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CHAPTER 1

Sensitivity Analysis for Treatment Effects with Endogenously Censored Duration Qutcome

1.1 Introduction

Many program evaluation problems involve censored outcomes. A few classical examples include survival time of
patients in clinical trials, duration of unemployment, length of marriage, the lifetimes of firms, and so forth. In addition
to the usual problems with counterfactual analyses, censoring poses additional challenges to researchers, as it is well
known that the marginal and joint distributions of the latent outcome and the censoring variable are not identifiable if
the censoring mechanism is left entirely unrestricted (Tsiatis, 1975). One popular approach to restoring identification is
by assuming that the two variables are independent, possibly conditional on observed covariates. Although prevalent,
such an assumption can easily be violated in many practically relevant applications. Subject attrition due to unobserved
factors being correlated with the latent outcome, and the presence of competing events are among the most frequently
encountered reasons for the failure of the proposed assumption. As a concrete example, consider clinical patients who
receive poor prognosis. They may decide to withdraw from trials based on such result, causing a positive correlation
between survival and abandonment times. Ignoring this dependence would lead to biased assessments of the treatment.

Methodologies under dependent censoring have received less attention relative to their independent counterpart,
partly due to a lack of consensus on how the dependence should be modeled. The current literature is divided between
imposing a known censoring mechanism and making no assumptions about it at all. At one extreme, if we assume
that the dependence structure is fully characterized by a known copula, we can recover distributional information of
the latent duration from observed durations (see Zheng and Klein (1995)). However, such results are sensitive to the
specification of the true copula. On the other extreme, robust approaches, such as the ones proposed by Khan and
Tamer (2009) and Khan et al. (2016), utilize minimal theoretical restrictions and are likely to generate uninformative
identified sets.

In reality, researchers often have some prior information on the censoring mechanism, which may come from
auxiliary data, scientific theory, or expert opinion. For instance, in the clinical trial example, we may assume the
latent and censoring times are positively correlated based on prior research findings. It is crucial that identification and
inference procedures built by researchers allow one to flexibly incorporate partial information as such when addressing
policy relevant questions.

With this goal in mind, we follow the partial identification approach proposed by Fan and Liu (2018), and assume

that the true copula of latent outcome and censoring time belongs to the well-known Archimedean family. We do



not, however, directly specify the true copula. The Archimedean copulas serve two purposes here. First, it allows the
distribution of potential outcome be explicitly expressed in the form of copula-graphic-type estimands (see Rivest and
Wells (2001)) that we denominate as bound generating functions (BGF). Such functions are smooth functionals of
the observed (sub-) distributions and are indexed by the level of dependence censoring. Second, many one-parameter
Archimedean families are endowed with a concordance ordering (Nelsen, 2007). The BGFs inherit such a property, and
as a result, are ordered in terms of the first-order stochastic dominance (FOSD) relations. This natural ordering then
allow us to explicitly derive the bounds of identified sets for various treatment effects. To the best of our knowledge,
this copula-based partial identification approach to program evaluation has not yet been covered in the literature.

Analytical forms of the bounds render sensitivity analysis with respect to the level of dependent censoring es-
pecially convenient. With endogenously censored data, such analyses are crucial for obtaining convincing policy
assessments, because the assumptions on the censoring mechanism are intrinsically untestable.

Our second contribution is the incorporation of the single-index structure into the aforementioned copula-based
approach, based on which, we propose estimation procedures for the BGFs, as well as the bounds of the treatment
effects, using a novel single-index copula graphic (SICG) estimator. The dimension-reduction feature of this new
estimator is particularly attractive in the current context, where fully nonparametric methods such as those adopted
by Braekers and Veraverbeke (2005), Lopez (2011), and Fan and Liu (2018), tend to be plagued by the “curse of
dimensionality”, due to the multitude of baseline covariates needed for justifying the unconfoundedness setting.

We provide comprehensive large sample results for the proposed estimators, including a uniform linear expansion
for the new SICG estimator. Based on these, we establish functional central limit theorems for the BGFs as well as
the bounds of the treatment effects. To conduct uniformly valid inference, we propose easy-to-implement multiplier
bootstrap procedures, and show the bootstrap uniform confidence sets are asymptotically accurate.

We illustrate the proposed methodology through Monte Carlo studies and an empirical application in which we
compare the relative efficacy of two treatment protocols for acute lymphoblastic leukaemia (ALL): GHS-2000 and
AHOPCA ALL-2008. Using data from a series of clinical studies conducted in Honduras, prior work by Bernasconi
et al. (2022) found that the more recent treatment plan leads to better survival prospects for patients in the first three
years post treatment. Their results depend crucially on the potential survival time and abandonment-of-treatment being
independent conditionally on observed covariates. When we depart from this assumption, however, this conclusion
may not continue to hold according to the results of our sensitivity analysis.

Related literature: This article contributes to an extensive literature on program evaluation with censored data.
The majority of works in this literature rely on the random censoring assumption. See, e.g. Anstrom and Tsiatis

(2001), Hubbard et al. (2000), Lee and Lee (2005), Frandsen (2015), Sant’ Anna (2016), Sant’ Anna (2021), and so



on. Models that accommodate dependent censoring are gaining attention. For instance, Beyhum et al. (2021), and
Crommen et al. (2022) both study inference problems with endogenous treatment models. Our paper differs from
these two, as we neither impose strong completeness nor functional-form assumptions on the data generating process
(DGP), and we do not aim for point identification.

This article is also related to the literature on dependent censoring and competing risk models. Early contribution
by Tsiatis (1975) shows that the joint distribution of the competing risks is not identified, and the best obtainable
bounds are the worst-case bounds derived by Peterson (1976). These results allude to the difficulty of accounting
for endogenous censoring without extra constraints or external information. To model the dependence between the
potential outcome and the censoring variable, we follow the copula-based approach. With a fully known copula, Zheng
and Klein (1995) propose a nonparametric estimator, which extends the one by Kaplan and Meier (1958), and call it
the copula-graphic estimator. Rivest and Wells (2001) show that the estimator has a closed-form expression when
attention is restricted to the Archimedean copulas. Braekers and Veraverbeke (2005), Huang and Zhang (2008), and
Chen (2010) further extend it by incorporating covariates. The known copula assumption is imposed in all of the above
works. In a linear quantile regression setting, Fan and Liu (2018) propose a partial identification approach that allows
copula to vary within a prespecified class. This paper extends their approach to the program evaluation framework.
More recently, Czado and Van Keilegom (2021), Deresa and Van Keilegom (2020), and Deresa et al. (2022) also allow
an unknown copula, but they establish its identifiability via strong distributional restrictions.

We also build on the literature of single-index estimation with censored data. As a powerful dimension-reduction
device, single-index models are widely popular in semiparametric duration analysis, cf. Lopez (2011), Lopez et al.
(2013), and Bouaziz and Lopez (2010). The available results all rely on the random censoring assumption, and are
not directly applicable to the copula-based setting. The novel SICG estimator proposed in this paper fills this gap. It
is worthwhile to mention that it is not restricted to the scope of this article and can be used in many other settings.
Additionally, since we follow Li and Patilea (2018) and impose the single-index structure directly on the potential
laws, rather than on the observed distributions, our estimation procedure for the index parameter is greatly simplified
relative to the aforementioned papers.

Organization of the article: Section 1.2 introduces the framework for endogenous censoring and the treatment
effect parameters. Section 1.3 presents the single-index model, and in addition, introduce Archimedean copulas,
and the bound generating functions. We also provide identification results on the aforementioned quantities in this
section. Next, in Section 1.4, we propose a multi-step estimation procedure for various treatment effects, using the
identification results derived in Section 1.3. We also establish large sample theories for the proposed estimators in this

section. Section 1.5 establishes the validity of multiplier bootstrap procedures, and provide practical guidelines for



constructing uniform bootstrap confidence bands. In Section 1.6, we illustrate the finite sample performance of our
proposed estimators and the bootstrap confidence sets, via Monte Carlo simulations. Section 1.7 presents an empirical

application, and Section 1.8 concludes. Proofs and auxiliary results are collected in Section 1.9.

1.2 Setup and Parameter of Interest
1.2.1 Model Framework
Consider a program in which the outcome of interest is measured by the amount of time until a target event occurs.
Let T € .7 C [0,0) denote such an outcome. We also observe an indicator D for binary treatment: D = 1 if the unit
is treated and D = 0 otherwise. Following Neyman-Rubin potential outcome framework (see e.g. Rubin (1974)),
we denote by 77 and Tp the values that 7 would have taken if D is equal to one or zero, respectively. As a result,
T = DT + (1 —D)Ty. A vector X € 2" C R¥ of baseline covariates is recorded prior to the program. In an ideal
setting, we would observe (T7,Ty,D,X), and make inferences thereof. However, the ideal data is coarsened in two
ways.

First, we only observe the realized event time 7' but not the potential outcomes 77 and Ty. Moreover, the realized
T is subject to right censoring by a random variable, C € .7. As a result, we only have access to ¥ = min{7,C} and
a no-censoring indicator R, where R =1 if T < C, and R = 0, otherwise. Same as the outcome of interest, C,Y and R
are also functions of D, i.e. U = DU, + (1 — D)Uy, where U € {C,Y,R} and U, stands for the potential realization of
U under treatment d. Thus, the available data W consists of (Y,R,D,X). Let Syy(-[v) =P (U > |V = v) denote the
survival function of a random variable U given V =v. Our goal is to make inferences on functionals of S, x, using
information from observed samples of W.

In observational studies, treatment is not randomly assigned. Therefore, the treatment, the event time, and the
censoring variable are all likely confounded. To address the relationship between the treatment and latent duration
outcomes, we focus on the unconfoundedness setup. That is, we impose the following assumption on the underlying

data generating process,

Assumption 1.1 (Unconfoundedness) (71,7y,C;1,Cp) L D|X.

Assumption 1.1 implies that, selection into treatment is solely based on observable characteristics. The assumption
is akin to the standard unconfoundedness condition in the program evaluation literature, as found in complete obser-
vations (cf. Rosenbaum and Rubin (1983), Hirano et al. (2003), and Firpo (2007)), as well as censored outcomes (cf.
Lee and Lee (2005), and Sant’ Anna (2016, 2021)). It differs from the latter two, however, by requiring independence
of the joint law, rather than on the potential event time only. This strengthened condition is necessary since the event

and censoring times can remain dependent, even after adjusting for the covariates.



Since the observed duration Y and the censoring indicator R are deterministic functions of 7 and C, the above
assumption immediately implies that (¥,Yy,R1,Ro) L D|X. We also note that since the experimental setting can be
viewed as a special case of Assumption 1.1, all of our theories presented below will automatically carry over to the

randomized-controlled-trial setting.

1.2.2 Parameters of Interest

We will work mainly with the following four types of treatment effects under the unconfoundedness setup:

(Restricted) Average Treatment Effect: ATE(r) =E[T;(t) — To(r)] ,
Distributional Treatment Effect: DTE(t) = Fr, (t) — F(t),
Quantile Treatment Effect: QTE(t) = Fy, Y1) - Fr (1),

Cumulative Hazard Treatment Effect: CHTE(t) = A, (t) — Ag, (1),

where Ty(t) = 1{T; <t} -T;+1{T; >t} -t is generated from T; by censoring the latter at . The restricted ATE
converges to the usual ATE as ¢ increases. We adopt this restricted measure over the global one primarily because of
the challenges posed by the right tail of the potential outcome distributions. As we will discuss in Section 1.4, they
become increasingly close to boundaries as t grows, and therefore, increasingly difficult to estimate accurately, which
in turn causes inference issues for the global ATE measure.! This measure is also used by Westling et al. (2021).

The quantile function Fy, !(-) and the cumulative hazard function A7, (-) associated with treatment type d € {0,1}
are defined by FTzl(r) =inf{y: Fr,(,) > t} and Az, : Fr, — [ ﬁdFTd, with F~(x) = limg, F(s), respectively.
Note that each of these policy effects can be represented as the difference between smooth functionals of Fr,. These
functionals, denoted by Fr, — Y(Fr,(-))(-), are usually called the treatment responses. It can be shown that each of
the treatment responses introduced here respects the FOSD relations of Fr,. That is, either Y(F(-))(u) > Y(G(-))(u) or
Y(G(+))(u) > Y(F(-))(u) for all u, whenever F(t) > G(t), for all . Such a property will be exploited for characterizing
identified set for the treatment effects. There are examples of treatment responses that violate the FOSD relation. For
instance, the Gini coefficients and Lorenz curves respect second-order stochastic dominance relations but not the
first-order one. Consequently, our identification analysis do not apply in these cases.

Under independence censoring mechanism, the policy parameters are known to be point identified from the ob-

served data. See e.g. Hubbard et al. (2000), Lee and Lee (2005), and Sant’ Anna (2016). However, when the censoring

! Another censored ATE measure, frequently encountered in the literature, is defined as ATE(t) = E[T{ 1 {T} <t} — To1 {Tp <t}]. However,
since the treatment response E[7;1 {T; <t}] does not respect the first order stochastic dominance relations of Fr,, it is incompatible with the
analytical framework adopted in this paper.



mechanism is entirely unrestricted, the best attainable result is the worst-case bounds by Peterson (1976). We aim to
take the middle ground in this paper, and try to address the following type of question: if the level of dependence can
be restricted to a given range, what values of the treatment effects are consistent with this information? The answer
depends on two factors: (i) the quantification of the level of dependence censoring and (ii) a link from the censoring

mechanism to the policy parameters. These two ingredients are discussed in detail in the next section.

1.3 Identification

We describe our identification strategy in this section. Our main result can be divided into two parts. We first introduce
a single-index model, and discuss the identification of its index parameters. Then, in the second part, we provide the
identification results on the distributions of potential durations and the treatment effects through the lens of copula
theory. Despite the order of our exposition, the majority of results in the second part are relatively independent, and

can be established without the embedding of the single-index structure.

1.3.1 Single-Index Model

Semiparametric models offer a good compromise between the parametric approach, which relies on strong assump-
tions on the functional form assumption that may not hold in practice, and the fully nonparametric one, which suffers
from the curse of dimensionality. A well-known example of such a dimension reduction device is the single-index
model, widely adopted in duration analysis. See, for instance, Xia et al. (2010), Bouaziz and Lopez (2010), Lopez
et al. (2013), Li and Patilea (2018), and Biicher et al. (2021). For a generic conditional distribution of Y given X, the
single-index model assumes that Fy|x (y|x) = G(y,x'y"), where G is an unknown bivariate function, and y' is the vec-
tor of index parameters. In general, the coefficients are only identified up to a scale, thus requiring normalization for
point identification. To this end, we arrange the covariates such that the first k| variables are absolutely continuously
distributed, and the remaining k, variables are binary. We set the coefficient associated with the first element, X[, to 1,
and let xy = x| +x/[71]}/, where x|y collects all the other covariates and ¥ is the corresponding subvector of y". Note

that this normalization is not entirely innocuous as it imposes a positive effect on the first component of the covariates.

Assumption 1.2 (Single index structure) (7;,C;) 1L X|Xv,, where 7, is an interior point of a compact set I' C R~

ford € {0,1}.

Assumption 1.2 is an index sufficiency condition on the joint law of the event time and the censoring variable. A
similar restriction appears in Li and Patilea (2018) under the random censoring mechanism. Note that the true index
coefficient may vary across treatment groups, reflecting potential differences in the treatment response heterogeneity.

However, the indices are restricted to be the same across the marginal laws of T; and Cy, for each d € {0,1}. An



immediate consequence of the index sufficiency condition is that X7, can be viewed as a balancing score, meaning
that the potential outcomes are independent of the treatment choices conditional on this index. The result is formally

stated in Lemma 1.1.

Lemma 1.1 Under Assumptions 1.1 and 1.2, (T;,Cy,Y4,Ry) L D|X 7y, ford € {0,1}.

The lemma essentially states that the property of unconfoundedness, as induced by the conditioning set X, is main-
tained under a coarse partition of X generated by the index Xy,. This matching condition is crucial for establishing
the identification of ¥ = (7},%,)’ from the observed data.

With slight abuse of notation, we write Gy (-, xY) = Fy gip xy(*,7|d,xy), and define fy(u) = dFxyp(u,d)/du, for

(d,r) € {0,1}2, where the functional form of G, and f; depends on y. Furthermore, we define

gd,r,y(t) = I{D:d}{l{R: }’,Y S t}de,r(th'}/)}

Ugy(t,d,r) = &y ry(t) fa(X7),

and let & . ¢ and Uy 44 be the same functions defined with observation W;.

Exploiting the balancing property of the index, we will show in Theorem 1.1 that, under the index sufficiency
condition, E[Uy ,, ¢(t,7)|X] = 0 almost surely, for each ,d, and r. This conditional moment restriction will serve as
the basis for the identification of the index parameters. To fully exploit the informational content of such a conditional
restriction, we will follow the “integrated conditional moment approach” common in the specification testing literature.
See, e.g. Gonzilez-Manteiga and Crujeiras (2013) for a review. The idea is to characterize the conditional moment
restriction as an infinite number of unconditional moment equations via some well-chosen family of weight functions

{9(X;z) :z€ Z}. That s,

E[Uqgy,,1(t,7)|X] =0as. < E[Uy,y,(t,r)%(X;z)] =0ae. inz € Z, (1.3.1)

Lemma 1 of Escanciano (2006b) provides primitive conditions on the family of weights for the equivalence in the
preceding display to hold. Here, we list a few examples that satisfy the equivalence condition: (i) ¥(X;z) = 1{X <z},
with z € R, see e.g., Stute (1997) and Dominguez and Lobato (2004); (ii) B(X;2) = 1{X'7s <z}, withz=(z1,22) €
S x R, where SF is the (k — 1)-dimensional unit sphere, see e.g. Escanciano (2006a); (iii) ©(X;z) = exp (iZX), with

z€RFandi=+/—1, see e.g., Bierens (1982) and Lavergne and Patilea (2013).



Now, we define

Sa(r9) = /9x{o I /EJ EUa (2, 1) (X; )] ||* Tl ()T g (1, 7), (13.2)

where Iz is an integrating measure that is absolutely continuous with respect to the dominant measure of z. Similarly,
I17 g is an integrating measure for (¢,r) that is specified by the researcher. It is not necessarily related to the unobserved
law of T. In Theorem 1.1, we will show that y; = argminyer Z4(y;9), d € {0,1}, and the minimization yields a

unique solution, if the conditions given in Assumption 1.3 are fulfilled.
Assumption 1.3 (Identification of index)

. )2 =2°x2l= HZ:] [x¢,,%¢,] % {0, 1}R2; (i) infyyc 27 fa(X7y) >0, where 21 = {xy:x € 2",y eT}; (ii)

J =10,7], where y = inf{y : inf(r,d,x)e{0,1}2x,%‘ Fy, Rylxy (y,rlxys) = 1}.
2. P(D=d|X) > 0, almost surely.

3. There exist sets J C 7, such that for each 1 € %, (i) the function z + Fy, g xy, (t,7|2) is differentiable in z;

(ii) there exists a set 2o C 2, such that P(X € 20) > 0, and dFy, g xy, (t,7|V)/V|y=ry, # 0, for all x € 2.

4. For each y € I, there exists an open interval ¥y satisfying (i) %o C 0122:61{%; + Y10} N2y, where 2 =
{x“] TNX) e Y =1 Xk ¢ (X[l], ...,)C[k]]) € %C}, and (ii) for each 7 € %, if FYd,Rd\X’)/d (t,r|v+u) = FKJ-,Rd\XYd

(t,r|v) for all v € %, then u = 0.

Assumptions 1.3.1 and 1.3.2 are standard. We allow for continuous covariates as well as discrete ones. Here, the
discrete variables are all assumed to be binary, but the restriction can be easily relaxed. Note that Assumption 1.2.1(ii)
implies that 7 < ¢, where 7 and ¢ are the upper bounds in the support of the event time and the censoring variable,
respectively. Outcome beyond y will never be observed, thus the entire distribution F7, |y, , and thus the ATE, can be
identified only if 7 < ¢. When the interest lies in functionals that do not involve the entire distribution, this assumption
is not needed. Assumption 1.3.2 is the usual overlapping condition on the treatment assignment mechanism, imposed
to guarantee that the conditional distribution G, , are well defined on Zr. The next two conditions, adapted from
Assumptions 4.1 and 4.2 in Ichimura (1993), are imposed to ensure the identifiability of the index parameters. Together
with the normalization restriction, Assumption 1.3.3 secures identification of index coefficients corresponding to the
continuous covariates. Assumption 1.3.4 restricts the shape of 2T, and when it is assumed in addition, the coefficients

for binary covariates are point identified as well.



Theorem 1.1 Under Assumptions 1.1, 1.2, 1.3.1, and 1.3.2 it holds that (i)
E[Uqg,(t,r)|X] = 0, almost surely, ¥(d,r,t) € {0, 1}2x 7. (1.3.3)

(ii) If in addition, Assumptions 1.3.3 and 1.3.4 hold, y # vy, implies E[U, ,(t,7)|X] # 0, almost surely, for all (d,r,t) €
{0, 1}2 x . (iii) If in addition, ¥ belongs to any of the classes of functions in Lemma 1 of Escanciano (2006b),
and [z .10.1yd1rr(t,r) > 0, we have that 74(y;¥) > 0, Vy € T, and the equality holds if and only if y = y,, for
de{0,1}.

Theorem 1.3 is a global identification result. It shows that the index parameters can be recovered as the unique
minimizer of the minimum distance type criterion, (1.3.2). Compared with similar approaches by Bouaziz and Lopez
(2010), Strzalkowska-Kominiak and Cao (2014), and Li and Patilea (2018), we do not directly impose the uniqueness
of single-index structure, but rather derive it from primitive and mild conditions on the underlying DGP.

As an implication of Theorem 1.3, we show how ¥ can be estimated based on a reformulation of _#Z;(y;%).

Towards this end, we note that, by means of the law of iterated expectations, #;(7, ¥) can be written as

/d(%P) = /,7><{0.1} E [P(Xl aXZ)Ud,y,l(tar)Ud,y,Z(tar)] dHT,R(t7r)a (134)

where p(x1,x2) = [.c 5 ¥(x1,2)°0 (x2,2)dIIz(z), and A€ is the conjugate transpose of A. The function p might appear
complicated at first, but a convenient closed-form usually follows once an appropriate weight function and integrating
measure combination is chosen. For instance, when ¥ (X;z) = exp(iz’X) and I1z(z) = ®(z), where ®(-) is the CDF of
k-variate standard normal distribution, p (x1,x2) = exp(— ||x; —x2|| /2).2 Other examples can be found in Escanciano
(2006b) and Sant’ Anna et al. (2022). The new criterion (1.3.4) follows the minimum distance function of Li and Patilea
(2018) closely, inheriting many attractive properties of theirs. For one, since the dimension reduction hypothesis is
imposed on joint laws of 7; and Cy, (1.3.2) does not involve complicated conditional Kaplan-Meier type integrals as
is common in the literature. See, e.g. Xia et al. (2010), Bouaziz and Lopez (2010), and Strzalkowska-Kominiak and
Cao (2014). Moreover, no trimming is required, due to the inclusion of f; in Uy . As such, we may avoid dealing
with convoluted multi-step procedures as appeared in Delecroix et al. (2006), and Bouaziz and Lopez (2010).

We propose to estimate the index parameters ¥ by minimizing the sample analogue of (1.3.4). The integration with

2Here we have used the fact that
.y exp(fulu/Z) _ 1l O\ /
/R" exp(iu't) - Wdu =Eylexp(iU't)] = exp(—t't/2),

where the first equality follows by the definition of characteristic function for random variable U, and the second is due to the assumption that U
follows the k-variate standard normal distribution.



respect to Iy g may also be avoided when the it is replaced by a suitable empirical measure. Details of the estimation

procedure are provided in Section 1.4.

Remark 1.1 The index sufficiency condition can be tested based on (1.3.4), following the approach proposed by
Maistre and Patilea (2019). Let Q(y) be a (k— 1) x (k— 1)-invertible matrix with the first column given by y. Consider

the following function

Jarpe)= [ Elp(GQW). X0 Ui (1,1)Uayalt. N (Xev. Xi1)] dTlr a(s,7),

I x{0,1}

where J(-) is a symmetric kernel function, g is a bandwidth, and J,(u,v) = g~ 'J (g~ (v —u)). If Assumption 1.2 does
not hold, after adjusting for X7y, the dependence on X would drive _Z;(y;p,g) away from zero, uniformly in y € T’
and for a suitably chosen bandwidth sequence. In turn, we may construct the test statistic based on sample analogues

of _Z4(7,p,g), and use multiplier bootstrap to generate the critical values. The idea is formalized in Algorithm 1.9.2.

Remark 1.2 We would like to emphasize here that point identification of the index parameters does not imply that of
the marginal distribution of T, as well as the joint distribution of T; and C;. For the latter, Peterson (1976)’s worse
case bounds are applicable here and they are equivalent to the fully nonparametric case, provided that Assumption 1.2

indeed holds.

1.3.2 Partial Identification through Copula
From Sklar (1959)’s theorem, we know that, conditionally on X = x, there exists a conditional survival copula, €x(-, ") :

[0,1]? > [0, 1], such that
P(Ty > t,Cq > c|X = x) = C(Sg,)x (t]x), S, x (c]x)),

for t,c € . Moreover, if the conditional survival functions are absolutely continuous, then % is unique; otherwise
it is only uniquely determined on the range of the survival functions. Sklar’s results allow us to separate the analysis
of the marginal laws and the dependence structure. As is discussed in Section 1.1, we mainly focus on parameter
Archimedean families, but similar identification result can be established for nonparametric families as well. In-
troduced by Genest and MacKay (1986a; 1986b), Archimedean copulas are widely used in economic applications for
modeling a variety of dependence structures. The family is characterized by a generator function @g (-) : [0, 1] — [0,00)

that is usually indexed by a parameter 6 € @:

{6 w.:0) =05 (00 () + 00 () : 0 € O}
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For each 0, ¢y is a known continuous, convex, strictly decreasing function with ¢g(1) = 0. In the above definition,

¢([9_1] stands for the pseudo-inverse of ¢g, as defined by

(Péﬁl](s) _ ¢9_1(S)a 0<s< ¢9(0)
0 $p(0) < 5 < .

If ¢g(0) = oo, ¢£)_” =0y ! and the copula is said to be strict.

We do not seek to identify parameter 6 in this article. Instead, we treat it as a sensitivity parameter that is varied,
to trace out a family of identified sets. Prior information on the dependence structure, such as model restrictions and
expert opinions, will be translated as constraints on 6, which will serve to restrict the size of the identified set.

In place of a random censoring condition, the censoring mechanism of this paper are defined through mild restric-

tions on the copula functions as seen below.
Assumption 1.4 (Copula)

1. (i) The conditional distribution of (77, 7y, C,Cp) is absolutely continuous respect to the Lebesgue measure. (ii)
Conditional distributions Fy, g, p.x (¥,7|d,x) and Fr, x (y|x) are differentiable with respecttoy € 7, forx € 2~

and r,d € {0,1}.

2. The true conditional survival copula of (Ty,Cy), %x(-,), is strict and belongs to the one parameter Archimedean

family €(-,-; ) with generator function ¢g(-) indexed by 8 € ® = [0, 6], forany x € 2 and d € {0, 1}.

3. Let ¢(;(u) = dg(u)/du, for u € (0,1). It holds that ¢;] ()/¢/92() is strictly increasing for any 6,6, € ® with
0, < 6,.

Assumption 1.4.1 is a smoothness condition on the duration outcomes, requiring that the event and censoring times
admit densities on the support of Y. Discretely-measured times pose an additional challenge for identification. Ac-
commodating discrete outcomes along the lines of Kim (2021) will be left for future work. Assumption 1.4.2 stipulates
that the conditional copulas belong to an Archimedean family with the same type of generator function, but the index
parameters are potentially different depending on x. While the assumption streamlines the discussion of identification
and sensitivity analysis, it is not restrictive and can be relaxed to allow for nonparametric generator functions. We let
6 (x) denote the true copula parameter associated with € under treatment d. Archimedean copulas can be justified
in the context of a mixed proportional hazards model with common frailty term, but it is not restricted to such models.
See e.g. Joe (1997) and Nelsen (2007) for detailed expositions. Many Archimedean families include the indepen-

dence copula, ¢g(u) = logu~!, either as a special case or as a limiting one. This feature is particularly convenient

11



for sensitivity analysis using Archimedean copulas. Assumption 1.4.3 and Corollary 4.4.6 in Nelsen (2007) imply the
family of copulas is endowed with a concordance ordering, meaning that € (u,v; 0;) < € (u,v; 0) < € (u,v;6,), for all
u,v € [0,1]> and 6 € [6;,6,]. As aresult, 8 sufficiently characterizes the level of dependence between T; and C,. This
property plays a major part in generating analytical bounds for the treatment effects.

Generator functions satisfying Assumption 1.4.3 are common. A few well-known examples include: (i) Clayton
copula: max{u—® +v=¢ —1,0} /9 with the generator ¢g (1) = & (=% —1); (i) Gumbel copula: exp(—[(—logu)®+
(—logv)?]1/®), with the generator ¢g(u) = (logu~")?; (iii) Gumbel-Hougaard copula: uvexp(—8logulogv), with
the generator ¢y (u) = log(1 — Ologu). For a comprehensive list, see Table 4.1 in Nelsen (2007) and Table 1 in Fan
and Liu (2018).

Provided that the true copula belongs to the Archimedean family, the distribution of 7; can be explicitly expressed,

in terms of the generator function ¢y, G, 1, and sy = 1 — Gy, d € {0,1}. We denote the linking function as the

conditional bound generating function (BGF), which is defined as follows

1, (,37,0) = 05! (— I (sd(y,xw)Gd,l(dy,xy)) , (135)

for (t,d,xy,0) € 7 x{0,1} x 21 x ©. For a function 6(-) : Z~ — O, the unconditional BGF, s7, y(+,0(-)) : 7 x Zr —
[0,1], is defined by s7,,(2,6(-)) = E[s7,(r,X7y,6(X))]. We suppress the subscript ¥, when it is evaluated at its true
value.

The next theorem formally states how the conditional and marginal distributions of 7y and 77 can be recovered

from the observed (conditional) distributions, via the BGFs.

Theorem 1.2 For d € {0,1}, (i) under Assumptions 1.1-1.3, 1.4.1, and 1.4.2, Sz, x(-|x) € {s7,(-~xy4,0): 0 € O},
a.e. forx € 2, and Sz,(-) € {s7,(-,6(-)) : 0(x) € ®,x € Z'}. The identified sets are uniformly sharp over .7, for
de{0,1}.

(ii) Suppose Assumptions 1.1-1.4 hold. If in addition, for any 6,6, € ® such that 6; < 0(-) < 6>, we have
sT, (¢, %Y1, 62) < St x (t]x) < s1,(¢,xY4,61), and 57, (¢,602) < S7,(t) < 57,(¢,01), ae. for (¢,x) € 7 x 2. The identified

sets are uniformly sharp across ¢ and x, for each d € {0,1}.

As a direct implication of the theorem, when the true copula is known, or equivalently when 6 = 0, the distribution
of potential event time can be point identified from data. The result thus extends Rivest and Wells (2001) and Braekers
and Veraverbeke (2005)’s findings to the program evaluation framework. Furthermore, this implies that, when the
outcome is randomly censored, the potential survival distribution can be recovered with the famous Kaplan-Meier

estimator as proposed by Beran (1981) and Dabrowska (1989). We remark that when the index sufficiency condition
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fails, conclusions of Theorem 1.2 will continue to hold with (1.3.5) replaced by its nonparametric counterpart.

Remark 1.3 There is no way to learn about the true copula family from data. Prior work including Zheng and Klein
(1995), Huang and Zhang (2008), Lo and Wilke (2010), and Fan and Liu (2018) finds that the choice of generating
functions are less important than that of the level of dependence 6. Extensive numerical evidence suggests biases
caused by misspecification of the copula family are negligible compared to that caused by 6. As such, the choice of

copula family itself does not accord much identification power.

Remark 1.4 Due to the convexity of the generator function and by construction, the function 7 — s7,(f,xyy,0) is
monotonically decreasing and bounded between [0, 1] for each (d,0) € {0,1} x ®. These constraints may not be

respected when s7, is replaced by its estimator. We discuss a remedy in remark 1.5.

The name BGF is motivated by the fact that the ordering of such functions, as induced by the concordance ordering
of the copula, yields a convenient characterization for the bounds of the treatment effects. Each type of the treatment
effects introduced in Section 1.2 consists of treatment responses that respect the FOSD relations of S7,. As a result,
bounds of BGFs can be translated to those of the treatment responses. Exploiting this insight, we derive closed-form
bounds for various treatment effects in the next proposition.

Let us denote g4,y,6(7) = inf{y : 57, 4(y,0) < 1 — 7} as the 7-th quantile of 1 —s7, ,(-,0), for T € (0,1). Again, the

subscript ¥ is omitted when it is evaluated at its true value.

Proposition 1.1 Suppose that Assumptions 1.1-1.4 hold, and that 6; < 6;(-) < 6y, for d € {0,1} and 6,6, € ©.

Then, we have

vari(1.0) € [ o (571050 —sm(v.00) . [ (s7,0:01) s 3,02)) . (13.6)
Vpre(t,0) € [s1,(t,02) — 57, (t,61), s7,(,61) —s7,(2,62)], (1.3.7)
vore(T,0) € [q1,6,(T) —qo.6,(T), q1,6,(T) —q0.6,(T)], (1.3.8)
venre(t,0) € [log(sz, (t,62)) —log(sr (t,61)), log(sp, (1, 61)) —log(sr (¢, 62))], (1.3.9)

where 8 = (0,,6,),7 € 7 and t € (0, 7). The identified sets are uniformly sharp across ¢ or 7, depending on j.
For a fixed x € 27, bounds for the conditional treatment effects can be determined by replacing sz, (¢,0) and

44,6 (7) in the previous displays with sz, (¢,xYs,0) and ¢ 4(7) = inf{y : s, (y,xs,0) < 1 — 7}, respectively.

For each j € {ATE,DTE,QTE,CHTE}, we let the lower and upper bound be denoted by v;;, j(u,0) and v, ;(u,

0), and let them by denominated as the lower and upper overall treatment effect bound functions (TEBF) for type j,
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respectively. We use the vector V; = (Vpj, Vup, J) to collect the bounds.> With slight abuse of notation, the index
variable u, is allowed to vary depending on the type of treatment effect under consideration. In particular, u = 7 if
j=QTE,andu=tif j € {ATE,DTE,CHTE}.

Proposition 1.1 is the first contribution of the paper. It implies that, if the true copula parameter mappings (6;(-),
0;(-)) lies between constants 6; and 6>, the bounds of treatment effects can be expressed as smooth functionals of
{(s7,(-,01), s7,(-,62)) }acto,1;- Moreover, the lower and upper bounds are related by vi,(-,0) = Vs (-, 8), where
0 = (6,,60,). The size of the identified set is determined by the strength of prior information. As the interval [6;, 6]
narrows, the identified sets become smaller. In the limit, the true copula is known, and the treatment effects can
be point identified. This result generalizes those found in Lee and Lee (2005) and Sant’Anna (2016), to the case
where independent censoring is no longer maintained. Again, even if the index sufficiency condition fails, results of

Proposition 1.1 can be preserved with appropriate modifications to the BGFs.

1.4 Estimation and Large Sample Theory

The estimation of TEBFs consists of three steps. We sketch the steps here, in an informal way to illustrate the main
idea, and the details are provided in subsequent subsections. In the first step, we estimate the index parameters ¥ by
minimizing an estimator of (1.3.4). Next, we construct a consistent estimator for the conditional and average BGFs.
For this purpose, we propose a new single-index copula graphic estimator. In the last step, we construct estimates of

TEBFs using the BGFs estimated in the preceding step.

1.4.1 Single-Index Parameters

As we mentioned earlier, when Il g is chosen to be Fyg, the empirical analogue of (1.3.4) admits an analytical
expression. Hence, we keep this choice fixed for the remainder of the paper. We can also use other integrating measures
that only involve the observed laws. For instance, we may set Il7 g = Fy gp—q Or Il1 g = Fy g—1]p=4, correspondingly
for Uy,y and d € {0,1}. Given a univariate kernel function L(-) and a bandwidth b that changes with sample size n, we

define the sample analogue of Uy and ¢ as

Udyz yv = _Id,y7r.j}Lb(Xi%X/"}/)v

1 n
22{229 Xi, X;) Udyz(Y(/aRZ)Udyj(YbR/))} (1.4.1)

i=1j=1

3 Analogous remarks apply to the conditional TEBFs, vi= (v, I Vi, /) where the definitions for v;, j and vy

b j should be apparent.

14



where Iy, = D¢L{R; =r,Y; <y}, and Ly(x,y) = b~ 'L (b~ (y—x)). Then, for a user-specified weighting function

p(-), we estimate }; by minimizing jd. That is,

fa = argmin Ja(1:p), (1.42)

ford € {0,1}.

Under the regularity conditions to be specified in Section 1.4.3, we can show that the proposed index estimator
is consistent, converges at the parametric rate, admits an asymptotic linear representation, and converges to a normal
distribution. These results are established in Section 1.9.2. Among these results, it is worth noting that the consistency
and convergence rate are particularly useful for establishing the uniform expansion and other properties of the con-
ditional BGF estimator. Similar results for the unconditional case would further hinge on the existence of the linear

representation.

1.4.2 BGF Estimators
Exploiting Proposition 1.2, estimators of BGFs can be constructed from estimators of the index coefficient ¥ and the
observed distributions {Gg,}4, re{o,1}- For the latter, we propose to use the Nadaraya-Watson-type kernel estimator.

Specifically, for any y € T', we let

. S X0 Ly Ky (7, Xi R

Gy r(yxy) = 7= ik (<7, Xit) =X 2 (<7) (1.4.3)
a Liz1 L{Di = d} K (x7, Xiy) Ja(xy)

Ga(y,x7) = Ga.1(3,x7) + Gao(y.xY), (1.4.4)

where K(-) is a univariate kernel function, potentially different from L(-), and / is a bandwidth parameter.* The
observed survival function estimator is given by §; = 1 — Gy, . Replacing s and G, 1 in (1.3.5) with these estimators,

we get

1 L
— T Z ¢9 (fd(Yi?x/Y))[d,t.,r,iKh (XY,X,}/)} ) (145)

SATd(LX%G) - 51 { fd(x}’)n i—=1

It is well known that kernel estimators exhibit large bias around the boundary points. In practice, we may modify estimators of Ky,ry and Fa
as follows to avoid the boundary issue

K‘d‘r,)‘(x’/) = kd‘r,y(z)7 and le(xY) = fd(z)a

where z = min{.Z}} + i if xy € [min{ 2} }, min{ 2} } + h], z = max{ 2} } — h if xy € [max{ 2%} — h,max{ 27 }]; otherwise, z = xy. We keep the
untransformed estimator to simplify technical analysis. Results can be extended to the modified estimators with relative ease.

15



and §7,(1,0) = nolyn $1,(t,Xi94,0), for all £,d,x, and 6. We note that (1.4.5) is an extension of the plug-in es-
timator of Fan and Liu (2018) to single-index models. Although their estimator can also accommodate multivariate
(continuous) covariates, it is, however, not generally recommended due to the curse of dimensionality. We call §7,
the single index copula graphic (SICG) estimator, because it is first-order asymptotically equivalent to the following

estimator

§Td(t7x%e) = ¢9_1 { i Ri(¢9(§d(Yi’xy)) *¢9(§d(Yiax’Y) 7Wi-,n(xv ’}/))) } ’

Yi<t

where w; ,(x,y) = 1{D; = d} K;,(xy,X;y)/ (nfu(xy)). This estimator directly adapts the nonparametric copula graphic
estimator in Braekers and Veraverbeke (2005) to the single-index models. Due to the first-order equivalence, inference
results in Section 1.4 and 1.5 automatically apply to §7 4 as well.

When the independence copula is assumed, i.e. ¢g(u) = —logu, (1.4.5) becomes

u Win(x, Y)Ri
_ : (1.4.6)
S wialx 7)1 {v;> Y,})

§Td,ind<tax}/) = eXp (

1

R;
Wi.n(-xa }/)
~ 1— : , (1.4.7)
1 ( E w1y > n})

where the asymptotic equivalence follows roughly from Taylor expanding the exponential function. When there is no
treatment, (1.4.7) coincides with the conditional single-index Kaplan-Meier estimator, as proposed by Strzalkowska-
Kominiak and Cao (2014) or Li and Patilea (2018). On the other hand, under random censoring, the average BGF can
be directly estimated using the standard Kaplan-Meier estimator of Kaplan and Meier (1958), without going through

the conditioning step.

Remark 1.5 Note that the random function ¢ — 7, (¢,x74, @) necessarily lies between [0, 1] due to the range constraint
on ¢4 ! (). However, as discussed in the previous section, the estimator may not be monotonically decreasing in finite
samples, even though its population counterpart is indeed constrained to be. To enforce the shape constraint, we plan to
rearrange the initial estimator using the procedure proposed by Chernozhukov et al. (2010). This will result in a proper
conditional survival function. From Chernozhukov et al. (2010), we find that the initial and rearranged estimators are
asymptotically equivalent if s7,(,xy;,6) is indeed monotone. For this reason, our focus will be on the asymptotic

results for the initial estimator in the following sections.
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1.4.3 Uniform Linear Expansion

In this section, we will provide a linear expansion for the conditional SICG estimator $7,(¢,x7;,0) that is valid
uniformly across ¢,x, and 6, based on which, a uniform linear representation for the unconditional SICG estimator
$1,(t,0) is also derived. These uniform representations are crucial for establishing results on weak convergence and

bootstrap validity. Here, we first introduce and discuss several assumptions necessary for deriving the claimed results.
Assumption 1.5 (Data)
1. The data {Y;,R;,D;,X;}"_, are independently and identically distributed.

2. There exists y, € (0,3] and v, > 0 such that, for each d € {0, 1}, Fy, g, xy, Vo, 11x¥4) < 1 — v, almost surely in

x€ 2. Let 7 =[0,y,].

Assumption 1.5.1 is standard. Assumption 1.5.2, which is also imposed by Rivest and Wells (2001), and Fan and
Liu (2018), strengthens Assumption 1.2.1 by further restricting the support of the event time. Since many generator
functions are not finite at 0, the condition is imposed to avoid dealing with a divergent ¢ ~!(-), in a neighborhood of
the origin.

For the following set of assumptions, we define a shrinking neighborhood of y; by I'y, = {|ly — 74| < Ccn1/2},

for some positive constant C.
Assumption 1.6 (Smoothness)

1. For a positive integer s > 2 and d = 0, 1, (i) The function v — f; 5, (v), is (s 1)-times continuously differen-
tiable, and the derivatives up to order s are bounded; (ii) 85“1) fay,(v) is Lipschitz continuous in v with the

Lipschitz constant being independent of v.

2. For d,r € {0,1}, (i) the function v — Fy g|p xy, (y,7|d,v) is (s + 1)-times continuously differentiable and the
derivatives up to order s are bounded uniformly on .7 (ii) 8,,(S+1)FYY RID.xy, (¥, r|d,v) is Lipschitz continuous in v
with the Lipschitz constant being independent of y and v; (iii) y — Fy gip xy, (y,r|d,v) is continuously differen-
tiable and the first-order derivative is uniformly bounded with respect to v; (iv) o, Fy, RIDXy, (y,r|d,v) is Lipschitz
continuous in both y and v, where the Lipschitz constants are independent of y, and v; (v) d,Fy gip xy, (v, 7|d,v)

is Lipschitz continuous in y with the Lipschitz constant being independent of v and y;

3. (i) The functions v — E[X4|X s = v], and v = E[X|¢X;|Xy2 = V], £, j = 2,...,k, are four times continuously
differentiable, and the derivatives up to fourth order are all bounded; (ii) the fourth order derivatives are Lipschitz

continuous in v. For r =0,1, ¢, = 0,1, and ¢, = 0, 1, (iii) v > pZI A (y,v) is continuously differentiable and the
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derivatives are bounded uniformly on T X X x I“d,l;5 @iv) 8vpg'1 o (y,v) is Lipschitz continuous in v with the

Lipschitz constant being independent of y, x, and y € I'y ..

4. (i) u — @g(u) is three times continuously differentiable with the third order derivative ¢g'(u) <0 and ¢)g/(u)
being bounded uniformly for (u,0) € [v,, 1] x O; (ii) 1/¢51 (z) and d')'gl (z) are bounded away from O for (z,0) €

0,5] % ©, where 65" (2) = 9(95 ' (2)), §5 () = 0595 (2)). and ¥ = (1= ) SUP( )l 0 | 95 0 G

¢(; (u) and (f)g (u) are Lipschitz continuous in 6 with Lipschitz constant being independent of u € [v,, 1].

Assumption 1.6 gathers a set of smoothness conditions on various functions. Assumptions 1.6.1 and 1.6.2 are as-
sumed in most of prior works, including Delecroix et al. (2006), Bouaziz and Lopez (2010), Xia et al. (2010), and Chi-
ang and Huang (2012). Assumption 1.6.3 serves to bound the bias and to control the rate of first-order remainder terms.
Assumption 1.6.4 stipulates that the generator functions exhibit enough smoothness with respect to both # and 6. These
requirements, akin to Assumption (C8) in Braekers and Veraverbeke (2005) and Assumption G in Fan and Liu (2018),

are necessary when establishing uniformity of the linear expansion of the SICG estimator with respect to 6. Now, we

define w5 (1,x) = — (x_1) — E[X[_y)[xYa]) 0Ga,r(t,v)/OV|v=xy,. and Vy(z,r) = E [Ws,r(t7x)Ws7r(t>X)/fd(XYd)2 :
Assumption 1.7 (Index Estimation)

1. (i) The class of functions {v — g4 .y(v;t) : (d,rt,y) € {0,1}*> x 7 x '} is of the VC type with bounded envelop

function,® where 8d.ry(vit) is either of the following functions and their derivatives up to the second order:
vier fay(v), v Fyrppxy(trld,v), v=EXglXy=v], v EX;X;Xy=1],
for £,j=2,...,k; (ii) for d € {0, 1} and each sequence 8, — 0,

sup Sup |8d.ry(vit) = 8ary(vit)| = 0.
ly=vall<8 (2,70) €T x{0,1} x 21

2. There exists a set .7, C .7, such that P((Y,R) € %, x{0,1}) > 0 and V,(z,r) is positive definite for each
(t,r,d) € 7 x {0,1}>.

This assumption collects several regularity conditions needed for showing asymptotic behavior of the index esti-

mator ¥. The first condition provides uniform control for the local difference of second order derivatives of (1.4.1),

5For a matrix X, X® with ¢ = 0,1,2 denote 1,X, and XX, respectively. Define

P 1, 059 = 3G { faCn) B[ G (0 X3) (5 = X ) *2 Xy = 7] }. (1.48)

SPrecise definition of VC (Vapnik-C&rvonenkis) type class is recalled in Section 1.9.3
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while the second condition is imposed to guarantee that the Hessian matrix is positive definite, and thus, the asymptotic

variance matrix is invertible.
Assumption 1.8 (Kernel)

1. The kernel function, L(-) is symmetric, supported on [—1,1], and of bounded variation; (ii) it is twice con-
tinuously differentiable on (—1,1) and the derivatives up to the second order are continuous and of bounded

variation.

2. The kernel function, K(-) is symmetric, supported on [—1,1] and of bounded variation; (ii) it is twice con-
tinuously differentiable on (—1,1) with uniformly continuous and bounded derivatives; (iii) [K(u)du = 1,

[ u’K (u)du = 0 for nonnegative integers ¢ < s, and [ u’K (u)du < oo.
Assumption 1.9 (Bandwidth)
1. The bandwidth b satisfies: b — 0, logn/ (nb*) — o, nb* — 0, as n — oo.

2. The bandwidth £ satisfies: & — 0, logn/(nh*) — 0, and nh* — 0, as n — oo

The restrictions on the kernel and the bandwidth are relatively mild. Assumptions 1.8.1 and 1.9.1 are imposed

to ensure the estimation error from estimating ¥ is of the order less than n1/2

. Meanwhile, Assumptions 1.8.2 and
1.9.2 provide rates control for the conditional SICG estimator. The smoothness conditions on the kernel functions
serve two purposes: (1) it guarantees that L(b~'(-y —xy)) and K(h~'(-y — xy)) belong to the VC type class, which
is necessary for establishing uniform convergence of several U-processes arising from the expansion of the kernel
estimators; (2) it also allows us to control the rate of bias terms by means of Taylor expansions. Assumption 1.8 is
satisfied by frequently used kernel functions, such as uniform, triangular, biweight, triweight, Epanechnikov kernels,
etc. The Gaussian kernel, however, is ruled out due to the compact support condition.’

Due to the single-index structure, bandwidth conditions are independent of the dimension of X, k, meaning our
estimator is not subject to the “curse of dimensionality”. As a result, higher order kernels are not necessary when the
covariate is multivariate. We require nb> / logn,nh? /logn diverge to infinity, so that the first-order expansion of the

kernel function with respect to ¥ is uniformly convergent. By imposing nh* — 0, we undersmooth to make the bias

disappear asymptotically.

Remark 1.6 As is the case for all semiparametric estimators, the smoothing parameters play a crucial role in the

trade-off between reducing bias and variance. It is therefore desirable to have a data-adaptive way of choosing the

7Compactness of the kernel function is not essential, and can be relaxed by imposing conditions on the tail diminishing rate of the kernels. See,
e.g. Maistre and Patilea (2019) for a detailed treatment.
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parameter. One possibility is to estimate b and Y, simultaneously via minimizing (1.4.1) with respect to (b,7). In
practice, we may follow a simple grid search procedure: (i) pick a finite grid {b}}", from the set [b;n",b,n""], for
some positive constants b; < b, and some 1 that fulfills Assumption 1.9.1. (ii) Minimize (1.4.1) with respect to 7y, and
record the minimum {_#,(b) }aeqo,1y for each b in the grid, and keep the value of bandwidth such that { jd(b)}de{o,l}

attains the minimum value. When a second-order kernel is adopted, i.e. s = 2, we may set & equal to b.

Now, we define a few more quantities related to the influence functions. Let &y = ¥, 1 &4y, and Y =

Yr—0.1 ¥ - Moreover, Wi (W) = [ 7,101y ElWE, (0. X1) fa(Xi¥a)p (X1, X)|X] Uay, (v, r)dFy r(y,r), and

Vi= /%{o 1}E (Wi 0 X0) WG (0, X2) fa gy (X1Ya) fa gy (X2 Ya) P (X1, X2) | dFy R (3, 7),

1 ! "
o (or, x7.0)) {—/0 0p (sa(»,xYa)) f1(y)Ga1 (dy, xYa)

40 Galex)) 20— [ 08 Guvoen) 1 (y)sdwmd)} ,

Y, (f1,/2) (t,x,0) =

where W, (-, ) is a functional mapping from £e.(.7) X lea( T ) t0 buo( T x 2 x @), ford € {0,1}.8

Theorem 1.3 (Uniform asymptotic linear representation) Suppose Assumptions 1.1-1.9 hold,
1 n
de(t7x?d56)_sTd(tax’yd76) = 72 Z nj,d(m»x7t76)+rn(xat76)
i=1 je{s,b,l}

where

ns,d(W,xJ, 9) =K ('x’YdaXYd)qld (é()d.,}'wéad,l,%i) (tvxv 6)/fd(x7d)7
Mpa(W,x,1,0) = Ky (xYa, XVa)Pa (Ga (-, XVa) — Ga(-,xYa), Gt (X Va) — Gt (- xYa)) (t,x,0) / fa(xVa),

nl,d(vavtv 9) = W({i)(W)/VdillPd (W:llv ws,l) (t7x7 9)/fd(x’}/d)

and SUp,, ) 7 5o Ira(x.1,0)| = O ((logn)' P 1h3/2)

This theorem is the second main result of this article. It shows that, the conditional SICG estimator is asymptoti-
cally linear, and its influence functions can be split into four parts. The first two term, 7, 4 and 7y, 4, are associated with
the stochastic part and the bias of the usual kernel expansions. Of the two, the first component dominates in the limit

with a uniform rate of O, ((log n)l/ 2oy 2) , free from the curse of dimensionality. The third component, 7 4,

8For a generic set .7, (w(.7) is the space of all uniformly bounded real functions on .#, equipped with the supremum norm, [|f]| 5 =
supe o | (5)]-
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is unique to the SICG estimator. It arises from the estimation of the index parameters and converges at the parametric
rate, implying that the estimation error of the index coefficients is asymptotically negligible. Consequently, the main
conclusions of the previous theorem remain intact when estimators other than ¥ are used, provided that such estimators

are root-n consistent.

1.4.4 Weak Convergence

This uniform linear representation allows us to apply techniques in the empirical process literature to establish weak
convergence of the bound generating processes. The weak convergence, denoted by “=", is in the sense of Hoff-
mann-Jgrgensen—Dudley, as recalled in Section 1.9.3. See, also Definition 1.3.3 of Van Der Vaart and Wellner (1996).
The convergence takes place in e ().

Before stating the results, we will first need to introduce a few notations again. For 8 = (6;,6,) € 02, we collect
the conditional and unconditional SICG estimators by S)‘(t, 0) = (le (t,x%4,61), §1,(t, X9, 92))/, and by S(t, 6) =
(87, (,61), $7 (1, 92))/, respectively. Analogously, the BGFs are collected by S* and S, respectively.

We refer to G (-,-) = \/%(SX(J —§%(-,+)), for a fix x € 27, as the conditional bound generating process
(CBGP), and let G, (-,-) = /n (S (-,-) =S (:,-)) stand for the unconditional bound generating process (UBGP). The
main goal of this section is to show that both CBGP and UBGP converge weakly to centered Gaussian processes. For

this purpose, we need an additional assumption, which is given as follows.

Assumption 1.10 (i) 1/¢, !(z) is Lipschitz continuous in 6 with Lipschitz constant being independent of 6 and
z€[0,y:]; (i) ur— (i)g (u) is (s+ 1) times continuously differentiable with the (s + 1)-th order derivative being bounded

uniformly for (u,0) € [v,, 1] X ©;

Assumption 1.10.(i) not only allows us to bound the derivative of ¢, ! (+) uniformly, but also contributes to control-
ling the size of the functional space associated with influence functions of the CBGP. Assumption 1.10.(ii) strengthens
Assumption 1.6.4.(i). It ensures that the bias from approximating the UBGP by an empirical process is uniformly
negligible. Most generator functions of the Archimedean family satisfy this stronger smoothness condition.

In the following corollary, we establish weak convergence of the CBGP. Its proof is the combination of Theorem
1.3 and Theorem 10.6 in Pollard (1990), the latter of which provides a set of sufficient conditions for the weak

convergence of triangular arrays of non-identically distributed random elements.

Corollary 1.1 (i) Under the assumptions of Theorem 1.3, and suppose that Assumption 1.10.(i) hold, then Gf, ()=
G*(-,-),in leo(T x O%) x Leo(T x @), where G* is a two-dimensional, tight, centered Gaussian process with covari-
ance function,

Z)TC] (ta 0) =E [¢X(W7t17 01)¢X(W7t27 02)/] )
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foreacht = (t1,n)' € 7 x 7,0 =(0/,0,) € @ x @ and for j = 1,2, 8; = (6;,0,), and @*(w,1,0;) = (N51(w,x,

t, 9]'), T]S_’()(W,x,l, é]))

To the best of our knowledge, this result is new to the literature. This result differs from Theorem 2 in Braekers
and Veraverbeke (2005) in a number of ways. First, our CBGP is indexed not only by the time 7 but also by the
copula parameter 6. In comparison, they study a similar process indexed by the time only. Consequently, our result
generalizes theirs by relaxing the restrictive assumption that copula is completely known. Given the non-identifiability
result from Tsiatis (1975), this generalization is a crucial initial step in our sensitivity analysis. Secondly, they consider
a univariate fixed design for the covariates, whereas we adopt a single-index model that accommodates multivariate
random variables, and allows them to be either discrete or continuous. Despite these differences, the covariance
functions share a similar structure in the two papers. See Section 1.9.3.3 for formulas.

The following corollary records results on the UBGP that are parallel to Theorem 1.3 and Corollary 1.1.

Corollary 1.2 (i) Suppose the assumptions of Theorem 1.3, and Assumption 1.10 hold, we have that, for (d,?,0) €

{0,1} x 7 x @,
l n
de(l,G)—STd(t,G) = ;Z(pd(m,t,e)+Rn(t,6),
i=1
where @ = Y7, ¢4,

(Pd,l (W7t7 9) = lIId (éad,’)/dv(gad,l,)/d) (t7X7 e)f(XYd)/fd(XYd)a

(Pd,Z(W7tae) :STd(t7X'}/d,9) 7STd(t79)7

and sup, g)c 7@ |Ru(1,0)| = 0, (n71/?).
(i) Furthermore, G, (-,-) = G (-,-), in £eo(.T X ©%) X Loo(.T x ©?), where G is a two-dimensional, tight, centered

Gaussian process with covariance function
Z(p(t7 0) =E [¢(W7l‘17 0)o(W,1, 62)/] ,

foreach t = (11,1)' € 7 x 7 and 0 = (6/,05) € © x @, and for j = 1,2, 8, = (0,,6;), and @(W,1,0 ;) = (o1 (W,

t»ei)v (P()(W,t,éj)).

As a first result, Corollary 1.2 provides a uniform linear expansion for the unconditional SICG estimator. The

influence function can be decomposed into two parts. The first part, ¢4 1, comes from estimating the conditional
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BGE. It is the linear representation of the first-order Hoeffding projection of the dominant U process. The second
component, @, -, arises from the sampling variation of X. Based on this uniform expansion, we show that the UBGP,
as a process indexed by both ¢ and 6, converges weakly to a centered Gaussian process. The rates of convergence are,
however, different from the CBGP.

With these two corollaries in hand, we are equipped to present inference theories on the estimators of TEBFs.
According to our discussion earlier, TEBFs are smooth functionals of the BGFs. It implies that, we can apply the
functional delta method (see e.g. Theorem 3.9.5 in Van Der Vaart and Wellner (1996)), and show that the plug-in
estimators of TEBFs will satisfy functional central limit theorems.

Now, let us define plug-in estimators for TEBFs. For i = 1, ...,n, denote the i-th order statistics of ¥ in the sample
by Y;.,. Let the quantile curve estimator be given by §46(7) = inf{y: §7,(y,0) < 1 — 7}, and its conditional version,
by q; ¢(7) = inf{y : $7,(y,x2,0) < 1 —7}. With these notations, and in view of (1.3.6) - (1.3.9), we consider the

following estimators of the lower TEBFs,

n—1
Vipare(t,0) = Y. 1{Y 1) < Yo} (Yit1)m — Yin) (§1, Yin, 62) — 81, (Yien, 61)) , (1.4.9)
=1
Vib,pre(t,0) = $1, (1, 62) — 1, (2, 61), (1.4.10)
Vib,ore(T,0) = G41,6,(T) — Go,6, (T), (L.4.11)
Vin.cure(t,0) =log(S10(t,602)) —log(s7,1(1,61)), (1.4.12)

where ) < 6. t € 7, and 7 € (0,7,), where 7, = 1 — SUP(y 0Ye 2 x© 5T, (o, X¥a, 0). Estimators of the upper TEBFs
can be constructed by swapping the places of 0; and 8, on the right hand side of preceding equations. Here, we have
restricted the upper bound of .7 to y,, in order to avoid entering into the explosive tail area of the generator functions.
Consistency of the ATE requires that y, be sufficiently close to y. Toward this end, we may set y, as a large value close
to ¥, in practice.

To understand the formula for ¥, s7g, We note that §7,(r,0) and §g, (¢, 0) are step functions in 7, with jumps at
{Yi:n }1_, only. The integral over [0,7] can thus be divided into intervals with end points set by the order statistics. In
each interval, the integrand is constant, yielding the product form.

In the remainder of this section, we will investigate the asymptotic behavior of \/n (V; — V) as well as \/rTh(\A/)j‘ —
V’j‘) for j € {ATE,DTE,QTE,CHTE}. Again, let us introduce a few quantities, which are related to the influ-
ence functions of limiting processes. For 8 = (8;,6,) € ©2, with 8; < 6,, define vV, (Wu,0) = (y1,;(W,u,6,) —
Vo,j(W,u,01), w1,;(W,u,01) — W ;(W,u,62))" and Wij(W,u,0) = (i ;(W,u,02) =y ;(W,u,61), yi ;(W,u,01) — v ;
(W,u,6,))", for j € {ATE,QTE}. Meanwhile, we let W ;(W,u,0) = (1 ;(W,u, 01) — o ;(W,u, 62), w1 ;(W,u, 6;) —
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I[IOJ(W,M, 91))/ l[/);(W,m 0) = (l[/fj(Wﬂ/t, 91) — l[/&j(W, u, 92), l//fj(W7u, 62) — lV&j(W, u, 91))/, for j € {DTE7CHTE},

where
VaareW.0)= [ 0uWy, 00 YiareWt,0)= [ (W 0)dy
Vapre(W.t,0) = —@q(W,1,0), Vapre(W.1,0) = —15a(W,x,1,6),
Vaore(W,7,0) = (p;idu(/qjde(z(;) ))v Viore(W,7,0) = m;ﬁ(;ﬁ«;ﬂf%
Vacure(W,t,0) = (p;lT(jz/t’ té?)a Vacure(W:t,0) = —ma
ford € {0,1}.

The next theorem establishes uniform central limit theorems for the conditional and overall TEBF estimators.

Theorem 1.4 (i) Suppose the assumptions of Corollary 1.1 hold. Then, for j = ATE,DTE,CHTE,

VAR (B3~ Vi) = Ve (G0,

J J

in lea(% % @%) X Lo U x ©7), where V' .(G)(:,-) is a tight, two-dimensional, centered Gaussian process with
covariance kernels ¥(u, ) = E[y}(W,u1,01)y5(W,u2,02)'], and u = (u1,u2), 6 = (8',03)". If in addition, for

d € {0,1}, 0 < inf(z 0)c(0.7,)x0 f1,(44,6(T): 8) < SUP(¢ g)c(0,z,)x0 f7,(4a,6(T),8) < oo, we have, in loo(% x %) x
loo(U x @),

M(OETE(U )= Vore(s)) = Vores(G*)(-,).
The tight, two-dimensional process v’QT E S (G*) is centered Gaussian with covariance kernel
0rE(T:0) =E[Wore(W,71,01)Wore(W, 12, 02)].
(ii) Suppose the assumptions of Corollary 1.2 hold. Then, for j € {ATE,DTE,CHTE},
V(@) =vi()) = vis(G) (),

in loo(% X @%) X boo(% x ®?), where Vis(G)(:,) is atight, two-dimensional, centered Gaussian process with covari-

9Definition of the set 7 depends on the type of treatment effect under consideration. Specifically, = @ if j =ATE, % = (0,1,), if j = QTE.
Otherwise, Z = 7.

24



ance kernels Z;(u, 0) =E[y ;(W,u1,0,)y;(W,u2,0,)'], and u = (u1,u2), @ = (87, 03)'. If in addition, for d € {0,1},

0< inf(r,x,e)e(o,ro)x%x@)de,x(C];ﬂ(T)a 6) < Sup(r,x,e)e(o,ra)x%x@de-,x(qzﬁe(T)76) < oo, we have, in loo(% X ®2) x

loo(U x @),

Vin(Vore(,-) = vore(-,-)) = Vores(G) ().
The tight, two-dimensional process v’QT E,S(G) is centered Gaussian with covariance kernel

Z“QTE("'-’ 0) = IE["’QTE (Wa 1, el)WQTE (W, 12, 92)/]'

Theorem 1.4 forms the basis for pointwise as well as uniform inference on the TEBFs. Nonetheless, the result
cannot be directly used for such a purpose, since the limit processes contain various unknown quantities. The approx-
imation of these quantities can be avoided by means of a standard nonparametric bootstrap procedure. However, its
implementation requires recalculating estimators of ¥, the BGFs, and the TEBFs in each bootstrap iteration. Since
optimization of (1.4.1) is computationally intensive, we adopt an alternative multiplier bootstrap procedure that entails

approximating the influence functions, but dispense with the need for reoptimizations.

1.5 Multiplier Bootstrap
In this section, we propose simulation methods, based on the multiplier bootstrap, for approximating the limiting
processes introduced in the previous section. We show the bootstrapped processes converge uniformly to the limiting
Gaussian processes defined in Corollaries 1.1, 1.2, and Theorem 1.4. Given these theoretical results, we then provide
practical algorithms for conducting pointwise and uniform inference on the treatment effects.

Let {&; 5} | be a sequence of random variables with zero mean and unit variance. We call them the multiplier
weights. These weights are drawn independently of the main sample {W;}" ,. Given the weights, we define the

following two multiplier processes,

~e(1,0)=n""2R2Y @ (W, &,1,0), and G, g (1,0) =n" 'Y @"(W;,&,1,0),
: i=1 ' i=1

where @ = (n;,1;,)", and n;,(W,&,1,0) = & -n,4(W,2,0). We also have @* = (¢, ¢5)', and ¢;(W,&,1,0) =
E{ Qa1 (W,1,0)+ @42(W,1,0)}. Since the influence functions contain unknown quantities, we need to replace them

with their estimates in practice. We propose reusing Gy(y,x7;) and (A;d‘yl (y,xf4) in the construction of the influence
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function estimators:

é%d,f/d(%x) = I]-{D = d} (]]'{Y Sy}_GAd(y,X')?d)),
14, (0ox) = 1{D = d} (RL{Y <y} — Gy (v.x7)),

R n 1
Y (gd’?d’éad"l’?d) (x.6)= A (frd(t xY4,0

)) {¢é (§d(t7x?d)) (?d717)7d (t,x)

1 R . NN
+7zldm¢e ($a(Yi,xP)) (Ea1,,(Yi, x) — Ridy 5, (Yi, ) K (xFa, Xia) ¢ -
nf(xfa,d) i=

We define the estimated multiplier processes by substituting the above estimators into the multiplier processes. Specif-

ically,

Gre(t,0) =n"'2h'2 Y @ (W;,&,1,0), and G, ¢ (1,0) =n"'/? Z (W;,E,1,0),

i=1

where @x* = ((ﬁf*’(p())c*)/’ ¢* (@ 0 ) (Pé*(w é ) 6 : ﬁs,d(w7xat79)’ (p;(WvéJae) = é ! {@d,l(Wat79)+
¢d72(W,t,9)}, and

(XVmXYd)
sd(W,&,x,t,0 —_— Eg s,y b, t,x,0), 1.5.1
fsa(W,&,x,1,0) = Fotnd) Wa (Guagyrbarg,) (6,%,6) (1.5.1)
N J(X%)
Pa1(W,1,0) = Fxq )Td (Gagurbarg,) (6,X,6), (1.5.2)
Fa,d
¢d,2(Wat7 6) = S‘\T’d(Z‘,X'}A/d, 9) _E”[fTﬂ(t’X?d) 6)} (153)

Assumption 1.11 (Multiplier weights) {&;}" | is a sequence of i.i.d. random variables, defined on a probability

space independent of {W;}7_,, satisfying E[£;] = 0 and E[£?] =

There are several different choices for £ that are commonly encountered in the literature. For instance, when & = .4/,
where .4 is a standard normal random variable, it is referred to as the Gaussian multiplier method, as seen in Giné
and Zinn (1984). When & = A7 /v/2 + (5% —1)/2, where 4] and 4] are mutually independent standard normal
random variables, it corresponds to the wild bootstrap method, as seen in Mammen (1993).

In the next theorem, we show that the estimated multiplier processes Gﬁ £ and @n,§ approximate G* and G,
respectively. The approximation, formally termed as conditional weak convergence in probability, where the condition

is on the main sample, is in the sense of Section 2.2.3 in Kosorok (2008).

Theorem 1.5 Under the assumptions of Theorem 1.3, Assumptions 1.10, and 1.11, we have that (i) @i £ 5 G*, and

:
(ii) G, ¢ % G
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Theorem 1.5, combined with the functional delta method for the bootstrap (see e.g. Theorem 3.9.11 in Van
Der Vaart and Wellner (1996)), allows us to establish the validity of plug-in estimators of Hadamard differentiable

functionals. Let us first define the estimated multiplier processes for the bound curves, @5’ jand @z: j» by

Ge j(u,0)=n""20'2Y (Wi, &,u,0), and Gy ;(u,0)=n""2Y W5 (W,&,u,0), (1.5.4)
i=1 i=1

for j € {ATE,DTE,QTE,CHTE}, 6 = (6;,6,) € ®%, with 8; < 6,. In the preceding definition, we use the fol-
lowing estimators of the influence functions: ¥3(W,&,u,0) = & - (Y1, ;(W,u,62) — o, j(W,u,01), 91 ;(W,u,0) —
Wo,j(W,u,6,))" and 7" (W, &,u,0) =& - (97 ;(W,u,62) — 95 ;(W,u, 01), W7 ;(W,u,0) — 5 ;(W,u,8,))", j € {ATE,
QTE}; moreover, Y3 (W, &,u,0) =& (Y1 ;(W,u, 01) — o, j(W,u,6), ¥ j(W,u,8:) — P j(W,u, 01)) ¥ (W, &, u,8)
=& (07 ;(Wou,00) — 05 ;(W,u,02), 91 [(W,u,0,) — 9 (W.u,01)), for j € {DTE,CHTE}, where

llA/d,ATE(WJaQ):”Z: {Yir1yn <1} (Vi) —Yin) Qa(W,Yin, 0), (1.5.5)

Wi are(W,1,0) = Z‘jn{y,+1 <t} (Y 1ym — Yin) Nsa(W,x,Yin, 0), (1.5.6)

Vapre(W,t,0) = —¢s(W,1,0), i prE(W,t,0) = —f5.a(W,x,1,0), (1.5.7)

Vaore(W,7,0) = M, Wi ore(W,7,0) = a1, qf“’(f)’e), (1.5.8)
J1,(9a,6(7),0) ’ J1(85,6(7),6)

Vacure(W,t,0) = ‘P;’T(dwt’t é()’), 0 e (W,1,0) = ’W (1.5.9)

ford € {0,1}. In (1.5.8), fr,(t,6) and fr, (,0) are any first-stage estimators of fr,(¢,08) = —dsz,(y,60)/dy|,— and

fr,x(t,0) = —9st,(y,xY4,0)/dy|y—, respectively, that are uniformly convergent as required in the assumption below.

Assumption 1.12 (First stage density estimator) There exist first stage estimators de (¢,0) and de’x(t, 0) that are

consistent for fr,(¢,60) and fr, .(t, 0), respectively, uniformly over 7 x 2" x @, for d € {0,1}.

In Section 1.9.3.4, we describe an estimator of the conditional density and show that it fulfills the preceding

assumption.

Corollary 1.3 Suppose the assumptions of Theorem 1.4, Assumptions 1.11, and 1.12 hold, we get (i) Gg j ? v}_sx
Ll A P .
(G¥), and (ii) Ge,j 2 v‘;7s((C:‘r)7 for j € {ATE,DTE,QTE,CHTE}.
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1.5.1 Bootstrap Confidence Bands

The functional central limit theorems for multiplier bootstrap established in the previous section can be used to con-
duct point-wise and uniform inference for the TEBF estimators. We provide an algorithm for constructing uniform
confidence bands of the overall TEBF estimators in what follows. An analogous procedure that produces uniform
confidence bands of the conditional TEBF estimators is given in Section 1.9.1.3.2. Point-wise confidence intervals are
by-products of these two algorithms.

Let sz,g, jand @ub,g, ; denote the first and second component of (Gé. j» respectively.
Algorithm 1.5.1 (Uniform confidence sets of overall TEBFs)

1. Select a finite grid set %, = {u1,u2, ..., un } from %, where the index u depends on the type of treatment effect

under consideration. Pick a set @; = {01,...,0;} with 0, = (6, 5,0, ) € ®2, and 015 <6y, foralls=1,...,1
In Steps 2-5, the calculations will be performed for d,r € {0,1},¢ € g, 1€ (0,7,), 0 € O, and u € %y,.

2. Estimate 7, GAdﬁl(t,x}?d), Gy(t,x9;), and $§7,(¢,0). If j = QTE, compute g4, (7) and de (¢,0).

3. Calculate V;(u, 0), @41 (W,1,0), §g2(W,1,0), and ;(W,6).

4. Sample {£P}7_, from a distribution with zero mean and unit variance, independently from data. Calculate v,
and Ggb ;(u,0).

Repeat Step 4 for b = 1,..., B, where B is some large integer.

B
} ,and
b=1

5. For £ = 1b,ub, compute the (1 — )-th quantile Ef.z j(oc, U, ©;) of {maleSm,lSsSl H(G:[_réb_’j(u,-7 6,
construct the uniform confidence band
Clp (1= 0, %, @) = { V0,10, 0) ™28, (0, %, 01) 1 € %,,0 €@}

The null hypothesis, which posits that a given TEBF is identically 0 over the index set %,,, can be tested directly
using the simulated bootstrap critical values. More generally, tests of FOSD relations, such as {v; ;(u,0) <0:u €
Un, O € O}, and tests of homogeneity, such as {V;((u,0) = [, Vv;(i,8)dii: u € %,,0 € @} can also be easily

B

constructed using the simulated bootstrap process {G&ﬁ j}b ; which is a byproduct of Algorithm 1.5.1.

Note that Cfi ¢ j(l — o, Uy, ®;) are uniform across both u and 6. Pointwise confidence sets are immediately avail-
able from the two aforementioned procedures, by setting %, = {u*}, ®; = {8}, for some u* and 8" specified by the

researcher.
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We denote the confidence set generated by Algorithm 1.9.1 as CZ? j(l — o, %y, ©;). The next theorem confirms

that the uniform bootstrap confidence bands for both conditional and overall TEBFs are asymptotically accurate.

Theorem 1.6 Suppose the assumptions of Corollary 1.3 hold, we have

lim inf P(vzj(u,e)er’B

(1—o, %y, ® ):1_%
n—° (11,0) €U x O n,&j( (s O)

lim inf  P(vg;(u,0) €Ch,i(1— 0, %, @) =1—a,

109 (1, 0)E Uy x O

forxe 2,0 € {lb,ub}, and j € {ATE,DTE,QTE,CHTE}.

1.6 Monte Carlo Study

Results from the previous section imply that the estimators and uniform confidence bands for the conditional and
overall TEBFs will exhibit desirable properties when sample size is sufficiently large. But what about their small-
sample performance? To address this question, we conducted a small scale Monte Carlo experiment. The DGP for the

simulations consists of the following four aspects:

1. The conditional survival functions: For d € {0,1}, both T; and C; follow the conditional Exponential distribu-
tion. Specifically, Sy, x(t[x) = exp (—=A¢a(xya)t), where the hazard rate parameter A 4(xy;) > 0, for x € 2,

¢e{T,C},andd € {0,1}.

2. The copula function: The true conditional survival copula is assumed to belong to the Archimedean family with

the Gumbel generator function: ¢g(u) = (log u 1) 0 and
* % 1 6*(
ng(u,v) = exp < [(logu_l)ed(") + (logv_l)ed()‘)] /67 x)> 7

where 6] (x) C [1,00), forallx € 2" and d € {0, 1}.

3. The covariates: X = (X;,X»,X3), where X; and X, are drawn from truncated normal distribution with mean
and standard deviation equal to 0.5 and 1, respectively. The two variables are restricted to lie in [0.01, 1]. The

remaining one X3, is a binary variable, following Bernoulli(0.5). The three variables are mutually independent.

4. The treatment assignment mechanism: the treatment status D is determined by D = 1{p(X) > U}, where U

follows Uniform[O0, 1], and

exp(—0.1X; +0.1X;
p(X) = ( ) ,
1+exp(—0.1X; +0.1X3)
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is the true propensity score function.

The BGF admits an analytical form when A7 4(-) = Ac4(-) = A4(-). Such simplification is handy when checking
the coverage of our bootstrap confidence sets. By symmetry, we have that Sy, x (y|x) = exp (—21/ 0 Ay (x74) y), and
Sy, ryx (0 1]x) = 2 lexp (—21/95(x)ld(xyd)y>, implying a population censoring rate of 50%. Now, from (1.4.5) and

by direct calculations,

57, (6,274, 0) = ¢! (2*‘¢9 (exp (—2‘/95<X>Ad(xyd)t))) , ford € {0,1}.

This formula simplifies further when the true copula is Gumbel. In this case, s7,(f,xY;,0) = exp(—21/ 03 (x)-1/6.
Aq(xy,)1), equivalent to an exponential distribution with a rate parameter equal to By (xys,0) = 2'/8 (=10, (xy,).
As a direct consequence, Virg 1, (0) = i (x11, 62) ' —Bo(xY,01) ", and the overall average effect is also immediately
available via taking the expectation with respect to X. In the following, we set v, = % = (0.5,0.5)', 4, (v) = /v +v/2,
and A(v) = /v. As aresult, the true DTE is heterogeneous and uniformly negative across the index set.

To generate variables from the Gumbel copula, we follow the algorithm provided in Section 2.9 in Nelsen (2007),
for which purpose, we assume the true copula parameters are 6;(-) = 1 and 6;(-) = 1.25. That is, censoring is
independent for the treated group, whereas Ty and Cy are correlated with Kendall’s T equal to 0.2.

In Figure 1.1, we plot unconditional BGFs and DTEs across various levels of the sensitivity parameter, alongside
the corresponding Peterson’s bounds. We observe that the worse case bounds (the upper bound in particular) are
highly non-informative and the BGFs provide significant improvement over the worst-case bounds under the assumed
censoring mechanism. One may question whether the gap between the two can be completely bridged by varying
theta. The answer to this question is contingent on the copula under consideration and specifically whether it admits
Hoeffding-Frechet bounds as limiting cases. For instance, the Gumbel copula is unable to bridge the gap entirely,
due to its inherent incapability to model negative correlation. Additionally, the figure illustrates the stochastic domi-
nance relations, as influenced by the concordance ordering within the copula family. Consequently, we can observe a
correlation between the size of the identified set and the range of theta values chosen by the researcher.

To assess the performance of TEBF estimators over an index set %,, we adopt average and median integrated
bias, integrated root mean square error IRMSE), and the coverage rate as the criterion of evaluation.!® Regarding
the index set %,, we use an equidistant grid between 0.1 and 1.5 with the interval size of 0.05 for the ATE, DTE

and CHTE. For the QTE, an equidistant grid between 0.25 and 0.75 with a step size of 0.05 is adopted. We let both

0Consider a Monte Carlo experiment with S replications, the average integrated bias is defined by S~ Zf,:l Jue,, | f;(u) — f(u) | du, median

A ) N 12
integrated bias denotes the 50-th percentile of { f,c,, | fou) 7f(u)|du}f:1, and the IRMSE, by <S’1 S, e 120 7f(u)‘2du> . where
f(-) is any one of the v; ¢(-), for £ = Ib,ub, and j € {ATE,DTE,QTE,CHTE}.

30



Figure 1.1: BGFs and DTEs with multiple levels of 6
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Notes: The left panel depicts the unconditional BGFs for the control group and the right panel illustrates the overall DTEs. In each plot, the
dashed curve depicts the function when the independent censoring mechanism is assumed (equivalently, Gumbel copula with 6 = 1). The
green solid curves represent the true functions (Gumbel copula with 8 = 1.25). The red solid curves depict the Peterson’s worst-case bounds.

L(-) and K(-) be the Epanechnikov kernel: L(u) = K(u) = 0.75(1 —u?)1 {|u| < 1}. For treatment group d € {0, 1},
the bandwidth b is chosen as the value from the set { 2705k(p/ 2)’0'26}2171, that minimizes the estimated criterion
Fa(9u,p), where we let p(v) = exp(— [v][* /2). We then set the bandwidth & equal to b. To assess the impact of
first-step estimation, we provide a set of “oracle” results where the single index parameters take their true values along
with “feasible” results where the parameters are estimated according to the procedure from Section 1.4.1.

Table 1.1 reports simulation results based on 1,000 Monte Carlo replications of samples with size n = 1,000. For
each type of treatment effect, we show results for two different range of 0: a narrower one with @ = (1,1.5), and a
wider one with 8 = (1,2). Given the one-to-one mapping between 6 and Kendall’s 7, the two 6 choices correspond
to Kendall’s 7 lying between [0, 1/3] and [0, 1/2], respectively. Results in Table 1.1 suggest that our TEBF estimators
exhibit minimal bias, and their confidence intervals generally achieve close-to-nominal-level coverage, irrespective of
the choice of copula parameters, the type of treatment effects and whether the effect is conditional. The (C)CHTE
perform relatively worse than the other three types, in terms of integrated bias and IRMSE. This is to be expected as
the log transformations tend to induce higher bias.

When comparing oracle and feasible results, we find that the oracle results generally exhibit smaller bias and
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IRMSE, and they have better coverage properties. The difference is more prominent when conditional treatment
effects are considered. This is partially due to the fact that the component in the expansion of the conditional TEBFs,
which is associated with the single-index estimation, is of a lower order than the component appearing in the overall
TEBFs, even though both are negligible in the first order. To improve the performance of our bootstrap procedure
for conditional TEBFs, one may consider adding the influence functions associated with first stage estimation when
constructing the bootstrap processes. This is left for future research.

Overall, the results from finite-sample studies align with the theoretical predictions discussed in Sections 1.4 and

L.5.

1.7 Empirical Illustration

In this section, we revisit Bernasconi et al. (2022) on the effect of acute lymphoblastic leukaemia treatment where
survival time is subject to dependent censoring caused by the abandonment of treatment. ALL is a major cause of
cancer diagnoses among people under 18 years old, accounting for nearly 25% of all cancer diagnoses (Howlader
et al., 2016). Wide disparities in cure rates has been documented between high-income (approximately 80%) and
mid-and-low-income (approximately 35%) countries (Gatta et al., 2005; Howard and Wilimas, 2005). Abandonment
of treatment is seen as a major factor for such disparities (Mostert et al., 2011). Decision to withdraw treatment can be
affected by various factors including distance to the treatment facility, family economic status, and personal beliefs,
many of which also have an impact on the quality of treatment. As such, the independent censoring assumption is not
appropriate in this context.

The data comes from two subsequent clinical studies conducted in Honduras between 2000 and 2015. During
the period from 2000 to 2007, a protocol called GHS-2000 were adopted to treat ALL patients. In the second period
(2008-2015), the treatment follows a new protocol denominated AHOPCA ALL-2008.11 We view GHS-2000 as the
control group (d = 0) and AHOPCA ALL-2008 as the treated group (d = 1). Treatment effects in this context translate
to the comparative effectiveness of the two protocols. The outcome of interest 7" is formally defined as the time since
treatment to the first event among relapse, resistance to treatment, secondary malignant neoplasm, and death. The
outcome is subject to both administrative censoring, which is independent of the EFS time, and endogenous censoring
in the form of abandonment of treatment. Following Bernasconi et al. (2022), we combine the two types of censoring
into a composite variable C, and we use potential event-free-survival (EFS) to denote Sz, under protocol d € {0,1}.

The baseline covariates of the study include biological characteristics such as gender, age, white blood cell count,

central nervous system involvement (CNS), cancer histology, and socio-economic factors: family unity, living con-

"Details of these two protocols can be found in Marjerrison et al. (2013) and Navarrete et al. (2014)
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Table 1.1: Monte Carlo results for the conditional and overall TEBFs

(a) Lower Conditional TEBF Upper Conditional TEBF
Feasible Avg. Intg. Bias Med. Intg. Bias IRMSE Cvg. Rate Feasible Avg. Intg. Bias Med. Intg. Bias IRMSE Cvg. Rate
CATE 0.040 0.032 0.051 0.929 CATE 0.040 0.032 0.051 0.934
CDTE 0.072 0.062 0.081 0.933 CDTE 0.073 0.063 0.082 0.928
CQTE 0.066 0.057 0.133 0.924 CQTE 0.067 0.057 0.134 0.936
CCHTE 0.186 0.151 0.259 0.937 CCHTE 0.186 0.151 0.259 0.937
Oracle  Avg. Intg. Bias Med. Intg. Bias IRMSE Cvg. Rate Oracle  Avg. Intg. Bias Med. Intg. Bias IRMSE Cvg. Rate
CATE 0.026 0.021 0.033 0.938 CATE 0.025 0.020 0.032 0.942
CDTE 0.046 0.040 0.051 0.947 CDTE 0.047 0.039 0.051 0.927
CQTE 0.043 0.036 0.086 0.932 CQTE 0.045 0.039 0.089 0.938
CCHTE 0.114 0.096 0.138 0.938 CCHTE 0.114 0.096 0.138 0.938
(b) Lower Conditional TEBF Upper Conditional TEBF
Feasible Avg. Intg. Bias Med. Intg. Bias IRMSE Cvg. Rate Feasible Avg. Intg. Bias Med. Intg. Bias IRMSE Cvg. Rate
CATE 0.039 0.032 0.051 0.932 CATE 0.039 0.031 0.050 0.936
CDTE 0.070 0.061 0.079 0.927 CDTE 0.071 0.062 0.080 0.923
CQTE 0.062 0.053 0.125 0.925 CQTE 0.063 0.054 0.127 0.930
CCHTE 0.192 0.157 0.267 0.939 CCHTE 0.190 0.156 0.259 0.943
Oracle  Avg. Intg. Bias Med. Intg. Bias IRMSE Cvg. Rate Oracle  Avg. Intg. Bias Med. Intg. Bias IRMSE Cvg. Rate
CATE 0.025 0.020 0.032 0.936 CATE 0.025 0.020 0.032 0.938
CDTE 0.046 0.040 0.050 0.948 CDTE 0.046 0.039 0.050 0.929
CQTE 0.040 0.034 0.081 0.929 CQTE 0.044 0.038 0.085 0.941
CCHTE 0.118 0.100 0.144 0.939 CCHTE 0.119 0.102 0.144 0.940
(c) Lower Overall TEBF Upper Overall TEBF
Feasible Avg. Intg. Bias Med. Intg. Bias IRMSE Cvg. Rate Feasible Avg. Intg. Bias Med. Intg. Bias IRMSE Cvg. Rate
ATE 0.023 0.018 0.028 0.958 ATE 0.023 0.019 0.028 0.956
DTE 0.041 0.036 0.044 0.965 DTE 0.041 0.036 0.044 0.963
QTE 0.037 0.033 0.074 0.961 QTE 0.038 0.032 0.074 0.965
CHTE 0.103 0.091 0.122 0.966 CHTE 0.102 0.088 0.120 0.967
Oracle  Avg. Intg. Bias Med. Intg. Bias IRMSE Cvg. Rate Oracle  Avg. Intg. Bias Med. Intg. Bias IRMSE Cvg. Rate
ATE 0.021 0.018 0.026 0.954 ATE 0.021 0.018 0.026 0.963
DTE 0.039 0.034 0.042 0.954 DTE 0.039 0.035 0.042 0.950
QTE 0.036 0.031 0.071 0.948 QTE 0.038 0.034 0.074 0.949
CHTE 0.097 0.085 0.115 0.951 CHTE 0.096 0.085 0.114 0.957
(d) Lower Overall TEBF Upper Overall TEBF
Feasible Avg. Intg. Bias Med. Intg. Bias IRMSE Cvg. Rate Feasible Avg. Intg. Bias Med. Intg. Bias IRMSE Cvg. Rate
ATE 0.022 0.018 0.028 0.963 ATE 0.022 0.019 0.027 0.957
DTE 0.040 0.035 0.042 0.965 DTE 0.040 0.035 0.043 0.966
QTE 0.035 0.031 0.069 0.968 QTE 0.036 0.032 0.071 0.965
CHTE 0.107 0.096 0.127 0.965 CHTE 0.104 0.091 0.123 0.968
Oracle  Avg. Intg. Bias Med. Intg. Bias IRMSE Cvg. Rate Oracle  Avg. Intg. Bias Med. Intg. Bias IRMSE Cvg. Rate
ATE 0.021 0.017 0.026 0.954 ATE 0.021 0.017 0.025 0.966
DTE 0.038 0.034 0.041 0.955 DTE 0.038 0.034 0.041 0.954
QTE 0.034 0.030 0.068 0.957 QTE 0.036 0.032 0.071 0.958
CHTE 0.100 0.088 0.119 0.952 CHTE 0.099 0.087 0.118 0.957

Notes: Simulations are based on 1,000 Monte Carlo experiments with samples of size n = 1,000. Panels (a) and (c) present results for conditional
and overall TEBF with 6 = (1,1.5). Panels (b) and (d) correspond to @ = (1,2). In each panel, “feasible” represents results generated with the
single-index parameters estimated following Section 1.4.1, whereas the results in the “oracle” sub-panel correspond to those generated using the
true single-index parameters. “Avg. Intg. Bias”, “Med. Intg. Bias”, “IRMSE”, and “Cvg. Rate” stand for the average integrated bias, median inte-
grated bias, integrated root mean squared errors, and 95% empirical coverage probability, respectively. The empirical coverage probability is based
on bootstrap confidence sets computed with 1,999 multiplier bootstrap replications.
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Table 1.2: Summary statistics

GHS-2000 (No. Obs. =514) AHOPCA ALL-2008 (No. Obs. = 536)

Statistics Mean St. Dev. Pctl(25) Median Pctl(75) Mean St. Dev. Pctl(25) Median Pctl(75)
Follow-up Duration, Years 4 3.84 0.47 2.73 7.59 2.29 2.05 0.71 1.55 3.47
Abandonments 21% 0.41 0 0 0 15% 0.35 0 0 0
Age 7.67 4.36 3.79 6.79 11.26 7.67 4.94 3.45 6.01 11.82
White Blood Cell Count 4.64 10.01 0.45 1.13 4.24 4.28 8.52 0.53 1.11 4.07
Time to Hospital 4.05 2.85 1.5 4 6 2.87 2.03 1 3 4
Male 61% 0.49 0 1 1 53% 0.5 0 1 1
CNS 6% 0.23 0 0 0 13% 0.34 0 0 0
Linage 92% 0.27 1 1 1 93% 0.26 1 1 1
Living Condition 62% 0.49 0 1 1 46% 0.5 0 0 1
Family Type 45% 0.5 0 0 1 14% 0.35 0 0 0
Phone at Home 36% 0.48 0 0 1 42% 0.49 0 0 1

Note: Summary statistics for two protocols for ALL treatment. The left panel describes the GHS-2000 group (2000 - 2007). The right
panel is for the AHOPCA ALL-2008 group (2008-2015). "MALE”, ”CNS”, ”Lineage”, "Living Condition”, “Family Type”, ”Phone at
Home” are the dummy variables. These variables stand for whether the subject is male, the involvement of the central nervous system, the
type of tumor lineage, whether the patient lives in an urban neighborhood, whether the patient lives in a united family, and if the patient
owns a home phone.

ditions, home phone ownership, and distance to the hospital. Table 1.2 summarizes these characteristics for patients
undergoing each of the two protocols. Instead of performing multiple imputations as in Bernasconi et al. (2022), miss-
ing cases are removed. Results from the table show that patients from the AHOPCA ALL-2008 group are less likely
to withdraw treatment, more likely to live in a rural neighborhood, and tend to live closer to the clinic. To account for
these imbalances across the treatment groups, Bernasconi et al. (2022) relies on an inverse probability of treatment and
censoring weighting strategy, which further depends on the assumption that, conditional on the baseline covariates,
the potential EFS and abandonment are mutually independent. Such a restriction, however, is not necessary for our
proposed methodology.

The main finding of Bernasconi et al. (2022) is that the AHOPCA ALL-2008 protocol leads to better potential EFS
in the first three years and the difference tapers off in the long term (approximately 5 years). Could these results carry
over to the case of dependent censoring? To address this question, we consider two scenarios that are characterized by
different ranges of the copula parameter 6. Specifically, we assume that the true copula belongs to the Gumbel family
and the indexing parameters lie in (1,1.5) for the first case and in (1,2) for the second. Both scenarios feature a mild
positive correlation pattern between the EFS and withdrawal time, and both encompass independent censoring as a
limiting case. When mapped to Kendall’s 7, the maximum levels of positive correlation under the two scenarios are
1/3 and 1/2, respectively.

In the first step of analysis, we assess the validity of the index sufficiency assumption. In light of Remark 1.1, we

can implement the specification test (Algorithm 1.9.2) as presented in Section 1.9.2.2. The null hypothesis is that the
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single index assumption holds for the joint distribution of (7;,C,), d € {0, 1}. The bootstrap test cannot reject the null
for either treatment group at the 10% level, indicating that our methodology can be applied to this context.
Estimation of the BGFs and TEBFs closely follows the procedures described in Section 1.6. As in Bernasconi
et al. (2022), we consider two different time frames: 3 and 5 years post-treatment. For the shorter period, the TEBFs
are estimated over the index set %4, which is equivalent to {0.05,0.06, ...,0.29,0.3} when the (C)QTE is considered,
while 25 = {0,0.1,...,2.9,3.0} for all other types of treatment effects. For the longer period, the index set % =
{0.05,0.06,...,0.44,0.45} is employed for the (C)QTE, and %5 = {0,0.1,...,4.9,5.0} for all other types of treatment
effects. For all of our analyses of the conditional treatment effect, we fix the conditioning set at the “representative”

observation, which is the sample average of the baseline covariates.

Figure 1.2: Estimates of the potential EFS curves
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Notes: The top plot depicts the unconditional potential survival curve estimates, whereas the bottom figure represents conditional survival curve esti-
mates. The solid curves represent SICG estimates for the two protocols, with the independence copula. For each The shaded areas are bounded from
above and below by SICG estimates, using Gumbel copula parameters of 1 and 1.5, respectively. The Peterson’s worst case bounds for the treated and
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35



Figure 1.3: Distributional treatment effect estimates
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solid black lines and the dark gray area depict the DTE estimates and their uniform confidence bands under the independent censoring mechanism.
Dashed (dot-dash) lines and the light gray area depict the upper (lower) bound of the DTE and the corresponding uniform confidence bands, with a
Gumbel copula and 6 = (1,1.5). The confidence bands are computed following the bootstrap procedures in Algorithms 1.5.1 and 1.9.1, respectively,
with 1,999 bootstrap replications. The Peterson’s worst case bounds for the DTE are delineated with dot-dash and dashed curves correspondingly.

We turn now to a discussion of the estimation results. Figure 1.2 presents the estimated potential EFS curves.
Our findings mirror the original results of Bernasconi et al. (2022), revealing that the new protocol improves survival
prospects in the initial years following treatment. However, this beneficial effect appears to taper off over a year
earlier than previously indicated. Moreover, if we loosen the independent censoring condition, the beneficial effect
may completely vanish. This is evidenced by the overlapping of the estimated identified sets of potential EFS, even
under the stricter configuration, 0. It is also worth noting that our identified set is significantly narrower than the one

derived from the no-information bounds, emphasizing our ability to provide a flexible middle ground compared to the

most robust approach.

36



Table 1.3: Estimation results for conditional and overall TEBFs

(a) Treatment Effect Estimators under Independent Censoring
ATE(3) mad.DTE mad.QTE mad.CHTE CATE(3) mad.CDTE mad.CQTE mad.CCHTE
0.078 -0.062 0.630 -0.071 0.051 -0.061 0.370 -0.071

[-0.157,0314] [-0.189,0.139 ] [-1.61,2.15] [-0.244,0.189 ] [-0.082,0.184] [-0.139,0.097] [-0.784,1.034] [-0.187,0.142]
Treatment Effect Estimators with 8, = (1, 1.5)

ATE(3) mad.DTE mad.QTE mad.CHTE CATE(3) mad.CDTE mad.CQTE mad.CCHTE

Lower Bd. -0.097 -0.094 -0.490 -0.145 -0.128 -0.100 -0.460 -0.121
[-0.329,0.136 ] [-0.222,0.128] [-1.564,1.324] [-0.325,0.181] [-0.26, 0.004 ] [-0.177,0.076]1 [-1.038,0.728 ] [-0.24,0.119 ]

Upper Bd. 0.198 0.090 0.800 0.129 0.193 0.096 0.680 0.152

[-0.034,0.431] [-0.168,0.221] [-1.377,2.247] [-0.235,0.323] [0.059,0.327] [-0.108,0.175] [-0.512,1.232] [-0.16,0.277 ]
Treatment Effect Estimators with 8, = (1, 2)

ATE(3) mad.DTE mad.QTE mad.CHTE CATE(3) mad.CDTE mad.CQTE mad.CCHTE
Lower Bd. -0.205 -0.124 -0.720 -0.196 -0.230 -0.124 -0.680 -0.174
[-0.442,0.032] [-0.251,0.127] [-1.648,1.138] [-0.386,0.19] [-0.366,-0.095] [-0.202,0.078] [-1.226,0.606] [-0.296,0.122 ]
Upper Bd. 0.268 0.140 1.040 0.208 0.270 0.141 0.830 0.245

[0.034,0.502] [-0.165,0.274] [-1.329,2.439] [-0.255,0.429] [0.134,0406] [-0.091,0.222] [-0.451,1.331] [-0.152,0.386]

(b) Treatment Effect Estimators under Independent Censoring
ATE(5) mad.DTE mad.QTE mad.CHTE CATE(5) mad.CDTE mad.CQTE mad.CCHTE
0.169 -0.064 2.860 -0.099 0.018 -0.061 -1.310 0.073

[-0.26,0.598] [-0.211,0.158] [-6.271,9.041] [-0.332,0.248] [-0.227,0.263] [-0.151,0.129] [-4.084,3.144] [-0.228,0.231]
Treatment Effect Estimators with 8, = (1, 1.5)

ATE(5) mad.DTE mad.QTE mad.CHTE CATE(5) mad.CDTE mad.CQTE mad.CCHTE
Lower Bd. -0.219 -0.122 -2.320 -0.211 -0.359 -0.100 -2.290 -0.133
[-0.651,0.213] [-0.268,0.146] [-7.76,5.69 ] [-0.451,024] [-0.596,-0.123] [-0.189,0.088]1 [-5.017,2.877] [-0.298,0.164 ]
Upper Bd. 0.407 0.090 3.550 0.163 0.288 0.144 1.060 0.299

[-0.027,0.841] [-0.189,0.242] [-4.023,7.643] [-0.317,0.439] [0.048,0.529 ] [-0.12,0.234] [-1.185,2.285] [-0.222,0.486 ]
Treatment Effect Estimators with 8, = (1, 2)

ATE(5) mad.DTE mad.QTE mad.CHTE CATE(5) mad.CDTE mad.CQTE mad.CCHTE
Lower Bd. -0.458 -0.152 -3.220 -0.273 -0.570 -0.124 -2.830 -0.192
[-0.877,-0.039] [-0.296,0.144] [-8.706,5.696] [-0.524,0.252] [-0.815,-0.325] [-0.21,0.087] [-5.504,2.734] [-0.356,0.164]
Upper Bd. 0.537 0.157 4.090 0.323 0.427 0.199 1.430 0.442

[0.108,0.966] [-0.183,0.309] [-3.954,8.114] [-0.355,0.644] [0.187,0.668 | [0.107,0291] [-1.097,2.577] [0.241,0.644 ]

Notes: The results in Panel (a) and (b) are generated using the index sets 23 and %, respectively. Estimates of treatment effects are displayed
in the first row of each panel. Except for the ATE and CATE, the value with the maximum absolute deviation (mad) from O over the index set
is reported for each treatment effect. Numbers in square brackets represent the corresponding 95% bootstrap confidence intervals, based on
1,999 bootstrap replications. These are calculated following Algorithms 1.5.1 and 1.9.1, for the overall and conditional cases, respectively.

The findings are further validated by the overall and conditional DTE estimates illustrated in Figure 1.3. According
to the uniform confidence bands of (C)DTE under independent censoring, the newer protocol does not statistically
significantly outperform the older one, even in the shorter post-treatment period. The introduction of dependent
censoring does not alter this conclusion. That said, this conclusion is valid only under the maintained ranges of 0,
which include the special case of non-informative censoring. In order to generalize this to other dependence patterns,
we would need to perform robustness checks with corresponding levels of 6.

More comprehensive results are compiled in Table 1.3. Here, we not only report the “mean” values for (C)DTE
as captured by (C)ATE, but also provide the values with the maximum absolute deviations from zero over their index
sets for other types of TEBFs. Additionally, the table includes 95% uniform confidence sets corresponding to these

reported TEBF estimates. Although Table 1.3 does not conclusively demonstrate treatment effect nullity across the
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entire Gumbel copula family, it does suggest that there are no significant differences between the two protocols, on
average and uniformly over the index sets, regardless of the type of policy effect under consideration. This observation
aligns with the findings depicted in Figures 1.2 and 1.3. Furthermore, this conclusion remains valid across different
correlation scenarios and analysis periods.

In sum, when we deviate from the conditional independence censoring mechanism, we do not find enough evidence

supporting that AHOPCA ALL-2008 leads to more favorable early-year survival prospects.

1.8 Conclusion

In this paper, we proposed a framework for conducting sensitivity analysis on various treatment effect parameters when
the latent duration is subject to dependent censoring. In order to obtain bounds of policy effects, we first derived bounds
on the distribution of the potential outcome. Such bounds follow naturally from the concordance ordering we imposed
on the Archimedean copulas. Moreover, we embedded a single-index structure into our identification framework, as
an attempt to curb the “curse of dimensionality” and to make our method practically feasible. Given these results, we
then proposed estimation procedures and established asymptotic properties of the resulting semiparametric estimators.

To conduct uniformly valid inference, we proposed multiplier bootstrap procedures that are easy to implement, and
showed the uniform confidence sets thus constructed are asymptotically accurate. Monte Carlo simulations confirm
our theoretical findings. Applying our methodology to real data, we revisited Bernasconi et al. (2022). Under a
conditional independence assumption, and when the early-year survival prospect is concerned, they conclude in favor
of AHOPCA ALL-200. Our sensitivity analysis demonstrates that such a conclusion may not continue to hold when
we depart from the assumption of random censoring.

While we limit our discussion to the classical unconfoundedness design in this paper, our proposed methodology
can be applied to other policy setups, such as the local treatment effect framework, as considered by Imbens and
Angrist (1994), Angrist et al. (1996), Abadie (2003) and Frolich and Melly (2013); difference-in-differences models,
cf. Card and Krueger (1994), Heckman et al. (1997), Abadie (2005), and Athey and Imbens (2006); and marginal
treatment effect setup, such as Heckman and Vytlacil (2001), and Heckman and Vytlacil (2005). Upon appropriate
modifications of the identification assumptions, BGFs and TEBFs can be easily derived along similar lines of Theorem

1.2 and Proposition 1.1, based on which, many policy relevant questions can be addressed.

1.9 Supplementary Appendix
This supplemental appendix contains proofs of the main theorems, auxiliary lemmas, and results. Section 1.9.1 collects
the proofs of the main results of the paper. Section 1.9.2 introduce additional results on the single-index estimator, and

Section 1.9.3 presents auxiliary results.
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1.9.1 Proofs of Main Results

1.9.1.1 Proof of Results from Section 1.3

1.9.1.1.1 Identification of Single-index Parameters

Proof of Lemma 1.1. The proof is based on the so-called decomposition and contraction relationships of the Graphoid

axioms by Dawid (1979):

Decomposition: A L (B,C)|D implies that A L B|D,

Contraction: A 1L B|D and A L C|(B, D) implies that A L (B,C)|D,

for generic random variables A, B,C, D. Foreachd =0, 1, (T;,C;) 1L D|X, under Assumption 1.1. Since the sigma field
generated by X7, is a subset of that generated by X, we have (T;,Cy) L D|X,X7,. Together with the index sufficiency
condition, (7;,Cy) L X|Xv,, we deduce from the contraction relationship that (7;,C;) L (D,X)|X ¥y, which implies
that (7;,C;) L D|X 7, by the decomposition relationship. Since ¥; and R, are deterministic functions of (7;,Cy), the

desired result follows. |

Proof of theorem 1.1. For the first half of part (i), note that for any (¢,x,d,r) € 7 x 2 x {0,1}?,
E[]l {D = d7R = r7Y S t} |X] = FY,R|D,X(tar|d7X)E[]1 {D = d} |X]7

where Fy gp x (t|d,X) = Fy, g, ipx (t,7|d,X) = Fy, g, 1x (t,7|X) = Fy, g, xy, (t,7|X Ya), almost surely. The second equal-

ity follows under Assumption 1.1, and the last holds under Assumption 1.2. On the other hand,

E[Ga,(t,XYa)IX] = Ga(t,XVa) = Fy, g |D.x, (t:7|d, X Vi) = Fy, g, |xy, (71X Ya),

almost surely. The third equality is due to Lemma 1.1. Thus, (1.3.3) holds almost surely.

The converse part can be established by contradiction, applying similar arguments as in the proof of Theorem 4.1 in
Ichimura (1993). Suppose there exists d € {0,1} and y* € T, such that y* # y,, and E[Uy: (t,d, r)|X] = 0 almost every-
where for (¢,7) € F x {0,1}2. Note that under Assumption 1.2, it continues to hold that E[1 {D = d,R=r,Y <t} |X]
= Fy, ry|xy, (t: 71X Y2) E[1{D = d} |X] almost surely.

For any x € 2y, let v=xy* and ¥ = y; — v*, we have

k—1
By, Rylxy, (t,r1xYa) = Fy, ryixy, <t,r|v+ Z %XVH]) = Ga(1,v),
(=1
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where the second equality holds almost surely. Fix v and take partial derivative of the middle term in the above
display with respect to {x|g }121:2 It follows that dFy, g, (xy, (¢, 71xY)/OXY|y=xy, - ¥ = 0, for £ =1,...;k; — 1. Recall
our assumption on 2o, dFy, g, |xy, (t,71XY)/9xY|xy=xy, # O with positive probability. Consequently, ¥; = ¥u, for
=1,k —1.

Under Assumption 1.3.3 with y = },, there exists an open interval #; such that for all v € ¥,

Fy, mylxy, (6:71v) = Fy, gyixy, 671V +F0) = Ga s (t,v),

where £ = ky,...,k— 1. In view of the first equality, we find from Assumption 1.3.4 (ii) that ¥, = 0, and thus, ¥} = Y4 ¢,
for £ = ky,...,k— 1. This contradicts the supposition that y* # v,. Hence, part (ii) follows.

To show part (iii), we first note that /d(y; ©¥) > due to its construction. Next, when y # v,

2
) > E[U, 0(t,7)9(X:2)] || dTly (2)dTy (2, 7) > 0
Satro)z [ a2 @tz gte.r) >

where the second inequality follows because ¥ is chosen such that the equivalence in (1.3.1) holds, and from part (ii),

we have E[Uy 5,(t,7)|X] > 0, V(d,rt) € {0,1}* x %. [ |

1.9.1.1.2 Identification of Treatment Effects
Proof of Theorem 1.2. Proof of the first half of part (i) is a slight modification of Lemma 1 of Braekers and Veraverbeke
(2005). For a fixed x € 27, we know from Assumption 1.4.2 that the true copula is Archimedean and indexed by 65 (x),

and

OSy, i (5 1) /9515y = IS, 1 (5. 1) /0515y = O (Sy e (510) Sy (511): 03 () /515y
(l)(;; (o) S71x (912))S7, 1 (V1)
Ogs o Srax OR)

The first equality is due to Tsiatis (1975), the second is by Assumption 1.4.2, and the last is due to the construction
of the Archimedean copula. Multiplying the far left and right sides by ¢é5 *) (Syd‘x (y|x)) and integrating them with

respect to y over [0,7] gives

1 !
/0 %;(x)(SYC,\X(J’|X))SY,,,R\X(dy, 1}x) = 9g: () (S, (t]x)) . (1.9.1)
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Note that

sa(y,xys) =E[E[DL{Y >y} D =d,X]|D =d, Xy = xV]
=E[E[1{Ys >y} |X]|D =d,Xy; = xV,]
:]E[SYd\X(y‘X)'D:de}/d = xY4]
=E [Sy,xy, 01X 12)|D = d, X Y4 = x4

= Sy,1xy, lxya) = SYd\X(pr)»

where the first equality follows by the tower property of conditional expectation. The second is by Assumption 1.1,
and the third is due to Assumption 1.2. The last one holds under Assumption 1.2. Same lines of arguments lead to
sa,1(y,%Ya) = Sy, rjx (¥, 1]x). Substituting these equations into (1.9.1) and taking the inverse of Pg: (x) on both sides, the
desired result then follows by noting that 6 (x) € ® for allx € 2" and d € {0,1}. The second half of (i) follows from
the preceding analysis by taking expectation of s7, (-, Xy, 0 (X)) with respect to X.

Part (ii) follows directly from part (i) and Proposition 2 of Rivest and Wells (2001), and therefore, the proof is

omitted. |

Proof of Proposition 1.1. Under Assumption 1.1-1.3, ¥ is identified by Theorem 1.1. When 8; < 6} (1) < 6y, the
same arguments as in Theorem 1.2 lead to S7,(¢) € [s7,(t,62), s7,(¢,61)], fort € 7.

The identified sets for the four types of treatment effects can then be derived using the fact that each of their
corresponding treatment responses respects the stochastic dominance relations of the potential survival functions.

Take the restricted ATE as an example,

E[Ta(0)] =~ [ 3d(1 = Fi, () +157,(0)
= [ (= 0))dy—1(1 = Fi, (1) + 153,01

t
= /0 St (y)dy,

where the second line follows from an integration by part. Consequently, [ 1 (s, (v, 82) — 57, (3, 61)) dy <E [Ti(1)] —

E [To(0)] < Jio,) (51, (,61) —51,(5, 62)) .
Sharpness is inherited from that of the potential causal curves. Results for the conditional treatment effects can be

shown with similar arguments. ]
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1.9.1.2 Proof of Results from Section 1.4
1.9.1.2.1 Uniform Linear Representation
Proof of Theorem 1.3. The proof is similar to that of Theorem 4.1 in Fan and Liu (2018), with substantial differ-
ences due to the use of single-index estimator. We first provide a uniform linear expansion for @g (§Td (¢, %%, 6)) —
Po (sTd (t,xV4, 9)), the desired result then follows by a second order Taylor expansion of ¢, 1 We let Sar=1/2—Gg,

and its estimator §;, = 1/2 — Gd’r for r =0, 1. Observe that

0o (51, (t,x94,0)) — P (s7,(t,x74,0)) (1.9.2)
= [ 98 Gatroxta)) saa(@voxto) = [ 0 salovcra)) saa ()
= [[ {06 Satyci) = 04 (sa0) }saa ()

+ /Ot 0p (sa(y,xYa)) {Sa1 (dy.xPa) — sa,1 (dy, x¥a) }

+ /Ot {00 (Sa(v,x74)) — 09 (sa(y,x¥a)) } {81 (dy,xFu) — sa,1 (dy,xva) }

t
= [ 08 salyoxt) {8a(x8) = sulw)} s () (193)
+ 0 (sa(t,xYa)) {Sa1 (1, 5%4) — sa,1 (t.x7a) } (1.9.4)
t
*/0 Og (sa(3,xYa)) {840 05 xFa) — 54,10 (0, xYa) } sa(dy,xYa) (1.9.5)

+rn,1(t7xa 9) +rn,2(t;x79)

where

"

i (15,0) = 3 [ 05 (€000 8a0580) = 540 0¥ 501 (v,

rp(t,x,0) = /Ot {06 (Sa(v,x7a)) — 0 (sa (v, x¥a)) } {81 (dy, xTu) — 4.1 (dy,x¥a) }-

The random function { lies between §; and s,. The second equality follows by direct manipulation. The fourth line is
due to a second order Taylor expansion of ¢y (§;) around s4, which also produces the remainder r,, 1, and the fifth one
follows by an integration by part on the term in the third line.

The proof proceed in two steps: we first derive the dominating terms of (1.9.3) - (1.9.5), and then we show th two
remainder terms 7, | and r,, > are asymptotically negligible.

Step 1: expansion of first-order terms.

It suffices to show (1.9.3). (1.9.4) and (1.9.5) can be handled analogously. Let digy(y, x) = @4 (sa(y,x7)). A second
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order Taylor expansion of §; with respect to y around 7y, yields

/Otégyd (,%) {3a (3, xFa) — 5a (v, xYa) } a1 (dy, xVa )

Z/Ot 08 3, %) ($a (3 xVa) — 543, X¥a) ) 501 (dy, X V)
— (T — Yd)//ot 4y, (%) /Ot 04y, %)y Ga (v, xYa) a1 (dy, X V)
+(Fu =) /Ot 0d. 0,2) {0yGa(y,xT) — 0y Ga (v, x¥a) } 501 (dy, xYa)

=Lp1 +Lp21 + Lo,

where ¥, lies between §; and };. We rewrite the first term as

Lyy = / 00y, (3o (Kily(( yf;) d()’7x7d)> sa,1(dy,xYa)

1 n
= WZKh XYa, XiYa) /‘ded ¥,X) 65,1 (¥,%) 84,1 (dy, xYa)
1 n
= T ;Kh (xva, Xiva) /¢dyd 9:X)E 4 y,,i(0,%)8a,1 (dy, xYa) (1.9.6)
Jax¥a) = fa(xva)
N K (Y, XY /¢ (3, %)8y 4, i(¥,%)s4.1(dy, x7, (1.9.7)
nfa(x¥a) fa(xva) ,; A 7007 %) 81410951 )

where &y y.(y,x) = 1{Dy = d} (1{Y; <y} — Ga(y,xy)). Note that the difference between & 5 ¢(y,x) and &y y,(y) lies
in whether X is fixed at x.

We divide (1.9.6) into two parts,

1z t
Z 0 (Y0 Xi¥a) | Bf (022) Sy (V)1 (dy,xVa), (1.9.8)
 nfalew) 5 0
I .
Y Y K (de,Xi}’d)/O 0 3, 05 ) Bty (%) = G gy i (V)1 (dy, x¥a) (1.9.9)
i=1

The first term in the preceding display is centered and belongs to 1), 4. The second term corresponds to the first-order
bias and is part of 1 4.

By the definition of éd, (1.9.7) is equal to

Jaa) — faxva) / 68, 0:%) (Ga0,x7a) — Ga(y,x%a) ) 5,1 (dy, %)

Ja(xva)
A A logn
< sup | fulxva) = faeva)| - sup |Ga(y.xva) — Ga(y,xva)| = O W)
T T n
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uniformly over ®. The inequality follows by (1.9.36) and (1.9.37). The equality is due to Assumption 1.9.2.

Regarding L, 21, we have

t .
—(%u— }’d)//o 0y, (v 0)G (,x7a) 50,1 (dy,xya)

t .. A
(=) [ 885,00 {0,Gatrem) = 6 o) sua (@)

Under Assumption 1.6.4, ¢g (u) is bounded on [v,, 1] uniformly in 6. Meanwhile, s4(y,x) is bounded in the same
interval whenever y € .7, uniformly in x € .:2". Consequently, (I)L? " (y,x) is bounded on T x X x 0. By (1.9.32), the
1 . 1/2g—

)= G (60| 1 = vall = (0, ((1ogm)2n~1/2073/2)
oh*))-0, (n’l/z) , whichis O, ((logn)l/2 n’lh’3/2) under our rate condition on the bandwidth. Therefore, L, is

dominated by

1 n
—fZ / g, (v,x W 0uxva) sa (dy,x )V v (X 1a)-

From Lemma 1.8, we deduce that L, »» has a uniform rate of 0, (n'/?) -0, ((logn)]/2 n_lh_s/z) = o0,((logn)'/>.
1),

So far, we have derived the leading terms of (1.9.3). The other two terms, (1.9.4) and (1.9.5), can be treated
analogously.

Step 2: uniform asymptotic negligibility of 7, ; and r,,».

By the mean value theorem, we have

sp raa(tx0) S sup |0 (£000) | {Salex) —salex) Y

(t,%,0)€ET X X xO (t.x,0)€T x X xO

We can deduce from (1.9.36), and Assumption 1.6.4 that the right hand side is of order O, (logn . n_lh_l) +0(h*),
which is O, (logn . n_lh_l) under Assumption 1.9.2.

Next, we show r,,» = O, (logn . n_lh_l) as well. Perform a third order Taylor expansion of ¢ with respect to s,

rn2(t,x,0) :/0 {‘ﬁf,yd(y,x) (Sa(y,xFa) —Sd(%x}’d))} {8a.1(dy,xPu) = sa1 (dy,xva) } (1.9.10)

+%/0 9 (C(,2)) {8a(v,x%a) — sa (v, x¥a) ¥ {81 (dy,xFa) — sa.1 (dy,xya) } -
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The second term is asymptotically dominated in view of Lemma 1.4. Focusing on the first term, we have

(1.9.10) = / t{éﬁyd@,x) (S (3 xFa) = Sa (v, xva) }{ 1(dy, xFa) = $a1 (dy,x¥a) } (1.9.11)
+/ éd ' 0) (Sa (v, x7a) — Sa (v, x7a) }{ 1(dy,xYq) — sa,1 (dy,xys) } (1.9.12)
+/ 3, %) (Sa (3, xYa) — 84 (v, xYa) }{ 1(dy,x9a) — Sa1 (dy,xya) } (1.9.13)
+/ B 05) (Sa(3,x%a) — 50 (3, xYa) }{ 1(dy,xYa) — sa,1 (dy,x¥a) } (1.9.14)

We analyze (1.9.11), (1.9.12), and (1.9.14) in turn. Via integration by parts, (1.9.13) can be handled in the same
fashion as (1.9.12), and therefore, the proof is omitted.

We provide results for (1.9.11). By a first-order Taylor expansion of §;(y,xf;) in ¥ around y,, we get

L. A o A o ~
(=)' || 885,000, Calrx10) 3y Galdyxt) (= )

where §; and ¥, lie between §; and y;. Let Iz, 1; = R;1 {D; =d,Y; <t}. Expanding the partial derivative in the

integrator, we get

n(fz/;fd(x%z Z 0.1.098 3, (609G (YY) K (Xia = x¥a) /1) (-1 = X-1)) (% — Ya)
a nlz/;d_x};zz 2 ,;lldt 104 3, (Yi,x) Oy Ga (Vi xFa) K (XY — x¥a) /1) Oy (W) (% — Ya)
=Lyt +Lnjso-

Rewrite L, 31 as

n(!?fd(xy Z Lya1.i98 4, (Y x) 9y Ga (Yo, x¥) KD (Xia — x¥a) /1) (X1, = X(-1) (% — Ya) (1.9.15)
(=) (Fa5¥a Ta) — fa(x¥a))

nh? fa(xYa) fa(x¥a)
: ZId,t,l,iq;de,yd(Yiax)aVGAd(YiaxT/d)K(l) ((XiYa —xYa) /1) (X1, = x-1) (% — Ya)- (1.9.16)

i=1

The term in (1.9.15) can be further decomposed as

(Yd

() = e .
nhfd(xy Z dzh‘ded(Yux) (Y;,x%)K, (x%Xi’Y)(X[fl],i_x[fl])/('yd—'}/d)
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5 /I n . N B 5 N
- m Xl i, (0 OrGi(Ycta) = Gy () (o1 Xar) K= ) (B = ).

From (1.9.33), we find that, Assumptions 1.3.1 and 1.6, G((jl)(y,x}/) is bounded uniformly on T x Zr. Additionally,

gﬁjm (v,x) is bounded on .7 x 2" x ® under Assumption 1.6.4. Hence, the first term can be bounded from above by

3 - W {le eIl } .. {iZ} )K,i”(xy,xiv)\}

O,(n'h =0, (logn~n_1h_1) ,

where the last equality holds uniformly over ®. In view of (1.9.37), we deduce that the second is bounded by
M, A 1 1 &0
Zl-wl s {[0Gatn) 6 | [y sup { Y |K G x) }
(v, V)ET XX xTy p xe2 | i
=0,(n'h)- (Op ((logn)l/zn*]/zhf‘%/z) +0(hs)) =0, (logn-n"'h'),

uniformly over ®. Applying similar reasoning, we are able to show that (1.9.16) is the order Op((logn)l/ 2p=3/2.

h=3/2), and L, =0, (n_l), both of which are o, (lognon_lh_l).

Next, we bound (1.9.12). A Taylor expansion of §;(y,xf;) around y; yields,

(1.9.12) = —(fu — Vd),/o {@?,yd (y,x)ayéd(y’x%i)} {Sa.1(dy,xva) = sa.1 (dy,xva) }
+ (% — Yd)'/o {‘ﬁiyd (,x) (3G (3, x%a) — 9y Ga(y,x74)) } {$a.1(dy, xya) — sa1(dy,xya) }

= (% —Ya)'Bu1 + (%4 — Ya)'Bn.2-

B,,,1 can be rewritten as

Bn,l :/0 {(ﬁiyd(%x)ayéd(yax’m)}d{W _Ga’,l(yvx%l)}

Jfa(xva)
 Jalva) = Fxvad) (' o A .
e e [ 60,0:08,6an) | ks (en0)

Similar analysis along the lines of L, 3| gives a uniform bound of O, ((logn)l/ 2121 2) for the second term.
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Expanding the partial derivative in the first term leads to

W/ ¢dyd ¥,X) Oy Ry (x¥a)d [Ra15 (%) — f(x¥a1,d)Gay (3, xYa)] (1.9.17)

Iy fu(xY.
m / 03y %) Ray (V¥a) [Ra 1y (¥¥a1) = fa(x¥a) G (3, 6%a)] (1.9.18)
 (faleya) = f(xva,d)
Fevad)2 fa(xva)
n Oy fa(xva) (fua(xya)? — £ (xya,d)
FeYa.d)? fa(xya)?

/‘Pdw Y5 %) Oy y (¥¥a)d [Ra 1y (¥¥a) = fa (x¥a) G (9, %%a)]

/0 08, ) Ry (¥¥a)d [Ra 1y (xYa) = fa (V) Gt (v,X¥a,1)] -

As fy (x74) converges uniformly to f;(x},) in probability, the last two terms are clearly dominated by the first two in
the limit. We therefore focus on the convergence of (1.9.17) and (1.9.18).

Let k7, (xy) = E[1{D =d,Y <y} K (xy,Xy)] and K4 1,(xy) = E[RL1{D =d,Y <y} -K; (xy,X7)]. The integra-
tor of (1.9.17) can be decomposed into a centered term vy 1(y,x, %) = (12'(;,17y(x}/d) - Kd,1,y(x7d)) and a bias term

B, (0%, Ya) = (Ka,15(0%) — fa(x¥a) Gaa (v XYa)).-

Regarding the centered part, let us define

1 nooet
Lyaf=——— 0 Ly i (KW oy, Xiy ) (Xp i —
A L ey d)? ;/0 B, )y, i (K, (XY, Xi¥a ) (Xe i —x0)

— E[ldy[(;(,l) (XYa, X ¥a) (Xe — x0)]) Va1 (dy, x, %),

1 ‘. o
Ly EW/O 00y, (0 X) Ellgyh IK}(, )(x}'dv)(?’d)(xé*XZ)]Vd,l(d)’axv Ya)-

The first term can be represented as a degenerate second order U process indexed by w. Specifically,

n

1
Lye(o) = Y] {Zgl (Wi, W, @) +Zgl £ Wl,Wj,a))} ELZ,41/(“’)+L2,41/(“’)a
i=1 i#]

where

1
g1c(W1,Wa, o) ~ i rnd)?

gi(Wi, @) =l 1 1hKy(xVa, X1 Ya),

{811(W1,w)g12,z(W2,Y17w)/gn(Wl,w)gn,z(Wz,yl,w)dFW(Wl)},

g12(Wa,y, ) Zéiyd () {Id VAL 2hK ey, Xoma) (X2,0 —x¢)

- / 1{dr=d,y> < y/\t}hK;EI)(XYd,xzw)(xz,z —xl?)dFW(Wz)} :
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Direct calculation shows

n
a
sup [ L (@) S sup { ; 7

1
(v, Xiova) Ko ey X Yd)’} Op ( ) :
Now, define the following class of functions
4 = {(Wl,W2) — glj(Wl,Wz,(D) S {2, ...,k}, [ORS .Q.} . (1.9.19)

By Lemma 1.7, it belongs to the VC type class with a bounded envelop. Standard calculations reveal that the maximum
variance of U process kernel sup,cq, [E[g?] is of the order O(h?). By the maximal inequality in Lemma 1.5, we con-
clude that {supweg ‘n’ Yii&1e(Wi, Wi, 0) H = O (logn-n~'h). Applying the Markov inequality and multiplying

the U statistic by 43, we deduce that sup,,q

LZ,41A[(0‘))’ =0, (logn-n~'h=?).

By Lemma 1.4, the expectation in side L, 4> ¢ is uniformly convergent to dyyGy 1 (y,xYs)(x¢ — E[X¢|xY4]). Thus,

1 " "
Loans = o) ; {Id.t,l,i(f’de,yd (Y;,x) (QeyGa1 (Y, x¥a) (x¢ — E[Xelxya]) ) hKn (x¥a, XiYa)

B 1411653, () (3G (Y, 0) (e~ BIXe[xa)) B (030, X00)| |+ (1,5, 0),

where sup, , g\c 7« 2 <@ |7n.3(t,x,0)| = 0p(1). The first term on the right hand side can be bounded via the maximal

inequality as long as the following class of function is of the VC type:
G ={w goo(w,0): L€{2,.. .k}, ©€Q}, (1.9.20)
where

820(W,0) = f(xya,d) {IdA,t,l(i).de?yd (Y,x) (9eyGa 1 (Y, x¥a) (xe — E[Xe|xya]) ) hK (xYa, X Ya)

—/r11{d1 =d,y; <t} éfyd(yl,x) (axde,l(ylax'Yd)(xé_]E[X[|x'}’d]))hKh(XdexU’d)dFW(Wl)}~

Note that sup,, ., E[g3] = O(h). Consequently, Ly 420 = O, ((log n)'/2 121 2) by the maximal inequality from
Lemma 1.5
Turning to the bias part of (1.9.17), we define
1 n

_ Xei—x¢ &
Lise=—, Z W/ Of - 052 L yiKy (e¥a, Xia) a1 (d. x, Ya),
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for £ =2,...,k. Integrating by parts gives

I ¢ Xét N (1
Lyse= ZW% 76Xy K )(XdeXin)Ud,l(t»xa Ya)

Xoi—x
T X : dy,x
hf(xYa,d) / aiky (5 Ya)Ha1 (0%, Ya) B, (dy, %)
Xpi—x¢ 0 W
_’71 > Yi7 ) }/i’ K 7Xi s 1' ‘21
o Cora-d)? it (o a) 0y (Yoo ) Ky (0%, XiYa) (1.9.21)

Due to the uniform convergence of the gradient estimator by (1.9.35), the first term is uniformly bounded from above

by

sup {|fd x’)/d 2| ‘q)d?’a’ tx ‘ {HG tx}/d “+"87Gd t x}/d) Gé 1, XY H}}
(1,x,0) €T X2 <O

sup {],Ltd,l(t,x,yd)]} =0,(1)-0(h*).
(tX)eTXZ
Since ¢” () and s4(-,xy;) are both continuously differentiable with bounded derivative under Assumption 1.6, we can
deduce from the mean value theorem that the second term is also of the order O, (h*). Standard bias calculation yields

qu(

(1921) = —== 5"

Zg:i[ ‘/Vhw) hs+lrn,4,l(tax7d76)7

where sup, , g)c 7« 2 0 |ruae(t,x,d,0)| = 0p,(1) and, for £ € {2, ...k},

Xy —

g(W,0) = W

510,98 5, (V,)08 { fa(x¥a) Gy (Y, xYa) }hK (XY, X Va)-
Once again, Lemma 1.7 establishes that
G={wr gzi(w0):L€{2,. k}, ®€Q}, (1.9.22)

is of VC type with bounded envelop. Maximal variance is of the order O (k). We then deduce from Lemma 1.5 and the
Markov inequality that (1.9.21) is of the order O, ((log n) 1/2 n_1/2h5_3/2> , uniformly over @ € Q. Overall, (1.9.17) is
0, ((logn)l/2 . n_l/zh_1/2). Following same arguments, we can deduce that (1.9.18) is O, ((logn)l/2 : n_1/2h1/2).

The same procedure can be followed to decompose B, >. In what follows, we derive the convergence rate for the
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K41,y part only since the denominator fu can be treated analogously. Specifically, define

Byu21 Ef(XYd)_l/O qsf,yd (3,%) { HGa (3, x7u) — G (y,x¥a) } Va1 (dy,x, Ya)
_ -1 ! ) a}/f(d,y(x'}?d) N aykd,y(x%i)} d
f(x,yd) /(; (Pd,)/d(y?x) { fd(.x'}?d) f’\d(xyd) vd,l( Y, X, yd)7
B 1 ("l Ray (V) Iyfa(¥¥a)  Ray(x¥a) Oyfa(va)
f(XVd) /0 (Pd,}'d (y,x) { fg(x'?d) ﬁ%(x')’d)

}Vd,l(dYaxa Ya)-

From similar arguments applied in Lemma 1.8, one deduces that each of the two terms is dominated a degenerate
second order U process that converges at a rate of O, (logn-n~'h="/28,), uniformly for ||§; — y4|| < &,. Since §, =

0, (n’l/z), we find from Assumption 1.9.2 that B, 21 = 0, (logn- n’l/zh’l).

t . A A
Buoo =f(xya)”" /0 ‘Piyd (,%) {0,Ga (v, x¥u) — OyGa(y,xYa) } a1 (dy,x, Ya)

.t . A ~ N
=falxy) 2 /0 - (0,2) { Oy Ry (xTu) — OyRay (¥¥a) } a1 (dy,x, Vo)

_W/O ¢iyd(Y7x)8ykd,y(x7d)Hd,l(d)’ax7 Ya)

o) /0’ 3, () { Ray (¥Fa)Oyfa(¥Fa)  Ray(x¥a)Oyfu(xva)

F2(x7) F2(xva)

EBZ,zz(t,.X7 9) +BZ’22(Z‘,X, 9) +BZ,22(I,X7 9) + (S.O.)

} :udJ (dy7-x7 ’}/d) + (S'O')

Integration by parts turns Bizz into three terms. Applying arguments of Lemma 1.8, and properly accounting for the

biases, to each of the terms, one deduces that supy, <5, SUP( \ g)c 7 x 2 x0© ’ By »(t.x, B)H = 0,((logn)'/2n=1/2.
h*=3/2§,). The same uniform rate applies to BZ’22, and, after further decomposition, to B; ,,.
Collect results on B, | and By, », and multiply them by O,, (n=!/2). We conclude that (1.9.12) is o, (logn-n~'h~").

Lastly, we bound (1.9.14). Rewriting the term as

I/Ot {¢deyd (yux) (vn,d(y»x/)/d) +.ud(yux7d))} {vn,d,] (dy,de) + Ha 1 (d%x'}/d)}
= /(: {(5,?,%, (y,x)Vn,d(%xw)} Vi1 (dy,XYa) + '/04 {45[?,%, (3,%) Via ()’ax%i)} W1 (dy,xVa)

+ /0 {éiyd(y,xw(y,m)}vn,d,l(dy,xw)Jr /0 {(ii?,yd(y,xwd(y,xw)}ud,l(dy,m).

Applying arguments similar to those from Lemma 3.1 of Lopez (2011) and Lemma A.2 of Fan and Liu (2018) yields

that the last three terms are asymptotically dominated by the first one due to under-smoothing. Hence, we provide
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detailed derivation for the first term only. Let

t .
Ln,() :/0 {q)de,yd(yax)vmd(yax}/d)}Vn,d,l(dyade)

1 n n
=2 {284(Wi,Wi,w) + Zg4(W,-,Wj,a))} =L, +L2,6,
=1 i

where

ga(W,Wh, 0) = {g41(W17a))g42(W2,Y1,w) _/341(W17w)g42(W27)’17(O)dF()’laxladlarl)}7
gs(Wi,0) =R 1{D) =d,Y, <t}hKy(xys,X1%),
g2(W2,y,0) = éf,yd 0, X){1{D2 =d, Y2 <y At} hKp(xYa, X2Va)

— / 1{d, =d,y, < y/\t}hKh(x’}/d,xz’}/d)dF(yz,xz,dz)} .
Note that the second term is a degenerate second order U process. Lemma 1.7 indicates that the class
g4={(W17W2)'—>g4(W1,W27(D> : a)eQ} (1.9.23)

Lll

is of VC type with a bounded envelop. Standard calculation implies that sup ¢, |L ¢

= 0,(n~'h~!) and the maximal
variance supge%E[gz] is O (hz) Another application of Theorem 8 of Giné and Mason (2007) and the Markov
inequality yields that szﬁ is of order O, (logn - n_lh_l) uniformly over Q.

Gathering results on (1.9.11) - (1.9.14), we conclude that SUP(; 1 9)cFx 2 x© |rn2(t,x,0)| =0, (logn . n_lh_l) =
0p (n_l/z), concluding the proof of Step 2.

To finish the proof, we deduce from a second order Taylor expansion of ¢, ! that, for each (t,x,0) € T x 2 x O,

§Td (trx,j\/da 9) — STy (tvxyd7 6) :W (‘Pe (§Td (trx,j\/da 9)) - ¢9 (sTd (t7x7d7 9)))

. (ﬁ(;l(gd(tvxa 9))

m (‘Pe (frd(f=x7d79)) — 09 (sTd(t>dea 9)))27
] g

where the random function §y(z,x, 0) lies between §7, (¢,xJ;,0) and s7,(¢,xY;,0). From Assumption 1.6.4, it holds
that both 1/ (})(9 (z) and ¢y !(z) are uniformly bounded when z € [0,y%]. Also, by the definition of y, the event
1{54(t,x,0) <y’} has the asymptotic probability equal to one, uniformly in (z,x,0). As a result, the second term

is asymptotically negligible. This concludes the proof. |
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1.9.1.2.2 Weak Convergence of CBGP and UBGP

Proof of Corollary 1.1. The uniform representation from Theorem 1.3 consists of four parts. Standard analysis us-
ing maximal inequality implies that sup, , 5)c 7 9«0 In VY ma(Wix,1,0)| = 0,(n~"/?). Multiplying the quan-
tity by v/nh gives a rate of O), (h'/?) = 0,(1) for the second part. Moreover, vnhsup(, , g\c 7 2 <o n(¥:1,8) =
0, ((logn)l/2 n’l/zh’l) = 0,(1) under Assumption 1.9.2. Next, we show that

n

Vnh sup n! an7d(VI/,-7x,t,9) =0,(1).
(t,x,0)€T x X %O i=1

Let Al 4 = Mp.a — E[Np 4] denote the centered version of 1, 4. Standard bias calculation shows that E[n; 4(W,x,t,0)] =

O(h*). Under Assumption 1.6, the rate of bias holds uniformly in (¢,x,0) € 7 x 2" x ©. Define

Gy ={W = K(xYy, %%)¥a(Ga (-, XYa) — Ga (-, xYa), Ga,1 (-, XYa) — Ga 1 (-,x%a)) (1,x,0) :
(t,8) € T x ©}. (1.9.24)

From Lemma 1.7, this is a VC type class with bounded entropy. We show below that its maximum variance is O(h?).

It suffices to illustrate on the first part, i.e.

1 . 2
E |K(xy, X v4)* </0 ¢de7yd()’7x){Gd(an}’d)Gd(%XYd)}Sd,l(dyade)) ]

t .. 2
=1 [ k(wPdu- ( | 683, 0000065054 (dy,xm)
2
‘ sup {\8xde(y,xnz)!2ISd,l(y,de)lz} =0o(n’),
yx)esxx

9 (1)

<n / Pk (u)*du - sup
JR (1,0)€[0,,1]x©

where the first equality is due to the mean value theorem and a change of variable. The inequality follows under As-
sumption 1.6. It follows by Lemma 1.5 and after multiplying by 4!, that SUP(; 1 0)e 7 x 2 x© |n_1 Yo Mba(Wiyx,t, 9)|
=0, ((1ogn)1/2 n_1/2h1/2). Combining with the result on bias, we have \/rﬁsup(l7x’9)ey~xggx® In= 'Y Na (Wi,
x,1,0)| =0, ((logn)l/thrnl/zh”l/z), which is 0,,(1) under Assumption 1.9.2.

Hence, it remains to prove the weak convergence of
. n
fo = Zfrfi(t’ 97d)7
i=1

where f3(t,0,d) = n~'2h'/2n 4(Wi,x,1,0), for each (d,t,0) € {0,1} x 7 x © and given a fixed value x. This

task can be accomplished by invoking the functional central limit theorem for non-identically distributed stochastic
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process as presented in Lemma 1.6. Note that under Assumption 1.5.1, the triangular array { £} (¢,0,d)} is row-wise

independent. By definition of 1, 4(W;,x,t,0), and Assumption 1.6, all of the array components f;(¢,0,d) are right

ni

continuous in both # and 6, which implies that the triangular array is separable. Consequently, {f5(7,6,d)} is AMS

by Lemma 2 of Kosorok (2003).

To verify manageability, we first note that
gﬂ = {W = K(x’}/dai’yd)lpd(gd,yd7£Jd,1,’)/d)(t7xa 9) : (ta 9) € ﬁ X ®}a (1.9.25)

is a VC class with an envelop Y., ; Hy.¢(¥ys) by Lemma 1.7, where 0 < Hy 4(-) < M for all ¥ € 2" and a positive
constant M. Multiplying n~12p=1/2 preserves the VC property and we conclude by Theorem 11.21 in Kosorok (2008)
that { f,,;} is manageable with the envelop {F,;}, where F,;(w) = n='/2h=1/2 ¥ y_o | Hy 4(%y,), forall i = 1,...,n.

For condition (ii), we define 2, ,(7,0) = YL, f,;(7,0,d) —E[f;;(#,6,d)]. As a result of the independence of W;
and W; when i # j and the fact that E[f(r,0,d)] =0,

(ngE

E[Xna, (t1,01) X0, (12,62)] = ) E[f;(11,61,d1) f:(12, 02, d2)].

i=1

Furthermore, the right hand side is identically zero if d| # d; due to the definition of &,y and & 1 ,. Condition (ii) is

trivially satisfied in this case, and thus we focus on d; = d» = d. From direct calculations in Section 1.9.3.3, we find
1 _
E[f%(t1,01,d) f5(t2,6,d)] = chx(n ,01,1,0,) +0(n"'h). (1.9.26)

where o7 is defined in (1.9.38). Under Assumptions 1.8.1 and 1.6, ||K], 0.9, G, and Gy, are all uniformly
bounded. In addition, f;(xy,) and 0 (s7,(-,xY4,-)) are uniformly bounded away from zero for each x € 2", under
Assumptions 1.3.1 and 1.6.4. Since h — 0 as n — oo, limn_,ooE[x;fdl (11, Gl)xlfdz (t2,62)] = 07 (t1,61,12,6,) and the

limit is well-defined. As a result, condition (ii) holds.

Next, condition (iii) follows from the fact that

n

YEFI<2 Y [ 0 ) ()i =2
i=1 d=0,17 21

Z Cﬁ/ S(xYa +uh)du < oo,
d=o,1 /=01

where the second equality follows from a change of variable, and the last inequality is due to Hy 4 being uniformly

bounded.
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Regarding the Lindeberg type condition (iv), note that

E'[Fil{F > €}]

-

Il
-

1

2
:/o / WY HyaGEw) | 19n7 " 2072 Y Hy o(Ry) > € p f(#n,50)dindsyp
170 ”[ﬂ d

d=0,1

2
=./R/Rh<d=20’1cdﬂ{|ud| < 1})

1 {n1/2h1/2 Z Cyl{|ug| <1} > 8}f(x}’1 + urh,xy + uph)duydug.
d=0,1

Since nh — oo, the limit of the right hand side as n — oo equals zero for each € by the dominated convergence theorem.
Thus condition (iv) is satisfied.

In view of (1.9.26), we obtain from expanding the square in p,(s,?) that p,(¢,01,t2,62) = p(t1,01,t2,6,) + O(h),
with p(t1, 61,12, 6) = {oj,x(rl,tl,el,el) ~262 (11,12, 61.62) +Gj,x(t27t2,92,92)}1/2 for each (11,12, 01,0,) € T2 x
©®2. Since the second term vanishes as n — o and the first one is independent of n, we have p(t(,, 01 1,12, 927,,) —0
implies po(t1,1, 010,20, 62,,) — 0, for all deterministic sequences of {1 ,, 61 ,} and {£2,,,62,}.

We have shown that the triangular array {f,;} satisfies conditions (i) - (v) of Lemma 1.6, which implies that @;T
converges weakly to a two-dimensional Gaussian process with covariance function Z’,‘f (+,-). Lemma 1.10 shows that

() = 5 (,-) +o(1). Combining this result with the fact that Gf — G} = 0,,(1) concludes the proof. [ |

Proof of Corollary 1.2. Proof of part (i). In view of the uniform representation from Theorem 1.3, we obtain

§Td (ta 9) — 8Ty (tv 9) =E, [STd (vaYda 9) _E[ST‘] (vaYda 9)]]
+Eu [$1.4(0.X94,0) —51,(v. X 74, 6)]

EA,M —I—An72.

The first term is an empirical process indexed by @ ». Utilizing the uniform linear representation in Theorem 1.3, we

can further decompose A, > as

1
7

HM:

n
Z {h~" gs(Wi,W;,t,h,0) + g6 (Wi, W}, 0) + Mp.a (Wi, X;,1,0) } + — Z+rn (Xi,1,0),
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where

K, (Xo v, X
g5(W17W27t3h79) = Mw(éad.yd,l7£7d,177d71)(t3X279),

fa(Xava)

b 1y —1
g6 (W1, W2, 8) — ‘mww,ma,xz,e).

From the proof of Corollary 1.1, we find that sup, , g\c 7 2 <0 [n 'Y My a(Wix,1,0)| =0, ((logn) 12 rfl/zhl/z)
+0(h*), thus the double mean involving 1,4 is uniformly o0, (n~'/2) under Assumption 1.9.2. Additionally, from
Theorem 1.3 we have r,(x,t,0) = o, (n~!/2) uniformly over 2" x .7 x ©, thus the last term is also asymptotically
negligible.

Consequently, it suffices to work on the first two terms. We will show (a) the U-process indexed by gs is asymptot-
ically equivalent to an empirical process indexed by E[gs5|W;], and (b) the U-process indexed by 1; 4 is asymptotically
negligible.

We focus on (a) first. It is straightforward to show that W(&yy,.1,84,1,9,,1)/fa(xYa) is uniformly bounded. We
therefore deduce from direct calculations that SUP(; g)c 7 x© nTlh Y gs(Wi,W,t,h, 9)‘ =0, (n_lh_l). Observe that,

by Lemma 1.7,
@5 = {(wi,w2) — gs(wi,w2,2,h,0) : (t,h,0) € T x A x O}, (1.9.27)

is of VC type with bounded envelop. Also, E[gs|W>] = 0 and sup,c, E[g?] = O(h). As aresult, we may deduce from

the maximal inequality in Lemma 1.5 that

sup
(1,0)€T xO®

3=
D=

1 n
{M,ng(m,Wj,t,h,G)— Elgs(W;, W;,t,h, 0)|Wi] ’

i#] i=1
=0, (logn-n*1h71/2> =o0p (nil/z) ,

which implies that the second order U process can be uniformly approximated by an empirical process indexed by the

conditional mean. Let A, > denote this process, for which we have the following

E[gs(Wi,Wa,t,h,0)|W]

K (x4, X
[ B 5 1) 0, 0) 6T )
K(u)

=h
/fd(Xl Ya+uh)op (sz,(1,X17; + uh,0))
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'{/Ot 0, X1+ uh)1{Dy = d} (1{¥ <y} — Ga(», X1Y4)) $4,1(dy, Xy Yy + uh)
— P (sa(t,X1va+uh)) L{D1 = d} (Ri1{Y1 <1} — Ga,1(t,X1%))
*/Ot 93y, 05 X1va+uh)1{Dy = d} (Ri1{Y; <y} = Gu1 (. X17a))

$q(dy, X1 Ya + uh) f (X1 Ya +uh)} du

X
O 1601 0)(0.1.8) 4O ()

~ faXav)

The second equality follows by a change of variable and the last one is due to Assumption 1.8.1. Since ‘P(; (), ¢g (),
Ga(y,");Ga1(3,-), fa(-), and f(-) are all (s+ 1) times continuously differentiable with uniformly bounded derivatives
under Assumption 1.6, the rate of the bias holds uniformly over .7 x ©.

Now, we show (b). Observe that g is multiplicatively separable in W; and W,. The part involving W, is

0, (n_l/ ?) and not indexed by (¢,6), it then suffices to show that the empirical process indexed by ge1 (W,,0) =

Wa(vg, vg1)(1,X2,0)/fa(X27a) is 0,(1). Note that

Elyg (v, X2)[X2%a] = E[0xyGa (v, X2 ¥a) (Ex, 4, [X1 1 X2 Ya] — X2)1X274]

= dvyGa (3, X2Ya) (Ex, 1, [X11X27a] — Ex,y, [X2|X274]) = 0,

where the last equality holds because X and X; are identically distributed. The same result holds for y7 ;. By Fubini’s

theorem, and the law of iterated expectation, it follows that E[ge;] = 0. Next, let
Go = {(w1,w2) — ge1(wi,w2,1,0) : (1,0) € T x O} (1.9.28)

Lemma 1.7 establishes that it is of the VC type with bounded envelop. Moreover, its maximal variance is O(1). We
deduce from Lemma 1.5 that E,[ge1 (W2,7,0)] = O, (n~'/2) uniformly over 7 x ®. Overall, the U process indexed
by g6 is O,(n~ 1), and thus, asymptotically negligible.

Proof of part (ii). In view of the uniform representation established in the previous part, weak convergence follows

from Theorem 2.1 of Kosorok (2008) if the class of function
Go={w> @u(w,1,0):(d,1,0) € {0,1} x T x O} (1.9.29)

is Donsker. We see from Lemma 1.7 that ¢, of VC type, which implies that it is Donsker by Theorem 19.14 in Van der
Vaart (1998). |
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1.9.1.2.3 Functional Delta Method
Before proving Theorem 1.4, we state a general result on functional delta method. Let v(-) denote a generic functional

mapping from £e,(.7 x ©%) x £.(.F x ®?) to a normed space Lo (% X @%) X loo(% x ©F).

Lemma 1.2 (i) Suppose this functional of interest is Hadamard differentiable at S*, for a fix x € 27, tangentially to a

space € (% x ©?) with derivative V¢, and that the assumptions of Corollary 1.1 hold, then
Vnh (V (Sx) ('7 ) -V (Sx) ('7 )) = véX(G) ('a ) = G)\C/?

in le(% x ©%) X beo(% x ©7), where G¥, is a two-dimensional Gaussian process with zero mean and covariance
function,

v (0,0) =E[@}(W,u1,01)0}(W,u2,0,)]

where @3 = v§,(@"), for eachu = (uy,u2)' € % x %, and 8 = (6',0})' € ©* x O
(ii) Suppose v(-) is Hadamard differentiable at S tangentially to a space ¢’ (% x ©?) with derivative v§, and that

the assumptions of Corollary 1.2 hold, then

Vi (v(S) () =v(8)(-,) = vs(G) () =Gy,

in le(% x ©%) X beo(% x ©?), where Gy is a two-dimensional Gaussian process with zero mean and covariance
function,

Z"V(ua e) =E [q,v(wvula el)q)v(wv u, 92),] ’

where @, = v§(@), for eachu = (uj,u2)' € % x %, and 8 = (6',0})' € ©* x O

Proof of Theorem 1.4. We establish Hadamard differentiability for each type of treatment effects and the desired
result would then follow by a direct application of Lemma 1.2. The cases for DTE and CHTE follow immediately
from Lemma 3.9.25 in Van Der Vaart and Wellner (1996). Next, note that integration with respect to the Lebesgue
measure is a linear operator, which implies that Varg (-, -) is linear in (s7,,s7,), and thus, is Hadamard differentiable
by definition.

For QTE, it suffices to show that the mapping g4.(-) : £w(.7 X ®) = £e((0,7) x ®) is Hadamard differentiable.
The proof is similar to that of Lemma 3.9.23 in Van Der Vaart and Wellner (1996). Let &, — h uniformly in £ (.7 x @),
with & being continuous. Thus, s7, + 1/, € le(7 x ©) for allt > 0. Let g40,(t) = inf{y: (s, +th)(y,0) < 1—1}.

Due to s7,(-,0) and (sz, +h;)(-,0) being restricted to 7 for each 0, it holds that ¢u.6,(7),qa.0,(7) € Z, for all
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(7,0) € (0,7,) x ©. By the definition of g4 ¢, we have
1= (szy +1h:)(9a,0,4(T) — €ar,6(7),0) < T <1—(s7,+1h)(q4,0,(7),0),

where €4,.6(7) =1* Aqa.0,(7) > 0. Under Assumptions 1.6.2 and 1.6.4, s7,(q4.6.:(7) — €44.6(7),0) = 57,(q4.6.(7),0)

+0(€4,,6(7)), uniformly in (7,0) € (0,7,) x ©. This further implies that

~th(qa,0.(7) — €4.4,6(T)) +1:(7,0) < 57,(94,6.:(7),0) —57,(94,6(7),0) < —th(qa,e.+(7)) +1:(7,6),

where 7;(7,0) = o(t), uniformly in 7 and 6. From the continuous differentiability of s7,(y,0) in y and the derivative
—fr,(y,0) being uniformly bounded, we deduce that |g4,0,(7) — qdﬁe(r)‘ = O(t), uniformly in 7 and 6. Applying
Taylor expansion of the middle term in the preceding display allows us to conclude that g, .(-) is Hadamard differen-
tiable at s7, (-, -), with derivative given by i1+ h(qa,.(-),")/fr,(9a,.(-),-), ford € {0, 1}. Another application of Lemma
3.9.25 in Van Der Vaart and Wellner (1996) yields the Hadamard differentiability of Vorg (-, -), concluding our proof.

[ |

1.9.1.3 Proofs for Results from Section 1.5

1.9.1.3.1 Weak Convergence of Multiplier Bootstrap Processes

Proof of Theorem 1.5. Proof of part (i) We first show that G,, ¢ % G. In view of Theorem 11.19 in Kosorok (2008),
the conditional weak convergence follows under Assumption 1.11 if the triangular array {f;;}7_,, with f.(¢,0,d) =

n1/2pl/ 211S7d(W,~,x, t,0), satisfies the conditions of Lemma 1.6. Note that we have verified these conditions in Corol-

lary 1.1. Hence, the desired result holds. Next, we prove

sup @g(t,O)—Gﬁé(t,O)H = 0,(1). (1.9.30)

(1,0)eT x0?

Decompose fl; q(W, &, x,t,0) as

Ki (X9, X Va) — Kn(xYa, X Va)
Ja(xYa)
B (Fa(¥Pa) — fa(xva)) Kn(x¥a X V)
fd(x}’d)fd(x?d) ot <gd7m7é&d’l%) (6 9)

Kn(XYa, XVa) ¢ g (2 2
W‘g {lPd (gd,f/d7éad,l,}7d) (t7x7 9) _\Pd (éod,y{pgd,l,’)/d) (tax7 6)}

éwd (éod,)/d7éad,l,}’d) (tax7 6)
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B (Fa(xFa) — faeva)) (Kn(xFa, X 9) _Kh(x%i:XVd))é\Pd (s Gty (1.5,6)

Fa(x¥a) fa(xTa)
Fa (X)) — Kn(xy:,X o A A
_ Uale) fdﬁijf}jzxw M) & 04y (G b ag) (66.0) — % (B 611 ) (13,0) )
Kh(xyd,Xq;ij(;é;(x}/d,Xyd)é {Wa (g bure) (6,%,0) —¥a (EuyyrEany,) (1,x,0)}
B (faFa) = fa(xva)) (Kn(x9a. X %) — Kn(x¥a, X ¥a))
Fa(xva) fa(xFa)

& {‘i’d (g)d,yd,f)d,l,?d) (t,x,0) —Wa (Euy, Eury,) (1,x,0)}

:An,l (W7 ‘5) +An,2(W7 é) +An,3 (W7 é) +An,4(W7 ‘5) +An,5 (Wa é) +An.6(W7§) +An,7 (W7 é)

The first three terms are obtained from the “first-order” expansion, the rate of which is dominating. Crude bounds
based on uniform rates from Lemma 1.4 can be utilized to control the remaining three terms.

By a Taylor expansion, we have

RV K (0, X0 ) (e = X g) (B — %)

A”’I(W’é) - fd(x'yd) E¥a (gd#dagd,lﬂd) (,x,0)
WK (090, X () — X0 (B — W)
+ ’ Y, (& & 1,x,0
fa(xva) E¥q (G Gay,) (1,,6)

:An,ll(W7§) +An,12(Wﬂ é:)

Due to the independence of the bootstrap weights, E[A,, 1 (X, &)|X] = 0, the empirical process n~'/2h!/? Yo An i (W),
&;) is centered, and by Lemma 1.5, is of the order O, (logn . n_l/zh_l) =0,(1), uniformly in ¢ and 6. For the second
term, using the uniform boundedness of K 2 s gd’y, and the compactness of 2, we deduce that

sup n12p!/2),

(1,0)€T x©

= 0p(

n PRV Y A1 (W, E))
=1

Note that n~'/2h!/2 Y1, A, »(W;, ;) can be bounded by

W/2p1/2 )

2oy L
W - ZKh(deaXi%l)glPd (Edyasis Gt ygi) (1,%,0)
=1

—n'2h120, ((1ogn)1/2n—1/2h—1/2) .0, ((1ogn)1/2n—1/2h—1/2) ~0, (10gn~n_1/2h_1/2) :

which is 0, (1) uniformly in 7 and 6.

From Lemma 1.9 with £ = 0, we deduce that sup, 4)c 7o ‘rrl/zhl/2 Yo Ans(W, 51)‘ =0, (logn-n="2n71/2).
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Next, for s; = 4,5, n~'/2h1/2 Y1 A, 5, (W}, &) are bounded by

fa(x%a) _Afd(x%l)
Ja(x¥a) fa(xTa)

)

: |nl/2hl/2 Z An,sz (Wja 5])
=

for 5, = 1,3, respectively, both of which converge uniformly at a rate of O, (logn-n~'h~1) .

By a Taylor expansion of K, (x§;,X9,) around ,, and by applying Lemma 1.9 with £ = 1, we get

n 2R Y A6 (W, E))
=1

sup
(1,0)eT xO®

= 17— 1all-0p ((ogm)'*n~"2h72/2) = 0, ((10gm)"*n ™15 772).

Lastly, n~'/2p!/2 Y1 An7(W;,§;) is bounded by

Fa(xFa) = fa(xva)
Fa(x¥a) fa(xFa)

)

Ans(W;, &)
=1

. ‘nl/zhl/Z
J

which converges at a rate of O, (logn n3/ Zh’z) uniformly over .7 x ©. Collecting the results on A, 1 to A, 7 implies
that (1.9.30) holds.

To finish the proof, note that by the triangular inequality,
Egjulh(G} )]~ EINGY)]| < [Egulh(G3 )] ~ Eep (G o)l + [Bepu k(G )] - EIRG)]

for each h € BL;. The second term on the right hand side converges to zero since G, P ? G*. By Jensen’s inequality
and the definition of BLy, Ee),[|h(G} o) — (G} ¢ )[] < 2P¢),, (\G;;é ~ Gy el > s) + &, for any € € (0,1). Due to the
dominated convergence theorem, the first term on the right hand side goes to zero since G’r‘l £ G, &= 0p(1). Taking
“sup” over BL; shows @’r‘lé % G*~.

Proof of part (ii) The proof is similar in structure to that of the first part. Thus, we provide a sketch of proof only.
In view of Theorem 10.4 in Kosorok (2008), G,, ¢ ? G provided ¥, as defined in (1.9.29) is a Donsker class. The
latter condition is proved in Lemma 1.7. In view of the discussion at the end of the last part, it remains to show that
SUP(; g)c 7 02 ||G§ (t,0) =G, £(1,0) || =0,(1).

We establish uniform convergence of & - ¢, 1 (W7, 0) first. Decompose the term as

J(XFa) — f(X7a)

Ja(XVa) E%a (Gayyr 6a13) (1,X,0)
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f(XYd)(( a) — f(Xv4,d))
fd(XYd)f( Ja)

EWa (G gy b1 y) (1,X,6)

+]Jc;(( {lPd (gd Yd’gd 1 Yz) 1,X,0) ¥, (gd%l’éadah?’d) (t.X, 9)}
B (f(XYd) —fX%)) (fa(X9) — f(X1a,d))

, \P éo 76()_ d 7X76
Ja(Xva)*fa(XPa) E¥a (Cayys Eat ) )

F(XTa) — f(X s a4
Wé {‘Pd (éad,?d7gd,l7’}7d) (t,X, 9) 7\Pd (éad,}'d7gd,1,’)/d) (taXa 9)}

fX7ad) (fa(XTa) — f(X7a.d )

+

Fa(Xya) fa(XF0) E{%u (4, Vd’gd 13) (6.X,0) = Wa (EayyrEurg) (1,X,0)}
_ (fa(XFa) — f(Xva,d)) (fa(XT0) f(XYd’d»g
Ja(XYa) fa(X9a)

AW (g bangy) (0.X,0) =g (Eayybuary,) (6,X,0)}

:An,l (W, 5) +An,2(W7 g) +An,3 (W7 é) +An,4(Wa g) +An,5 (W7 5) +An,6 (W7 5) +An,7 (Wv é)

It can be shown, via direct analysis in the case of A, 1 and A, > or by further decomposition a la Lemma 1.9 for

A, 3, that the first three terms are dominated by second order degenerate U processes. Therefore, we can deduce from

Lemma 1.5 that

sup
(1,0)€T xO®

n1/2 Z Anﬁf(WJ 5])
j=1

=0, (logn~n_1/2h_1/2> ,

for £ = 1,2,3. Similar analysis implies that the A, 4-A, ¢ and A, 7 are governed by third order degenerate U processes

and a fourth order degenerate U processes, respectively, with

sup n_l/2 ZAmE(ijéj) = Op ((10gn)3/2 n_lh_l) ,
(1,0)eT <O j=1

sup n Y A (W) =0, ((logn)Qn*3/2h*3/2) ’
(1,0)€7 <0 j=1

for £ =4,5,6. We therefore conclude that

sup
(t,0)eT <0

Y {Quga (W), 6.,0) — ¢d7§,1<wj75j,r7e>}‘ — 0, (logn-n™"217112) = 0,(1),
j=1

for d =0, 1. Regarding & @, », we note that
12 v
n!/ Z {Pue2(W;,85,1,0) — @ 2(W;,E),1,0)}
J=1
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=n"12 Y & {8ra(t,X94,0) — s7,(t,X;74,60) }
=

+n'2E, €] {E,[$7.4(t,X74,0)] — Els, (1, X74,0)] } .

The term in the second line can be analyzed as in the previous part. Due to Assumption 1.11, we have that n'?E, [E]=
O,(1). The uniform convergence of $74(t,X79;,0) to s7,(t,X7;,0) as proved in Theorem 1.3, implies that I, [$7 4(t,
X94,0)] —E[s7,(t,X7Y4,0)] = 0,(1), uniformly over 7 x ©. Combining the two results, we deduce that the last term

in the previous display is also 0, (1), concluding the proof. [ |

Proof of Corollary 1.3. Since integration with respect to the Lebesgue measure is a linear, and thus, Lipschitz con-
tinuous, mapping, the results for the ATE then follow from Theorem 1.5 and the continuous mapping theorem for
multiplier bootstrap, cf. Proposition 10.7 in Kosorok (2008). The case for the DTE also follows trivially from the con-
tinuous mapping theorem. Now, let us consider the QTE. Let ¥y, ,(¢,0) = n 2R\ 2 YN &R g (Wiyx,t,0). Using

this quantity, we write

(r,e):(L(l)gu)X@ nl/zhl/zg& (W,QTE(Wa 7,0) — ns;élvf&;fi(igz,)e))' (1.9.31)
= | Yaalie(0.0) (i (0).6)

(2.0)(0.5)%0 | J1,6(8 o(7),0)  f1,.x(d5,6(7),6)
< ap | TnalBe(7):0) Wi (7))

(2,0)e(0,7)x0 | [1,,:(@y 4(7),0)  S112(q5,6(7),0)

+  sup na(9a,0(7) ) _ Y, 4(q;6(7).0)

(2.0)¢(0.5,)x0 | J1,2(05.9(7):0)  fr,(q) (7). 6)

S osup W a(d06(7),0)]  sup | fr,(dle(7),0) = frx(ql 6 (7). 6)]

(7,0)€(0,7,)x® (1,0)€(0.7) x®

+ sup ‘Tﬁ,d(@,e(f)’ 0) =¥, 4(q4.6(7), 9)’ .
(7,0)€(0,7,)xO®

From the fact that gy , converges uniformly to g} o, and the definition of 7,, we deduce that sup ¢ (g r,) 4y ¢(7) <

¥, with probability approaching one. Note that,

sup | Fryn(@h.0(7),0) — fru(qhe(7),0)]

(1,0)€(0,7,) x®

< sup @!de,x(ffé,e(f)»G)—de,x(éfé,e(f),Gﬂ+ sup @!frd,x(@,e(f)ﬁ)—de,x(csz,e(T),G)\

(7,0)€(0,7,) % (7,0)€(0,7,) x

< sup | fr,0(1,0) = fr,o(30)|[+My sup |Gy 6(T) — g e(T)] = 0,(1).
yeJ (7,0)€(0,7,)x®
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Regarding the second inequality, the first term follows by the observation above the display and Assumption 1.12,
while the second term follows by the continuous differentiability of f7, », which implied by Assumption 1.6.2 and
Theorem 1.2. The last equality is due to Assumption 1.12 and the fact that gy 4(7) converges to g, o(7) uniformly
over (0,7,) X ©.

We have shown, in Theorem 1.5, that ¥} 4(+,+) converges weakly to a centered Gaussian process. It follows
immediately, by Prokhorov’s theorem and the fact that SuPre(o,rg)@ﬁ_e(T) <y, with probability approaching one,
that sup(; g)e(0,z,)x0 | ¥n.a(Ti.6( ‘ = Op(1). Moreover, since ¥, ,(-,) is equicontinuous and that gy , converges

uniformly to g7 ,, we get that, conditional on the sample path {W;}”

=1

N 5.4 (2,6(7),0) — 5 4 (406(7), 8)| = 0p(1).

Collecting the results, we deduce that (1.9.31) E, 0. In addition, by same lines of reasoning as in the proof for
Theorem 1.5(i), it is straightforward to show that ¥, ,(qy (\).")/fr,«(qy. ("), ) i QTE s¢(G*)(+,-). This completes
the proof for Gg’QT £

To conclude, we note that, the proof for the unconditional QTE and for the DTE’s will follow by largely parallel

analyses, and thus, we omit it. |

1.9.1.3.2 Bootstrap Confidence Sets
In this section, we first describe an algorithm for constructing uniform confidence sets for conditional TEBFs. Then,

we validate the resulting confidence sets by proving Theorem 1.6. Let Glb 'y, and (G)C b denote the first and second

component of (GE , respectively.

Algorithm 1.9.1 1. Same as Step 1 of Algorithm 1.9.1. In Steps 2-5, the calculations will be performed for
d,ref{0,1},t€.7,7€(0,1,), 0 € ©, and u € %,.

2. Estimate 94, Ga1(t,x9%), Ga(t,x%a), $1,(t,x%4,6), following (1.4.2), (1.4.3), (1.4.4), and (1.4.5). If j = QTE,
compute g% ,(7) and fr, (t,0), following (1.9.39).

3. Calculate f/}‘(u, 0), f5.a(W,x,1,0), and li/}‘(W, 0), based on (1.5.1) and (1.5.6) - (1.5.9), respectively.

4. Sample {51‘17}?:1 from a distribution with zero mean and unit variance, independently from data. Calculate lil’j*,

and Géb (u,0).

Repeat Step 4 for b = 1,..., B, where B is some large integer.
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5. For £ = Ib,ub, compute the (1 — )-th quantile éfl’B (a, %, @) of {maxlginggsgl HG’; g j(ui, 0) H} and

B
L pet’

construct the uniform confidence band
Cj:ﬁj(l — O, U, ®)) = {‘A’Zj(”’ 0) infl/zhfl/zgflﬁj(a,%m,G),) ‘u€ Uy, 0 e @,} )

Proof of Theorem 1.6. The proof is a direct consequence of Theorem 1.4, Corollary 1.3, and the continuous mapping

theorem for the multiplier bootstrap, cf. Theorem 2.6 in Kosorok (2008). |

1.9.2 Single-Index Estimator

In this section, we establish large sample properties of the index coefficients estimator ¥. The results, as presented in
the following lemma, are largely based on Proposition 1 in Li and Patilea (2018). We show that ¥ is consistent for ¥,
converges to ¥ at the parametric rate. Moreover, v/n(¥ — ¥) admits an asymptotic linear representation, and converges

in distribution to a normal distribution.

Lemma 1.3 Under Assumptions 1.1, 1.3, 1.4.1, 1.5, 1.6.1-1.6.3, 1.7, 1.8.1 and 1.9.1, it holds that
?d_Yd:rlliZn;lell/g(VVi)‘f'Op (7)., (1.9.32)

ford € {0,1}, where y§ and V; are defined in Section 1.4.3. Furthermore,

Va(¥—1) 5 N(0,Zy),
where

Ly

1

0 Xy

and X, =V, 'E[y(W)yb(w) v, .

Proof of Lemma 1.3. The linear expansion follows from the same lines of argument as in that of Proposition 1 in Li and
Patilea (2018). We show how their Assumption 8.1 can be fulfilled by parallel conditions in our context. Condition
(1) is satisfied under Assumptions 1.5.1 and 1.3.1. Condition (2) holds under Assumptions 1.4.1 and 1.5.2. Conditions

(3) and (4) follow from Theorem 1.1, which holds under Assumptions 1.1-1.3. Condition (5) is satisfied under 1.3.1.
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Condition (6) is due to Assumptions 1.6.1-1.6.3. Lastly, Assumptions 1.7.2, 1.7.1, 1.8.1 imply Conditions (7)—(9),
respectively. We remark that Assumption 1.9.1 is slightly weaker than Condition (10). However, their proof carries
through, under this weaker condition, if the maximal inequality from Lemma 1.5, instead of the main corollary of
Sherman (1994), is employed in the proof.

To conclude, we note that l//f’ . l;/(l)’ = 0, and thus the covariance between 9, — ¥, and fp — 90 is O. ]

1.9.2.1 Single-Index Kernel Estimator
In this section, we present a lemma documenting some well-known facts on single-index kernel estimators. These

results will be used repeated throughout the appendix. First, we introduce some quantities,

KV (u) = dK(u)/du, KO (u)=d*K(u)/du®, K (u,v) =KD ((u—v)/h)/h, for j=1,2,

2
G (yxy) = {pﬁl/p&o —ploPd1/P0 }(y,xy), (1.9.33)

and analogous definition for the sub-distributions should be apparent. We remark that G&l)(y,x}/) is, in general, not
equal to dyG4(y,xy) . When y = v,, the expression simplifies, and we find, by direct calculations, that Gfil)(y,xyd) =
FeyGa(v,x%a) - E[(x — X)X s = x74].

In the following lemma, we provide convergence rates for single-index kernel density and conditional distribution

estimators. Let 57 = [hln’g,hu], for some positive number /;, A, and 0 < § < 1/3.

Lemma 1.4 Suppose Assumptions 1.3.1, 1.5, 1.4.1, 1.6.3, 1.8.2, and 1.9.2 hold, then

g [alwr) = poolyxn)| = 0p ((Jogn)! 2~ 2012) 0, (1.9.34)
(X, 1, Y)ET X X x A XT

S}lp ‘kd,y(xY)_Pl,O(y,XV)’ :Op ((logn)l/znfl/zhfl/z) _'_O(hs), (1935)
(3,1, Y)ET X X x AT

sup |Ga(v,x7) — Ga(v,x7)| = O, ((logn)]/2 n_1/zh—1/2) +o(r) (1.9.36)

(rx,h,Y)ET X X X HXT

sup
(X1, Y)ET X X x A XT

’ayéd(y,xy) — GV (y.y) H ~o0, ((1ogn)1/ Zn*1/2h4/2) o), (1.9.37)
for / = 1,2. Analogous results hold for (A;d’,, and 87,@[1,,, with r =0, 1.

Proof of Lemma 1.4. The proof follows from standard kernel techniques, cf. Einmahl and Mason (2005). It is also

implicit in that of Theorem 1 in Chiang and Huang (2012), and hence, is omitted. ]

65



1.9.2.2 Test of Single-Index Assumption

In this section, we introduce a formal specification test of Assumption 1.2. Let

N l n n , n
Ha(vip.8) = nz(n_l);;{l)(xiQ( ) X;0(1) e (X/ 7, X}Y) Z a4..i(Ye;Re) Udy/(Ye7Re)}
= ] 1 :
N 1 no , ,
Vs (¥ip,8) = mz . P (X/0(7),X]0(7)* o (X7, X}y)?
i=1j#i
J ) ,
{ Z 0.7 (Ye, Ry) Udy,(Ye,R/z)} :
75, (1pg) = —22LP8)
Vfd(}’;p,g)
Ja(1,6:p,8) ZZ& { (), X;0(7))e (X{7,X; Z 4.7i(Ye, Ry UMJ(Ye,Re)},
t=lj;é1 /=1
V/d(’}/,é P, g 2 2251 X Q( ))2‘Ig(XiI%XJ/'Y)2
i=1 j#i
1j 1 ) )
~ {n Y Ud,y,i(Yz,Rz)Ud,y,j(Yz,Ré)} ;
=1
jd(%&l)ug)

de(77§,pag): — .
Vs, (r,E:p,8)

Algorithm 1.9.2 1. Solve for the minimizer of _¢y(y;p) in y € T, f, for each d € {0,1}.
2. Search for a (k—1) x (k—2) matrix Q_; () such that Q(f;) = [fu O-1(4)] is an orthogonal matrix.

3. Calculate jd(?d;pvg)e V/d(?d;pag)7 and T/d(’}?d’pvg)

4. Sample {é" }! | from a distribution with zero mean and unit variance, independently from data. Calculate

Ia(34,E%:0.8).V 7,(74,E%:p.g), and T 4, (74,E%:p. 9).

Repeat Step 4 for b = 1, ..., B, where B is some large integer.

5. Compute the a/2-th and (1 — c/2)-th quantiles of {7 FA/D EP:p,g)}E_,, reject the null hypothesis that As-

sumption 1.2 holds if T 4 (43P, &) lies outside the interval defined by these two critical values.

1.9.3 Auxiliary Results
1.9.3.1 Definitions and Additional Results

In this section, we provide several results related to the results in the main text. First, we introduce the notion of

covering numbers and the VC type (or Euclidean) class. Let ||| - p) denote {E[|f(W)|" J}/" Given a class of functions
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F defined on a space 2, a probability measure Q, the covering number .4 (g,.%,L,(Q)), is the minimum number of
L.(Q) balls of radius € needed to cover .#. The centers of these balls is not required to be in .#. A function F : 2" +— R
is called an envelop for .7 if |f(x)| < F(x) forall x € 2 and all f € .%#. We say .% is of the VC type with respect
to an envelop function F if there exists positive constants A and V > 1 satisfying supy A (€[|F|[1, (), F,L2(Q)) <
(A[F[l 1,0 /€)Y, for all € € (0,2 IFll,(0)) and the supremum is taken over all probability measures Q with 0 <

[[Fl1,(g) < oo We say that the VC class .7 admits the characteristics A and V..

Given a function g of m variables, let U,Em> (g)= (";!k)! Yiem 8(Xiys s X,

,'m), with 1,2" = {(il,m,ik) 1< ij < n,ij 75
ii,if j #1}. Let the Hoeffding projections of g with respect to a measure P be defined as mg = (8, —P) X -+ X
(6, —P) x P" g and my = E[g(Xy,...,X,,)]. If g is symmetric in its entries, we define the Hoeffding decomposition
as U,Sm) (g)—Elg] = . #LWU,EJ )(njg). The following Lemma, due to Giné and Mason (2007), establishes a
maximal inequality for moment of the U processes which plays a crucial role in our derivation of the uniform linear

representations.

Lemma 1.5 (Giné and Mason, 2007, Theorem 8) Let.# be a measurable collection of symmetric functions S — R
with an envelop function F and let P be any probability measure on the space (S,.7). Assume F is bounded by M > 0
and .7 is a VC class with respect to F' with characteristics A and V. Then for every m € N, A > ¢,V > 1, there exist
constants C; and C, such that
k/2
A|F -
8 |ufm| ] <cio (log AN ey ) |

F

fork=0,1,...,m, assuming n6> < C, log (2 1F Iz, pm) /0'), where 67 satisfies ||P"f?|| < 0 < P"F2.

Let inner and outer expectations be denoted by [E, and [E* as in Section 1.2 of Van Der Vaart and Wellner (1996).
We say a sequence of stochastic process X, : E — D, where E and D are metric spaces, converges weakly to X,
denoted by X, = X if E*[A(X,)] — E[h(X)], for all h € €,(D) where €;(D) denotes the space of the real-valued
bounded continuous functions defined on D.

We follow the definition of conditional weak convergence in probability as appeared in Section 2.2.3 in Kosorok
(2008). The notation X, % X means that sup,cp |[Ec, [2(X,)] —E[A(X)]| & 0 and Ef, [h(X0)] = Egp, [1(X0)] =
0, where BL; is the space of functions f : D — R with Lipschitz norm bounded by 1. Namely, ||f|.. < 1 and
|f(x) = f(y)] <d(x,y), for x,y € D. The operator E¢|,, denotes the conditional expectation over the weights & given
the remaining data.

The following lemma, originated from Theorem 10.6 of Pollard (1990) and restated in Theorem 11.16 of Kosorok

(2008) is key to establishing weak convergence of conditional processes.
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Lemma 1.6 (Kosorok, 2008, Theorem 11.16) Suppose a triangular array stochastic processes { fyi(t) :i=1,...,n,t €
T} consisting of row-wise independent processes is almost measurable Suslin (AMS). Define x,(t) = Y7, fni(¢) and
Pn(s,1) = (T E [(fui(s) — £ui(1))?]) "2 for s,t € T. (i) the { f,;} are manageable, with envelops {F,;} which are also
independent within rows; (i) H (s,1) = limy e Y1 B[ (s) xa (¢)] exists for every s,¢ € T; (iii) limsup,,_, ., E*[F2] < oo
(iv) lim, 00 Y1 | E [FnleL {Fu} > 8] =0; (v) p(s,t) = lim,—0 P, (5,1) exists for every s,# € T. For all determinis-
tic sequences {s,} and {t,}, if p(sn,#,) — O then p,(s,,t,) — 0. Then T is totally bounded under the p pseudo-
metric and ), converges weakly on {(T) to a tight, centered Gaussian process x concentrated on {g € o (T) :

g is uniformly p-continuous}, with covariance function H (s,t).

Precise definitions of AMS and manageable triangular arrays can be found in Section 11.4.1 in Kosorok (2008).
Direct check of these two conditions is usually not easy. To address this issue, Kosorok (2008) presents sufficient
conditions: by Lemma 11.15 in Kosorok (2008), the triangular array is AMS whenever it is separable!?, and for
manageability to hold, Lemma 11.21 in Kosorok (2008) implies that the VC type condition on the triangular array
suffices.

Lastly, we recall the definition of Hadamard differentiability, see pp. 272-273 in Van Der Vaart and Wellner
(1996). We say a mapping v : Dy, C D — E is called Hadamard differentiable at F € Dy, tangentially to a set Dy C D,
if there is a continuous linear map v} : D — [ such that

V(F +t,h,) — V(F)

— Vi (h),
In

for all converging sequences {#,} C R with #, — 0 and {h,} C D with h,, — h € Dy, such that F +t,h, € Dy as n — oo,

for all n.

1.9.3.2 Auxiliary Lemmas
Lemma 1.7 Suppose that the assumptions of Theorem 1.3 hold. The function classes, ¢4 - %, %, ¥y, and ¥, as
defined in (1.9.19), (1.9.20),(1.9.22), (1.9.23), (1.9.27), (1.9.28), (1.9.24), (1.9.25), and (1.9.29) are of VC type with

bounded envelop.

Proof of Lemma 1.7. We first identify the sub-classes that constitute the above functional classes and show that the

uniform entropy condition is satisfied for each of these sub-classes. Then, we illustrate on how we use results on the

12 A triangular array of stochastic process { f,; () : i = 1,...,n,t € T} is separable if, for all n > 1, there exists a countable set T, € T such that

E*
teT se€Ty =]

1 {sup sup i (fui(s) = fui())” > OH =0.
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sub-classes to show that the functional classes in the theorem is of VC type. Define

M={y—1{y<t}:te T},
My = {x1 = K((x17a — x¥a) /R)L{|x17a —xyal < h}:(x,h) € 2 x Y,
My = {x1 = KW ((eryg —xya) /)L {1y —xyal < b} (x,h) € 2 x Y,
Myy = {y— 05Ga(y.xy) L €40,1,2,...,5},(d,x) € {0,1} x 27},
My =y 5Ga1(3,xvs) 1€ €{0,1,2,..,5},(d,x) € {0,1} x 2}
M3 ={9Ga(y,xV4)/O¥ly=r : (d,1,x) € {0,1} x T x 27},
Mas ={0Ga1 (3,xYa)/9Y]y= : (d,t,x) €{0,1} x T x 2}

Ms ={0L falxva) : £ €{0,1,2,....s},(d,x) €{0,1} x 2},

By Lemma 19.15 in Van der Vaart (1998), .# is of VC type with the constant envelop. Under Assumption 1.8.2,
both K(-) and K(!)(-) are of bounded variation, Lemma 22(i) of Nolan and Pollard (1987) implies that Mo and Ao
belong to the VC class with a constant envelop. Next, since 8V[FY‘ RyDxy, (05 71d,v), £=0,...,5, is Lipschitz continuous
with respect to xy; under Assumption 1.6.2(i), Lemma 2.13 of Pakes and Pollard (1989) implies .#4 1 and .#4 > are
of VC type with bounded envelop functions. The proof for .#4 3, .#4 4, and .#5 follows the same arguments based
on the Lipschitz continuity of dyFy, r,p xy, (y,7|d,v) with respect to y and v, and of 9, fy4,(v) with respect to v, as
implied by Assumption 1.6.2(iv), and 1.6.1(i), respectively.

Now we are ready to show why the functional classes in the lemma are of VC type. We illustrate on ¢ and ¥,.
All others follow by same lines of reasoning.

We focus on ¢, first. Note that the class that g;; belongs to is a product of a finite set { (r;,d;) — r11{d, =d},d €
{0,1}}, A, and A5, and thus, it is of VC type by Corollary A.1 in Chernozhukov et al. (2014). Since all three sub-
classes have finite envelops, their product also does. Regarding g1, we first show that ./Z = {y — q)g (sa(v,xYa)) :

(x,0) € Z x @} is also a VC class with bounded envelop. For any x,x; € £ and 6,0, € ©, we have

96, (sav0120)) = 9, s 2220)|

< |66, (sa(x172)) = 0, (sa v x170)) | + |05, (s 5170)) = 0, (s 0 x270))|

n

<M |6, — 6|+  sup ¢9(u)‘ sup  [9vyGaly.x¥a)|llx1 — x2 || || 7|
(8,u)€EOx[V,,1] (x)eT XX

<My |61 — 62| + My ||x1 —x2|| < V2max{M, Mo} || (61,x}) — (62,%5)'||,
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where M/ and M, are positive constants. The second inequality is due to the Lipschitz continuity condition on ¢g ,and
the third follows because (bg/ and dyyG, are uniformly bounded under Assumption 1.6.4, and 1.6.2. The last one is by
Holder’s inequality. Another application of Lemma 2.13 of Pakes and Pollard (1989) yields the desired result.

Let Ay ={X—X%—x;:£=2,...k,x€ 2'}. Since 2" is compact, .#, is a VC class because .4 (€ sup, ¢ - ||x_1) |,
My, Lr(Q)) < C(diam(Z")/€), for a positive constant C independent of €. Applying Corollary A.1 in Chernozhukov
et al. (2014) again on the product of .#, .43, My, #, and the finite set {(y1,y2,d2) — 1{dr =d,y» <y1},d €
{0,1}} yields that the first half of g;» belongs to a VC class. Next, by Lemma 5 of Sherman (1994), we deduce
that {y; — [1{dy = d,y» < y1 At} hK"D (xys,x5%4) (x2; —x1)dF (w2) : © € Q} and {wa — [ g11 (w1, ®)g12(w2,y1,®)
dF(w1) : @ € Q} are both of the VC type. Since f;(x};) is uniformly bounded away from 0, {1/f;(xvs)? : (d,x) €
{0,1} x £} admits a finite envelop. Applying Corollary A.1 in Chernozhukov et al. (2014) yet again concludes the
proof.

Turning to ¥, we first show that for a fixed x, the set .#p = {1/(])(/9 (s7,(t,xY4,0)) : (t,08) x 7 x O} belongs to the

VC class. Recall that s7, (t,x%4,0) = ¢, ' (f(; (])(; (sa(y, XVa))sa 1 (dy,xyd)>. Hence,

1/¢£)1 (s7,(t1,x%a,61)) — 1/¢é2(sn, (t2,xY4,62))
< {1/¢(Ia1 (s7, (t1,x74,61)) — 1/¢(;2 (s, (11, XYas 92))}
{1700, (51, (1,570, 02)) = 1/93, (51, (12,37%,62) }

=A|+ A,
Decomposing the first term further into,

A < ’1/%_11 </0t1 90, (Sd()’aXYd))sd,l(d%de)> — 1/, </0t1 9e, (Sd()’vx'}'d))sd,l(dyax')’d))‘
+ ‘1/05911 </0t| 96, (Sd(y,de))Sd,l(dy7x7d)> —1/¢g) </0t1 90, (Sd()’axyd))sd,l(d)’aXYd)) ‘

=A1+Ap.

For the first term, we have

96 (05 ' (2))

Al <(1—-v, su
A | < (1—,) p (¢§](Z))3

(z,0)€[0,y:]x©

sup
(4,8)€[v,,1]xO

¢'e(u)’ 61— 62| = M3 (6 — 6.
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Under Assumption 1.10.(ii), Ajp < M4|60; — 65].

-
ml< sp | 2@
1, 3

(20)€0ys1x0| (¢ ' (2))

1y L
A Do, (5a (v, xVa))sa1 (dy,xYa) — A Do, (5a (v, xVa))sa,1(dy,xYa)

b ' (z
< sup %()3 : “7’9 ‘ sup  |9eyGa1 (v x¥a)| Ity — 12
(z0)el;]x0 | (95 (2)) <ue>e[v0, ]x© ()T 2

=M;s |t —tp].

where inequalities hold by the mean value theorem and under Assumptions 1.6.2, and 1.6.4. Combining the bounds
and applying Holder’s inequality, we conclude by Lemma 2.13 of Pakes and Pollard (1989) that .# is a VC class.
Next, following similar analysis as in the previous part, we deduce from Corollary A.1 of Chernozhukov et al.
(2014) that {w; = 1{d) =d} (1 {y1 <y} — Ga(y,x17%)) dGa1(y,x¥s) : (d,,0) € {0,1} x T x @} fora givenx € Z°
is a VC class with a finite envelop. Applying Lemma 5 of Sherman (1994), we get {w; — [1{y; <7} 1{d, =d}-
(1{y1 <y} —Ga(y,x1%)) &Ga1(y,x¥a)dy: (d,t,0) € {0,1} x 7 x @} also belongs to the VC class with an envelop

Fy1=Gg1(Yo Nye,Xx¥y). This is due to

/]l i <3 1{d = d} (1 {1 <y} = Ga(y,x1%)) 0yGa,1 (v, xYa)dy
t
<2 [[3,Gar (30)dy < G o A1)
Analogous results can be established for the other two parts of W¥,.
Combining these results with the fact that {x; — K((x;7; — xy;)/h) : (t,h) € T x A’} is VC with an envelop

C1{|x17s —xYa| < h}, we deduce that &, is of the VC type, with the envelop given by Y.y 1 Ca1 {|x1% —x¥a| < h}

where Cy and C are positive constants. Setting Hy 4(x1Y2) = Cq1 {|x1% —xY4| < h} concludes the proof. [ |

Lemma 1.8 Under the assumptions of Theorem 1.3, for any 6, = O, (n’l/ 2),

sup sup H/ ¢d Y ya {a}/Gd yvxyd) a)/Gd Vs XYa }sdl dy,de)
17a—=Yall <6 (r.0)e T x 2

=0, ((logn)l/2n71/2h75/25n> +0(6,).
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Proof of Lemma 1.8. Split the term inside the norm operator into

40 (%) { OyRay(¥Fa) _ OyRay(¥a)
’ Ja(xTa) Falxya)
69, 00) { Ry (W) Opfa(Fa) — Ray(¥¥a)Oyfa (xva)

} Sa.1(dy, x¥q),

. Y dy ).
J1(c%a) 20m) }Sd,l( ¥, XYa)

Decomposing A; and ignoring smaller order terms gives

Ar(t,x,0) =fa(xya) " / O (0,2) { Oy Ry (xTa) — OyRay (¥¥a) } 80,1 (dy,xYa)

Fax¥a) — fa(xva)

U [ 480003y, (6100501 () + s0.).

We investigate the uniform rate of the first term only. The second term exhibits the same rate and is simpler. Define

t . A ~ A

An(1,x,60,%) = /0 Gy 00 EOyRay (x7a) — OyRay (x¥a)]sa,1 (dy,¥7a),
t . A ~ A

Apa(t,x,0,%) E/O 08 3, (05 {IyRay (¥Ta) — OyRay (xa)

—E[0yKyy(x¥a) — OyRay(xYa)|}sa1 (dy, xYa)-

By Fubini’s theorem and standard change of variables,

An(1,%,0.7) :h—z/ot #9. (.2)-
E [l (. X7)K V(X Ta = x7a) /) = T 0 X0 K (X3 = x0) )| a1 ()
—h! / [ 5, (%) { / KW u)p 4 (v,x70 + uh) fa (xYa + uh)du
/ KD ()l (v, xya + uh) fa (xva + uh)du} sa,1(dy,xYa)
= [k O [ 58,000 { (9201 02 ematufaeta) + P 0570)24a (@) )
— (9P 14 02) e Fa C0a) + PI4 039002 ) 1 (dy.va),
where p}i | is defined in (1.4.8). The second equality follows by Taylor expansion and the fact that f[—l,l] KM (u)du=0.
By the Lipschitz continuity of Ply, LX), BxyPK L (nxY), fa(xy), and Oy fa(xy), with respect to y as implied by Assump-

tion 1.7.1, and by the fact that ||7; — v4|| < 8, we conclude that SUP||7,— 14]1<8, SUP(1.x,0)c.F x 2 x® lA11(2,x,0,7)] =

0(8,).
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The centered term A, can be bounded using following empirical process
g&n = {W = gg(W,(D,'?d) HORS Qv ”?d - ’}/dH < 8”}7
where g5(W, ©,%) =851 (W,0,7%) — [ 851(W, 0, 72)dFw (W), and

4 .
8. W.0,7) = [ 60y, 001D =¥ <y}sua(dyrn)

KO3 =) h) — KO (Xva —xva) /) }.

Applying similar lines of arguments as in Lemma 1.7, it is straightforward to show that &5 ,, is a VC type class
with bounded envelop, for each J,. From the continuous differentiability of K (]>(~), we deduce by similar arguments
to Lemma 8.4 in Maistre and Patilea (2019) that |K(") (X%, —x7,)/h) — KM (X, —xyd)/h)’ < & " |[KD((Xy, —
xY4)/h) || +C82h~2, for some positive constant C. Combine this fact with the uniform boundedness of q')'j v And sq 1,
and we find that sup, . E[¢3] is bounded from above at the rate of O (8;h"). We then conclude from applying the
maximal inequality in Lemma 1.5 that supy 5, _y, | SUP( . g)c 7« 2 xo [|A12(1,X, 8, 4) || = O) ((logn)l/2 n*1/2h*5/26,,).

For A,, we have

Ao (t,x,0,%) = *fd_z(x?d)/o 0y, %) { Ry (xFa) — Ray (x¥a) } O far (5T a1 (dy, xva)

— 72 (xv) /ot 08 3, %) Kay (¥%a) { Oy (xTa) — Oy far(x¥a) } 5.1 (dy, x7a)

(fa(x%a) + faxva)) (Fa (5%a) = fa(x¥a))
[ 2 (Fa) £ (xva)

1 .. A
[ 88 0 r) s ()

_|_

Arguing as in the case of Aj, one finds that the second term in the above display dominates the other two with a

uniform rate of O, ((logn)l/2 n’l/zh’s/z&,) + 0(8,). Gathering results on A} and A, completes our proof. [ |
Lemma 1.9 Suppose the conditions of Theorem 1.5 hold. Then

sup
(1,0)€T xO®

n
n~12pl2 Y a0 (X X) {Wa (Sugyirbun gni) (,%,0) —=Wa (EuypirGat i) (1,%,0)} ’
i=1

~o0, ((logn)1/2n’1/2h*(2”1)/2> 7

where g4.4,.0(X,x) = h= VKO (xy,, X)) f (x74.d), for £ =0,1.
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Proof of Lemma 1.9. Define 13,1 (t,x7) = 8 (s7,(t,x7.0)), T32(t,x7) = 0§ (s4(t,x7)) , M.3(W,1,7) = L{D =d}-
(L{Y <1} = Ga(t,X7)), N3.4(t,xY) = 54,1 (t,x7), N35(W,1,7) = L{D =d} (RL{Y <1} —Gy,(t,XY)), and for £ =
1,...,5, let the estimator of 13 ¢ be denoted by f}3 ;. Their definitions should be apparent. Index on 6 is suppressed.

From Theorem 1.3 and Lemma 1.4, we have

sup |7¢I3¢é(f,x7’d) - n3,€(tax’yd)| = 0]7 ((1Ogn)l/2 n—l/Zh—l/Z) 3
(1,0)€T xO©

for{=1,2,4.

Given these notations, we divide ¥, into

Wy (W,t,xy) = 7/ N32(%,xY)N3,3(W,y,xy)13.4(dy, x7),
n3,1(2,x7)

Yo (W,t,xy) = mnsA(nang,s(W,t,xw,

\Pd,3(W7tax/Y) 7/ 7132 yax)/)n:"» 5(W yﬂﬂ’)’h 4(d))7xy)
n3,1(1,x7)

and thus ‘Pd(é”‘d‘,y, ng,l,y) = 22:1 W, ¢. We illustrate on Wy i, since the other two terms share a similar structure. From

tedious manipulation, it can be shown that ‘i‘dJ (W, t,x9) — a1 (W,t,xy,) = ):égl Az ¢(W,1,x), where

Az (W,t,x) =— 3,1 (t,x%a) — M3, (. XYa)

b W 3 I d 9
Mo (1) s (.0) /nszyx%t)nm( Y Ya) M3 4(dy, xVa),

A3>(W,1,x) 27/ (M2 x%a) = 3203, x¥a) )N3,3(W, ¥, Ya)N3,4(dy, xYa),
n3,1 (¢, xYa)

Az3(W,t,x) 7/ 320 x%a) (N33 (W, 3, Fa) — M3,3(W,, Ya) )113.4(dy, xYa)
3,1 (t,x%a)

Az 4(W.1,x) 7/ N32(0:XYa) N33 (W, y, Ya) (N34 (dy, xTu) — N3 4(dy, xYa)),
3,1 (t,x%2)

A3_’5(W,t,x) - TI3,1 (t,.x'}/d) B 773.,1 (taxyd)

N3, (t,x%a) 3,1 (¢, x7a)
t
: /0 (325 59) — 03205 2%)) 13 3(W, 3, o) 3.4y, x3a),

3,1 (8, %) — 13,1 (¢, XYa)
Asg(W,t,x) = — -2 MUEARGES
6(W>17) N1 (¢, xYa) 73,1 (¢, xF)

t
'/0 320, x%a) (N3,3(W,y,9a) — 13.3(W, 3, %)) 3.4 (dy, xYa),

3,1 (t,x%a) — M3, (t,x%a)

A W7t7 = 1 J.
37(W,1,x) 3.1 (8, xYa) 3.1 (2, x74)

r
'/0 M2 xYa)M3.3(W,y, Ya) (R3,4(dy, xTa) — N3.4(dy, xVa)),

74



A3‘,8(W,t,x) =

A3_’9(W,l,x)

A3,10(W7t7x) =

Az (W,t,x) =—

Az 12(W,t,x) =

A3 13(W,t,x) =—

A3’]4(W,[,X) =

Az 15(W,t,x) = —

Following the same type of analysis we have used so far, namely performing Taylor expansion, integration by

1 t R
m/o (M32(3,%7a) — M32(3,%%a))

(M3 W,3,92) —m33(W, 3, %) )n3.4(dy, xYa),

7/ 320 x%a) (N33 (W, 3, Ja) — M3,3(W,y, Ya))
3,1 (¢, x%)

“(N3.4(dy,x¥a) — M3 4(dy, xYa)),

1 r R
m/o (A32(3 %) — M3.2(,x%a))

3.3, xYa) (A3.4(dy, xFa) — M3.4(dy, xYa)),

3,1 (t,x8a) — M3, (t,x%a)
3,1 (t,xYa) 3,1 (¢, xFa)

t
'/0 (M20nx%) = m2nx72)) (A3 3(W, v, Fa) = 13,3(W,y, %)) 3.4 (dy, xYa),

1 r R
m/o (M3200,%%a) — M3.2(, xYa))

(M3 3W,y, ) —M3,3(W, 3, %)) (M3,4(dy, xFa) — 13,4(dy, xYa)),

3,1 (6, x%a) — M3, (t,x%a)
3,1 (t,x%a) 13,1 (¢, xFa)

t
'/0 (320 xFa) — M3 20, x%a))N33(W,p, Ya) (A3 4(dy, xTa) — N3,4(dy, xVa)),

3.1, x%a) — M3, (t,x%a)
N30 (¢, xYa) 3,12, xFa)

1
: /0 T?3,2()’>x7d)(ﬁ3,3 (W7ya ?d) —M33 (Way7 7d))(ﬁ3.4(dy7x77d) - 773,4(dy7x7’d))7

3,1 (t,x%) — 3.1 (¢, X%
3.1 (¢, xYa) 3,1 (£, x%)

) ./(:(mz(y,x?d) — 3203, %%a))

“(M33(W,,9) = 133(W, 3, %)) (A3.4(dy, xFa) — n3.4(dy, xYa))-

parts, and applying the maximal inequality from Lemma 1.5 whenever appropriate, we get

sup
(1,0)€T xO®

sup
(1,0)eT xO®

sup
(1,0)€T xO®

sup
(1,0)€T xO

n
n71/2h1/2 ng,yd,é(Xi»X)Alfz (VVl'va)

n
n P2 Y g (X x)As 0, (Wiyt,x)| = O, ((logn) 2= 2h™ QZH)/Z)

i=1

i=1

n
’fl/zhl/zng,yd,e(Xi,x)Am@(thx) 0, ((logn)¥? n=3/2p=(24+3) /2)

i=1

(

0p (logn-n~ ')
(
(

PR Y g (X 0043 15 (Wi t,)| = O, ((logn)?n2h(42)).

i=1
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for{=0,1,¢,=1,2,3,4,0,=5,6,7,8,9,10, and /3 = 11,12,13,14. As a result,

sup  |n 2R Y gy (X, x) (Waa (Wit x9a) —‘Pd,l(WiJ,XYd))| =0p ((logn)1/211_1/2}1_(2“1)/2) .
(1,0) €T <0 i=1

Analogous results hold for ¥, and ¥, 3, concluding the proof. |

1.9.3.3 Covariance Functions

Lemma 1.10 Suppose the assumptions of Corollary 1.1 hold. Then, it holds that, £y (-,-) = Z’,‘f (,)+o(1), where

2
Gl (t17t2761792) 0
siee)=|

0 Gg,x(tlat2793794)
and

IK13
fa(x¥a) @, (57, (11,X7a,61)) 9, (57, (12,xY4, 62))

. {/0 | /02 (;5;1%1 (yl’x)‘ﬁizyd (y2,x)

AGa1 Ay2,xYa) — Ga(y1,XYa)Ga(y2,xYa) } Sa,1 (dy2,xVa)sa,1 (dy1,xVa)

Gd27x(tl 12, 91 ; 92) =

n .
+/ b, 010092 (02,%) {Ga 1 (1 A2, x¥a) = Ga(31,5%a) G 1 (02, X%a) } a1 (dy1,x%a)
1 15
/ / ¢dyd Y1,X ‘ded(J’Za )

AGa1 (1 Ay2,x¥a) — Ga(1,%Ya) Ga1 (v2,5Ya) } sa(dy2,xYa)sa1 (dy1,xVa)
', .
+/ Gt (11,082, (2,%) {Ga 1 (2 A1, XYa) = Ga (92, X%0) G (1, %¥a) a1 (dy2,x%a)
+¢d7d(t1, )¢dy 12,%) { Ga1 (11 A2, xYa) = Ga 1 (t1,xYa) G 1 (12,X7a) }

/¢le 1), (2,%) {Gat (01 Ay, x%) = Gat (v2,X%a) G (11,2%a) } sa(dya, xVa)
5] %)
/ / ¢de Yi,X ¢d7d(y2’)

A Gy (1 Ay2,xYa) — Ga(v2,%Ya) Gt (v1,5Ya) } a1 (dy2, xYa)sa(dy1, xVa)

1 .
*/ (P,?_zyd(lz, )d’dyd y1,%) {Ga1 (01 At2,xYa) — Ga 1 (12, xYa) Gt (1,5Ya) } sa(dyr, x¥a)

+/tl /t2¢d7d (vi,x %yd(yz, x)

AGa 1 (01 Ay2,xYa) — G (v1,5Ya)Gay (v2,xYa) } sa(dya, xVa)sa(dyr,xYa) } (1.9.38)
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Proof of Lemma 1.10. When dy # da, Wy, (4.4, 64,1,4,) - Ya, (Ea g, a1 y,) = 0, implying the off-diagonal element of
the covariance matrix is 0, regardless of ¢ and 6. For terms on the main diagonal, the proof is analogous to that of

Lemma C.1 in Fan and Liu (2018), and thus, we omit the details. |

1.9.3.4 First-Stage Estimator for the QTE

To estimate the bound curves for the QTE, we replace fr, «(¢,8) and fr,(t,8), with preliminary estimates f, «(¢,0)
and de (t,0), respectively. Validity of multiplier bootstrap procedure in Section 1.5.1 hinges on the estimates being
uniformly consistent in (¢, 8). In what follows, we provide estimators, based on the analytical expression of f7,, that

satisfy this property. Using the closed form expression for sz, from Theorem 1.2, we deduce that

P (sa(t.x72))

(1,0) = ————
f1,x(,6) O (s, (t,xY4,0))

Saa(t,xva),

where fy1(t,xY) = —0;54,1(t,xy). The fraction in the above display can be estimated by reusing J;, $4, and §7, from
(1.4.2), (1.4.4), and (1.4.5), respectively. For f;1(t,xy), we will use the SIM conditional density estimator as follows.

Let H*(-) and H”(-) be kernel functions associated with Y and Xy, respectively. Given the sequences of bandwidth
Ay and A, that fulfill the conditions in Assumption 1.13, the rescaled kernel are once again defined by H }{(u,v) =

ATH(A (v —u)), for j = x,y. Now we let

i1 ]l{Di =d,Ri = 1} Hiw(l‘,Y,) 'H;X(X%Xi/}/)
iy 1{D; =d}-Hj (xv,X;y) ’

Jan(t,xy) = (1.9.39)
In addition, we will have fr, . estimated by fr, .(t,0) = q)(; (Sa(t,x92)) far (t,x94)/ ¢; ($1,(t,x94,6)). For the uncon-
ditional density fr,, we can estimate it by taking the sample average of de,x (t,0) with respect to X, i.e. de (1,0) =

n 'Y fr,x,(1,6).

Assumption 1.13 For j = x,y, (i) the kernel function, H/(-) is symmetric, compactly supported, and of bounded
variation;!3 (ii) it is twice continuously differentiable and the second order derivative is continuous and of bounded
variation; (iii) A; — 0, logn-n~'/?A,A, — 0, as n — co. For d € {0,1}, (iv) v +> p;{,d(y,v), where p}:d(y,x}/) =
fa(xy)E [0yGa1 (v, XVa)|Xy = xY], is continuously differentiable and the derivative is bounded uniformly on T x
X xTan; (V) va}/’ 4(»,v) is Lipschitz continuous in v with the Lipschitz constant being independent of y, x, and

Y E Fd,n~

13The compactness assumption could be relaxed at the expanse of longer proof, and therefore, the Gaussian kernel could be accommodated.
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Lemma 1.11 Under the assumptions of Corollary 1.2 and Assumption 1.13, it holds that SUD(; 1 0)e 7 x 2 x© | fr (1, 0)

—f1(1,0)| = 0, (1), and sup(, ). 5.0 | /1, (1,0) — fr, (1,0)| = 0,(1), for d € {0,1}.

Proof of Lemma 1.11. We first show that sup(, , g\c 7 2 x0 |fd71(t,x)7d) ffd_rl(t,x}/d)| = 0,(1). By the triangular

inequality, we have that

|\ faa (6.x90) = fan (6,x%a) | < | faa (6,590) = fa (6570 | + | Faa (6,x%) = faa (6,x70) | (1.9.40)

EAf-,l(t’xv ?d) +Af72(taxv ?d)

Along lines of arguments similar to that of Lemma 1.8, we get that supy,_ <s, SUP(; 9)c.7 x© |Af71 (t,x,7, 9)| =
0, ((log n)l/2 n’1/27L’3/25n) + O(6,). The second part arises from bias calculations, which depends crucially on As-
sumptions 1.13(iv) and 1.13(v). Next, it follows, by standard bias calculation and direct application of Theorems 1 and
4 in Einmahl and Mason (2005), that sup, . g)c 7+ 2 x@ |Ara(t,x)| = 0, ((logn)l/2 nil/zlyfl/zlfl/z—klf—l—?tyz),
which is o p(l) under Assumption 1.13(iii). Combining these results, we conclude that the left hand side of (1.9.40) is
op(1).

Now, observe that

A 9o ($a(t,x7a)) 9p(sa(tx) | » A
X 79 —JIyx 76 = VN ~ - 7 s ’
T7alt,8) = Fru6) {%m@,m,e)) ¢9<STd<t,xyd,e>>} 41 (6x8)

0o (sa(t, %)) N
or (57 (672,8)) {fa1(t,x%a) = fa1(t,xva) } -

From the fact that §, and 7, are uniformly convergent, that ¢, ' (z) is uniformly bounded away from 0 on [0,}], and
that, for each (t,x) € 7 x 2", ¢ (§r, (t,x4)) belongs to [0,y}] with probability approaching 1, we deduce that the differ-
ence inside the curly braces in the first line is 0,,(1). Under Assumption 1.6.3, we have (])(; (sa(t,xv1))/ (i)é (s7,(t,xY4,0))
is uniformly O(1).

The function fy(-,-7z) is uniformly bounded from Assumption 1.6.2. It then follows from the uniform conver-
gence results we derived earlier, that f;1(¢,x;) is also uniformly bounded across (t,x) € 7 x 2°. Consequently,
SUP(, 1 )T x 2 x© | Fr,x(2,0) = fr,«(t,0)] = 0,(1). We notice that this also implies that SUP(, 9)c 7 x® \fr, (t,0)—

fr,(t,0)] =0p(1), for d € {0, 1}, which concludes our proof. |
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CHAPTER 2

Two Sample Unconditional Quantile Effect

This chapter is adapted from the working paper “Two Sample Unconditional Quantile Effect” and has been reproduced

with the permission of my co-authors Atsushi Inoue and Tong Li.

2.1 Introduction

Missing data is a ubiquitous problem in empirical studies. Consider the scenario where a researcher is interested
in conducting counterfactual analysis on a target variable, but it is entirely missing from the dataset of interest. In
such circumstances, counterfactual policy effects cannot be identified from the primary dataset alone, and therefore,
external information and/or stronger identifying assumptions are necessary. In this paper, we utilize both to achieve
identification. Specifically, we focus on the situation where the missing variable can be found in another dataset and
the information from which can be used to recover target policy parameters in the population of interest, under a set
of commonly assumed restrictions on both the data structure and the model primitives.

To fix ideas, consider the following example. Suppose we are interested in studying the effect of a counterfactual
change in the distribution of actual labor market experience on some distributional features of yearly earnings. Our
main dataset does not record respondents’ work history, and therefore, we cannot recover their actual labor market
experience. Suppose the variable is available from a second dataset, but it may not be a reliable source of information
on income or it may not be representative of the target population we aim to analyze. In this case, we would benefit
from combining information from both samples to identify and estimate our parameter of interest.

Research on counterfactual policy effects under data combination is scarce. Our paper fills this gap by proposing
a new framework that accommodates such a data structure. In this paper, we focus on one particular type of coun-
terfactual policy effects, the unconditional quantile effect (UQE). It measures the effect of a marginal change in the
unconditional distribution of a single covariate on the quantiles of a target outcome. We provide identification results
for UQE under various types of marginal distributional change. The key insight of our identification strategy is that
some covariates present in both datasets can be excluded from the outcome equation, which would provide a source
of exogenous variations that allows us to recover the joint distribution of missing variables, otherwise not identified
using the two samples separately.

The second contribution of the paper is to propose novel semiparametric estimators based on these identification

results. Departing from the literature on the estimation of counterfactual quantile effects—see, e.g. Firpo et al.
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(2009b), Sasaki et al. (2022), etc.—which focuses primarily on the marginal location shift (MLS) of a covariate, we
provide estimators of UQE under two general types of counterfactual distributional changes, namely the marginal
distributional shift (MDS) and the marginal quantile shift (MQS),! the latter of which includes MLS as a special case.
To the best of our knowledge, large sample results for these two cases are new to the literature. We apply these results
to study a variant of Mincer’s earnings function. Using data from Integrated Public Use Microdata Sample (IPUMS)
as our main data source and the Panel Study of Income Dynamics (PSID) as the auxiliary sample, we investigate the
counterfactual effect of actual work experiences on income. The effect profiles with MDS and MQS are found to be
similar in shape.

This paper belongs to the growing literature on the (marginal) unconditional policy effect. Since Firpo et al.
(2009b) introduced the method of unconditional quantile regressions (UQR), the study of unconditional policy effect
has gained much attention. In general, this parameter differs from the one identified by the conditional quantile
regression (Koenker and Bassett Jr, 1978), where marginal effects on the conditional quantile are the locus of attention.
Applied researcher are often interested in the shifts in the quantiles of unconditional distribution of a target outcome.
For instance, one may take an interest in how wage distribution changes in response to marginal increases in some
characteristics of the labor force, such as education level and experience. Conditional quantile regression cannot be
applied to address this type of questions, whereas UQR suits the goal.

Rothe (2012) generalizes the method of Firpo et al. (2009b), and analyzes a variety of counterfactual policy ef-
fects. He formalizes the idea of ceteris paribus distributional change and provides extensive results for both fixed and
marginal policy shifts. Our identification framework is closely related to his treatment of the latter type. Focusing on
the special case of quantile effects, we extend his identification results to a data combination setting and provide novel
inference theories specifically tailored to the distinct features of combined samples. For recent development in this
literature, see Firpo et al. (2018), Martinez-Iriarte and Sun (2020), Martinez-Iriarte (2023), and Sasaki et al. (2022).
For a comprehensive survey on counterfactual distributions and decomposition methods, see Fortin et al. (2011).

Our paper also builds on the econometric methods of data combination. In economics, this strand of literature
stems from the rwo-sample instrumental variables (TSIV) model that was first introduced by Klevmarken (1982),
Angrist and Krueger (1992), Arellano and Meghir (1992), and is later extended by Ridder and Moffitt (2007), Inoue
and Solon (2010), among others. Conceptually, the semiparametric data combination model we consider here is
different from the traditional missing data problem (Robins et al., 1994). It is more closely related to the “verify-out-
of-sample” model in Chen et al. (2008), and also to Imbens and Lancaster (1994), Fan et al. (2014), Graham et al.
(2016), Hirukawa et al. (2020), and Buchinsky et al. (2022), to name a few.

IThe precise definitions of MLS, MDS, and MQS are given in Section 2.3.
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The paper is organized as follows. In the next section, we describe the model and assumptions on the data structure.
In Section 2.3 we introduce the parameter of interest, and then present identification results for continuously distributed
and discrete target covariates, respectively. Section 2.4 discusses the estimation strategy and large sample results. We
apply the method to study the income effect of real labor market experience in Section 2.5. Section 2.6 concludes.

Proofs and auxiliary results are collected in Sections 2.7 and 2.8.

2.2 Setup

The objective of our paper is to analyze the effect of a counterfactual change in the marginal distribution of the
covariate of interest, X, on the quantiles of the target outcome, Y, under data combination. The precise definition
of the counterfactual policy effect is provided in Section 2.3. When X is exogenous, and all the variables relevant
for analysis are observed from a single data source, counterfactual policy effects can be analyzed either directly by
applying tools from Firpo et al. (2009b) and Rothe (2012), or indirectly by recovering the structural function using
standard identification results such as Matzkin (2003) and Matzkin (2007). However, when the variables of interest
are scattered among several different data sources, we face a fundamental identification problem: The conditional
distribution of ¥ given X is not identified from any single sample. In this case, existing methods do not provide an
immediate solution.

Throughout this paper, we consider the scenario where our Y and X are sourced from two different data sets. The

g
=1

outcome is contained in the principal or main sample, ., = {Y;,Z;} from the study population, ;. The target
covariate is missing completely from .#;. However, it is observed in the auxiliary sample, ., = {X;,Z;}*,, from the
auxiliary population, &,, which does not contain observations of Y.

We now formally describe our structural model. We allow variables from two populations to be determined by

different mechanisms. For the study population,

YS:gS(XSaZUES)a (221)

X = hy(Z,7;), (2.2.2)

where Y; € % C R is the potential outcome in the study population, & € & C R% is a vector of unobserved heterogene-
ity term. Equation (2.2.1), links the target outcome, a scalar variable, X; € 2~ C R, and a vector of exogenous variables,
Z1. Here, X; is the potential covariate of interest in the study population, which is in turn determined by (2.2.2). We
can think of (2.2.2) as the reduced form relationship between X, and Z, where Z = (Z],2})' € 2 = 27 x 25 C R%

includes both the exogenous variables in the outcome equation and a vector of excluded instrument, Z,. The vector
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of instrument, Z, is available in both samples, and therefore, it serves to establish a link between two samples. The
model in (2.2.1) accommodates general nonseparability between covariates and the unobserved heterogeneity. We do
not impose any parametric or shape restriction on gj.

Variables in the auxiliary population are determined by

Y, =g.X4,2Z1,€,) and X, =hy(Z,Ma),

where g, and h, are generally different from g, and A, respectively.

Let R denote the sample membership indicator. That is, R; = 1, if i-th draw comes from the study population,
i=1,...,n=n;+n, LetY =RY;+ (1 —R)Y, and X = RX, + (1 — R)X,. If no variable is missing, we are able to
observe (Y;,Y,,X;,X,). However, in our context, only RY and (1 — R)X are observed. We then construct a pseudo-
merged sample .7 using the two data sources as . = {R;,R;Y;, (1 — R;)X;, Z;}}_,. Let A= (R,RY,(1 —R)X,Z) and
W = (X',Z})’ collect the observed variables and the covariates in the outcome equation, respectively. Throughout the
paper, we arrange the data in such a way that R; = 1 fori=1,...,n5; and R; = 0 for i = ny+ 1, ...,n. The merged sample
may not correspond to any real-world population. We impose the following set of assumptions on the merged sample
s0 it can mimic a random sample from a pseudo population. These assumptions are largely based on Assumption 1 in

Graham et al. (2016).
Assumption 2.1 (Data Structure)
(a) Supp(Fzg=1) C Supp(Fzr=0)-
(b) () ng/(ns+ng) — Qo; (ii) R follows a Bernoulli distribution, with E[R] = Q.

(c) There is a unique measurable function r(-) : Z° — [0, 1], such that for all z € £,

fzr(z|1) _1-0 r(z)
fzr(z|0) Qo 1—-r(z)

(d) (i) Qo € (e1,1—¢) for some € € (0,1/2); (ii) & < r(z) < 1 — &, for some & € (0,1/2), and for all z € 2.
© (X,|Z,R=1)< (X,|z,R =0).

Assumption 2.1(a) is a support condition on the commonly observed variables. It ensures that we will be able
to find, for all the observations in the study sample, comparable units in the auxiliary sample, Assumption 2.1(b)

imposes a pseudo randomization scheme on R, and therefore, allows us to view the merged data as a random sample
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from the pseudo-merged population. Let (-) denote the conditional likelihood ratio of Z across two population, i.e.
£(z) = fz1r(2|1)/ f2)r(2]0). Assumption 2.1(c) expresses this likelihood ratio as a function of r(-), which plays the role
of the “propensity score” function of R given Z. In our context, this is the probability that one observation belongs
to the study population conditional on the value that instrumental variables take. The first part of Assumption 2.1(d)
indicates that n; grows at the same order of magnitude as n,. The second part of Assumption 2.1(d) ensures that
the pseudo-true merged population is not a degenerate one conditional on all possible values of Z. By Assumption
2.1(b)—(d) and Bayes’ Law, we have r(z) = P(R = 1|Z = z), and thus, r(-) can be viewed as the propensity score
function.

Assumption 2.1(e) is a rank similarity condition. It requires the conditional distribution of X; given Z in the
principal population coincide with that of X, in the auxiliary population. In view of the structural relation in (2.2.2),
the assumption is satisfied if &y = h, and (1,]Z,R=1) 4 (N4]Z,R=0). Assumption 2.1(e) is the only cross-population
restriction we impose on our data structure, which means the conditional distribution of ¥ given (X, Z), and therefore,
the conditional distribution of ¥ given Z and the marginal distribution of Z are all allowed to differ across &; and
Z,. This assumption is weaker than Assumption 1(ii) of Graham et al. (2016), as we do not impose a rank similarity

condition on the outcome, which would imply Fy,zz—; (-|) = Fy,|zr=0("|)-

2.3 Identification
In this section, we first introduce the definition of UQE. Then, we develop a set of identification results, for the cases

when X is continuously distributed, and when it is discrete, respectively.

2.3.1 Parameter of Interest
Our definition of the unconditional policy effect depends on the notion of a counterfactual experiment, which is

formally defined as follows:

Definition 2.1 (Counterfactual Experiment) Let ¢ = (@; G, Z,R,€,8,): Q= K([0,1]) x 2(Z) x Z x {0,1} x
EXL(Z,2,8), where K([0,1]) is the collection of all non-empty closed subsets of the unit interval, and Z(Z2")
denotes the space of distribution functions on 2. We say @ is the set of counterfactual experiments, if for all ¢ € P,
we have (i) G; 1(Uy) = G; ' (U!) almost surely for all U, U! € %; (ii) (&,Z,R) 4 (&,Z,R); (iii) g5 = g5, (iv) for all
U, € % and U, € %, there exists Ul e U and U! € %, respectively, such that (U|Z;,R = 1) A (Us|Z1,R=1) and
(U,|Z1,R=1) £ (U!|2y,R = 1), where % = {U € %[0,1] : (Fy o(OsD)[Z1,R=1) £ (X|Z1,R =1)}.

The definition of counterfactual experiments does not specify the counterfactural target covariate X, directly. It

is implicitly defined through the first two elements of ¢. The first element, 42?;, is a set of rank variables associated
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with the counterfactual target covariate, X,. When X; is absolutely continuous, @; becomes a singleton set, but the
set is generally not degenerate when the distribution of X, contains a mass point. The second component, 55, is
the counterfactual distribution of X, conditional on the study population. When the target covariate is continuously
distributed, 55 is continuous and strictly increasing, and therefore, X, is uniquely determined by X, = CN}S’I (ﬁs), where
U, is the only element in 02?; However, when the target covariate contains mass points, there is a set of counterfactual
rank variables that correspond to the same target covariate in the study population. This equivalent class is defined by
Condition (i).

Following Rothe (2012), we restrict our attention to counterfactual changes where only the marginal distribution of
X is changed, while the marginal distribution of Z and the dependence structure between X, and Z remain unaffected.
This notion of a ceteris paribus change is formally characterized by Conditions (ii)—(iv). Condition (ii) implies that
the joint distribution of the observed variables (Z, R) and the latent variable & remain unchanged across counterfactual
experiments. Under Condition (iii), the structural production function, g is also not affected by the counterfactual
change. Condition (iv) imposes a rank similarity condition. It says the conditional rank of the counterfactural target
covariate follows the same distribution as the status quo. Due to the possibility of multiplicity of rank variables, the
condition is also framed in terms of a set equivalence condition. When we restrict attention to absolutely continuous
target covariates, both % and ?f/? are singleton sets. Hence, this condition reduces to ()F(V,|FZVI ,ﬁ =1) 4 (Xs|Z1,R=1).

Each counterfactual experiment ¢ represents a modification of the underlying economic system. It completely
determines the counterfactual outcome in the study population. Yet we remain largely agnostic as to the counterfactual
change in the auxiliary population. The definition also leaves the mechanism causing the change in the marginal

distribution of the target covariate unspecified.

Remark 2.1 Our definition of counterfactual experiments relaxes the rank invariance conditions imposed by Rothe
(2012). Instead, counterfactual changes in our context only need to satisfy a rank similarity or copula invariance

condition.

With the counterfactual experiments defined, we now construct the counterfactual covariate vector by Wg =
(6;1 (ﬁs),Z{)’ . The counterfactual outcome of the study population is then defined as Y, = g;(Wg, &), which fol-
lows a marginal distribution, FK , and a conditional distribution restricted to the principal population, FZ-\ r_1- Note
that the unconditional distribution is not well-defined, due to the lack of information on counterfactual changes in the
auxiliary population. Therefore, we focus exclusively on the counterfactual distribution conditional on the study pop-
ulation in what follows. When X is discrete, a single counterfactual experiment is mapped to a set of counterfactual

outcomes, and we denote the corresponding set of counterfactual distributions by .75 .

In our context, the sequence of counterfactual distributions is defined in terms of the “marginal” distribution of
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the potential covariate X; in the study population, rather than the true unconditional distribution of the observed X.
Although X, is missing from the main dataset, and therefore, its marginal distribution cannot be directly identified
from the study population, we show in Theorem 2.1 that it can be recovered from the auxiliary data under the rank
similarity assumption we impose in Assumption 2.1.

The policy parameter we seek to identify in this paper is the pathwise derivative of counterfactual distributional
effect conditional on the study population. It is adapted from the definition of the marginal partial distributional policy

effect (MPPE) by Rothe (2012).

Definition 2.2 (Marginal Partial Distributional Policy Effect) Let ®* = {¢,},>¢9 C ® denote a sequence of coun-
terfactual experiments, such that é&t — Fx,|g=1, as £ | 0. The MPPE for a given functional v : ¥ (#)—Randa

sequence of Fy, € ﬁ},ﬂ is defined by,

IV(Fy k1)  V(Fy, ) — V(Frr=1)

MPPE(v, {¥y }iz0) = —— "~ o t

We consider two specific types of counterfactual distributional changes: MDS and MQS. The defintion of the former
is due to Firpo et al. (2009b). It denotes a small perturbation in the distribution of X, in the direction of G. MQS,
on the other hand, considers a minuscule change in the quantiles of X;. This type of policy change includes the MLS,
G-

) = FX’Y"R(u| 1) +1, as a special case.

Definition 2.3 (Counterfactual Policy Distributions)
Marginal Distributional Shift (MDS): G; ,(x) = Fx|z(x|1) +1(G(x) — Fx,r(x[1)).

Marginal Quantile Shift (MQS): G, (1) = FXZ‘IR(M‘ 1) +t(G (u) - FX:‘IR(u| 1)).

Remark 2.2 Figure 2.1 illustrates how the rates of change between the two types of counterfactuals are related.
Under the condition that Fy, z— is compactly supported with strictly positive density on 2", MQS in a user-specified

direction, g(x), can be approximated in the limit by MDS with G(x) = Fy, g (x|1) — fx, g (x[1)g(x).

Turning to the case of quantiles, the quantile operator for a particular 7 is defined by, v¢(Fy,|g=1) = Fy, |;e:1 (1). With
the understanding that MPPE associated with a counterfactual experiment is generally a set when the X is discretely
valued, we suppress the index with respect to {175,,}20 for notational convenience, and denote the MPPE with MDS,
MPPE (v¢,{Y,}1>0), and MPPE with MQS, MPPE(vy,{Y,,}:>0), by UQE,(t,G) and UQE,(t,G), respectively.
Here, and in what follows, the qualifier “unconditional” in UQE should be understood as conditional on (or relative

to) the study population.
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Figure 2.1: Marginal distributional shift and marginal quantile shift
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Notes: The blue curve depicts the data distribution of X. The red curve depicts a counterfac-

tual distribution in the sequence {G;};jo, which can be induced by two equivalent policy changes.

2.3.2 First Step Identification

If there is no missing variable, the joint distribution of (¥,X,Z) is directly identifiable from a random sample. Under
data combination, however, only the “marginal” conditional distributions: Fy,|zz— and Fy,|zr—o, can still be separately
identified from the two samples, respectively. The conditional distribution, Fy,|y 7 r—1. is generally not identifiable
without further cross-population assumptions.

Instead of seeking identification of the entire conditional distribution, Fy|x .z z—1 (-|-,-,1), we demonstrate in
Sections 2.3.3 and 2.3.4 that UQE, and MPPE in general, can be identified using information on a finite set of points
of Y. For any 7 that belongs to this set, we define ¢; as the 7—th quantile of ¥;. Choice of 7 depends on research
interest. For instance, it can include only the median, the quartiles of Y, etc. This flexibility allows us to obtain
identification under much milder restrictions on the pseudo-merged population.

Identification is achieved through the excluded instrument variables, Z,. To ease notational burden, we define

A(x,21) = Fy,|x,z,r(qz|x,21, 1) for a given 7 and for all x € 2" and 71 € 2.
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Assumption 2.2 & | Z,|X;,Z;,R=1.

Assumption 2.2 implies that Z, can be excluded from the outcome equation, and therefore, can be used as a source of
exogenous variation to proxy for the missing covariate in the study population. Note that A is generally not identified
without an exogenous instrument Z,. We illustrate this point with a linear normal model in Example 2.1.

Under Assumptions 2.1 and 2.2, the following moment-matching equation holds,
E[1(Y < g¢)|Z,R=1]-E[A(W)|Z,R=0] =0, as. (2.3.1)
Equivalently, A can be identified based on a likelihood-ratio-weighting equation,

E|RI(Y <g:)— (1 R)A(W)li(rz()z)‘z} ~0, as. (2.3.2)

The next assumption is about the global identification of A.
Assumption 2.3 A is the unique solution to (2.3.1) or (2.3.2) almost surely.

Assumption 2.3 is a high level condition. It is implied by a bounded completeness condition on the auxiliary
population.” Note that A is globally identified as long as E[A(W) — A(W) |Z,R=0] =0 implies A = A, which follows
immediately if A is measurable with respect to W, and W is bounded complete for Z, relative to the auxiliary popu-
lation.> Although Canay et al. (2013) show that the completeness condition is untestable against general alternatives,
we use two examples to show that the assumption is reasonable in some special cases.

The completeness condition implicitly imposes some constraints on the support of the excluded instrument. When-
ever X is continuously distributed, Z, is generally required to be continuous. In Example 2.1, we show that when both
X and Z, are continuous, Assumption 2.3 holds when the structural errors follow a joint normal distribution, which
is a commonly-adopted assumption in empirical practices. However, our method does not apply if the instrument has
finite support or otherwise violates the bounded completeness condition, the latter of which is likely to occur if the
strength of the instrument is weak.

On the other hand, when X is discretely valued, we show via Example 2.2 that Assumption 2.3 can be satisfied
with a discrete instrument. The key requirement is a rank condition on conditional probability matrices of X, given
Z. When the set of Z; is empty, we can uses Cragg and Donald (1996) or Robin and Smith (2000) to test the rank

condition.

2For two random element U and V, we say U is bounded complete for V, relative to a subpopulation S = s, if for all bounded measurable
functions 6(-), E[6(U)|V,S = s] = 0 implies §(U) = 0 almost surely.

3Bounded completeness is weaker than the commonly adopted completeness condition appearing in Newey and Powell (2003) and Fan et al.
(2014). We refer readers to Hoeffding et al. (1977), Blundell et al. (2007), and Lehmann (1986) for detailed discussions.
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In Section 2.4, we base our estimation and inference on parametric identification of A. In this case, we assume that
Fy,x,2,r(qcl¥,21,1) = A(x, 213 Bo), for some fy € 8 C R?. In Lemma 2.3, we provide a set of sufficient conditions

which allow us to establish a global parametric identification condition analogous to Assumption 2.3.

Lemma 2.1 Fyx 7 z(qz|-,-, 1) is point identified under Assumptions 2.1-2.3.

Lemma 2.1 establishes the nonparametric identification of A. The proof for the parametric case follows along
exactly the same line so we omit it here. In the next example, we verify the identification assumptions in a conditional

normal model.

Example 2.1 (Conditional Normal Model) Let the structural equations of the study population be given by

Y, = gs(XSaZI) + &,

X5 = hs(Z) + s,
where & and 7 are jointly normally distributed. Specifically, for positive-valued functions v (-) and y,(-), we have

w(Z1) 0
0 WX(ZI)

(857n5)|Z7R:1NN 0,

Then, A(w) = ®(y,(z1)""/?(gz — g5(w))), where ®(-) denotes the CDF of standard normal distribution. Suppose the
reduced-form of X given Z in the auxiliary population is X, = h,(Z) +1,, Assumption 2.1(e) is satisfied if h; = h, = h,
and (ns|Z,R=1) 4 (N4|Z,R=0). Assumption 2.2 holds if Z, I &|X;,Z;,R = 1. Assume, in addition that, conditional
on zi, Supp(Fz,) contains an open set and that (z;, -) maps open sets of z into open sets. Assumption 2.3 then follows
by Theorem 2.2 in Newey and Powell (2003).

Turning to the linear case, let gs(w) = ¥%,x+%,21, h(z) = 8{z1 + 6,22, Wy = Wi = 1, Ny L (&,Z2), and therefore,
E[1(Y < qo)|Z.R=1]=D((qr — (¥, 8] + ¥,) Z1 — ¥, 8522) /(1 + 7% )1/2). As a consequence, (%, %,)’ are uniquely
determined by (2.3.1) or (2.3.2), if and only if &, # 0.

Example 2.2 (Discrete Covariates) Suppose X;,X,, and Z; are all discretely valued. Assume that Supp(FXj‘ Zi=2y) =
{x',....x'} and Supp(Fy, 7, ) = {',....2"}, for j = s,a and for all z; € Supp(Fy, ). Let Puj_’,(zl,r) =PX; =x"2, =
7,72y =z1,R=r) for j =s,a and r = 0,1. Assumption 2.1(e) holds if for all u € {1,2,...,I} and 7 € {1,2,...,k},
PS,(Z1,1) = P¢,(Z1,0) with probability 1. Moreover, let P/(-,-) denote the matrix of probabilities where the (u,7)-th

entry 1s equal to ' ). en eorem 2.4 in €wey an owe , bounded completeness, an ence,
i 1to P, Then by Th 2.4 in N d Powell (2003), bounded 1 dh

Assumption 2.3, holds if rank(P?(Z;,0)) = [ with probability 1.

88



2.3.3 Identification with Continuously Distributed Covariates
In this section, we establish the identification of UQE, and U QE, when the distribution of X is absolutely continuous.

Before stating the main result, we need some additional identifying assumptions.
Assumption 2.4

(@) (i) & L Us|Z1,R = 1; (ii) there exists a fy sufficiently close to 0, such that for all # < ¢y and ¢, € ®*, &, L

ﬁs,t|2l,t7§t =1
(b) Supp(G) C Supp(Fx|zg(-|Z, 1)) almost surely.

Assumption 2.5 Fy_; is continuously differentiable in an open neighborhood of g; with strictly positive density

function fyg—;.

Assumption 2.4(a)(i) imposes that conditional on Z;, structural error & is independent of the rank variable Uy
in the study population. This is much weaker than the commonly assumed strict independence condition that Xj
is independent of & unconditionally. Conditional exogeneity has also been imposed by Firpo et al. (2009b), Rothe
(2012), and Chernozhukov et al. (2013a), among others. Assumption 2.4(a)(ii) requires the conditional independence
condition of part (a) to hold when counterfactual experiments get sufficiently close to the status quo. Under the rank
invariance condition imposed by Rothe (2012), it is automatically implied by Assumption 2.4(a)(i). Assumption 2.4(b)
ensures that the conditional distribution of ¥ given W is identified over the support of W. Assumption 2.5 imposes a

smoothness condition on the distribution of target outcome, which implies that FY’1 is Hadamard differentiable at

[R=1
Fy|r1, tangentially to the set of functions that are continuous at gz.

The main theoretical result of this section is given as follows:

Theorem 2.1 Suppose that Assumptions 2.1-2.5 hold, and that the distribution of X is absolutely continuous with
respect to the Lebesgue measure, both UQE,(t,G) and UQE,(7,G) are identified.

(a) For UQE,, we have

1
_fY,.\R(CIT“)(l - Qo)

UQE,(1,G) = E[(1=R)YUZ)A(X,Z1)gq(X)],

where g (x) = G (Fy g(x1)) — %, As(6,21) = OA(E,21) /05, and Fi p(x]1) = =5 E[(1 - R)(Z)1(X < x)].

(b) Suppose in addition that 2" is compact, and Fy,|z— is continuously differentiable on 2" with strictly positive

density function fx z—;. Then we have,

1
_fo\R(LZT‘l)(l - Qo)

UQE,(t,G) = E[(1=R)UZ)A(X,Z1)gp(X)],
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G(x)—Fy,|r(x[1)

where g,(x) = — Txglr(*[1)

,and fy |p(x|1) = ﬁ&E[(l —R){(Z)1(X <x)]/0x.

Remark 2.3 The compactness condition on 2" is assumed to ensure the existence of pathwise derivative of the inverse
map. It can be relaxed by imposing a boundary condition on A,. Specifically, we may assume that A, vanishes when

x¢ [FXS\Rzl(‘Il) +€,FxY|R=1(612) —¢],for0 < g; < gz < 1and some € > 0.

2.3.4 Identification with Discrete Covariate
Let the support of X be {x!,... x/}. When X is discrete, MQS is not well-defined and we consider MDS only, with
counterfactual experiments defined through a fixed discrete distribution, G. As indicated by Example 2.2, results in

this section hold when Z, are both continuously and discretely valued.
Assumption 2.6

(@) (i) & L Us|Z1,R =1, for all U € %; (ii) there exists a #y sufficiently close to 0, such that for all # < #y and

¢ € D", &, L Uyy|Z1,,R, = 1, for all Uy, € %,

(b) Supp(G) C Supp(Fx,r=1)-
(c¢) Forall Us € %, Fy,|z,r(us|z1,1) is continuously differentiable in uy, for all z; € 2.

Assumption 2.6(a) is the counterpart of Assumption 2.4(a) for discrete covariates. Since the rank variables are
no longer uniquely pinned down by strictly increasing quantile functions, we strengthen Assumption 2.4(a) so that
conditional independence holds for all the rank variables in the equivalent class. With this identifying assumption
in hand, we are ready to present the following identification result. For j = 1,...,l, let the period bound generating

function be defined by

(AW 20) =AW, 20)) - (G ) = Fje~! 1)

hy, o) =—
ol ) Fr (el D)

Theorem 2.2 Suppose that Assumptions 2.1-2.3, 2.5, and 2.6 hold, UQE, (7, G) is partially identified, with
UQE,(1,G) € Z hqf(xj,xj717zij) + Z hqf(x/,xjfazjf_’j),
Jj€ I+ je s~

Y g (o )+ Y ke (2 )]
je g+ je s~

where # ={je€{1,...,1}: G(x/~") < Fyr(x/~"[1)} (7 is analogously defined), z} ; = argsup, . 4 (A(x/~',z1) —
A, z1)), ZT,] = arginf, c o (A(x~',21) = A(x/,z1)), and Fy,jg(x/|1) = E[ll_’—QROE(Z)l(X <x/)], forje{l,...,1}.
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Theorem 2.2 indicates that UQE), is generally partially identified with bounds generated by A, . In the special case
when A(x,z1) is constant in zi, the identified set of UQE, reduces to a singleton.

If X is binary and G, ,(x) = 1{0 < x < 1}(Fx,g(0[1) — ) + I{x > 1}, hy, reduces to —(A(1,z1) —A(0,z1))
/fy|r(qz|1). In such circumstance, Theorem 2.2 corresponds to the two-sample generalization of Theorem 5 in Rothe

(2012), when V in that paper takes on the quantile functional.

2.4 Estimation and Inference
In this section, we discuss estimation and inference for our two-sample UQE. First, we describe an estimation proce-
dure for UQE, and UQE), as identified in Theorem 2.1. We then show that our estimator is consistent and asymptoti-

cally normal in Theorem 2.3.*

2.4.1 Estimation Procedure

Following the discussion in Section 2.3, we first propose an estimator of the conditional probability, A. Here, we
restrict our attention to the parametric setting where A is indexed by a vector of parameter, §. We use a moment-
matching method based on (2.3.2) to estimate . The estimation of  consists of four-steps. In the first step, we
estimate g; by solving

gr=argminE,[R(t—1(Y <gq))- (Y —q)]. (2.4.1)
qeY

The next three steps follow closely the Auxilliary-to-Study Tilting (AST) method proposed by Graham et al. (2016).
Using the AST estimator, § and the propensity score can be jointly estimated from moment restrictions in (2.3.2). To
implement the estimator, we first estimate the propensity score, r(z). Towards this end, we assume that the propensity
score takes a parametric form, i.e. r(z) = L(k(z)'y), where L(-) is any link function that satisfies Assumption 2.7(e).

Using L(-), ¥ can be obtained by solving the following problem,

y= afg%%’;ﬂ‘:n [Rlog(L(k(Z)"y)) + (1 = R)log(1 — L(k(Z)'y))] - (2.4.2)

The AST estimator augments the conditional maximum likelihood estimator ¥ with tilting parameters. The resulting
estimator of f is more efficient than the one based on ¥ alone. Let #(z) be a vector of known functions of z with

a constant term as the first element. Denote the tilting parameters associated with the auxiliary data and the study

“4Here we focus on the scenario where the distribution of X is absolutely continuous. When X is discrete, the problem features partially identified
parameters defined by the intersection bounds. Chernozhukov et al. (2013b) provide an extensive treatment of this topic. We omit discussion here
and refer readers to Appendix D in Rothe (2012) for a detailed discussion on how to apply their method.
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sample, by A, and Ay, respectively. They are estimated by solving,

1-R 1
- (1 ~Lk(2)T+1(2)A) 1) Likz) Y)t(Z)l =0, (2:4.3)
R ) -
- (L(k(Z)’?H(Z)@s) - 1) Lz) W(Z)] =0 (2.4.4)

Using is and /?La, we compute study and auxiliary sample tilts, which are defined as follows:

. i ~ L(k(Z))
o | - k()7

= - S— (2.4.5)
L(k(Z))7+1(Z)' As) 1 —L(k(Z)7+1(Z) M)

~

Also let e(z) be a dg-dimensional vector of known functions of z, and g(a: gz, 7, A, A B) = (Brl(y < Go) — (1 —

r)A(w; 3))e(z). Now, in the last step, 3 can be estimated by

B =arg inf .Z,(B), (2.4.6)
ﬁeﬁ)ﬁ
— - - 2
where %, (B) = ‘ E,[g(A;qx, Y, As, Aa, B)] HQ and Hx”?z,, = X' Q,x, for a sequence of positive definite weighting matri-
ces Q,,.

~

: i : BY=AA(F 7 -BY /D% ) = na , _Lk@)T+1(2)'A)
Using these quantities, we can obtain Ay(w; B) = dA(%, 215 ) /9%|z—x, and £(z) = 3 ST TE B Throughout

this section, we assume that the counterfactual distribution G is known. In practice, if G is not known, it may be esti-
mated from an independent sample; see e.g. Rothe (2010). Using the above estimates and Fy, jg—; (-) = En, [((2) 1(X <
)], where I, [X] denotes n, ' Y7, || X;, &, can be obtained as the plug-in estimator. For g,,, we need an estimator for
Sx|R=1 (). Our identification relies on a compact support condition, and it is well known that the Prazen-Rosenblatt

density estimator is not valid near the boundary of support. To overcome this challenge, we introduce trimming.> For

a kernel K, with compact support, and some bandwidth b,, we let
Fuiw(x|1) = En, [ 6201 K, (X =)

where K, (-) = by 'Ky(-/by). I, is a trimming indicator, which equals one for x € {[x + pyby/2,% — pyby/2]}, where
X, X, and p, are the lower and upper bound, of £, and the diameter of Supp(Ky), respectively. The density, Jy|r» can

also be estimated using a kernel density estimator. Specifically, for any kernel function K, (-) that satisfies Assumption

STrimming is widely adopted in the literature; see e.g. Hirdle and Stoker (1989), Powell et al. (1989) among others. This specific trimming
function is inspired by Guerre et al. (2000) and Li et al. (2002). As an alternative, we can use a local polynomial density estimator that adjusts for
the boundary bias adaptively; see Cattaneo et al. (2020) for details.
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2.8(b), let fyr(y]1) = E,, [K, (Y; —y)], where E,, [X] = n; ' £ | X; and Kp, (v) = b, 'K, (v/by).

Now, plugging in the estimators of nuisance quantities, UQE;(7,G) can thus be estimated by,

UQE;(1,G) = - — B, [{Z)AW:B)&; (X)), j = poa. 2.4.7)
Jrr(gz|1)

We summarize the estimation procedure in the following algorithm.
Algorithm 2.4.1 (Plug-in Estimator for LTQ\E )
1. Compute the empirical quantile estimator g by solving (2.4.1).
2. Compute the conditional maximum likelihood estimator ¥ by solving (2.4.2).
3. Solve (2.4.3) and (2.4.4) to get 1]-, and use them to compute ﬁj, for j = s,a, following (2.4.5).

4. Use the above quantities to compute E , by solving (2.4.6).

~

5. Compute Ax(~;B\)7£(~),ﬁXJ,|R:1(-), ]?XS‘RZI(J. Using these quantities to compute g;, for j = p,q.

6. For j = p,q, compute the plug-in estimator ITQ\E ; following (2.4.7).

2.4.2 Large Sample Results
In this section, we present inference results for the estimators introduced in the previous section. We first establish

large sample properties of E , for which purpose, some additional regularity conditions are in order.
Assumption 2.7

(@) O{(Ri,R:Y;, (1 —Ri)X;,Z;)}, are i.i.d.; (ii) let 6 = (7, A5, A4, B) € @ = Op x G)%L x @g, then © is compact, and

6 lies in the interior of ®.

(b) Fyjzg—1(ylz) is absolutely continuous and differentiable in y € % for all z € 2, where % is a compact subset
of %, and

sup | fyjzr(lz, )| < e < oo
(r2)eHZ

(c) (i) A(w;B) is twice continuously differentiable in 8 with uniformly bounded derivatives, for all w € #; (ii)
0 <inf,, g A(w;B),sup,, g A(w; B) < 1; (iii) Ax(+; B) is continuously differentiable in 8, and sup,, g [Ar(w; B)| <

Cy < oo,
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(d) There exists a symmetric, non-random matrix €, such that ||Q, — Q|| = 0,(8w ), where 8, , = o(1), and that

¢3" < dnin(Q) < Anar(Q) < €.

(e) There is a unique ¥ € ®,, and known function L(-) such that (i)

_1-00  L(k(z)'n)

&= T L)

(i) L(-) is strictly increasing, twice continuously differentiable, with bounded first and second order derivatives;
(i1) limy—, o L(x) = 0 and lim,_,e L(x) = 1; (iii) 0 < c4 < L(k(2)'Y+1(z)'A;) < c5s < 1forall (y,A;) € @y x Oy,

j=s,a,andz € Z.
() E[J|j2)|[*] < +eo, where j = k,,e.

Assumption 2.7(a) is standard in the microeconometric literature. Assumption 2.7(b) requires the conditional den-
sity fy|zr(+|-,1) be bounded uniformly for all (y,z) € % 2. Assumption 2.7(c) imposes mild smoothness conditions
on the parametric function A(+,-;-), requiring it to be bounded between the unit interval, thus behaving like a distri-
bution function. Assumption 2.7(d) states that Q,, is consistent for €, which is positive definite. Assumption 2.7(e)
implies that the true “propensity score” is known up to finite dimensional . It also specifies smoothness and bound-
edness conditions on the parametric propensity score. Finally, due to the estimation of g, we impose a finite fourth

moment condition in Assumption 2.7(f), which is stronger than the usual square-integrability condition.

Lemma 2.2 Suppose that Assumptions 2.1-2.5 and Assumption 2.7 hold, then (i) B LN Bo; furthermore, (ii) suppose

that the Jacobian matrix, Mg, as defined in (2.8.5), is invertible, then

=

1
n lllﬁ(Ai;907q1')+0P(1)a
i=1

V(B - Bo) =

S

where yj (A;600,q¢) is given by (2.8.8), and (iii)
V(B — Bo) 5 N(0,Zp),

where Xg = E[yp(A; 60,9:)Wp(A: 60,q1)"].

Lemma 2.2 shows that the parameters of Fy |y zz—; are consistently estimated by B. Furthermore, it admits an
asymptotic linear representation with influence function given by yg(A; 69, <), which plays a key role in establishing

the large sample properties of UQE. Towards this ends, we need the following set of assumptions.
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Assumption 2.8

(a) (i) Fy|g—1(-) is absolutely continuous and differentiable over y € %’; (ii) fy|z—(*) is uniformly continuous; (iii)
the density fy|z— (y) is strictly bounded away from 0, three times continuously differentiable in y with uniformly

bounded derivatives for y in %, such that g, € %.

(b) The kernel function K, (-) is symmetric, continuous, bounded, with a compact support, and such that (i) [ K, (y)

dy = 1; (ii) [ yK, (y)dy = 0.
(©) by — 0, log(n)n~ by ' — 0, and nby — ¢ < oo.

(d) (i) Z is compact; (ii) G is continuously differentiable on 2~ with strictly positive density.

Assumption 2.8(a) strengthens Assumption 2.5 and imposes stronger smoothness conditions on the distribution of
Y;. Assumption 2.8(b) states several regularity conditions on kernel functions, which is standard in the literature.
Assumption 2.8(c) specifies admissible rate for the bandwidth parameter. We can choose by, = O(n;~), for k €
[1/5,1/2). Assumption 2.8(d) imposes support and smoothness conditions for the counterfactual target covariate.

Asymptotic properties of ITQTE are formally characterized in the next theorem.

Theorem 2.3 Under Assumptions 2.1-2.5, 2.7, and 2.8, (i) the following linear expansions hold,
— 1 L
UQEq(Ta G) - UQEQ(Tv G) = E Z ‘lfq +Bq(7’-7 Gvb}') +0P(n_1/2)'
i=1
Suppose in addition that Assumption 2.9 holds, (ii) then we have
— 1 n
UQE ,(7,G) —UQE,(7,G) = p Z v, +B,(7,G,by) + op(nfl/z),
i=1

"
b fy p(az|1)d;(60.G

where, yj, j = p,q, is defined in Section 2.7.2, Bj(q:,G,by) = AT ) - [Y*Ky(y)dy, and d;(69,G) =
Y[R\1T

ﬁE[(l —R)UZ)A(X,Z1;Bo)g;(X)], for j = p,q.

(iii) Therefore,
— d
V i’lby(UQE](T, G) - UQE](T’-? G) _BJ(CITaGaby)) — N(Ovzj)v
2
where, £; = - J K} (y)dy, for j = p,q.

fyrlazl)Qo

From the linear expansions in Theorem 2.3, we conclude that UQE converges at a rate that is slower than root-n.

This result is mainly driven by the nonparametric estimation of the density fyg—;, and therefore, the estimator is
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nonparametric in essence. Moreover, the asymptotic expansion includes an asymptotic bias term, B(7,G,by). If we

assume, as in Firpo et al. (2009a), nbi — 0 or k¥ < 1/5, the bias vanishes asymptotically.

Remark 2.4 Estimators for the asymptotic variance of UQE,(7,G) and UQE,(7,G) can be constructed using their

empirical counterparts. Specifically, let

7

S &\'.n(é\vG)z 2
Yi=—20""" _ [K*>y)d
= h e SO

o~

where c@n(@ G)=E,, [L(Z)A(W; B )&;(X)]. Under a suitable rate condition on by, consistency of ) ; follows directly
from the first two parts of Theorem 2.3. To achieve better finite-sample performance, we can add the root-n terms
of the influence functions to the variance estimator, based on which, we propose the following improved variance
estimator,

% imp = byEa[Wi(A; 0,Gr,by)?). (2.4.8)
In the above definition, ¥/;(a; @,Z]},by) is a plug-in estimator of the influence function, y;(A;6y,q«,by), for j = p,q.

A detailed description of the construction of ¥ can be found in Section 2.8.3.

Remark 2.5 Theorem 2.3 implies that tests of the unconditional quantile effect converges at a non-parametric rate
in general. Nonetheless, for the null of zero, positive, and negative effects, we can still construct tests that have
power against departures of the null at the parametric rate. For example, to test the null: Hy : UQE;(7,G) =0, it is
equivalent to test H : dj(Bo,G) =0, as UQE(7,G) = 0 < d;(By,G) =0, for j = p,q. From Theorem 2.3, we know

that dA,n(B\ ,G) converges at the parametric rate. Moreover, we have
S5-1/2,5 A d
ViV, 1*(d;a(8,G) — d;(69,G)) > N(0, 1), (2.4.9)

where \7d7j is an estimator of V, ; = E[yy ;(A; 60,¢<)?], with Wy j, j = p,q, defined in Section 2.7.2. The result in

(2.4.9) can be used to test H|), applying standard testing procedures.

2.5 Empirical Illustration

We apply our identification and estimation methods to a variant of the Mincer’s regression. Our main goal here is to

demonstrate the bias from using potential instead of actual labor experience in human capital earnings models.
Identifying the causal relationship between earnings and human capital accumulation has been a focus of labor

economic studies for decades. Traditionally, Mincer’s regression has been widely used to quantify the link between

labor wage, education and labor market experience.
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Most datasets do not provide respondents’ actual work histories. Therefore, many researchers choose to proxy
the variable with potential work experience. The potential experience measure is usually calculated by subtracting
years of schooling plus some constant (typically 6 years) from age. Despite the popularity of this practice, many labor
economists believe that the return to actual experience tends to be biased when we employ the potential experience as
proxy; see e.g. Regan and Oaxaca (2009). One of their main arguments is that any lapse in labor force participation
would be implicitly assumed away when potential experience instead of the actual one is used. There is little reason to
believe that the return to employed experience is the same as that of the unemployed period. Hence, it is still preferable
to use the actual labor experience.

We use the 1970 wave of IPUMS as our main sample. The data is a 1-in-10,000 national random sample of the
population. The outcome of interest is the natural log of yearly earnings. The target covariate, actual work experience,
is missing from IPUMS. To apply the procedure described in Section 2.4, we need a dataset where the actual work
experience is available. For that purpose, we use the 1972 wave of PSID as cleaned by Hirukawa et al. (2020). Detailed
work histories are available in PSID. Therefore, it allows us to recover the actual labor market experience. However,
running analysis directly with PSID may not be ideal due to the fact that it is not nationally representative. Our method
is able to address this issue by combining information from both samples.

To estimate Fy, |y, 7,1, We consider the following specification,

P(log(Income) <y) = A(Po+ Bieduc + Brblack + Bzsouth

+ Bymarried + Bsexper, + B(,experf), 2.5.1)

where exper, stands for individual’s actual or realized work experience, educ denotes the highest grade completed by
the respondent, black, married, and south are dummy variables which take one if the person is black, married, and
lives in the south, respectively. The actual work experience serves as our X;. It enters (2.5.1) with linear and quadratic
terms. We let (educ, black, south,married) be the set of included instruments Z;, and the potential experience, exper,,
be the excluded instrument Z,.

Mincer et al. (1974) derives the relationship between schooling, labor market experience and earnings by means of
an accounting identity model. We assume that realized labor experience, rather than potential experience as constructed
by econometricians, determines post-school investment, and therefore, observed earnings. This belief is embodied
in Assumption 2.2, which requires that earnings are independent with potential experience, conditional on actual
experience and education. This restriction holds if the mechanism that governs the discrepancy between potential

and actual experience is unrelated to the wage determination process. Note that it in principle rules out cases where
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Table 2.1: Summary statistics

Variable Mean St. Dev. Min 25th Pctl. Median 75th Pctl. Max
Data Source A: The IPUMS Sample (1970s)
Income 7,923.98 6,21837 50 4,050 7,050 10,050 50,000
Log(Income) 8.64 0.97 391 8.31 8.86 9.22 10.82
Age 38.29 13.88 17 26 37 50 65
Education 1143 2.71 5 10 12 13 17
Black 0.07 0.25 0 0 0 0 1
South 0.26 0.44 0 0 0 1 1
Married 0.75 0.43 0 0 1 1 1
Potential Experience 20.86 14.7 0 8 20 33 53
Data Source B: The PSID Sample
Income 8,966.52 590547 50 5,069 8,000 11,359 70,000
Log(Income) 8.88 0.74 3.91 8.53 8.99 9.34 11.16
Age 37.8 12.37 17 26 37 47 65
Education 12.14 3.06 5 11 12 16 17
Black 0.27 0.44 0 0 0 1 1
South 0.41 0.49 0 0 0 1 1
Married 0.89 0.31 0 1 1 1 1
Potential Experience 19.65 13.42 0 7 18 30 53
Actual Experience 18.87 12.23 0 8 18 28 56
Data Source C: The IPUMS Sample (1980s)
Potential Experience 18.99 14.49 0 6 16 31 53

Notes: Summary statistics for IPUMS and PSID. The top panel uses male subsample (aged between 17 to 65) from the 1970
wave of IPUMS with a sample size of 5,807. The middle panel uses the male subsample (aged between 17 to 65) from the
1972 wave of PSID with a sample size of 2,339. The bottom panel uses male subsample (aged between 17 to 65) from the
1980 wave of IPUMS with a sample size of 533,517.

individuals leave labor market in response to wage rate fluctuations.

Visual check of the actual-experience-specific age-income profiles can serve as a preliminary test of the exclusion
restriction. There are many reasons why such a parsimonious model is often refuted by data. See Heckman et al.
(2006), Lemieux (2006), and the references therein for a detailed discussion of the empirics. Nevertheless, we believe
that our modification of the benchmark Mincer regression suffices for an illustrative purpose.

Due to the relatively large support, we treat experience as a continuous variable. We assume that, given potential
experience and the set of controls, actual labor experience follows the same distribution in the two samples, which
implies that Assumption 2.1(e) holds. Additionally, we assume the errors of structural equations follow a joint normal
distribution. Therefore, Assumption 2.3 follows by Example 2.1.

We provide estimation results when A(-) takes either the logistic link or the probit link. To implement the AST
estimator, we choose j(Z) = (Z},2Z})', for j = k,t,e. The density of Y; is estimated using by = n;%%b, o, where
bno = 1.06min{c (Y;), interquartile(Y;) }n; ®* is the usual “rule-of-thumb” bandwidth.

Table 2.1 reports the descriptive statistics for the two samples. Following the standard practice in labor economics,
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Table 2.2: Estimation results for unconditional quantile effects

Quantile Level 0.25 0.5 0.75 0.25 0.5 0.75
Logit Link Probit Link
MDS
UQE(7) -0.2297  -0.0612  -0.0296 -0.2304  -0.0619  -0.0299
(0.0587) (0.0125) (0.0054) (0.0576) (0.0124) (0.0055)
Hy:UQE>,=0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
MQS
UQE»(7) -0.2159  -0.0611  -0.0305 -0.2159  -0.0615  -0.0308
(0.0779) (0.0164) (0.0063) (0.0778) (0.0164) (0.0063)
Hy:UQE>=0  0.0043 0.0002 0.0000 0.0043 0.0002 0.0000
MLS
UQE»(7) 0.0956 0.0241 0.0135 0.0957 0.0243 0.0143
(0.0154) (0.0020) (0.0011) (0.0151) (0.0020) (0.0011)
Hy:UQE>=0  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Notes: In each panel, the first two rows report point estimates and standard error using our two sample estimator.
The last row of each panel reports the p-value associated with the Wald test of zero effect.

we use only the data on men aged between 17 and 65 when the surveys are taken. To ensure that Assumption 2.1(a)
holds, we further trim the IPUMS sample to match the sample bounds observed in the PSID data set. This leaves
us with a sample of ny = 5,807 respondents for IPUMS and n, = 2,339 for PSID.There are considerable differences
between the two datasets. Individuals who are black, married and/or lives in the south are over-represented in PSID
compared to the nationally representative IPUMS. On average, an individual in PSID has 0.78 years more potential
experience than actual experience.

For UQE with MDS and MQS, we take the smoothed empirical distribution of exper, from the 1980 wave of
IPUMS 1-in-100 sample (trimmed to match the support of the PSID sample) as the target counterfactual distribution.
The policy question we would like to answer with this counterfactual is as follows: What is the unconditional quantile
effect if the distribution of labor market experience shifts marginally towards that is observed in the 1980s. Due to the
large sample size of the counterfactual sample (n = 533,517), we can ignore the sampling variation and treat the target
distribution as known. As shown in Table 2.1, we find that less-experienced workers tend to have even fewer years of
experience in the counterfactual scenario than in the status quo, and the opposite is true for workers closer to the right
tail of the distribution.

We report estimation results in Table 2.2 and Figure 2.2. A few remarks are in order. First, our estimates suggest
that the counterfactual effect of a marginal shift in the distribution of actual experience is heterogeneous across in-
come groups. The effect is larger in magnitude for the lower-income groups as expected. When MDS and MQS are
considered, the quantile effects are uniformly negative and the shapes of the effect curves are similar. The marginal

shift could decrease the (log) earning by anything between 0.03 and 0.23 across income quantiles. For reference,
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Figure 2.2: Unconditional quantile effect of actual experience on log(Earnings).
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when the logistic link is assumed, the marginal effect of MDS amounts to a reduction of 20.5% in annual earnings for

individuals the first quartile, 5.9% at the median, and 2.9% at the third quartile, respectively. The MLS estimates are
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of different signs from MDS and MQS. The marginal upward shift in the actual experience would increase a median
worker’s income by 2.4%.

Next, we consider the bias caused by using potential experience in lieu of the actual experience. We note that, one-
sample UQE estimates based on IPUMS tend to be smaller in magnitude at lower income quantiles than that based on

the combined data. Eventually, the two estimators converge at higher income levels.

2.6 Concluding Remarks

In this paper, we propose a framework to identify and estimate unconditional quantile policy effect under data com-
bination. We establish the identification of UQE under two main conditions: a rank similarity assumption and a
conditional independence assumption, based on which, we provide estimators for the identified UQE and derive their
large sample properties.

Our current approach can be extended in the following directions. First, although we have restricted our attention
to the quantile effect throughout this paper, our results can be easily extended to other statistical functionals such
as mean, interquartile, and inequality measures. It would be interesting to see how the identification requirements
change with respect to the functional we adopt. Second, we have focused exclusively on the pointwise identification
and inference. While extension to uniform results seem straightforward, it comes at a cost of stronger cross-sample
restrictions. Under such assumptions, conditional quantile regression is likely feasible. Comparing conditional and
unconditional quantile effects, as in Firpo et al. (2009b), under our two-sample structure, would also be an interesting

direction for future research.

2.7 Appendix
2.7.1 Proofs of Lemmas and Theorems in Section 2.3
Proof of Lemma 2.1: We provide proof for the nonparametric identification here. The proof for the parametric case

follows along exactly the same line and is omitted. We shall show (2.3.1) first,

E[1(Y <g:)|Z,R=1] =E[E[1(Y, < ¢¢)|X;, Z,R=1]|Z,R=1]
=E[E[1(Y, < ¢7)[X,, Z1,R=1]|Z,R = 1]
— E[A(X,,Z1)|Z,R = 1]
— E[A(X4,Z1)|Z,R = 0]

— E[A(W)|Z,R = 0],

6Qur analysis is local to the direction of counterfactual change, and therefore, does not allow the result to be extrapolated globally. For the
same reason, the comparison between U QE>; and U QE 4 is not meaningful.
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where the second equality is by Assumption 2.2, and the fourth line follows by Assumption 2.1(e). Likewise for

(2.3.2),
E[RL(Y < q2)|Z) = E[1(Y < ¢¢)|Z,R = 1]- PR = 1|Z]
— E[A(W)|Z.R =0]-r(2)
r(Z)
=E[(1-R)A Z]- .
(1= RAW) 2] 20
Thus, Lemma 2.1 follows immediately from (2.3.1) (or (2.3.2)) and Assumption 2.3. |

Lemma 2.3 Suppose (i) A(w;f3) is measurable with respect to w for all 8 € @pg; (ii) W is bounded complete for Z,
relative to the auxiliary population; (iii) A(w; ) is differentiable with respect to 8; and (iv) dA(+;8)/d B is uniformly
bounded and JA(-;8)/dp # 0 for all B € ®g. Then, under Assumptions 2.1 and 2.2, By can be uniquely identified
from (2.3.1) or (2.3.2).

Proof of Lemma 2.3: From Lemma 2.1, we know that 3y solves (2.3.1) or (2.3.2). It remains to show uniqueness.
Suppose, there is B, Bi # Po. that solves (2.3.1), then, E[A(W; 1) — A(W;Bo)|Z,R = 0] = 0. By MVT, this and (iii)
implies that E[0A(W;3)/d8 \ﬁ=B|Z,R = 0](B1 — Po) = 0, for some value between By and f;. Condition (i), (ii), and
(iv) then imply that E[dA(W;)/dB| ﬁ=5|Z’R = 0] £ 0, which leads to a contradiction. [ |

Proof of Theorem 2.1: We shall first prove the identification result for a fixed counterfactual distribution. Next, we
take the derivative of the counterfactual experiments with respect to ¢. The result of Theorem 2.1 then follows by the

fact that Hadamard derivative operator of the quantile functional is linear. For any ¢ < fo, fix & € ®*, and we have that

F~,|R(QT|1)

_/P 8s Xslvzllvgi‘f)<qT|XS‘t_'leI_Z]aRt_l)d Zl ‘R (x Z]‘l)

*/P gs(G st) thagst)<CIr|Usz*M er*Zthfl)d UsiZy 4 |R; (u,z1|1)
—/P 8s(G; (u),Z1,&) < qe|Z1 = 21,R = 1)dFy 7, g (u,21|1)
—/P 8s(G, (), Z1,€&) < q:|Us = u,Zy = z1,R = 1)dFy 7 g (u, 21| 1)

= /P(gS(Xleygs) < q:|Xs = G;l(u),zl =z,R= l)dFUle\R(%le])
- /P(gS(XthagS) < CITIXS = G;l(u),Zl =z1,R= l)dFUsZ\R(mZ'l)

- /P(gs(XMZ]’gS) < qT|XS = Gfl(FXy(x))’Zl =z1,R= l)dFsz‘R(x,ZH)
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= /FY,V\XSZIR(QAG;I(FXS\R(X|1))7217l)dFX;Z|R(va|1)

r(z) (1= Qo)
Qo(1—r(2))

— & [ Funlad 67 (Fexl1).21,) S
1

=7 —QoE [(1=R)U(Z) - Fy,x,2,r (421G (Fxr(X]1)),Z1,1)]

= /FYV\Xyle(C]HGfl(FXY\R(XU)),ZI,1) dFxzr(x,z]0)

R=0

where the second line follows by the definition of E (gz), the third one comes from the definition of 175,, and a change
of variable from x to u, the fourth equality follows by the construction of ®* and Assumptions 2.4(a) and (b), the fifth
line is again by Assumption 2.4(a), the eighth one follows by the definition of U and standard change-of-variable
argument, the tenth line is by Assumptions 2.1(a)—(c) and Bayes’ Law.

Gy

To obtain the marginal distributional effect, we take derivative of F?

‘R(qf| 1) with respect to ¢ and evaluate it at

t = 0. For the marginal distributional shift,

aFﬁv,\R(f]r“)

:/ IFy,|x,z,r(qz|x,21,1) . aGZ,l (Fy,r(x|1))

ot ox ot
t=0 t=0
r(z)(1—
. MdFWR(w|0)

G 1(- . . o . . N
Observe that gf 0 o is the pathwise derivative of the inverse map H +— H~! at Fx,r=1 in the direction of

G — Fx,r=1- By Lemma 3.9.23 in Van Der Vaart and Wellner (1996), the inverse map is Hadamard differentiable

under the conditions specified in the theorem, with the derivative map given by,

9 —(¢/h)oH ",

where £ is the first-order derivative of H. Let ¢(-) = G(-) — Fx, g1 (-) and H = Fy,|g—, it follows immediately that,

forall u € [0, 1],
8G;;(u)

ot

_ G(Fy, gy (1)) — 1)
o Ixr=1 (F{S\lel ()’

and hence, for all x € 2,
9G, , (Fx,r(x/1))
ot

_ Fy,r(x[1) — G(x)
Txgr=1(x)

t=0
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Analogously, for marginal quantile shift,

aFy ‘R(ql'“)
Jt

(1-00)
, 0o(1=r(2)
E [(1 —R)(Z)- % : (Gi](FX|R:1(X)) _X)] )

:/amesle(ChWZhl) 8G (FXSIR(X‘ )

Ox ot dFW|R(W|0)

t=0 =

_ 1
1—0Qo

where the second equality follows from Lemma 2.1 and the definition of G, ql ().

To identify Fy g, we exploit the following fact

(X <)R=1]
/ (x<) dFX|ZR(x|Za )dFzir(2|1)

[ ] 1620 G 2 ar vz, 0 (1)
i
Qo

[ (l_i’m( JR=0

E[(1=R)(Z)1(X <],

where the third line is due to Assumption 2.1 and Bayes’ Law.

Theorem 2.1 then follows from Assumption 2.5, gr = Fy |}e:1
9

quantile functional is V,(¢) = 7 oFy, \}e ,(7), which is linear in ¢. [ ]
Yr=1

(1), and the fact that the Hadamard derivative of the

Proof of Theorem 2.2: First, we fix Uy € %, and ¢, € ®*, for ¢ < fy. By construction, there exists ﬁs’t S @; ¢ such that

(U4 Z1,R = 1) (Us|Z1,R = 1). Now we rewrite Fj; V. k=1 € T in terms of Uy and Z;. Let x° = —oo, and we

Yos|R=1

have that

F?UIR*I(‘“)
*/P 8s Xstazl Iagst) < 6]r|Xz =X th *Zth = 1)d XeiZy4|R: (x,zl|1)
= Z /P(gs(is,nil,ngs,r) < ‘]T‘)?s,t :xjvzl,t 2117§t = 1)

=1

P(Uss € (Grp(W™"),Grp()]|Z1y = 21,R = 1)dFz,  (211)
1
Z/ gs XS)Z]aSS)<qT‘X_x ZI_Z17 :1)

P(Us € (Grp(x' 1), Gy p(x))]|Z1 = 21,R = 1)dFyz, g(z1]1)
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I
= Z /FYX\XSZIR(%W,Zh 1)-(P(Us € (FXX\R(xj_l|1)ans\R(xj|1)]|Zl =z,R=1)
=

+P(Us € (Grp (1), Grp()|Z1 = 21,R = 1)

— P(Uy € (Fx, g (1), F (| 1)]|Z1 = 21,R = 1))dFz, g (21 ]1)
I
=Fy,r(q:|1) — Z/A(xjvzl)(P(Us € (Gip( ™), Grp()|Z1 =21,R=1)
j=1

— P(Us € (Fyp(x' (1), Fe, g (¥ |1)]|Z1 = 21, R = 1))dFz, g (z1]1). (2.7.1)
For the second term on the right hand side of the last equality, we have

P(Us € (Grp(™"),Grp(¥)] | Zt =21, R = 1)
—P(Us € (F g~ [1), F g |D] | Z1 = 21,R = 1))
=(Fy,z,r(Grp(x) | 21, 1) = Fyy 7,8 (F g (6[1) | 21, 1)
- (FUS\ZIR(Gt.,p(xj71> |z1,1)) — FUJ|ZIR(FXAR()CF1 1) [z1,1))
=(Gp(x/) *FXY\R(XHU) “fuyzr (s | 21, 1)
— (Grp(x'™) —FXS\R(XFWI)) SfuyzirWj-14 [ 21,1)
=1-(G(') = F g/ |1)) - fu,jz,r (s | 21, 1)

— 1 (G = Fy o (1) - fu 1z -1 | 2151,

where i1, is some value between G; ,(x/) and Fx,|z(x/|1), and is potentially dependent on z;. The last equality is due
to MVT. Using the above result, (2.7.1) becomes
Fy,r(gz[1) — Zt~//\(x],21) “((GO) = Fx g (¥ [1)) - fu,jz,r () | 21,1)
j=1
— (GO = Fy (M) - fuyzar (ot | 21, 1)) dFz g (21 [1)
!
— Fynlgs) = Yt [(AG ) = AG. )
=2

J

(G —FXS\R(x'i71|1)) Sz r(Wj—14

21, D)dFz r(z1]1),

where the equality follows by rearranging terms, the fact that G(x°) = Fy |g(x°|1) = 0, and that G(x') = Fy |z (x'|1) = 1.
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The pathwise derivative can thus be calculated as

. FZ.,|R:1(‘11)_FIG\R(CIT|1)
lim
110 t

= Z (A z) = A z1))

(G - ijure(xjfl |1))dFz k(21 | Fy,r(x (1), 1),

where the second line is due to the dominated convergence theorem, Bayes’s Law, and the fact that U|R = 1 follows

the standard uniform distribution. Therefore, by Lemma 2.1 and the linearity of v.(-),

UQEy(v.G) € | inf, Z/hqc (2 21)dFy ju e (2 | Fr( (1), 1),
sup Z/hqr(x%xjilvzl)dFZl\USR(Zl |FX5|R(xj71|1)vl)
Us€U j=2

Using a similar argument as in the proof of Theorem 5 in Rothe (2012), we can show that for j = 1,...,[,

{F2,u,r(z21|Us = Fy, g (x/|1),R = 1) : Us € %} is the set of all multivariate distribution functions with support equal to
Supp(Fz, g=1)- To see this, note that for j = 1,...,1, Fzyr(-|Us = F,g(x/[1),R = 1) = C?S(FXS‘R(xjH),FZl‘R('|l)),
where the conditional copula, C%, is defined by CY (Fy, g (u[1), Fz, r(21]1)) = Fy,z, r(,21]1), and C?s is the partial
derivative of CYs with respect to the first argument. By the construction of ®, the set of CYs(-,-) for Us € %, is equiva-
lent to the identified set of the conditional copula of X; and Z; given R =1, C*:(-,-), where C* (Fy, jr(x|1), Fz, g (21]1))
= Fy,z,r(x,2|1), for all x € {x',...,x'}. Then, the desired result follows by applying an extension of Theorem 2.2.7
in Nelsen (2007).

Without loss of generality, we focus on the upper bound for now. By appropriately choosing Dirac measures with

unit masses on {z}}e », and {zj} je_s_» It is straightforward to show that,

wp ¥ [yl )P | By 1).1)
Us al:j 2

= Z hqr(xj’xj_laZT,j)+ Z hf]r(xjvxj_l7zi.,j)' (272)
JjES+ i€ g

The right hand side of (2.7.2) is identified under the support condition in Assumption 2.1(a). The proof for the lower

bound follows by an analogous argument. |
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2.7.2 Asymptotic Linear Representation of UQE Estimators
We specify additional regularity conditions in Theorem 2.3 and provide linear expansions for U/Q\E pand l@ 4 in this

section, the proofs of which are contained in Section 2.8.

Assumption 2.9

(@) fx|zr=o 1s uniformly bounded, twice continuously differentiable with uniformly bounded first and second order

derivatives on 2" x & .

(b) (i) K,(-) is a second order symmetric kernel function; (ii) the support of K, is continuous, bounded, with compact

support, K (-), and such that [ K, (x)dx = 1, [ xK,(x)dx = 0, [ x’K,(x)dx > 0, and [ K?(x)dx < oo.
(¢) (i) nby/log(n) — oo and (ii) nb? — 0.

For j = p, g, the asymptotic linear representation of ITQ\E j 1s given as follows:

UQE (t,G) —UQE(t,G) — Bj(7,d,by)

M:

1 (A —1/2;,—1/2 2
leR(qT“)Wd,j(Al,BOaCITvG)}+0P(n b}‘ +by)7

Wi(A60.q2,by) +0p (0 20y > 1 b2, (2.7.3)

{lljf},j Al’907q457 )

:\—‘ 3\'—
il ag T

where

d(@o,G) r
(@ 60,q:,G) =———5 — (Kp,(y — q¢
vy,.i(a;60,97,G) = Y|R(‘11|1) (b)(y qz)
(Mygfh)*r)f)//m(‘]r‘l)
_E[K, (Y —qo)|[R=1]— , 2.7.4
Va,j(a;600,9:,G) = (Mg_;(60) Vo (a; 60,9<)
Y (@ 00,G) + (1= r)l(z)Ax(w; Po)gj(x) Vdj(GO,G)) . 2.75)
1-0o Qo

In the above equation, Wy (a; 6y, ¢z) is given in (2.8.6),

e o =g | 1R Ax(W:Bo) (Vi.60(2)  8(X) + G0 (X)) e
0.j(B0) = Q0 _L@) Axg(W;Bo)gj(X) ’ oo
1-Lo(Z) ™
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L)1~ L(2) + LQLL(E)
(1L
L(2)
1(%%5
L(2)L,(Z
0Lz '@

-k(z)

VL,G (Z) t(Z) )

for Lj(z) = L(k(2)'y+1(2)'A;), and L';(z) = L' (k(z)' Y +1(2)'4;), j = s,a. In addition,

Gy (1) =G (G (Fya(x|1)) " E [1Q‘0R Ve @)X < xﬂ ,
Gy (1) = E [1 Q‘ORVL,% @1(x < x)} / Ferlal1)
1 (G(x) — Fpr () E [IQ‘ORVL,QO (D)1 Ko, (X —x)} / Fer(l1)

1-R  UZ)A(W;Po)

1-0Q0 G (G !(Fxpr(X[1)))

.<U—ﬂaﬂﬂxgx)_ﬂkﬂﬂn)}
1—-0Qo Qo ’

(1 =RUZ)A(W; Bo) ((1 —r)l(z)1(x < X)

(1= Qo) fxr(X]1) 1-0o

Ve q(a;60,G) =E

Vilai60,G) =E | - Fexl1) )|

1—-r)l(z 1-R)(Z
S TR
=0 g [(1 —RUZ)A(W;Bo)  G(X) }

Qo 1-Qo Txr(X[1) ]’

G(x) — Fx|g(x[1)

70) SE[AW: fo) X =R =1]—F T

2.8 Supplementary Appendix

(2.7.7)

(2.7.8)

(2.7.9)

(2.7.10)

2.7.11)

This supplemental appendix contains (i) proofs of the results in Section 2.4 of the main text, (ii) auxiliary lemmas

along with their proofs, and (iii) additional details of the variance estimators.

Notation: We write || f]|.. to denote the sup norm of f. Let N(¢,.%,L,(Q)) denote the covering number of .% rela-

tive to the L,(Q)-norm. Given an envelop function F of .%, the uniform entropy numbers and uniform entropy integral,

relative to L,(Q)-norm are then defined as supylogN(e||F||o,.#,L-(Q)) and fo‘s supglogN(e||Flly,,7,L(Q)),

respectively. We say that the class % has bounded uniform entropy integral (BUEI) with envelop F if the uniform

entropy integral is finite. Kj, j € {1,2,...} are finite positive constants. Let CLT, CMT, DCT, LLN, and MVT refer

to the central limit theorem, the continuous mapping theorem, the dominated convergence theorem, the law of large

numbers, and the mean value theorem, respectively.

108



2.8.1 Proofs of Lemmas and Theorems from Main Text
Proof of Lemma 2.2: The proof is divided into two steps. In the fisrt step, we show that B LN Po-

Observe that the three-stage estimation procedure is equivalent to a GMM estimator with (dy +2d; +dg) moment
conditions. We collect the moment conditions by

ml(m%%)
my(asy, As,

m(a;0,q;) = AT ) :
mS(GQ%Au’qr)

m4(a;Y’A‘SaA‘a7ﬁ7q7)
where
r—L(k(z)
() = (k(2)'7)

L(k(z)'y)(1 —L(k(z)/y))L/("(Z)'Y)k(Z),
m2(a; %Amqt)

(L(k(z)’y+ A 1) L(k(z)' V)t (2),

mlait2unte) = (1=~ ) MA@ G,

. _ (_rLk(z)'Y)e(z) (1=r)Lk@)'Pe(z) .
m4(a’ 97‘]1’) = <L(k(z)/7+t(z)’%) 1(y < qT) - 1 _L(k(z)/ A(W’ﬁ)) .

In addition, let

Z2(8) =|Em(4:0.G]13 . Zi(0) =|Euim(A:0,3))I3,

£0(0) =|[Enlm(A:0.q0)]lI5. £*(8) =|E[m(A:0,40)][I5
where Q, = diag(IderM/l ,Q,,) and Q= diag(ldﬁzgl/1 , Q).

First, by Assumptions 2.7(c)(iii), (d), (e)(iii), (f), Lemma 2.5, and the uniform LLN,

12:(6) ~ Zu(6)]| < 1190 — Q- (1B m(A:0,2)) — Elm(4:6,q0)] |+ |Elpn(4: 6,4:)]|)

= 0,(80.)(0,(1)+0,(1)) = 0,(1). 2.8.1)

Next, by the definition of .%,(6) and .%,(6),

|Zio)-2.00)|
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< ||Eama(A; 0,c) — ma(A;:0,92)] 1 + Op(1) Amax (Q) | Ea[ma (A3 0,Gc) — ma(A;0,g2)]|

= o0,(1), (2.8.2)

where the last line follows by Assumption 2.7(d) and Lemma 2.5.

Again, by the definition of .Z,(6) and .£*(6),

1£:(8) = Z7(0) | <Amax(Q)(||Ea[m(A: 0, )] — E[m(4: 60, 0)]|

0,(1) [E4m(A:0,q2)] — E[m(A: 0,:)]]) = 0,(1), (2.83)

where the last equality follows by Assumption 2.7(d) and Lemma 2.5.

Let 6 = argmingce ‘,2/’; (6). To show the consistency of 6, we note that

p([o-a]=¢) Sﬁ”(ee&ngnf%n?;(@) SE(%))

=" ( scoase 20 )3=§§(&ﬂ‘%zgggliil9)—»§5(9N>

=F (eeee oze O )<$1<90)+231£IZ(9)—.fn(e)|+o,,(1)>
< () B, L0 <L)+ 2500 | 4(0) 27 (0) o))
SP(OGQ int Em(4:0.g0))” < afff&)

where the first inequality is obtained by the definition of 6, and the third to fifth line follow by (2.8.1)-(2.8.3), respec-
tively. By Assumptions 2.3, 2.7(a)(ii), (c)(i), and (e)(ii), 8 = 6y is the unique solution to |E[m(A;0,q.)]|| = 0. Using
this fact, the last line is obtained by Exercise 5.27 in Van der Vaart (1998).

In the second step, we prove that \/ﬁ(ﬁ —Bo) 4 N(0,Zg).

A first-order Taylor expansion yields that

~ 1 & ~
op(1) :M,’,Qnﬁizlm(m;&%)
~ 1 & - v )
=M,Q, nZ(m(Ai§907QT)_m(Ai;90>CIT)+m(Ai;607qT>)+M”\/ﬁ(9_eo)>’
i=1

where M,, = E,[Vgm(A;qr, 5)}, and M, = E,[Vem(A;qr, 5)], for some 6 lying between 9 and 6. Using 025 0, it
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can be shown that both M,, and M,, converge in probability to M = E[Vgm(A; 6y, q.)]. The proof is similar to that of

Lemma 2.5, we omit the details to avoid repetition. Thus,

V(6 — 69)

D=

= *Mg_lelﬁ ( m(A;; 60,qz) —m(Ai; 60,q1) +m(Ai;90a‘]r)> +017(1)

o
Vi

1

= _MgElMlﬁ (\}ﬁ Z{E[m(AQ 60,q7) —m(A; 60,q7)|Dn] +m(Ai§90a¢Ir)> +0p(1)

1 n
= W; Vo (Ai;60,9:) +0,(1), (2.8.4)
where

Mo =MOM, (2.8.5)

r<1(y§q'r)—f)
0o fyr(g:I1) ) (2.86)

Vo (a;60,q7) = —Mg'M'Q (m(a; 60,47) — My,

and M, = (0',0',0',E[e(Z)R fy|z&(qz|Z,1)]')’. The second equality follows from Lemma 2.4. The third one is due to

a first-order Taylor expansion, the uniform LLN, and the following fact,

R(1(Y < g:)—7)

—1/2y, 2.8.7
Qofyir(gz|1) }Jrop(n ) @87

ZI\T_QT:_]En[

See, e.g. Firpo (2007).
The asymptotic linear representation of E corresponds to the last dg-elements of (2.8.6). Let M s denote the
Jacobian matrix of the k-th subvector of E[m(A;qc, 0)] with respect to the s-th subvector of 0 evaluated at 6y. It is

straightforward to show that,

V(B — o) = % Y. s (41260, 4).

i=1
where

my (a3 )
1 _ _
Wﬁ(azeo,qr)E—W(MhQMM) "My QMy 1S M .y | my(a: o, Aso)

m3(a; Y0, Aa,0)

—My QA (1 — Q2 My oS My _ Qi QN a0 Go,qr)} , (2.8.8)
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for My 4 = (Ma1,Myr,Ma3), S=M' 4 M 4 s —My QY2 Moy, QVPMy 4, My =1—-HHH)'H', and

r-(1(y < gc) —7)

ﬁ4(a§60a%) = M4((l; GanT) 7]E[RfY|ZR(qT|Z, l)e(Z)] ! QOfY\R(qr‘ 1)

This concludes the proof of Lemma 2.2.

Proof of Theorem 2.3: Part I: Asymptotic result for ITQ\E e

Decomposing the difference, we have

e Vi - dyn(6,G
Q q(T ) Q II(T ) (fYR(EI\TI) fYR(C]r“)) %( )
1 " -~ ~
- (d n 97G —d n 2} 7G
fY\R(qT|1)( 4n(0,G) —dgn(60,G))
1 ~

- d,,(60,G)—UQE(t,G
fY‘R(q‘L'“) q, ( 0 ) Q (T )

= Aq,l + Aq,z +Aq,37

where

dyn(8,G) = E,, [UZ)A(W: B)g, (X)),

o~

Gy (80,6) = T 5 Bul(1 = DA o), (X: ),

1
dgy(x:60) =G
and g, (x; 6p) (1—Q0

We proceed by deriving the asymptotic linear representation of each term.

E,[(1—-R)((Z)1(X < x)]> —x.

For A, 1, we focus on the inverse of the density estimate first,

1 1 __J/C;/\R@r“)—fym(‘]r“)

Fn@) @ - Al "

where

(me(c%I 1) — frir(gel1))? '

R PR TLCY AT
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Next, we establish the rate for ‘]?y‘ r(@z|1) = fy|r(g<|1). Decomposing the difference,

Frir@2|1) = frir(aell) =(Frip(@el1) = frir(@cl 1)) + (frir(@]1) — Elfyr(@:]1)])
+ (E[fyr(@ID)] = frir(@:1)) + (frr(@1) = frir(gzl1))

=Ar1+ A +Ar3+ A4,

where fy|z(qz|1) = E, [RK, (Y — gz)] /Qo.

We analyze each term in turn. For Ay 1, a first-order approximation and applying the uniform LLN yield,

7 r — E,[RK;, (Y — g
fY|R(ZI\T|1) —fy‘R((/]\T“) = —]En[R Q) . [ by( qr)]

QO H'En [R}
EAR=0 (BRG] AR (730 BN T0]
a Qo Qo E,[R] Qo
o _En[R - QO] . E[RKby(Y - qf)] 0 n,1/2
a Qo Qo Fopln),

where the third line follows along a similar line of argument as in Section B.3.2 of Sasaki et al. (2022).

Likewise, we have that

11
Arp=~) o {RiKp, (Y — gz) —E[RKp, (Y — gc)] } +0p(n~"/?).

i=1

Lastly, we bound the bias,

RK, (Y — Gr R
Ars=E [b}(Qoq)} — frir(@z[1)
by (fyp(ael1) + (fy (@) = fyie(ael)))
_ VYR 1/\R2 Y|R /yzKy(y)dy
= Biy(qr.by) +0,(b7), (2.8.12)

where By (g7, by) = O.Sbff;‘R(qT\ 1) [¥*Ky(y)dy and ¢ lies between g and g + cyby, for some |cy| < 7, where 7 is the
maximum absolute value of Supp(K,). The second line follows by changing variables and a second-order expansion
Offle("l) about g;. The rate of remainder is op(bg) because |f;‘R(677|1) —f;‘R(qr\1)| < \f;‘R(%U) —f;lR(c71|1)| +

|f;lR(§r|1) —f;‘R(qT\1)| = 0, (by+n~'/2), and by Assumption 2.8(c).
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In view of (2.8.7), it follows that

1 & Rifyp(ge 1) (1(Y; < g7) — 1)
n= Qofy|r(gqz|1)

+o,(n"1/?).
Collecting the linear expansions of Ay 1—Ay 4, we get

fym(%ll)—fm(qul)

B R E[RKby(Y—C]‘:)] (I(quf)—f)f{/m(qﬂl)
=E, @ {Kby(Y—CIT) - 0o - fy|R(C]7:|1) }]
+ By y(qe,by) + &2, (2.8.13)

where &, collects the remainder terms from each Ag i for j=1,...,4, and &= op(n’l/zb;l/2 + bf)

By Lemma 2.6, we have

-~

dgn(8.G) 5 dy(89,6). (2.8.14)

Collecting the results in (2.8.11), (2.8.13), and (2.8.14), we deduce that

1/2

Wy, (Ai, 60,91 by)JrBS»y(qraby)dq(@o,G)
1 1y Y I

1
Agi = -
e n:= f)g‘R(th)

+op(ns b;1/2+b§),

n
=

where

qu (a,e()vq‘tvby) = {Qr() (Kbv(y_QT) _E[Kby(y _6]1)|R = 1]

(1 < g2) = 0 fy r(e]1) X
- Frir(gelD) ) 'dq<90»G>} / Firlgzl). (2.8.15)

Next, we derive the asymptotically linear representation of A, >. Decomposing the difference, we get

~

dy(8.G) = dy(60,G) = (dyn(8,G) ~ dyn(8,G) ) + (dyn(8,G) — dyn(60,6))

=Aga+A4gs,

where d~qn(§7 G)=E, Q((')(*llj)LL((Z(ZZ)):??:((ZZ))%))) A(W; E )8q(X )] . By a second-order Taylor expansion with respect to

E,[R] around Qy,

_ En [R - QO] .

A =
a4 Qo

(dq(Go, G) ‘*“Zm(a G) - dq(e()v G)) + Op(”il)

114



= _M 'dq(e()vG) +0p(”71/2)a
Qo

where the second line follows by Lemma 2.2, Assumptions 2.7(c)(ii), (e)(ii), Assumption 2.8(d), and the uniform
LLN.

Again, by expanding %7n(§7 G) around 6, we have that

Ags = Mg 4n(8) (8 —8)+o, (H(Sf GOH) ,

where 0 is some value between 6 and 0,

1—R [ MWiB) (Vio(Z) 84(X:0) +Gyo(X))
Mﬂ,q,n(e) = E" QO LS(Z) . S .
ﬁa(z)/\x,ﬁ (W,ﬁ)gq(X,G)

and
Ggo(x) = G (G (Fyp(x|1)) ™!y, [V20(Z)1(X < x)].

Slightly modifying Theorem 8.2 in Newey and McFadden (1994) and applying it to My, ,, we can deduce that
Mo 41(8) 5 Mg 4(60), where Mg ,(60) is defined in (2.7.6). Therefore, A, 5 = Mg ,(60)' (6 — 60) + 0,(n~/?).
In view of (2.8.4) and (2.8.6), Ays = L Y1 | Mo 4(60) We(Ai: 60,q<) +0,(n~1/2). Hence, Ay = L Y7, v, (Ai3 60,

qz) +o,(n"1/?), where

r—0Qo

Wy, (a560,q7) = <M9Aq(90)lll’e (a;60,97) — dq(e()vG)> . (2.8.16)

1
/i Y\R(‘h" 1)
Next, we derive the asymptotic linear expansion of A, 3. By definition,

-~

dq,n(607 G) - dq(BOa G) :En[A‘Pq(A; 6o, G)]

(12 g Bl - RV o)y ()]~ (8.6) ).

where

A¢y(a;60,G) = 11__QFOE(Z)AX(W;B0)(§q(x; 60) — 84(x:60)). (2.8.17)

By Lemma 2.7, we deduce that E,[Ag,(A; 60, G)] = 1 ¥ | v, 4(Ai:60,G) +0,(n"1/?), where v, is given in (2.7.9).

115



Using this result, by the definition of d;.,,(é)o7 G), and by Theorem 2.1, it follows that A, 3 = %2?:1 Wy, (Ais 60,97),

where

1—r

1
160,g¢) = — 160,G) +
Wy, (a:60,97) FrlaelD) (V’&q(a b, G) 1— 00

£(2)Ax(w; Bo)gq(x)

—d,(60,G)). (2.8.18)

Collecting the linear expansions associated with A, ;, j = 1,2,3, and by the Lyapunov CLT, we deduce that, with

Y, givenin (2.7.3),

—_— d .
V nby(UQEq(Ta G) - UQEq(Ta G)) — N(07bh£>n0b}E[Wq(Av OOa qr, by) Wq(A’ 90»‘11:,by)/])-
To finish the proof, we need to verify the asymptotic variance of ITQTE q(r, G),

Jim by [y (A; 00,97, by) Wy (A3 60,7, by) |
D*(60,G) . { {by 2 ] by 2}
=—————" > .lim<cE|=K; (Y — R=1| -2 (EIK, (Y — R—1
fr(aell) b0 0o by (Y — 1) Qo( [Kp, (Y —q1)| )

D*(6y,G , 1 —qr
= W'%}EO{/%K;' (y byq )fY|R(y1)dy_by (fYR(CIT)+0(b§))2}

_ D*6),G) .
 KrladDo '1,1,‘510{/1(3 (”)fYR(‘]r|l)du+0(by)}

D*(60,G) )
=————— [K du,
f;‘R(QT“)QO / Y () du

where the third line is due to (2.8.12), and the fourth one is obtained by changing variable, a first-order expansion of

Ky, and by Assumption 2.8(b).
Part II: Asymptotic results for U/Q\E e
Let dAp’n(Go, G)= ﬁEn[(l —R)U(Z)A(W:Bo)gp(X; 60)], we perform a decomposition analogous to (2.8.9),

UQE (7.G)—UQE,(7,G) <— | = _ i B
Q p(T ) Q P(T ) (fy]e(zl\rl) fYR(qT|1)> Dy ( )
1 T -~ ~
- (d n Q,G —d " [2) ,G
FonaD) (8. 6) = dral8,6))
1 ~

—————d,,(60,G) —UQE(7,G
fY|R(6]r|1) P (60,G) QE(7,G)

EA[),I +Ap,2 +Ap,37 (2819)
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with influence functions associated with A, ; denoted by y,;, j = 1,2,3, respectively. The first term represents the
estimation error of fyr—1, the second term corresponds to the estimation effect of 6, and the last term accounts for
the contribution of g,.

The first term can be treated in a similar fashion as in the previous part, and therefore, we give the linear expansion

directly without a proof,

Vi (@:60,7) = {QO (K, (5 — 42) — E[Ky, (¥ — g0)|R = 1]
1(y<g¢)=7)f (g1
= (y_qu)lR(; )ﬁy)“(q | )> -dp(eo,G>} / Fenlgzl). (2.8.20)

The linear expansion of A, > also takes a similar form as in (2.8.16), with

r—0Qo
Qo

sz(a;607‘h) = (Me,p(eo)/lllg(a;eo,qf)— ~dp(9(),G)> , (2.8.21)

-
fY|R(qT|1)

where Mg ,(6p) is defined in (2.7.6). Assumption 2.9(c) allows us to ignore the bias in the approximation of G, g, (x)
and in turn, Mg ,,(6p).

Next, we apply Lemma 5.1 in Newey (1994) to derive the linear expansion of A, 3. Define p(-) = (pi(-),p2(-),

p3),
o (=nl@)Awi o) (Gx)—pi(x)/p3)
¢P(a’p)— I_QO pz(x)/p3 dp(e(),G),
oy (=nl2)A(wi o) pi(x)
Bpalaip) = 1= Qo Fer@1)’
o (=n)l2)Ax(w; Bo) (G(x) — Fxjr(x[1))p2(x)
PR =T gy NI
= (=nl@)A(wi o)  G(x)ps
Br3(aps) = 00 Feell)’

and ®,(a;p) = 2}7?:1 ®,, j(a;pj). With these notations in hand, we can rewrite A, 3 as follows,

1

Apne o~
P Trir(gz[1)

(En[9p(A;02)] —E[0,(45p0)]),

~ - . 1—R)U(Z) 1, Kp, (X— WIR
where p, () = (B, | US| g, | (CRUDBE T BN and po () = (Fyja(1), fige(-11), 1), We pro-

ceed to verify the conditions of Lemma 5.1 in Newey (1994).
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The first set of conditions controls the linearization error. By directly bounding the difference, we can show that

[0p(a:p) = 9p(a; po) —®p(asp —po)|| < Y K; sup 10;(x) = pjo(x)* + K|p3 — p3.ol, (2.8.22)

j=12 x€Z

where the inequality holds under Assumption 2.1(d)(i), Assumptions 2.7(c), (), Assumption 2.8(d), and Assumption
2.9(a). By (2.8.22), Assumption 5.1(ii) in Newey (1994) is satisfied if \/n||p — po||.. 2, 0. In what follows, we provide
the proof of this convergence result.

First, by Theorem B in Section 2.1.4 in Serfling (2009), we have /n||p —Pl,OHi = 0,(n""?log(log(n))) =
op(1).

Next, we let

~ g | L= RUD) L, K, (X —x)
1—0Qo

By the triangular inequality, [|p2 —p20|l., < [IP2 — P2l + [|P2 — P20l Under the rate condition in Assumption

2.9(c), Lemma 8.10 in Newey and McFadden (1994) yields that ||p, — po||.. = O, (log(n)!/2n=1/2b; /).

Next, we bound the bias, p, — p2.0,

p2(0) = [ 1o (v =) fielv )y
:/I Ky (u) fx g (x + uby|1)du

— frr(alD) /1 Ko(u)du+ b f g x]1) /1 UK (u)du

b2 1/ 1
+Xfxg(ﬂ )/quKx(u)du

D1 1)

> / w? Ky (u)du+0,(b2).

=fxr(x[1) +

where Iy = [(x—x)/bx+ px/2, (¥ —x) /by — px/2] and X is some value between x and x + ¢, by, with |cx| < max{|x|,|¥|}.
The first line is due to Assumptions 2.1(c) and (e), the second line follows by changing variable, and the last line is
due to Assumptions 2.9(a) and (b). Using this fact, we deduce that \/n||ps — p270||i = 0, (log(n)n'2b " 4 \/nb?),
which is 0, (1) under Assumption 2.9(c).

Lastly, v/n||p3 — p370||2 = 0,(n""/2). In view of the above three results, the desired condition is verified.

In the next step, we verify Assumption 5.2. Using Lemma 8.4 in Newey and McFadden (1994), the condition
is satisfied so long as E[||®(a;p — po)||*] & 0. The latter condition follows by [|®(a;p)|| < K4 ||p||.. and DCT. The

constant Ky is finite under Assumption 2.1(d)(i), Assumptions 2.7(c), (e), Assumption 2.8(d), and Assumption 2.9(a).
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Finally, we need to show the mean-square continuity (Assumption 5.3 in Newey (1994)). Towards this end, we
derive the asymptotic linear representation of [ ®,(a,p — p)dFs(a). We focus on p; first. Let
_ (1=nt)

Vpx2(a;600,G) = 1_7Q0”(x) —-E {

(1-R){(Z)

0, n(X)] , (2.8.23)

where 7(x) is defined in (2.7.11). Now we proceed to verify that y, , > is indeed the influence function of [ ®,(a;p> —
P2,0)dFy(a). It amounts to show that

. 1 -
/%72 (a;p2 —p20)dFa(a) — - Y Vp2(Ai260,G)|| = 0p(n'/?).
i=1

For this purpose, we bound the first two moments and apply Chebyshev’s inequality. For the first moment, we have

i [ @,2(ap: - projia)|
=y/n // x) fxjr (V1) Kp, (v —x dxdv—// x) fx|r (X[ 1) Ky (1) dudx
<Vn // (x+ by f g (x| 1) Ky () dudx — // x) fx|r (x| 1) Ky () dudx

=

N 1
/ ©p2(a: 2= P2.0)dFa(a) =~ ) Wp.2(Ais 60, G)
i=1

(x) fx|r (x| 1)Ky (1) dudx

1) /1 (@ (bt " (25 [2)K, () dudx

+[|m@) fxpG D, vn

=0(n'?b2) +o(1) = o(1), (2.8.24)

where I is the complement of I, relative to 2", and X is some value between x and x + c,b,. The second equality

follows because

[ ®patap)ara)

= [ [ et O P e 01

= [ [ s IO e 1) et
X|R
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/(/A 3 Bo) fzxr(2]x, 1)dz> (GW) _fZXRIZ)(Cﬂ;))Pz(X)dx

(G(x) — Fx|g(x|1))p2(x)
Txir(x[1)

dx

= [ E[A(W:Bo)|X =x,R=1]

Therefore,

| [@a(epania] =& | TG [ a0k, (x - vax

- / ‘/”(X)bel(bx(v —x) fx|r(v|1)dxdv,
E [/Cbp,z(a;Pz,o)dFA(a)_ :/“(x)fXIR(X\l)dx'/Kx(u)du

- —// (u) fx|r (x[1)dudx.

The second inequality of (2.8.24) follows from a second-order Taylor expansion with respect to 7(-), which is valid

under Assumption 2.7(e) and Assumption 2.9(a). The second-to-last equality of (2.8.24) is due to Assumptions 2.9(a)
and (b).
Next, since 7(-) is continuous and bounded, and K, has a compact support, we have that, by DCT, flx w(x—

byu)K,(u)du — m(x). As a consequence, for the second moment,

2

p2(a; P2 —p20)dFa(a \[ZWpXZAt,e(h G)

<E [H 1=Ruz) ( / 7 (), Ky, (X — x)dx — n(X))

2

1-0o
A o]
= 0()o(1) =o(1),

where the second to last equality follows by Assumption 2.1(d), Assumption 2.7(e)(iii), and by DCT. This concludes
the derivation of the linear expansion for the second term.

Linear expansions for terms involving p; and p3 follow by standard (functional) delta method. Hence, we provide
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the influence functions directly. Let

e[ A (LA )]
, _ r—Qo (1-=R)UZ)A(W;Bo)  G(X)
Yp 13 (a;60,G) = — 00 -E |: =0, . fo(Xl)] . (2.8.26)

Combining (2.8.25), (2.8.23), and (2.8.26), we deduce that

1 (1 =R)UZi)Ax(Wi5 Bo)gp(Xi)
% e (e e

—d,(60,G)) +0,(n"12). (2.8.27)

UL O
p’3_ni:1%3’l_ "

where y, , is defined in (2.7.10). Collecting the results in (2.8.20), (2.8.21), and (2.8.27), it follows that the asymptotic

linear representation for UQE , is given as in (2.7.3). This completes our proof. |
2.8.2 Auxiliary Lemmas and Proofs
In this section, we present and prove some auxiliary lemmas that facilitate the proofs in the previous section.

Lemma 2.4 Under the assumptions of Lemma 2.2, we have

sup [, [ms (430, c) — ma(4:6,0)] | = 0,(ns 1%,
S

Proof of Lemma 2.4: To establish the claim, we will first show that

sup [En[Amy (A; 0, G, q7)]| = 0, (ny /%), (2.8.28)

6O
where Ama(a;0,qr,q:) = ma(a;0,qr) —ma(a; 0,q:) —E[ma(A;0,qr) —ma(A;0,q7)|D,), and E[|Q),] is the expecta-

tion conditional on ),, = {Y¥;}7_,. Define

e(@)rL(k(z)'y)
Lk(z)'y+1(2) As)

F = {(r,y,z) e{0, 1} X ¥ % —

é(2) € {e1(2).meqy ()}, (1) € Oy g €9/ |

where ¢(z) is the j-th element of e(z). Both my4(a; 0,q;) and m4(a; 6,q.) belong to 7.

The result is obtained by Theorem 2.1 in Wellner and van der Vaart (2007). To invoke the theorem, we need to
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verify two conditions: (i) the class .% is Donsker, and (ii) the variance of Am4(A;0,4r,q<) tends to zero.

To show (i), we let

F1={pe —1(y<q) —1(y<q:): qe ¥},
Fr={z€ Z — Lk(2)'y)/Lk(z) v+1(2)'As) : (V,A) € Oy},

F3={(rnz) €{0,1} x Z —rej(z): j=1,...,dg}.

Hence, % C % - %, - 3.

Here, .#] is a collection of indicator functions over R. Under Assumptions 2.7(a)(ii) and (e)(i) , .%, is pointwise
compact; for definition, see Example 19.8 of Van der Vaart (1998). It is well-known that the pointwise compact class
of functions and collections of indicators of cells in Euclidean space are pointwise measurable; see the discussion
in Section 2.3 of Van Der Vaart and Wellner (1996) for definition. The pointwise measurability of .73 follows by
definition. Then, by Lemma 8.10 in Kosorok (2008), .# is pointwise measurable. .%#] is a VC-subgraph class with

VC-index equal to 2. In addition, .% is uniformly bounded by F; = 2. Theorem 2.6.7 in Van Der Vaart and Wellner

(1996) implies that
sgpN(8 1F1llga s Z1,12(Q)) < Kig 2. (2.8.29)
Due to Assumption 2.7 L(kz)n) L&) | <, |k —p| + Kz 1) | At — Aol
ue to Assumption 2.7(€)(ii), | 7y s — Ty | < Ko @ 17 = pll+ K3 - 1) A0 — Aol

Combining this fact and Assumptlon 2.7(f), F> admits an integrable envelop function, F> = K> ¥ ||k(z) || + K3 A ||£(2) | +
Ky, where 7 = sup,q, |7|| and A, = supy,co, || 4s|| are finite under Assumption 2.7(a)(ii). It then follows from

Theorem 2.10.20 of Van Der Vaart and Wellner (1996) that for all 6 > 0,

5
[, sup\/logNelEllg 72 La(@))de s Y, / logN (7.0 )

JE{V:As}

<y f/ \/1og<1+W>ds<m, (2.8.30)

Je{vAs}

where diam(0) is the diameter of ®, and Q is any finite discrete measure. By Assumption 2.7(f), E[Fzz} < oo, and
therefore, .7, is Donsker. Another application of Theorem 2.10.20 of Van Der Vaart and Wellner (1996) to .% yields

that

)
| supflogNtae 1 Fllg,. 7 La(@)de
0 0 ’
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3 §
< Z/O sup JioeN(e[[Fill5 7i:12(0))de < o, (2.831)
=

where F3(z) = |le(z)]]

from (2.8.29), (2.8.30), and the fact
that .73 is a finite set, and therefore, BUEL

To show that F is square integrable, note
E(|F P[] < 4E([e(2) [ (Ko7 1K(Z)[| + Ka2s [[£(2) ]| + Ka)?] < oo,

where the second inequality follows by the Cauchy—Schwartz inequality and Assumption 2.7(f). By Theorem 2.10.20
and Theorem 2.10.1 in Van Der Vaart and Wellner (1996), .% is Donsker.
In the next step, we show (ii). That is, [ ||Ams(a;0,Gz,qz)||* dFa(a) converges in probability to 0. Towards this

end,

2 2
/HAm4 a6, Gc,q¢)|PdF (a) < =3 < sup |fYZR()’|Zvl)|> Elle(2)]*)(Gz —g¢)*

2
2c Cy ye¥ €%

< Ks5(Ge—qc)> = 0,(n; "), (2.8.32)

where the second inequality is by MVT and Assumption 2.7(b). The last equality follows by (2.8.7).
Combining (i) and (ii), Theorem 2.1 in Wellner and van der Vaart (2007) yields (2.8.28). To complete the proof, it
suffices to show that E[m4(A; 0,G;) —ma(A;0,47)|Dn] = O,(n~'/?). By a first-order expansion,

E[[m4(A;0,4c) — ma(A;6,40)[| | V] = E[||Rfy(zr (42|12, D)e(Z) || | D) - |G — 41
<Ks sup |frize(1Z,DIE[le(2)[]- Op(n™"?) = 0,(1)- 0p(n~"?) = 0, (n~"/?),
YEY € ¥
where the second line follows by MVT, Assumptions 2.7(b), and (f). |

Lemma 2.5 Under the assumptions of Lemma 2.2,

L(k(2)"1)(1 = L(k(2)'7))

7)
s {005 2 (g 1 )Lkl

1(2) € {11(2), .10, (D)} (1, 45) €Oy

jﬁz{(r,z)e{o,l}xgH(r_L(k( LK DR 7o (@)} 7E O},
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1—r

1= L(k(z)"y+1(2) Aa)

?(Z) € {tl (Z)v"wtdl (Z)}7 (%a’a) € ®7,l‘,}7

Flb<e)  (1-r)Amp)
Lk(2)'y+t(z)As)  1—=L(k(2)'"v+1(z) Aa)

o) € {e1(2). ey (2)).q € %.0 €O}

G = {(r,z) €{0,1} x Z ( — 1) L(k(z)'y)t(z) :

A= e e xzze s ( )L nEG):

are Glivenko-Cantelli (GC).

Proof of Lemma 2.5: Under Assumptions 2.7(e)(iii) and (f), 41,4, and 43, admit integrable envelop functions,
H\,H,, and Hj, respectively, where H;(r,z) = K| ||k(2)||, H2(r,z) = K> ||t(2)]], and H3(r,z) = K3 ||t(z)||. Hence, by

Example 19.8 in Van der Vaart (1998), 777, j = 1,2,3, are GC. To show that .73 is also GC, we define

Hs={ye{0,1} xZ — 1(y<q),q € %},

(1 =r)A(w, B)L(k(z)'y)e(z)
1 —L(k(z)'y+1(z)'Aa)

2(2) € {e1(2),eqy (2)}.9 € %,0 € @}.

ji%_{(r,z,x)e{o,l}xf%@H

Notice that /7 = .%,.%3.965 — . Under Assumptions 2.7(c)(iii), (e)(iii), and (f), % admits an integrable envelop,
Hg = Kulle(z)||. By Example 19.8 in Van der Vaart (1998), 5% is GC. It is straightforward to check .%,.%3.75 admits
an integrable envelop function. From the proof of Lemma 2.4, we know that .%, and .%3 are Donsker. Then, by the

Donskerness of 773 and .75, and Corollary 9.26 in Kosorok (2008), .77; is also GC. [ |

Lemma 2.6 Under the assumptions of Theorem 2.3,
dy.n(6,G) —dy(60,G) = 0, (1).

Proof of Lemma 2.6: Let n(8) = (n1(-,0),m2), f(a;0,1(0)) = f1(a;0,1(0)) -G (1n:1(x,0)/m) + f>(a;0,1(8)),

where
1—r  L(k(2)y

| 1))
Qomx 1—L(k(z)'y

+1(2)'Aa)

f1(a;0,1(6)) Ax(wi B),

and f>(a;n(0)) = —x- f1(a;0,1n(6)). With these quantities, we can write

dgn(8,G) —d,(60,G) = E,[f(A; 60,,(6))] — E[£(A;10(60))],
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where

ﬁl(e) = <]En (1 _R) L(k(Z)/?+t(Z)/1s/)\
! Qo 1—L(k(z)7+1(z)' )

(TR L) () A ’
”°<">:<E[ o 1L(k(z)’yw(zwl(“”]’1>'

Let .4, denote a neighborhood of 6y. We proceed by showing, (i) when 1,(0) is sufficiently close to 1o(8), we
have supg_s, |(a:0,11(6)) — £(a:0.110(0))| < (@) 5up,c - o1, [11(8) —~10(8)]. for some c(-) satisfying. (i)

Elc(A)]  sup  [|7a(6) —mo(6)[| 0,
xeﬂf,()e%o

and (iii) E[supge s |1n—no|<e [ /(45 60,1(0))[[] < eo.
By Assumptions 2.7(c) and (e), L(-) and A,(-) are uniformly bounded. Under Assumption 2.8(d), G~ is Lipschitz

with a bounded Lipschitz constant. Then, (i) follows immediately by

1£(a;0,1(8)) — f(a:0,1n0(0))[| < K SHEHTll(x,G)—nl,o(x79)|\ + Kz |12 = M2l
xeg

and letting ¢(-) = max{K;,K>}.
Next, we shall verify (ii). To this end, it suffices to show that 7 , converges to 1 o uniformly. This follows from

%, being GC, where 4 =9 1 - %, 2, and

_ (1= LK TR
=€ 0 20 g Ty <o)

Gna={xe X —=1x<q):1qe 27}

Since ¥,,1 is uniformly bounded, it follows from Example 19.2 in Van der Vaart (1998) that it is GC. ¢, » is VC
subgraph with VC index equal to 2, and therefore, it is GC. Then, by Corollary 9.27 in Kosorok (2008), ¢, is also
uniformly bounded GC.

Lastly, (iii) holds under Assumption 2.1(d) and Assumption 2.7(e).

By (i), (ii), and the Markov inequality, SUPge. 15, £(A:0,7(0)) — £(A:0,10(6))]| 2 0. Then the desired result is
obtained by (iii) and Lemma 4.3 in Newey and McFadden (1994). |

Lemma 2.7 Under the assumptions of Theorem 2.3, we have that E,[A¢,(A; 60, G)] = n ' Y1, We 4(Ai; 60,G) + 0,
(n~1/2), where A¢, and y, , are defined in (2.8.17) and (2.7.9), respectively.
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Proof of Lemma 2.7: Let fo(a;n) = 15 £(2) Ax(w; Bo) G~ (m1/12), and hence, Agy (a; 60, G) = fo(a; M) — fo(asMo),
where 7,(+) = (En {(IIRQO ] /Qo) ;and Mo (-) = (Fx|g(+|1), 1)". The first step of our proof is to show
that

VA(E, —E)(fo(a: ) — fola:mo)) = 0,(1), (2:833)

by invoking Theorem 2.1 in Wellner and van der Vaart (2007).
Towards this end, we need to (i) define the functional space .# such that P(7), € J4,) — 1, (ii) verify that

I ={fo(-sn) : n € S4} is Donsker, and (iii) show that
/ (fola: 1) = folasno))*dFa(a) 5 0. (2.8.34)
For (i), let 7y = (71,76 2), Where
1 ={xe€ X — f(x): f non-decreasing, bounded between 0 and 1},

and 4, » = [1 — 8,1+ 8y, for some &, € (0,1/2). Given #, Condition (i) is implied by 1] 25 1o uniformly, which
is shown in Lemma 2.6.

Next, we establish the Donsker property of .%,. Note that ., = - 55 L@ Ax (w3 Bo) - G (44, ) #4,). By Lemma

9.11 in Kosorok (2008), 77 1 is BUEI, relative to the envelop Hy 1 = 1. /% is a bounded convex set in the Euclidean
space, and hence, trivially BUEI. Pointwise measurability is immediate from the definitions of the two sets. By
Assumption 2.8(d), G~! is a Lipschitz continuous function with a bounded Lipschitz constant. Given that .74 is
bounded away from 0, we conclude from Lemma 9.14 and Theorem 9.15 in Kosorok (2008) that G~! (S, | 7,) is
also BUEI and pointwise measurable relative to the envelop Hj 3 = sup{x € 2" }. By Theorem 2.10.1 in Van Der Vaart
and Wellner (1996), G~! (A, | #6,) is uniformly bounded Donsker. Finally, under Assumptions 2.7(c)(iii) and (e),
Corollary 9.32 then implies that .%y, is uniformly bounded Donsker.

Now, to show (2.8.34), note that

/(fo(a:ﬁ) — folaino))*dFa(a) < K sup T1.0(x) = M10(x) > + K2 Tl — M20* = 0, (1),
xeZ

where the first inequality follows by carefully bounding the coefficients associated with each term and by the fact
that fourth moments of ||k(z)|| and ||#(z)|| exist under Assumption 2.7(f). The last one follows because 7),, converges

uniformly to 7Mo.
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Next, we prove that
M) Nio(")
\/’; =R - ~ Gm-flz ()7
M2.n 2,0

where Gy, 5, (+) is a tight, two-dimensional mean zero Gaussian process with covariance function X(x1,x2) = E[(wy 1

(1) W 2) (Wn,1(x2), Wn 2)']s Wi (1) = w1 (@, 105 0) = hy (1,23 10) 1(x <) = Fxjp(x[ 1), Wy 2 = (r— Qo) /Qo, and hy (1,23
W) = 7(1:551).

The weak convergence follows from % , being Donsker, where
Yo ={(nx,2) € {0, 1} x XX L = hy(nzw) - 1x<q):qge X'}

Under Assumption 2.7(e), hy is uniformly bounded. Since the class of indicator functions is uniformly bounded
Donsker, by Corollary 9.32 in Kosorok (2008), we conclude that &, is also uniformly bounded Donsker.

In view of (2.8.33), we deduce that
E,[Agy(A: 60,G)] = Elfo (A7) — fo(Asm0)] +0p(n~"/2). (2.8.35)

In the next step, we derive the asymptotic linear representation of the first term on the right hand side of (2.8.35)
. The proof continues by showing that the map, ¢g(1n) = [ f(a;n)dFa(a), is Hadamard differentiable in 1 at .

Observe that we can decompose ¢ as follows

(M1,12) = % = G o (/M) = hao (G o (m1/m)),

where hg(g) = [ II_’Q’O 0(z)Ax(w; Bo)gdFa(a). The first map is continuous and uniformly bounded on .7, », and thus,
Hadamard differentiable. The second and third maps are both composition maps. Since G~!(-) is continuously differ-
entiable with bounded first-order derivative under Assumption 2.8(d), by Lemma 3.9.25 in Van Der Vaart and Wellner
(1996), it is Hadamard differentiable. Since integration is a linear functional, /¢ is also Hadamard differentiable. Now
we invoke the chain rule, e.g. Theorem 20.9 in Van der Vaart (1998), and conclude that ¢ is Hadamard differentiable,

with the functional derivative of ¢ at 1o in the direction of (.1, ¥y 2) given as follows

1 oogo(Mmo) ) (Yn1 _ Mm¥na
(wn’l7wn"2)tho<<G/OG O(’”Iz,a)) (ﬂz,o M0 .

Given the Hadamard differentiability, we then apply the delta method (as in Theorem 3.9.4 in Van Der Vaart and
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Wellner (1996)) to get the linear expansion, Y, g,

oy [ A= UD)AwiBo) [ Wna MioVne g

‘l’g.q(a, 60) - 1— QO G (G_I(WI,O/WZ,O)) ( 712,0 n22’0 > dFA( )
| 1=R UDAWB) .((l—r)ﬁ(z)l(xSX) _rFXR(X|1)>

| 1-00 G (G (Fyr(X(1))) 1—-0Qo Qo

This concludes our proof. ]

2.8.3 Asymptotic Variance Estimators
In this section, we provide an estimator for the improved asymptotic variance by jimp Vvia plug-in estimators of the

influence functions ¥, j = p,q. In view of (2.7.3)—(2.7.5) , we define, for j = p,q,

1

— Py j(4:0,Gc, by), (2.8.36)
Trir(@z|1) ’ ’

ll/}j(a;evafaby) = fl\lfy,j(a;evaﬁby)

where
s din(6,G) r _ (6= =) fe(@)
Vi, (0;97¢I77b)5 = — <Kb-(}"Ir)Enx[Kbv(yqa] =~ )

" U Rl EalR T ~ Frir(@:)

and

B PN N P U PGPS 1—r - o rd; (B, G)
(a: =My i, ! . e Ac(w; ) 4y, )

Wd,j(a707q7> 0,j, (6) WQ(a,GaQT)+Wg7](ave7G) + En[l _R}é(z) (W B)g](X) ]En[R}

First, we focus on ¥y, The only term that requires some explanation here is f{/| z(@z|1). We can estimate fh R
(@z|1) by E,,, [K,’))_ (y —gr)], where K,’)y (-) = by, 19K, (1) /du, is the first-order derivative of the rescaled kernel function.

Second, we turn to the influence functions involving the estimation of 8. We let

o s o N s (o (1<) -7)
a0, =—(MQM MQ, | m(a;0, -My,————=,
Pala:6.30) =~ (110.41) < Ny REATY

~ —~ ~ —~ !/
where M = E,[d0m(A;0,5;)/00],M, = (0,0 ,0',E,[Re(Z) fyir z(q:|1,Z)]" ) , and
qt R,

B, [Kp, (Z = 2) K, (Y — 1)
Ens [sz (Z - Z)} ’

J?Y\R,z(ar“’z) =

d; —
for Ky, (Z - 2) =TI 5K (522,
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Lastly, we provide estimators for influence functions relating to the estimation of nonparametric first steps. The
estimation of y, 4(a; 6,G) is straightforward. We let llAlg,p(a;§, G) = 23:1 Vo j(a; 6,G). The estimation of Ypx2

calls for some explanation. Note that the plug-in estimator,

~

— ~ 1—r)l(z) ~
Ypx2(a;0,G) (IE[I)—E'(’])” X

Il
\
=
]
)
4\l
S~—
Q)
—
-
S~—
—_

depends on an estimator for 7(-). To estimate 7(-), we rewrite it as follows

UZ)A(W)(G(X) — Fxr(X[1))
Txir(X[1)

n(x)=E ‘X:x,R:O}

Let ¢ (-) denote the term inside the conditional expectation operator, and (]7,;() be its sample analog. Here we propose
a simple series least square estimator for 7(-). Let Pi(x) = (p1(x),..., pr(x))’ be a k-dimensional vector of known
1

basis functions with k — oo and nk — 0. Then, we can estimate 7(x) by letting T(x) = P(x) En, [Pe(X)Pe(X)']™

Ep, [P(X)0x(X)].
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CHAPTER 3

Difference-in-Differences with Compositional Changes

This chapter is adapted from the working paper “Difference-in-Differences with Compositional Changes” and has

been reproduced with the permission of my co-author Pedro H. C. Sant’ Anna.

3.1 Introduction

Difference-in-differences (DiD) designs have been used widely for identifying and estimating causal effects with
observational data. Identification in this research design typically relies on a conditional parallel trends assumption
stipulating that conditional on a set of covariates, the average untreated outcomes among treated and comparison
groups would have evolved “in paralle]”. When one pairs this assumption with common support and no-anticipation
assumptions, it is easy to establish that the average treatment effect on the treated (ATT) is nonparametrically identified
when panel data is available. When one only observes repeated cross-sectional data, it is common to impose further a
no-compositional change assumption, also known as the stationarity assumption. This is the case in the widely cited
DiD procedures of Heckman et al. (1997), Abadie (2005), Sant’ Anna and Zhao (2020), and Callaway and Sant’ Anna
(2021), for example.

Although we have seen a lot of recent developments in DiD methods (see Roth et al., 2023 for an overview of
recent DiD developments), little attention has been paid to understanding the importance and limitations of the no-
compositional changes assumption. This paper aims to fill this gap by providing researchers with new tools that can
be used when they are in doubt about such an assumption and/or to test its plausibility.

Before discussing the paper’s contributions, it is worth stressing why ruling out compositional changes across
time periods can be restrictive in real empirical applications. Essentially, the no-compositional changes assumption
requires one to sample observations from the same population across time periods, which can be unrealistic in some
scenarios. For example, Hong (2013) studies the effect of Napster on recorded music sales. He uses data from the
1996-2002 Interview Surveys of the Consumer Expenditure Survey. Over this period, the composition of internet
users has changed substantially. The early adopters tend to be younger, richer, more educated, and technically savvy,
whereas later adopters exhibit a higher diversity level in demographics. If one ignores such imbalances of group
composition across time, the (negative) effect of Napster on music sales can be overestimated, as the decrease in the
average music expenditure may be attributed to a post-Napster group with more households having low reservation

prices for recorded music. Other applications also share this concern, as discussed below and in more detail in Section
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3.6. Therefore, having causal inference tools that can assess if the findings are robust against compositional changes
in the sample is of practical interest.

We begin our analysis by showing that one can identify the ATT in DiD setups without invoking the no compo-
sitional changes assumption. We derive the efficient influence function and the semiparametric efficiency bound for
the ATT in this scenario. We then form generic nonparametric estimators built on the efficient influence function that
can achieve the semiparametric efficient bound under mild smoothness conditions, a rate doubly-robust (DR) prop-
erty (Smucler et al., 2019). These results are general and do not rely on a specific choice of estimators for nuisance
functions. Nonetheless, they do not help us with practical inference procedures. For that, we use a local polynomial
estimator for the outcome-regressions models and the local multinomial logit regression to estimate the generalized
propensity score, the latter of which is fairly new in the DiD literature. Importantly, our nonparametric estimators can
accommodate both discrete and continuous covariates, and all tuning parameters are selected in a data-driven way via
cross-validation.! Finally, we show that the estimand proposed by Sant’ Anna and Zhao (2020) is no longer DR in this
DiD setup with compositional changes. In fact, we show that even when all nuisance functions are correctly specified,
the Sant’ Anna and Zhao (2020)’s DR DiD estimand does not identify the ATT in this general setup. Overall, this first
set of results highlights what is “the best” that one can do in DiD setups with compositional changes.

Next, we tackle the problem of how much efficiency one may lose by not exploring the no-compositional change
assumption when it is valid. To answer this question, we compare our derived semiparametric efficiency bound
that does not impose the no-compositional changes assumption with the semiparametric efficiency bound derived by
Sant’ Anna and Zhao (2020) that fully exploits it. As expected, the extra layer of robustness comes at the cost of loss of
efficiency. Heuristically speaking, the no-compositional change assumption allows one to pool the covariate data from
all time periods, substantially increasing the effective sample size and the precision of the DiD estimator compared to
the one that does not impose the no-compositional change assumption.

In practice, determining whether compositional changes are a significant concern for a given empirical application
is not always obvious. Specifically, it is unclear whether imposing a no-compositional change assumption will lead
to biased ATT estimates. Using our previous results, we propose a nonparametric Hausman (1978)-type test for no-
compositional changes. The test compares our nonparametric DiD estimator of the ATT, which is robust against
compositional changes, with the nonparametric extension of Sant’ Anna and Zhao (2020)’s DR DiD estimator, which
assumes no compositional changes. We derive the large sample properties of the proposed test, which shows that it
controls size asymptotically and is consistent against a broad set of alternatives.

We demonstrate the practical appeal of our proposed DiD tools through Monte Carlo simulations and an empirical

!As a side contribution of this paper, we provide a new result on the uniform expansion of the local (multinomial) logit estimators, which
accommodates both continuous and discrete variables. This result may be of independent interest.
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application that revisits Sequeira (2016). She leverages a quasi-experimental variation created by a large reduction
in the average nominal tariff rate between South Africa and Mozambique in 2008 to study the causal effect of tariff
rate reduction on trade costs and corruption behavior using a two-way fixed effects specification with covariates that
implicitly imposes a no-compositional changes assumption, among other arguably unnecessary homogeneity assump-
tions. We use our nonparametric tests to assess the plausibility of the no-compositional changes assumption and fail to
reject it at the usual significance levels. Our results support the conclusions by Sequeira (2016) that tariff liberalization
decreases corruption, and our DR DiD estimates are similar to those in the original paper.

Related literature: This article belongs to the extensive literature on semiparametric DiD methods. We refer the
reader to Roth et al. (2023) for a synthesis of recent advances in the econometrics of DiD. Within this broad literature,
the paper closest to ours is Sant’ Anna and Zhao (2020), which proposes DR DiD estimators for the ATT and derives
semiparametric efficiency bound for such estimators, too. In sharp contrast to us, though, all the results in Sant’ Anna
and Zhao (2020) rely on a no-compositional change assumption. Thus, our results complement theirs. Furthermore,
Sant’Anna and Zhao (2020)’s theoretical results rely on parametric first-step estimators, while we accommodate non-
parametric estimators. A perhaps side and minor contribution of our paper is establishing the statistical properties
of Sant’Anna and Zhao (2020)’s DR DiD estimator with nonparametric estimates of the nuisance functions; see also
Chang (2020).

Our paper also relates to the causal inference literature on compositional changes over time. Hong (2013) devel-
ops a matching-based estimator under a “selection-on-observable”-type assumption, which is different and arguably
stronger than our conditional parallel trends assumption. Hong (2013) also does not discuss efficiency issues as we do.
Stuart et al. (2014) propose inverse probability weighted estimators for the ATT in DiD setups under compositional
changes. In contrast to us, their estimator does not enjoy any DR property and may not attain the semiparametric
efficiency bound. Nie et al. (2019) is also interested in DiD estimators under compositional changes. Their estima-
tor substantially differs from ours: they use meta-learners and cross-fitting to estimate nuisance functions, while our
estimator is based on the efficient influence function for the ATT. When treatment effects are heterogeneous, their
estimators do not target the ATT but the ATE, which, in our context, is not identified. They do not consider tests for
the no-compositional changes assumption as we do.

Finally, we contribute to the semiparametric two-stage estimation that depends on nonparametrically estimated
functions. See, e.g., Newey (1994), Chen et al. (2003), Chen et al. (2008), Ackerberg et al. (2014), Rothe and Firpo
(2019), among many others. Our results on local multinomial logit regression builds on Fan et al. (1995), Claeskens
and Van Keilegom (2003), Li and Ouyang (2005), and Kong et al. (2010). The novel result on the uniform expansion

of the local multinomial logit estimator may be of independent interest.
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Organization of the paper: Section 3.2 introduces the identification framework of the DiD parameter under
compositional changes, presents the semiparametric efficiency results, and discusses the bias-variance trade-off of
ruling out compositional changes. In Section 3.3, we present our nonparametric DR DiD estimators, discuss their
large sample properties, and how to pick tuning parameters. Section 3.4 discusses a test for no-compositional changes.
Monte Carlo simulations are provided in Section 3.5, and an empirical illustration is considered in Section 3.6. Section

3.7 concludes. Proofs and additional results are reported in Section 3.8.

3.2 Difference-in-Differences
3.2.1 Framework
This section describes our setup. We focus on the canonical two-period and two-group setup for conciseness and
transparency. We have two time periods, = 0, where no unit is exposed to the treatment, and time ¢ = 1, where units
in the group with D = 1 are exposed to treatment; here, D is a binary treatment indicator. We adopt the potential
outcome notation where Y (0) and Y; (1) denote the untreated and treated potential outcome for unit i at time ¢,
respectively. Observed outcomes are given by ¥, = D;;Y;(1) + (1 — D;;)Y;(0). We also assume that a k-dimensional
vector of pre-treatment characteristics X; € .2~ C R* is available.

This paper considers the case where one has access to repeated cross-sectional data. To formalize this idea, let 7;
be a dummy variable that takes value one if the observation i is observed only in the post-treatment period # = 1, and
zero if observation i is only observed in the pre-treatment period r = 0. Define ¥; = T;Y;; + (1 — T;) Yjp, and let n; and

ng be the sample sizes of the post-treatment and pre-treatment periods such that n = n| + ng.

Assumption 3.1 (Sampling) The pooled data {Y;,D;,X;, T;};_, consists of independent and identically distributed

draws from the mixture distribution

PY<yD=dX<x,T=t) = t-P(T=1)PY1 <yD=d,X<x|T=1)

+(1=1)-P(T=0)P(Yo<y,D=d,X <x|T =0),

where (y,d,x,t) € % x{0,1} x £ x {0,1}.

Assumption 3.1 allows for different sampling schemes. For instance, it accommodates the binomial sampling
scheme where an observation i is randomly drawn from either (Y;,D,X) or (Yp,D,X) with a fixed probability. It also
accommodates the “conditional” sampling scheme where n| observations are sampled from (¥, D, X), ng observations
are sampled from (¥y,D,X) and P (T = 1) = n; /n (here, T is treated as fixed). Importantly, Assumption 3.1 does not

impose that we are sampling from the same underlying distribution across time periods, implying that it is fully
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compatible with compositional changes (Hong, 2013). This is in contrast to most of the DiD literature. For example,
Assumption 1(b) in Sant’ Anna and Zhao (2020) explicitly imposes that (D,X) 1L T; see also Heckman et al. (1997),
and Abadie (2005) for other DiD procedures that rely on this stationarity condition.

As is typical in DiD setups, we are interested in the average treatment effect in time period = 1 among the treated
units,

ATT =t=E[Y,(1)|[D=1,T=1]-E[¥,(0)|[D=1,T =1]. (3.2.1)

Given that the untreated potential outcome Y;; (0) is never observed for the treated units, we need to impose as-
sumptions to uncover E[Y; (0)|D = 1,T = 1] from the data. We make conditional parallel trends, no-anticipation, and

strong overlap assumptions toward this goal. Let . = {0,1}? and .- = {(1,0),(0,1),(0,0)}.

Assumption 3.2 (Conditional Parallel Trends, No-Anticipation, and Overlap)
For some € > 0, (d,t) € _, and forall x € 2~

()  EMm(O)D=1,T=1X=x-E[X(0)D=1,T=0X =]
—E[V(0)[D=0,T =1,X =x] —E[Yx(0)|D=0,T =0,X =x].
(i)  E[X(0)D=1,T=0X=x]=E[X,(1)D=1,T =0,X =x.

(iiiy PMD=1,T=1)>eandP(D=d,T=1|X =x) >&.

Assumption 3.2(i) is the conditional parallel trends assumption (CPT) stating that conditioning on X, the average
evolution of the untreated potential outcome is the same among the treated and untreated groups. This assumption
allows for covariate-specific trends and does not restrict the trends among different covariate strata. Assumption
3.2(ii) is a no-anticipation assumption (NAA) stating that, on average, treated units do not act on the future treatment
prior to its implementation (Abbring and van den Berg, 2003; Malani and Reif, 2015). Assumption 3.2(iii) is an
overlap condition that guarantees that there are some treated units in the post-treatment period and that the covariates
do not fully determine treatment status. This condition is crucial for guaranteeing nonparametric regular inference

procedures (Khan and Tamer, 2010).
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3.2.2 Identification and Semiparametric Efficiency Bound
Under Assumptions 3.1 and 3.2, it is straightforward to show that the ATT is nonparametrically identified by the

outcome regression estimand?

T= TorEE[Y|D: 1,T = l]—]E[mLo(X)—l—mo,l(X)—m070(X)|D: 1, T =1], (3.2.2)

where mg,(x) = E[Y|D =d,T =t,X = x]. Alternatively, it is also easy to show that one can identify the ATT using an

inverse probability weighted estimand

T = Tipw = E [(Wlﬁl(D,T) — Wlﬂo(D, T,X) — W()’l(D7 T,X) + WOA’()(D,T,X))Y] R (3.2.3)

where, for (d,t) € .7/_

DT
w171(D,T) = m,
Idt'p(1517X) Id.t'p(lalax)
DT X)= — E : 24
PP = ) paix) | 2D

I;; =1{D=d,T =t},and p(d,t,x) =P (D =d,T =t|X = x) is a so-called generalized propensity score. Notice that
the weights in (3.2.4) are of the Héjek (1971)-type. This guarantees that all the weights sum up to one and typically
results in more stable finite sample behavior; see, e.g., Millimet and Tchernis (2009); Busso et al. (2014); Sant’ Anna
and Zhao (2020).

From (3.2.2) and (3.2.3), it is clear that any linear combination of 7,, and 7, also identifies the ATT under our
assumptions. There are also many other potential estimands that make use of nonlinear combinations of the different
terms in 7, and T, and identify the ATT. From this simple observation, a natural question that arises is: How
can we combine these two strategies to obtain an efficient estimator for the ATT? The next theorem addresses this
question through the lens of semiparametric efficiency theory. Specifically, we derive the efficient influence function
for the ATT under Assumptions 3.1 and 3.2, as well as its semiparametric efficiency bound. This bound represents
the maximum precision achievable in this context under the given assumptions. As so, it provides a benchmark that
researchers can use to assess whether any given (regular) semiparametric DiD estimator for the ATT fully exploits
the empirical content of Assumptions 3.1 and 3.2.3 Hereafter, let 7(V,X) =Y — (m; o(X) + (mo,1 (X) — mo o(X))) and

W = (Y,D,X,T). We also denote the ATT by 7.

2See Lemma 3.2 in Section 3.8.1 for the formalization of these results.
3To simplify exposition, we abstract from additional technical discussions related to the conditions to guarantee quadratic mean differentiability
and their implications for the precise definition of efficient influence function; see, e.g., Chapter 3 of Bickel et al. (1998) for more details.
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Theorem 3.1 (Semiparametric Efficiency Bound) Suppose Assumptions 3.1 and 3.2 hold. Then, the efficient influ-

ence function for 7 is given by

neff(W) :W171(D7T)(T(Yax)7f)+ Z (71)(d+t)wd,t(DvTaX)(Y7md,f<X))7 (3.2.5)
(dip)es-
where the weights are defined in (3.2.4). Furthermore, the semiparametric efficiency bound for the set of all regular

estimators of T is

E[ner(W)?] = EU;T]Q E

Id,t p(la 17X)2

DT(z(Y,X)—17)* + p(d,1,X)2

(d)e.7-

(Y —mq,(X))?

Apart from providing an efficiency benchmark, Theorem 3.1 also provides us a template to construct efficient
estimators for 7. That is, given that any influence function has a mean of zero, we can take the expected value of

Nett(W) and isolate 7 to get the following estimand for the ATT

wii(D,T)T(Y.X)+ ) (*1)(d+t)wd,t(D7 T,X)(Y —mg(X))
(dr)es-

=1, =K (3.2.6)

Note that we can rewrite 7, as the 7,, estimand augmented with IPW terms that weight the errors of the regression

of Y on X among subgroups defined by (d,t) € .7_, that is,

=T+ Y. (=DYE [wg, (D, T,X)(Y —mgs(X))].
(dr)es-

Alternatively, one can rewrite 7;, as the T;,,, estimand augmented with re-weighted outcome regression terms.

=Tt Y, (“DIE[(wi1(D,T) —was(D,T,X))mg (X))
(dr)es-

These alternative representations of the ATT estimand based on the efficient influence function highlight that
combining IPW and OR approaches can lead to efficiency gains. In addition, these representations suggest that 7,
possesses the so-called “doubly robust” property, which allows for recovering the ATT, as long as one correctly spec-
ifies a model for the generalized propensity score or a model for the outcome regressions. In a nonparametric world,
these DR properties can be interpreted as “rate doubly robustness” as shown in Section 3.3.1; see also Smucler et al.

(2019).
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3.2.3 Bias-Variance Trade-Off With Respect To Stationarity

All the estimands described in Section 3.2.2 account for compositional changes over time, and the 7, estimand (3.2.6),
based on the efficient influence function, inherit efficiency properties under our assumptions. As mentioned in the
introduction, most DiD estimators typically assume no compositional changes a priori. A natural question then arises:
How biased would these estimators be when they erroneously rule out compositional changes?

To tackle this question, we examine the bias of the semiparametrically efficient DiD estimator for the ATT proposed
by Sant’Anna and Zhao (2020) that excludes compositional changes. Before diving into this analysis, we need to
introduce some additional notation and clarify the assumptions, estimands, and other aspects of Sant’Anna and Zhao
(2020)’s approach.

First, Sant’ Anna and Zhao (2020) explicitly rules out compositional changes by relying on the following station-

arity assumption.

Assumption 3.3 (Stationarity) (D,X) 1L T.

Intuitively, Assumption 3.3 enables researchers to pool covariates and treatment variables from both time periods.
As a result, under Assumption 3.3, it follows that E[D|X,T = 1] = E[D|X] = p(X), which also affects the definition
of the “relevant” propensity score. Sant’Anna and Zhao (2020) fully exploit these features and show that, under

Assumptions 3.1, 3.2, and 3.3, the efficient influence function for the ATT is given by

Ne(W) = % (T(X) - 7:> + (d7§y(f1)<d+f>w;§, (D, T,X)(Y —ma. (X)), (3.2.7)

where 7(x) = (my 1 (x) —mj o(x)) — (mo,1 (x) —mo(x)) is the conditional ATT, and forz =0, 1,

. D-1{T =1}
Wl,t(D’T7X) E[D]I{T:t}],
i _ pX)(-D)- T =1} pX)(1=D)- T =1}

Based on (3.2.7), Sant’ Anna and Zhao (2020) propose the following DR estimand for the ATT:

= | () + ¥ (—D) 0w (D, T,X)(Y —ma (X)) (32.9)

E[D] (dnes

The next proposition shows that 7, does not recover the ATT when Assumption 3.3 is potentially violated, i.e.,

under compositional changes. It also precisely quantifies the bias relative to ;.

137



Proposition 3.1 Under Assumptions 3.1 and 3.2, we have that

Te—To= Y, (-)UE KEZ[)D] - E[DDTT])md,t(X)]

(dnes

+ Y (-DEE [(w;g(D,T,X) —wd,t(D,LX)) (Y —md,t(X))}
(d1)es-

—E[¢(X)|D = 1] - E[¢(X)|D = 1,T = 1]

=E[t(X)|D=1]—r.

Proposition 3.1 provides bias decomposition for 7, when the stationarity assumption is not imposed. The first
equality in Proposition 3.1 follows from a direct comparison between our proposed estimand for the ATT and the
one proposed by Sant’Anna and Zhao (2020), while the second equality is a consequence of the law of iterated
expectations.* The third equality is due to the definition of ATT and Assumptions 3.1 and 3.2. These calculations
show that Sant’ Anna and Zhao (2020)’s DR DiD estimand for the ATT can be biased when Assumption 3.3 is violated.
In contrast, our proposed estimand 7, is fully robust against compositional changes.

Proposition 3.1 also highlights that not all violations of Assumption 3.3 result in biases in ATT when using
Sant’Anna and Zhao (2020)’s estimand. Although intuitive and simple, this insight seems to be new in the litera-
ture. Based on this observation, one can determine if violations of Assumption 3.3 lead to empirically relevant biases
in the ATT by comparing nonparametric estimates based on 7,, with those based on our proposed estimand 7z,. This
would detect only the “relevant” violations of Assumption 3.3 that affect the target parameter of interest. That is, it
would concentrate power in the directions that one cares about in this context. We discuss this testing procedure in
greater detail in Section 3.4.

At this point, one may also wonder what the price one pays for such robustness in terms of semiparametric effi-
ciency. Specifically, how much efficiency one loses by using 7, when Assumption 3.3 holds but is not fully exploited.
The next proposition compares the semiparametric efficiency bound derived in Theorem 3.1 with the one derived by

Sant’ Anna and Zhao (2020).

Proposition 3.2 (Efficiency Loss under Stationarity) Suppose that Assumptions 3.1, 3.2, and 3.3 hold. Then

| —E[T]

WVH[T(XHD =1]. (3.2.10)

Psz = E[neff(W)z] _E[nSZ(W)z] -

“4Here, we are implicitly considering the case where there are no (global) model misspecifications, which aligns with the fully nonparametric
approach we adopt. One can compute a similar bias decomposition when one adopts parametric working models for the nuisance functions, though
the notation becomes much more cumbersome.
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It is evident from Proposition 3.2 that our proposed estimator is asymptotically less efficient than the one proposed
by Sant’ Anna and Zhao (2020) when there are no compositional changes over time. The efficiency loss is greater if
any of the following three quantities is larger: 1) the population ratio of the pre-treatment period vs. the post-treatment
period, 2) the population proportion of the comparison group vs. the treated group, and 3) the expected variability
of treatment effect heterogeneity among the treated. In the extreme case where the treatment effect on the treated is
homogeneous, our ATT estimator would achieve the same efficiency level as the one that imposes stationarity a priori.
However, we imagine this case is not very realistic.

Propositions 3.1 and 3.2 characterize a bias-variance trade-off. Although our proposed estimand for the ATT is
robust against Assumption 3.3, there is an asymptotic efficiency loss of not exploiting Assumption 3.3 when it does

hold. We revisit this trade-off in Section 3.4.

3.3 Estimation and Inference

The results from Section 3.2.2 suggest one can estimate the ATT by building on the efficient influence function derived
in Theorem 3.1, as emphasized by (3.2.6). The results from Propositions 3.1 and 3.2 also suggest a testing procedure
to assess whether compositional changes translate to biased ATT estimates. However, all the discussions so far has
involved estimands that depend on unknown nuisance functions, and we have not yet discussed how one can estimate
these to form feasible two-step estimators. This section discusses how to proceed when adopting a fully nonparametric
approach, therefore avoiding additional functional form assumptions.

We first present a generic result that emphasizes that estimators based on (3.2.6) have a rate DR property, regard-
less of how you choose to (nonparametrically) estimate the nuisance functions. Although interesting and useful, this
generic result does not help us with practical inference procedures. Towards that end, we discuss how one can con-
cretely estimate the generalized propensity score (PS) and outcome regression (OR) nuisance functions using local
polynomials, even in the presence of discrete covariates. We then establish the large sample properties of our DR DiD
two-step estimator for the ATT based on local polynomials. We provide a data-driven bandwidth selection method in

Subsection 3.3.4. We defer the construction of the Hausman-type test for compositional changes to Section 3.4.

3.3.1 Rate Doubly Robust
Let p, and 7ig, be generic estimators of p, and myg,, for (d,t) € .7_. Given these first-step estimators, our proposed

two-step estimator for the ATT based on (3.2.6) is given by

T =B, W (D, 1T, X)+ Y (=D)“%,, (D, T,X)(Y — g (X)) |, (3.3.1)
(dp)es-
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where T(Y,X) =Y — (i1 0(X) + (9,1 (X) — inio,0(X))), and, for (d,1) € 7,

. DT
wi1(D,T) = E, DT’ (3.3.2)
n
—~ Idt'ﬁ(1717x) Idl'ﬁ(171ax)
D.T.X)= 2% E, | % . 3.
a0 = 5k /P Rax) G

We impose the following assumptions on the quality of nuisance function estimators. We let || f|| L ( [ fd ,u) 12

and || ||, = sup,c - | f(x)| denote the L- and sup-norm of a function f, respectively, and let G,,(-) denote the empirical
process /n(E, —E) (-).
Assumption 3.4 (Estimation of Nuisance Parameters)

1. The estimators p and 7 are uniformly convergent in the sense that

||ﬁ('7'7')_P('v'a')Hm:Op(l)a (rr)lg);ﬁ Hmdt ) — md,t(')szop(l)~

2. For (d,t) € S_,

() En[(Y — mg ¢ (X))- (WdJ - Wd,t) W)l = 01)(”_1/2)~

(il)  Eu[(wig—wa) W) (g, —ma,) (X)] = op(n~"/?).
(i) G, {Id, ( 21;()) EE;;) (Mg, —may) (X)} =o0p(1).
(iv) Gn [Wdl (mdt md,t) (X)] =o0p(1).

0 ol (]

One can verify these high-level conditions using empirical process arguments. These typically involve ensuring
that the functional space in which the first-stage estimation error resides is not overly complex; see, e.g., Kennedy
etal. (2017).

Let (r,)n>1 and (s,),>1 be positive sequences converging to zero such that

max d,t,- d,t,-)|l, = O0p(rn),
s 1B ) = p(da, )l = 0p(r)

1 (1700 C) = mas O, = Oplon),

where e = L, or o.
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Lemma 3.1 (Doubly-Robust Error Rate with Generic First Step Estimators) Suppose that e = oo, and that As-
sumptions 3.1, 3.2, 3.4.1 and 3.4.2 (i, ii) are satisfied. Then,

_ 1 )
Tar— 7=~ Y Mei(Wi) + 0 (rasi) +0, (n 1/2) . (3.3.4)
i=1

Furthermore, if Assumptions 3.4.2 (iii)—(v) are also fulfilled, the equation (3.3.4) remains valid when e = L,.

The lemma demonstrates that our estimator is doubly robust in terms of its convergence rate. The remaining term
is the product of the error rates of the first-stage estimators. Due to the product structure, each estimator typically
needs only to converge to its true value at a rate of o(n_l/ 4) for the ATT estimator to converge at the parametric rate.
This property also allows for a trade-off between precision in the two nuisance estimators.

In the following subsection, we present lower-level conditions for cases in which the nuisance functions are esti-
mated nonparametrically using “leave-one-out” local polynomial estimators. The ‘leave-one-out’ technique enables us
to directly establish the conditions in Assumption 3.4.2 without relying on empirical process theory. This is desirable,

as verifying the complexity of the space where local polynomial (logistic) estimators reside is not a trivial task.

3.3.2 Local Polynomial Estimation of Nuisance Functions

We first introduce the estimator for the PS functions. Conditional probability functions are naturally bounded within
the unit interval. However, these bounds may not be respected when using linear probability models. As a nonparamet-
ric generalization of parametric multinomial logit regression, local multinomial logit regression enforces such bounds
by design. Through extensive Monte Carlo simulations, Frolich (2006) demonstrates that the local multinomial logit
estimator consistently outperforms local least squares, Klein—Spady, and Nadaraya—Watson estimators. Hence, we
prefer this estimator over other nonparametric methods.

Let us assume that there are functions {g4(*)}(4,)c.~ - such that

exp(ga(x))
L+ Y 0 mes. exp(gqr (%)) 7

pd,t,x) =

for (d,r) € &, and p(1,1,x) = (1+ X e exp(gay (x)))fl. That is, we suppose that the generalized PS can
be represented by a multinomial logistic transformation of unknown functions {ng(-)}(dJ)6 . Instead of impos-
ing specific functional forms on {g4(-)} (4.~ the local multinomial logit estimator approximates these unknown
functions locally using polynomials, which we will describe in detail below.

In line with the conventions of local polynomial estimation, we employ the following notations as shorthand for
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common operators on vectors,

v vV 4
k=(ki,..k), [kl=Y ke, k'=TJke!, »*=T]x
/=1 (=1 (=1

(k) akf(x) L, & !
ox'-0xy" - 0x" o<|Kl<p (=0k;=0 k,=0
ki k=€

Furthermore, we define n; = (k?ﬁl) as the number of distinct ¢-tuples k with [k| = k. We arrange these ny, ¢-tuples

in a lexicographically-ordered sequence, prioritizing the last position, and denote the mapping from the rank in the
ordered sequence to the corresponding ¢-tuple as m(-).

Our method accommodates discrete and continuous covariates, so we must differentiate between these variables.
We assume that x = (x.,x4), where x. is a v.-vector of continuous covariates, and x; is the subvector of discrete
variables. We also distinguish between ordered and unordered discrete variables. That is, x; = (x,,%,), where x, is a
v,-vector of unordered covariates and x, is a V,-vector of ordered covariates.

Now, for a generic function, g : 2~ — R, and a point, x* € 2", g(-) can be approximated in a neighborhood of x*

by a p-th order Taylor series with respect to the continuous variables, as

s T ek = X0 %),
0<|k|<p ™*

where X, (x.) = (X(O)’(xc), ...,X(l’)’(xc))’ is a N, x 1 vector that contains the sorted (X, —xc)¥, with N, =YF ome.
The I-th entry of X*)(x.), denoted as X*/) (x.), is equal to (X, —x.)™("). The vector 7, (x) = (%éo)’ (x),..., yép)l (x)) is
defined as the vector of lexicographically-ordered g (x) /k!.

The local approximation is achieved through kernel smoothing. For continuous variables, we let the kernel function
be denoted by K/(u), j = ps,or. It is a nonnegative function supported on [—1,1]%. Suppose & > 0 is a generic
bandwidth parameter. We denote the scaled kernel function by K, (u) = K (u/h) /h%. We use the kernel function

proposed by Li and Racine (2007) for discrete variables. This kernel function is defined as

Vu Vo B
La(xaza) = [T T T pdenosl, (3.3.5)
s=1 s=1

where A = (A,,4,) € [0,1]? is a generic smoothing parameter. When A = 0, the estimator reduces to the frequency
estimator.

For the j-th observation of covariates, X;, our local polynomial (multinomial) logit estimator of ¥, denoted by A
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satisfies

Y UWi X5 7)Kps(Xis X, 1, M), (3.3.6)
i

?(Xj) = (%,O(Xj)a %,1 (Xj)a %,O(Xj))/ = argmax

yeR3Np

n—1

where I?ps (Xi;Xj,h,A) = K" (Xei — Xc.j) Ly (X4, Xa,j) and the local likelihood function £(w,x; ) is defined as

lwxy)= Y LarXp(x) Yas —log (1 + ), exp (Xﬂ(xc)/%l’,ﬂ)> :
(d e (d' 1)e.s-
Note that we have used a “leave-one-out” version of the local regression estimator for the construction of 7, i.e., y(X;)
are estimated using every observation except the j-th. This technique, standard in the literature (Powell and Stoker,
1996; Powell et al., 1989; Rothe and Firpo, 2019), serves to avoid a “leave-in” bias that is of first-order importance
when estimating the ATT.

Let ey denote an /-dimensional vector in which the k-th element is set to one, while all remaining elements are

zero. Then, for a given 7, the generalized PS can be approximated by>

exp(efv,,,l%.t (x))
L+ Y myesr. eXP(efvpﬂA’d’,t’ (x)’

pld,t,x) = (3.3.7)

for (d,t) € #_,and p(1,1,x) =1 = Y (g y)ecs Pd,t,x).
For OR models, we employ leave-one-out g-th order local polynomial least squares estimators. First, the local

polynomial regression coefficients are estimated by solving the following equation:

n

2 ~
Z (Y — X4 (X)) B) " Lag,iKor(Xi:Xj, bay, Bay), (3.3.8)
i#]j

Bas(X;) = argmin

ﬁERNP n—1

where Ear (Xi;Xj, bd,tv 7-9d,t) = Kgdrz (XC",' _chj)Lﬂdz (Xd»Xd,j)s and Id,t,i = ]].{Di =d, T, = l}. Then, we estimate the OR
functions by

g, (X)) = ey, 1Bas(X;), (33.9)

for (d,t) € S_.
We analyze the asymptotic behaviors of these local polynomial estimators in Section 3.8.2. We provide results on
the uniform convergence rate for the approximation error. In particular, we establish a uniform stochastic expansion

for the local multinomial logit regression that is of independent interest.

Remark 3.1 The choice of polynomial order depends on considerations such as computational tractability and the

5We abuse notation and denote the local polynomial estimators for the generalized propensity score as p and for the outcome regression as i,
which are the same as the generic estimators introduced in Section 3.3.1.
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trade-off between bias and variance properties. We adhere to the recommendation made by Fan et al. (1995) to
employ odd-degree polynomial fits, as they simplify the analysis for the boundary bias when using symmetric kernel
functions. We allow varying local polynomial orders for the PS and OR estimators and, in the case of the latter, for
distinct treatment groups. This flexibility is desirable as the propensity score and conditional mean functions might

display varying degrees of smoothness.

3.3.3 Asymptotic Normality

With {4} (4s)e givenin (3.3.9), and p defined in (3.3.7), we can construct an estimator for 7, as shown in (3.3.1).
In the following, we derive the large sample properties of the estimator 7, by applying Lemma 3.1. To achieve this
objective, we begin by presenting a set of regularity assumptions. Henceforth, we use Z (x, §) to denote a ball centered

at x with radius 8, and A, (A) to represent the smallest eigenvalue of a square matrix A.
Assumption 3.5 (Support, Smoothness, Integrability, Kernel, and Bandwidth conditions)

. () & = Z.® Zy, where 2, is a compact subset of RY and 27 is finite; (ii) For all x; € 2y, P(X; = x4) > 0,
and the conditional probability density of X, fy,x, (+|x4), is continuously differentiable and bounded away from
zero on Z; (iii) There are positive constants xj and xj in (0, 1] such that for any x € 2" and all € € (0, k),

there exists a x’ € 2~ satisfying, x& = x4, and
B (X x1€) C B(xe)N L.

2. Forallxe 27, (i) p(d,t,x) is (p+ 1)-times continuously differentiable in x., with uniformly bounded derivatives,
for (d,t) € 7; (ii) mq,(x) is (¢ + 1)-times continuously differentiable in x., with uniformly bounded derivatives,

for (d,t) € S_.
3. E[|Y|°|X,D,T] < e a.s. for some constant { > 2.

4. For j = ps,or, (i) K/ : [-1,1]* — Ry; (ii) K/(-) satisfies the Lipschitz condition, i.e. |K/(u)—K/(w')| <

L|lu—u'|| for some L > 0 and any u,u’ € RY,

5. () h=o(1); (i) logn/ (nh"*?") = o(1) and A /h” = o(1); (iii) A"+ = 0 (n'/*) and logn/ (nh%) = o (n1/2).
For (d,1) € -, (iv) by, = o(1); (v) logn/ (nlfz/Cbgj,) = o(1); (vi) b3 = o (n"1/4) and logn/ (nbg;) -
0 (n71/2); (vii) 1,94, = o(n~ /).

6. With Q; (x.) defined in (3.8.30), inf, ¢ 2 Amin (Q;(xc)) > 0, for j = p,q.
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A few remarks on the assumptions are in order. Assumption 3.5.1 indicates that our local polynomial estimator
can handle discrete, categorical data. The final part of the condition, proposed by Fan and Guerre (2016), requires that
the boundary of 2" is sufficiently dense for the first-stage estimators to exhibit good bias and variance properties near
the boundary. Assumption 3.5.2 describes the standard smoothness condition for the nuisance functions. Assumption
3.5.3 is a regularity condition that controls the conditional moments of Y. Assumption 3.5.4 collects the regularity
conditions on the kernel functions. We note that different kernels can be used for the propensity score and conditional
mean models. In practice, the kernel K(-) usually takes a product form, i.e., K(u) = [, ¢ (u;), where ¢ (-) can be
selected from several options, such as triangular, biweight, triweight, or Epanechnikov kernels. However, the Gaussian
kernel is ruled out due to the restriction on compact support. Assumption 3.5 compiles the rate condition on the
bandwidths. Assumptions 3.5.5 (ii) and (v) are imposed to ensure linear expansions of the local polynomial estimators
hold uniformly over :Z". When Y has finite moments of any order, such as when it has bounded support, Assumption
3.5.5 (v) is implied by Assumption 3.5.5 (vi). Assumptions 3.5.5 (iii), (vi), and (vii) specify rate conditions on the bias
and stochastic part of the first step estimation error. The usual op(n’l/ 4) rate of convergence for the error applies here.

It is important to note that our estimator builds on the efficient influence function and therefore inherits a doubly
robust (DR) property. Without such a DR property, it would typically require more stringent rate conditions on the
bias part, which can only be satisfied with higher-order kernel functions. See, for example, Newey (1994) and Lee
(2018) for detailed discussion. However, this usually results in estimators being more sensitive to tuning parameters,

such as bandwidths.

Remark 3.2 Rothe and Firpo (2019) provides a result that can be applied to weaken the rate conditions on the nuisance
functions. They present higher-order expansions of semiparametric two-step DR estimators, demonstrating that if the
first-step error’s bias and the stochastic components are of order op(n’l/ 6), and their product is of order op(n’]/ 9,
the resulting DR estimator achieves root-n consistency. We will not delve into an in-depth discussion on this topic to

maintain focus.

Theorem 3.2 (Asymptotic Normality Doubly Robust Estimator) Under Assumptions 3.1, 3.2, and 3.5, we have

Neir (W) +0,(1) 5 A (0, Q) (3.3.10)

(agE

VilRy~7) = o=

Il
—_

where Qg = E[neg(W)?].

Theorem 3.2 states that Ty, is root-n consistent, and asymptotically normal. It also shows that the estimation error
of the nuisance functions does not affect the asymptotic distribution of 7y,. Furthermore, the asymptotic variance of

7Ty, is equal to the semiparametric efficiency bound.
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The theorem can be applied to calculate confidence intervals for the ATT. To achieve this, we need an estimator
of the asymptotic variance, ;. One approach to constructing such an estimator is by using empirical analogs of the
influence function or through bootstrapping. Here, we focus on the first method, while a weighted bootstrap procedure

that accommodates clustered inference is provided in Section 3.8.3.4. Let

Ner(W) =Y, (- D)%, (D, T, X)(Y — gy (X)) + w11 (D, T,X)(T(Y,X) — Tay), (3.3.11)
(dip)es-
and ﬁd, = E,[Negr(W)?]. Under mild regularity conditions, the consistency of ﬁd, can be established, with its proof

included in that of Theorem 3.3 presented in the following section.

3.3.4 Bandwidth Selection

This subsection addresses the practical selection of bandwidth for the first-step local polynomial estimators. It is well-
documented that smoothing parameters have a significant impact on balancing the trade-off between bias and variance.
Although robustness checks employing multiple bandwidths can be useful, a reliable data-driven selection rule is often
preferred. In the following, we outline two cross-validation procedures for choosing these tuning parameters.

Define the following two criterion functions

Cfls(h’ A, {bd,taﬂd,t}(dg‘)ey_)

1 n =N =R
~ Z{ Z (Id,t,i—P(dvfaXi))z‘F Z Id.,z,i(Yi—md,t(Xi))z}, (3.3.12)
i=1 /

(dip)es (dr)es-

C;TI (ha )La {bd,taﬁd,r}(dJ)ey_)

= li { Y. ligilog(pld.r. X))+ ) Id,,,i(ﬁn?d,z(Xi))z} : (3.3.13)
(dip)es (dr)es-

The least-squares criterion, Cff , is a standard choice in the kernel estimation literature. It is based on the sum of
the least squares distance between the observed and leave-one-out fitted values for both PS and OR estimators, The
second criterion, C,’l"l , replaces the PS estimator’s least squares sum with that of observed likelihood. This idea of
using a likelihood-based criterion in local logistic estimation can be traced back to Staniswalis (1989).

The cross-validated bandwidths, (iz\j,ij, {Zi_’l, 5;3,}(‘1’,)65%), minimizes C}, for j = Ls,ml. In Section 3.8.3.2, we
investigate the mean integrated squared error (MISE) properties of the first-step estimators and derive the convergence
rates of the optimal bandwidths. For local linear estimation (i.e. p = ¢ = 1), optimal bandwidths guarantee that the

rate conditions in Assumption 3.5.5 are fulfilled if v. < 4. However, this result does not impose any restrictions on the
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number of discrete variables.

Remark 3.3 When combined with local multinomial logit estimation, cross-validation can be computationally de-
manding. This is partly due to the absence of a closed-form solution for local multinomial logit regression, unlike the
local least squares regression. Evaluating the criterion function requires solving n minimization problems, which can
be time-consuming, particularly for large datasets. To address this issue, we propose a plug-in method for frequency-
based local polynomial estimators, detailed in Algorithm 3.8.1 in Section 3.8.3.3. This algorithm leverages analytical
expressions for the MISE, circumventing the computational burden of the cross-validation method. We recommend

using this procedure when v, is small, and the size of the dataset is substantial.

3.4 Testing for Compositional Changes
Propositions 3.1 and 3.2 reveal that our proposed estimator for the ATT is robust against compositional changes;
however, it is less efficient than the DR DiD estimator proposed by Sant’Anna and Zhao (2020) when the covariate-
stationarity assumption is correctly imposed. This trade-off suggests a nonparametric Hausman (1978)-type test for
the absence of compositional changes can be constructed by comparing our proposed estimator with that of Sant’ Anna
and Zhao (2020). Although Sant’Anna and Zhao (2020) focus on parametric first-step estimators for the nuisance
parameters, we modestly extend their analysis by considering nonparametric first-step estimators in this section.
Before detailing the test construction, we define the null and alternative hypotheses, Hy and Hj, respectively. Let

T4 and T, be as defined in (3.2.6) and (3.2.9), respectively. Here, we aim to test

Hy: 17, = 14, against H, : 1, # 14

Under the null, Sant’ Anna and Zhao (2020)’s DR DiD estimand is equal to our proposed estimand, while the alternative
is the negation of the null hypothesis. Note that we are not interested in directly testing the stationarity assumption,
(D,X) L T, per se, but rather testing how this assumption affects the construction of our target parameter of interest,
the ATT in period # = 1. This allows our test procedure to concentrate power in directions that are arguably more
relevant to our context.

To operationalize this testing procedure without invoking additional parametric assumptions, we need a nonpara-
metric estimator for 7y;, which in turn requires nonparametric estimators for the PS p(-) and the OR functions mg (-),
(d,t) € .7. For the PS, we can use the local polynomial estimators from Section 3.3.2 to construct an estimator for
p()as

E(X) = ﬁ(la I’X) +[/7\(1,0,X),

147



where p(1,7,X) is given by (3.3.7). We can estimate the OR mg,(-) as in (3.3.9), though here we note that now we
need to estimate all four conditional mean functions and not just three as in Section 3.3. Based on these, we can then

nonparametrically estimate 7, by

~ D

7, =E, m?(X)+ Y (- 1)(d+t)’\sz (D, T,X)(Y —mg,(X))

di)es

(3.4.1)

where T(x) = (my.1(x) —my o(x)) — (g1 (x) — g o(x)), and, forr =0, 1,

D-1{T =1}
E,[D ll{T—t}

e _ (1 -D) T =1}
W (D, T.X) = T /

Given this nonparametric estimator for 7, and our nonparametric estimator for 7, in (3.3.1), our test statistic is

Wi, (D, T.X) =

X

defined as

~

Ty =1V, (g —T), (3.4.2)

where

Vo =Ex | (Rler(W) = Ac(W))°]

with Tege(W) defined in (3.3.11) and

FX) =T+ Y. (=D)YIRED,T,X)(Y — g, (X)). (34.3)
(dn)es

N5 (W) =

\7,, is an estimator for the variance of the difference between the two DiD estimators for the ATT. We note that an
alternative estimator for this difference under the null could be constructed based solely on the variances of each DiD
estimator, i.e., V, = ﬁd, — ﬁsz, with ﬁd, =E,[Netr(W)?] and KAZSZ = E,[Ns:(W)?]. However, such as estimator may lead
to a negative variance estimate in finite samples, which is obviously not plausible. Using vV, bypasses this drawback.
In the following theorem, we characterize the asymptotic behavior of this statistic. Let ¢§_, denote the (1 — o)-th

quantile of the chi-squared distribution with one degree of freedom (i.e. xl)

Theorem 3.3 (Test of Stationarity) Suppose Assumptions 3.1, 3.2, and 3.5 hold. The following additional conditions
are satisfied: (i) Assumptions 3.5.2 (ii) and 3.5.5 (iv)—(vii) are fulfilled for (d,t) = (1,1); (i))Var[t(X)|D =1] > 0.
Then,
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(a) under the null space Hy, XA/n TN Psz >0, and

. S .
r}l_r}ICLIP’ (9,1 > lea) a; (3.4.4)
(b) under the alternative space Hy,
JLIIDIOP (% > CT—a) =1. 3.4.5)

The theorem states that the test controls size and is consistent. Although not discussed in detail here, it is easy to
show that our test also has power against sequences of Pitman-type local alternatives that converge to the null at the

parametric rate.

Remark 3.4 It is crucial to recognize that our test should be viewed as a “model validation” instead of a “model
selection” procedure. For researchers concerned about the validity of Assumption 3.3, it may be tempting to perform
a two-stage test. In the first stage, a Hausman specification test is used to “pretest” for the presence of compositional
changes, and then, in the second stage, the usual t-test is conducted based on either Ty, or T, depending on the outcome
of the Hausman-test. However, as demonstrated by Guggenberger (2010a), Guggenberger (2010b) and Roth (2022),

such a model-selection procedure can lead to substantial size distortions when using standard inference methods.

3.5 Monte Carlo Simulation Study

In this section, we examine the finite sample properties of our proposed estimators and testing procedure. We conduct
two Monte Carlo experiments in this section. In the first experiment, there are compositional changes over time, so
Assumption 3.3 is violated. In contrast, the second experiment adheres to this assumption as the joint distribution
of covariates and treatment is independent of treatment timing. For each design, we compare our nonparametric DR
DiD estimator Ty, defined in (3.3.1), which is robust against compositional changes and semiparametrically efficient,
with the nonparametric extension of Sant’ Anna and Zhao (2020)’s estimator Ty, defined in (3.4.1), which assumes no
compositional change, and with the estimates of the regression coefficients, 7y., associated with two-way fixed effect

(TWEE) regression specifications of the type

Y=a+ 0T+ 0wD+1,(T D)+ 6'X+e.

We consider two TWFE specifications: 1) a linear specification, where all the covariates X enter linearly, and 2) a
saturated specification, where, in addition to the linear terms, quadratic terms of the continuous covariates and all the

interactive terms of the covariates are also included. We include the TWFE specifications in our comparison set as
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they are prominent in empirical work.

We employ local linear (p,q = 1) kernel estimators for both the PS and OR functions. As described in Section
3.3.2, the PS is estimated using the local likelihood method with the (multinomial) logistic link function, whereas
the OR is estimated using the local least squares estimator. We use the second-order Epanechnikov kernel for the
continuous covariates, and for the discrete variables, we use the kernel given in (3.3.5). Bandwidth selections are
based on the log-likelihood and least squares distance criteria discussed in Section 3.3.4.

Our experiments involve a sample size of n = 1000, with each design undergoing 5,000 Monte Carlo replications.
We evaluate the DiD estimators for the ATT using various metrics: average bias, median bias, root mean square error
(RMSE), empirical 95% coverage probability, the average length of a 95% confidence interval, and the average of the
plug-in estimator for the asymptotic variance. Confidence intervals are calculated using a normal approximation, with
asymptotic variances estimated by their sample analogues. We also compute the semiparametric efficiency bound for
each design to gauge the potential loss of efficiency/accuracy associated with using inefficient DiD estimators for the
ATT. Lastly, we perform a Hausman-type test as described in Section 3.4 under each design and report the empirical

rejection rates.

3.5.1 Simulation 1: Non-Stationary Covariate Distribution

We first consider a scenario in which the stationarity condition is not satisfied. Let X = (X, X5, ...,Xs), where X; and
X, are drawn from Uniform[—1, 1], X3 and X4 are binary variables, following Bernoulli (0.5), and the remaining two,
X5 and Xg, are distributed as Binomial (3, 0.5). The six variables are mutually independent.

Define

2
Po(X) =04 Y (X, —X7) +022Xk+01< Y D)X
' s=1 k=3 j€{3,5}
2 6 ,
Z Z [HX,X + Z Z /+e Xngr) ’
1=11'=3 =3('=

SE1(X) =0.4(2X) + X2 + X7 — X5 + X1 X2)

6 6 4
+02Y (-1 X +0.1 (szxl + ZXng,) ,
k=3

=3 =3

00() 04(X1+2X2—X1 +X2 X1X2)

6 6 4
+0.2) (= 1)X; +0.1 <ZX1X1+ Z&Xs) ,
k=3

=3 (=3
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and for the OR models,

I (X) = 2 (X) = 27.4X) +27.4X5 + 13.7X}% + 13.7X3 4+ 13.7X, X,

6
(X)) =27.4X1 4+ 13.7X, 4 6.85 Z X, — 15.
k=3

We consider the following data generating process

exp(fy;(X))

s1 _ I+ ):(d,t)ey_ exp(ff_s (X)) 7
p (d,[,X) - 1 !

I+ Z(d,t)eﬂ, eXp(ffj (X)) 7

if (d,t) € S_

if (d,1) = (1,1).

Let U ~ Uniform [0, 1]. The treatment groups are assigned as follows

(1,0), ifU <p(1,0,X),

(D,T) = 0,1), if p*'(1,0,X) < U < p*'(1,0,X) + p*1(0,1,X),
(0,0), if p1(1,0,X)+p*1(0,1,X) <U < 1—p°!(1,1,X),
(L,1), if1-p(1,1,X) <U.

Next, building on Kang and Schafer (2007), we consider the following potential outcomes

Yo(j) = 210+fg,;se(X) + Ener + €0, for j=0,1,
Y1(0) =210+ Zfbogse(X) + €per + €0,1,

Yi(1) = 210+ 255 (X) + fay (X) + €hes + €11,

where &, ~N(D- f7",1) and &4, (d,t) € . are independent standard normal random variables.

(3.5.1)
(3.5.2)

(3.5.3)

Under this design, the covariate distribution does not exhibit time variation. However, the PS function is different

in the two cross-sections. The mean absolute difference between p*!(1,1,X) and p*'(1,0,X), as well as between

p*1(0,1,X) and p*'(0,0,X), are both approximately 0.125, with the maximum difference reaching up to 0.63. Conse-

quently, we expect all of the estimators except for Ty, will produce biased results. In addition, the stationarity test is

likely to reject the null hypothesis with high probability. The results in Table 3.1 support these claims.

First, results in Table 3.1 suggest that both Ty, and Ty, are severely biased under this DGP, while 7, exhibits

negligible bias on average. Moreover, among the three sets of estimators considered, only our proposed estimator

attains the correct coverage rate. This result is robust to the bandwidth selection method. Notably, the performance of
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Table 3.1: Monte Carlo results under compositional changes. Sample size: n = 1,000.

True value of ATT: 4.31. Semiparametric Efficiency Bound: 1753.6

Two-way Fixed Effect Estimators

Spec. Avg. Bias Med. Bias RMSE Asy. Var. Cover. CIL
Tr.  Linear -10.437 -10.445 10.933 10425.033 0.121  12.633
Tr,  Saturated -11.176 -11.206 11.579 8797.289 0.045 11.612

Nonparametric Doubly Robust DiD Estimators for the ATT

CV Crit. Avg. Bias Med. Bias RMSE Asy. Var. Cover. CIL

Tar ML -0.009 -0.010 1.374 1838.495 0949 5304
Tur LS -0.013 -0.010 1.379 1848.848 0949 5314
Ty ML 4.427 4.436 4.543 983.436 0.009  3.884
Ty LS 4.427 4.435 4.543 983.746 0.009 3.884

Hausman-type test
CV Crit.  Avg. Test Stats. Emp. Pow. (0.10) Emp. Pow. (0.05) Emp. Pow. (0.01)

ML 21.250 0.998 0.996 0.978
LS 21.199 0.998 0.995 0.976

Notes: Simulations based on 5,000 Monte Carlo experiments. Ty, the TWFE regression estimator, 7y, is our proposed nonparametric DR DiD esti-
mator (3.3.1), and 7y, is the nonparametric DR DiD estimator (3.4.1) based on Sant’ Anna and Zhao (2020). For TWFE regression, we use a linear
specification, “Linear”, and a saturated specification, “Saturated”. For DR DiD estimators, the PS and the OR models are estimated using a local lin-
ear least squares and a local linear logistic regression, respectively. Bandwidth for the PS function is selected with the log-likelihood criterion, “ML”,
and the least squares criterion, “LS”, respectively. Lastly, “Spec.”, “CV Crit.”, “Avg. Bias”, “Med. Bias”, “RMSE”, “Asy. Var.”, “Cover.”, and “CIL”,
stand for the specification, cross-validation criterion, average simulated bias, median simulated bias, simulated root-mean-squared errors, average of
the plug-in estimator for the asymptotic variance, 95% coverage probability, and 95% confidence interval length, respectively. The Hausman-type test
statistic is calculated based on (3.4.2). “Avg. Test Stats.”, and “Emp. Pow. ()" stand for the average test statistic, and empirical power of the test
with a nominal size ¢, respectively. See the main text for further details.

the TWFE does not improve with a fully-saturated specification, indicating that incorporating nonlinear terms into a
TWEFE regression does not generally help in identifying heterogeneous treatment effects. In terms of efficiency, it is
worth noting that the asymptotic variance of Ty, is close to the semiparametric efficiency bound, which corroborates
the findings of Theorem 3.2. Regarding the testing performance, our Hausman-type test can effectively distinguish
between the two nonparametric DiD estimators with a high degree of certainty, which is in line with our theoretical

finding.

3.5.2 Simulation 2: Stationary Covariate Distribution
We now slightly adjust the first design by taking the average of propensity scores over time while keeping all other

aspects of the DGP constant. Specifically, we define
p2(d,1,X) =P (T =1) (p*'(d,1,X) + p*'(d,0,X)),

where P! (T =) = E[p*!(1,1,X) + p*1(0,2,X)]. The treatment groups are then assigned based on the realization of a
standard uniform random variable on the unit interval partitioned by {p*?(d,t,X )}(d,)e.- Furthermore, the potential

outcomes are determined by (3.5.1)—(3.5.3). Unlike the first DGP, both the covariate distribution and the propensity

152



score function are stationary in this case. As a result, we anticipate that both T, and 7, will be consistent for the true
ATT. Furthermore, the empirical rejection rate of the Hausman-type test is expected to converge to the nominal sizes.
The Monte Carlo results under this DGP are summarized in Table 3.2.

Table 3.2: Monte Carlo results under no compositional changes. Sample size: n = 1,000.

True value of ATT: 9.13. Semiparametric Efficiency Bound: 796.8

Two-way Fixed Effect Estimators

Spec. Avg. Bias Med. Bias RMSE Asy. Var. Cover. CIL
Tfe  Linear -10.649 -10.672 11.106 9907.607 0.087 12325
Tse  Saturated -10.563 -10.617 10.946 7924.684 0.048 11.026
Nonparametric Doubly Robust DiD Estimators for the ATT
CV Crit. Avg. Bias Med. Bias RMSE Asy. Var. Cover.  CIL
Tur ML -0.007 -0.020 1.323 1721.037 0946  5.133
Tur LS -0.010 -0.027 1.328 1732.416 0946  5.139
Ty ML -0.015 -0.024 0.958 926.689 0.953  3.771
Ty LS -0.016 -0.024 0.958 926.821 0.953  3.771

Hausman-type test
CV Crit.  Avg. Test Stats. Emp. Size (0.10) Emp. Size (0.05) Emp. Size (0.01)

ML 1.045 0.108 0.055 0.009
LS 1.045 0.107 0.056 0.009

Notes: Simulations based on 5,000 Monte Carlo experiments. Tf, the TWFE regression estimator, 7y, is our proposed nonparametric DR DiD esti-
mator (3.3.1), and 7y, is the nonparametric DR DiD estimator (3.4.1) based on Sant’ Anna and Zhao (2020). For TWFE regression, we use a linear
specification, “Linear”, and a saturated specification, “Saturated”. For DR DiD estimators, the PS and the OR models are estimated using a local
linear least squares and a local linear logistic regression, respectively. Bandwidth for the PS function is selected with the log-likelihood criterion,
“ML”, and the least squares criterion, “LS”, respectively. Lastly, “Spec.”, “CV Crit.”, “Avg. Bias”, “Med. Bias”, “RMSE”, “Asy. Var.”, “Cover.”,
and “CIL”, stand for the specification, cross-validation criterion, average simulated bias, median simulated bias, simulated root-mean-squared er-
rors, average of the plug-in estimator for the asymptotic variance, 95% coverage probability, and 95% confidence interval length, respectively. The
Hausman-type test statistic is calculated based on (3.4.2). “Avg. Test Stats.”, and “Emp. Size ()" stand for the average test statistic, and empirical
size of the test with a nominal size &, respectively. See the main text for further details.

In contrast to the results presented in Table 3.1, both T, and 7, exhibit minimal bias, and their confidence intervals
achieve nominal coverage. Their performance is consistently good across different bandwidth selection methods.
The TWFE estimators, however, continue to show substantial bias and achieve nearly negligible coverage, despite
having much wider confidence intervals compared to the DR DiD estimators. This occurs because the true treatment
effects are heterogeneous, but TWFE specifications do not account for that (i.e., the models are misspecified). In
terms of efficiency, the asymptotic variance of T, is reasonably close to the semiparametric efficiency bound. The
asymptotic variance of Ty, is, on average, 2.2 times larger than the semiparametric efficiency bound (that imposes no-
compositional changes), which is still significantly lower than that of the TWFE estimators. Given that Assumption
3.3 holds for this DGP, the null hypothesis Hy is true. The empirical rejection frequency of our Hausman-type test is

nearly identical to its nominal value, highlighting the desirable properties of this testing procedure.
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3.6 Empirical Illustration: the Effect of Tariff Reduction on Corruption

In this section, we revisit a study from Sequeira (2016) on the effect of import tariff liberalization on corruption
patterns. Prior to the phaseout of high tariffs between South Africa and Mozambique, bribery payment was pervasive,
often used to dodge tariff taxes. According to Sequeira and Djankov (2014), bribery payments can be found in
approximately 80% of all shipment records in a random sample of tracked shipments before a tariff rate reduction in
2008.

This tariff change is the result of a long-standing trade agreement between South Africa and Mozambique. The
agreement, the Southern African Development Community Trade Protocol, was signed in 1996. The protocol estab-
lished a timeline for import tariff reductions between 2001 and 2015. The most significant reduction occurred in 2008,
with the average nominal rate decreasing by 5%. The effect of such a tariff liberalization scheme is considerable, as
both the likelihood and the amount of bribe payments experienced a significant decline following the phaseout.

To investigate the causal relationship between tariff rate reduction and changes in bribery patterns, Sequeira (2016)
leverages a quasi-experimental variation induced by trade protocol: Not all products were subject to the change in tariff
rate during the analysis period, enabling products unaffected by the tariff changes to serve as a control group. It is thus
possible to utilize the DiD design to analyze how tariff rate changes affect bribe patterns along trade routes.

Sequeira (2016) collects data on the bribe payment along the trade routes between the two countries from 2007 to
2013. This data set has a repeated cross-section structure. Sequeira (2016) mainly considers the following two TWFE

regressions:

(Linear) y; = 11 TCCi x Post + pPost + % TCCi+ BBT; + 'y + pi +wy + 6; + €,
(Interactive)  y; = N TCCi X Post + Post + »TCCi+ BoBT; +1'; +1'; x Post

+pi+wi+ 8+ &,

where TCC; and BT; denote Tariff Change Category and Baseline Tariff, respectively, and y; is one of the measure-
ments of bribery payments for shipment i in period . TCC is the treatment indicator, which takes value one if the
product shipped experienced a tariff reduction in 2008, and zero otherwise. The post-treatment period indicator, Post,
is equal to one for the years following 2008. BT refers to the tariff rates before 2008. A vector of covariates, I, in-
dustry, year, and clearing agent fixed effects, p, @, 8, are also included in the regressions. The interactive specification
differs from the linear one by an interaction of Post and the covariates, I'.

Sequeira (2016) focuses on interpreting ¥, in both specifications as an estimate of the ATT. However, this inter-

pretation might not be valid when treatment effects are heterogeneous (Meyer, 1995; Abadie, 2005). Our proposed
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DR DiD estimator, 74, and the one based on Sant’Anna and Zhao (2020), T,,, could be better suited for the task of
identifying and consistently estimating the ATT in the present context. In what follows, we estimate the ATT using
our proposed DR DiD estimator and compare the results to those obtained by Sequeira (2016).

To achieve this, we first estimate the PS and OR functions based on local linear logistic regression and local
linear OLS, respectively. Following Sequeira (2016), we consider four different outcome measures: a binary variable
denoting if a bribe is paid, the logarithmic form, /og(x+ 1), of the amount of bribe payment, the logarithmic form of the
amount of bribe paid as a share of the value of the shipment, and as a share of the weight of the shipment, respectively.
Across all four specifications, we include the following common covariates: baseline tariff rate, dummy variables for
whether the shipper is a large firm, whether the product is perishable, differentiated, an agricultural good, whether the
shipments are pre-inspected at origin, monitored, and originates from South Africa. Additionally, we include the day
of arrival during the week and the terminal where the cargo was cleared. Our procedures allow for these covariate-
specific trends, so the CPT Assumption 3.2(i) holds only after accounting for these observed characteristics. To avoid
weak-overlap problems, we truncate PS estimates below 0.01.

Table 3.3 summarizes our results. For each estimator, we report both the unclustered standard errors based on
asymptotic approximation (in parentheses) and the cluster-robust standard errors based on the bootstrap procedure in
Algorithm 3.8.2 (in brackets), where we cluster at the four-digit HS code level as in Sequeira (2016). Likewise, we
conduct two sets of Hausman-type tests — one using unclustered influence functions based on (3.4.2) and the other that
accounts for clustering using a bootstrap procedure given in Algorithm 3.8.3.

We first observe that the point estimates are negative for all measures of bribery payment, consistent with the
findings of Sequeira (2016). The results based on the two DR DiD methods are generally close to the TWFE estimates
with the interactive specification. For instance, we find that a tariff reduction reduces the probability of paying a bribe
by 28 to 43 percentage points, depending on the specific estimator used. The result is statistically and economically
significant at the usual levels. Tariff reduction also seems to lead to a decrease in bribery.® The magnitude of the causal
effects based on the weighted results, on the other hand, is more mixed.” Results based on the TWFE and DR DiD
with no-compositional changes estimators suggest that tariff reduction leads to a statistically significant reduction in
the average log of the ratio between bribery payment and shipment values of similar magnitude, while our proposed
DR DiD estimator that is robust to compositional changes suggests a twice-as-large effect. When the log of the
ratio between bribery payment and tonnage is considered, both nonparametric DR DiD estimators report large yet

insignificant (at 95% level) ATT estimates. The results of the Hausman-type test displayed at the bottom of Table

6Some of local linear OR estimates were a bit sensitive to bandwidth choice. This is arguably due to the limited number of observations
within certain strata. To improve the stability of cross-validation, we impose a common bandwidth across all four treatment groups for each type of
covariates.

7We avoid attaching a precise interpretation of these log transformations due to the issues raised by Chen and Roth (2023).
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Table 3.3: Difference-in-differences estimation results for Sequeira (2016)

Estimator/Outcome Prob(bribe) Log(1 + bribe) Log(1 + bribe/shpt.val.) Log(1 + bribe/shpt.tonn.)
TWEE - Linear Spec. -0.429 -3.748 -0.011 -1.914
(0.083) (0.724) (0.003) (0.341)
[0.131] [1.064] [0.003] [0.496]
TWEE - Interactive Spec. -0.296 -2.928 -0.010 -1.597
(0.082) (0.746) (0.004) (0.402)
[0.124] [0.917] [0.004] [0.457]
DR DiD 7, -0.275 -2.542 -0.014 -0.918
(no-compositional changes) (0.067) (0.636) (0.005) (0.451)
[0.096] [0.773] [0.006] [0.492]
DR DiD 7, -0.307 -2.888 -0.027 -1.131
(robust to compositional changes) (0.084) (0.798) (0.010) (0.602)
[0.109] [0.915] [0.014] [0.635]
Hausman-tests for no-compositional changes
Unclustered p-value 0.270 0.199 0.084 0.601
Clustered p-value 0.338 0.238 0.175 0.643

Notes: Same data used by Sequeira (2016). The results represent the estimated ATT of tariff rate reduction on bribery payment behavior. Columns 2 through
5 denote estimates for dependent variables representing whether a bribe is paid, the logarithmic form, log(x+ 1), of the amount of bribe paid, the logarith-
mic form of the amount of bribe paid as a share of the value of the shipment, and as a share of the weight of the shipment, respectively. We compare four
different DiD estimators for the ATT: 1. the two-way fixed effect estimator based on specifications in Column (1) of Tables 8-11 in Sequeira (2016); 2. the
two-way fixed effect estimator based on Column (2) from Tables 8-11 in Sequeira (2016); 3. DR DiD estimator based on (3.4.1), and 4. DR DiD estimator
based on (3.3.1). The same set of covariates is used for the last two estimators. See the main text for further details on the covariates. Continuous variables
are re-scaled between 0 and 1, and then added in with binary variables. For DR DiD estimators, the PS and the OR models are estimated nonparametrically,
using a local linear least squares and a local linear logistic regression, respectively. Bandwidth for the local linear logistic regression is selected with the
log-likelihood criterion. Numbers in the parentheses are unclustered standard errors based on asymptotic approximation. Numbers in brackets refer to stan-
dard errors clustered at the level of four-digit HS code. Cluster-robust standard errors are calculated following Algorithm 3.8.2 with 9999 bootstrap draws.
Hausman-tests are calculated based on (3.4.2). The clustered p-values are calculated following the bootstrap procedure in Algorithm 3.8.3 with 9999 boot-
strap draws. To avoid weak-overlap problems, we truncate PS estimates below 0.01.

3.3 suggest that we lack statistical evidence against the assumption of no-compositional changes, especially when one
clusters the standard errors.

In sum, our results support the conclusion of Sequeira (2016) that tariff liberalization decreases corruption. Our
DR DiD estimates suggest the size of the effects is approximately the same as that of the original paper, indicating
that ruling out treatment effect heterogeneity and compositional changes are not of primary concern in this particular

application.

3.7 Concluding Remarks

In this paper, we developed a doubly robust estimator for the ATT within the difference-in-differences framework,
allowing for time-varying covariates. We established large sample properties for the proposed estimator when the
nuisance functions are estimated nonparametrically. In particular, we derived novel results on the uniform linear
expansion of the local multinomial logit estimator with mixed data. We provided extensive discussions compar-
ing our proposed DR estimator with those developed by Sant’Anna and Zhao (2020). Additionally, we proposed a
Hausman-type test for assessing the validity of the ATT estimators under consideration. We assessed the finite sample

performance of our estimation methods and tests using Monte Carlo simulations. All the finite sample findings are
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consistent with the asymptotic results. Furthermore, we demonstrated the practical utility of our approach with an
empirical application concerning the impact of tariff liberalization on corruption.

An intriguing extension of our work is to the case when the number of time periods is greater than two and when
the treatment adoption is staggered, as discussed in Callaway and Sant’Anna (2021). In such contexts, they demon-
strate that a family of group-time average treatment effects and their aggregates can be identified under a general
no-compositional-change assumption. Allowing for compositional changes in that setup appears promising, partic-
ularly since multiple time periods suggest that a no-compositional change assumption may be even more restrictive

than in the simple two-period case.

3.8 Supplementary Appendix
This supplemental appendix contains auxiliary lemmas, proofs of the main theorems, and additional results presented
in the main text.

Notation: Hereafter, we use the abbreviations CLT, CMT, LIE, and LLN to represent the central limit theorem,
continuous mapping theorem, law of iterated expectations, and law of large numbers, respectively. Let fx(x) =
Ixox, (Xelxa) P (Xg = x4), Ny = {1,2,...,n},and 1(d,t) = 1{d = 1,t =0} +2-1{d =0, = 1} +3-1{d = 0, = 0}.

The notation a, <

~

b, implies that a, < cb, for some positive constant ¢ when n is sufficiently large. The symbol
an ~ by, denotes that a,, /b, — 1 as n — co. We define f € Lr(% ) to indicate that [, f2du is finite, and let the L,- and

sup-norm of f to denote || f||, and || f||... respectively. Denote the ATT by 7, i.e.,
ATT=t=E (1)[D=1,T=1]-E[};1(0)|]D=1,T =1].

3.8.1 Proofs for Results from Main Text
Let

Tor :]E[Y‘D =1,T= 1] —E[M]70(X)—|—m071(X) —mo’o(X)|D =1,T= 1],

where mg,(x) =E[Y|D=d,T =t,X = x|, and
Tipw = E[(Wh](D,T) 7W1’()(D, T,X) 7W()_’1(D,T,X) +W0,0(D,T,X))Y],

where, for (d,1) € 7,
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Wd.t(D7T7X) =

1{D=d,T =1}p(1,1,X) /E [11{1) —d, T =11p(1,1,X)
p(d7t’X) p(d7t7X) 7

and p(d,t,x) =P (D =d,T =t|X = x) is a so-called generalized propensity score.
Lemma 3.2 Under Assumptions 3.1 and 3.2, it follows that 7, = T;p,, = 7.

Proof of Lemma 3.2:

Outcome regression estimand: Using m;,(-) = E[Y;(d)|D=d,T =t,X =], (d,t) € .7_, we get

Tor :E[Yl(l)|D: L,T = l} 7E[E[YO(1)‘D: LT :07X:x”D: 1T = l]

+ Y (-1)EE[X((0)D=0,T=t,X=x|D=1,T =1]
re{0,1}

—E[v,(1)[D=1,T = 1] -E[E[X,(0)|D=1,T =0,X =x||D=1,T = 1]

+ Y (-1)EE[X((0)D=0,T=t,X=x|D=1,T =1]
re{0,1}

=EM(1)-nO)D=1T=1]=r7,

where the second equality follows from Assumptions 3.2 (ii) and the third holds under Assumptions 3.2 (i).
Propensity score estimand: Let p(1,1) =P (D =1,T =1). Under the overlapping conditions in Assumption

3.2(iii), wa,(d',¢,x) are well defined for (d,t) € .7, (d',¥') € {0,1}?, and x € 2" almost everywhere. Additionally,

Efwa, (D.T.X)1] = E [p(1,1,X)Y Iy, /]E [H{D =d, T = t}p(l,],x)”

p(d,1,X) p(d,t,X)

=E :IE {]E[YD —d,T —1,X] —da ) ‘X] .p{, 17X)}

—E|EYD=d,T=1,X]- ’M]

—E[EY|D=d,T=t,X]D=1,T = 1]

=E [mg,(X)|D=1,T =1],

for (d,t) € Z_. The second line follows by the LIE, the third equality is by the definition of propensity scores, and
the next to last line is by Bayes” Law. Next, from E{w; ;(D,T)Y] =E[Y|D = 1,T = 1] and the same arguments for the

OR estimand, we conclude that 7;;,, = 7. |

Proof of Theorem 3.1:

We follow the steps in Hahn (1998) for the derivation of the efficient influence function. Let f(y|d,t,x) = f(y|D =
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d,T=1tX=x).

Step 1: characterize the tangent space of the statistical model. The observed likelihood is given as

Fd,t,x) =F [ Lx)" F(3]1,0,)7070) £(3]0,1,2) 4 £(y]0,0,x) 10—

(1, 1,0) p(1,0,0) " p(0,1,2) 1~ p(0,0,0) V10 £ ().
Consider the regular sub-model parameterized by 6 > 0, with the true model indexed by 6y = 0,

f@ (y7d7tax) :fe (y|1> 17x)dtf9(y‘laoax)d(l_t)fe (y|03 lax)(l_d>tf9 (y|0707x)<1_d)<1_t)

po(1,1,0)% pg(1,0,x)7 1" pg(0,1,x) 1= pg (0,0,x) 1= 1=1)

- fo(x).
The score function of this sub-model is given by

Se(yadatax) ZdtSQ(yll, 1,X)+d(1 —t)se(y\l,O,x)—i— (1 —d)tse(y\O,l,x)—&— (1 _d)(l —t)se(y|0,(),x)

ﬁg(l,l,x) N p9(1707x) N p9(0715x) i o 1'79(0707)()
+dtp79(17 ) +d(1 t)]?ie(hoﬁ) +(1 d)tipe(o,l,x) +(1-a4)(1 t)p79(0,07x)
+1(x),

where sg(y|d,t,x) = dlogfe(y|d,t,x)/d0, pe(d,t,x) = dpg(d,t,x)/d0, and tg(x) = dlogfe(x)/d0 for (d,t) € 7.
For notational simplicity, we suppress subscripts when 6 = 6.

Now, the tangent space of this model is characterized by

T ={dts11(y,x) +d (1 —=1)s10(y,x) + (1 = d)ts01 (y,x) + (1 = d) (1 —1)s00(y,x)

+dtp(x)+d(1—1)pro(x)+ (1 —d)tpoi(x) + (1 —d)(1 —[)p()()()C)-l-S()C)}7

for any functions {s4(","), par(+)} (4,)c.#» and s(-) such that, for (d,t) €

sar() € Lo(W @ ), with /sdt(y,x)f(y|d,t,x)dy:0, Vre 2, (3.8.1)
pa() €L(2), with Y [ pulx)f(xdx=0. (38.2)
(dn)es
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and

s(-) € Lo(2), with /s(x)f(x)dx —0. (3.8.3)

In Step 2, we show that the target parameter associated with the parametric sub-model is path-wise differentiable,
as defined in Newey (1990).
From Lemma 3.2, we know the ATT can be identified by Z(M)Ey(—l)‘”’ﬂ*} [EY|D=d,T =t,X]|D=1,T =1]

under Assumptions 3.1 and 3.2. For the parameterized sub-model, we define

(J S po(1,1,x)yfo(y[1,1,x) fo(x)dydx — | | pe(1,1,x)yfe(y|1,0,x)fo (x)dydx)
S po(1,1,x) fo(x)dx
_ (ffpe(l717x)yf9(y|07 l,x)fg(x)dydx—ffpe(l,l,x)yfg(y|0,07x)f9(x)dydx)
I pe(1,1,x) fo(x)dx '

7(6) =

(3.8.4)

Note that the derivative of 7(6) with respect to 0, evaluated at 6 = 0, is given by

dt(8)|  _ y (_1)d+;ffyp(1a1’X)S(Y|d7f,x)f(y|d7f,x)f(x)dydx
d9 lo—0 (utyes p(1:1)
L J @) =L LX) f(x)dx
p(1,1)
4 J @) = Op(1, L)) f (x)dx
p(1,1)

For any w = (y,d,t,x) € #, define

di(y—mia() | p(L13) [ d(1—1)(y—mio(x))
Few) == +m,>{ p(1.0.%)

Jl)@mmm+(dmtwnqu
(O,I,X) p(oaovx)

dres

dz(ee) ‘9:0 = E[F;(W)so(Y,D,T,X)], thereby showing 7(0) is path-wise differentiable.
In Step 3, we show that Fr(W) is the efficient influence function for 7, which we will accomplish by invoking

Theorem 3.1 in Newey (1990). To apply this theorem, we need to verify that F;(-) € . By setting

y—myi(x)

su(,x) = ===
p.1)
P =p( ) T 0 () [ maosms)
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d+tp(17 l,x)(y—de(x))
pd,t,x)p(1,1) 7

sar (3 %) = (=1)

for (d,t) € 7_, it is straightforward to show that (3.8.1)—(3.8.3) hold, which leads to the desired result.
Finally, since p(1,1) = E [I,p(1,1,X)p(d,t,X)~"], for (d,t) € ., direct manipulation yields that Fz(W) =

Netr(W). Now, we take the expectation of n%;(W) and the semi-parametric efficiency bound follows by standard

manipulation. This completes the proof. |
Proof of Proposition 3.1: The proof follows directly from the LIE as displayed in the main text. ]
Proof of Proposition 3.2:

It follows by Theorem 3.1 that

Blna(W)) = g ® |PT0X) 0+ I W(Y s (X))
- T BT () o7
FE i (DI0 —m (0P + T iDL X =, (X))
=Viar+Vour, |

where the second equality follows from direct manipulations and the fact that

E[DT - (Y —m11(X)) - (ma,(X) =E[mg,(X)|D =1,T = 1])]

=E[E[p(1,1,X) - (m1,1(X) —m1 1 (X)) - (ma,(X) = E[mg,(X)|D=1,T = 1])|X]] = 0,

for (d,t) € <.

Meanwhile, from Part (b) of Proposition 1 in Sant’ Anna and Zhao (2020), we have the following decomposition,

E[nsz(w)z] = Vl,sz + V27sza

where V) ;, = E [D(t(X) —7)?] /p?, and

1 DT D(1-T
Vo =3B | 5 (= 007+ 2T o0

)LZ
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(1-D)Tp(X)*
(1-p(X))*A*

(1-D)(1-T)p(X)*

T p =)z &~ mooX))* | (3.8.5)

+ (Y—m(),l(X))z'F

Under Assumption 3.3, we have that E[1{T =1}g(X)] =P (T =1)E[g(X)], E[l;,Y¢(X)] =P (T =1)E[1{D =
d}Y:g(X)], and p(d,t,x) = (1{t = 1}A + 1{r =0}(1 — 1)) p(d,x). It then follows that

1 2
Vigr= szE[D(T(X) —-7)7], (3.8.6)
and therefore,
1-4
Vidar—Vig = pz—lE[D(r(X) —1)?]. (3.8.7)

We now focus on V; 4. Observe that

— 2 2
Va.ar Z%pz {E[DT(Yl —ml,l(x))z] +E {Dgi zgjp(pX(;?

1—=D)TA2p(X)? 1=D)(1=T)A2%p(X)?
. [( 12(1)—17()[();)2) o —m071(X))2} e {( (1 —;()2(1 _)p(;;g)z) (Yo—mo,o(X))Z} }

(Yo—m1,o(X))2}

e[S+ 2D -0y
_ 2 o . 2
+ ((11 —Dpz)’ig’)(;;,)z (Y i1 (X))2 + ((11 _Dng) 2(T1)f<lx))2 (Y —mp,0 (X))2:| = V2,sza (388)

where the first equality follows because p(d,t,x) = P(D =d,X =x)-P(T =) under Assumption 3.3. The desired

result then follows from (3.8.7) and (3.8.8). |

Proof of Lemma 3.1:
Let ., (Wiw,m) = 1{dt = 1}wy 1 (D,T)Y + 1{dt # 1} {wa;(D,T,X)(Y —mg;(X)) +wi,1(D,T)ma,(X)}, and %y, =

Z(d,t)eY(_l)dH Wa:(W;w,m). Using 7y,, we decompose T, as
Ty —T= (:L'\d, —Ty)+ (Tar — 7). 3.8.9)

Note first that the second term, %, — T, has i.i.d. centered summands with bounded variance; thus, it is OP(n’l/ 2).

Now we investigate the behavior of T, — %;,, for which we make the following decomposition

Yt (W3 ,0) = Yo (Wiwom) =(Y —ma (X)) (Wae —wa.s) (W) +mas(X) (910 = wi1) (W)
+ (wl‘l fwd,,) (W) (ﬁd,t *md,t) (X)

+ {(V/\;l,l - W171) (W) - (Wd,t - Wd,t) (W)} (”’A1d,t _md,z) (X)
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1 2 3
zAZf, (W) +A){t (W)+AY> (W),

for (d,t) € .. Here, we use the unifying notation wg,(W) to denote wy,(D,T,X) when (d,t) € #_ and wy 1(D,T)
otherwise. We proceed by establishing convergence rates for each component in the above decomposition.

We first analyze A;”’tl. A second-order Taylor expansion of y; | (W;w,m) around E[DT] yields that

E, A} (W)] =E, {Y (E,,D[DTT] - E[DDTT]>]

_ E,[DTY]
=g EnlPTI=EIDT]) + Op([Ea[DT] —E[pT)P)
- _]IEE[[lD)%] (E.[DT) ~E[DT)) +-0p(n”1%) (3.8.10)

When (d,t) € .7_, similar analysis reveals that

E, [AZ;I (W)} =B, [(Y = ma (X)) (Was —way) (W) +mg (X)) (W11 —wi 1) (W)]

=E, [(Y —mg (X)) (Wd,t *Wd,t) (W)}
_ En[DTma,(X)]
E[DT)?
E [DTmg,(X)]

:_W(E"[DT]—E[DT]HOp(n‘”z% (3.8.11)

(E4[DT] ~ E[DT]) + O,(|E,[DT] ~ E[DT]?)

where the last equation holds under Assumption 3.4.2(i).

Next, note that A}‘{’lz() =0, and when (d,?) € ._, we deduce from Assumption 3.4.2(ii) that
E, [A;f;z(W)] =By [(w1.1 = war)W) (g — mas) (X)] = 0p(n~1/2). (3.8.12)

Analogously, A‘{”ﬁ() is identically zero, and therefore, we only need to focus the other three cases, for which we

have

E, A1)

=E, [((Wl,l - W1,1> (W) - (V/‘;d.,z - Wd,z) (W)) (ﬁid,t - md,t) (X)]

=B, []E[?JTT]Z (Mias —ma,) (X) | - (Ba[DT] = E[DT]) + O, (|E4[DT] — E[DT][?) (3.8.13)
—En [({V\d,t - WdJ) (W)- (ﬁ\ldJ — de) (X)] , (3.8.14)
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where the second equality follows from a second-order Taylor expansion of E,[DT|] around E[DT].

Taking the fact that E[DT] > 0 under Assumption 3.2 (iii) and that 714, is uniformly convergent to m,;, we obtain

DT

E[DT)?

: ‘(ﬁdﬁt *md,t) (X)| 5 Hﬁd,t *md,th = Up(1)~

B | g (as ~mar) 00| < |

Combining this result with E,[DT] —E[DT] = 0, (n~!/2), we conclude that (3.8.13) is 0,, (n!/2).

Next, we study E,, [(Wa, —wa,) (W) - (g, —ma,) (X)]. Let

+ Id.lﬁ(LlaX)
f _ , _ 8.1
Y W) = L D, x) G815

based on which, we have the following decomposition

E, [(w;l - wd.,) (W) (g, —ma,) (x)} +E, [(% - wj”) (W) (igs —ma,) (x)] — Al A2 (38.16)
We consider the Ly-norm first. Under Assumption 3.4.2(iii),

A =E [(w}t - Wd,t) (W) - (g, —may) (X)} o, (,,1/2) _

=Al

w,m

Since 4/b—a/b= (@ —a)/b—a(b—b)/b* — (@ —a)(b—Db)/(bb) 4+ a(b—b)?/(bb*), we have

AL, =E [m <ﬁ<1,1,x>p<1,1,x>>]
E ‘W(ﬁw,r,m—pw,r,x»}
_g| 84:(W)

(d,t,X)—p(d,1,X))

=)

@ X)panx) PLLX) =P LX))(

[ Sd,l(W)p(1> 1>X)
| p(d,1,X)p(d,1,X)*

+E (ﬁ(d7t7X)_p(d’t7X))2

—_

—All 1,2 1,3 1,4
:Aw,m + Aw,m + Aw,m + AW,m?

Whel‘e 8dt(W) = p(l, 1)_lldﬁt (n/'\ld’t 7mdt) (X)
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1,1
For Ay,

A <p(L 1) (P T E[|(5(1,1,X) = p(1,1,X) (g — ma, ) (X)]]
<O()-1Ip(1,1,2) = p(L, 1), - (|7 — mayl,

=0 (rnsn),

min

where p}' = infyc 9~ |p(d,t,x)|. The first inequality holds under Assumption 3.2(iii), and the second one is due to the
Cauchy-Schwarz inequality.

Likewise,

-2
Ay | <p(1,1)~" sup |P(171,X)|{ inf |P(d7t’X)|} E[|(P(d,1,X) = p(d,t,X)) (ifig; —ma ) (X)|]
xeZ xeZ

SO(I) : Hﬁ(datv) _p(dvtv')”LZ : Hﬁd.t _md,tHLz

=0, (rasn) -

To analyze the convergence of the remaining two terms, we can use a similar approach to the one used for the
previous two terms. However, to complete the analysis, we need to show that p(d,¢,x) is uniformly bounded away
from 0 across 2", with high probability. Due to the uniform convergence, for any given € € (0,1/2), there is Ng > 0
such that sup,. o~ |p(d,t,x) — p(d,t,x)| < p%” /2 with probability at least 1 — €, whenever n > N,. Thus, when 7 is
sufficiently large, we have

inf [5(d,1,%)] > inf |p(d,t,x)| — sup |5(d,t,%) — pld,t,2)] > pliin/2 >0,
xeZ xex xex ’

with probability 1 — €, leading to our desired claim.
The sup-norm case can be handled analogously. Different from the L,-norm, it is now possible to work directly
with the empirical measure, leading to the conclusion that A&V’f,',, =0, (rusn), without the necessity of imposing As-

sumption 3.4.2 (iii).

Next,we examine the estimation effect of the normalizing weight as given in A&,’;,, Let p(1,1) =E, [IdJ ‘;E;};” .

Again, we focus on Lp-norm first. By definition,

N2, = =1 1) B [, (W) (g = mas) ()] - (5(1,1) = p(1,1)

2,1
Al

w,m
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We can further decompose A2 l,," into

AL =M (3.8.17)
+ (Bn —E) [wa, (W) - (g —may) (X)] (3.8.18)
+E [wa, (W) - (igy —mays) (X)] . (3.8.19)

=0, (ra) + O0p (rasn) +0p (n71/2>

Under Assumptions 3.4.2 (iii, iv), (3.8.17) and (3.8.18) are O, (rus,) and o, (n~1/2), respectively. Since pq,(-) is
uniformly bounded over 27, (3.8.19) is O, (r,,) by the Cauchy-Schwartz inequality.

Analogously, we have

A1)~ p(1,1) =(E, — E) {zd,, (p(( ] ; ‘;((ilijg)} (3.8.20)
+(E, —E) [Idt ((1 ))] (3.8.21)

p(L,1,X) p(1,1,X)
vt (B %0~ oo ) (382

=0p (1) +0p (nil/z) +o, (nil/z) .

Under Assumption 3.4.2 (v), (3.8.20) is 0, (n!/?) . Since (3.8.21) is a centered i.i.d. summand, it is O, (n~1/?).
Arguing along the same line as for Awm, we get (3.8.22) is O,(s,). Collecting these results, we conclude that both
Alvﬁ’n and Awm are O (rysn).

Once again, analysis under the sup-norm rely directly on empirical measure, thus eliminating the need for condi-
tions on the empirical process. Further details are not provided here for brevity.

To finish the proof of this lemma, we gather the results in (3.8.9), (3.8.10), (3.8.11), (3.8.12), (3.8.14), and (3.8.16),

which leads to

Tor—t=Es| Y (=D"yu (Wiwm)—1
(dr)es

=B [Mett(W)] + Oy (rusn) +0p (n—1/2) .

+7 (1 W) +O0p(rusn) +0p (n71/2>

Proof of Theorem 3.2:
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We proceed by applying Lemma 3.1. As we are working with the sup-norm, we need to verify the first two conditions
in Assumption 3.4.2. Lemmas 3.7 and 3.8 provide the required verification for these conditions. With the bandwidth
rate conditions in Assumption 3.5.5 guaranteeing that the leading remainder term is Op(rus,) = 0, (n"'/2), we can

then derive the asymptotic normality directly from the CLT. ]

Proof of Theorem 3.3:
Proof of Part (a): We have already shown in Theorem 3.2 that T, — T = E,[Nerr(W)] + 0, (n~!/2). Following a
similar line of reasoning, one can easily demonstrate that 7,, — 7 = E, [,,(W)] + 0, (n"!/?), under Assumptions 3.1,

3.2, 3.5, Condition (i), and the null hypothesis, Hy. Now, by the CLT, we have

\/ﬁ(%\dr - %\sz) i N (0, E [<Tleff(w) - nsz(W))z}) '

It remains to show that

=
1=
=

(3.8.23)

and

V =p,. > 0. (3.8.24)

First, it is implied from the proof of Theorem 3.2 that 7,7/ (w) 2 Nee(w), uniformly in w € #. In a similar vein,
Nsz (W) L Nsz(w) uniformly over #, under Hy. Combining these two results, (3.8.23) then follows by the CMT and
the weak LLN.

From Proposition 1 in Sant’ Anna and Zhao (2020), we know that 7, (+) is the efficient influence function for all reg-
ular estimators of Ty,, which is equal to 7 under Hy. Moreover, since both 7y, and T, are consistent for 7y, under Hy, it
follows from Lemma 2.1 in Hausman (1978) that E[neg(W )Ny, (W)] = E[n.(W)?]. Hence, E | (Neg(W) — nsz(W))z}
=E [Ner(W)?] — E [n,:(W)?]. Given this result, (3.8.24) now follows by Proposition 3.2 and the condition that
Var[t(X)|D=1] > 0.

Proof of Part (b): We proceed by establishing: (i) Ty, — Ty — Tyz — Tar 7 0; (ii) V, 2> V < oo, under H;.

Under Assumption 3.5, and Condition (i) of the theorem, p(d,?,x) LN p(d,t,x) and g (x) EN mgq ¢ (x), uniformly in
x, for (d,t) € .. Now, applying the LLN, we get T, LN Ty and Ty, LA T,;. Result (i) then follows from the CMT. Next,
we deduce from the uniform consistency of p and m, the CMT, and LLN, that (3.8.23) holds under H;. Furthermore,
Assumptions 3.2(iii) and 3.5.3 ensure that both 7, and 7, are uniformly bounded, which leads to V < o. This

concludes the proof of part (b). ]
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3.8.2 Results on Asymptotic Linear Expansion of Local Polynomial Estimators
In the next subsection, we provide some well-known results about the U-statistics, based on which, we derive uniform

stochastic expansions of local polynomial estimators in Section 3.8.2.2.

3.8.2.1 Rates of Convergence: U-Statistics
Let {X;}!_, be a random sample from an unknown distribution. Given a real-valued function A(xi, ..., x,) that possibly

depends on the sample size, define

(n—r)!
Up =" Y h(X. .. X0,
seS(n,r)
as a r-th order U-statistic with kernel A, where the summation is over S(n,r), the set of permutation (sy,...,s,) of size

r of the set {1,...,n}. Since a given function & can always be replaced by a symmetric one, we restrict attention to

symmetric kernels in what follows. That is, U,, can be equivalently represented as

-1

Un: Z h(XYI; 7X8r)7
r s€€ (n,r)
where €(n, r) is the set of combinations (sy,...,s,) of size r of the set {1,...,n}.

For 1 <s <r, define the quantities /; and o, by
hs(x1,....x5) = E[A(x1, ... x5, Xs41,-.,X,)]  and oy = Var[hy(X), ..., X,)]"/%.

We call U, with kernel 4 is s*’th order degenerate if o; = 0 for all s < s*.

Lemma 3.3 Let 2 : 2" — R be a permutation-symmetric, measurable function of r arguments such that E[A(X, ...,

X;)] =0, and 0, < oo, then U, = O, ( - n‘%)

Note that if the U-statistic is s*-th order degenerate, its convergence rate is Yy | n‘f—/‘z The lemma follows directly

from Markov’s inequality, and therefore, we omit the proof.

3.8.2.2 Asymptotic Linear Expansion of Local Polynomial Estimators
In this section, we provide some results on the asymptotic expansion of the local polynomial estimators.

For (d,t) € .7_, we define the summand of the (local) score function as

exp(X(xe) Yas)
1+ Y mesr exp(X(xe) Yar )

Ag(W,x,7) = (1” — ) H ()X (x)Kps (X3, 1, 1),
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where H (h) is a diagonal matrix with the main diagonal entries being h ¥l for lexicographic-ordered k, with 0 < [k| <
p- Here, we have dropped the subscript of X to ease notational burden. We let 1 ({Sa;}(aye.7 ) = (8] 0:50,1:50,0)"-

The local Fisher information matrix evaluated at x can be approximated as
S (x) = diag(p-(x)) — p- (x)p (), (3.8.25)
where p_(x) = (p(1,0,x), p(0,1,x), p(0,0,x)). In addition, we define the local hessian as
£ (x) = B[S (X) @ H (h)X (%) X (xe) H () Kpy (X3, 1, 1)].

With these notations in hand, we can introduce several quantities associated with the linear expansion of the PS

estimator. For each (d,t) € .7_,

Ay (W,x) = (3,000 @ en,,1)'Z (x) A (W, x, ¥ (x)),

G (W,x) = €} a7 (A (W,x),

where A_(W,x,7) =1_ ({Ad:(W,x,7)}apesr ). and A_(W,x) = 1_({Aq;(W,x)}(4)es )- For the treated group in

t=1,let G(lf’ f) (x) = =Xnesr GEf_’ N ) (x). Additionally, we define, for a given observation X;

B (X)) =EIGL) (Wi, X))|X)], (3.8.26)
San(X; *gc (Wi, X)) — EIGYY (W X)X,
i#]

R(m) (XJ) = ﬁ(d’t’xj) - p(dvt’Xj) - B;(z{?;,)t (XJ) - Sip;)t (Xj)'
The three quantities represent the bias, the first-order stochastic part, and the remaining terms derived from the de-
composition of the PS estimator, respectively.

Focusing on the OR model, for (d,t) € .7, the leave-one-out local polynomial estimator has a closed-form solution

given by

ma;(X; = ZEquzm_l OXi(X;)H (bd,t)ld,t,iYiEor(Xi;Xﬁbd.taﬂd,t)a
i#]

where /Z\Zr[ (X) = nT11 Zl#] Id.t,iH(bd I)Xi( )X (xC)IH(bd l) OV(XH ',bd,h ﬁd,l)'

Analogous to the PS case, we use B;(1 d)t, S,(f;)t, and ng d>t to represent the bias, the first-order stochastic and the
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remainder terms, respectively. For a given observation X, these quantities are specified as
B (X)) = E[G] (W, X)X,
r 1 r p
SwinX) = —= ¥ G2 (Wi.X)) ~ E[Gy, (W X)) X,
]
R (X)) = tha (X)) — may (X;) — B (X) = 89 (X)),

n,d,t

where

G (Wi, X;) = ey, 24, (X)) ™ H (b X (X)), 1E55 (X)) Kor (K05 X b D),
X (x) = Ellg.iH (ba)Xi(xe)Xi(xe) H(ba ) Kor(X:Xj,ba s, D)),

70(0) =1, (Y = X(x)'Bg,)-

Lemma 3.4 Suppose Assumptions 3.1, 3.2, and 3.5 are satisfied. In addition, Assumptions 3.5.2 (ii) and 3.5.5 (iv)-
(vii) hold for (d,t) = (1, 1). Then, for (d,t) € .7,

sup |B/7) ‘— (R 4 Ao+ A, (3.8.27)
JEN,
sup |S,/7) ( ‘— ( logn/ (nh“f)), (3.8.28)
JEN,
2
Sup ndt ‘ - <(hp+1 +A‘0 +A‘u+ IOgl’l/ (”hDL>> > ) (3829)
JEN,
q+1
sup n dt - b + ﬁd,l,o + 19d.t,u)7
JEN,
sup ndt ’ = ( logn/ (”bd,tv")> 7
JEN,
2
] (o ) )
.]e n

Before stating the proof, we need to introduce some additional notations. Since kernel functions K and L are
supported on [—1, 1], the effective support of K((- —x.)/h) is S, p ={z:x.+hz e X} N[-1,1]". When .7, _;, =
[—1,1]%, x is an interior point, otherwise x lies close to the boundary. For any measurable set ./ C [—1,1]%, let

k() = [ ukK (u)du and s () = [, ukK?(u)du. Now we let the N; x Ny matrices Qy(x.) and Ty(x.), and the

170



Ny x ny, matrix My (x.) be defined as

QPI(Fy) .. QOI(F 1)

Oulx.) = 7 (3.8.30)
QUO(F ) oo QU
TON S ) o TOO(A )

Ty(xc) = 5 - E 7
TS ) . TEO(F )
Q9 ()

My i(xc) = ’

QUM (Fn)

where Qéi’j )(Y ) and Tgi’j )(5” ) are n; x n; matrices with their respective ({,m)-th element given by Vz, ()1 z;(m)(-*)
and sz 1)+7(m) (). When x is a boundary point, these quantities are not invariant to x, and thus, capture the boundary

effects.

Proof of Lemma 3.4:
Given that our data is a random sample, it is straightforward to show the “leave-one-out” estimators considered in
the lemma is asymptotically equivalent to the usual “leave-in” estimators. See Rothe and Firpo (2019) for a detailed
exposition. We therefore focus on the “leave-in” versions in what follows.

We prove the results for PS only. The case for OR follows by generalizing Proposition 7 of Fan and Guerre
(2016) to the case where discrete covariates are accommodated. This generalization can be achieved by employing the
techniques similar to those presented here.

For (3.8.27), we have

sup |B115, ) = %ldwfuxa@w@JmW@Y*Eﬁ_WAnfu»m

xeZ

< sup Hegﬁl(dﬂf(x)
xeZ

(@, 2" (x) 7" -

AW,z ()]

xeZ xeZ

By definition, sup,¢ o ||-# (x)|| = O(1). Standard change of variable gives

I (x) = I (x) @ Qp(xe) fx (x) + O (h+ Ao + M) - (3.8.31)
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Since infye - Ain (I (x) @ Qp(x¢)) = infye 27 Apin (F (%)) -infy e 22 Amin(Qp(xc)) > 0 and infye o~ fx (x) > 0 under As-

sumptions 3.2(iii), 3.5.6, and 3.5.1, we get

sup. [-7(x) ' ®@Qu(xe) ™ fx(x) | = 0(1), (3.8.32)
xed

B ()| = 00 4 g+

and thus, sup,. 5 [|£7*(x) || = O(1). Now, from Lemma 3.5, we conclude that sup, 5- ||B,”Y,

Au).

Having just demonstrated that X”*(x)~! is uniformly bounded over 2", we can now apply Lemma 3.5 and the
CMT to deduce (3.8.28).

To establish (3.8.29), the proof proceed through three steps. First, we demonstrate the existence of a global
maximizer for the local log-likelihood function defined in (3.3.6). Subsequently, we obtain the uniform asymptotic
linear expansion for the local maximum likelihood estimator. Finally, we apply the delta method to verify that the
remainder term exhibits the required rate.

Step 1: Define ¥ = (5 ® H(h)~')y and 7*(-) = (I @ H(h)~")y*(). Using the scaled parameters, we rewrite the

likelihood as

o 1¢ _
LI =) Y daH WX (x) Y
i=1(d't")es

—log <1+ Y exp(H(h)x(xc)’yd,,,,)>Eps(x,»;x,h,/l). (3.8.33)
(d' e

The gradient and hessian of ./ (¥;x) with respect to 7 are given by

H(‘/Vivxa y)a

S |-

I
—

o 1~ o
ViZP () = YA Wxy), VAP =
i=1

1

where

H(X,X, }/) = j(X67x67Y) ®ﬁ(X7xah7)L)a
I:\'I(X7xah7)t) = H(h)X(xC)X(xC)/H(h)I?PS(X;'Lh7}L)7
I (Xe,xe,Y) = diag(¥ - (Xe, xe, 7)) = ¥- (Xe, xe, 7) ¥ (Xe, xe, ¥),

v (X’xv ’Y) =1 ({\Pd,t (X(X), 7’)}(4.})67,)7

exp (¥'7a,)
L+ Y (@ mes exp (X/Yd’J’) '

\PdJ (xv Y) =
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Next, we define the following two events

Eiy(c) = {xseugf ZA (Wi,x, 7" (x))|| < cKn},

. 14 ~ .
E2n(C) = {xler?%fﬂxmin (nl:ZIH(X,X,h,A)> > C},

for ¢ > 0 and k, = \/logn/ (nh%) +hP*1 4+ A, + A,.
By Lemma 3.5, we deduce that P (E1,(c1)) — 1, for any fixed ¢; > 0.

Now, standard change-of-variable analysis gives
E[H (X;x,h,1)] = Qp(xe) fx (x) + O (h+ Ay + L)

Under Assumptions 3.5.1 and 3.5.6, infyc 2~ fx (x) > 0 and inf,_c 2. Amin (Qp(xc)) > 0. As a result, there exists 2 > 0

such that infye - Apin (E[H (X;x,h,2)]) > ¢, when n is sufficiently large. Coupled with the fact that

li H(X;;x,h,A)—E[H (X;x,h,l)]HzOp( logn/(nh”f)).

sup

xeZ ||

which is a consequence of Lemma 5 from Fan and Guerre (2016), we deduce that P (E»,(c)) — 1, for ¢ < ¢3.

Next, we define a neighborhood of ¥*(+),

L8) ={r(): 17() =7 ()l < 6%} -

Theorem 1 in Tanabe and Sagae (1992) implies that

inf 7 (x,y,y(y)) > inf { H W, ({X0) Vs O )}d[)ey)}'l37 (3.8.34)

x,yeX x,yeZ di)es

in the sense that their difference is positive definite. For any & > 0, if y € ['(§), Assumption 3.5.5(ii) implies that
[lv() =Y ()]l.. = o(1). This further suggests that, when n is sufficiently large, the right-hand side of (3.8.34) is
bounded from below by c3/3, for some positive constant c3.

The analysis leading up to this point demonstrates that for for a given ¢ > 0, it is possible to select n large enough
such that P (E1,(c1)) > 1 —€/2, P(Ep(c2)) > 1 —£/2, and (3.8.34) is satisfied. Now, set & > 2c,cg‘c;‘. Then, for
any ¥(-) € aT(&), i.e., [|[7(x) — 7" (x)|| = 8ok, for all x € 27, we have sup, 5 { L (7(x);x) — L (7" (x);x) } <0,
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with a probability of at least 1 — €. This is because

sup {27 (Y(x);x) = L7 (7" (x);%)}

xeZ

= sup { Vi (7 @) (7= 7' () = (30 = 7 () (=320 (7'5)) (70 = 7 () 2}
< <Xs€uE ZA (Wi, x, v (x |_C]Kn> -0k,

<0,

where 7', dependent on x, lies between ¥(x) and 7*(x). Since .Z/*(¥;x) is continuous, a local maximum, denoted by
¥(x), exists within the compact set {7: ||7— 7" (x)|| < 8ok}, for any x € 2". Furthermore, due to the concavity of
L (+5x), ¥(x) maximizes £ (-;x) over R¥V» for any x € 2. Hence, ¥(-) is the global maximizer of £/ (¥(-);")
with a probability exceeding 1 — €. As € is arbitrary and dy is independent of x, it can be inferred that Hf/() —¥(-) Hoo =
0, (%y).

Step 2: We proceed to derive the uniform asymptotic linear expansion of ¥(-) — 7*(-). Expanding .Z/*(%;x) using

a third-order Taylor series and rearranging the terms lead to

) - izw (Wi () + RY(X;),
where
RY(x) = — () — 27 (x ZA (Wi, 7 () 20 (6) € ),
() =5 Y. Y (Gar) = 7 () H DX )X ) H OB o (06) — T ()

i=l(dt)es_ (d)es_

: jl(d.,z),l(d',t’) (XeisXe, 7) ® Xi(xc’)H(h)IEps(Xﬂxa h, 1),

for an intermediate point 7 lying between ¥(x) and y*(x), Z5°(-) = 1 37 H(W;,-,y* (")), and

. _ .(d 7[ )
%(d],tl),l(dz,tz) =1_ ({‘ﬂl(;} ’r3'>’l(d2’t2)}(d3,t3)ey> s

I i Koo ) = T{(d1,11) = (d2,12) YWy 1, (X (x), 1) (1 (d 1) = (d3,15)} = P s (X(x0), 7))

+ Z ‘Pdfl ite, (X(xc)7 /}/)ldez,l/Z (X(xc)v Y)(]l{(dfptfz) = (d37t3)} - lI"d3J3 (X(x6)7 Y))
01,6e{1,2},01#0,
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In view of (3.8.31) and (3.8.32), HZI’S(-)’1 H = O(1). Taking this into account, along with Lemma 3.5, we obtain

n

1 ™
sup nl_zzlA<vv,-7x,w>—E[A<W,x,r*>}|| =0, (Viogn/ (k™))

sup [[E[A-(W,x,Y)][| = Op (' + 20+ L) -
xeZ

Furthermore,

sup =277

xeZ

< sup 15 GOl - sup 152 () =27 (x)|| - sup [[£7(x)] ™

xeZ xeZ xeZ
:0,,(1)-0,,( 10gn/(nh“<f))~0(1)
=0, ( logn/ (nh”L‘)) .

where the first inequality is a result of the relationship A~! —B~! = ~A~!(A — B)B~! and the Cauchy-Schwarz in-
equality. The next line is derived from (3.8.31) and (3.8.32), and arguments similar to those employed in the proof of
Lemma 5 in Fan and Guerre (2016).

By the triangular inequality and the Cauchy-Schwarz inequality,

1 & , 5
sup [|Cy(x 2*2 Z Z Hfl(d,t),l(d’,ﬂ)(Xc,nxc,Y(X))H
x€Z i=l(d1)e.s (d1')eS-
-||?d,t<x>—7;,t<x>||-H%,A T )| N 1+ Ry (.5,
g(d,t)(ma;(E{Ol}xzey{Hjdt d';/)(ZL,xc,}’ H HYdt ’)_{;’,(X)H~H}_/d/7t/(x)fj_{§/7,/(x)H}
(3.8.35)
1 :
— Y sup { &P X ()| I H )Xo 1 (3.8.36)

niZixex

When ¥ converges uniformly to y*, as established in the first step,

/l(d’t%l(d/’t " (2es Xe, T(X) )|| in (3.8.35) is asymptot-
ically bounded, uniformly in x,z € 2", and for each (d,t),(d’,#') € .#_. In addition, we can deduce from a standard

2(X)]| =0, (k2). Asa

change of variable argument that (3.8.36) is O, (1). Hence, it can be concluded that

result, we obtain sup,. o~ |RY(x)|| = O, (k?2).

Step 3: We note that ﬁ(d7t7x) _p(dvtax) = \Pd,t(eN,,,la?(x)) _\Pd,t(eNp,la,}/*(x)) and VYd,;lPd,t(eNpJa/}ﬁ('x)) =
/

€1 t)ﬂ (x). Utilizing the delta method in conjunction with the uniform expansion obtained in Step 2 then estab-
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lishes (3.8.29). This completes the proof of the lemma. ]

Lemma 3.5 Suppose that the conditions of Lemma 3.4 hold. Then

135~ .
sup ||~ )" A_(Wy,x, 7" (x) ~ EIA_(W,x, 7" (x))] H — 0, ((1ogn/ (™))"}, (3.837)
xeZ || M=
sup [BIA- (W57 ()| = 0 (b + 2+ 2) (3.8.38)
xeZ
Proof of Lemma 3.5:

The proof of (3.8.37) proceeds along similar lines as in Lemma 5 of Fan and Guerre (2016). For any given vector k

with 0 < |k| < p, define

AR W.x,7) = (Ias — Par (X)) B M (X — ) ¥R (Xix,h, 1)

~ Xc —Xc
A;:Ek)(waxmy) = (Id,t —‘Pd’,()_((xc),}/)) h_lk‘(Xc _XC)kK< h ) )

for (d,t) € ., and let x,, = (logn/ (nh”L‘))l/ %, Assumption 3.5.5 implies that k, — 0. Moreover, under Assumptions

3.5.1,3.5.2, and 3.5.4, we have that, for any € > 0, there exists 6, = n~* such that (i)

max |4 (W, v () =AY Wiy ()| < i3, (3.8.39)
’E [X%” (W, xe, 7" (x))} “E [Xj,:ﬁ") (W,x;,y*(x’))} ‘ < h¥xe /3, (3.8.40)

for (d,t) € #_ and for all x,x" € 2" such that x; = x/; and ||x. —x.|| < 8,; (ii) there is a positive integer J, = O (n*?),
Kp > 0, and a set {x.i}?l:l C %, such that for all x € 2, there exists a j satisfying x € % (x;,8,) N Z", and for all
X € B(xj,8,), xy = xq . Asaresult, 2 = U, (B (x;,8)NZ).

Now, observe that, for (d,r) € .-

sup
x| i
< L 209 ) —EA® (W x; ~ 3.8.41
_]rélNa;( I’ZZ d.t( lvxjaf(xj)) [d,t( ’xj7,)/k(-xj))] ( . )
n i=1
1 &/~ -
+max  sup Z(Ag,‘f}(m,x,y*(x))—Ag'f)(m,x,,y*(xj)))‘ (3.8.42)
JEN, xe%’(x_j,&,)ﬁ% niz

tmax sup  [EAY Wy ()] - EAY W, ()] (3.843)
1N xe gz (x;.8,)n 2
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In view of (3.8.39), (3.8.42) is bounded from above by

-~ max sup  h % AT (Wixe, v (1) — AN Wixe . v (6)) | < /3,
i€Ny,jeNy, xe,%(x,-,é,,)mf( ’

Meanwhile, since x; = x4 j, whenever x € % (x;, 6,), (3.8.40) then implies that (3.8.43) < x,&/3.
To bound (3.8.41), we apply Bernstein’s inequality.® Since the support of K is bounded, we have that |Av51kt) (W, x,

Y*(x))| < C||K||., for a sufficiently large positive constant C. Additionally, standard calculation gives

Var A4, (W, (0))| =El(las = p(d.t, (X)) H (WX (e X (50) H (1)K (X)) 1K = x4
+o(h™™)

=h" 7 (X)y(a1)0(a) Tp (xe) fx (x) +0 (A7) .

~ (k)

Hence, Var A, (W,x, }f*(x))} < Ch™" under Assumption 3.5.4.

With these two results in hand, we have

> Kn8/3>

,11‘:/351',‘, (Wi, 7 (x))) —EIAY) (W27, 7 (x))]| = K,,g/3>

g2logn (€% — k) logn
<2/J, — < _ 2
= "eXp< C+C(810gn-n1h”v)1/2) exP( c )

where the first inequality is due to the Bonferoni inequality and the second is by Bernstein’s inequality. The far right
side goes to 0 when 2> Kp. Hence, (3.8.41) < k,&/3.

Combining (3.8.41)—(3.8.43) gives

n

L3 309 W,x, 7 (1))~ B W2,y ()]

ni3

P sup >k, | —0. (3.8.44)
xeZ

This complete the proof for (3.8.37).

Next, we establish (3.8.38). Define I,(xq,24) = Y2 1{|Xo.s — Zo.s| = 1} T125 I{Xoy = 20,4}, and I(xq,2q) =

8Let {Xi}"_, be independent zero-mean random variables. Suppose |X;| < M almost surely, for i € N,,. Then, Bernstein’s inequality states that

forallt >0,
u 12/2
P X; >t gexp<—7>.
(; ’ ) Y7 EXZ]+ Mi/3
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Z;“i] 1{xu,s 7 Zu,s} [Ti2s 1{Xus = 2w} From a Taylor expansion of order p+ 1, we deduce that, uniformly in x € 27,

E[Aq:(W,x,7"(x))]

1
I Y E [j(xmxd)l(d,t),l(d’,t’)g‘(f/?;;l)(XCaxd)/X(p+l>(xC)H(h)X(xC)Kh(X<I)(xc))]l{xd :xd}}
C(dihes

+ Y Y AiIi(xa,za) (pldot,x) — p(d.t, (xe,24))) E [H(h)X(xc)Kh(X(l)(xc))]]-{Xd _ Zd}}
g €E Xy \xq J=05u
+ (s.0.)

hp+1

1
s> I (Ot atayMp.p1 ()" (6) fie (x)
S (des

+ Z Z )bjlj(xd,Zd) (p(dvtax)_p(dvta(xc,zd)))MP,O(XC)fX(med)

2y €Ly \xg J=0:u
+o(hPT A+ M)

=0(h" 4+ 20+ M),

where (s.0.) stands for smaller order terms. The last equality is due to Assumptions 3.5.2 and 3.5.4. |

3.8.3 Auxiliary Lemmas and Results
3.8.3.1 Auxiliary Lemmas

Lemma 3.6 Under Assumptions 3.1 and 3.2, for d,¢ € {0, 1} and any measurable function z: 2~ — R,

(i) B [, (Y —ma (X))h(X)] =0, (3.8.45)
(ii) E [(wi,1 —way) (W)h(X)] =0. (3.8.46)
Proof of Lemma 3.6: This lemma follows immediately from the LIE. ]

Lemma 3.7 Suppose the conditions of Theorem 3.2 hold. Then, for w defined in (3.3.1) with p given by (3.3.7), we

have

En[(Y *md’t(X)) (V/lde 7Wd,t) (W)} — Op(n—l/Z)7

for (d,t) € S_.

Proof of Lemma 3.7:
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Recall the definition of w' as given in (3.8.15), and decompose the difference between W and wgq, as

E,[(Y — mgq (X)) (Wd,t - WdJ) (W)]
=B, [ (¥ = mas (X)) (W, = war ) )] + B [V = ma () (W = w], ) )]

= Avlv + A%V.
We bound the two terms in turn. By a third-order Taylor expansion of Avlv around p(d,t,x), we get

Al =F

w

I, (Y —mg (X)) , ~
n[P(dJ,X)P(Ll)(p(l’l’X) p(lJ,X))}

_E [Id,rp(la LX)(Y —mg (X))
" pHd,t,X)p(1,1)

=A A2 R,

(5(d.1.X) —p(d,r,xn} Rua,

where the remainder term, R, 4, collects the second-order terms. Specifically,

Rn,d,t :En |:(Y_md7t(X))pId,t (_ (ﬁ(la le) —p(l, I,X))(ﬁ(d,t,X) —p(d,l,X))>:|

(1,1) p2(d,1,X)
m L, (p(1,1,X)(p(d,1,X) — p(d,1,X))?
+En |:(Y d,t(X))p(], 1) < ﬁ3(d,l,X) >:| )

where the intermediate point p(d,t,x) lying between p(d,t,x) and p(d,t,x). Under Assumptions 3.2 (iii) and 3.5.1,
both p(d,t,x) and p(d,t,x) are (asymptotically) bounded away from zero, uniformly over 2" and for (d,t) € ..
Moreover, E[|Y —my(X)|] = O(1) under Assumption 3.5.3. We deduce that R, 4, = O, (||ﬁ(17 1,)—p(1, 1,)||i) +
0, (Hﬁ(d,t, )—pldt, -)||i), which is 0, (n~1/2) by Lemma 3.4 and Assumption 3.5.5.

The first two terms in the decomposition of A!, share a similar structure. We only derive the stochastic limit for
All.

Using the asymptotic expansion of local polynomial estimators in Lemma 3.4, we obtain

1 & IA i(Yi_m (Xl)) s s s
m_ ! di, dit (Ps) (y. (Ps) (v (ps) vy
M "Zl{ S K1) (B () + ST () +RTI () ¢

We proceed by establishing bounds for the convergence rate of the terms involving the bias, the first-order stochas-

tic and the remainder, respectively.
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To analyze the bias, we first apply Chebyshev’s inequality and obtain

Idtl ;- md,(X)) (PS) fyy _ Idﬁt(Y—md),(X)) (ps)
72 p(d. 6. X)p(1,1) an’hl(x)ELWWBnﬁ,l(X)}

+ 0, (”_l/z(th + 2o +lu)) )

where the rate of the remainder comes from standard variance calculation. Owning to Lemma 3.6(i), the mean on the

right-hand side is zero, which leads to

1 & L (Yi—ma (X3)) ps) _1
Sy LSV B (%) = 0p (7 4 g+ 2 ) 3.8.47
L ey B () = 0 (1720 A 1) (3847
Under the bandwidth restrictions in Assumption 3.5.5, this term is o, (n_l/ 2).

We now introduce the term le,d,t(VViaW/')s which represents the summand of the first-order stochastic term as

follows
Idtz(Y mdt(X))
p(d,t,X;)p(1,1)

Yot (Wi, W) = (G w;.x) ~EIGI (W, ) 1xi]). (3.8.48)

By its definition, we have

Ith mgq
72(1 dl( ))

d,t,X) ( 1) Snll(X)

HM:

n
Z Vot a0 (Wi, W)). (3.8.49)
1 j£i

Given the construction, we have E [Vfw.,d,t (W, W;) \W,} = 0. Moreover, by Lemma 3.6 (i), we also have that E[y, 4,
(W;,W;)|W;] = 0. Hence, (3.8.49) represents a second-order U-statistic with first-order degenerate kernel. Lemma 3.3

and standard variance calculation then gives that

||M=

n
Z Vi,a: (Wi, W) =0, (n‘lh‘”‘/z), (3.8.50)
7&

Under our bandwidth assumptions, this term is 0, (n’l/ 7).
Under Assumption 3.2(iii), p(d,t,x) is uniformly bounded away from zero for all x € 2" and for all (d,t) € .7_.

Also, under Assumption 3.5.3, we have E[|Y —mg,(X)|] = O(1). Consequently, we can deduce that

)

=0, ((hp“ + Ao + Ay +\/logn/ (nh”v))z) (3.8.51)

R, (X;)

1 & Ly (Y —my (X
L di, ( i ml,t( l))RElpls)l (Xl) :Op sup
n;= p(d,t,Xi)p(l,l) Y ieN,
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which is 0, (n"!/?) under Assumption 3.5.5.
Combining (3.8.47), (3.8.50), and (3.8.51), we can conclude that Al! = o, (n~1/2).

By the same reasoning, we can demonstrate that Al is dominated by the first-order stochastic term. Define

WW2,d,t(VVi,Wj) = — d"tp( )( d,f( )) (

p2(d,1,X)p(1,1) GEJZS)(W/"XI‘) ~E[G, )(W/'aXi”XiD ; (3.8.52)

S
St

As aresult, the leading term is given by n= ' (n —1)~! o Z’}#i Y24+ (Wi, W;), which has an order of O, (n’lh""r'/z)

=0, (n~'/2). The detailed proof is omitted for brevity.
Id,tﬁ(la 17X):|

Now, let’s consider A, Define p(1,1) =E, [ p(d,t,X)

2 [HaaP(1L,1L,X)(Y —mg, (X)) 1
A‘“‘E”{ P(d.1.X) (ﬁ(hl) p<1,1>)]

Id,,ﬁu,léf;fz;)wz(x))} .0, (Ip(1,1) = p(1,1)]),

:En[

where the second line follows by a first-order Taylor expansion of the right-hand side of the first equality in p(1,1)
around p(1,1). In the proof of Lemma 3.1, it is established that when p is uniformly convergent to p, |p(1,1)—
p(1,1)] = 0,(1). The uniform convergence follows by Lemma 3.4 under the rate conditions specified in Assumption
3.55.

To study the first term, we can use an approach similar to the proof of A!, and show that

E, Id,tﬁ(lalvx)(ymd.t(x))] _E, {Id,tp(lvlax)(ymd,t(x))} o, (n—l/z)'

pd,1,X) p(d,1,X)

Due to Lemma 3.6(i), the first term on the right-hand side of the preceding equation has a mean of zero. Consequently,

this term is of order O, (n~!/2) . This completes our proof. [ |

Lemma 3.8 Suppose the conditions of Theorem 3.2 hold, then with m given by (3.3.9),
En[(wi,1 =wa,)(W)- (’ad,f —md,,)] = op(”71/2)>

for (d,t) e S_.

Proof of Lemma 3.8:

The proof closely resembles the first part of Lemma 3.7. We first decompose the estimation error for the OR functions
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as

-

{(wl’l—wdﬁt)(W,») (B,(f:z),( )+S£zd)z( )+Rf1d)l(x))}.

S| =

En[(wi1 —wa )W) (g —mg,) (X)] =

i=1

We address the three terms individually. For the bias term

1 & or _
; Z {(Wl,l — WdJ)(m)B’(l,d?t (X,')} =K [(Wl.,l — de’)(W)BSL d)r( )} + 0 ( 1/2 (bZ::l + 19{,#7, + l9u7d7,)>
i=1

= Op (n*1/2(b3j1 + 19()7d,t + 19,47617[)) =0p (n*l/2> 7

where the first equality follows from Chebyshev’s inequality, and the second is derived from Lemma 3.6(ii).

Next, for the first-order stochastic term, we define

Vinat (Wi, W) = (1,1 = wa, ) (W) (Gl W, %) — LG (W), X0) 1) (3.8.53)
By definition,
1 d or 1 ! d
=Y v —wa) WS, () } = Y Y Vs (Wi, W)).
iz T -H 5=

In view of Lemma 3.6(ii), the right-hand side of the above equation is a second-order U-statistic with a degenerate
first-order kernel. A standard variance calculation shows that it is of the order O, (n‘lb:;_‘/ 2), which is 0, (n=1/?) due
to our bandwidth restrictions.

Finally, as p(d,t,x) is uniformly bounded away from zero under Assumption 3.2(iii), we have

-

S |-

{(Wl I *Wdt)(W)RE,o;),(X)} =0 (SeuR? Ri(l(,)t;?t(xi) )

i=1

2
=0, ((b3j1+ﬂa,d,r+ﬁu,d,t)+ logn/(nb;)ft)> )

which is 0, (n’l/ 2) under Assumption 3.5.5. This completes our proof. |
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3.8.3.2 Mean Integrated Squared Error
Cross-validated bandwidth asymptotically minimizes the mean integrated squared errors (MISE). Given user-specified

weight functions ©”(-), @f",(-) : 2 — Ry, MISE is defined as

102 b Basbaner ) = [ B [Ib-(0—p-()1] 0 (0

2
+ X[ B[l = mas (0] 0 ()
(dit)es-
Let (B*,A*,{b};,;, 07, }(44)e ) denote the minimizer of the MISE. In the subsequent analysis, we investigate the
properties of these optimal smoothing parameters.

For (d,t) € 7, we represent the n; x 1 vector of k-th derivatives p(d,t,x) as pflkl) (x), ordered lexicographically

according to the method discussed earlier in the paper. Define g(p (x) = (ggkg (x),géki (x),g(()k()) (x)) For j = p,q, let

P () = ey, 1Qj(xe) T TMj 1 (xe), pF(xe) = ey, 1Qj(xe) Mo (xe), and pj(xe) = efy, 1 Q;(xe) ™ T;(xe)Qj(xe) ™!

en;,1- Additionally, we define terms associated with the asymptotic bias and variance of p_ (x) — p—(x) as follows

1
B (.1, 2) = f”)%<>””wfm
+ Z\ )y fX xc’Zd S A (xa,24)Ph 2 (%) (P (X) — P (%e,2a)) 5
24 € Xy \xg J=0,u
a2

For the OR functions, we define

+1
3;(%[7,19) (qu-l) (pb (xc)mfiql'*‘l)(x)>
+ ;\ Y Wﬁl(xd?zd)qu(xC) (ma s (x) —ma,;(xe,2q)) »
g€ X g \xq J=0:u
Vi b 0) = bV fx (x)

where o7, (x) = E[lg, (Y —mg,(X))*|X = x].

Finally, we define a first-order approximation of the MISE as

x*(hvz'v {bd.,tv ﬁd,t}(d,t)ey,) :/ - {H‘@ps(xvhv)“)HZ +tr(7ps(xvhv)“))} a)PS(x)dx

+ Z / {‘@dt X bdt7l9dl) +7/,1,(x bdt719dt }wL{l)’; x. (3854)
(dr)es-
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We denote the constrained minimizer of x* as (h?,A°,b5,,97,

(dn)es ), where each argument of the function is

constrained to be non-negative.

Assumption 3.6 1. The constrained minimizer of x*, denoted as (h°,A°,{bj,, 97, }(4.)e. ). is uniquely deter-

mined and finite.
2. The constrained minimizer resides in [0, ] 12 where n¢§, — oo for any £ > 0.
Theorem 3.4 Assuming that Assumptions 3.1, 3.5, and 3.6 hold and both p and ¢ are odd, the optimal bandwidths

(h*, A" {bdp d*,;}(d,t)ey_) satisfy

ht ~ ho,,rl/(ZervL»JJ)7 A* ~ )Lonf2/(2p+v(,+2)7

bt*i,t Nbg’tn—l/(2q+uc+2), 8, ~ 195,;”72/(24+Uc+2)7 for (d,1) € 7.

Proof of Theorem 3.4:

From the uniform linear expansions of Lemma 3.4, we know that

E|[lp-(x) —pf(X)Hﬂ = |E[Z A (W.x)]|* +n~" tr(Var [7 (x)A—(W,x)]) + (5.0.),

where
E[7 (x)A_(W,x)] = 7 (x) (5 ®en,1) T (x) ! E[A_(W,x,7" (x))]
hrt / O (p+1)
(p+1)! I (x) (13 ®6Np71) (S (%) @ Qp(xe) fx (%)) {(*j( ) @M, pt1(xc)) vee (g (X)> fx(x)
+ Z Z A’.fli(xdvzd) (p, ()C) —Pp- (xwzd)) ®Mp,0(xc)fX (xmzd)} +o (hp+1 +A() +Au)
Zg€E Xy \xq J=0,u
+1
(0 BT 1681 Qo)™ My (x)g? ™ (67 ()
+ LY POU20) 1 20y 1 @) M) (- () - (12)
g€ Xy\xq J=0,u
+o (h’”l + Ao+ Au)
=B (x,h,A) +o0 (WP + 2 + 1) , (3.8.55)
and

Var[.7 (x)A_(W,x)] =h~" 7 (x) (I @ en,,1) T (x) 7 (S (x) @ Tp (xe) fix (x)) 2P () ™ (I @ ew.1) 7 ()
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I (3) (13 @ ey (7 () @ Qplxe) e () (S (6) @ T ) i ()
(T ()@ Qplae) fx () (s @ ey)-7 () +0 ()
() (3, 1 Q) T (x)Qp(x0) et 0 (5%)

=V (x,h,A)+ o0 (h>). (3.8.56)
Analogously, for (d,t) € -

E{|nﬁd7,(x)—md7,( ] 'E Wx)]| +n’1Var{G(”r)(Wx)} (s.0.),

where
E[GY) (W,x)] = by, 125, (6) ™ EIH (ba. X (X)) 4. £87 () Kor (X3, b, D)
bq+1
d, _ |
:me;\/q,l (Qq(xe) fx (%))~ {MMH (xc)mfi?:r () fx ()
+ Z Z ﬁd,t,jlj(xd,zd) (md7,(x) —de(xwzd)) Mq,O(xc)fX(xc;Zd)}
g€ Xy \xq J=05u
to (b?ljl + 29d.,t,o + 1-9d7t,u)
bq+1
d, _ |
s (b Qutae) My om0
Xey2Z -
Lok s B)1(xa,2a) iy, 1 Qq (%) Mgo(xe) (mas (x) = ma,s (xe.2a))
20 € Xy \xq J=0,u fX (x)
0 (b3 + Bao+ Basu)
:‘@3}; ()C, bd,l‘a ﬁd,t) + o (bq+l + ‘0(1 t,0 + 19([ J u) 5 (3857)
and

Var |Gy (W,x) | =by 2 e 1 Zat () BIH (ba )X (X))l (Y = ma s (X))?
+ H(ba )X (X)) Kor (X1, b, 04,)* 125 (x) " en, 1 +0 (07™)
by, 1 (Qq () fix (¥)) 1 (03, ()T () fe () (Qq () i (x)) " +0 (b7%)
=b, [ fx(x) "' 07, (x)eh, 1 Qq (xe) T Ty () Qq (xe) " eny 1 0 (b™)

=V (X bag, Oag) +o (b7%). (3.8.58)
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Now, we define

(", AT {B) 00 Yanes ) = (0PIt Dy p2/@pivet2)p (1) Qatvetd)p, 2/ ety b ey ).

It follows from (3.8.55)—(3.8.58) and standard analysis that

x(h, A, {bd,H 19d,t}(d,t)€.77)

—p 2P/ Grtuct2) /J {1127 e AN P (07 (0 A1) f 0 ()
o (hP T 4+ 2 + Ay + 1Y)

e )y /{ (6] 0 0 4 T (S 0] ) | o ()
dp)es 2 o

+o< Y {bfﬁ,l+ﬂd,t,o+ﬂd,t.u+b;?°‘}>,
( |

1eS -

uniformly over [0, 8,]'2. Since x* is separable in (h,A) and ({b4;, O, } (dnes. ), and its constrained minimizer
is well-defined, unique, and finite under Assumption 3.6, the proof is completed by minimizing ) with respect to

(hf, AT {bdt, ;’t}(d,t)ey ) and recalling the definition of (h°,A°,{b3,, 97, }(a.)e.s.)- |

3.8.3.3 Plug-In Estimators

When employing the frequency method (i.e., A = ¥;, = 0), a straightforward plug-in rule can be used to determine
the bandwidths (A, {bd,,}(d,,)e #_). Notably, local polynomial estimators with an odd degree of fit are adaptive to
boundaries, implying that the convergence rate of bias and variance remains constant regardless of the location of x.

By solving Equation (3.8.54) and applying Theorem 3.4, the following results are obtained

—1/(2p+v,+2)
LA €020 0 Wdx gy 4 1) ,,
| Je (I @) /fx(x) - 0 (x)dx v {(p+1)!} ’
—1/(2¢+0c+2)
o f”p;l(xC mt(iq:l)(x)lzwc‘l’;(x)dx 2(g+ n ! o (di e
= T T ) 0 (dx v {(gL 1)1}  for (d,1) € 7~

These bandwidths, however, are infeasible due to the presence of unknown quantities related to the derivatives of the
nuisance functions and local Fisher information. To estimate the optimal bandwidths, preliminary approximations

of these quantities are necessary. An additional challenge arises from the complicated dependence of the plug-in
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bandwidths on the location of x (through p® and p"). One possible solution is to substitute the values evaluated at a
boundary point with those associated with interior points. This replacement has a negligible impact on the consistency

of the optimal bandwidth in general. The bandwidth selection process can be outlined in the following algorithm:

Algorithm 3.8.1 1. Let Z, collect all the unique values of {X,-}f':l. Construct standard kernel estimates of covari-

ate density with mixed data, fx(x), for x € 2, following, e.g., Racine and Li (2004).

2. Use a polynomial multinomial logit regression of order £ = p+2 to get preliminary estimates .# (x), ) (x),
572 (x), for x € 2. Run polynomial regressions of order £ = ¢+ 2 to obtain mfiqt+ )(x) and m<q+2) (x), for
xeZ,.

3. Compute preliminary bandwidths

) —-1/(2p+v+2)
(=l ] ]
h= VIEn[f; (X)tr(j(X))} u{(p+1)!}2 ;
I T P
bd,t: ~1 2 7
ngn{fx (X)] v{(g+1)!}
i [Hpﬁ+lgp+2 )Hz} 2n o
"= E, [ ¥ (X ( X)~! ®PZ+1)} v(2p+3)[(p+2)!] )
—1/(2g+v+4)
= (aflmel]
S WA =T pMH vl |

where we omitted the dependence of p” and p” on x, to signify that the boundary effect is disregarded. Further-
more, in the preceding equations, plj’- = I&,,ijle,,i+l’ pi= I[’\,jAjQJflTjQ;IIN/’j, and Iy, j is a Nj X n;j matrix

consisting of the last n; columns of the N; X N; identity matrix.

4. Run a local polynomial logistic regression of order £ = p + 1, with bandwidth £, to obtain g&”*” (x). For each
(d,t) € Z_, run a local polynomial regression of order ¢ = ¢ + 1, using bandwidth de,, to get mﬁqu )( ), for

xeZ,.

5. Run a local polynomial logistic regression of order £ = p, with bandwidth 7, to obtain I (x), for x € Z5.
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6. Compute the optimal bandwidth T and Zd’t, following

_ e ~ |2 —1/(2p+v+2)
(B _pr,lg, (X)f(x)H ] o
h= Py En [f;l(x)tr (f(x))} v{(p+ 1)} ,
bay = o :Hpgr'ﬁ‘fﬁl)(")uz] 2(q+ 1)n e
v Pg En {J?EI(X)} v{(g+ D}’

3.8.3.4 Cluster-Robust Inference: Bootstrap Procedures
In this section, we introduce two bootstrap procedures that are suitable for cluster-robust inference. The first algorithm
uses a multiplier-bootstrap method to compute studentized and cluster-robust standard errors. This method has been
previously described in Kline and Santos (2012) and Callaway et al. (2018). The second procedure is a bootstrap
Hausman-type test, which provides bootstrapped p-values.

Let V2, be a sequence of i.i.d. random variables with zero mean and unit variance, which is independent of the
original sample. One example is i.i.d. Bernoulli random variables with P(V = vg) = 1 —vg/v/Sand P(V =1 —vg) =
vo/v/5, where vg = (v/5+1)/2, as suggested by Mammen (1993). Now, given a generic ATT estimator, 7, and an

estimator of its influence function, ﬁ(), we compute the clustered standard errors as follows:

Algorithm 3.8.2 1. In iteration b, draw a realization of Vj, for each cluster. All observations within the same

cluster share the same value of V.

2. Calculate a bootstrap estimate for AT T as

Ty =T+E. [V -n(W)].

Form a bootstrap draw of the limiting distribution as

3. Repeat Steps 1-2 B times.

4. Calculate the bootstrapped standard error, 6*, as the bootstrap interquartile range normalized by the interquartile

-~ -~ ~

range of the standard normal distribution: 6* = (¢g0.75(R) — qo.25(R))/(20.75 — z0.25), Where g,(R) is the p-th
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sample quantile of the R, in the B draws, and Zp is the p-th quantile of the standard normal distribution.

Given the two DR DID estimators, Ty, based on (3.3.1), T,, based on (3.4.1), and their respective linear expansions,

Nar(+) given in (3.3.11) and 71, (+) given in (3.4.3), we conduct a cluster-robust Hausman-type test as follows
Algorithm 3.8.3 1. Calculate the Hausman test statistic, .7, following (3.4.2).

2. In iteration b, generate a realization of Vj, for each cluster. Observations within the same cluster share the same

value of V,.

3. Calculate bootstrap estimates of the ATT as

Ty =T+ Ea[Vi-m;(W)),

Vb* =E, [Vb : (ﬁEff(W) - ﬁsz(W))z}-
Form a bootstrap test statistic, 7", as

2 A
Ty =n (T —Ten) Vi

4. Repeat Steps 1-2 B times.

5. Calculate the bootstrapped p-value, p*, as the proportion of the bootstrap test statistics, {yb*}f:], that are

greater than or equal to 7},.
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