. We enumerate
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S by putting (v1,v2) in the list as soon as we get (vi,u), (v2,u) in the enumeration of all members of 7. Then

we have that (W(yu,, -+, Yu, ), W' (it s- -, yu)) € ker(€) if and only if
Ew(Xpuys- - Xpu,) = Cw’(xq)u/l,...,xq,u;) inS. (VL9)

Thus we have to enumerate such pairs (w,w’). To do this, we enumerate all variables of the form x4,
with u € U. This is possible by definition of ¢ and U and by the fact that T is recursively enumerable.
Next, we enumerate all pairs (W(xy,, ..., %), W (x,,...,xy)) with §(w) = {(w'). This is possible because
§(w) = ¢ (W) if and only if m(w(vy,...,vs)) = T(W(V},...,v})) if and only if

wvi(ag,...,am),...,vs(ay,...,am)) =

w(Vi(ar, .. am),...,vi(ar,...,am)). (VL.10)

We have already seen that the set of all relations of S is recursively enumerable. Given any relation in S in
generators {ajy,...,a,}, we may find all possible w,w’,vy,..., v, such that the relation may be presented as
it is written in equation (VI.10). There is an algorithm which can do this because the lengths of possible
w,w,vy,...,v, are bounded by the length of the given relation of S. To complete the proof it suffices to
compare these two lists to obtain a list of all pairs (w,w’) satisfying equation (V1.9). Since S is recursively
enumerable, and the graph of ¢ is recursively enumerable, it suffices to recursively enumerate the set of
all pairs of words (W(xy,,..., %, ), W (x,/,...,%,)) with §(w) = {(w'). But {(w) = {(w') if and only if
x(w(vi,...,vs)) = m(W(V},...,v/)). But we have already seen that the set of such words is recursively

enumerable. 0

Proof. of Theorem VI.1.10.

We first suppose that S is a semigroup with finite generating set ¥ = {ay,...,a,,} and that a function
I : S — N satisfies conditions (D1) — (D3). Lemmas VI.4.3 and V1.4.4 show that there is an embedding
S — H to a recursively presented and 2-generated semigroup. By Theorem VI1.4.1, it suffices to prove that
the function / : § — N is equivalent to the word length on H restricted to S. Let ¢ = m(v) € S. By Part (3) of
Condition (D3), there exists a word u € F,, such that ||u|| =(g). Let V' = ¢ («). We have that 7(v) = w(v) by
Part (1) of Condition (D3) and by the definition of ¢. Then €(y,) = w(¢(u)) = n(V') = n(v) = g. Therefore,
by definition we have that y(g) = €B(y,) = €(X,), and so

V(&) < [|Xul| < dl[ul| = dl(g). (VL11)

The reverse inequality follows exactly from the arguments of the Proof of Theorem VI.1.5 Part (1), which
only uses the overlap property, Lemma V1.4.2 and the replacing of inequalities (VI1.4) by (VI.11) and the
definition of Hy by the free semigroup {X,, },cu-

To prove the converse, suppose that S is a subsemigroup of H with generating set # = {by,...,b,}. We
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must show that
1:S—N:I(g) =gl

satisfies condition (D3). Since H is finitely presented, the collection T C F,, X F, defined by
T ={(vu):v(ai,...,am) =u(by,...,by) in H}

is recursively enumerable. Condition (D3) Part (1) is satisfied because if
(vi,u),(v2,u) € T thenvy(ay,...,an) =u(by,...,b,) in H, and

wva(ay,...,am)=u(by,...,b,)in H. Therefore, since the map S — H is an injection, we have that vy (ay, ... ,a,) =
va(ai,...,ay)inS. To see that Condition (D3), Part (2) is satisfied, suppose vi = vy in S and let vy (ay,...,an) €
H. Then we may write v; with respect to the generating set % of H; that is, there exists u € H with
vi(ai,...,am) = u(b1,...,b,). Now consider words u(xy,...,x,) € Fy,vi(y1,-..,Ym) € Fn, where F, has
basis {xy,...,x,} and F,, has basis {y;,...,y,}. We have that (vi,u),(v2,u) € T because u(by,...,b,) =
vi(ai,...,am) =valai,...,an). To see that condition (D3) Part (3) is satisfied, let v =v(y1,...,ym) € Fn.
Then

rw)y=I1(v(a,....,am)) = |v(ai,...,am)| 2

=min{||u|| : u=vin H} = min{||u|| : (v,u) € T}.
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CHAPTER VII
FUTURE DIRECTIONS

VII.1 Distortion in Some Wreath Products

Two ultimate goals I have for my future research are as follows. First, I would like to obtain an algebraic
classification of finitely generated solvable groups all of whose subgroups are undistorted. Secondly, I would
like to find a universal upper bound on subgroup distortion in metabelian groups. As mentioned earlier, it is
provide in [Ro] that finitely generated subgroups of finitely generated free metabelian groups have solvable
membership problem, which means that a recursive upper bound on distortion exists. It would be interesting
to be able to compute it. I have many smaller questions, which will be described in detail below, and all of
which relate in some way to these two larger goals.

Because I would like to more fully understand distortion in metabelian groups, I propose to study what
effects of subgroup distortion are possible in Z* wr ZF for k > 1. We were able to compute subgroup
distortion in groups of the from A wr Z, where A is finitely generated abelian (in [DO]). Perhaps some of the
work already described in this thesis could generalize to lead to an upper bounds on the types of distortion
which are possible in wreath products when the active group is free abelian of rank greater than one.

A natural question to ask in response to what has already been proved is: in what larger classes of
groups can | generalize the methods of [DO] to study distortion? I am particularly interested in the following
specific cases: Z™ wr Z" for m > 1,n > 1, as described above, as well as Z wr F,, where F; is a free group
of rank n > 1. All of these groups are generalizations of the cases I have already studied. The case of the
free group was mentioned to me by Thomas Sinclair; he said an answer to this question on the geometry
of wreath products of the integers with a free group would be of interest to those working in von Neumann
algebras.

Some other questions arise from the methods employed to study distortion in wreath products of abelian
groups. I wonder whether the module theory could be made to work in the case of, say, Z wr Z2. In this
case, Q[Z?] is like a polynomial ring in two variables, and so it is no longer a principal ideal ring, which
seems to be an obstacle. 1 also wonder if the proof of Theorem 1.3.4 Part (1) could be deconstructed to
understand distortion in more general direct products of groups.

We use the Magnus embedding here primarily as a tool to explain that the study of wreath products of
abelian groups motivates the understanding of distortion in free metabelian groups. However, it would be
interesting to determine whether the Magnus embedding itself is undistorted. This problem was mentioned
to me by both Denis Osin and Alexander Olshanskii.

VIL.2 Embedding to Finitely Presented Groups

Another research objective that I would like to explore is the idea of embedding wreath products into finitely
presented groups. This was suggested to me by Sean Cleary. In [C], the distortion of the group Z wr Z is

studied in Baumslag’s metabelian group, which was constructed in [B2]. The group Z wr Z is finitely
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generated but not finitely presented. However, it is possible to embed it (with exponential distortion) into
Baumslag’s finitely generated group. I would like to use some of the ideas of [DO] and [C] to understand
other emebddings of wreath products into finitely presented groups, and the possible effects of subgroup

distortion.

VIL3 Relation with Thompson’s Group

In the paper [GS], Guba and Sapir ask the following question: does Thompson’s group contain a sub-
group with super-polynomial distortion? Perhaps the methods developed by myself and Olshanskii in [DO]
can work to solve this problem. Also in [GS], it is mentioned that the membership problem is still open
for Thompson’s group. Therefore, it would be interesting to study iterated wreath products of the form
(-+-(ZwrZ)wrZ)--- wrZ), which embed into Thompson’s group. I would like to understand whether
these groups have finitely generated subgroups with exponential distortion (or even distortion not bounded

from above by a recursive function.)

VIL4 Relative Subgroup Growth

With regards to the results obtained on subgroup growth, it would be interesting to consider cyclic subgroups
of finitely generated groups which do have recursive distortion function. Perhaps some of the same methods
can be used to understand how small the relative growth can be (i.e. almost linear?) if the distortion is some
prescribed recursive function, such as exponential or superexponential. It is also worth considering whether

we can obtain similar results for semigroups as well.
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