Multidisciplinary Analysis and Optimization under Uncertainty
By
Chen Liang

Dissertation
Submitted to the Faculty of the
Graduate School of Vanderbilt University
in partial fulfillment of the requirements

for the degree of

DOCTOR OF PHILOSOPHY
in
Civil Engineering
May, 2016

Nashville, Tennessee

Approved: Date:

Professor Sankaran Mahadevan

Professor P. K. Basu

Professor Mark N. Ellingham

Professor Mark P. McDonald

Professor Dimitri Mavris

Professor Roger Cooke



Copyright © 2016 by Chen Liang
All Rights Reserved



To my father Dehong, mother Shiping and cousin Yingli



ACKNOWLEDGEMENT

[ would like to express my utmost gratitude to my adviser Professor Sankaran Mahadevan,
for his knowledge, insight and work ethic that have been a great value to my dissertation and
graduate life. He showed me how to think, work, write and talk professionally, which is a
tremendous inspiration and invaluable guidance for my future career. I am thankful for his
indescribable patience and enormous support, and am looking forward to continuing our
relationship during my professional career.

I would like to convey my sincere appreciation to my committee members, Professors
Prodyot Basu, Mark Ellingham, Mark McDonald, Dimitri Mavris and Roger Cooke. Their knowledge,
lectures, insights and feedback have motivated me and offered precious contributions to this
dissertation. I would also like to express my gratitude to Dr. Anca Hanea from University of
Melbourne and Dan Ababei at LightTwist Software for the gracious time and effort they spent
passing on their wealth of knowledge about copulas.

[ am grateful to have the opportunities to work with several brilliant students and
postdoctoral fellows at Vanderbilt. In particular, I thank Dr. Sirisha Rangvajhala for mentoring me
and offering me her profound knowledge in optimization and aeroelasticity. I thank Dr. Shankar
Sankararaman for his outstanding mentorship in multidisciplinary analysis and uncertainty
quantification. [ thank Dr. You Ling for his generous academic help and personal friendship. I also
thank Dr. Vadiraj Hombal for teaching his programming expertise.

This dissertation could not have been accomplished without the unconditional love and
support from my father, my mother and all family members. [ am also thankful for the friendships I
made with Ghina Nakad, Josh Mullins, Erin Decarlo, Chenzhao Li, Lindsay Jenkins, Tong Hui,
Bethany Burkhardt, Lyndsey Fyffe, Hao Yan, Long Wang, Muqun Li, Johnny Pryor, Alyson Dickson,



Geoff Macdonald and many others at Vanderbilt. Finally, I would like to offer my special
appreciation to Greg and Katherine Letterman and their family, for their unselfish love and help
throughout years, which makes Nashville my second home.

This study was supported by funds from several sources: (1) NASA Langley Research Center
under a Hypersonics NRA project (Cooperative Agreement No. NNX08AF56A1, Technical Monitor:
Lawrence Green), (2) Sandia National Laboratories, and (3) Department of Civil and Environmental
Engineering at Vanderbilt University. The support is gratefully acknowledged. The licenses of the
software UNINET by LightTwist Inc. and VisualDOC by Vanderplaats R&D Inc. were graciously
offered by the product owners. The numerical studies were conducted using the computational
resources of the Advanced Computing Center for Research and Education (ACCRE) at Vanderbilt

University



TABLE OF CONTENTS

LD D 1) (00 1 0 P I1
ACKNOWLEDGEMENT ..ooritiitiisinssssssssssssssssssssssssssssssssss s s ssssssssssssssss s b bbb sbasssbassss I
LIST OF TABLES .ottt sssss s bbb b bbb SRR E LRSS R bbb bR VII
LIST OF FIGURES ...ttt sssssss bbb bbb bbb bbb SRR R SRR bbb VIII
(00 3 7 i 1 2 TP 1
D120 D10 O3 (0 P 1
1.1. OVERVIEW. ...t ssssss b bbb bbb AR R bbb 1
1.2. RESEARCH OBJECTIVES ottt sssss s bbb bbb bbb bbb bbb 6
1.3. ORGANIZATION OF THE DISSERTATION ...t ssssssssssssssssssssssssssssssssssssssssssssanes 7
(005 U2 S 0 2 9
MDA UNDER ALEATORY AND EPISTEMIC UNCERTAINTY .osminiiisisisssssssssssssssssssssssssssssssssssssssssssssssssssssssss 9
2.1. INTRODUCTION .ootiitisssitssisssssssssssssssssssssss s ssssss s ssssss s sssss bbb bR bR SRR R bbb bbb bbb 9
2.2. LIKELIHOOD-BASED APPROACH FOR MULTIDISCIPLINARY ANALYSIS (LAMDAY).....ccmrerresernens 13
2.3. INCLUSION OF DATA UNCERTAINTY IN MDA ...coisissssssssssssssssssssssssssssssssssssssssssssssssssssssssssses
2.4. INCLUSION OF MODEL UNCERTAINTY IN MDA
2.4.1. MODEL ERROR QUANTIFICATION .oiritrissssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssses
2.4.2. AUXILIARY VARIABLE METHOD ..ottt ssssssssssssssssssss s ssssssssssssssssssssssssssssssssasssssssssssssans 23
2.4.3. REPRESENTATION OF MODEL UNCERTAINTY .coniniisssssssssssssssssssssssssssssssssssssssssssssssssses 24
2.5. GLOBAL SENSITIVITY ANALYSIS IN FEEDBACK-COUPLED MDA ....ssssssisssssssssssssssssssssssssssssns 26
2.6. NUMERICAL EXAMPLES ... ssssssss s sssssssssssss s ssssss s ssssssssssssssssssssasssssssssssassssses 29
2.6.1. MATHEMATICAL MDA PROBLEM....oiinsssstsssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssns 30
2.6.2. ELECTRONIC PACKAGING EXAMPLE ... sssssssssssssssssssssssssssnsssssssssses 37
2.7. Y 0 TN 47
(005 U2 S 0 2 P 49
STOCHASTIC MDA WITH HIGH-DIMENSIONAL COUPLING ....ouiniiissssssssssssssssssssssssssssssssssssssssssssssssssssssssssanes 49
3.1. INTRODUCTION .ootuiititssitsisssisssssssssssssssssssessssssssssssss bbb s s bbb bbb AR bR R LRSS R AR aRRsEbEbbRs 49
3.2 CHALLENGES POSED BY HIGH-DIMENSIONAL COUPLING.....ccomrisissssssssssssssssssssssssssssssssssssssns 52
3.3. BAYESIAN NETWORK AND COPULA-BASED SAMPLING ....ooininitsssisssssssisssssssssssssssssssssssssssssssssssssssssens 54
3.3.1. BAYESIAN NETWORK FOR COUPLING VARIABLES DISTRIBUTION......coomimiinississsssssssssssnns 55
3.3.2. DIMENSION REDUCTION OF THE BAYESIAN NETWORK....cossssssssssssssssssssssssssssssssssssnns 57
3.4. NUMERICAL EXAMPLES ...t ssssssssssssssssssssssssssssssssssssssssss s ssssss s sssssssssssssssssssssssssssssssssssssses 64
3.4.1 MATHEMATICAL MDA PROBLEM....o st ssssssssssssssssssssssssssssssssssssssssssssssssssssssss 64



3.4.2 MDA FOR AIRCRAFT WING ..ciiiniisisissssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssns 70

3.5. Y 0 TN 80
L0037 U 2 PPN 82
MULTI-OBJECTIVE OPTIMIZATION UNDER UNCERTAINTY ..oosrisiitsisissssssssssssssssssssssssssssssssssssssssssssssssssssssens 82
4.1. INTRODUCTION .ccttiitiiisisisissssisssssssssssssssss bbb sssssssssss s s bbb bbb ssssbas 82
4.2. OPTIMIZATION UNDER UNCERTAINTY .oiitsitniissssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssnss 87
4.2.1. SINGLE OBJECTIVE OPTIMIZATION....iiisisnsissssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssss
4.2.2. MULTI-OBJECTIVE OPTIMIZATION ....ooovrrrirerirensnnns
4.3. BAYESIAN NETWORK AND COPULA-BASED SAMPLING
4.3.1 UNCERTAINTY PROPAGATION USING VINE COPULA-BASED SAMPLING......coummrirrirrnrirnninns 93
4.3.2 TRAINING POINT SELECTION FOR PARETO SURFACE CONSTRUCTION .....covsiniiniississnssesssssenns 93
4.4, NUMERICAL EXAMPLE ...otrirritnsssssssssssssssssssssssssssssssssssssssssss s s ssssss s ssssssssssssstsssssbasssssssssssssssses 96
4.5. SUMMARY ittt s s ss bbb bbb bR E RS R bR LSRR SRR R bR 110
L0037 i 1 2 PP 112
MULTIDISCIPLINARY OPTIMIZATION UNDER UNCERTAINTY ..viirisstsnsssssisssssssssssssssssssssssssssssssssssssssssssssses 112
5.1. INTRODUCTION ..cotiitsisisisssisssssssssssssssssssssssssssssssssssssss s s sssssssssssssssssssssss s s ssassssbsssssbasss b b sbssssssanns 112
5.2. MULTIDISCIPLINARY OPTIMIZATION UNDER UNCERTAINTY ...oosinmirisssssssssssssssssssssssssssssanns 116
5.3. BNC-MDO WITH LOW-DIMENSIONAL COUPLING ....coiiriititnstssssssisssssssssssssssssssssssssssssssssssssssssssssssssssssses 118
5.4. BNC-MDO WITH HIGH-DIMENSIONAL COUPLING ....conmrirririsssissssssssssssssssssssssssssssssssssssssssssssssssssssanns 121
5.5. NUMERICAL EXAMPLES ..ottt ss s sssss bbb bbb bbb bbb bbb 124
5.5.1 MATHEMATICAL EXAMPLE ...t ssssssssssssssssssssssssssssssssssssssssssssssssssssans 125
5.5.2 ELECTRONIC PACKAGING DESIGN ...ttt ssssssssssssss s ssssssssssssssssssssssssss 131
5.5.3 AERO-ELASTIC WING DESIGN ....oniriniissississssssssssssssssssss s ssssssssssssssssssssssssssssssssssssssssssssses 137
5.6. B 0 TP 141
L0037 i 1 2 PP 142
L0101 (08 L Y (0 P 142
6.1. ACCOMPLISHMENTS .ottt sss s sb bbb bbb bbb bbb bbb 142
6.1.1 MDA UNDER EPISTEMIC UNCERTAINTY ..osniinritnirsisssssssssssssssssssssssssssssssssssssssssssssssssssssssans 142
6.1.2 MDA WITH HIGH-DIMENSIONAL FEEDBACK COUPLING......onisssissssssisssssssssssssssssssssssssssns
6.1.3 MULTI-OBJECTIVE OPTIMIZATION UNDER UNCERTAINTY ..covvnniirrissrsssssssssssssssssssssssans
6.1.4 MULTIDISCIPLINARY OPTIMIZATION UNDER UNCERTAINTY
6.2. LIMITATIONS OF THE RESEARCH ...t sssss s ssssssssssssssssssssssssssssssssssssssssanns
6.3. FUTURE WORK ottt b sss bbb bbb bbb bbb bbb
BIBLIOGRAPHY .ottt sssss s sssssssss bbb bbb RS R RS R b s 150
APPENDIX 1. GAUSSIAN PROCESS SURROGATE MODEL.....iississsssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssanss 157
APPENDIX II. PROBABILISTIC SURROGATE MODELING WITH BAYESIAN NETWORKS.....oonirnrinsisinnsinnns 159

Vi



LIST OF TABLES

Table 2.1 Model errors in coupled analysSis...........ccccccvviiiiiiiiiiiieiini e 32
Table 2.2 Mean and standard deviation of coupling variables.....................coccoiiinininnnn. 33
Table 2.3 Mean and standard deviation of g1, g2 and f ..............coccooiiiiiiiiniiinieeeee 35
Table 2.4: Global sensitivity iNdiCes..............cccooiiiiiiiii e 36
Table 2.5 Parameters of the electronic packaging system ...............ccoccoeiiiiiiniiniinnnienseeeeee 39
Table 2.6 Mean and standard deviation of temperature and power density................c.ccceennen. 44
Table 2.7: Sensitivity indices of electronic packaging problem ..................cocoooniinniinininnennne 47
Table 3.1. Comparison of computational CoSt..............ccoooiiiiiiiiiiiiiii e 68
Table 3.2. Results using SOFPI, LAMDA and BNC-MDA ..........ccccooiiiiiiiininteeeeeese et 68
Table 3.3. Cumulative distribution of the first 30 principal components .................ccccceveeneen. 72
Table 3.4. Kullback-Leiber divergence for different scenarios (258 nodes) ............ccccceveenne. 74
Table 3.5 Computational effort comparison between FPI and BNC-MDA.............ccccccvvvevviveninnne 77
Table 3.6 Time required for sampling (seconds) by BNC-MDA ............cccocoiiiiiiinnnienieeieeene 79
Table 4.1.Input and output variables of the side impact model.................cccooovvviiiviiviniinniennne 97
Table 4.2. Uncertainty sources of the model .................ccooooriiiiiiiiini e 97
Table 4.3. Correlations between output variables ..., 102
Table 4.4. Comparison of optimal solutions using SRand BNC ................ccccooiniiininniencnccenne. 104
Table 4.5. Performance comparison of the optimal solutions using SRand BNC .................... 104
Table 5.1. Comparison of the optimization results using SOFPI and BNC-MDO....................... 130
Table 5.2: Parameters of the electronic packaging system .............c..ccocovriininiinininnencncennn 132
Table 5.3. Comparison of the optimization results using SOFPI and BNC-MDO with different

number of training SAMPLES..........cccooiiiiiii e et 134
Table 5.4 Optimization results considering discretization error and stochastic GP output 137
Table 5.5. Optimal solution of the aero-elastic wing design...............cc.cocooiniiniinininninnienne 140

VI



LIST OF FIGURES

Figure 1.1. Aero-elastic analysis: feedback coupled structural and fluid dynamic analyses.....2
Figure 1.2 Optimization for MDA under uncertainty ............c.cccocoviiiiiiieiniinicie e 4
Figure 2.1. Multidisciplinary SYSteIM............ccooiiiiiiiiiiiiie ettt s st 14
Figure 2.2 Multidisciplinary system: partially decoupled.................c..ccocooiiininiiiniiniee 14
Figure 2.3 Multidisciplinary system: partially decoupled...............ccccoooiiiiiiiniiininnic 17
Figure 2.4 Family of diStributions ..............ccccooiiiiiiiiiii e 18
Figure 2.5 FORM with auxiliary variable................cccooiiiiiiiii e 25
Figure 2.6 Output uncertainty due to model errors..............coccooiiiiiiiiiniiniieeeee e 27
Figure 2.7 Functional relations of the mathematical MDA model..................cococeiininnininnnnne. 30
Figure 2.8 Non-parametric PDF 0f X5..........cooiiiiiii ettt s s 31
Figure 2.9. PDFs of coupling variables U12 (left) and U21 (right).............cccooiniiniiniininnnne 33
Figure 2.10 Electronic packaging problem: feedback coupled MDA. ..............ccccceeenirninineennne. 37
Figure 2.11 Mean and 95% bound of GP prediction, accounting for discretization error
(Thermal ANALYSIS).......cccoiiiiiiie ettt ettt et e e st e e sbe e saee st e sabeebeesbeesaeesaeas 41
Figure 2.12 PDF of coupling variables: component heat y4 (left) and temperature y5 (right)
.................................................................................................................................................................... 43
Figure 2.13 PDF of system output: power density.............cccoceriiiininiininiee e 44
Figure 2.14: Comparison of results from LAMDA and SOFPI for (a) Temperature, (b)
Component heat, and (€) POWer density ............cocoiiiiiiiiiiiiiieeee et s 45
Figure 3.1 Two-dimensional coupled analysis and one iteration representation..................... 53
Figure 3.2 Bayesian network connecting coupling variables in two successive iterations....56
Figure 3.3 One iteration of a high-dimensional coupled system ................ccccooeiniiniiniininnnnne. 59
Figure 3.4 Bayesian network using the jth principal component.................c.ccoccooininnininenne. 60
Figure 3.5. Flowchart of BNC-MDA approach ............cc.ccoooiiiiiiiiiineeeeee et 63
Figure 3.6. Mathematical example of two-discipline coupled analysis............c..ccccocervininnnnne. 66
Figure 3.7 Marginal PDFs of coupling variables .................cccooiiiiiiiiiiin e 69
Figure 3.8 Fluid and structure meshes and refinement parameters.............c...ccocceeceiniiiniinnnnnnne 71
Figure 3.9 Normal probability plot of pressure from four casesatNode 1..............cc.cccceeenee. 73
Figure 3.10 Unseparated Bayesian network with 20 principal components............................ 76
Figure 4.1 Bayesian network representation of optimization under uncertainty ................... 92
Figure 4.2. Parallel coordinate representation of the model dependencies............................... 93
Figure 4.3. Sculpting for training points selection ....................coccoiiiiiii e 94
Figure 4.4. Flowchart for the training point selection and multi-objective optimization
SCREIMC.........ei ettt bt a et bt e a e b e e bt et e e bt e at et e e ae e besheeatenbesheeabenbesaeentenae 96
Figure 4.5. Vehicle side impact model [95] .........cocoiiiiiiiiiieee e 97
Figure 4.6. Non-parametric PDFs for uncertain parameters...............ccoccociiiinneininnicciicniieeeenee 98
Figure 4.7. Optimization wWith BN .........c.cociiiii e s 101
Figure 4.8 Single objective RBDO history for SRand BNC..............cccocciniiniiniiniiiiieeeeeee, 103
Figure 4.9. Comparison of Pareto fronts with/without joint probability constraints ............ 106

Vil



Figure 4.10. Pareto fronts with BNC, and SR soIutions..............c.ccoceiiiiniiniiniinicnieeeceeee, 107

Figure 4.11. Scatter plots of weight and door velocity...............cccocooceiiniiiiiiniie, 108
Figure 4.12. Comparison of the outputs from different resampling approaches..................... 109
Figure 4.13. Comparison of the results between the two resampling approach...................... 109
Figure 5.1 A general Bayesian network for MDO.............cccocoiiiiiininieiinenee e 118
Figure 5.2 Parallel coordinate representation of MDO ..............ccoceiiiiiiiniiniiniinieeceeeee e, 120
Figure 5.3. One iteration of feedback coupled analysis with high-dimensional coupling...... 121
Figure 5.4. Bayesian network with reduced coupling variables .............c......coccooniniinninnne. 123
Figure 5.5. Flowchart for BNC-MDO............ccccooiiiiiiiiiieeeete ettt sttt e 124
Figure 5.6 Functional relations of the mathematical MDA model..................ccccoovniniinnnnncnne. 126
Figure 5.7. One iteration of feedback coupled analysis............ccccoceriiiniiniiiiiiiiie, 128
Figure 5.8 BN based on the samples from Fig. 5.7 ...........ccocoiiiiiiiiii e, 129
Figure 5.9 Optimization histories of SOFPI and BNC-MDO ............cccccccooiriinininninenieneneee e 130
Figure 5.10 BBN for the electronic packaging problem ...............ccccoooiniiniiniiiiiinee, 133
Figure 5.11 BN for MDA with stochastic model error................ccocooiiiiiiniiiiniie, 136
Figure 5.12. BN of the aeroelastic wing with reduced coupling variables.................cc..ccc..... 139
Figure A2.1 Bayesian network representation of a model with input and output variables 160
Figure A2.2 Vine representation of the BN shown in Figure A2.1 ... 161



CHAPTER 1

INTRODUCTION

1.1. OVERVIEW

Many engineering system analyses are composed of multiple disciplinary analyses
that are governed by different physics. Interaction between individual disciplines is
typically modeled by exchanging physical quantities between individual analyses (e.g.,
displacements and pressures exchanged between fluid and structural analyses as shown in
Figure 1.1 in order to model fluid-structure interaction). In many problems,
computational models are available for individual disciplinary analyses, but not for coupled
system analysis; even if the latter exists, the computational cost of the coupled analysis is

usually quite high.
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Figure 1.1. Aero-elastic analysis: feedback coupled structural and fluid dynamic analyses

Note that the fluid analysis is accomplished by computational fluid dynamics (CFD)
and the structural analysis is done using FEA (finite element analysis). Multi-disciplinary
analysis (MDA) and multidisciplinary design optimization (MDO) techniques have been
studied during the past three decades to develop computational methods [1, 2] for systems
that involve multiple coupled disciplines, analyses or subsystems in various applications
such as fluid-structure interaction [3], thermal-structural analysis [4], fluid-thermal-
structural analysis [5], etc. The performance of a multidisciplinary system is determined by
individual disciplines as well as the interactions between them. The increasing
dimensionality with analysis and design variables accumulated from multiple disciplines
presents serious computational challenges in MDA and MDO [6].

The consideration of uncertainty sources further increases the computational effort,
since probabilistic assessment requires repeated runs of the deterministic analysis. A

simple approach to extend the deterministic multidisciplinary analysis (MDA) to



nondeterministic MDA is by conducting Monte Carlo sampling outside the deterministic
analysis. This can be unaffordable when computationally expensive codes (e.g., high-fidelity
CFD and FEA [6] that model the system in Figure 1.1) are used for individual disciplinary
analyses. Therefore, efficient approaches need to be developed for MDA and MDO under
uncertainty.

Three types of uncertainty sources need to be considered in design optimization:
physical variability, data uncertainty and model uncertainty. Physical variability (aleatory
uncertainty) in loads, system properties, etc,, is irreducible and is commonly represented
through probability distributions. Data uncertainty (epistemic) may be caused by sparse
and/or imprecise data, and can be reduced by collecting more information. Model
uncertainty (epistemic) arises from the model used to approximate the physics, and can be
attributed to three types of sources: uncertain model parameters (due to limited data),
numerical errors (i.e., solution approximations due to limited computational resources),
and model form error (due to the assumptions made in the model) [7]. The propagation of
aleatory uncertainty is well-studied in the literature, and can be accomplished by Monte
Carlo sampling or First/Second-Order Reliability Methods (FORM/SORM) [8]. However,
epistemic uncertainty (lack of knowledge) is an active research topic, and needs careful
treatment due to its variety of sources and representation formats.

In the context of MDA under uncertainty, several studies have particularly focused
on reliability analysis for multidisciplinary systems. Du and Chen [9] included the
disciplinary constraints in the most probable point (MPP) estimation for reliability analysis.
Mahadevan and Smith [10] developed a multi-constraint FORM approach for MPP
estimation. Sankararaman and Mahadevan [11] proposed a likelihood-based approach for

3



MDA (known as the LAMDA approach). This methodology estimates the PDF of the
coupling variables by calculating the probability of satisfying interdisciplinary

compatibility, and obtains a theoretically exact solution while preserving the functional

dependence between the coupling variables. Liang et al. [12] extended the LAMDA method

to include model uncertainty, by using an auxiliary variable approach. The majority of
these existing approaches convert the stochastic MDA into a few deterministic MDA
problems through linear approximations, solved by a gradient-based method (i.e., FORM).
This approximation is beneficial in terms of computational efficiency. However, the existing
methods are only suitable for low-dimensional coupling, and are found to be inefficient

when solving MDA with a large number of coupling variables.

— Optimization <
MDA
CFD FEA
¢ -

UQ / Reliability Analysis

Figure 1.2 Optimization for MDA under uncertainty

Optimization methods under uncertainty within engineering design have generally

been pursued in two directions: (1) reliability-based design optimization (RBDO), where
4



the focus has been on achieving desired reliability levels for constraints [13, 14, 15], and (2)
robust design optimization (RDO), where the primary focus has been on minimizing
objective function variations, typically quantified by their respective variances [16, 17, 18].
The components for MDO under uncertainty diagram are shown in Figure 1.2. In each
design cycle, the optimizer passes a set of design values to the inner loop, where the MDA
under uncertainty is implemented, and the output will be used for further design.

Efficient uncertainty propagation strategies have be proposed by several
researchers considering different sources of uncertainty, but only in MDO settings with
low-dimensional coupling. Gu et al. [19] proposed a worst case uncertainty propagation
method using derivative-based sensitivities. Li and Azarm [20] developed a multi-objective
collaborative robust optimization approach that considers interval uncertainty and both
continuous and discrete design variables for multidisciplinary problems. Jiang et al. [21]
proposed a spatial-random-process approach for both aleatory and epistemic uncertainty
propagation in low-dimensional multidisciplinary analysis. Little work has been found
focusing on the efficient optimization under uncertainty for high-dimensional coupled
analysis.

Non-probabilistic approaches such as fuzzy set theory [22, 23] and evidence theory
[24] have also been studied in the literature. Similar to the existing MDA approaches, these
methods adopt either linear approximation and/or gradient-based algorithm when solving
the optimization problem, and thus suffer from the curse of dimensionality. In another
category of approaches, surrogate models have often been used for individual disciplinary
analyses when the original disciplinary analysis codes are expensive [25]. Based on
surrogate modeling (or metamodeling), Kokkolaras et al. [26] developed an advanced mean

5



value method, which was extended by Liu et al. [27] by using moment-matching and
considering the first two moments. Surrogate models such as Kriging models [28], neural
networks [29] etc. can be expensive to train, since fully converged analysis of the physics
model is required for each training point. Thus, many surrogate models become unreliable

for high-dimensional problems in feedback-coupled MDA and MDO.

1.2. RESEARCH OBJECTIVES

The overall goal of the proposed research is to develop an efficient framework for
multidisciplinary analysis and optimization with the consideration of both aleatory and
epistemic uncertainty. As mentioned earlier, the previous implementation of LAMDA which
uses the FORM approach is only suitable for low-dimensional coupling. Therefore this
dissertation aims to extend the LAMDA concept to high-dimensional coupling, and
investigates the use of Bayesian network for this purpose. Once the uncertainty
propagation methodology is developed, next an optimization under uncertainty framework
is developed, also using the Bayesian network, to implement multi-disciplinary and multi-
objective design under uncertainty.

Specifically, four objectives are pursued, two related to MDA and two related to
MDO. The first objective addresses the propagation of epistemic uncertainty — data
uncertainty and model error — through multidisciplinary analysis. When the individual
disciplinary analyses are connected using a large number of coupling variables, approaches
dealing with low-dimensional problems may not be applicable any more [30]. Therefore,

6



the second objective is to investigate a methodology for uncertainty propagation in a high-
dimensional coupled system. The third objective aims at developing a framework to
incorporate different sources of uncertainty in single disciplinary design optimization,
considering multiple objectives. The fourth objective investigates a Bayesian methodology

for the design optimization of multidisciplinary systems with feedback coupled analyses.

1.3. ORGANIZATION OF THE DISSERTATION

The subsequent chapters are arranged to address the four research objectives.

Chapter 2 presents a probabilistic framework to include the effects of both aleatory
and epistemic uncertainty sources in feedback-coupled multi-disciplinary analysis. A
previously developed likelihood-based approach is extended in this chapter to incorporate
the effects of epistemic uncertainty arising from data uncertainty and model errors. Global
sensitivity analysis is extended to quantify the contribution of model uncertainty in
feedback-coupled MDA.

Chapter 3 develops a novel approach for efficient uncertainty quantification and
propagation in multidisciplinary analysis (MDA) with a large number of coupling variables.
A Bayesian network approach is proposed for probabilistic MDA, i.e., inference of
distributions of the coupling variables by enforcing the interdisciplinary compatibility
condition (which is treated similarly to data for updating). A copula-based approach is

employed for efficient sampling from the joint and conditional distributions. Further



computational efficiency is achieved through dimension reduction using principal
component analysis.

Chapter 4 develops a probabilistic graphical modeling approach for multi-objective
optimization under uncertainty. Given paired samples of the inputs and outputs from the
system analysis model, a Bayesian network is constructed to represent the joint probability
distribution of the inputs and outputs. This Bayesian network is then exploited as a
surrogate model in reliability-based design optimization (RBDO). The joint probability of
multiple objectives and constraints is included in the formulation. The Bayesian network
along with conditional sampling is also exploited to select training points that enable
effective construction of the Pareto front.

Chapter 5 proposes a comprehensive framework for the optimization of
multidisciplinary systems with feedback coupling between the individual disciplines. The
proposed framework is composed of four elements: multidisciplinary analysis, Bayesian
network, vine copula-based sampling and design optimization. The Bayesian network is
pursued in two directions: (1) probabilistic multidisciplinary analysis (MDA), as in Chapter
3, and (2) probabilistic surrogate modeling, as in Chapter 4. The copula-based sampling
technique is employed for efficient sampling from the joint and conditional distributions.
The proposed Bayesian network surrogate is then used for efficient reliability assessment
within an optimization framework. This leads to simultaneous interdisciplinary
compatibility enforcement and the objectives/constraints evaluation within MDO. The
proposed MDO methodology is implemented within a framework of reliability-based

design optimization.



CHAPTER 2

MDA UNDER ALEATORY AND EPISTEMIC UNCERTAINTY

2.1. INTRODUCTION

As mentioned in Section 1.1, multidisciplinary analysis requires the collaboration of
multiple individual disciplinary analyses. Based on the direction of information flow, the
coupling between two individual disciplinary analyses can be either uni-directional (feed-
forward) or bi-directional (feedback). The focus of this dissertation is on feedback coupling
which is more complex due to the iterations between two analyses to achieve
interdisciplinary compatibility. Computational methods for feedback-coupled MDA can be
classified into three different groups: (1) Field elimination methods [31], (2) monolithic
methods [32], and (3) partitioned methods [33]. The field elimination and monolithic
methods tightly couple the disciplinary analyses together, while the partitioned method
does not. The well-known fixed point iteration method (repeated analysis until
convergence of coupling variables) and the staggered solution approach [31, 33] for time-
dependent problems are examples of partitioned methods.

An important factor in the analysis and design of multi-disciplinary systems is the
presence of uncertainty in the system inputs and the models used for each analysis. In this
chapter, we consider the three sources of uncertainty mentioned in Section 1.1, which are:

(1) Natural variability (aleatory), (2) data uncertainty (epistemic), and (3) model



uncertainty (epistemic). The representation and propagation of these types of uncertainty
in multi-disciplinary analysis is the focus of this chapter.

Methods for the representation and the propagation of aleatory uncertainty in a
monolithic or feed-forward system are well established. Aleatory uncertainty has been
modeled through random variables with fixed probability distributions and distribution
parameters. A variety of approaches such as Monte Carlo Methods, first-order reliability
method (FORM), second-order reliability method (SORM), etc. are available for the
propagation of aleatory uncertainty through monolithic or feed-forward analysis [8].
However, only a small number of studies have addressed the propagation of both aleatory
uncertainty and epistemic uncertainty in single disciplinary analysis [34,35, 36, 37, 38, 39,
40, 41, 42]. Studies on uncertainty propagation through feedback-coupled MDA are even
fewer [9, 10, 11, 26, 19], and have only addressed aleatory uncertainty.

The input variables in an analysis could be deterministic or stochastic, and
epistemic uncertainty may be present regarding both types of inputs (due to lack of
information, referred here generally as data uncertainty). For example, an input variable
may be a fixed but unknown constant, and the information may be available as an interval
from an expert. Or an input variable may have natural variability (aleatory), but due to lack
of data, its distribution type and/or parameters may be uncertain. Epistemic uncertainty
regarding the inputs has been addressed through evidence theory [35, 36], possibility
theory [43], fuzzy sets [23], imprecise probabilities [44], p-boxes [40], aleatory-like but
conservative treatment [41], likelihood-based probabilistic approaches [42, 45], etc., but

has been mostly applied to feed-forward or monolithic problems.
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Model errors can generally be categorized into two types [7]: (1) model form errors
which are due to assumptions about system behavior, boundary conditions, operating
conditions and model parameters; and (2) numerical solution errors, which arise from the
solution process adopted to solve the mathematical model, and include discretization error,
surrogate model error, truncation error (e.g., lower-order approximations), etc.. Liang and
Mahadevan [46] considered a detailed treatment of model errors due to both model form
assumptions and numerical solution approximations, and developed a methodology to
systematically quantify and aggregate the uncertainty due to multiple error sources.
Kennedy and O’Hagan [47] quantified model error in monolithic or feed-forward analysis
using Bayesian calibration. To the best of our knowledge, no work has been reported in
uncertainty quantification that includes model errors within feedback-coupled MDA.

The aforementioned sources of uncertainty (variability, data uncertainty and model
errors) cause the output of MDA to be uncertain. Non-deterministic MDA in the presence of
variability can be solved by SOFPI (i.e, Monte Carlo sampling loop outside the
deterministic fixed-point-iteration analysis). However, such analysis is computationally
prohibitive. Therefore, efficient alternatives, in the presence of aleatory uncertainty alone,
have been investigated by several researchers [9, 10, 11, 22, 23, 24] (see Section 1.1).

Review of these studies reveals that the existing methods for MDA under
uncertainty either require considerable computational effort or introduce several
approximations to reduce the computational effort. For example, in the decoupled
approach adopted by Du and Chen [9] and Mahadevan and Smith [10], the probability
density functions (PDF) of the coupling variables are calculated by Taylor series-based
first-order second moment approximation. These approaches improve the efficiency by

11



trading off the accuracy since they ignore the dependence between the coupling variables.
To include dependence between the coupling variables, a likelihood-based MDA (LAMDA)
approach was proposed by Sankararaman and Mahadevan [11]. In this method, the
probability of satisfying the inter-disciplinary compatibility is calculated using the principle
of likelihood, which is then used to estimate the PDF of the coupling variables. This
approach requires no coupled system analysis and yet is theoretically exact, thereby
preserving the functional dependence between the individual disciplinary analyses.

In [11], only aleatory uncertainty was considered. In this chapter, the LAMDA
method is extended to include epistemic uncertainty (i.e., data uncertainty and model
errors) in multidisciplinary analysis. A likelihood-based approach is employed to represent
the effect of data uncertainty (sparse and/or imprecise data) through either parametric
families of distributions [48] or non-parametric distributions [34] for the input variables.
The presence of model uncertainty makes the output of analysis uncertain even for a fixed
input, and model error usually varies with the input. This presents a serious challenge for
non-deterministic MDA, since previously available methods have only considered models
with deterministic output for a particular input realization. A novel approach is developed
in this chapter to include model error in MDA using the concept of an auxiliary variable
defined through the probability integral transform.

The system output uncertainty is due to the contribution of different sources of
variability, data uncertainty and model uncertainty. The identification of the dominant
contributors of uncertainty can be realized using probabilistic sensitivity analysis. A global
sensitivity analysis (GSA) approach [49] which explores the entire space of input factors is
considered in this chapter. However, previous work in GSA has only considered

12



deterministic feed-forward or monolithic models with only aleatory inputs; this chapter
extends GSA to feedback-coupled MDA under both aleatory and epistemic uncertainty.

In the following sections, the basic LAMDA framework is briefly introduced first.
Then a likelihood-based approach is proposed to include data uncertainty within the
LAMDA framework. After that, the consideration of model uncertainty in MDA is addressed
through a novel auxiliary variable approach, based on the probability integral transform.
Using the auxiliary variable concept, a global sensitivity analysis approach for feedback-
coupled MDA is proposed also. A mathematical example and an electronic packaging

problem are used to demonstrate the proposed methodology.

2.2. LIKELIHOOD-BASED APPROACH FOR MULTIDISCIPLINARY ANALYSIS (LAMDA)

This section briefly introduces the likelihood-based approach for MDA. Figure 2.1 is
a diagram of a multidisciplinary system which consists of three analyses. A feedback
analysis is required between analyses 1 and 2. The input vector is x = {x1, x5, X5} where x4
and x, are the input vectors for each individual analysis, and x4 is shared by both analyses.
Given a realization of x, the interdisciplinary analysis between analyses 1 and 2 is
conducted; the coupling variables, i.e. uq, and u,4, will converge to particular values. A
simplistic implementation of this iterative analysis is fixed point iteration (FPI). After
convergence, each disciplinary analysis releases a subsystem output, i.e., g; and g,, to

analysis 3 to evaluate the system level output, i.e., f.

13



Ii/x 5\12
U2

Analysis 1 Analysis 2
Uz1
g 11 l g2
Analysis 3
f

Figure 2.1. Multidisciplinary system

Figure 2.2 shows one iteration of the feedback coupled analysis. This single
iteration is denoted by a function G whose input is u,, and output is U, i.e.,

Uiz = G(uz,x) = Ay (uz1, X) (2.1)

where u,; = A,(u;,, x). The input variable u,, is yielded by “Analysis 1” from the previous

iteration, and the output U, is the input of “Analysis 2” in the following iteration. Inter-

disciplinary compatibility is satisfied when u,, = Uj,.

Uiy Analysis 2 " Analysis 1 Uy, -
Az(uq2, X) g A1(uzy, X)
\ G

Figure 2.2 Multidisciplinary system: partially decoupled
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For a given value of u,,, when input variability is considered, the output U;, can be
denoted by a probability density function: fy ,(Usz|us2). It is desired to calculate
P(U;; = uqy|uqz), which is the probability of satisfying the interdisciplinary
compatibility conditioned on u;,. This is similar to the definition of a likelihood function in
parameter estimation problems where P(y = y,ps |6) indicates the probability of
observing the output to be equal to some value y,,s conditioned on the value of the
parameter of interest 8. Thus here the likelihood of u;, may be defined as:

L(u1z) < P(U1z = ugz|ugz) (2.2)

Note that likelihood is only meaningful up to a proportionality constant. The
probability in Eq. (2.2) can be approximated by integrating the conditional PDF

fu,,(U12]uq2) over an infinitesimal window around the conditional value of u;:

u12+g

P(Uiz = ugzlug) = _f s fUlZ(U12|u12)dU12 (2.3)
o U125

where § is the length of the window. In Ref [11], the integration in Eq. (2.3) is estimated by

the first-order reliability method (FORM). FORM calculates the probability that a

performance function H = h(x) is less than or equal to h,, given stochastic input variables x,

which is equivalent to calculating the cumulative probability density (CDF) of H at H=h_ [8].

Using this idea, FORM analyses are applied to calculate the integral in Eq. (2.3) at the upper
: 5 8
and lower bounds, ie., h, = Fy (U, = uqp + 5 luiz) and hy = Fy ,(Uy; = uqz — E|u12),

which are essentially the probability of (Ui, < uqp + g) and (U, < uqp — g) respectively.

Note that in implementing FORM for each u;,, only the feed-forward analysis of Figure 2.2
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is needed to estimate G and its derivatives VG (x); i.e., in each iteration of FORM, only x is

changing, not u,,. The likelihood of u;, is approximated by:

hu - hl
é
The likelihood function only needs to be evaluated at a few points. Then the PDF of u,,

L(uyy) « (2.4)

can be evaluated as:

L(uy2)
fL(u12)du12

A recursive adaptive version of Simpson’s quadrature [50] can be used to evaluate

flurz) = (2.5)
the integral in Eq. (2.5). After evaluating the PDF for a few values of u;,, the entire PDF is
approximated by interpolation. The LAMDA method is theoretically exact; but
approximations are introduced in the numerical implementation by using FORM to
calculate the CDF values in Eq. (2.3). However, the LAMDA framework is not dependent on
FORM; if the analysis is nonlinear, SORM or one of several methods of Monte Carlo
sampling can be used instead. The key point is that LAMDA only needs a single run through
the two analyses for each realization of u;, and not an iterative analysis to convergence for
each uq,.

Once the PDF of the converged value of u;, is constructed, the feedback-coupled
analysis of Figure 2.1 can be replaced by a unidirectional coupled analysis as shown in
Figure 2.3. The coupling variable u, is brought to the same level with the input variable x;
both x and u,, can be treated as the input variable to this partially decoupled system. The
uncertainty of the subsystem level and system level output can be characterized by
sampling x and u,,; for each sample of input and u;,, only one function evaluation of

Analyses 1 and 2 is required to compute g; and g,. The results are then used to calculate f.
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Figure 2.3 Multidisciplinary system: partially decoupled

Note that the LAMDA approach is general, and is equally applicable to correlated or
uncorrelated x. The focus of this chapter is on coupling between disciplines, and the input
correlation is not considered in the numerical examples. However, the problem of
correlated input random variables has been solved long ago, and does not present any new
challenge. When input correlation is considered, the input random variables can be
transformed into a space of uncorrelated variables [8], after which FORM can be used to

evaluate the likelihood.

2.3. INCLUSION OF DATA UNCERTAINTY IN MDA

This section develops a likelihood-based approach to include data uncertainty

regarding the input variables (due to sparse and/or imprecise data) within MDA.
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Figure 2.4 Family of distributions

Data uncertainty can be regarding a stochastic or deterministic quantity. This
chapter focuses on the first type of uncertainty, i.e., only sparse and/or interval data is
available on an input random variable. An enhanced LAMDA method that accounts for
epistemic uncertainty regarding the input random variables is proposed here. This method
combines data uncertainty due to sparse point data and interval data and develops a
probabilistic representation for this uncertainty through a nonparametric PDF [34].

Suppose the available information for a random variable X is a combination of m
data intervals: {[a4, b1], ... [@;m, b]}, and n data points {sy, ... s,}. Based on the principle of
likelihood, two approaches can be pursued to represent this type of uncertainty:
parametric [48] and non-parametric [34]. In the parametric approach, a discrete random
variable D and a random variable vector @ are assumed to denote the distribution type and

the distribution parameters respectively. Randomly sampling D and @ will result in a family
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of probability distributions as shown in Figure 2.4. This family of distributions is used to

fit the data interval and data points of X, and the likelihood of D and @ is given by:

L(D, 0) x H[Fx(bj|D, 9) — Fx(a;D, )] 1_[ Fo(s:D, 6) (2.6)
j=1 i=1

D and 0 may be estimated by maximizing the likelihood function in Eq. (2.6) (note
that D is discrete). The candidate distribution types can sometimes be selected based on
prior knowledge or physical considerations; in other cases, however, the choice of
distribution type candidates may be difficult.

To avoid the assumption of distribution type, a non-parametric approach [34] can
be adopted. Consider the variable X with m interval and npoint data. The maximum and
minimum values in this data are used as the upper and lower bounds of X. The entire
domain is then uniformly discretized by a set of points q; (i = {1, ... @Q}). Letp; denote the
PDF value at the i*" point, i.e, fx(x; = q;) = p;; the PDF over the entire domain can be
constructed by interpolating these PDF values. Let p denote the vector of the PDF values,
ie,p = (p1,.--pg); the likelihood function of p, which is defined as the probability of

observing the given data (point values and data intervals) given p, can be written as:

L@ « [ [IE(lp) - Fe@im] | [ Aucsitm) 2.7)
j=1 i=1

The value of pcan be estimated by maximizing the likelihoodL(p) using the
optimization problem in Eq. (2.8). The three constraints for the optimization are: (1) the
vector p (PDF values at the discretized points) needs to be positive; (2) the PDF value over
the entire domain of X needs to be positive; and (3) the integrated area under the PDF

curve must be unity. A Gaussian Process (GP) interpolation technique is employed in this

19



chapter to fit the entire PDF curve based on [p,,..pg]; however, other interpolation
techniques may also be used.

max L(P)

st.pj=0for Vp;, €P
f(x) = 0for Vx

[ KGoax =1

(2.8)

The above likelihood-based method is exploited to fit a non-parametric probability
distribution to include the effect of data uncertainty due to sparse and interval data. It
avoids assumptions on the distribution type or distribution parameter. The resulting
probability distribution can be easily applied to uncertainty propagation with Monte Carlo

sampling or FORM.

2.4. INCLUSION OF MODEL UNCERTAINTY IN MDA

2.4.1. MODEL ERROR QUANTIFICATION

Liang and Mahadevan developed approaches for model error quantification in feed-
forward computational models [46]; however, the propagation of model error through
multiple models is not straightforward in feedback-coupled MDA. Model errors can be
classified into two categories: (1) model form error caused by simplifications or

assumptions about the physics of the problem, and (2) numerical errors due to the solution
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process, such as discretization error, error due to limited sampling, etc. The quantification
methods for different types of model errors are distinct from each other. Model form error
can be estimated using actual experimental data; and numerical solution error can be
calculated using the result of model verification. When input variability and data
uncertainty are considered, the model errors need to be quantified at each input realization.
This section focuses on the inclusion of model error within MDA in a generalized manner
that includes both model form error and numerical solution errors.

A simple way to handle input-dependent model error is to use an additive model
discrepancy term and include it in subsequent analysis. Kennedy and O’Hagan [47] used
Bayesian calibration to quantify this model discrepancy term. Mahadevan and Rebba [51],
and Chen [52] included the additive model error term in reliability-based design
optimization. However, when multiple sources contribute to model error, and when these
sources do not combine in a simple manner, the additive term approach is not easy to use.
Sankararaman et. al [53] used a Bayesian network approach to combine multiple sources of
model error. However, complication arises in feedback-coupled MDA if the model error
term has to be added after each iteration of individual disciplinary analyses. Also, model
error is a function of the input and this function is not generally known; thus, it is not
straightforward to include the additive model error term in feedback-coupled MDA.

In many problems, the original disciplinary analyses may be expensive, and may
need to be replaced by surrogate models. Many types of surrogate modeling techniques are
available (e.g., Gaussian process models [47], polynomial chaos expansion [54], support
vector regression [55], artificial neural network [56], etc.). A review of state-of-the-art
modeling techniques for solving different types of optimization problems is provided in
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[56]. Use of a surrogate model introduces error in the prediction, which has two
components: bias and variance. A leave-one-out cross validation approach can be used to
estimate bias with an existing number of training points [57], and sequential training point
selection techniques have been proposed in the literature for bias reduction [57, 58].
Expressions for the variance of surrogate model prediction are also available in the
literature (for example, variance is readily available for Gaussian process and polynomial
chaos expansion models; see [46]).

Regardless of whatever individual or multiple sources contribute to the model error,
the output of a model due to the presence of model error is a probability distribution even
for a fixed value of the input. Note that some errors are deterministic (e.g. discretization
error) and some are stochastic (e.g. surrogate model error); their combined effect makes
the model output stochastic even for a fixed input. This presents an interesting challenge.
Only aleatory uncertainty was considered in the original LAMDA method (Section 2.2).
Therefore, for a given value of u;, and x, the output U;, was a deterministic value. However,
in the presence of model error, the output U;, becomes a probability distribution. This
makes it difficult to evaluate Eq. (2.2): How can we talk about the probability of a
distribution being equal to a particular value? The likelihood in Eq. (2.2) can only be
calculated when the output U, is a deterministic value for a given value of u;, and x. An

auxiliary variable method is proposed below to overcome this challenge.
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2.4.2. AUXILIARY VARIABLE METHOD

For the sake of illustration, consider a normal random variable X with uncertain
parameters. Assume that the parameters of X, i.e. uy and oy, have normal distributions; the
uncertainty of X is therefore denoted as: X~ N (uy (uﬂ, JM), ox(Ug, 04)), Where u,, o, Uy and
o, are deterministic values based on sources such as expert opinion. Given a realization of
Uy, and oy, X is a distribution. Let P denote an auxiliary variable, defined by the probability

integral transform [59] as

p= j fe(Xlig, o) dX (29)

where x is a generic realization of X. P € [0,1] is the CDF value. For a realization of uy and
oy, the well-known inverse CDF method of Monte Carlo simulation taken over a realization
of P from a uniform distribution gives a fixed value of x. Therefore, x can be written as:

X = Fyjuy.0x () 0r X = H'(p, lix, 0x) (2.10)
where p is a realization of P. Thus by introducing the auxiliary variable P, we get a unique
value of X for a given value of uy and oy. The probability integral transform helps to define
the auxiliary variable P, and will be used to include the stochastic model error in coupled
MDA.

Note that this approach can also be extended to handle the case when a parametric
family of distributions is used to represent an input random variable due to data

uncertainty. In that case, if a discrete variable D represents the distribution type, and 0
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represents the vector of distribution parameters, then a unique value of x can be obtained

for a realization of D, 8 and P as:

*=H(pd6) (2.11)

Note that H' is not the same in Egs. (2.10) and (2.11).

2.4.3. REPRESENTATION OF MODEL UNCERTAINTY

For a given value of u,, and input x, the output U;, follows a probability distribution
due to model error. This distribution can be represented by a conditional PDF

fu,, (U12]u12, x). Let auxiliary variable P denote the conditional CDF at U, = uy;, given u,

and x, i.e.,

U2

P = f fuss (Urz2lu12,x)dUy; (2.12)
where P € [0,1]. For a given value (;f input x and u,,, when a single value of P is sampled
from U(0,1), a unique value of U;, can be obtained through the inverse CDF method. Hence
U,, = H'(p, uy3, x), which is deterministic, can now be used to evaluate the likelihood in Eq.
(2.2) using FORM, as shown in Figure 2.5. With a unique value of U;, defined as above,

two evaluations of FORM are implemented at C = uy, + gand C=u;— gto get h,and h;

respectively. In FORM, Prob(H' — C < 0) = @ (—p).
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Given PDFs of x, P
Minf=u"u
S.t. H’(p,x,ulz) —C=0

where standard normal u = T (p, x)

Figure 2.5 FORM with auxiliary variable

The PDF of u;, can then be obtained using Eq. (2.4) and Eq. (2.5).

The auxiliary variable approach to include model error in MDA offers several
benefits: (1) the auxiliary variable P represents the overall effect of model error in a
generalized manner; no matter how different types of model errors are combined, it
considers the overall distribution of the output as a result of these error sources for a fixed
input. (2) The use of the auxiliary variable provides an elegant method to include model
error in the LAMDA method, and the challenge of accumulating model error through
multiple iterations of MDA is bypassed due to the single iteration strategy of LAMDA. (3)
The use of the probability integral transform to define the auxiliary variable provides a
theoretically exact way to include model error in feedback-coupled MDA. (4)
Representation of the model error through a random variable P brings x and P on the same
level, and facilitates a single loop approach to implement FORM, thus providing
computational efficiency. In contrast, a sampling-based approach to include model error

would need an additional nested loop of analysis.
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2.5. GLOBAL SENSITIVITY ANALYSIS IN FEEDBACK-COUPLED MDA

Uncertainty propagation analysis is often accompanied by sensitivity analysis to
identify the significant contributors to the model output uncertainty. Several benefits are
possible such as: (1) reduction of number of uncertainty sources considered in the analysis
and design optimization; (2) guidance in resource allocation for data collection; and (3)
guidance in model refinement. Global sensitivity analysis has been used to calculate the
effect of the variability of an input quantity on the variance of the output quantity [49].
Consider a model given by:

Y=G(X, X5 .. Xy) (2.13)
where X; and Y are input-output pairs of a generic model. The first-order sensitivity indices

are estimated as:

, _ VeiBx (Y1XD)

i S (2.14)

where the notation Ey_,(Y|X;) denotes the expectation of output Y given a particular value
of variable X; and considering the random variations of all other variables except for X;
(denoted by X._;). The symbol Vy, represents the variance of the aforementioned
expectation over multiple samples of X;. The first-order sensitivity index indicates the
contribution of uncertainty due to a particular individual variable, regardless of its
interactions with other variables. The evaluation of Eq. (2.14) can be accomplished by

either double-loop or single-loop Monte Carlo sampling. The sum of first-order indices of

all variables is always less than or equal to unity.
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A total effects index is also calculated to account for the uncertainty contribution of
X; in combination with all other variables:
B x(YIX)) o Ve (EXi(Y|X~i))

i V() T V()

where Vy (Y|X..;) denotes the variation of outputY at a fixed realization of all variables

(2.15)

except X; , over multiple samples of X; only; Ey_, calculates the expectation of this variation
over multiple samples of X_;. The sum of the total effects indices of all variables is always
greater than or equal to unity.

Previous work in GSA has only considered aleatory uncertainty in the input
variables [46]. When model output uncertainty is caused by input variability, data
uncertainty and model errors, the contribution of all the sources needs to be quantified.
The sensitivity to the input variable distributions is straightforward to calculate by using
sampling techniques. However, when uncertainty caused by stochastic model errors is
considered, the GSA cannot be directly implemented due to the lack of a deterministic

input-output transfer function.

X—| Analysis |_, Y /\

Figure 2.6 Output uncertainty due to model errors

Figure 2.6 shows the stochastic functional relation between input X and outputY.

Consider Eq. (2.14) and Eqg. (2.15), in which the inner loops of sampling calculate Ex_ (Y|X;)

27



and Vy,(Y|X..;) respectively; both evaluations require deterministic function output. In the
presence of model uncertainty, the outputY is a distribution even for a fixed input X.
Therefore, a new auxiliary variable is introduced to explicitly include model uncertainty in
sensitivity analysis. Consider the model in Eq. (2.1). Suppose model output has a
distribution D at a given input X; this can be denoted as: Y ~ D (iyyeq(X), 0preq (X)), where
Upreq is the predicted mean function value and oy,.qis the standard deviation that
represents the uncertainty in the prediction due to model uncertainty.

Let Uy denote the auxiliary variable which is defined as Uy, = f_yoo fy (Y|X)dY, where
X is one realization of the input and fy is the PDF of Y conditioned on X. The individual and

total effects of Uy are:

Vi (Bx(Y1Uy))

Sy, = 7% (2.16)
r_ Ex(y,(YIX)) Vuy (EX(leUy)) (2.17)
vy V()

Thus, the use of the auxiliary variable method in variance-based GSA provides an
explicit means to quantify the contribution of the stochastic model error to the system level
output variance. It represents the effect of model uncertainty through the auxiliary random
variable Uy, and brings model uncertainty to the same level of analysis as input uncertainty.
The sensitivity of Uy given in Eq. (2.16) and Eq. (2.17) can be regarded as an index of the
contribution of model error to the overall output uncertainty.

Note that Eq. (2.15) to (2.17) are often used in the context of feedforward analyses.
In the LAMDA approach, after the distribution of the coupling variable is obtained,

uncertainty propagation is implemented with the partially decoupled analysis in Figure
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2.2, which is essentially a feedforward analysis. Therefore, the above sensitivity analysis
can also be applied in the context of feedback coupled analysis, with the help of LAMDA.

In summary, Sections 2.3 to 2.5 introduced the representation and the propagation
of data uncertainty and model uncertainty in coupled MDA. Likelihood-based parametric
and non-parametric approaches to handle data uncertainty were presented. Model error
sources result in a stochastic model output; and an auxiliary variable method is introduced
to account for the model error through a random variable which provides a breakthrough
in the implementation of both LAMDA and GSA to feedback coupled MDA. Since variability
and data uncertainty of a random variable are together represented by a non-parametric
distribution, the combined effect of aleatory and epistemic uncertainty in each input
random variable is identified by a single sensitivity index. However, if a variable has a
significant impact on the output uncertainty, and separation of the effects of aleatory and
epistemic uncertainty is desired, then a parametric distribution can be used for this
variable, with uncertain distribution type and parameters. See [45, 60] for details of such

analysis.

2.6. NUMERICAL EXAMPLES

A mathematical MDA example is considered in this section first. Two assumptions
for model error are made for the sake of illustration and propagated using the enhanced

LAMDA approach. Next, an electronic packaging example is used to demonstrate the
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quantification and propagation of different sources of uncertainty in MDA using the

proposed approach.

2.6.1. MATHEMATICAL MDA PROBLEM

The mathematical example shown in Figure 2.7 consists of 3 analyses. A feedback
coupling exists between “Analysis 1” and “Analysis 2”, and the coupling variables are
denoted as u;, and u,;. Then the subsystem output g, and g, are calculated and used as
the inputs to analysis 3 to compute the system level output f. The input variables x,, x, and
x5 are assigned normal distributions: N(1,0.1). x, is characterized by a lognormal

distribution: LogN (1,0.1).

xz ) x3 x1 x4 rx5
Analysis 1 U, Analysis 2
Uy = X7 + 2%, — X3 + 24Uy + ME, | U1 = X0% + XF + X5 +wyp + ME,
g1 = 45— (x% + 2x, + x5 — X3Upq) g2 = \[x1 + x4 + x5(0.4%x,)
Uzq
N %
Analysis 3
f=9— 0

Figure 2.7 Functional relations of the mathematical MDA model
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2.6.1.1. Epistemic Uncertainty Due to Insufficient Data

Epistemic uncertainty is assumed for x5. The data is available in the form of 3
intervals {[0 2], [0.02 1.97], [0.14 1.89]} and 2 point values {0.99, 1.02}. The domain
bounded by the maximum and minimum available values of the available data is divided
into 10 equally spaced points, with PDF values P;,i = 1...10. The optimization framework
in Eq. (2.8) is then adopted to estimate the optimal P; that maximizes the likelihood
function constructed using Eq. (2.7). A cubic spline technique is employed to interpolate

the likelihood and construct the non-parametric PDF presented in Figure 2.8.

% 05 1 15 2
X
Figure 2.8 Non-pasrametric PDF of x5
2.6.1.2. Epistemic Uncertainty Due to Model Errors

For the sake of illustration, model errors ME; and ME, are assumed in “Analysis 1”

and “Analysis 2” respectively as functions of the input and coupling variables. Two cases of
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model error are addressed: (1) deterministic model error, and (2) stochastic model error.
The assumed mathematical forms of the model errors are listed in Table 2.1. Additionally,

results are also computed for the case with no model error, for the sake of comparison.

Table 2.1 Model errors in coupled analysis

Model Error Deterministic Model Errors Stochastic Model Errors

n(ME,®) = ME,"

1
ME; ME;® = 0.05x, + 0.1 4
1 X2 +0.101) o(ME,®) = 0.15  ME,”
u(ME,®) = ME,"
ME, ME,” = 0.1/u;, + 0.2x 5
o(ME,%) = 0.15 x ME,
2.6.1.3. Uncertainty Quantification of the Coupling Variables

For each coupling variable in both cases, the entire PDF is estimated by
interpolating 15 integration points, each of which has been evaluated by LAMDA (Eq. 1).
The propagation of variability and data uncertainty for deterministic model errors can be
fulfilled by the original LAMDA method. In the stochastic error scenario, the proposed
auxiliary variable method is used to address the model error. Two auxiliary variables h;
and h,, representing the CDFs of the model errors respectively, are introduced; both are
uniformly distributed from 0 to 1 based on the probability integral transform (Section
2.4.2). The resultant PDFs of the coupling variables with deterministic and stochastic

model errors and without error are shown in Figure 2.9. The mean and standard deviation
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of u;, and u,, are calculated and listed in Table 2.2. SOFPI is implemented with 20,000

samples of the input as the benchmark solution.

PDF

1.5

=No Error

< Deterministic Error

=« Stochastic Error (LAMDA)
Stochastic Error (MCS)

=No Error

< Deterministic Error

=« Stochastic Error (LAMDA)
Stochastic Error (SOFPI)

Figure 2.9. PDFs of coupling variables U, (left) and U,; (right)

Table 2.2 Mean and standard deviation of coupling variables

No. of Function

Case No. Type Uz Uz Evaluations
uy 895 1194
1 No model error 572
oy 049 0.72
up 9.40 1299
2 Deterministic model error 594
op 048 0.73
3 Stochastic model error p, 945 1298 768
(LAMDA) o, 062 1.08
; us 9.46 13.03
4 Stochastic model error s 379,246
(SOFPI) o 0.62 1.10
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The following observations are drawn from Table 2.2:

(1) The PDFs of u;, and u,; for cases 1 and 2 have almost the same shape and standard
deviation, and are only separated by the deterministic model error value.

(2) Including the stochastic model error increases the computational effort by 34.3%
comparing with the “No model error” case, and 26.3% with the “Deterministic model
error” case. This is because the introduced auxiliary variables increase both the
dimension and the nonlinearity of the problem. This case can be finished in less than 1
second using LAMDA method. On the other hand, 20,000 SOFPI evaluations take 493.1
seconds and 379,246 function evaluations.

(3) Once the PDF of the coupling variable is calculated, the scheme in Figure 2.3 can be
used for uncertainty propagation and estimate the PDF of the individual disciplinary
and system outputs: g4, g, and f. Note that this does not require the iterative analysis
between Analyses 1 and 2, therefore becomes a simpler uncertainty propagation
through a feed-forward analysis. For the sake of illustration, Monte Carlo sampling is
used to estimate the PDF of the system output. Following the scheme in Figure 2.3 the
analysis in the other direction is retained. The PDFs of the inputs x and u,, are used
first in “Analysis 2” to estimate u,; and g,, and then in “Analysis 1” to estimate g;,
followed by the overall system output f. Table 2.3 lists the mean values and standard

deviations of the outputs in different cases.
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Table 2.3 Mean and standard deviation of g4, g, and f
91 92 f

n 12.50 2.41 -10.1
No Model Error - 12 016 118
. .. u 13.52 2.41 -11.11
Deterministic Case - 1.26 0.16 123
. n 13.60 2.43 -11.17
Stochastic (LAMDA

ochastic ( ) o 142 016 140
. . -11.08

Stochastic (MCS) Z 13.49 2.41

1.60 0.15 1.55

(4) It could be argued that in the presence of expensive disciplinary computational models,
SOFPI could be used with surrogate models. However, building the surrogate model
has significant computational expense. In the mathematical example, an average of 19
function evaluations is needed for deterministic MDA to converge at each input. To
obtain the training points for the surrogate model, such coupled analysis needs to be
evaluated at multiple realizations of the input. The number of training points can be
very high if the input is high-dimensional and the model is highly nonlinear. Therefore,
the total number of function evaluations will still be large. Thus the computational
effort in building the surrogate model should also be considered in such comparisons.
Global sensitivity analysis is conducted to quantify the sensitivity of the system level
output f to the uncertain inputs and model errors from both analyses. The auxiliary
variables h; and h, denote the uncertainty introduced by the model errors. The input,
coupling and auxiliary variables are sampled, then the decoupled analysis is executed to
evaluate the output uncertainty. Therefore, the total number of function evaluations equals

the number of variables (input/coupling/ auxiliary) times the sample size (1,000 samples
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are used), which equals 8,000. The first-order sensitivity indices and the total-effect indices

are shown in Table 2.4.

Table 2.4: Global sensitivity indices

X1 X2 X3 X4 X5 hy h;
First-Order 0.007 0.670 0.019 0.036 0.019 0.039 0.180
Total Effect 0.007 0.681 0.019 0.037 0.021 0.041 0.184

The index for h, indicates that the stochastic model error from “Analysis 2” has a
large impact on the uncertainty of the final system output, while model error from
“Analysis 1” has a small effect. The use of the auxiliary variable method enabled the
sensitivity analysis to include uncertainty contributions from model errors. It replaced the
double-loop approach with a single-loop calculation, thus greatly reducing the
computational effort. According to Table 2.4, it can be observed that the first-order and
total effect sensitivity indices of the corresponding variables are quite similar. Since the
total effect reflects the uncertainty significance of a variable from both its individual
variation and its interactive effect with other variables, the result indicates that the

collaborative effect of the variables is insignificant.
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2.6.2. ELECTRONIC PACKAGING EXAMPLE

The electronic packaging problem [61] is a two-discipline analysis with feedback
coupling between the electrical and thermal analyses. The system is composed of a circuit
with a single resistor and a heat sink on which the resistor is mounted. A diagram of the

heatsink is shown in Figure 2.10(a).

Electrical Heatsink Size
Parameters Parameters

\ 4 A 4

Component Heat |
Electrical p > Thermal

Analysis < Analysis
7 = Heatsink Y

Temperature
Total Power

Total Power Dissipation

Watt Density:

Volume of the Heatsink

(a) Geometry of a regular heatsink (b) Disciplinary analyses and coupling variables
Figure 2.10 Electronic packaging problem: feedback coupled MDA.

When the circuit is turned on, the resistor generates heat that is dissipated by the
heatsink. The component resistance is affected by the operating temperature, while the
temperature depends on the heat produced by the resistor. The interdisciplinary

relationships are shown in the Figure 2.10(b). The electronic analysis is computed
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algebraically, whereas the thermal analysis needs to solve a 2D heat transfer problem
through finite difference method.
The deterministic parameters are: Voltage = 10.0 volts and room temperature

T =20.0°C . The random variables together with their uncertainty are listed in Table 2.5.

Voltage
The state variables are defined by the relations: y, =% ;V, =x(I+x,(ys=1)); v, = & ;

7 Y2

Vu =y32 Y5 Vs =Thermal(y4,x1,x2,x3,x4) , Vs is an implicit function of the geometric
parameter of the heatsink and the power dissipation in resistor, it needs to be computed
through the finite difference method, and Y =X, X, X;.

In this example, geometric parameters x4, x,, x3 and x, are appointed as the design
variables, of which the upper and lower bounds are [0.15, 0.15, 0.08, 0.05] and [0.05, 0.05,
0.02, 0.01]. The design variables are assumed to have variability. x5 and x4 are additional
uncertain variables. The distribution types and parameters are assumed to be precisely
known forxs, whereas the distribution characteristic of x; are uncertain due to the
availability of only interval data and sparse point data (epistemic uncertainty). A non-
parametric PDF is constructed using the likelihood-based approach [34] for a combined
representation of the aleatory and epistemic uncertainty regarding x,. Details about the
uncertain variables are provided in Table 2.5.

The coupling variables are component heat (due to power dissipation in resistor)
computed in the electrical analysis, and component temperature ys; estimated in the
thermal analysis. The system output power density is the ratio between total power

dissipated and the volume of the heatsink.
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Table 2.5 Parameters of the electronic packaging system

Parameter Parameter (Unit)
X1 Heat sink width (m) ~N(0.1,0.01)

X2 Heat sink length (m) ~LogN (0.1,0.01)
Input X3 Finlength (m) ~N(0.05,0.005)

Variables X4 Fin width (m) ~N(0.025,0.0025)
and Associated  x,

Nominal resistance at temperature T° (W) ~N(10,0.1)
Uncertainty Temperature coefficient of electrical resistance (°K1)

data Intervals:
Xg [0.004,0.009],[0.0043,0.0085],[0.0045,0.0088]

data Points:
{0.0055, 0.0057}

V1 Power density (watts/m3)
Vs Resistance at temperature T1 (W)
Thermal and
V3 Current in resistor (amps)
Electrical State
Va4 Power dissipation in resistor (watts)
Variables
Vs Component temperature (T;) of resistor (°C)
Ve Heat sink volume (m3?)
2.6.2.1. Model Error Quantification

The two disciplinary analyses (electrical and thermal) are evaluated using two
different mathematical models. The electrical analysis is solved algebraically based on
electrical circuit analysis and the computational process is straightforward. In the thermal
analysis, the component temperature ysis retrieved by numerically solving a two-
dimensional heat transfer differential equation using a finite difference method. Due to

limited computational resources for solving the continuum problem, assume that only a
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coarse mesh can be used, causing discretization error. Meshes are only required for x and y
directions (heat transfer in the thickness direction is ignored for the thin plate). A Gaussian
Process-based technique is used to estimate discretization error [62] in FDA/FEM analysis
as an enhancement of the traditional Richardson extrapolation method. The basic theory of
the Gaussian Process (GP) technique is provided in Appendix I on page 150. The GP
approach to quantify discretization error is briefly summarized below:

For a given input x,,, T mesh tests : hy,,= {h', ... AT} are conducted, where h' denotes
a particular mesh size combination. The associated model outputs, i.e. g,qw =
{Graw Xn, BY) ey Graw (X0, A7)}, are then collected. A GP model is constructed using the mesh
sizes and the corresponding outputs {hg.;;9,aw}- The corrected estimate of the function
value at inputx, is then predicted at h = 0, i.e., the function value is estimated at an
infinitesimal mesh size. In the electronic packaging application, the finest affordable mesh
size 0.005; Therefore, three mesh tests: hse: = {0.007, 0.006, 0.005} (same mesh in both x
and y directions) are conducted; the mesh sizes together with the output component
temperatures are used to train the GP model; after that, the heatsink temperature at h=0 is
predicted using this GP model. Figure 2.11 is a demonstration of GP getting trained by
three data points (circle dot) and prediction at h = 0. The red square dot represents the
mean prediction by the GP model and the green dashed lines are the 95% bounds. The
Richardson extrapolation method is also applied under three mesh tests: hy = {0.0072,
0.006, 0.005} (the mesh refinement ratios need to be constant), and its result denoted by
the blue square dot agrees well with the GP prediction. Even though the true function value

is deterministic, the GP prediction quantifies the uncertainty in estimating it. This
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uncertainty is epistemic uncertainty due to the finite number of training points; as the

number of training point increases, this uncertainty will be reduced.

42, Training Data

=GP Mean Prediction
GP Variance

o GP Extrapolation for h=0 o e’

" * Richardson Extrapolation for h=0 "

st
xf’r“
/III

34r

o
SS

(O8]
o0

Temperature (°C)

320 1 2 3 4 5 6 7
Element size h

Figure 2.11 Mean and 95% bound of GP prediction, accounting for discretization
error (Thermal analysis)

In stochastic MDA, discretization error needs to be quantified at each input
realization using GP extrapolation. As mentioned above, the predictions of GP at mesh size
h = 0 include a predicted mean value, and variance that indicates the uncertainty in the
prediction as shown in Figure 2.11. The presence of the stochastic model prediction even
for a single fixed input value poses a challenge for uncertainty propagation in coupled MDA.
Consider one iteration of the coupled analysis in Figure 2.10(b). Given one realization of
the inputs x, the output temperature ys = Thermal(y,, x) must be deterministic where T

denotes the thermal analysis; however, when y: is evaluated using a GP, the outcome will
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be accompanied with variability; the mean and standard deviation of the output, which are

determined using Eq. (A1.4) and (A1.5), are functions of x and y,:

fs1x)~ N(u(x, ys), o (X, y4)) (2.18)

For each realization of x and y,, the epistemic uncertainty due to model error will
lead to a family of distributions for ys. Since FORM requires a deterministic output from the
performance function, the stochastic GP prediction cannot be directly used in the LAMDA
method.

Therefore an auxiliary variable P,~U[0,1] is defined. With the auxiliary variable Py,
a unique value of the prediction can be determined through inverse CDF. Therefore, the
model output becomes a deterministic function of x, y, and h and the LAMDA approach can
be implemented using FORM as in Eq. (2.8). Two different cases, with different model error
assumptions are considered:

Case 1 (No model error): No assumption of model error is made for the electrical analysis;
and for the thermal analysis, the temperature value is evaluated using the finest mesh
within the limitation of computation resources. The uncertainty sources are only the six
input variables; note that x4 has both aleatory and epistemic uncertainty, whereas x; to xs
have only aleatory uncertainty (fixed distribution type and distribution parameters).

Case 2 (Stochastic model error): The discretization error of thermal analysis is quantified
using GP. The resulting uncertainty is then included in LAMDA using an auxiliary variable.
The sources of uncertainty being considered are 5 aleatory inputs, 1 input with both
aleatory and epistemic uncertainty, and the model prediction uncertainty due to
discretization error. Note that the discretization error is actually deterministic, but there is

uncertainty in estimating it because of a small number of mesh sizes tested. This
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uncertainty is expressed by the variance of the GP prediction of temperature at h = 0. And
in the MDA and sensitivity analysis, this uncertainty is represented by the auxiliary variable

P,.

2.6.2.2. PDF of the coupling variables and system output

The PDFs of temperature and component heat are estimated for both cases and are

shown in Figure 2.12. The system level output, power density, is calculated as:

Component Heat (y,)

Power density = (2.19)

Heatsink Volume (x; X x, X x3)
where x4, x,, X3 are the geometric parameters. Its distribution is evaluated using Monte

Carlo simulation for illustration. Samples of component heat y, together with x;, x, and x;
are generated independently and used to calculate power density using Eq. (2.19). Figure
2.12 compares the marginal PDFs of temperature and component heat under two model
error assumptions; the PDFs of power density are compared in Figure 2.13. The first and

second moments of the PDF are compared in Table 2.6.

3.5r 0.8

—No Model Error =No Model Error
-='With Model Error (Thermal) o -='With Model Error (Thermal)

0.4

PDF

0.2F

.
"ay
foamuy

92 3;“ 3.6 58 A 45 4.4 4.6 °
Component Heat (Joule) Temperature ( C)

. 1 1 " y
%5 40 45 50 55 60

Figure 2.12 PDF of coupling variables: component heat y, (left) and temperature y: (right)
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Figure 2.13 PDF of system output: power density

Table 2.6 Mean and standard deviation of temperature and power density
Component Power

Temperature Heat Density
Mean 52.24 4.13 8757.82

No Model Error
STD 1.06 0.21 1618.00
Stochastic Model Mean 4713 3.98 8080.00
Error STD 2.80 0.23 1507.09

The number of function evaluations in the LAMDA method when considering the
model error and stochastic model output is 1219, whereas 910 evaluations are needed
when no error is considered. When the disciplinary analyses are computationally cheap,
SOFPI can be used to generate the benchmark solution (the entire PDF) for LAMDA to
compare with, as shown in the earlier mathematical example. However, when the
disciplinary analyses are expensive, it may not be affordable to generate the entire PDF
using SOFPI. In such a situation, SOFPI could be run for a few samples of input realizations,

and the SOFPI outputs can be compared against the PDF generated by LAMDA.
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Figure 2.14 compares SOFPI results for 35 input realizations against the LAMDA-
generated PDF for the coupling variables and the system level output. It is seen that the
SOFPI results are within the range of the LAMDA-generated PDF. In addition to a graphical
comparison, model validation techniques can also be used for a quantitative comparison;

several such techniques are well studied in the literature [42, 43].
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Figure 2.14: Comparison of results from LAMDA and SOFPI for (a) Temperature, (b)
Component heat, and (c) Power density
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2.6.2.3. Results and discussion

According to Figure 2.11, for a given input {x; ... x¢}, the predicted temperature
from thermal analysis decreases as the mesh becomes finer. This phenomenon agrees well
with the PDFs of the temperature in Figure 2.12, where the distribution for the stochastic
model error case shifts to the left compared with the no model error case. When model
error is included, all subsystem outputs have greater variances as expected. In addition, the
model error appears to cancel the effect of input variability and data uncertainty and lead
to a smaller final output uncertainty. A GSA is implemented to quantify the sensitivity of
heat to the input uncertainty and model error. The auxiliary variable P, represents the
uncertainty due to the GP-based estimation of discretization error (i.e., discretization error
in thermal analysis). The total number of function evaluations mostly depends on how fast
FORM converges. When the number of input, coupling and auxiliary variables is small, and
if the analysis is linear, FORM converges quickly and the number of function evaluations is
small. On the other hand, if the input and coupling variables are high dimensional, and if
more auxiliary variables are used (i.e., more models with stochastic model error), or if the
decoupled analysis is highly nonlinear, more function evaluations are expected for FORM to

converge. The first-order sensitivity indices and the total-effect indices are given in Table

2.7.
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Table 2.7: Sensitivity indices of electronic packaging problem
X1 X2 X3 X4 X5 Xg Py
First-Order 0.362 0.228 0.327 0.000 0.037 0.046 0.048
Total- Effect 0.371 0.236 0.333 0.000 0.038 0.049 0.053

In Table 2.7, variables x; to x5 have aleatory uncertainty, x4 has both aleatory and
epistemic uncertainty, and P, is epistemic uncertainty due to model error. The global
sensitivity analysis is able to include both types of uncertainty by using the auxiliary
variable approach. It is observed that in this example, three aleatory variables - length (x;)
and width (x,) of the heatsink and the length of the fin (x3) - have a dominant impact on
the output variance, whereas the other uncertainty sources only have a small influence.
Similarly to Table 2.4, the difference between the first-order and total effect is very small,

which means the collaborative effect between the variables is negligible.

2.7. SUMMARY

This chapter proposed a methodology to include input variability, data uncertainty,
and model errors within feedback-coupled MDA. Data uncertainty in the input random
variables (due to sparse and/or imprecise data) is represented through non-parametric
distributions using a likelihood-based approach. The effect of stochastic model error is
considered by an auxiliary variable method based on the probability integral transform.
These developments bring the epistemic uncertainty to the same level of analysis as input

variability such that the propagation of both aleatory and epistemic uncertainty can be
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implemented in a single loop manner. The auxiliary variable approach also provides a way
for including epistemic uncertainty within global sensitivity analysis, which previously
could only be applied to aleatory uncertainty sources. The proposed methodology thus
provides a general formulation to include input data uncertainty, model form error and
numerical errors (e.g., discretization error, surrogate model error, etc.) within feedback
coupled MDA.

Based on the concept of likelihood, the next chapter investigates a novel approach to

expand the scalability and solve MDA problems with a large number of coupling variables.
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CHAPTER 3

STOCHASTIC MDA WITH HIGH-DIMENSIONAL COUPLING

3.1. INTRODUCTION

The problems addressed in the LAMDA approach and the methodology developed in
Chapter 2 only contains one coupling variable in each direction. In reality, the number of
coupling variables can be very large. For example, in the areoelasticity analysis of Figure
1.1, the nodal pressures and nodal displacements exchanged by CFD and FEA are both
vectors of large size. In this scenario, the computational effort for even a first-order
approximation increases dramatically with the dimension, while the solution accuracy
drops even faster. Further, the disciplinary simulation models are computationally
expensive, hence the function evaluations demanded by the LAMDA method is quite
prohibitive.

Due to the scalability challenges posed by such problems, this chapter focuses on
developing efficient methods for the uncertainty quantification for high-dimensional
feedback coupled analysis. The LAMDA concept discussed in Chapter 2 is implemented
using a Bayesian network, using samples of input, output and coupling variables from one
iteration of feedback coupled MDA.

A Bayesian network (BN) is essentially the representation of a multivariate
distribution through a directed acyclic graph which represents variables with nodes and
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their dependence relationships with edges. Within mechanical systems, it has been used for
system reliability assessment [63], model validation under uncertainty [64], diagnosis [65]
and uncertainty quantification [66]. The Bayesian network is capable of incorporating a
large number of variables and exhibits strong capability for uncertainty integration from
multiple aleatory and epistemic sources [67, 68]. A Bayesian network can be created using
multivariate samples to describe the statistical dependence among the variables and
updated using available data. In this chapter, the satisfaction of the interdisciplinary
compatibility is shown to be mathematically similar to updating with observed data, and
thus the joint PDF of the coupling variables can be computed using the Bayesian updating
process.

The estimation of the posterior distribution in Bayesian updating requires an
appropriate sampling technique. Common algorithms such as Markov Chain Monte Carlo
(MCMC) sampling [69] and expectation maximization [70] are computationally prohibitive
for large size problems. To overcome this challenge, a copula-based sampling technique is
introduced in this chapter to efficiently generate samples from the Bayesian network. A
copula is a function that relates the joint CDF of multiple variables to their marginal CDFs
and their correlations [71, 72]. The copula has been used to obtain the joint CDF in many
fields such as actuarial science and statistics [72], and in investigating reliability analysis
and RBDO for correlated [15] and non-Gaussian [73] input random variables. In this
chapter, given interdisciplinary compatibility, the copula is conditionally sampled [67] to
estimate the conditional joint distribution of all the variables.

Generating samples from a Bayesian network using a copula-based approach is
quite general. However, if a joint Gaussian copula is assumed, then the conditional joint
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updating and conditioning of the BNs can be accomplished analytically [74], providing
tremendous computational efficiency.

In the aeroelasticity problem, the coupling variables in each direction (e.g., pressure,
displacement) are correlated to each other. This issue leads to difficulty in the numerical
implementation because the quantities at neighboring nodes are highly correlated, causing
singularity in the covariance matrix of the copula. Therefore, a principal component
analysis (PCA) [75] is adopted to capture the dominant variance in the data and reduce the
dimensionality, and the Bayesian network is built in the principal component space.

The contributions of this chapter can be summarized as follows:
1. Develop a Bayesian network approach for stochastic MDA with feedback coupling;
2. Use copula-based sampling for efficient construction of the joint PDF of coupling
variables that satisfy interdisciplinary compatibility; and
3. Use principal component analysis to reduce the dimension of the Bayesian network.

The proposed approach consisting of the above three contributions is referred to as
BNC-MDA (Bayesian Network and Copula-based Multi-Disciplinary Analysis) in this
dissertation. BNC-MDA is basically the implementation of the LAMDA concept using a
Bayesian network, which facilitates scaling up to high-dimensional problems. The proposed
method is illustrated using a mathematical MDA problem first, and later using an aircraft
wing aeroelastic analysis problem.

The rest of the chapter is organized as follows. Section 3.2 discusses the difficulty of
LAMDA in solving high-dimensional coupled MDA. Section 3.3 develops the proposed BNC-

MDA methodology. Two numerical examples - a mathematical example and an aeroelastic
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problem - are presented in Section 3.4 to demonstrate the proposed methodology. Section

3.5 provides concluding remarks.

3.2. CHALLENGES POSED BY HIGH-DIMENSIONAL COUPLING

This section briefly analyzes the difficulty in applying FORM-based LAMDA (Chapter
2) to problems with a large number of coupling variables.

In the LAMDA approach, for a given instance of the coupling variable, the integral in
Eq. (2.3) is computed by taking the finite difference of two FORM analyses. This calculation
needs to be repeated for multiple instances of the coupling variable to construct its PDF
using Eq. (2.5).

In high-dimensional coupled problems where the coupling quantities are large in
number, each individual discipline accepts and yields a large number of coupling variables
as inputs and outputs respectively (e.g., displacements and pressures at a large number of
nodes in coupled FEA/CFD analyses). In this case, the joint distribution of the coupling
variables needs to be evaluated. Consider a problem with two coupling variables in each
direction as shown in Figure 3.1(a). A single iteration is shown in Figure 3.1(b). To
estimate the joint distribution of U,; and V,; under interdisciplinary compatibility,

suppose a first-order approximation of the bivariate joint distribution is adopted [76].
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(a) Coupled analysis with two coupling variables in each direction
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(b) One iteration of the coupled analysis

Figure 3.1 Two-dimensional coupled analysis and one iteration representation

The coupling variables from “Analysis 2” to “Analysis 1” are denoted by u,; and v,;.
To evaluate the joint PDF value at an instantiation of (u,4, V1), the FORM analysis needs to
be conducted to compute four joint CDFs F; at (uy; + 81,v51 + 632), Fy at (upq + 81,021 —
8,), F3 at (uyy — 81, V51 + 6,) and F, at (uy; — &1, v21 — 83). Then finite difference can be

used to obtain the joint PDF value at (uyq, v31):

Fl_Fz_F3+F4
46,6,

f(uz1,v21) = (3.1)

As the number of coupling variables increases, the number of function evaluations
required by the above finite difference procedure becomes very large. For example,
consider 2 disciplinary analyses coupled by n variables in each direction. If 10 integration
points are taken for each variable, 10" points will need to be evaluated in the n-

dimensional hypercube. At least 2n + 1 FORM analyses need to be executed at each point

for the finite difference analysis. Assuming m function evaluations are required for each
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FORM analysis to converge (on average), the total number of function evaluations is:
10" X (2n 4+ 1) X m. Asnincreases, the number of function evaluations will become
enormous, resulting in prohibitive computational effort. In addition, since FORM is a first-
order approximation, the nonlinearity of the function G may also affect the accuracy, and
the approximation may get worse as the dimension becomes higher. Consequently, the
problems that can be solved by the original LAMDA approach (implemented using FORM
and finite difference) are confined to low-dimensional coupling where the functions are
inexpensive to evaluate and not highly nonlinear. Therefore, Section 3.3 develops a
Bayesian network-based approach to implement the LAMDA concept for high-dimensional

problems.

3.3. BAYESIAN NETWORK AND COPULA-BASED SAMPLING

The Bayesian network approach is investigated in this section, together with a
copula-based sampling technique, to overcome the challenges of high-dimensional coupling
discussed above. Given samples of coupling variables yielded by individual disciplinary
analyses in two consecutive iterations, a Bayesian network is constructed to represent the
joint distribution of these coupling variables. Next, a copula-based sampling technique is
used to generate samples of the coupling variables that satisfy interdisciplinary

compatibility.
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3.3.1. BAYESIAN NETWORK FOR COUPLING VARIABLES DISTRIBUTION

A Bayesian network (BN) is a probabilistic graphical model that represents a
multivariate joint distribution (nodes) through univariate distributions and conditional
probabilities (edges). A common usage of the Bayesian network is to infer the posterior
distribution of the nodes given observed data (evidence). The posterior probability of event
U given evidence e could be evaluated using Bayes’ theorem as:

P(U,e)  P(Uke)
P(e) YyP(U,e)

In a coupled analysis, the uncertainty regarding the coupling variables in MDA can

P(Ule) = (3.2)

be represented by their probability distributions conditioned on interdisciplinary
compatibility. The Bayesian network for the two-discipline analysis of Figure 3.1,
regarding two coupling variables in one direction is shown in Figure 3.2. In this network,
U, and v,, represent the coupling variable values generated from the i" iteration, while

U,, and V,; are the corresponding values from the (i + 1)* iteration. €u,,r Ev,, TEpPresent

the differences of the corresponding variable values between the two iterations, i.e.,

Euy, = Uz1 —Upq, &y = Vo1 —Upy (3.3)
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Figure 3.2 Bayesian network connecting coupling variables in two successive iterations

Due to the input uncertainty, the coupling variables and the difference terms are all
stochastic quantities. The Bayesian network can be trained using samples of these variables,
generated by first generating samples of input variables x and executing the (i — 1)*" and
the i iterations of the coupled analysis. Note that the x variables are not included in the
BN, since our interest is in connecting the coupling variables in two consecutive iterations
for the same x. The evidence e, which is interdisciplinary compatibility being satisfied, can

be represented as [£u21, €v21] = [0,0]. Therefore, the joint PDF of U,, V5,4, u,1 and v,; given

the compatibility condition is:

fU21,V21,u21,1721(U21,V21;uZlf V21|Uz1 = Upq, Vor = v21)

(3.4)
= fo211V21:u21rV21(U21’V21'u21'v21|£u21 =0, Eyyy = 0)

This formulation could be easily extended to coupled analyses with higher
dimensions. The accuracy of the Bayesian network depends on the number of training
samples. In the Bayesian network in Figure 3.2, the samples of the coupling variables used
to construct the Bayesian network are obtained from two consecutive iterations of the

original coupled analysis. Since a full convergence analysis is not required, collecting a
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large number of samples of the coupling variables becomes more affordable for high-
fidelity models.

To evaluate the joint posterior distribution in Eq. (3.4), a proper sampling technique
is required. Markov Chain Monte Carlo (MCMC) sampling is frequently used in Bayesian
updating [77]; however, this technique is usually time-consuming. Therefore, a vine copula-
based sampling technique is employed here to estimate the joint PDF in an efficient manner.

Details of Bayesian network and vine copula-based sampling are provided in

Appendix IL

3.3.2. DIMENSION REDUCTION OF THE BAYESIAN NETWORK

The technique of BNC-MDA could be used for both the forward problem, i.e.
uncertainty propagation, and the inverse problem, i.e. Bayesian inference. The size of the
Bayesian network for a high-dimensional problem increases as the number of variables
increases. For example, in the aeroelastic problem shown in Figure 1.1(and later discussed
in Section 3.4.2), the FEA mesh has 258 nodes. Each node has 1 nodal pressure and 3 nodal
displacements (along each coordinate). Therefore, it leads to a coupled system with 258
nodal pressures as coupling variables in one direction, and 774 nodal displacements as
coupling variables in the other. Using the proposed decoupled approach, we can simplify
the problem by only looking at the direction with fewer coupling variables. Nevertheless, it
still requires us to build a BN similar to Figure 3.2 but with 258 nodes each for the nodal

pressure at the (i — 1)*" iteration, the i*" iteration and the difference between them (thus
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774 nodes in one BN). This will cause a tremendous amount of work constructing the
network. Meanwhile, the nodal pressures in adjacent nodes are highly correlated with each
other. This may lead to a singular covariance matrix affecting the sampling.

Therefore, principal component analysis (PCA) is adopted for the purpose of
reducing the dimensionality of the BN. PCA, also known as Karhunen-Loeve expansion or
proper orthogonal decomposition [75] depending on the field of application, maps
correlated variables to an uncorrelated space using an orthogonal transformation. The
resulting uncorrelated variables are referred to as principal components. Each principal
component is a linear combination of the original variables; all the principal components
are orthogonal to each other, hence no redundant information is stored. The number of
principal components is as large as the original set of variables, but the first few principal
components may capture a large fraction of the total variance of the original data if the
original variables have strong correlation. Therefore, use of PCA helps to reduce the
number of variables (i.e., first few principal components) while including most of the
variance in the problem.

In the context of high-dimensional coupled MDA, coupling variables in each
direction constitute a vector. Considering one iteration of the coupled analysis as shown in
Figure 3.3, assume that the input coupling variable u,; is a vector consisting of N
components; so is the output U,4. Considering the variability in inputx, if we draw M
random samples of x, then each component of the vectors u;; and U, has the

corresponding M samples.
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y

Figure 3.3 One iteration of a high-dimensional coupled system

The M pairs of uyq and U, are first merged into a single 2M X N matrix: the first M
rows as samples of input u,4 and last M rows as samples of output U,4, and each column
representing one component of the vector u,;(and the corresponding component of Uj4).
We denote this 2M X N data matrix by X. The singular value decomposition is denoted as
X = UZXVT, where £ is a 2M X N rectangular diagonal matrix with \/E, (i=1..N) at the

first N diagonal entries, and zeros at the rest. V is the N X N matrix of the eigenvectors of

1

XTX, and U is a 2M x 2M matrix of vectors, each of which is calculated as u; = \/TXv,-. The
PCA transformation of X with preserved dimensionality is given by:
YI =XTU =vETUTU = VT (3.5)

where each row of Y is a linear transformation of the corresponding row in X. Since:

X =UY (3.6)
If W denotes the firstlrows of U, and Z denotes the first! columns of Y, then

approximation of X by X is achieved as:

X=wz (3.7)
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l is the selected number of principal components (PCs). The number of PCs required

is determined by the amount of variance captured. Note that the matrix Z consists of two

parts: the top M rows are the principal components for input u,q, i.e.,PC,{Zl,j =1..1

whereas the bottom M rows are the principal components for output U,4, i.e., PC&Zl,j =
1...L. After PCA, the differences between the corresponding principal components of uy4

and U,;are calculated as:

&, =Pc, - PC

uz1 Uz1

(3.8)
and a Bayesian network is built with the quantities in Eq. (3.8). The resulting Bayesian
network has 3/ nodes. A simplifying approximation is also possible, by assuming the
uncorrelated nodes to be separated (no edges). In that case, the full Bayesian network is
decomposed into [ smaller Bayesian networks with 3 nodes each. The smaller Bayesian

network for the i** principal component is shown in Figure 3.4.

e
Cebe D

Figure 3.4 Bayesian network using the j** principal component

Once the network is built, impose €5, = 0 and update the distribution ofPCleI. Prior

to PCA, there was one BN for the entire problem containing all the correlated coupling
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variables in one direction. After applying PCA, we have a few principal components that are
uncorrelated. As a result, we have a smaller BN with all the principal components in one
network, or if the above approximation is invoked, a few separate BNs for the principal
components, each with only 3 nodes as shown in Figure 3.4. Thus in the example in Section
3.4.2,if 10 or 20 principal components are used to implement the proposed methodology,
the monolithic BN with 774 nodes is either reduced to a smaller size BN with 30 or 60
nodes, or based on the above approximation, decomposed into 10 or 20 independent BNs,
each with only 3 nodes. Therefore, by using PCA we can reduce a large BN in two ways and
drastically improve the efficiency in solving high-dimensional problems. The updated
samples of the first few principal components are converted to the original correlated
space using Eq. (3.7) to get the joint distribution of the coupling variables under
interdisciplinary compatibility condition.

Note that PCA is applied in this research in a manner different from previous
applications of PCA in the context of MDA. In previous applications, PCA is used to identify
the principal components among the inputs and outputs, and then a reduced-order model
is built in terms of the principal components [78]. However, in this research, we use PCA
only to reduce the dimension of the Bayesian network; the training samples for the
Bayesian network are generated from the analysis of the full model, not a reduced-order
model.

In summary, the proposed BNC-MDA methodology has four elements: (1) a Bayesian
network is built using the samples of the coupling variables from 2 consecutive iterations.
(2) The distributions of the coupling variables are estimated using a Bayesian network by
enforcing the interdisciplinary compatibility condition, in a manner similar to updating the
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Bayesian network with observed data. (3) A vine copula-based sampling technique is
adopted for efficient sampling from the joint distribution. (4) Principal component analysis
is used to reduce the dimension of the Bayesian network for further efficiency of the BNC-
MDA methodology. Note that the coupled multi-disciplinary analysis (only a few iterations)
is only required in the first element and dominates the computational effort. The effort in
the other three elements is negligible compared to that for the first element, as will be
demonstrated in the aeroelasticity example below (in Table 3.5 and Table 3.6). The more
iterations the coupled physics analysis requires for convergence, and the longer each
individual disciplinary analysis takes, the more time will be saved by using BNC-MDA. The

steps are summarized in the flowchart in Figure 3.5.
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Figure 3.5. Flowchart of BNC-MDA approach

It is also worth noting that the proposed BNC-MDA framework is a sample-based

63

methodology. This method includes two stages of sampling: (1) generating samples as
training points for the Bayesian network, and (2) after the BN is built, samples are
generated conditioned on the compatibility condition; this is a separate step from (1). The
input distributions come into play in the first stage, while generating training points for the

BN. The input distributions can be correlated or uncorrelated; the training samples should



be generated accordingly. It is significant to realize that generating samples of the input

variables is the step prior to constructing the Bayesian network.

3.4. NUMERICAL EXAMPLES

In this section, a mathematical problem with two coupling variables in each
direction is first presented to compare the previous methods (SOFPI, FORM-based LAMDA)
and the proposed BNC-MDA method. A multidisciplinary aeroelastic analysis of an aircraft
wing is then used to demonstrate the effectiveness of the proposed approach to higher

dimensional problems.

3.4.1 MATHEMATICAL MDA PROBLEM

The numerical example in [11] is modified to include two coupling variables in each
coupling direction. This is an extension of the problem discussed in Du and Chen [79], and
later in [10] where only two analyses were considered. The functional relationships are
shown in Figure 3.6. The input variables x = [x;, x5, X3, X4, X5] are assumed to be normally
distributed: N(1,1) and independent of each other. The independent and normal input
assumption does not affect the proposed BNC-MDA methodology. If some of the input
variables are correlated, we need to jointly sample these variables, then propagate them

through one iteration of the coupled analysis to calculate the corresponding coupling
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variable values. But the Bayesian network is only built after the training samples are
generated. These training samples could be generated in a correlated or independent

manner, depending on the problem data.
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Figure 3.6. Mathematical example of two-discipline coupled analysis
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In Figure 3.6, the coupling variables are u,,, v;, from “Analysis 1” to “Analysis 2”,
and u,q, V1 in the opposite direction. For the purpose of illustration, only the joint
distribution of u,;and v,, is estimated and the joint distribution ofu,, and v;, can be
calculated using the same method. In this example, we focus on calculating the PDFs of the
coupling variables and do not calculate any further system output.

Once the joint distribution of the coupling variables u,;and v,, is obtained, one can
propagate Monte Carlo samples of this joint distribution through one iteration of the
feedback coupled analysis similar to Figure 2.3, to obtain the corresponding samples of the
coupling variables in the other direction, as well as the disciplinary and system level output
(which are not assumed in this example). The dependence relations among the output and
the coupling variables are preserved, because the connections between the two
disciplinary analyses are not completely severed.

Three different approaches, i.e. SOFPI, LAMDA and BNC-MDA are implemented to
solve this problem. 10,000 samples of inputs are generated to execute the SOFPI method,
which requires 107,421 function evaluations in total. A 2-D kernel density estimation
technique is adopted to build the joint distribution. The resultant joint distribution of the
coupling variables is used as the benchmark solution.

In the LAMDA method, 10 integration values are chosen in Eq. (2.3) for each
coupling variable. Therefore, a total of 100 likelihood values need to be evaluated; and an
overall 14,619 function evaluations are required. A cubic spline interpolation is then
exploited to construct the entire joint distribution.

In the BNC-MDA method, 1,000 samples of the input and output of the function in
Figure 3.1(b) are generated. The training points for building the Bayesian network are
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generated by samples of the input variables x; to x5 and coupling variables u,;, v,; to run
through one iteration of the coupled analysis to calculate U,4, V,;. Samples of the outputs
after the first and second iterations of the coupled MDA are collected; the number of
function evaluations is twice the number of the samples, which in this case is 2,000. The
computational cost of the three approaches is summarized in Table 3.1. The outputs from
the two iterations together with their differences are used to construct the Bayesian
network shown in Figure 3.4. Note that PCA is not used within BNC-MDA in this examples,
since there are only two coupling variables in each direction. The results using the three

approaches are listed in Table 3.2, and the marginal distributions are compared in Figure

3.7.

Table 3.1. Comparison of computational cost

Number of Integration values Total number of
Approach . . .
input samples for uy;\v, function evaluations
SOFPI 10,000 N\A 107,421
LAMDA N\A 8:0.5:15\0:0.25:3.5 14,619
BNC-MDA 1000 N\A 2,000

Table 3.2. Results using SOFPI, LAMDA and BNC-MDA
Uz Va1
u o u o
SOFPI 11.65 0.69 1.6 0.16 0.24
LAMDA 11.48 0.67 2.02 0.17 0.52
BNC-MDA 11.59 0.69 1.59 0.15 0.24

Puyivy
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Figure 3.7 Marginal PDFs of coupling variables

It can be concluded from Table 3.2 and Figure 3.7 that the proposed BNC-MDA
method is able to capture the probability distribution of V; and the value of the py, v,,
better than the original LAMDA, even though the mean and standard deviation of the
marginal distribution of U,; calculated by LAMDA and BNC-MDA are both quite close to the
benchmark solution. The Kullback-Leiber (K-L) divergence [80] is estimated for the
marginal distributions of U, for further comparison of accuracy.

The K-L divergence of distribution q from distribution p, denoted by Dk, (p||q), is a
measure of the information lost when p is approximated by q. A smaller value of the K-L
divergence indicates a greater similarity between the two distributions. For continuous

distributions p and g, the K-L divergence is defined as:

D @ll) = f p(x)ln(%)dx (3.9)

In practice, the PDFs are evaluated numerically, and the K-L [80] divergence is

calculated as:
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p(x;)

DKL(puq)—Zln( D) (310)

where p and q represent the PDF values at x; and n is the number of points at which the
PDF are evaluated; in this chapter, n = 1,000. The K-L divergence is only defined if areas of
p and q each sums to 1, and p(x;) > 0 and g(x;) > 0 simultaneously. The K-L divergence
value with respect to SOFPI is 0.033 for LAMDA and 0.016 for BNC-MDA; thus the BNC-
MDA method results in a better approximation to the benchmark solution than the LAMDA
approach (also confirmed by Figure 3.7). The large error produced by the LAMDA
approach is mostly due to its adoption of the first-order approximation.

This mathematical example demonstrates the advantage of the proposed BNC-MDA
method for bivariate coupling in each direction. The method achieves an accurate result
while requiring much fewer function evaluations compared with both SOFPI and LAMDA.
The next example illustrates the benefits of BNC-MDA in the case of high-dimensional

coupling.
3.4.2 MDA FOR AIRCRAFT WING
In this section, a three-dimensional aeroelastic analysis of an aircraft wing is used to
illustrate the proposed BNC-MDA method. A cantilevered wing with a NACA 0012 airfoil is

adopted [81]. We use ANSYS to perform the fluid-structure interaction analysis of the wing.

The fluid and structure meshes are shown in Figure 3.8.
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Figure 3.8 Fluid and structure meshes and refinement parameters

This problem consists of hundreds of coupling quantities in each direction. In this
case, the computational effort of LAMDA — even if combined with PCA (LAMDA+PCA) —
will still be very high while the accuracy will be worsened (due to the use of finite
difference and the construction of a joint probability distribution with a sparse grid of
integration points and using FORM). The total number of function evaluations in the
LAMDA method assuming 10 integration values for each coupling variable is 10™ X (2n +
1) X m (n: number of coupling variables, m: average number of function evaluations for
each FORM analysis). Ifnis too large and only 20 principal components are used,
‘LAMDA+PCA’ approach still needs 102° x 21 x m function evaluations, which is an
enormous amount of computing effort. Therefore, the ‘LAMDA+PCA’ approach is not
affordable and not pursued here. BNC-MDA, which requires much fewer training samples

of the input and coupling variables (and not fully convergent analysis) to construct the
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Bayesian network, is very efficient in solving the problem; its accuracy will be compared
with the SOFPI approach below.

This example is run with two different mesh sizes (258 nodes and 1218 nodes)
below. The backsweep angle bw is chosen to be the input variable with natural variability,
and is assumed to be normally distributed as N(0.4,0.04) without loss of generality. 110
realizations of the backsweep angle are sampled to perform the coupled FSI analysis. The
values of nodal pressure oscillate drastically in the first and second iterations; typically a
large bias between the PDFs of the coupling variables will occur, and the resulting
difference term ¢ will be either all positive or all negative. If the empirical CDF of ¢ for the
copula is computed using all positive (or all negative) values, the conditional sampling will
need an extrapolation to calculate the conditional joint distribution given ¢ = 0. This will
significantly decrease the accuracy the proposed approach. To balance the solution
accuracy and the computational efficiency, the FSI analysis is terminated after 3 iterations,

the Bayesian network is built with the nodal pressure results of the 2nd and 3rd iterations.

Table 3.3. Cumulative distribution of the first 30 principal components

258 1218 258 1218
No. of PCs Nodes Nodes No. of PCs Nodes Nodes
1 0.7412 0.7095 16 0.9909 0.9931
2 0.8344 0.7825 17 0.9919 0.9943
3 0.9007 0.8400 18 0.9929 0.9954
4 0.9237 0.8871 19 0.9937 0.9962
5 0.9389 0.9160 20 0.9944 0.9969
6 0.9501 0.9349 21 0.9949 0.9976
7 0.9604 0.9473 22 0.9954 0.9980
8 0.9677 0.9584 23 0.9959 0.9983
9 0.9736 0.9669 24 0.9963 0.9986
10 0.9788 0.9739 25 0.9966 0.9989
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11 0.9818 0.9804 26 0.9969 0.9991
12 0.9845 0.9842 27 0.9972  0.9992
13 0.9865 0.9872 28 0.9974  0.9993
14 0.9882 0.9894 29 0.9977  0.9994
15 0.9896 0.9914 30 0.9978  0.9995

It can be seen from Table 3.3 that, after applying PCA, the first 30 PCs can cover
more than 99.99% or the variances from the original samples. Therefore, six cases are
discussed here: (1) BNC-MDA method using first 10 principal components. (2) BNC-MDA
method using 15 principal components. (3) BNC-MDA method using 20 principal
components. (4) BNC-MDA method using 30 principal components. (5) Output collected
after 2 iterations. (6) Output collected after 3 iterations. For Cases 1, 2, 3 and 4, 5,000
samples are generated using the BN to estimate the coupling variable distributions. The

result of SOFPI is used as the benchmark solution.
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Figure 3.9 Normal probability plot of pressure from four cases at Node 1
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Figure 3.9 shows the normal probability plot of Cases 3, 5, 6 as well as the
benchmark solution (SOFPI) at Node 1. Cases 3 and 6 are closer to the SOFPI distribution
compared with case 5. For an n-variable distribution, the K-L divergences for all marginal

distributions are computed, and an average value is estimated using Eq. (3.11).

J, (D oll))’
i=1{PkL (3.11)

n

Average Dg; =

where D), denotes the K-L divergence of the marginal distribution for the i** node, and n is
the total number of the nodes. For the sake of comparison, the Student’s t-copula is also
used to implement the BNC-MDA approach. Table 3.4 summarizes the average K-L

divergences for all six cases, using both Gaussian and t copulas.

Table 3.4. Kullback-Leiber divergence for different scenarios (258 nodes)
BNC-MDA FSI
10PCs 15PCs 20PCs 30PCs  2mdjter  37Jter

Average D&S“SS 025 0.19 0.16 0.16
0.21 0.18
Average D%, 0.24 0.21 0.20 0.19

The following observations are made:

1. The results using the Gaussian and t copulas are similar for this problem.

2. Case 1, Case 2, Case 3 and Case 4: As the number of utilized principal components
increases, the K-L divergence becomes smaller and converges after 20 PCs. As more
principal components are taken, more variance of the original data is captured, and

the results are refined; however, for this example, 20 PCs are seen to be sufficient.
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Case 5 and Case 6: Case 6 approaches the converged results better than Case 5. As
the iteration number (of the physics analysis) increases, the stability of the solution
is enhanced, and the differences between the results from consecutive iterations
will become smaller. Also, the 3rd iteration of FPI achieves similar accuracy as the
BNC-MDA result in the wing problem; therefore, very few further iterations of FPI
are needed for convergence. The proposed BNC-MDA approach saves the
computational effort by reducing the total number of iterations in the feedback
coupled analysis. Therefore, the more iterations the FPI analysis requires for
convergence, and the longer each individual disciplinary analysis takes, the more
time will be saved by using BNC-MDA.

In the implementation of BNC-MDA in this example, the large BN is broken into
several separated small BNs for sampling, as in Figure 3.4. This is an approximation
since ‘uncorrelated’ does not imply ‘independent’. To verify the accuracy of this
approximation, we have also considered an unseparated network with 20 principal

components connected to each other as shown in Figure 3.10.
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Figure 3.10 Unseparated Bayesian network with 20 principal components

Each node in the network represents a random variable. The 40 nodes on the top
left and top right denote the principal components of the nodal pressure after the
2nd and 3rd iterations respectively. The bottom 20 nodes, each connected to 2 nodes,
represent the differences between the corresponding values. This unseparated BN is
costly to build, and requires care in connecting the nodes correctly since it is
particular to each problem, whereas the separated network is generic and only
consists of 3-node networks as in Figure 3.4. Thus the separated network although
approximate, is easy to implement for high-dimensional problems, but its accuracy
needs to be verified. The average Dg; is computed between the results of the
unseparated network and the independent network, and found to be 0.063, which

indicates very similar solutions given by both methods. Therefore, the
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approximation of individual separated BNs improves the efficiency of the BNC-MDA
methodology for this example without too much sacrifice of the accuracy.

To demonstrate the scalability of the proposed BNC-MDA approach, the same
aeroelasticity problem is considered with a finer mesh of 1218 nodes. Thus the
number of coupling variables in each direction is increased to 1218 (nodal
pressures) and 3654 (nodal displacements). The same 110 realizations of the input
variables (as in the coarse mesh model) are used to perform both BNC-MDA and
fixed-point-iteration for this scaled-up problem. The FPI for the finer mesh model
takes an average of 6 iterations and 750 seconds for convergence corresponding to
each single realization of the input variables. Disciplinary analysis results (i.e., CFD
and FEA) after the 3rd and 4th iterations are recorded and used to implement the
proposed BNC-MDA methodology. It takes the desktop PC about 550 seconds to
complete a 4-iteration analysis for each realization of the input variable. The
computational cost of FPI and BNC-MDA, just for the coupled physics analysis, are

compared in Table 3.5.

Table 3.5 Computational effort comparison between FPI and BNC-MDA

Number of Nodes FPI BNC-MDA Time saved
(secs) (secs) (secs)
258 14,300 9,350 4,950
1218 82,500 60,500 22,000
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It can be concluded from Table 3.5 that the computational savings with BNC-MDA
improves with the size of the problem. The main reason for the savings in
computational effort is that the coupled physics analysis is not run till full
convergence; only a few iterations are used to build the Bayesian network (3
iterations for the coarse mesh case, and 4 iterations for the fine mesh case). The CPU
time reported in Table 3.5 also includes the time to build the model for each sample
of input realization, which actually takes up 50% of the computational effort for a
fully converged analysis. That is, for the 258-node model, it takes about 1 minute to
build the model and 1 more minute to converge in about 6 iterations. Thus the BNC-
MDA approach takes 1.5 minutes (on average) per sample, compared to 2 minutes
per sample for SOFPIL. In terms of function evaluations, the savings is 50% in this
problem. The savings will be more impressive if the fixed-point iteration took many
more iterations to converge. So the computational savings is problem-dependent. In
the earlier mathematical example (Section 3.4.1), BNC-MDA needed only 2000
function evaluations compared to 107,421 by SOFPI, thus giving a 98% savings in
computational effort.

The number of principal components only comes into the picture in sampling the
Bayesian network, after generating training samples from the coupled physics
analysis. The time required for sampling by BNC-MDA with different numbers of

principal components is shown in Table 3.6.
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Table 3.6 Time required for sampling (seconds) by BNC-MDA

Number of Nodes 10pcs 15pcs 20pcs 30 pcs

258 12.77 1890 26.52 37.89
1218 11.29 16.58 2195 32.38

It is seen that for the same number of principal components, there is no significant
difference in the sampling effort between the coarser and finer physics models,
because the Bayesian network has the same dimension between the two cases for
the same number of principal components. The number of principal components
will affect the accuracy of the result, but the effect on computational cost is
insignificant compared to the cost of the physics (fluid-structure interaction)
analysis. This is because the principal components only affect the dimension of the
Bayesian network.

. A very important observation is the comparison of computational effort between
Table 3.5 and Table 3.6. Table 3.6 shows that the computational effort in building
the Bayesian network and subsequent sampling is negligible compared to the
physics analysis effort shown in Table 3.5.

In addition to the proposed BNC-MDA approach, the interdisciplinary compatibility
can also be imposed using a sample-based conditioning strategy. After building the
BN, a large number of unconditional samples of the variables are generated at first.
Then the difference term € are conditioned by a small interval around 0, i.e,
[—6¢, 6¢]. Then, the corresponding samples of the coupling variables are collected to

estimate the joint distribution under compatibility condition. This approach slightly
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relaxes the compatibility condition using a tolerance value, which better agrees with

the deterministic MDA.

3.5. SUMMARY

This chapter proposed a new approach for uncertainty propagation in high-
dimensional feedback-coupled multidisciplinary analysis. The Bayesian network technique
is exploited for this purpose and the joint probability distribution of the coupling variables
given interdisciplinary compatibility is computed using conditional sampling of the
Bayesian network. A vine copula-based sampling technique, which is not restrained by the
type of marginal distributions of the variables, is introduced for efficient sampling of the
BN. The joint probability distribution of the coupling variables is estimated using
conditional sampling with the copula. Principal component analysis is adopted to decrease
the dimensionality of the Bayesian network. A mathematical MDA example and an
aeroelastic wing analysis example are used to demonstrate the efficiency and accuracy of
BNC-MDA.

Note that each training sample for constructing the Bayesian network only requires
a few iterations of the coupled physics analysis instead of a fully converged solution as in
FPI. Thus the proposed BNC-MDA approach is promising for high-dimensional problems.

Since the Bayesian network and copula can both incorporate any types of
distributions, the proposed BNC-MDA approach can therefore be applied to include

epistemic sources of uncertainty. For sparse and interval data, the likelihood-based
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approach introduced in Section 2.3 can be used to convert such data into a non-parametric
distribution, which can be represented by a random variable node in the BNC approach.
For model uncertainty, especially for the stochastic model output, the auxiliary variable
method proposed in Section 2.4 can be adopted to represent the model error by an
additional random variable (corresponding to the auxiliary variable), which subsequently
be included in the proposed BNC-MDA as well. The inclusion of epistemic sources of
uncertainty in BNC-MDA will be demonstrated using an example in Section 5.5.2.

In the next two chapters, the Bayesian network and copula-based sampling
approach is further investigated as a probabilistic graphical surrogate model for use in

multi-objective and multi-disciplinary optimization under uncertainty.
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CHAPTER 4

MULTI-OBJECTIVE OPTIMIZATION UNDER UNCERTAINTY

4.1. INTRODUCTION

Chapters 2 and 3 focused on multidisciplinary analysis under uncertainty. Design
optimization of multidisciplinary systems under uncertainty brings additional
computational burden. Thus, the methodologies proposed in the previous chapters need to
be integrated in the optimization framework effectively. Therefore, studies of appropriate
optimization techniques are significant for MDO. In this chapter, the optimization
technique for single disciplinary analysis (i.e., blackbox analysis) under uncertainty is first
investigated. The optimization multidisciplinary systems will be studied in Chapter 5.

A large system is usually designed to meet multiple objectives, which in many cases
are conflicting with each other. To improve the overall performance of the system, the
conflicting objectives need to be balanced through multi-objective optimization. In multi-
objective optimization (MOO) with competing objectives, the multiple solutions are often
characterized through a Pareto surface, which is a series of designs describing the tradeoff
among different objectives. The decision maker will select the appropriate design
alternative based on his/her preferences on the objectives [82]. Four approaches have
been studied in the literature to construct the Pareto surface: weighted sum, goal

programming, constraint-based methods, and genetic algorithm.
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The weighted sum approach assigns weights for each objective based on the stake-
holder’s preferences, and formulates a single objective optimization. The Pareto front is
achieved by trying different weights for the objectives and performing the optimization
multiple times. The goal programming approach treats each conflicting objective as an
equivalent constraint (one goal), and introduces detrimental deviations for each of the
goals. The objective is to minimize the weighted sum of the detrimental deviations. In
constraint-based methods [83], one of the objective functions is selected as the only
objective, and the remaining objective functions are treated as constraints. The Pareto front
can be obtained by systematically varying the constraint bounds. Similarly, multiple
optimizations need to be implemented. The genetic algorithm-based approach globally
searches for feasible solutions, compares and ranks them based on objectives and
constraints, and selects the non-dominated solutions [84]. The first three approaches
convert the multi-objective optimization problem into a single objective problem and solve
with optimization algorithms, therefore are more efficient. Compared to the first three
approaches, a genetic algorithm requires more function evaluations; however, the former
three approaches are more likely to result in solutions that do not belong to the Pareto
front.

As mentioned earlier, the presence of input uncertainty and model errors introduces
uncertainty in the estimation of the system model outputs. As a result, optimization under
uncertainty (OUU) requires an extra loop of uncertainty quantification (UQ) or reliability
assessment in each optimization iteration. Such stochastic optimization formulation often

suffers from intensive computational effort.
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Therefore, surrogate modeling techniques, which replace the expensive physics code
with an inexpensive model for UQ and reliability analysis, are often used for optimization
under uncertainty. However, most surrogate modeling approaches suffer from the curse of
dimensionality and may be inaccurate for modeling a system with a large number of input
and output variables. Furthermore, multiple outputs need to be considered in multi-
objective optimization. If the surrogate models are built for individual analyses, the
correlations between the outputs are likely to be missed. To overcome this challenge,
surrogate modeling that considers output dependence has been proposed using techniques
such as co-kriging [85]. However, the size of the co-kriging covariance matrix grows rapidly
as the number of outputs considered increases; thus one can incorporate dependence
between only a small number of output variables at present.

As mentioned in Section 1.1, optimization under uncertainty can be addressed by
reliability-based design optimization (RBDO) and robustness design optimization (RDO).
This chapter addresses multi-objective optimization in terms of RBDO; however, the
proposed approach can also be extended to RDO problems.

Reliability assessment, which needs to calculate the probability of the output being
less (or greater) than a threshold, is often applied to individual outputs. However, given a
set of design values, due to common uncertainty sources propagating through the model,
the outputs are inherently correlated with each other. To enhance the system-level
reliability, the joint probability of success (or failure) should be introduced in the
optimization formulation. This requires the consideration of output dependencies.
Inclusion of dependence between the objectives has been proposed in [86], and using the
joint probability as a constraint has been considered in [87]. Both studies use first-order
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approximation and consider the input variability as the only uncertainty source. Joint
probabilities of only 2 objectives in [86] and 3 objectives in [87] are considered. As the
number of output variables increases, the accuracy of the first-order approximation gets
worse, whereas the number of function evaluations increases many times more than the
number of variables [88].

Review of the existing work reveals current limitations of surrogate modeling for
large and dependent systems. Therefore, it is important to develop effective OUU methods
that can handle a large number of design variables and multiple objectives, while still
preserving the correlations between the objectives. Also, a more efficient and accurate
method is essential to evaluate the joint probability for a large number of variables.
Towards this end, the Bayesian network and vine copula-based sampling technique
described in Appendix Il is explored as a probabilistic graphical surrogate modeling tool in
this chapter.

A BN is first trained using the samples of the input and output variables of the
original codes. In optimization under uncertainty, given the values of the design inputs, the
Gaussian copula can be conditionally sampled [67] to estimate the conditional joint
distribution of all the output variables. The concepts of Bayesian network and copula-based
sampling are combined for MOO in this research, and referred to as BNC-MOO. The
proposed approach is used with an optimization algorithm to accomplish design under
uncertainty. Since the proposed approach is efficient in sampling, genetic algorithms is
hence affordable. A Non-dominated Sorting Genetic Algorithm-II (NSGA-II) [84] that
specifically solves multi-objective optimization is applied for identifying the Pareto front in
this research.
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Since the Bayesian network is used as a surrogate model in this research, its
predictive capability largely relies on the selection of useful and informative training points.
Selection of training points for enhancing the performance of surrogate models in
optimization, referred to as Efficient Global Optimization (EGO), has been studied using
Gaussian process surrogate models [89], where an expected improvement function is built
to select the location at which new training points should be added. Previous research only
focuses on the improvement of a single function. However, this is not sufficient when
multiple objectives that share the same inputs need to be improved simultaneously. This is
because different training points need to be added to improve different objectives. If the
EGO-based approach is used, then co-Kriging will have to be adopted to properly account
for dependence among the objectives; this is computationally burdensome in the presence
of multiple objectives. In this chapter, a novel optimal training point selection technique is
proposed based on the inverse propagation capability of the Bayesian network. A sample-
based ‘sculpting’ technique [90] is exploited to selectively choose the input samples that
correspond to multiple outputs in the desired region simultaneously. This strategy is found
to be effective and efficient in constructing the Pareto surface of solutions.

The contributions of this chapter are as follows:

(1) A new concept of probabilistic surrogate modeling technique based on the Bayesian
network is adopted in order to consider large numbers of input variables and preserve
the dependence between the objectives.

(2) The BNC approach is developed for multi-objective optimization under uncertainty in

the context of an RBDO formulation.
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(3) A novel training point selection approach is proposed using sample-based conditioning
of the BN, in order to efficiently construct the Pareto surface.

The rest of the chapter is organized as follows. Section 4.2 briefly formulates single
objective and multi-objective optimization problems under uncertainty, in the context of
RBDO. Section 4.3 develops two innovations: (1) the use of the BNC approach for efficient
uncertainty quantification and design optimization, and (2) the use of sample-based
conditioning to improve the Pareto surface. The first innovation exploits forward
propagation through BN, whereas the second innovation exploits inverse propagation
through the BN. An automotive side impact problem is used in Section 4.4 for numerical

illustration of the proposed MOUU methodology. Section 4.5 provides concluding remarks.

4.2. OPTIMIZATION UNDER UNCERTAINTY

4.2.1. SINGLE OBJECTIVE OPTIMIZATION

This section formulates the optimization problem used in Chapters 4 and 5. A

typical deterministic design optimization formulation can be given as follows.

min f (x,p)

S.t
9:(xp) < 0i = (1,...,n,) (4.1)

lby, < xi < uby,k = {1,...,ny}

87



where fis the performance function or objective to be minimized; x is the vector of design
variables; p is the vector of non-design variables (i.e., not controlled by the designer); n,
and n, are the number of constraints and design variables, respectively; lb,, and ub,, are
the lower and upper bounds of x;. When the uncertainties in variables x and p are of the
aleatory type, the formulation and solution approaches are rather well-established; a
survey is provided in [13]. An RBDO formulation of the above problem combining
uncertainty can be given as

minus(X,d, P,
gt Ilf( Pa)

s.t
. (4.2)
Prob(g;(X,d,P,pg) <0) =p; i={1,..,ng}

Prob(X = lby) = pf,
Prob(X < uby) > pl,

lb; < d < uby

where X is the vector of random design variables with bounds lby and uby, respectively; s
and pyare the mean of f and X, respectively; d is the vector of deterministic design
variables with bounds Ib; and ub; P is the vector of random non-design variables; p, is
the vector of deterministic parameters. The upper case notations represent stochastic
quantities, whereas the lower case notations denote deterministic quantities. p}is the
target reliability required for the i*" constraint; p}, and p’,, are the target reliabilities for
the design variable bounds. An alternate formulation for the inequality/bound constraints
using the concept of feasibility robustness involves narrowing the constraint boundaries by

a multiple of their respective standard deviations [91].
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Evaluation of the objective and constraints for Eq. (4.2) can be done through Monte
Carlo sampling, but it is computationally intensive to implement when the original code is
time-consuming. Efficient reliability approaches such as FORM and SORM can significantly
reduce the effort, yet still need dozens of function evaluations for a given design value. The
total number of function evaluations will accumulate as the number of design cycles
increases. Therefore, surrogate modeling techniques are usually pursued to replace the
original model with computationally inexpensive models for the objective and constraints
estimation.

Based on the single objective optimization formulations, the multi-objective

problems are formulated in Section 4.2.2.

4.2.2. MULTI-OBJECTIVE OPTIMIZATION

A generic formulation of deterministic multi-objective optimization for n,y;

objectives may be written as:

min {f, (6P, -, fn,y, (%, D)}
s.t. gi(x,p) <0, i=1..n.4 (4.3)
lb, < x<ub,
where x and p are the design and non-design variables, and g; (i = 1...n.,,) are the n.y,
deterministic constraints. lb, and ub, represent the upper and lower bounds for the
design variables x. The Pareto front for such a problem indicates the tradeoff between the

function values of objectives f;, i = 1...n,p;.
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In the presence of input variability, data uncertainty, and model uncertainty, the
outputs become random variables, which result in stochastic objectives and constraints. In

this scenario, the mean values By oo g, ATE often considered as the objectives. In the
obj

context of RBDO, deterministic constraints g, ..., In,,, are rewritten with desired

probabilities of satisfaction. Therefore, MOO with probabilistic constraints can be

formulated as:

wr, (X, P, d,pq)
mig :
Hx, anobj (X, P, d,pd)

. (4.4)
S.t. PrOb(gi(X; P, d'pd) = glt) = Ptarget' i=1 = Meon

lby < uxy < uby
lb; <d<uby
The joint probability of satisfying all the constraints may also be added as a constraint

as:

Ncon

Prob ﬂ(gz(X,P, d,pa) < 9{) |2 P (4.5)
i=1

Estimating the joint probability of multiple events using first-order approximation
was proposed in [92] and improved in [93, 94]. The first-order approximation was used in
[86] to estimate the joint probability distribution of the objectives in MOO. The first-order
approximation could become inadequate in the presence of nonlinear objectives and
constraints, and when the number of objectives and constraints is large. On the other hand,

Monte Carlo sampling can be accurate, but very expensive. Therefore, a surrogate modeling
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strategy combining Bayesian network and copula sampling is developed in the next section,

to achieve both the desired accuracy and efficiency.

4.3. BAYESIAN NETWORK AND COPULA-BASED SAMPLING

Details of the BNC approach are provided in Appendix II. This section introduces its
application as a surrogate modeling tool. For the purpose of illustration, the proposed use
of the Bayesian network is shown for a simple optimization problem in Figure 4.1. Figure
4.1(a) shows a simple model with 2 input variables (a design variable DV, and an uncertain
variable UV) and 2 output variables (constraint variable Constr, and objective variable Obyj).
Figure 4.1(b) shows a slightly different case with 3 design variables (DV1, DV2, and DV 3),
which are shown in the top row of the BN. Each design variable is associated with
variability (i.e, UV1,UV2and UV3) shown in the second row. This is the variability
introduced in realizing the values of the design variables in the actual system (due to
manufacturing factors, for example). The second row also includes two additional
uncertain input variables UV4 and UV5 that are not design variables. The outputs are

shown in the 3rd (Constr1 and Constr2) and 4th rows (0Obj1 and Obj2).
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(a) BN for a simple I/O model (b) BN for a model with more variables
Figure 4.1 Bayesian network representation of optimization under uncertainty

In the proposed method, the Bayesian network is used as a probabilistic surrogate
model that connects the input and output variables through a joint distribution.

(Commonly used surrogate models seek to predict output values given input values,

whereas the BN surrogate model provides the probability distribution of the output given
input values).

In each optimization iteration, the design variables are conditioned at the design
values, and the posterior joint distribution of the output variables.
f(0bj1,0bj2,Constrl, Constr2| DV; = design values) is estimated. Note that usually the
nodes in a BN represent random variables. However, in the context of design optimization,
the design variable nodes (DV's, dashed rectangle) are conditioned at specific design values
in each iteration, and are therefore deterministic quantities. Once the BN is constructed, it
is used for generating conditional samples for both the forward and inverse problems. A
vine copula-based strategy is proposed, as explained next. The uncertainty propagation
procedure during each design iteration is demonstrated in Section 4 using parallel

coordinate plots.
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4.3.1 UNCERTAINTY PROPAGATION USING VINE COPULA-BASED SAMPLING

Forward conditioning will be implemented in each optimization iteration, which are
illustrated in Figure 4.2. During each optimization iteration, the outputs will be
conditioned on the values of DVs (circles in both figures), then the network is updated
using Gaussian copula-based sampling. Samples from the conditional distribution (dashed
square on the right figure) are used to estimate the mean of the objectives and the

reliability constraints.

DV1 DVZ Objl Objz C0n1 Conz DV1 DVZ Objl Objz C0n1 Conz

Figure 4.2. Parallel coordinate representation of the model dependencies

4.3.2 TRAINING POINT SELECTION FOR PARETO SURFACE CONSTRUCTION

Based on the performance of the surrogate model, training points can be selectively
added to improve the Pareto surface. In MOUU problems, the mean values of several

objectives need to be optimized simultaneously. As mentioned in Section 4.1, training point
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selection methods in surrogate-based optimization (e.g.,, EGO) mostly focus on considering
a single objective, and little work has been done on multiple objectives simultaneously. In
the current section, the Bayesian network is exploited in an inverse way through a sample-
based strategy for the purpose of Pareto surface construction. Figure 4.3 demonstrates the

basic concept of this sample-based strategy, which may be referred to as ‘sculpting’ [90].

Dy, 0l Obj, Con, Con,

N

A\
(a) Select samples of the objectives from the (b) Collect the corresponding samples of the
desired region design variables

Z——=¢|

Figure 4.3. Sculpting for training points

The proposed strategy for Pareto surface improvement using the Bayesian network-
based sculpting is as follows. An initial Bayesian network is first constructed using an initial
set of training points (i.e., values of input variables - both design variables and uncertain
inputs). Using samples from this BN, the range of values of the objectives in the desired
region (often the highest or the lowest values as shown in Figure 4.3 (a)) are identified,
and the corresponding input variable samples are as shown in Figure 4.3 (b). Then, the

input samples identified from Figure 4.3 (b) can be used as the new training points and
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the corresponding objectives and constraints can be calculated with the original model.
Next, a new Bayesian network is built with both the original and additional samples, and
the improved Pareto surface is constructed. This ‘sculpting strategy’ is both efficient and
preserves the dependence among different objectives, since the new training points
correspond to output samples in the desired region for all objectives simultaneously.

The outcome of the sculpting strategy proposed here is a little different from that described
in Ref [90]. In Ref. [90], sculpting is used to identify regions of optimum solution among the
available samples generated from the BN. Whereas in this chapter, sculpting is used to
identify additional training samples to improve the BN, so that new regions of optimum
solutions may be identified. The training point selection and multi-objective optimization

processes are summarized in the flowchart as shown in Figure 4.4.
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Uniformly generate samples of the
design variables (DV), and
randomly generate samples of the
uncertain variables (UV) as initial
training points

Propagate each sample through the
computational model to estimate
the values for the objective and
constraint functions

V

Build BN as shown in Fig. 4.1(b),
and generate a large amount of
samples using copula-based
sampling approach

Select additional training points as
explained in Section 4.3.2, and
estimate the corresponding
objective and constraint values

v

Rebuild BN with the initial and
additional training points, and
perform multi-objective
optimization as illustrated in
Section 4.3

Figure 4.4. Flowchart for the training point selection and multi-objective
optimization scheme

4.4. NUMERICAL EXAMPLE

A vehicle side impact model is used to demonstrate the proposed methodology. The
model is shown in Figure 4.5. A list of input and output variables is provided in Table 1.

The uncertainty sources (input variability) are listed in Table 2.
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Figure 4.5. Vehicle side impact model [95]

Table 4.1.Input and output variables of the side impact model

No. Input Design space No. Output
1  B-pillar inner: x; [0.5,1.5] 1 Weight
2 B-pillar reinforce: x, [0.5, 1.5] 2  Abdomen load: Ly,
3  Floor side inner: x5 [0.5, 1.5] 3  Upperrib deflection: Rib,,
4  Cross member: x, [0.5,1.5] 4  Middle rib deflection: Rib,,
5 Door beam: x5 [0.5, 1.5] 5 Lower rib deflection: Rib;
6  Door belt line: x4 [0.5,1.5] 6  Upper viscous criteria: VC,
7  Roofrail: x, [0.5,1.5] 7  Middle viscous criteria: VG,
8  Mat. of B-pillar inner: xg [0.192, 0.345] 8 Lower viscous criteria: V' (;
9  Mat. of floor side inner: xo [0.192, 0.345] 9  Pubic force: Fp,,
Table 4.2. Uncertainty sources of the model

No. Input Uncertainty Type

1  B-pillarinner N(0,0.03)

2 B-pillar reinforce N(0,0.03)

3 Floor side inner N(0,0.03)

4  Cross member N(0,0.03)

5 Door beam N(0,0.03)

6  Door beltline N(0,0.03)

7  Roofrail N(0,0.03)

8  Mat. of B-pillar inner N(0,0.03)

9  Mat. of floor side inner N(0,0.03)

10  Barrier height Data: 4, -8, 3.5, -0.7, 0.1, 12,[-25,20] [-30,22][-15,31] [-28,28]

11  Barrier hitting Data: 3,-2, 1, 0, -0.5, 0.3,[-4,5][-8,10][-10,7] [-0.1,1]
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The variables listed in Table 4.1 are used as design variables. Due to variability in the
manufacturing process, variability is also assumed for each design variable as shown in
Table 4.2. (This situation corresponds to the case shown in Figure 4.1(b)). Note that input
variables 10 and 11 were treated as design variables in [34]. In this chapter, they are
assumed as uncertain variables, for which sparse observations plus expert-specified ranges
are assumed to be available for the sake of illustrating the use of non-parametric empirical
distributions in the proposed methodology. The likelihood-based approach introduced in

Section 2.3 is used to construct non-parametric PDFs for both variables as shown in Figure

4.6.
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Figure 4.6. Non-parametric PDFs for uncertain parameters

An adequate number of training points first needs to be generated in order to
construct the Bayesian network. For the side impact problem, a stepwise regression (SR)

model is provided in [95], but the original data used to train the SR model are not available.
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Therefore, in this research, the SR model is treated as the “original” model for the sake of
illustration, from which input samples are generated to calculate the output. And then the
input, uncertain and output variable values are used to train the BN.

The connections (topology) between the nodes can be inferred from the SR model,
whereas the required number of samples is identified by the verification technique
explained in Appendix II. At first, 100 samples are generated using Latin Hypercube
sampling to train the BN. The determinant of the correlation coefficient matrix calculated
based on the training samples is det}%? = 2.07 » 1071%. After the BN is trained, 100 sets of
samples are generated using Guassian copula, the determinants of their correlation
coefficient matrices are calculated. The mean and standard deviation of the determinants
are: 4.81 * 1071° and 7.35 * 10715, Thus det,,, falls outside the 90% bounds, implying that
the number of training samples is not sufficient. Therefore, 15 additional samples are
generated and added to the original training samples to build a new BN. The same
verification process is implemented, the determinant calculated from the 115 training
samples is det}!> =3.14+ 107 !>, while the mean and standard deviation of the
determinants, which are calculated based on the copula-generated samples, is 1.80 * 10715
and 2.17 * 10715, Since detZ'> lands in the 90% bounds, the new BN and the Gaussian
copula assumption is therefore valid.

Next, the 115 samples of the design variables, combined with other uncertain
variables, are propagated through the SR model. Samples of the inputs and outputs are
then used to build the Bayesian network as shown in Figure 4.7. This BN is a probabilistic
surrogate model of the side impact problem, i.e., for given values of some variables, it

provides the joint probability distribution of the other variables.
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Three optimization cases are analyzed. Case I is a single objective optimization
problem. Its purpose is to verify the accuracy of the proposed BNC approach with the

original SR model. The other two cases consider multi-objective optimization.
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Figure 4.7. Optimization with BN
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Table 4.3. Correlations between output variables

Weight Vs Ly, Fpp, Rib, Rib, Rib, VC, VC, VC, VBp

Weight 1.00 -0.34 -0.74 -0.71 -0.38 -0.54 -0.67 -058 -037 -0.67 -0.62
Var -0.34 1.00 0.07 013 -0.14 0.02 0.01 -0.17 -0.24 013 0.01
Lap -0.74 0.07 1.00 0.86 0.35 0.49 0.64 0.35 0.26  0.67 0.60
Fpp -0.71 0.13 086 1.00 0.04 0.16 031 016 0.01 040 0.27
Rib, -0.38 -0.14 035 0.04 1.00 0.95 0.80 0.85 094 056 087

Rib,, -0.54 0.02 049 0.16 0.95 1.00 093 084 085 074 096
Rib, -0.67 0.01 0.64 031 0.80 0.93 1.00 077 072 087 096
Ve, -0.58 -0.17 035 0.16 0.85 0.84 077 100 092 053 0.79
Vi, -0.37 -0.24 0.26 0.01 0.94 0.85 0.72 092 1.00 043 0.78
Ve, -0.67 0.13 0.67 0.40 0.56 0.74 087 0.53 0.43 1.00 0.77
VBp -0.62 0.01 0.60 0.27 0.87 0.96 096 079 078 0.77 1.00

Table 4.3 shows the correlation coefficients between the output variables. It can be
seen that the correlation coefficient between the first two objectives (i.e., weight and door
velocity) is -0.34, which indicates a competing relationship between the two variables. To
simultaneously optimize these two competing quantities, a multi-objective optimization
formulation from [86] is adopted, in which car weight and the door velocity are minimized
simultaneously. The Pareto front needs to be created to address this relationship.
Specifications of different cases are provided as follows:

Case I: Single objective RBDO. In this case, the car weight is used as the sole objective.
The probabilities of all other 10 outputs being greater than 0.99 individually are used as
the reliability constraints. This is the e-constraint approach. The optimization is solved
with both the original SR model and the proposed BNC approach. The purpose of
conducting this case is to compare the BNC method with the SR model and study the extent
of agreement between the two approaches.
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Case II: Multi-objective optimization (RBDO formulation) with 2 objectives and 9
individual probability constraints.

Case III: Multi-objective optimization (RBDO formulation) with 2 objectives, 9
individual probability constraints and an additional joint probability constraint of the 9

outputs.
Case I: Single Objective RBDO

The problem is formulated as:

ng?/n Weight(DV,nonDV)

s.t. P;(Con; < Crit;) = 0.99 (4.6)
05<x;<15,i=1..9
The DIlviding RECTangles (DIRECT) algorithm, which is a gradient-free global
optimizer, is adopted to solve the optimization problem. The optimum obtained from the
BNC approach is compared against the solution of the SR model. The optimization history is
shown in Figure 4.8, and the optimal solution is listed in Table 4.4. The objectives and

constraints using the two models are listed in

H weight

28

5 10 15 20
No. of iterations
Figure 4.8 Single objective RBDO history for SR and BNC
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Table 4.4. Comparison of optimal solutions using SR and BNC

RBDO Difference

Design Variables RBDO with SR with BNC (%)
B-pillar inner 0.96 1 4
B-pillar reinforce 1.18 1.33 13
Floor side inner 0.63 0.65
Cross member 1.30 1.33 2
VaDliziE;::s Door beam 0.89 0.85
Door belt line 1.44 0.96 33
Roof rail 0.89 0.84
Mat. of B-pillar inner 0.34 0.32
Mat. of floor side inner 0.27 0.32 19

Table 4.5. Performance comparison of the optimal solutions using SR and BNC

Output Variables R.BDO BBDO Evalua?ion of Difference between
@) with SR with BNC BNC with SR (b) and (d)

(b) © (d) %
Objective Weight 28.20 29.11 29.49 5
Abdomen load 1 1 1 0
Upper rib deflection 1 0.99 1 0
Middle rib deflection 1 1 0
Lower rib deflection 0.99 1 1 1
Probabilistic | Upper viscous criteria 1 0.99 1 0
Constraints | Middle viscous criteria 1 1 1 0
Lower viscous criteria 1 1 1 0
Pubic force 0.99 1 0.97 2
B-pillar velocity 1 1 1 0
Door velocity 1 0.99 0.97 3

[t can be seen from Table 4.4 and

Table 4.5 that the overall performances of the SR and BN approaches are quite

similar. The differences between the BN and SR results for objective, constraints and most
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of the design variables are 5% or less. The probabilistic constraints for pubic symphysis
force and door velocity (bold in red) are slightly violated, which may be due to the lack of
sufficient samples in training the BN, which will be analyzed later when discussing Pareto
surface improvement. Having verified the accuracy of the BNC approach, the next two cases

are implemented for multi-objective RBDO.
Cases II/III: Multi-objective RBDO with Individual /Joint Probability Constraints

The optimization with two competing objectives and 9 individual probability
constraints (and one additional joint probability constraint for case III) is formulated as

shown in Eq. (4.7).

H’:llin “Weight & AuVeldoor
X
s.t. P;(Con; < Crit;) = 0.99
9 ; (4.7)
P(N;=,(Con; < Crit;)) = 0.99 (case Il only)

05<x;<15i=1..7
0.192 < x; < 0.345,j = 8...9

The NSGA-II algorithm is applied to construct the Pareto front. The population size in
this genetic algorithm implementation is chosen as 150, probability of crossover is 1 and
probability of mutation is 0.15. The total number of iterations is 20. MOO with the SR
model is first implemented to identify the effect of the additional joint probability

constraint.

105



Stepwise Regression

o Without joint probability constraint
15.5- Sw  © With joint probability constraint

8
> 15
£ u
O 145 .
© NE’“
- %M
13.5/ .
135 30 35 40
Hweigh’c

Figure 4.9. Comparison of Pareto fronts with/without joint probability constraints

It can be concluded from Figure 4.9 that, with the consideration of the joint
probability constraint, the designs along the Pareto front with joint probability are
generally above those without the joint probability constraint, especially in the region of
low weight and high velocity. This is intuitively correct since the objectives are minimized;
with an additional constraint, both objectives have higher values.

The proposed BNC approach is next used to construct the Pareto fronts for Cases Il
and III. At each point of the BNC Pareto front, the objectives are re-evaluated using the SR
model. Figure 4.10 compares the BNC solutions (circles), the BNC solutions re-evaluated
using SR (squares) and the SR solutions (triangles) with and without the joint probability

constraint.
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(a) Without joint probability constraint (b) With joint probability constraint
Figure 4.10. Pareto fronts with BNC, and SR solutions

It can be observed from both figures that the BNC Pareto surfaces are more optimistic
compared to the SR solution, whereas the re-evaluated results using SR (square marks) are
more conservative. The figures also show that the initial BNC approach cannot identify
solutions at the high weight (greater than 30), low velocity (less than 14) region.

To investigate this issue, scatter plots that characterize the dependence of weight and
door velocity samples from the initial 115 training samples (left) and the samples
generated from the Gaussian copula (right) are shown in Figure 4.11. The dashed squares
cover the region which BNC could not detect in Figure 4.11. It can be observed from
Figure 4.11(a) that only 3 of the initial samples land within the dashed area. The Bayesian
network will only generate samples based on the training points available; in other words,
the training points indicate the joint probability distribution of the variables, and therefore
further samples generated by the Bayesian network also reflect this joint distribution. Thus
the Bayesian network generates very few samples in the dashed area and is unable to find

Pareto solutions in this area.
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(a) Scatter plots from the original samples (b) Scatter plots from the copula-generated samples
Figure 4.11. Scatter plots of weight and door velocity

To overcome this issue, the training point selection technique proposed in Section
4.3.2 is applied: 20 additional samples of the design variables are generated selectively
based on the sculpting strategy. To evaluate this method, Latin Hypercube sampling (LHS)
is also used to generate 20 samples of the design variables from uniform distributions
based on Tables 1 and 2, and propagated to estimate the outputs. The values of the
objectives generated by the two approaches are compared by the scatter plot in Figure

4.12.
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Figure 4.12. Comparison of the outputs from different resampling approaches
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(a) Approach I: uniformly generated samples (b) Approach II: selectively generated samples
Figure 4.13. Comparison of the results between the two resampling

It can be seen from Figure 4.12 that, the selectively generated samples (squares)
focus more on the desired/rectangular region compared with the LHS approach. The
additional 20 samples generated in different methods combined with the 115 initial

samples are used to build new BN models for Case III (with the joint probability constraint).
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The objectives are re-evaluated using the SR model. All results are compared in Figure
4.13.

In Figure 4.13 (a), the LHS-based solution does not have much improvement
compared to Figure 4.13(b). The low door velocity, high weight region is still not covered
by the additional uniform samples. However, in Figure 4.13(b), due to the selective
resampling based on sculpting, the improved BNC is able to construct the Pareto surface in
the high weight and low door velocity region which could not be reached by the original
BNC. And the resulting Pareto surface is very close to the SR solution. This shows that the
sculpting strategy can be effectively used to improve the Bayesian network model and the

Pareto surface.

4.5. SUMMARY

This chapter explored the BNC approach as a probabilistic surrogate model for multi-
objective optimization under uncertainty. The Bayesian network is constructed based on
input-output samples from the original model, and the vine copula-based sampling
technique is generate samples of the outputs conditioned on the design values.

A novel training point selection technique is proposed to further refine the BN model
and improve the Pareto surface. Additional samples of training points are generated
through a sculpting strategy, which exploits the dependence relations among the inputs
and outputs, and the inverse propagation capability of the Bayesian network through

conditional sampling.
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A vehicle side impact problem is used to demonstrate the proposed methodology.
The joint probability of multiple constraints and objectives are efficiently estimated using
the proposed BNC approach, by exploiting the forward propagation capability of the
Bayesian network. Since the proposed methodology is capable of modeling dependence
among large number variables, its application on larger scale problems is very promising.

In the next chapter, both BNC-MDA proposed in Chapter 3 and the BNC surrogate-

based optimization addressed in this chapter are combined to formulate an efficient

framework for MDO under uncertainty.
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CHAPTER 5

MULTIDISCIPLINARY OPTIMIZATION UNDER UNCERTAINTY

5.1. INTRODUCTION

As mentioned in Section 1.1, existing methods for MDA and MDO under uncertainty
either require considerable computational effort or introduce several approximations to
reduce the computational effort. When high-fidelity models are used for each individual
disciplinary analysis of the MDA, all the existing approaches are potentially expensive,
even for deterministic analysis. In the presence of uncertainty sources, stochastic MDA can
become computationally unaffordable. Further, when MDO under uncertainty is
considered, stochastic MDA is required during each design iteration in order to evaluate
the probabilistic objectives and constraints, which further magnifies the computational
cost. Therefore, the central motivation of this chapter is to reduce the computational
burden of MDO under uncertainty.

When high-fidelity models are used for individual disciplinary analyses, typically a
large number of coupling variables are present, such as the nodal pressures and
displacements in the aeroelasticity example in Section 3.4.2. Existing methods for MDA
under uncertainty (such as SOFPI and LAMDA described below) become unaffordable in
the presence of high-dimensional coupling. Meanwhile, when the number of input and
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output variables of the model becomes larger, training the surrogate model for MDA and
MDO requires a large number of training samples, which will also greatly increase the need
for computational resources. Therefore this chapter proposes a framework for efficient
MDO under uncertainty using the Bayesian network, which is found to be effective for both
low and high dimensional problems. The abilities of the BN in both inverse problem
(Bayesian inference) and forward problem (uncertainty propagation) are exploited in this
chapter.

The forward uncertainty propagation property of the BN is first exploited to
consider a novel surrogate modeling technique for efficient optimization under
uncertainty. This is similar to the use of BN in Section 4. The ability to obtain the
probability distribution of the output for a given specific value of the input makes the BN a
probabilistic surrogate model, as opposed to deterministic surrogate models that seek to
estimate a single value of the output for a given value of the input. Note that algebraic
surrogate models such as regression and Kriging models do provide an estimate of the
uncertainty in the output for a given input; but this uncertainty is only due to sparse or
noisy training data. The central aim in such models is to estimate a single value of the
output. As the training data becomes more abundant and less noisy, the uncertainty in the
output of such algebraic surrogate models will decrease. The use of BN as a surrogate
model is very different; its central aim is to provide the probability distribution of the
output for a given value of the input, because the Bayesian network is a probabilistic
graphical model that represents the joint probability distribution of the input and output

variables.
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The inversion capability of the Bayesian network is also exploited to enforce the
interdisciplinary compatibility condition in feedback-coupled MDA by setting the
difference between the values of the same coupling variable from two successive iterations
to zero (as explained in Section 3.3). This approach only requires a few iterations of the
feedback coupled analysis (usually 2 to 4 iterations), thus achieving great computational
savings by not performing the fully converged physics analysis.

An RBDO formulation is adopted to demonstrate the proposed approach, which can
be extended to solve RDO problems as well. In each design iteration, the optimizer
generates a new set of design values and sends them to the Bayesian network. Given the
value of the design variables, the uncertainty in the outputs can be estimated by forward
propagating the uncertain variables through the BN. The resulting output is essentially the
conditional probability distribution of the outputs given the design variable values of the
inputs. For feedback coupled analysis, the compatibility is enforced as mentioned above.
Thus, once the BN is built as a surrogate model, both MDA and design evaluation are
achieved simultaneously during each call to the BN by the optimizer, providing
tremendous computational advantage. The conditional sampling is achieved using the vine
copula-based sampling approach, which further enhances the computational efficiency.
Note that the Bayesian network can incorporate different types of random variables.

The proposed methodology can include both aleatory and epistemic uncertainty.
The inclusion of aleatory uncertainty is straightforward, since this type of uncertainty can
be represented by a random variable node in a BN with known distribution type and
parameter. Inclusion of sparse and interval data can also be achieved by using the

likelihood-based method in Section 2.3 to construct a non-parametric distribution. The
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inclusion of stochastic model error can be accomplished through the auxiliary variable

method. Since the auxiliary variable method represents the stochastic model error as a

uniformly distributed random variable, it can be denoted as a random node in a BN as well.

The inclusion of epistemic uncertainty is not the focus of this chapter, but its inclusion in

the proposed methodology is briefly discussed in the electronic packaging example in

Section 5.5.2.

The contributions of this chapter are as follows:

(1) The probabilistic surrogate modeling technique based on the Bayesian network and
vine copula-based sampling is pursued in order to consider large numbers of input
variables and accurately represent the stochastic dependence among the inputs,
outputs and coupling variables.

(2) The BNC approach is used to formulate a Bayesian network for efficient and accurate
MDO under uncertainty, which simultaneously enforces interdisciplinary compatibility
and evaluates the optimization objectives and constraints, without any further
evaluations of the original physics models, thus significantly reducing the
computational effort in MDO.

The rest of the chapter is organized as follows: Section 5.2 formulates MDO under
uncertainty using the RBDO format. Section 5.3 introduces the BNC-MDO approach, which
is composed of BNC surrogate modeling and BNC-MDA. Section 5.4 emphasize on the
treatment of high-dimensional coupling within BNC-MDO. A mathematical example, an
electronic packaging design problem, and an aeroelastic wing design problem are used to

illustrate the methodology in Section 5.5. Section 5.6 provides concluding remarks.
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5.2. MULTIDISCIPLINARY OPTIMIZATION UNDER UNCERTAINTY

A typical deterministic MDO problem statement is provided in [96] and as shown in

Eq. (5.1).
min f(x)
s.t. )
gi(x,u(x),v(x)) < 0i = {1,...,n4} (5.1)
hy(x,u,v) = 0
h,(x,u,v) = 0

where fis the performance function or objective to be minimized; x is the vector of design

variables. u(x) and v(x) are coupling variables, and the interdisciplinary compatibility is

defined by h; and h,.

Therefore, if u(x) and v(x) satisfy Eq. (5.1) simultaneously, then they are said to be
compatible, and in practical engineering applications, h; and h, are implicit functions. For
example, in the two disciplinary example shown in Figure 2.1, h; and h, can be written as:

Analysis 1(x,uy;) —u;5 = 0
(5.2)
Analysis 2(x,uy3) — Uy, = 0
When uncertainty is considered in the MDO formulation above, the probabilistic

variation can be written as:
min ps(x)
Hx
S.t.

P(g; (x, §u(x ) v(x, E’)) > 0) < q; (5.3)
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hi(x,&,u,v)=0
h,(x,&,u,v)=0
i ={1...,n4}

In Eq. (5.3), & is a vector of random variables &5, ..., &, , that model the uncertainty in
the system, whereas £ is one realization of the random variable &.a;represents the
desired reliability level for the probabilistic constraint of g;. It can be seen from the
equation that, the MDO under uncertainty requires the interdisciplinary compatibility
being satisfied for each realization of the random variable, which can be expensive if the
uncertainty assessment is performed with the feedback-coupled iterative analysis.

Therefore, surrogate modeling techniques are usually pursued to replace the original
model with computationally economic models for the objective and constraints estimation.
For feedback coupled MDA, a sufficient number of training samples need to be obtained by
running the fixed-point-iteration method. As the number of model inputs and outputs goes
up, the number of training samples needed also increases, and consequently generates a lot
of computational burden. Further, when the coupling variables between individual
disciplines are large in number, characterizing the dependence among input, coupling and
output variables can be very complicated for most of the existing surrogate modeling
techniques. To overcome these challenges, a comprehensive framework that combines
BNC-MDA and BNC surrogate modeling is proposed for the purpose of efficient MDO under
uncertainty. This methodology contains four essential elements: (1) probabilistic graphical
surrogate modeling; (2) vine copula-based sampling; (3) interdisciplinary compatibility
enforcement; and (4) multidisciplinary design optimization under uncertainty. The

proposed methodology is referred to as BNC-MDO. Details of the four elements have been
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provided in the previous chapters, thus will not be repeated. Then next section will explain

BNC-MDO using an RBDO formulation.

5.3. BNC-MDO WITH LOW-DIMENSIONAL COUPLING

The key idea of the proposed BNC-MDO is as follows: The optimizer calls BNC-MDA
at each iteration of the optimization, with specific values of the decision variables; BNC-
MDA enforces interdisciplinary compatibility and computes the objectives and constraints
simultaneously through conditional sampling, and returns the objective and constraint
values to the optimizer.

A simple Bayesian network for both design assessment and enforcing

interdisciplinary compatibility is shown in Figure 5.1.

Figure 5.1 A general Bayesian network for MDO
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The network contains the design variable (DV), an uncertain variable (UV), coupling
variable u from the (i — 1) and U from the i*" iterations of the feedback coupled analysis,
and the difference between the values of from the two iterations is denoted by the node
Diff. The model outputs are Obj and Constr, which represent the objective and constraint
respectively. For MDA, Dif f is conditioned to zero, which enforces the interdisciplinary
compatibility. Note that usually the nodes in a BN represent random variables. However, in
the optimization, the input variable nodes (x;, x,) in the BN are conditioned at specific
values, and DV are therefore deterministic quantities.

Note that BNC-MDO is composed of two components: (1) BN surrogate modeling,
which replaces the computational model with a Bayesian network shown in Figure 5.1,
and (2) BNC-MDA, which is only part of the MDO and is identified in Figure 5.1 with the
dashed rectangle.

The optimization procedure can be demonstrated using the parallel coordinate plot
shown in Figure 5.2. In each design iteration, a new value of the design variable (dv) will
be generated and passed to the Bayesian network. The distribution of the output variables
Constr and Obj will be conditioned given both DV = dv (dashed circle) and Diff =0
(solid circle) simultaneously. The resulting conditional samples of the output variables

(dashed rectangle) are subsequently delivered to the optimizer for further iteration.
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(a) Samples of an unconditioned BN (b) Conditional samples from the BN
Figure 5.2 Parallel coordinate representation of MDO
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5.4. BNC-MDO WITH HIGH-DIMENSIONAL COUPLING

The size of the Bayesian network (specifically the BNC-MDA component in dashed
rectangle) becomes large for a high-dimensional coupled analysis (i.e., a large number of
coupling variables between the disciplines). Including all coupling variables in one BN
makes the network quite large and unwieldy for training and sampling. Therefore, the
dimension reduction of the Bayesian network proposed in Section 3.3.2 can be applied to

improve the efficiency of BNC-MDO.

DV,UV
A T~
Uyq . Analysis 1 Upo Analysis2 Uy R
Aq(uy4,UV,DV) A,(uq,, DV, UV)
A A 4
91 92

\/

f

Figure 5.3. One iteration of feedback coupled analysis with high-dimensional
coupling
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Consider one iteration of the feedback coupled analysis in Figure 5.3 and assume
the coupling variable u,; and U4 are large vectors of the coupling variable. Given samples
of the inputs, the one iteration analysis is executed for each realization of the input,
therefore, each coupling variable becomes a random variable, and the corresponding
realizations of u,; and U, can be organized into matrices. PCA is applied to map the
matrices uyq and U,4 into the principal component space. Let [ denote the selected number

of principal components (PC), then the first! principal components for the inputs and

outputs are represented by PC1{21 and PC{,.ZI,j = 1...1. The differences between PC,{Zl and

PC,],' are calculated as:
21

& = PC,, — PC} (5.4)

uz21
Given the samples of the design variables, uncertain variables, the coupling
variables in the principal component space, and the corresponding difference terms g, a

Bayesian network is built as shown in Figure 5.4. In each design iteration, DV is

conditioned on the design value, whereas the interdisciplinary compatibility is enforced

by imposing sf,c =0 for j=1..l Samples of the objective and constraints are then used

for further optimization.
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Figure 5.4. Bayesian network with reduced coupling variables

It can be seen from Figure 5.4 that without PCA, there would have been one BN for
the entire problem containing all the correlated coupling variables in one direction. After
applying PCA, we have a few principal components that are uncorrelated. As a result, we
have a much smaller BN with all the principal components in one network. Thus in the
example in Section 5.5.3, if 20 or 30 principal components are used to implement the
proposed methodology, the BN with 774 coupling variables and difference nodes is
reduced to a smaller size BN with 60 or 90 nodes for the coupling variables and differences,
while the nodes of DV, UV, Constr and Obj remain the same. Therefore, by using PCA we
can reduce a large BN and drastically improve the efficiency in solving high-dimensional
problems. The BNC-MDO approach can be summarized in the flowchart shown in Figure

5.5.
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on DV =dv,& = 0 and
updated.

5.5.
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NUMERICAL EXAMPLES

Figure 5.5. Flowchart for BNC-MDO

In this section, the proposed BNC-MDO methodology is illustrated using a

mathematical example, an electronic packaging design problem, and an aero-elastic wing
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design problem, all through RBDO formulations. The optimization algorithm Dividing

RECTangles (DIRECT) [97] is used as the optimizer in all three problems.

5.5.1 MATHEMATICAL EXAMPLE

The mathematical example in Section 3.4.1 is modified by adding analyses and
system level outputs and is shown in Figure 5.6. A feedback coupling exists between
“Analysis 1” and “Analysis 2”, and the coupling variables are denoted as u;, and u,;. Then
the subsystem output g; and g, are calculated and used as the inputs to analysis 3 to
compute the system level output f. The bounds for the design variables x; to x5 are
[0.8, 1.2]. For the sake of illustration, input variability as normal distribution N (0, 0.02) is

assumed for all design variables.
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Analysis 1 Analysis 2
2 v Uy V12 2
u12 = x1 + 2x2 —_ X3 + 2 u21 —_ 0.221]21 u21 = x1x4 + x4_ + x5 + u12 + 01 1712
Vip = 2Xq1 + x3x3 — 0.31,/uy; + 0.2v,, < g V1 = X1X5 + X1X4 + %1 + 0.15u4, — 0.3v,
g1 = Uz * Vpp UV g2 = U1 ¥ Vg
f=91 —92

Figure 5.6 Functional relations of the mathematical MDA model
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In the context of deterministic optimization, the system level outputf is used as
the objective, whereas the disciplinary outputs 9 1 and 92 are adopted as constraints. Due
to the input variability, the objective and constraints are stochastic quantities. Therefore,
an RBDO formulation is constructed as shown in Eq. (5.5):

min p¢

Hxl-

S.t
P(g, < 24.6) = 0.9

P(g, < 48.2) = 0.9
0.8 <py, <12

P(x; > 0.8) > 0.9
P(x; <12)>09

5.5
i=1..5 (55)

Ui2(x,Uz1,V21)- U =0
Vi2(x,uz1,v21)- U = 0
Uz1 (X, U12,V12)= Uz =0

Vo1 (X, Ug2, V12)- V21 =0

where the last four equation indicates the interdisciplinary compatibility being satisfied
for each realization of x. The upper-case letters denote the functions that compute the
coupling variables, whereas the lower-cases represent a realization of the corresponding
variable. 200 samples of x; to x5 are uniformly generated from their design spaces using
Latin Hypercube sampling method. For each realization of x, one iteration of the analysis
as shown in Figure 5.7 is executed to calculate samples of the coupling variables u12, v1,

Uz1, V21 and output variables, g1, g1 and f.
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Figure 5.7. One iteration of feedback coupled analysis

The differences between U,4,V,; and u,¢, v,4 are then computed and denoted as
dif fy,, and dif fy, . Samples of the input, coupling and output variables together with
dif fy,, and dif fy, are used to build the Bayesian network as explained in Section 5.3.
Figure 5.8 shows the Bayesian network built using these samples.

After the BN is constructed, the optimization framework is applied on top of the BN,
and the DIRECT algorithm is employed as mentioned earlier. The maximum number of
iterations for DIRECT is set to be 15. In each design cycle, the optimizer delivers a design
value to the network. x; ... x5 are conditionalized at the design values. Meanwhile, dif f,,,,
and dif f,,,, need to be enforced as 0 such that the interdisciplinary compatibility condition
is satisfied. Update the network using vine copula-based sampling and obtain the posterior
distribution of g;, g, and f, based on which the objective and constraints in Eq. (5.5) are

calculated.
128



@D PP >l
variables

LRNNN WI//W/JJ‘

Coupling

/ variables

Compatibility
conditions

0 o «— Disciplinary
output

Figure 5.8 BN based on the samples from Fig. 5.7
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An optimization using the SOFPI (Monte Carlo sampling outside fixed point iteration)
approach is also implemented, and the results are used as the benchmark solution. 10,000
samples are used to estimate the objective and constraint in each design cycle. A total of
6,260,000 function evaluations is required, which is much more beyond the 400 function
evaluations that required by BNC-MDO. Figure 5.9 compares the optimization histories of

the two approaches, which agree well with each other.
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Iteration number

Figure 5.9 Optimization histories of SOFPI and BNC-MDO

10 15

Iteration number

Table 5.1 compares the RBDO result of SOFPI (column 3, benchmark) and the

proposed BNC-MDO approach (column 4). The optimal solution obtained by BNC-MDO

(merged column 4 and 5) is also evaluated by SOFPI (column 5) to check its accuracy.

Table 5.1. Comparison of the optimization results using SOFPI and BNC-MDO

Sa111$)les Variable RB]S)(())Fl;)S;mg BNC-MDO Re-evaluated
X 1 0.87
X, 0.82 0.80
Design Xs 0.82 0.84
Variables
X, 1.19 1.18
Xs 1 1.15
Objective 1 -27.52 -26.60 -25.48
_ P(g; < 24.6) 1.00 1.00 1.00
Constraint - _ 452) 0.93 0.90 1.00
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It can be observed from Table 5.1 that the difference between the optimal
objectives obtained by the two methods is only 7.4%, which is quite small considering only
400 function evaluations (i.e., 200 each for Analysis 1 and Analysis 2) are required for the
proposed BNC-MDO approach compared to SOFPI which needs more than 6 million.

Also, the differences for x,, x5 and x, are also very small (less than 5%), but the
differences between values for x; and x5 are comparably larger (13% and 15%
respectively). This is because optimization with SOFPI uses the fully converged analysis for
each design evaluation, whereas the BNC-MDO is trained using only partially converged
samples. Next, two engineering examples are used to demonstrate the proposed BNC-MDO

approach.

5.5.2 ELECTRONIC PACKAGING DESIGN

The electronic packaging problem [61] described in Section 2.6.2 is used in this sub-
section as a design problem to demonstrate the BNC-MDO approach. Coupling variables are
heat generated by the electrical analysis, and the heatsink temperature calculated by the
thermal analysis. A detailed problem description can be found in Section 2.6.2.

In this chapter, geometric parameters x4, x,, X3 and x, are considered as the design
variables, of which the upper and lower bounds are ub = [0.15, 0.15, 0.08, 0.05] and Ib =
[0.05, 0.05, 0.02, 0.01]. The design variables are assumed to have variability as given in
where y, is the resistance of the resistor at temperature T;, which is a constant. y, and ys

are the coupling variables between the two analyses. y, is the component heat and ys is
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the heatsink temperature. The design variables are assumed to have variability as given in
Table 5.2. x5 and x4 are additional uncertain variables the same as provided in Table 2.5.

The goal of optimization is to maximize the mean power density of the heatsink
(ratio between the heat dissipation and the volume of the heat sink) while maintaining the
size and working temperature of the heatsink at low values. Therefore, the RBDO
formulation is constructed as below:

x; = argmax pyp(x;)
s.t.

P(Temp < 56°C N Volume < 6 x 10~*m3) > 0.95 (5:6)

lbi < Xi < Ubi, = 1, ,4‘
Thermal(y,, x) — y5s =0

V2Ye— ¥ =0

where y, is the resistance of the resistor at temperature T;, which is a constant. y, and ys
are the coupling variables between the two analyses. y, is the component heat and ys is

the heatsink temperature.

Table 5.2: Parameters of the electronic packaging system

Physical meaning Uncertainty
X1 Heat sink width (m) N(0,0.01)
Xy Heat sink length (m) LogN(0,0.01)
X3 Fin length (m) N(0,0.005)
Xy Fin width (m) N(0,0.0025)
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The coupling variable heatsink temperatures (Temp in Figure 5.10) from two
consecutive iterations are computed to implement the BNC-MDO approach. For the sake of
comparison, the numbers of the input samples are chosen as 800, 1000 and 1200. Thus, the
total number of function evaluations required are 1600, 2000 and 2400 respectively. A

Bayesian network is built as shown in Figure 5.10.
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Compatibilitx iteration results
condition
System
output

Figure 5.10 BBN for the electronic packaging problem

Optimization with SOFPI is also implemented, and the results are used as the
benchmark solution. 10,000 samples are used to estimate the objective and constraint in
each design cycle. Fixed-point-iteration (FPI) takes an average of 5 iterations to converge.
DIRECT optimization algorithm is applied, and due to the limited computational resource,

only 10 iterations is implemented. A total of 6,950,000 function evaluations is required for
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optimization with the SOFPI approach, which takes about 4 hours to accomplish on a
desktop computer. Whereas once the BN is built with the training samples (obtained from
the 1st and 2nd iterations, takes 5 seconds for 800 samples), the average time for the
optimization process is less than 5 minutes.

Rows 1- 5 in Table 5.3 compare the RBDO results with SOFPI (column 2), and with
the proposed BNC-MDO approach with different numbers of BN training samples (column

3,4 and 5). Rows 6-7 list the re-evaluation of BNC-MDO result using SOFPI.

Table 5.3. Comparison of the optimization results using SOFPI and BNC-MDO with
different number of training samples
Benchmark Number of training points for BN

800 1000 1200

X1 0.056 0.052 0.056 0.051

X3 0.056 0.052 0.052 0.051

X3 0.021 0.021 0.021 0.020

X4 0.039 0.024 0.048 0.037

Objective: uyp 73172 73781 78600 70000
re-evaluate objective N/A 84997 78749 93131
with SOFPI constraint 0.962 0.965 0.984

It can be observed from Table 5.3 that although the optimal values of x; to x, and
the optimum obtained by the proposed BNC-MDO approach with different numbers of
training samples are close to the benchmark solution (differences mostly less than 10%),
the re-evaluation results shows that the proposed methodology is able to find higher values

of the power density (objective is maximized) than the SOFPI approach. Based on the
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optimal solutions, it can be seen that the objective values are very sensitive to all four
design variables. Therefore, the ‘benchmark’ solution may be suboptimal due to insufficient
number of samples used in the Monte Carlo sampling, and/or insufficient number of
optimization iterations, since only 10 iterations of the optimization algorithm are
performed, and the number of samples for reliability assessment is only 10,000 as
mentioned above.
Inclusion of model error
The solution above already includes data uncertainty (sparse and interval data of
Xg). The proposed methodology can also incorporate stochastic model error, through the
auxiliary variable method described in Section 2.4.2. The same electronic packaging
problem is solved again considering the discretization error (and the stochastic Gaussian
process model output as mentioned in Section 2.6.2) as described below.
(1) Generate samples of inputs and initial values of temperature and run through
one iteration analysis as in Figure 5.3.
(2) For each input realization, the finite difference analysis code (for thermal
analysis) with different mesh sizes is executed, and the GP extrapolation
technique is used with the three solutions to estimate the ‘correct’ value (i.e.,
corrected for discretization error). The output temperature is a normal random
variable, of which the mean is the GP estimate of the correct value, and the
variance represents the uncertainty associated with this estimate.
(3) To account for the stochastic GP output, an auxiliary variable P, is introduced.
For each normal distribution of the GP prediction, one realization of P, is
randomly generated from a uniform distribution U[0, 1]. Take the inverse CDF
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of the normal distribution with respect to P, to get a realization of the
prediction (temperature).

(4) Use the samples for input, output, coupling and the auxiliary variables to build a

BN as shown in Figure 5.11.
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Figure 5.11 BN for MDA with stochastic model error

Then BNC-MDO is implemented with this BN, and the result is shown in Table 5.4.
When the stochastic model output is considered, the fixed-point-iteration method can
barely converge. Therefore, the benchmark solution with SOFPI is unaffordable for this
problem. This further shows the advantage of the proposed BNC-MDO approach, which

does not required any fully converged analysis from the physics codes.
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Thus it can be seen that the BNC-MDO is capable of incorporating stochastic model
error since the auxiliary variable method represents the model error as an additional

random variable.

Table 5.4 Optimization results considering discretization error and stochastic GP
output

X1 X2 X3 X4 Hwp

0.077 0.149 0.021 0.010 11,170

5.5.3 AERO-ELASTIC WING DESIGN

The design optimization of a three-dimensional aeroelastic wing described in
Section 3.4.2 is performed here using the proposed BNC-MDO approach. The backsweep
angle is appointed as the design variable with design bounds as [0, 0.5]. The mesh size is
chosen such that the total number of nodes on the surface of the structure is 258. 200
realizations of the backsweep angle are uniformly sampled to perform the fluid-structure
interaction analysis using the CFD and FEA analyses. For full convergence analysis using
fixed point iteration (FPI), the average number of iterations is 8, and the total time for

running the converged aeroelastic analyses for all 200 input realizations is 8.5 hours.
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Since the values of nodal pressure oscillate drastically in the first and second
iterations, in order to balance the solution accuracy and the computational efficiency, the
Bayesian network is built with the nodal pressure results of the 3rd and 4t iterations. (This
means that in the BNC-MDO approach, the FSI analysis is terminated after 4 iterations).
For 200 samples, a total of 5.5 hours is needed, which is 3 hours less and 1600 function
evaluations (i.e.,, 800 each of FEA and CFD analyses) fewer than the performing the full
convergence analysis with fixed point iteration. Note that this is the time required for
collecting training samples for the BN. Once the samples are collected, the Bayesian
network can be built within 10-15 seconds; thus the time for stochastic analysis is
negligible compared to the time required for the aeroelastic analysis.

The design optimization problem is to maximize the lift subject to a stress constraint.
The backsweep angle is assumed to have variability described by a Gaussian distribution
with zero mean and a standard deviation of 0.03 radians. The optimization problem (RBDO)
is given in Eq. (5.7).

max E[L]

Hbw

s.t
(5.7)

P[S = 3%10°Pa] < 1073
0 < ppy < 0.5

where bw is the backsweep angle. To apply the proposed BNC-MDO approach, two
successive iteration values of the coupling variables ‘Nodal Pressures’ are used to build the
BN, along with the design and uncertain variables and the objective and constraint. Because
the coupling variables are large in number (258 nodal pressures), building the Bayesian

network with such data will be problematic. Therefore, the dimension reduction strategy
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using PCA introduced is implemented to reduce the dimension of the Bayesian network,
such that the building and sampling of the BN is affordable. The PCA is applied on the nodal
pressures after 34 and 4th iterations (denoted by NP; and NP,), and the first 30 principal
components are selected since 99.6% of the total variance from the original samples can be
covered by them. The BN is built with the input, output and the coupling variables
represented by the 30 principal component following the strategy in Figure 5.4, and the

resulting BN is as shown in Figure 5.12.

NP5 after PCA NP, after PCA

‘ Input and output
variables

Difference = 0

Figure 5.12. BN of the aeroelastic wing with reduced coupling variables
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The RBDO is then performed using the BN above. The DIRECT algorithm stops after
10 iterations, requiring 67 calls to the BN surrogate model and 547 seconds of

computational time. The BNC-MDO results are shown in Table 5.5.

Table 5.5. Optimal solution of the aero-elastic wing design

BNC-MDO
Design variable Upw 0.405
Objective Hiife 1707.5
Constraint P(stress) 0.998

No benchmark solution is provided for this problem since SOFPI is unaffordable to
implement using the aeroelastic codes. Note that MDO can also be performed using other
surrogate models, such as Kriging, neural network, regression models, etc. However, the
training samples for the other surrogate models require fully converged physics analyses,
whereas the training samples for the BN surrogate model only require a few iterations of
the feedback-coupled analysis; thus the BN surrogate model approach based on the LAMDA
concept achieves much more computational savings. Moreover, as mentioned earlier, the
savings will become more prominent when higher fidelity models are used for the
individual disciplinary analyses, and when more iterations are needed for MDA

convergence.
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5.6. SUMMARY

This chapter proposed a novel Bayesian network-based approach for
multidisciplinary design optimization under uncertainty. The Bayesian network is
constructed for two purposes: (1) as a probabilistic surrogate model based on input-output
samples from a few iterations of the original disciplinary analyses, and (2) to perform
design evaluation and enforce interdisciplinary compatibility simultaneously using
conditional sampling. Once the BN is built as a surrogate model, both MDA and design
evaluation are achieved simultaneously during each time the BN is called by the optimizer.
The proposed methodology only requires a few iterations of the coupled analysis from the
physics codes, instead of the full convergence analysis, thus providing tremendous
computational advantage

Further computational efficiency is achieved through the vine copula-based
sampling technique and the Bayesian network dimension reduction using principal
component analysis. A mathematical RBDO example, an electronic packaging design
problem, and an aeroelastic wing design problem were used to demonstrate the proposed

methodology.
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CHAPTER 6

CONCLUSION

The central goal of this dissertation was to develop novel strategies for reducing the
computational effort while maintaining accuracy in multidisciplinary analysis and design
optimization under uncertainty. To achieve this goal, four objectives were pursued: (1)
propagation of epistemic uncertainty — data uncertainty and model error — through
multidisciplinary analysis; (2) Investigation of a methodology for uncertainty propagation
in a high-dimensional coupled system; (3) Development of a framework to incorporate
different sources of uncertainty in single disciplinary design optimization, considering
multiple objectives; and (4) Investigation of a Bayesian methodology for the design
optimization of multidisciplinary systems with feedback coupled analyses. The main

accomplishments are summarized below.

6.1. ACCOMPLISHMENTS

6.1.1 MDA UNDER EPISTEMIC UNCERTAINTY

Chapter 2 presented a new methodology to systematically include both aleatory and

epistemic uncertainty in the input variables, and the epistemic uncertainty due to model
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errors, within feedback-coupled MDA. This methodology offers a comprehensive
framework for the representation and propagation of multiple sources of uncertainty
within MDA, using the LAMDA concept, which estimates the probability of the the
interdisciplinary compatibility condition being satisfied given a value of the coupling
variable.

First, a likelihood-based approach is employed to represent both variability and
data uncertainty in the input random variables (due to sparse and/or imprecise data)
through non-parametric distributions, which is consequently propagated within the MDA
framework using methods such as Monte Carlo sampling, FORM and SORM.

Then, an auxiliary variable method based on the probability integral transform is
proposed to include the effect of stochastic model error in coupled MDA. This method
brings the epistemic uncertainty to the same level of analysis as input variability such that
the propagation of both aleatory and epistemic uncertainty can be implemented in a single
loop manner. The proposed methodology provides a general formulation to include both
model form error and numerical errors (e.g., discretization error, surrogate model error,
etc.) within feedback coupled MDA. A mathematical problem and an electronic packaging
application were used to illustrate the proposed methodology.

The auxiliary variable approach also provides a breakthrough in global sensitivity
analysis, which previously was only used in the context of aleatory uncertainty and for

feed-forward problems.
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6.1.2 MDA WITH HIGH-DIMENSIONAL FEEDBACK COUPLING

The original LAMDA approach was implemented using FORM (first-order reliability
method), and has difficulty in solving high-dimensional problems, since the accuracy and
computational efficiency deteriorate as the number of the coupling variables increases.
Therefore, Chapter 3 proposed an efficient implementation of the LAMDA concept using
Bayesian network and copula sampling for high-dimensional MDA, in the presence of a
large number of coupling variables.

The Bayesian network is adopted to estimate the joint probability distribution of the
coupling variables given interdisciplinary compatibility. This is similar to the concept of
Bayesian updating, and a Gaussian copula-based sampling technique is adopted to generate
samples from the conditioned Bayesian network (i.e.,, conditioned on zero difference
between two successive iteration values of the coupling variables) and to estimate the
conditional joint distribution of the coupling variables.

When the dimension of the coupling is so large that incorporating all the coupling
variables in one Bayesian network becomes computationally cumbersome, principal
component analysis is adopted to decrease the dimensionality of the Bayesian network. A
mathematical MDA example and an aeroelastic wing analysis example were used to
demonstrate the efficiency and accuracy of this BNC-MDA approach. It can be seen from
the example that, the PCA compresses a BN with hundreds or thousands of nodes into a BN
with 30 to 60 nodes (i.e., using 10 to 20 principal components) without sacrificing too

much accuracy.
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In the proposed methodology, each sample only requires a few iterations of the
coupled physics analysis instead of a fully converged solution as in fixed point iteration.

Thus the proposed BNC-MDA approach is promising for high-dimensional problems.

6.1.3 MULTI-OBJECTIVE OPTIMIZATION UNDER UNCERTAINTY

Chapter 4 further develops the use of Bayesian network and vine copula sampling as
a probabilistic surrogate model for multi-objective optimization under uncertainty and BN
training point selection.

The first innovation is to construct the Bayesian network as a probabilistic
surrogate model based on input-output samples from the original model. A vine copula-
based sampling technique is used for efficient uncertainty propagation. A vehicle side
impact problem is used to demonstrate the proposed methodology. For a given set of
design values, the joint probability of multiple constraints and objectives are efficiently
estimated using the proposed BNC approach, by exploiting the forward propagation
capability of the Bayesian network.

The second novelty is the training point selection technique to construct the
Bayesian network. Additional training points are generated in the desired region based on
sculpting, which exploits the dependence relations among the inputs and outputs, and the
inverse propagation capability of the Bayesian network. This sculpting further refines the

BN model and improves the Pareto surface for multi-objective optimization.
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6.1.4 MULTIDISCIPLINARY OPTIMIZATION UNDER UNCERTAINTY

Chapter 5 developed a comprehensive framework for multidisciplinary design
optimization under uncertainty. The BNC-MDA technique proposed in Chapter 3 and
probabilistic graphical surrogate modeling introduced in Chapter 4 were integrated for the
optimization of feedback coupled MDA under uncertainty.

In this framework, the Bayesian network is pursued for two purposes: (1) as a
probabilistic surrogate model based on the dependence relations among the input, output
and the coupling variables, and (2) to perform stochastic MDA/MDO with samples from
only a few iterations of the feedback coupled analysis, without the fully converged physics
analysis. The BNC approach simultaneously enforces interdisciplinary compatibility and
evaluates the optimization objectives and constraints through conditional sampling,
without any further evaluations of the original physics models. Further efficiency is
achieved by adopting the vine copula-based technique for generating samples from the
conditioned Bayesian network efficiently. A mathematical RBDO example, an electronic
packaging design problem and an aeroelastic wing design problem were used to

demonstrate the proposed methodology.
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6.2. LIMITATIONS OF THE RESEARCH

In this research, the Bayesian network with Gaussian copula-based sampling is
heavily used. The Gaussian copula adopts a linear correlation assumption for the CDFs of

different random variables. However, since correlation does not imply causation, the

proposed approach has confronted challenges especially when dealing with non-monotonic
function analysis. To overcome such challenge, different copula assumptions may need to
be applied on different correlations among each pair of the random variables, and the vine-

based strategy needs to be investigated for the purpose of efficient sampling.

6.3. FUTURE WORK

Future research based on this dissertation can be pursued in the following
directions:

(1) The performance of the BNC-MDA approach for realistic problems with higher
dimensions needs to be evaluated. The proposed approach has been shown effective for
the aero-elastic wing example with 1218 nodes; however, in reality, the dimension of
the coupling variables can be of the order of several thousands. The scalability of the
proposed methodology thus needs to be investigated by solving larger problems.

(2) The extension of the BNC-MDA methodology needs to be investigated for multi-level
analyses, and multi-disciplinary feedback coupled analyses for more than two
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disciplines. The adaptability of the proposed methodology for more complex
configurations of coupled systems also needs to be investigated.

(3) More sources of uncertainty should be included in the proposed methodology. The
probabilistic graphical model estimates the distribution with the marginal distributions
of variables, and the correlations between them. The marginal distributions can be
discrete, continuous and empirical distributions. This means that the graphical model is
capable of incorporating different forms of uncertainty. Therefore, future study should
extend the proposed methodology to incorporate model and data uncertainty sources.

(4) The optimization methods explored in this dissertation used a reliability-based
formulation (RBDO). The extension of the Bayesian network-based approach to
robustness-based design optimization under both aleatory and epistemic uncertainty
also needs to be explored in the future.

(5)In the optimization problems, sample-based strategy was used to compute the
constraint probabilities (for RBDO problems). Future work can incorporate analytical
multi-normal integration of the Gaussian copula instead of the sampling-based strategy,
thus further improving the efficiency of reliability assessment and optimization.

(6) The proposed methods have been currently implemented using the Gaussian copula
assumption. If the Gaussian copula assumption is not justified, then non-Gaussian
copulas need to be used. Efficiency improvements in the presence of non-Gaussian
copulas need to be studied, since sampling with non-Gaussian copula is very time-

consuming.
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(7) All the problems considered in this dissertation were time-independent. Future work
needs to investigate the extension of the proposed techniques to time-dependent

problems.
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APPENDIX I. GAUSSIAN PROCESS SURROGATE MODEL

The GP modeling technique has been used in a wide range of applications such as
data regression and model calibration. A GP regression or interpolation models the
underlying covariance within the data instead of the actual function form. With a set of
training points X7 = {x4, x5, ... x, } and the corresponding model outputs: yr = {y1,y2, ... ¥},
it is assumed that the true response function is modeled by function:

G(x) = h(x)"B + Z(x) (AL1)
where h is a trend of the model, f is the vector of trend coefficients, and Z is a stationary
Gaussian process with zero mean, which indicates the deviation of the model from the
trend. The trend function is usually assumed as a constant, and f is taken as the mean of
the training data y7. The covariance between outputs of the GP Z at two points a and b is

defined as:

Cov[Z(a),Z)(b)] = 0ZR(a, b) (A1.2)
where g2 is the process variance and R is the correlation function. A squared-exponential

function is commonly chosen as the correlation function as below.

d
R(a,b) = exp [— z 0;(a; — bi)z] (A1.3)

where d represents the number of the input variables, and 8; is a length scale parameter

that implies the correlation between the points in the i®*dimension. A large 6; value
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indicates a stronger correlation. The GP model estimates the mean and variance at point x

das:

Ko@) = hG)TB + 1 (TR (yr — FB) (A14)
2) = o 0 F| [h®)
ot = o = hG" r@1|9 F] ] (ALS)

where R is thet X t matrix of the covariances between X; F are the p X t matrix of
covariances between Xp and X and its transpose.
The parameters 62 and 8 are calculated using the maximum likelihood estimation in

a log-likelihood format as below:
1 ~2
loglp(y:|R)] = — ;log(IRI) — log (67 (Al.6)
where |R| is the determinant of R and 62 is calculated as:

6% = ~(yr— FB)"R™(yr — FP) (A17)

Function evaluations with the GP surrogate model are inexpensive; therefore it can
be used to replace an expensive high-fidelity computational model in activities such as

model calibration [47] and optimization [98].
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APPENDIX II. PROBABILISTIC SURROGATE MODELING WITH BAYESIAN NETWORKS

Bayesian network

A Bayesian network is a directed acyclic graph that represents a multivariate joint
probability distribution of random variables using their marginal distributions (nodes) and
the conditional probabilities (arrows). The Bayesian network is capable of incorporating
heterogeneous marginal distributions (e.g., continuous, discrete, binomial and empirical),
and is also able to include functional relationships between the nodes if available. A
common usage of the Bayesian network is to infer the posterior distribution of the
parameters 0, given the measurement data D, which depends on the parameters 6. The

posterior probability of @ given data D could be evaluated using Bayes’ theorem as:

L(O)f'(6) (A1)

IO = r@r@a

where f'(0) and f"'(0) denote the prior and posterior distributions of 8, whereas £(80)
represents the likelihood function of 8, which is proportional to P(D|8).

In this research, the Bayesian network is used as a probabilistic surrogate model that
connects the input and output variables through a joint distribution. A simple model shown
in Figure A2. 1(a) is used to illustrate the proposed approach. The model M has 2 input
variables: X; and X,; and 2 output variables: Y; and Y,. Assume that there is correlation
between inputs X; and X,, and the outputs Y; and Y, are correlated as well. Based on the
model in Figure A2. 1(a), a Bayesian network is built as shown in Figure A2. 1(b). Each

node represents a variable, and the edges denote the dependence relations.
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(a) Two-input-two-output model M (b) BN representation of the model
Figure A2.1 Bayesian network representation of a model with input and output variables

In forward uncertainty propagation, for a given realization of the input values (x4, x;),
the conditional joint distribution of the output variables: f(Y;,Y,| X; = x4, X, = x3) is
estimated. This joint distribution is often evaluated using sampling approaches such as
MCMGC, slice sampling, etc. as mentioned in the introduction. These sampling approaches
may be time consuming or even fail to converge when the Bayesian network contains a
large number of variables. A vine copula-based strategy is therefore adopted to efficiently

generate conditional samples.

Vine copula-based sampling

The vine approach is a way to identify a set of conditional bivariate joint distributions
that represent the joint distribution of all the variables in the problem. Detailed theory on
vines can be found in [74, 99, 100, 101]. Consider the model shown in Figure A2. 1(a), and
assume that samples of X;, X,, Y; and Y, are available. A vine structure can be constructed

as shown in Figure A2. 2.
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Figure A2. 2 Vine representation of the BN shown in Figure A2. 1

where 7;; represent the rank correlations and conditional rank correlations between two
variables. The rank correlations represented by the 6 edges in the BN in Figure A2. 1(b)
are mapped to three non-partial bivariate correlations (solid lines) and three conditional

bivariate correlations (dashed lines) in the vine structure. It has been proved that these 6

correlations along with the marginal distributions are able to uniquely define the joint

distribution of all the variables in the BN in Figure A2. 1(b) [101].

Since the vine approach uniquely represents the multivariate joint distribution using
the marginal distributions of the variables and the six correlation terms shown in Figure

A2. 2, only a bivariate copula function C needs to be assumed for each of the bivariate

distributions. Note that the choice of copula can be different for different edges in a vine
structure. Now, suppose we generate samples of 4 independent uniform random variables
Uy, Uy, U3 and u, from the interval [0,1]. The CDF values of each variable in the BN, which

are correlated, can be obtained using Eq. A2.2 [74].

Uy, = U (A2.2.1)
— r—1
Unalux, = CUXZUX1|ux1 (uz) (A2.2.2)
— -1 -1
quluxzuxl - CUleX2|ux2 (CUleX1|uxlux2 (u3)> (AZZB)
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u
V2 |uy1ux2ux1

_ -1 -1 -1 A2.2.4
=C Uy, Uy lty, {CUYzUX2|uJ/1ux2) [CUYZUX1|uJ/1ux2 (U4)]} ( )

where C are bivariate copula functions between the CDF of two variables. Given a

realization of u;, C;;}; computes the CDF of i®" variable given the CDF(s) of j** variable(s).

-1
ijlj

CUX1UX2 - P(uX1 S U Uy, S uy) (A2.3)

For the sake of illustration, consider the copula function between X; and X, in Eq. A2.3:

Given a realization of u,, and the value of uy, already generated in Eq. A2.2.1, the
CDF of X, can be calculated as

Similarly, the CDF values of Y; and V5, namely uy, and uy,, can be generated using

ux, = Cy, ux, lux, U2) (A2.4)
the bi-variate copulas in Eqs. AZ2.2.3 and A2.2.4. Once the correlated CDF values are

generated, the inverse CDF estimation is subsequently taken to obtain the samples of the

corresponding variables, as shown in Eq. A2.5.

x; = Fit(uy,) (A2,5.1)
X, = FX—zl(uleux1) (A2.5.2)
V= FY_11(uY1|ux2ux1) (A2.5.3)

Yy = Fl’_zl(uyZIuyluxzuxl) (A2.5.4)

When the number of variables within the BN (hence the vine structure) is large, this
series of inverse copula estimations can be computationally intensive. The assumption of a

Gaussian copula provides an analytical solution and avoids the sequential bivariate
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estimation, thus making the sampling inexpensive. A Gaussian copula represents the joint
CDF of all marginal CDFs using a multivariate Gaussian distribution.

To apply the Gaussian copula, the Spearman’s rank correlations between all the pairs

of variables are first computed, denoted as r;;. Then, a Pearson’s transform is applied to get

the conditional linear product moment correlations:

_TyT (A2.6)

pij = 251n(T

As mentioned earlier, the vine structure is a saturated graph, which is not necessarily

true for BN. A missing link in the BN can be expressed in a vine structure by setting the
corresponding rank correlation (conditional or unconditional) as zero. Subsequently, the

conditional product moment p also equal to zero. Therefore, the bivariate unconditional

linear correlations need to be recalculated with the recursive formula [102]:

_ P123..n-1 ~ Pin3,..n—-1 * P2n;3,..n-1

P12;3.n = (A2.7)
\/1 - an;3,...,n—1\/1 - p%n;&...,n—l
A Gaussian copula representing the relationships in Fig. A.1 can be written as:

[ (o7 w)) / cb-l(ul)\\
1 b1 o7 (uy) D (uy) | |

cp(u) = ———exp| —=| . _ “(R*=D-| . _ A2.8

R = e | 72| oty oty || WY

(P D (uy)

where ® ! represents the inverse CDF of a standard normal random variable. u are
independent uniform random variables from the interval [0,1].] is an identity matrix. R is

the covariance matrix of the four variables, and since the marginals of the Gaussian copula
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are standard normals, R is essentially the correlation coefficient matrix composed of the
unconditional product moment correlations p;;.

The multivariate Gaussian distribution in Eq. A2.8 can be used to rapidly generate a
large number of samples of correlated normal random variables. In this case, samples of 4
variables from this joint normal distribution are generated and denoted as X7, X;,Y;,Y;. For
each sample of the variables, compute the CDF with respect to the marginal distributions of
standard normal distribution, and denote the CDF values as uy , ux,, uy, and uy,. Samples of
X1,X3,Y; and Y, are then obtained by taking the inverse CDFs of uy ,uy,, uy, and uy, with

respect to their marginal distributions as shown in Eq. A2.5.
Conditional sampling

The combination of Bayesian network and vine copula-based sampling technique
(BNC) helps to formulate a methodology for efficient modeling and sampling of a
multivariate joint distribution. To use this framework as a surrogate model, the conditional
distributions of outputs y for given values of input x needs to be estimated. Conditionally
sampling with the Gaussian copula assumption is very easy to implement since Eq. A2.8 can
be converted to conditional Gaussian copula analytically. The procedure is as follows:

For example, the conditional samples of Y; and Y, need to be generated given

X, = x1,X, = x,. The equivalent normals corresponding to X; = x;,X, = x, are first
calculated as x] = @1 (FX1 (xl)), xp, = ®71 (FX2 (xz)).

Let u be the mean vector of X;,X,,Y; and Y, in the equivalent normal space

[X1,X5,Y{,Y;]; uis avector of zeros with 4 entries, and R is the covariance matrix:
164



(A2.9)

Then the conditional joint distribution of Y; and ¥, given X; = x7, X; = x5 is denoted
as: f(Y{,Y)|X; = x|, X, =x,)~N(ji,X), where the conditioned mean vector Ji and

covariance matrix X are

i=%.550 [x}] (A2.10.1)
X2
£=3,-Z%,z2;12] (A2.10.2)

Samples Y, and Y, are jointly generated from a multivariate normal distribution, of
which the mean and covariance matrix are calculated as in Eq. A2.10. The CDF values of
each Y] and Y, sample with respect to the standard normal distribution (uy,,uy,) are
computed, and the inverse CDF is taken to obtained the conditional samples of Y; and ¥, as
shown in Eq. A2.5. Thus sampling from the Gaussian copula avoids the evaluation of the
series of inverse copula functions in Eq. A2.2, and is very efficient.

Note that the Gaussian copula assumption is only for connecting the CDFs of the
random variables, which is less restrictive than assuming a joint Gaussian distribution for
the variables themselves. The individual variables can have any arbitrary distribution.
Connections between the nodes (i.e. network topology) could be based on the analyst’s
underlying knowledge of the analysis flow of the model, whereas marginal and conditional
probability distributions (and unknown connections) could be learned from data (samples).

Therefore, the number of samples needs to be sufficient for an accurate BN model.
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A verification approach has been proposed in [101] to test the Gaussian copula
assumption. In this verification, samples from the Gaussian copula are generated 100 times.
The determinant of the normal rank correlation coefficient matrix is calculated for each set
of samples, and the determinants are denoted as detmat;, i = 1...100 . If the determinant
based on the original training samples detmat,,; lands within 90% of the probability
bounds of detmat;, i = 1...100, the Gaussian copula is assumed valid. Otherwise, the
Gaussian copula does not hold, and other copulas need to be investigated. However, if other
copulas are chosen, the sampling efficiency of the stochastic analysis will be downgraded
since the inverse bivariate copula needs to be evaluated for each sample, and thus the vine
approach will become much less efficient. In Chapters 3 to 5, Gaussian copula is adopted in

the BNC approach but verified for each numerical example.
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