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CHAPTER 1

Introduction

The purpose of this dissertation is to study the notion of proper proximality in the context of groups and von
Neumann algebras, as well as various rigidity phenomena of properly proximal groups and von Neumann
algebras.

The content of Chapter 2 is obtained in collaboration with Srivatsa Kunnawalkam Elayavalli and Jesse
Peterson. We generalize the notion of proper proximality from groups to von Neumann algebras and provide
various examples of such von Neumann algebras that do not arise from the regular representation of properly
proximal groups. We also show that any subfactor of a free group factor LF, is either amenable or properly
proximal.

In Chapter 3, we study connections among properly proximal groups, first £2-Betti numbers and orbit
equivalence relations, utilizing von Neumann algebraic techniques developed in Chapter 2. While rigidity
properties of properly proximal von Neumann algebras are demonstrated in Chapter 2, the goal of this chapter
is to show that non-properly proximal groups also possess certain rigidity phenomena. For instance, the
orbit equivalence relations of Bernoulli shifts of certain non-properly proximal groups entirely remember the
actions, up to conjugacy. Along similar lines, we show exact groups with positive first £2-Betti numbers are

properly proximal, via cocycle superrigidity of non-properly proximal groups.

1.1 Background on von Neumann algebras

Let 27 be a Hilbert space over the complex number C, and denote by B(5#) the set of uniformly bounded
linear operators T : 7 — . Then B(.#) forms a unital x-algebra under linear combination, composition
and taking adjoint, and its identity is given by the identity map on #. Besides the norm topology on B(J7),
one may also consider the weak operator topology: this is a locally convex topology given by seminorms of
the form |(T'&,n)|, where §,n € S and T € B(57).

A von Neumann algebra is a *-subalgebra of B(.7¢’) that contains the identity and is closed in the weak
operator topology. This notion was first introduced in a series of works of Murray and von Neumann [MvN36,
MvN37, vN40, MvN43a]. One of the fundamental theorems in von Neumann algebras is that a x-subalgebra
M C B(s) that contains the identity is a von Neumann algebra if and only if it equals its bi-commutant:
M = M" where we denote by S’ = {T € B(%¢) | TR = RT for all R € S} for any set S C B(.57).

Von Neumann algebras arise naturally from countable groups and their actions on probability spaces

[MVN36, MvN43a].



Example 1.1.1 (Group von Neumann algebras). Given a countable group I', consider its left regular repre-
sentation A : ' — B(¢°I') satisfying A,8, = & for any g,t € I". The group von Neumann algebra LI is the
von Neumann algebra generated by {A, | g € I'} inside B(¢2T"). In other words, LI" = {1, | g € T} C B(¢*T).

Example 1.1.2 (Group measure space construction). Let o : T~ (X, 1) be a measure preserving action of a
countable group I on a standard probability space (X, ). Consider the associated Koopman representation
m: T — B(L*(X, 1) ® £2T) satisfying T, (f ® &) = 0,(f) ® 8. The von Neumann algebra generated by
f®l1, fel”(X,u)and m,, g €T, denoted by L= (X, i) X5 T, is called the group measure space construction

associated to 6 : I' ~ (X, ).

A major theme in the area remains to classify LI in terms of the group I', and L*(X) x I in terms of the
group action I' ~ (X, it). A case of emphasis is when the von Neumann algebras are II; factors, i.e., their
center consists only of multiples of the identity, which corresponds to the groups having infinite nontrivial
conjugacy classes (i.c.c.) and is implied by the action being free ergodic and probability measure preserving
(p.m.p), respectively. Moreover, under the later assumption, L*(X) is a Cartan subalgebra of L”(X) x T,
that is, a maximal abelian subalgebra whose normalizer generates L*(X) x T

The classification of II; factors is governed by a strong amenable/nonamenable dichotomy. Early work in
this area culminated with Connes’ celebrated classification of amenable factors in the 1970’s [Con76a], which
implies that all II; factors arising from countable infinite amenable groups and their ergodic p.m.p. actions
are isomorphic to the hyperfinite II; factor. By contrast, the nonamenable case turned out to be extremely
difficult, largely remaining intractable. It was only after Popa’s discovery of deformation/rigidity theory in
the early 2000s [Pop07b] that drastic advances in classification of von Neumann algebras have been achieved

in recent years.

1.2 Background on properly proximal groups

In [Oza04], Ozawa showed that for n > 2, LF,, satisfies solidity: if B C L[F,, is any nonamenable von Neumann
subalgebra, then the relative commutant B’ N LTF,, is not diffuse (see also [Pop07c, Pet09b]). More generally,
he introduced the notion of biexact groups and showed that if I" is biexact, then LI" shares the same solidity
property as LIF,, generalizing [Ge96].

Combining biexactness with Popa’s deformation/rigidity theory, Ozawa and Popa in [OP10a, OP10b]
showed that LI, for I' = [F,,, n > 2, and more generally for I" weakly amenable and biexact (e.g. hyperbolic),
satisfies strong solidity, which implies the absence of Cartan subalgebras for LI" and generalizes [Voi96]. A
further generalization showing that every ergodic p.m.p. action F,, ~ (X, t) gives rise to a crossed product

with unique (up to conjugacy) Cartan subalgebra was developed in [PV14a, PV14b], reducing the classi-



fication of such group measure space II; factors to the orbit equivalence relations of F,, ~ (X, ) [Sin55]
[Gab00].

In [BIP21], Boutonnet, Ioana and Peterson generalized biexact methods and introduced the class of prop-
erly proximal groups, which includes SL,(Z) for all n > 2, and showed that if " is properly proximal, then
L*(X) x T has a unique weakly compact (in the sense of [OP10a]) Cartan subalgebra, for every free ergodic
p.m.p. action '~ (X, u). Prior to [BIP21], results concerning SL,(Z), n > 3 are mostly obtained through
Property (T) [Pop0O6c, Pop06d, Ioall, Boul3].

Now we recall definitions of biexact and properly proximal groups and gather some examples. For details,
see [BOO08, Chapter 15] and [BIP21].

Let T be the set of uniformly bounded complex valued functions on a group I', and ¢oI" C ¢*T is the
closure of finitely supported functions under the uniform norm. By Prob(I"), we mean positive functions in
¢'T with ¢£!-norm 1. The group I" admits two commuting actions on £*T: L, f(-) = f(t~'-) and R, f(-) = f(1)
fort €T and f € ¢°T. Set S(I') = {f € £ | f — R,f € coI', forall r € T'}, which is a unital commutative
C*-algebra, and hence we may identify it with C(I') via Gelfand transform, where I is the spectrum of S(I')
and the action '~ ~S(T") naturally induces an action ' ~T.

We say I is biexact if there exists a sequence of continuous map (1, : I' — Prob(I") such that limy,_e. Sup . || ttn (£.x) —
Lty (x)|| =0 for any ¢ € T, i.e., T~ T is a topologically amenable action.

Examples of biexact groups include amenable groups, hyperbolic groups, Z> x SL,(Z), free products of
biexact groups and wreath products of amenable groups by biexact groups.

We say T is properly proximal if there does not exists a state ¢ : S(I') — C such that ¢, = 0 and
I-invariant, i.e., ¢(L,-) = @(-) forany r € T.

As a generalization of biexact groups, the family of properly proximal groups contains all nonamenable
biexact groups. This family also includes lattices in noncompact semisimple Lie groups, nonamenable biexact
groups, nonelementary convergence groups [BIP21], CAT(0) cubical groups, nonelementary mapping class
groups [HHL20], wreath products A" with A nontrivial and I" nonamenable [DKE22], and is stable under
measure equivalence and W*-equivalence [IPR19]. Inner amenable groups are not properly proximal, but

this is not the only obstruction [IPR19].

1.3 Main results
This dissertation contains the study of properly proximal groups and von Neumann algebras, emphasizing

their rigidity features. We collect the main results from each chapter in the following.



1.3.1 Chapter 2: Properly proximal von Neumann algebras

It was shown in [IPR19] that the class of properly proximal groups is also stable under W*-equivalence, i.e.,
if I" and A satisfy LI = LA, then I is properly proximal if and only if A is. This suggests that the notion of
proper proximality should be able to be formulated in a purely von Neumann algebraic context. However, the
ad hoc argument given in [IPR19] does not give direct evidence on how to achieve this.

One could try an obvious approach to define proper proximality for von Neumann algebras, based on the
analogy between groups and von Neumann algebras (see [Con76b]), but [Pop87] immediately implies that
this obvious approach fails.

In [DKEP22], we overcame this difficulty by considering instead a strong completion of the compact
operators in the sense of Magajna [Mag97, Mag98, Mag00], which we view as both an operator M-bimodule
and an operator JMJ-bimodule. See Section 2.6 for the precise definition of properly proximal von Neumann

algebras.

Theorem 1.3.1 (See Theorem 2.6.4). Let I" be a group. Then I is properly proximal if and only if LT is

properly proximal.

Apart from group von Neumann algebras of properly proximal groups, we also provided several other
examples of properly proximal von Neumann algebras in the settings of free products, crossed products, and
compact quantum groups.

We also obtain the following dichotomy for subalgebras of von Neumann algebras associated with biexact

groups.

Theorem 1.3.2 (See Theorem 2.7.1). If I is a biexact group, then every von Neumann subalgebra of LI is

either properly proximal or has an amenable direct summand.

To put this into context, Effros established in [Eff75] that if T" is a group such that LI" has property
(Gamma), then I" must be inner amenable. Vaes constructed in [Vael12] examples of inner amenable groups
so that the group von Neumann algebra does not have property (Gamma). Since Ozawa’s solidity theorem
shows that every nonamenable subalgebra of LF; does not have property (Gamma), Popa asked if it is still
true that the group von Neumann algebra of a nonamenable inner amenable group cannot embed into LI,

[Pop21]. We obtained an answer to Popa’s question as a corollary of Theorem 2.6.4 and Theorem 1.3.2.

Corollary 1.3.3. Let I" be a nonamenable biexact group (e.g. I =F;) and A a nonamenable inner-amenable

group. Then there does not exist embeddings of LA — LI

As a consequence of the tools we developed, we were also able to show the equivalence between the

Haagerup property defined in [Cho83], and the compact approximation property defined in [AD95] for finite



von Neumann algebras (see also [Jol02, p. 559]). This generalizes Proposition 4.16 in [AD95], where the
equivalence was established for group von Neumann algebras by showing that, in this case, both properties

are equivalent to the Haagerup property for the group.

Theorem 1.3.4 (See Theorem 2.1.3). Let M be a finite von Neumann algebra with normal faithful trace .

The following conditions are equivalent:
1. M has the Haagerup property.
2. M has the compact approximation property.
3. There exists a net {¢;}; of normal completely positive maps from M to M such that

(a) for all x € M we have lim; ¢;(x) = x (0-weakly);

(b) forall £ € L?M and i € I, the map x — ¢;(x)E is compact from the normed space M to L'M.

1.3.2 Chapter 3: Proper proximality and first />-Betti numbers
The class of groups with positive first #2-Betti numbers has been extensively studied in the context of von
Neumann algebras [Pet09b, PS12, Ioal2a, Ioal2b, CP13, CS13, Vael3]. For a nonamenable countable group
T, having positive first £2-Betti number, [31(2) (T') > 0, is equivalent to the existence of unbounded cocycle into
its left regular representation.

In [Din22], using techniques developed in [DKEP22, DKE22], the connection between first 2-Betti

numbers and proper proximality was established, under a mild technical assumption.

Theorem 1.3.5 (See Theorem 3.1.1). Let I be a countable exact group. If ﬁl(z) (T') > 0, then T is properly

proximal.

The approach to Theorem 3.1.1 is rather indirect in [Din22], as it is a combination of [PS12, Corollary

1.2] and the following theorem.

Theorem 1.3.6 (See Theorem 3.1.2). Let I" be a countable group, (Xo, o) be a diffuse standard probability
space and T~ (X}, pud) =: (X, 1) be the Bernoulli action. If T is exact and contains a nonamenable non-

properly proximal normal subgroup, then T~ (X, 1) is {T}-cocycle superrigid.
Another theme in [Din22] is the rigidity of Bernoulli shifts of non-properly proximal group.

Theorem 1.3.7 (See Theorem 3.1.3). Let I' be a countable group with infinite conjugacy classes (i.c.c.),
(Xo, o) be a diffuse standard probability space and T ~ (X}, ) =: (X, i) be the Bernoulli action. Let A be

a countable group and A~ (Y, V) a free ergodic p.m.p. action such that L*(Y) x A = (L™ (X) x ')’ for some



0 <t < 1. If Ais exact and contains a nonamenable, non-properly proximal normal subgroup, thent = 1 and

' X and A~Y are conjugate.

Since proper proximality and exactness is stable under measure equivalence [IPR19, Oza07], Theo-

rem 3.1.3 also implies the following orbit equivalence superrigidity result.

Theorem 1.3.8 (See Theorem 3.1.4). Let T be a countable nonamenable i.c.c. group (Xo, o) be a diffuse
standard probability space and T ~ (X}, ub) =: (X, u) be the Bernoulli action. IfT is exact and non-properly
proximal, then T ~X is OE-superrigid, i.e., if A~ (Y, V) is orbit equivalent to T ~ (X, L), then these two

actions are conjugate.

As a consequence, every nonamenable exact group has at least one desirable rigidity property, depending
on whether or not it is properly proximal: either every group measure space II; factor has at most one weakly

compact Cartan subalgebra, or else the Bernoulli shift is OE-superrigid.



CHAPTER 2
Properly proximal von Neumann algebras

2.1 Introduction

A fundamental concept in the theory of von Neumann algebras is the notion of property (Gamma) introduced
by Murray and von Neumann [MvN43b], which, for a II; factors, asserts the existence of nontrivial asymp-
totic central sequences. The absence of this property for the free group factor LIF, allowed Murray and von
Neumann to distinguish it from the amenable II; factor R, giving the first examples of non-isomorphic separa-
ble II; factors. The subsequent development of the concept played a key role in many of the groundbreaking
results advancing the theory of II; factors, e.g., [McD69a, McD69b, Con76a, CW80]. The asymptotic central
sequence algebra M’ N M® corresponding to a free ultrafilter @ € BN\ N continues to be an important tool in
the recent study of von Neumann algebras, e.g., [Pop08, Pop10, HI16, Ozal6, BCI17, DV18, BMO20].

A strong refutation of property (Gamma) for LF, was found by Ozawa in [Oza04], where he showed that
if B C L is any nonamenable von Neumann subalgebra, then the asymptotic commutant B’ N (LF)® is not
diffuse, i.e., it must possess a minimal projection. In particular, the relative commutant B’ N LIF; is also not
diffuse, i.e., LF is solid (see also [Pop07c, PetO9b]). The key property that Ozawa was able to exploit was
the C*-algebraic property established by Akemann and Ostrand in [AO75] that the x-homomorphism

n
CiF2@CoFy 3 Y ai@xi— Y ax; € B(C°F,),
i=1 i=1

n
although not continuous with respect to the minimal tensor product, becomes continuous once it is composed
with the quotient map onto the Calkin algebra B(¢°[F,) /K(¢°IF,).

A compactification I of a group I' is said to be small at infinity if the right action of " on itself extends to

the trivial action on the boundary JdI'. Every small at infinity compactification is the equivariant image of a

universal such compactification, which can be identified (as a I" x I'-space) as the spectrum of the C*-algebra
S()={f €T | f—=R(f) €Eco(I'), 1 €'} CL7T.

A group T is biexact if left action of I on the spectrum of S(I') is topologically amenable in the sense of
[AD87]. biexact groups form a robust class of groups that admit a number of different equivalent characteri-
zations (see [BOOS, Chapter 15] and the references therein) and Ozawa showed that if I" is biexact, then LI

shares the same solidity property as LIF».



Solidity of a nonamenable von Neumann algebra implies, in particular, that it cannot decompose as the
tensor product of two II; factors. Thus, Ozawa’s solidity result for LF, generalizes the result of Ge [Ge96],
where he deduced primeness using free probability techniques. A further generalization was obtained by
Ozawa and Popa in [OP10a, OP10b], where they show that LIF, is strongly solid in the sense that the nor-
malizer of any diffuse amenable sublagebra generates another amenable subalgebra, which also generalizes
Voiculescu’s result that LIF; does not have a Cartan subalgebra [Voi96]. A further generalization showing
that every ergodic probability measure preserving (p.m.p.) action of [F, gives rise to a crossed product with
unique (up to conjugacy) Cartan subalgebra was developed in [PV14a, PV14b]

To establish strong solidity Ozawa and Popa introduced the notion of a weakly compact action I' ~ (A, T)
of a group on a tracial von Neumann algebra, which requires the existence of a state ¢ on B(L*(A, 7)) such
that 4 = 7, and ¢ is both A-central and I'-invariant for the conjugation action of I" on B(L*(A,1)). They
then prove two separate results. First, using weak amenability for [F,, they establish that if A C M C LIF, is an
inclusion with A C M diffuse and regular, then the action of the normalizer .#j;(A) ~ A is weakly compact.
Second, they show that if .437(A) ~ A is weakly compact, then M must be amenable. Extending results from
[Sinl1], the latter result was shown by Chifan and Sinclair to still be the case for all group von Neumann
algebras LI" associated with a biexact group I" [CS13].

In order to generalize Ozawa’s biexactness methods to a larger class of groups Boutonnet, Ioana and the
third author introduced in [BIP21] the notion of proper proximality for a group I" by requiring that the C*-
algebra S(I') does not have a state that it invariant under the left action of I'. Since a topologically amenable
action has an invariant state if and only if the group is amenable, one sees that all nonamenable biexact groups
are properly proximal. The class of properly proximal groups though includes many other groups, including
nonelementary relatively hyperbolic groups, convergence groups, lattices in non-compact semi-simple Lie
groups with finite center, groups admitting a proper cocycle into a nonamenable representation, mapping
class groups, many CAT(0) groups, and wreath products X! A where X is nontrivial and A is nonamenable
[BIP21, HHL20, DE21]. Moreover, the class of properly proximal groups is closed under extensions, and
under measure-equivalence [BIP21, IPR19]. Contrariwise, natural examples of non-properly proximal groups
are given by groups that are inner amenable, i.e., for which there exists a conjugation invariant state ¢ : /" —
C satistying @y, ) = 0.

The von Neumann algebras associated with properly proximal groups share some of the rigidity prop-
erties of those associated with biexact groups. For example, if I' is properly proximal, then LI" does not
have property (Gamma) and LI" does not have a diffuse regular von Neumann subalgebra A C LI" such that
Mr(A) ~A is weakly compact [BIP21]. Although, unlike for biexact groups, these rigidity properties do

not pass to nonamenable von Neumann subalgebras.



It was shown in [IPR19] that the class of properly proximal groups is also stable under W*-equivalence,
i.e., if I'and A satisfy LI' = LA, then I is properly proximal if and only if A is. This suggests that the notion
of proper proximality should be able to be formulated in a purely von Neumann algebraic context. However,
the ad hoc argument given in [IPR19] does not give direct evidence on how to achieve this. Based on the
analogy between groups and von Neumann algebras (see [Con76b]), a naive approach would be to ask that
there does not exist an M-central state on the C*-algebra {T € B(L*M) | [T,JxJ] € K(L*M), for all x € M},
where J is the conjugation operator. However, Popa showed in [Pop87] that the above C*-algebra coincides
with M +K(L?M) (cf. also [JP72]), and it is then easy to see that M-central states will always exist.

Another approach is suggested by Ozawa in [OzalO] where he considers Ky, the space of operators
T € B(L*M) such that both T and T* are compact when viewed as operators from M C L2M with the uniform
norm into LM. This forms a hereditary C*-subalgebra that contains M and JMJ in its multiplier algebra
M (Ky), and one may then consider the C*-algebra S(M) = {T € M(Ky) | [T,JxJ] € Ky, forall x € M} as
an analogue of S(I') in the von Neumann algebra setting. In some cases, this C*-algebra is robust enough to
capture the notion of proper proximality. For example, it is shown in [MR17, Corollary 4.10, (iii)] that for IF,,
if we view the space of continuous function on the Gromov boundary as a C*-subalgebra of /*F, C B(¢2[F,),
then this is included in S(LF,). As a consequence it follows that S(LF,) does not have an LF,-central state.
However, for general groups it is unclear why S(I") (or even a suficiently large C*-subalgebra) would embed
into S(LT), since even if we know that the commutator [T, J/xJ] is in Ozawa’s space of compact operators for
x € C; (I'), there are no general techniques to ensure that this holds also for x € LT".

We overcome these difficulties by considering instead a strong completion of the compact operators in
the sense of Magajna [Mag97, Mag98, Mag00], which we view as both an operator M-bimodule and an
operator JMJ-bimodule. Using the noncommutative Grothendieck inequality in a similar manner to Ozawa
in [0za10], we show in Corollary 2.3.2 that this completion coincides with the closure K*! (M) of K(L>M)
with respect to the || - ||, 1-norm on B(L?M) given by ||T || = SUP e, x| <1 |7%][1, where here we consider
the natural inclusions M C L*M C L'M. (See also [HPP22] for some related independent work, where a
similar but slightly different closure of the compact operators is being studied.) We may then consider the

corresponding “compactification of M as
S(M) = {T € B(L’M) | [T,JxJ] € K= (M), for all x € M}.

Unlike in the group setting, since K*!(M) is not an ideal in B(L?M), we see that S(M) is not a C*-
subalgebra of B(L>M). However, it is still an operator system that is also an M-bimodule, and so we may

define the von Neumann algebra M to be properly proximal if there does not exist an M-central state ¢ on



S(M) such that @, is normal. Owing to the fact that K1 (M) is a strong bimodule in the sense of Magajna,
it follows that an operator T € B(L?M) belongs to S(M) if [T, JxJ] € K*!(M) holds for all x in a set that
generates M as a von Neumann algebra. This allows us to pass between S(I') and S(LT) so that we may
establish in Theorem 2.6.4 the equivalence of proper proximality of a group I'" and its von Neumann algebra
LT". The space S(M) also gives a natural von Neumann algebraic setting to study biexactness properties, and
this topic will be taken up in a subsequent paper by a subset of the authors [DP22].

Apart from group von Neumann algebras of properly proximal groups, we also provide several other
examples of properly proximal von Neumann algebras in the settings of free products, crossed products, and
compact quantum groups. Generalizing results for group von Neumann algebras in [BIP21], we show that
properly proximal von Neumann algebras M never have property (Gamma) (Corollary 2.6.9), nor do they
admit diffuse regular subalgebras such that the normalizer action is weakly compact (Theorem 2.6.11).

Effros established in [Eff75] that if I" is a group such that LI" has property (Gamma), then I must be inner
amenable. Vaes constructed in [Vael2] examples of inner amenable groups so that the group von Neumann
algebra does not have property (Gamma). Since Ozawa’s solidity theorem shows that every nonamenable
subalgebra of LF, does not have property (Gamma), Popa asked if it is still true that the group von Neumann
algebra of a nonamenable inner amenable group cannot embed into LF, [Pop21]. Since by Theorem 2.6.4
the group von Neumann algebra of an inner amenable group is not properly proximal, we obtain a solution to

Popa’s problem with the following result.

Theorem 2.1.1 (See Theorem 2.7.1). If I is a biexact group, then every von Neumann subalgebra of LI is

either properly proximal or has an amenable summand.

We also introduce proper proximality for trace-preserving group actions I'~ (M, T) by requiring the non-
existence of a state ¢ on S(M) such that ¢;; = 7 and ¢ is both M-central and I'-invariant for the conjugation
action of I on S(M). The notion of a properly proximal action is averse to weak compactness. Moreover, it
passes to diffuse I'-invariant subalgebras, and for actions on separable abelian von Neumann algebras it is an
invariant of the orbit equivalence relation (see Proposition 2.8.3).

As in the setting for groups in [BIP21], we also produce versions of these results that are relative to certain
boundary pieces. (See Section 2.3 for the definition of a boundary piece in the setting of von Neumann
algebras.) Using a certain normal bidual construction related to the work of Magajna [Mag05], we are able to
show in Proposition 2.8.11 and Theorem 2.8.12 that if I is properly proximal, then an action I' ~ (M, 7) of a
countable group on a separable tracial von Neumann algebra is properly proximal if and only if the crossed
product M x I is properly proximal. Using similar methods, we show in Theorem 2.8.8 that a tensor product

M| ® M of separable II; factors is properly proximal if and only if M and M, are properly proximal.
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We also show that proper proximality can also be deduced using Popa’s malleable deformations [Pop06b,
Pop06¢, Pop06d, Pop07b, Pop08]. Gaussian actions corresponding to orthogonal representations have such
malleable deformations as noticed in [FurQ7] and studied in [PS12]. Using these deformations, we show
proper proximality for Gaussian actions associated to orthogonal representations that are nonamenable in the
sense of Bekka [Bek90]. When the representation is weakly contained in the left regular representation, we
also show proper proximality for any nonamenable subequivalence relation. This then gives a generalization
of the results of Chifan and Ioana from [CI10] and Boutonnet from [Boul2], establishing, without additional
conditions, solid ergodicity (See Section 5 of [Gab10]) for Gaussian actions associated to representations that

are weakly contained in the left regular representation.

Theorem 2.1.2. Let T be a nonamenable group, and n : T — O(H) an orthogonal representation on a
separable real Hilbert space such that some tensor power of T is weakly contained in the left regular rep-
resentation. Then for every nonamenable subequivalence relation % of the equivalence relation associ-
ated to the Gaussian action I' NA ,p, there exists an Z-invariant projection p € A, so that the action
N#(PAw) ™~ pAp is properly proximal and %’p 1 is amenable. In particular, the equivalence relation as-

sociated to the Gaussian action I ™A y is solidly ergodic.

As a consequence of the tools we develop, we are also able to show the equivalence between the Haagerup
property defined in [Cho83], and the compact approximation property defined in [AD95] for finite von Neu-
mann algebras (see also [Jol02, p. 559]). This generalizes Proposition 4.16 in [AD95], where the equivalence
was established for group von Neumann algebras by showing that, in this case, both properties are equivalent

to the Haagerup property for the group.

Theorem 2.1.3. Let M be a finite von Neumann algebra with normal faithful trace T. The following condi-

tions are equivalent:

1. M has the Haagerup property, i.e., there exists a net {§;}; of normal completely positive maps from M

to M such that

(a) Todi(x*x) < T(x*x)forallx e M;
(b) lim; ||¢;(x) —x||2 =0 for all x € M;

(c) each ¢; induces a compact bounded operator on L*M.

2. M has the compact approximation property, i.e., there exists a net {¢;}; of normal completely positive

maps from M to M such that

(a) for all x € M we have lim; ¢;(x) = x ultraweakly;
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(b) forall £ € L?M and i € I, the map x — ¢;(x)E is compact from the normed space M to L*M.
3. There exists a net {¢;}; of normal completely positive maps from M to M such that

(a) for all x € M we have lim; ¢;(x) = x ultraweakly;

(b) forall £ € L>M and i € I, the map x — ¢ (x)& is compact from the normed space M to L'M.

2.2 Preliminaries

2.2.1 The extended Haagerup tensor product

If X C B(J) is an operator space (for us, all operator spaces will be norm closed) and I,/ are sets, then
we denote by M ;(X) the set of / x J matrices having entries in X that represent bounded operators from
2J® A into (2I@ 7. We write C;(X) = M 1(X), and R;(X) = M, ;(X), for the column and row matrices
respectively. When no confusion will arise, we will identify each matrix in M; ;(X) with the corresponding
operator that it represents, so that we view M; ;(X) as an operator subspace of B({2J @ 7, (21® ). If
a € B(A, ), then we let a) € B(12I® #,(*J @ ) be the diagonal operator a/) = 1 ® a.

If X CB(s),and Y C B(%") are operator spaces, x € M ;(X), and y € M x(Y), then we let x ©y denote
the normal completely bounded operator in CB® (B(.%# ", ), My x (B(# , #))) given by (x®y)(a) = xa)y,
fora e B(#, 7).

We take the perspective in [Mag97] and define the extended Haagerup tensor product X ®,;, Y to consist
of all maps of the form x®y for x € R;(X), y € C;(Y), for some set J. The extended Haagerup tensor product
is again an operator space, with the norm on M,,(X ®,, Y) inherited from CB® (B(.%", 7¢),M,(B(K, 5¢)))).

If M C B(s#) and N C B(%#") are von Neumann algebras, then each element in M ®,;, N corresponds to
an M'-N'-bimodular map in CB® (B(.5¢)). Moreover, every M’-N’-bimodular map arises in this way [BS92,

Theorem 4.2] so that we have operator space isomorphisms

M@ N = CBS,_(B(H)) 2= CByy_y (K(H), B(H)).

Note that composition then turns M ®,;, N into a Banach algebra, which agrees with the usual algebra structure
on the algebraic tensor product M @ N°P, i.e., for a,b € M and x,y € N we have (a®x)o (bOy) = (ab) ® (yx).
We also have that M ®,; N is naturally a dual Banach space where the weak*-topology on bounded sets is
given by ultraweak convergence applied to each compact operator. Multiplication is then weak™-continuous
in the second variable, but not in the first variable in general (see the remark before theorem 4.2 in [BS92])

due to the fact that the space of compact operators need not be preserved by maps in M ®,;, N.
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2.2.2 Strong operator bimodules

If A and B are unital C*-algebras, then an operator A-B-bimodule consists of unital *-homomorphisms 77 : A —
B(S#), p : B— B(J), together with operator subspace X C B(.#) such that X is a w(A)-p(B)-bimodule
whose bimodule structure is given by composition of operators. We write axb for the element 7w(a)xp (D)
whenever a € A, b € B, and x € X. If A =B, n = p, and X happens to be on operator system in B(.7¢)
that contains 7(A), then we say that X is an operator A-system (see [Pau02, p. 215]). We remark that A-
B-bimodules and operator A-systems may also be defined abstractly without referring to an explicit Hilbert
space 7 (see [CES87] and [Pau02, Corollary 15.13] respectively). We say that X is a dual operator A-
B-bimodule (resp. dual operator A-system) if X may be realized above as an ultraweak closed subspace of
B(S2).

If M and N are von Neumann algebras, then we say that an operator M-N-bimodule (resp. M-system) is
normal if the representations 7 : M — B(.%7), and p : N°P — B(#) from above may be taken to be normal
and faithful. An M-N sub-bimodule X C B(.%¢) is strong if whenever a € R;(M), x € M ;(X), and b € C;(N)
for some sets / and J, then we have axb € X C B(.57).

Strong bimodules were introduced by Magajna in [Mag00], generalizing the notion of a strong module
(i.e., a strong M-C bimodule), which were introduced in [ER88] and developed in [Mag97, Mag98]. We
summarize here some of Magajna’s results from [Mag97, Mag98, Mag00] that we will use involving strong
bimodules.

Strong bimodules are automatically norm closed. Moreover, if X C B(J5¢) is strong, then it is strong
under any other realization as a concrete normal M-N operator bimodule. If X C B(.¢) is an M-N bimodule,
then denote by X *' the smallest strong bimodule containing X as a sub-bimodule. Dual bimodules are always
strong, but there are many strong bimodules that are not dual, e.g., in the case when M = N = C, all closed
bimodules are strong.

If X is a normal operator M-N bimodule, then the M-N-topology on X is given by the family of semi-
norms

so(x) = inf{o(a’a)' 2 |yllp (b°b)'/*},

where  and p are positive normal linear functionals on M and N, respectively, and the infimum is taken over
all decompositions x = a*yb where a € M, b € N, and y € X. It is not clear, a priori, that sﬁ, is a seminorm,
but this is indeed the case, and follows from an argument similar to the one showing that the Haagerup norm
is a norm.

If X C Y is an inclusion of normal operator M-N bimodules, then the restriction of the M-N-topology on

Y gives the M-N-topology on X. Moreover, if M and N are normally represented on B(.7¢), then an M-N
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sub-bimodule is closed in the M-N-topology if and only if it is a strong bimodule [Mag00, Theorem 3.10].

If My C M and Ny C N are ultraweakly dense C*-subalgebras and X is an My-Ny operator bimodule,
then we let XMof™ — X* denote the space of bounded linear functionals ¢ such that for each x € X the map
My x No > (a,b) — @(axb) extends to a map on M x N that is separately ultraweakly continuous in a and
b. Note that XMo®No is a norm closed subspace of X*. If X is a normal M-N operator bimodule, then XM
coincides with the linear functionals that are continuous in the M-N topology [Mag00, Theorem 3.7]. The
following proposition generalizes this fact to the situation where X can be made a bimodule in multiple ways,
e.g., when M is a II; factor, we may want to view X = B(L>M) as both an M-M bimodule and a M'-M’
bimodule.

If X is a normal M-N operator bimodule, then we will often use the notation X ! for XM when the bi-
module structure is clear from the context. We remark that Magajna favors the notation X* for the continuous
dual of X in [Mag97, Mag98, Mag00, Mag05], however no confusion should arise in the present context as

we will always denote the continuous dual by X*.

Proposition 2.2.1. Let 7 be a Hilbert space and suppose M,M,N,N C B(#) are von Neumann algebras
such that M C M' and N C N'. Suppose X C B(#) is an operator space that is both an M-N bimodule and a
M-N bimodule. Suppose ¢ € XMN ( x MiN , then there exist Hilbert spaces J¢1,.%3, normal and commuting
representations of M and M on ¢, and of N and N on 5, vectors & € ¥y, N € K5, and a completely
bounded map ¢ : X — B(#, 1) that is both M-N-bimodular and M-N-bimodular, and such that for all

x € X we have @(x) = (¢(x)n,&).

Proof. The proof is based on [Mag98, Theorem 4.2] and [ER88, Theorem 3.4]. Set «f = B(#) and extend
¢ to a linear functional ¢ € «/* by Hahn-Banach. Since <7 is a C*-algebra, we may then find a Hilbert space
2, a x-representation 7 : o/ — B(.Z) and vectors &y, o € -Z such that ¢(a) = (n(a)no, &), forall a € 7.
We may then set .%] to be the closure of the subspace spanned by 7(X)n. Since 7 is a *-homomorphism on
M and M, it follows that Py, commutes with (M) and (M), and so we obtain commuting *-representations
of M and M on #; by restriction.

We define 7 : X — B(.Z,.£) by #(x) = Py m(x). This is then a completely bounded M-N and M-N-

bimodular map. Moreover, if we set & = Pg, &y, then we have

¢ (x) = (m(x)n0, o) = (Px 7(x)M0, o) = (Z(x)10, E)-

Next, we let %5 be the closure of the subspace #(X*)&, and note that, as above, Py, commutes with

both N and N and hence we obtain -representations of N and N on .%» by restriction. We define ¢ : X —
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B(-%,.%1) by ¢o(x) = 7(x)Pg,. This is then a completely bounded M-N and M-N-bimodular map, and if we
set 1 = Pg, Mo, then as above we have ¢ (x) = (¢o(x)n,&).

Next, we let .#] be the closure of the subspace spanned by 7(M)x(M)E, and we let %5 be the closure
of the subspace spanned by (N)7(N)n. We then have that %] is invariant under M and M, and hence we
obtain commuting *-representations by restriction. We similarly obtain commuting *-representations of N
and N on J#. Since ) € % and & € ] if we set ¢ (x) = Py; @o(x) P, then ¢ is M-N and M-N-bimodular
and we again have @(x) = (¢ (x)n, &) for all x € X.

We note that since ¢ € XM*N if x € X and { = Y m(a)m(bi)§ for ay,...,a, € M, and by,...,b, €
M, then the linear functional M > a — (m(a)P;w(x)No, &) = L}, ¢(a;abjx) is normal. As Py w(X)no
and span{z(M)n(M)E} are both dense in .#7, it follows that M is normally represented on .#]. A similar
argument shows that M is also normally represented on .#7, and that both N and N are normally represented

on . O

If we assume @ € XM:N 0 XMV i quch that llo|| < 1, and we let ¢ be as in the previous proposi-
tion, then an application of Paulsen’s trick (e.g., Lemma 8.1 in [Pau02]) gives a unital completely positive
(u.c.p.) C*(M,M)®C*(N,N)-bimodular map @ : .#x — B(#] ® %), where S is the operator C* (M, M) ®
C*(N,N)-system

Sx={(;}3) |a€C*(M,M),b€C'(N.N),x,y € X}.

If X is a subspace of ¥ C B(#) such that Y is also both an M-N and M-N bimodule, then we may use
Arveson’s extension theorem to extend ® to a u.c.p. map on .%y. Restricting this to the corner Y in .#¥ then
gives the analogue of the Hahn-Banach theorem in our setting (See Proposition 4.5 in [Mag98] for another

approach). We record this result here for use later.

Proposition 2.2.2. Let 7 be a Hilbert space and suppose M,M,N,N C B(#) are von Neumann algebras
such that M C M' and N C N'. Suppose Y C B(#) is an operator space that is both an M-N bimodule
and a M-N bimodule, and suppose that X C Y is both an M-N sub-bimodule and a M-N sub-bimodule. If

@ € XMIN A\ XMIN then there exists w € YN O YMIN with ||y || = ||@|| such that Vix = Q.
The following descriptions of the strong completion of bimodules will be useful for us later.

Proposition 2.2.3. Let M and N be normally represented in B() and let X C B() be a M-N sub-

bimodule. Fix x € B(5). The following are equivalent:

1. xis in the strong M-N bimodule generated by X.

2. There exist orthogonal families of projections {e;}ic; C M and {f;}jc; C N with ¥,c;e; =1 and

Yjes fi =1, such that e;xf; €Xforanyic€landje€J.
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3. If @ € B(A)MIN s any linear functional such that @x =0, then we also have ¢(x) = 0.

Proof. It is easy to see that (2) = (1), and since the strong M-N bimodule generated by X is the closure in
the M-N-topology, we have that (1) and (3) are equivalent by the Hahn-Banach theorem.

To see (1) = (2), note that an M-N bimodule is strong if and only if it is a strong left M-module
and a strong right N-module, and we may obtain such families {e;}ic; and {f;}c; by applying [Mag98,
Proposition 2.2] twice.

O

We will also need a version of the previous proposition in the setting of Proposition 2.2.1. We omit the

proof, which is similar to the proof of Proposition 2.2.3.

Proposition 2.2.4. Let 7 be a Hilbert space and suppose M,M,N,N C B( ) are von Neumann algebras
such that M C M’ and N C N'. Suppose X C B(J) is an operator space that is both an M-N bimodule and

a M-N bimodule. For x € B(), the following are equivalent:

1. x is in the smallest subspace containing X that is both a strong M-N bimodule and a strong M-N

bimodule.

2. There exist orthogonal families of projections {e;}ic1 C M, {&}ier C M, {fj}jes CN and {fj}jes CN

which all sum to 1, such that e,'e”,'xfjfj €X foranyi€land jcJ.

3. If o e B(o)MN QB(%)MW is any linear functional such that ¢x = 0, then we also have ¢(x) = 0.

2.2.3 Universal representations of normal M-N bimodules
If X is a normal operator M-N-bimodule, then by a representation of X we mean an M-N-bimodular complete
contraction 7 : X — B(5#,.#") where M and N are normally represented in B(.#") and B(.7) respectively.
We let Rep(X) denote the space of all representations on some fixed Hilbert space of sufficiently large di-
mension. Note that direct sums of representations again give representations, and hence we may define the
universal representation of X to be 7, = ®zerep(x) T-

By Proposition 2.2.1 (or in this case by [Mag00, Theorem 3.10]), the space X* coincides with the coef-
ficient linear functionals corresponding to representations. Although the space X* need not be an operator
M-N bimodule, it is still naturally a N-M bimodule under the action (a- ¢ -b)(x) = @(bxa). We then have

that (X ﬂ)* is a dual M-N bimodule. The following proposition is easily deduced.

Proposition 2.2.5. The universal representation m, induces a weak™ homeomorphic isometric M-N bimodu-

lar mapping of (X*)* onto the ultraweak closure m,(X).



We may then give (X*)* the normal dual operator M-N-bimodule structure coming from this isomorphism
and we note that this satisfies the universal property that if 7 : X — Y is an N-M bimodular complete con-
traction and Y is a dual normal operator M-N-bimodule, then there exists a unique normal M-N-bimodular
complete contraction 7 : (X*)* — Y such that Ty = .

If Y is a normal operator M-N bimodule containing X as a sub-bimodule, then it follows from Propo-
sition 2.2.2 (or in this case by [Mag98, Proposition 4.5]) that the identity map from X to Y extends to an
M-N-bimodular completely isometric normal map from (X*)* into (Y*)*, and so we will identify (X*)* as a
sub-bimodule of (Y#)*.

An alternative construction for the “bidual” is given by Magajna in [Mag05]. There he introduces the
bimodule dual of X as X* = CBy_n(X,B(L?N,L>M)). This is an abstract dual normal operator M’-N'-
bimodule and hence the bimodule bidual X% gives an abstract dual normal operator M-N-bimodule. The

following result of Magajna shows that these two notions of biduals agree.

Proposition 2.2.6 (Magajna [Mag05, Corollary 3.5(iii)]). For any normal operator M-N-bimodule X, the
identity map on X induces a weak* homeomorphic completely isometric M-N bimodular isomorphism X% =

(x7)".

If E is a normal operator M-system, then by a representation of E we mean an M-bimodular u.c.p. map
n . E — B(5) where M is normally represented on ##°. We similarly define the space Rep(E) and the

universal representation 7, = ®zcrep(£) T-

Proposition 2.2.7. The universal representation of a normal operator M-system E induces a weak® homeo-
morphic isometric M-M bimodular mapping of (E*)* onto the ultraweak closure 1, (E). In particular;, (E*)*

carries the structure of a dual normal operator M-system.

Proof. To each ¢ € E* with ||| < 1 there exists a normal state 1 € M, ;. and an M-bimodular completely
bounded map v : E — B(L*(M,n)) such that ¢(x) = (y(x)1,1). Indeed, if ®,p € M, , are such that
|p(a*xb)| < o(a*a)'/?|x||p(b*b)'/?, then setting N = (®(1) +p(1)) (@ + p) we have that for each x € E
the map M x M > (a*,b*) — @(a*xb) extends to a bounded sesquilinear map on L>(M,n) x L*>(M,n), and
hence there is a bounded operator y(x) € B(L?(M,n)) such that ¢(x) = (y(x)1,1) for x € M. The map
E > x> y(x) € B(L*(M,n)) is then easily seen to be M-bimodular and bounded, hence also completely
bounded by Smith’s theorem.

By Wittstock’s theorem, there then exist M-bimodular completely positive maps W; : E — B(L>(M, 1)),
i =1,2 such that ¥ £ R(y) and ¥, + 3 () are completely positive. Moreover, if E is concretely realized in

B(47), then by Arveson’s extension theorem we may assume that Y and ¥ are defined on B(57).
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Considering the corresponding Stinespring dilations associated to these maps, we see that ¢ is imple-
mented by vectors in the M-system universal representation 7,. We therefore see that the universal represen-

tations for E as an M-system or as an M-bimodule coincide and the result follows. [

By the previous proposition, we have that, as a dual normal operator M-system, (E*)* satisfies the uni-
versal property that if 7 : E — F' is an M-bimodular u.c.p. map where F' is a dual normal operator M-system,
then there is a unique normal M-bimodular u.c.p. map 7 : (E*)* — F such that g =T7.

An M-C*-algebra consists of a C*-algebra A, together with a faithful unital *-homomorphism mapping M
into the multiplier algebra M(A). We say that the M-C*-algebra is normal if M(A) is normal as an operator
M-system.

We let pyor € M(A)** denote the supremum of the support projections of states in M(A)* that restrict to
normal states on M, so that M may be viewed as a von Neumann subalgebra of pporM(A)** ppor, and we have
a canonical identification between (M (A)ﬁ)* and the predual of ppo:M(A)* pnor. Equivalently, phor € M** C
M(A)** is the projection such that M**py; is naturally isomorphic to M and a state ¢ € M(A)* if and only if
@)y is normal if and only if @ (pnor) = 1. We let g4 € &2 (M(A)™) denote the central projection in M(A)** that
gives the identity projection for A** C M(A)**. We then have that the map M > x — prorgaM(A)**qa pnor =
PnorA™ pror gives an embedding of M as a von Neumann subalgebra of pyorA™ ppor. We therefore may think
of (Aﬁ)* 2 pnotA™ pror as a von Neumann algebra that contains M as a von Neumann subalgebra (see also
[BC15] where similar techniques are introduced).

If A is a normal M-C*-algebra and B C A is a C*-subalgebra that is an M-M bimodule such that the
natural x-homomorphism M — M(B) is faithful, then B is also a normal M-C*-algebra. If we let gp denote
the support of B** in A**, then g and ppor commute and we obtain an embedding (again as a non-unital von

Neumann subalgebra) (B*)* 2 g pnorA** Pnorqs C PnorA** Pnor = (A®)*.

Remark 2.2.8. If A is an M-C*-algebra, then (A*)* is a von Neumann algebra that contains M as a von
Neumann subalgebra. However, one difference between this “normal enveloping von Neumann algebra” and
the more familiar A** is that while the canonical embedding A — (Aﬂ)* is a complete order isomorphism onto
its range (and hence we may think of A as an M-subsystem of (Aﬁ)*), it is not a *-homomorphism in general,
due to the fact that the projection pnor € M(A)™ need not be central. As a consequence, if g denotes the

support of A** in M(A)**, then, in general, we have go(M(A)*)*qo NM(A) # A.

In light of Proposition 2.2.1, the same arguments above regarding the universal representations of nor-
mal operator M-N bimodule, normal M-systems, and normal M-C*-algebras work in the setting where our
object is also a M-N bimodule, normal M-system, and normal M-C*-algebra respectively. The main exam-

ple relevant in this work is the case when M = M’ C B(L*>M), in which case we may consider the space
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B(L2M MM A B(L2M)M' ™' For use in the sequel, we end this section by recording these results.

Suppose that .7 is a Hilbert space and M,M,N,N C B(.s#) are von Neumann algebras such that M C M’
and N C N’. Suppose X C B(.s#) is an operator space that is both an M-N bimodule and a M-N bimodule.
Then we may also consider the space of representations in this category, which consists of complete contrac-
tions ¢ : X — B(.#¢"), such that M, M, N and N are normally represented in B(.#"), with M C M’, and N C N,

and such that ¢ is both M-N bimodular and M-N bimodular.

Proposition 2.2.9. Let M,N,M,N C B(5#’) and X C B() be as above. Then the universal representation
induces a weak*-homeomorphic completely isometric M-N and M-N bimodular mapping of (XM N X MIN )*

onto the ultraweak closure m,(X).

Moreover, if X is an operator system and contains M = N, and M =N, then m, (X) is a both a dual normal

M-system and a dual normal M-system.

Proposition 2.2.10. Let M and M be von Neumann algebras and let A be a C*-algebra together with faithful
unital x-homomorphisms of M and M into M(A) such that M C M' "\M(A). Then considering the canonical

inclusions (AMIM  AMEM yx (AMIM )« (AMIMY* — M(A)** e have that
(AMﬁM mAMﬁM)* _ (AMﬁM)* n (AMﬁM)* c M(A)**

Also, if B C A is a C*-subalgebra such that B is both an M-bimodule and a M-bimodule and such that the
corresponding representations of M and M into M(B) are faithful, then we have a (non unital) inclusion of

von Neumann algebras (BM*M N BMiM ) C (AMIM A AMM )%,

2.3 Relatively compact operators

If (M, 1) is a finite von Neumann algebra, .7 is a Hilbert space, and x € B(L*M,./#), then we denote by
[|%[|.2 the norm of x when viewed as an operator from M C L*>M into . If J# = L*(N, t) for some finite
von Neumann algebra N, then we let ||x||-.; denote the norm of x when viewed as an operator from M C L*M

into L'N D L>N. Ozawa proved in [0za10] that for x € B(L’M, .5 we have
x]]ee,2 < inf{[l2][(llell3 + [|]3)"/} < 4][x]|cn2, 2.1

where the infimum is taken over all decompositions x = z (121 ) , where z € B(L*M & L*>M, ¢ and ¢,d € M.

The following proposition adapts Ozawa’s argument for the case of the || - ||« | -norm.
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Proposition 2.3.1. Suppose (M, ) is a finite von Neumann algebra and x € B(L>M). Then

. 1/2 1/2
e < it { a3+ 1613) " 1l (el + 1413) /2 } < 4]

oo, ]

where the infimum is over all z € Mp(B(L*M)), and a,b,c,d € M such that x = (Jgj)*z (7).
Proof. Ifx= (JZJ)*z(JZJ) such that z € M (B(L*M)), and a,b,c,d € M, then for all e, f € M we have
~ AL et fa*
el =|(=(5). (35))]
* 1/2 *
< Izl (lec™ I3+ lidel3) " (Il.fa” |13 + [1b£113)

. 12 ()« 1/2
<JlellllAll (e 13+ 12l13) " (la* 153+ 1B]15)

1/2

Taking the supremum over all e, f € M such that ||e]|, || /]| < 1 then shows that
1/2 1/2
el < (lall3 + 11513) " Nzl (lell3 + llal13)

For the second inequality, consider the normal bilinear form on M x M given by @(a,b) = (xa,b) and
note that we have ||x||.,1 = ||@|. By the noncommutative Grothendieck Theorem, there exist unit vectors
&1,&,m1,M2 € L*M such that

1/2 1/2
[9(a@,b)l < ol (la&i 3+ 11&all3) "~ (Ibm 13+ mabl3)

Thinking of L>M as a subspace of unbounded affiliated operators, we let p; = Xf|x|4 ) (6181). We then

have

[p(e, f)| < |@(ept, )+ @lepr, f)]

1/2 1/2
<ol (lept &3+ 1&el3) " (L3 +Imaf13)" + Il lepi a1l

1/2 1/2
< llol (lept & 1B+ el + IPleptl3) " (hFmil3 +Imarl3 +1£13)

12 11 e 1/2
= o1l (lleaol3 + 1&2¢13) " (713 + Imas13).

where ag = (pi-&1 &} p- + [x|[*p1) /2, and fly = (17} +1)1/2. Note that [lag|| < [lx|> and [lag|l2 < [|& 12 < 1.

while [|71][3 < [m[3+1=2.
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Similarly, if we let p2 = {4 .0) (5 52), then we see that

12 /) o - 1/2
(e, N < Nl0ll (lleaol3 + lIboell3) "~ (/13 + 1T2A113)
where by = (py &5 &apy + |[x[|*p2)!/? satisties [[bo|| < [lx[|* and [bo||2 < 1, and where 7, = (n3m2+1)'/2
satisfies ||fi2||2 < V2.

Repeating this argument with 7); and 7j,, we obtain an inequality of the form

1/2 1/2
(e, ) < Il (lleall3 + 1bel3) (Il fell3+ 1 r13) " 2.2
where a,b,c,d € M are bounded with ||al|2, [|&]|2, l|c|l2, |d]]2 < V2.
If we let V C L*M @ L*>M denote the closed subspace spanned by elements of the form ea @® be, for e € M,
and if we let W C L>M @ L>M denote the closed subspace spanned by elements of the form fc @ df, for
f € M, then from (2.2) we see that ¢(e, f) defines a bounded quadratic form on V x W and we therefore

obtain a bounded operator z € My (B(L>M)) with ||z|| < ||@|| such that for all e, f € M we have

(e, f) = (zlea® be), (fe®df)).

Hence we have x = (JZ])*Z(JZ‘]). -

Corollary 2.3.2. Let M and N be finite von Neumann algebras, and X C B(L?N,L*>M) a subspace. If
T € B(L’N,L*M), and {T;}; C X is uniformly bounded such that | T; — T||w1 — O, then T is in the small-
est subspace of B(L?N,L*M) that contains X and is both a strong M-N bimodule and a strong JMJ-JNJ
bimodule.

Also, if 7 is a Hilbert space, Y C B(L*N,5¢) is a subspace, T € B(L*M, ), and {T;}; C Y is uniformly
bounded such that ||T — Tj||w2 — O, then T is in the smallest subspace of B(L*N, 5#) that contains Y and is

both a strong right N module and a strong right JNJ module.

Proof. Note there is no loss in generality by assuming that X is an M-N bimodule, and a JMJ-JNJ bimodule.

By Proposition 2.2.1 we have

Using this fact, we then see that Propositions 2.2.4 and 2.3.1 give the result for the case X C B(L*N,L>M).

The case Y C B(L?N, ¢ follows similarly by using Ozawa’s Lemma in [Oza10] instead of Proposition 2.3.1.
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O

Let M be a von Neumann algebra. If X is a hereditary C*-subalgebra of IB%(LZM ), then we denote by
M(X) the multiplier algebra in B(L>M). An M-boundary piece is a hereditary C*-subalgebra X C B(L*M)
such that M (X)NM and M (X) NJMJ are ultraweakly dense in M and JMJ respectively. To avoid pathological
examples, we will always assume that X # {0}, so that we then have K(L*M) C X. The following are two

motivating examples for this definition.

Example 2.3.3 (See [BIP21] and Section 15.1 in [BOOS]). Suppose I'is a group and I C T is a closed ideal
that is invariant under the left and right actions of I" and contains coI". Then X; = IB(¢°T')I gives a boundary

piece for LI'. Note that C;I" and CpT" are contained in the multiplier algebra of /B (1)1

Example 2.3.4. Suppose B C M is a von Neumann subalgebra and let e, € B(L?M) denote the orthogonal
projection onto the space L?B C L*M. Then the algebraic span of operators of the form x;Jy;JTJy,Jxz,
with x1,x2,y1,y2 € M and T € egB(L*M)ep =2 B(L?>B), forms a *-subalgebra, and its closure then forms a
C*-subalgebra of B(L>M), which we denote by Xp. The C*-algebra X clearly contains M and JMJ in its
multiplier algebra, and to see that it is hereditary we just note that it can be identified with the hereditary

C*-subalgebra of B(L*M ) that is generated by all operators of the form xJyJep with x,y € M.

We now fix an M-boundary piece X and let K& = Kk (M) C B(L?M) denote the || - || 2-closure of the
closed left ideal B(L*M)X, i.e.,
K =B2MX 2,

Proposition 2.3.5. The space ]K§g is a closed left ideal in B(L*M) such that M and JMJ are contained in the

space of right multipliers.

Proof. First notice that || - || < || - || on B(L?M) and hence K% is closed. The fact that KX is a left ideal
follows from the inequality [|ST ||co2 < [|S||[| 7 ||c0 2, for any S € B(L*M) and T € Kk.

To see M is in the right multiplier of K%, letxeMand T € Kng be given. Then, using Kaplansky’s
theorem, there exist sequences {T,,} C B(L*M)X and x,, C M(X) N M such that |7, — T |2 — O, ||, < ||x]|

and ||x, — x| — 0. Notice that 7,,x, € B(L?M)X and

1 T02n = Txlleo2 < [[(Tn = T)xnlew2 + ([T (6 = 2n) [| .2

ST =T oo 2 Il + [T [l = *][2 = O,

and thus Tx € Kég. It similarly follows that JMJ is in the space of right multipliers. O
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We let Kx = Kx (M) denote the hereditary C*-algebra associated to K%, i.e.,
Kx = (K§)* - K& = (K nKE. (2.3)

Note that from Proposition 2.3.5 we have that M and JMJ are contained in the multiplier algebra of Kx. We

let Kgl = K;" (M) C B(L*M) denote the closure of X in the || - ||, 1 norm, i.e.,
ol — gl 24
= . :

Proposition 2.3.6. We have K§’1 = KX“"‘M’I, and this is a self-adjoint closed strong M-M and JMJ-JMJ

bimodule.

Proof. Tt is clear that X C Kyx and hence it suffices to show KX“"‘“’] c Kz’l. Foreach T € KX“'“““, there
exists {S,}, {R,} C Kk such that ||S;R, — T||w,1 — 0. Furthermore, for each n we have sequences {5’} and
{Ri} in B(L>M)X that converge to S, and R, in || - |2, respectively. By the polarization identity, we have

(S{)*R! € X for each i and n. Note that for each n we have

1S3 Ry = T lloot < 1((S,)" = S3)Rpllo.1 + 1155 (R = R oot + [1S5R — T [l

<18 = Sylleo2 1R, o2 + [1Snllo2 IR, = Rulloo2 + [13R = T |1,

e, Timjseo || (S)*RE, = Tloo.t < |ISERy — T |oo.1. Thus for each n, we may pick i(n) such that ||(Si")*Ri"™ —
Tlleot < ||S5Ry — T||ens +27" and therefore lim,, oo || (S5")*R" — T||uey = 0.

The fact that it is closed follows from the inequality || - |1 < ||-|| on B(L?M); since one also has || T ||e,1 =

T*||o, for any T € B(L2M), K3 is self-adjoint.
[ : y X J
Since we have now established that K3 = Ryl 1, Proposition 2.2.4 and Corollary 2.3.2 then show that

K;'l = KXM'MJMJ_ij, which is a strong M-M and JMJ-JMJ bimodule. O

Example 2.3.7. The space K™ (M) is, in general, considerably larger than K(L?M). For example, K*! (M)
may contain isometries. Indeed, if {p, },en C & (M) is an infinite partition of unity consisting of non-zero
projections, and we let V € B(L>M) be an isometry from L>M onto the closed span of {p,}, C L*M, and if
we set gx = Y. Pn, then we have qkiV € K(L*M) for each k > 1, and hence by Proposition 2.3.6 we have

V e K=(M).

ll1]eo,2

If 2 is a Hilbert space, then we also let Kk (M, #’) = B(L2M,. )X ™. Note that by considering

polar decomposition we have T € K& (M, .7¢) if and only if |T| € K& (M).
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Proposition 2.3.8. Let M be a finite von Neumann algebra, X C B(L*M) a boundary piece, and 3¢ a Hilbert

space. If T € B(L?M, ), then the following conditions are equivalent:
1. T eKk(M, 7).
2. T*T € Kx.
3. T*T e Ky

Proof. The implications (1) = (2) = (3) are clear. To see (3) = (1), recall from the proof of Proposi-
tion 2.3.6 that Kg’l =Kx"™ MM A follows from Proposition 2.2.4 that there exist sequences of projections
{pntn C P (M) and {q, }», C P (JMJ) with p, — 1 and g, — 1 such that p, g, T*Tq,p, € Kx. In particular,

=—c-mC-
we then have |T'|g,p, € Kk (see Proposition I1.5.3.2 in [B1a06]), and it then follows that |T'| € Kgc e

bl

which coincides with K§ by Proposition 2.2.4 and Corollary 2.3.2. By the remark before this proposition,
we then have T € Kk (M, 7). O

Lemma 2.3.9. Let M and N be finite von Neumann algebras and let ¢ : N — M be a bounded map such that
¢ has a continuous extension Ty € B(L>N,L*M ). Then Ty is compact as an operator from N into L'M if and

only if Ty is compact as an operator from N into L’M.

Proof. Suppose Ty is compact as an operator from N into L'M. Since de‘ :M — L'N is also compact, and
since ¢ : N — M is bounded, it follows that T(;‘ Ty is compact as an operator from N to L'N.

Hence for any bounded sequence {x, },eny C N such that x, — 0 ultraweakly we have
1Ty (xa) 13 = (T3 Ty, %) < (1 T5 Ty (53) 11 — O

Therefore Ty is compact as an operator from N into L>N. O

Proof of Theorem 2.1.3. The implications (1) = (2) = (3) are obvious, and we will show (3) = (1).
Let {¢;}; be given as in (3). By a standard convexity argument (e.g., [OP10a, Theorem 2.1]), we may assume
that ¢; satisfy ¢;(1) < 1 and 7o ¢; < 7. By Kadison’s inequality, we then have that that each ¢; induces a
bounded operator on LM, and by Lemma 2.3.9 each ¢; is compact as an operator from M to L>M and hence,
as in [0za10], each ¢; is in the || - || 2-closure of K(L?M). By Corollary 2.3.2, for each i and & > 0 there exists
a projection p; ¢ € (M) with T(p;¢) > 1 — € such that the c.p. map ;. = ¢; o Ad(p;¢) gives a compact
operator on L>M. Letting i — oo and € — 0 gives a net of c.p. maps satisfying (1). (Note that ¢; will converge

pointwise to the identity in || - ||» because of the inequality ||¢;(x) —x||3 < 2(||x[|3 — R (¢ (%), £)). O

In Section 2.5.3 we will give another perspective on Theorem 2.1.3 through the use of mixing Hilbert

bimodules.
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2.4 The convolution algebra associated to a von Neumann algebra
Let M and N be von Neumann algebras. We let M ®c,, N°P be the subset of M ®,;, N = CBy;, _,,(B (L>N,L>M))
consisting of normal M’-N’ bimodular completely bounded maps that preserve the space of trace-class op-
erators'. If it € M ®c,, N, then we let u* € CBS, ,,(B(L?N,L*M)) = M ®,; N denote the adjoint of the
operator [t when restricted to the space of trace-class operators under the usual conjugate linear pairing be-
tween B(L>N, L>M) and the space of trace-class operators in B(L>N,L*M), i.e., Tr(u(S)T*) = Tr(S(u*(T))*)
for each S,T € B(L?N,L*M) with S trace-class. Note that since g is continuous and preserves the trace-class
operators, then u also preserves the space of compact operators and hence the dual map u* again preserves
the trace-class operators, thus the map M ®c,, NP 2 U — U* € M ®c,n, N°P defines an involutive antilinear
algebra-isomorphism.

Note that the involution y — u* extends the usual involution on the algebraic tensor product M @ N°P.

We define a norm || - ||con 0N M ®con NP by

[[tllcon = max{||]lssen, |47 re.,n }-

We denote by J both the Tomita conjugation operator for M and for N. We let 7 : B(L*N,L*M) —
B(L?N,L*M) denote the anti-linear isometry given by ¢ (T) = JTJ. We then have that M @, N > v —
Fv_g gives an isometric anti-isomorphism between M ®,;, N and (JMJ) ®,, (JNJ). We may therefore

view M ®c,, N°P as subspace of the ¢*-direct sum
(M @, N) & (JMJ) @¢n (JNJ))

under the diagonal embedding M ®c,, NP > u— @ _# p* _# . Itis easy to check that this is a weak*-closed
(and hence also norm closed) subspace, so that M ®c,, N°P is a dual Banach space where the weak*-topology
on bounded sets is given by point-ultraweak convergence applied to compact operators for a net {; }; and its
adjoint net { ;" };.

Since M ®; N = CBS, _,,(B(L?N,L*M)) is a Banach algebra under composition, it then follows that
M @con NP is a Banach x-algebra. Moreover, since the maps in y € M ®c,, N°P preserve the space of compact
operators, it follows that multiplication in M ®¢,, N°P is separately weak*-continuous in each variable, and

so we view M ®c,, N°P as a dual Banach *-algebra.

IThe change in notation from N to NP is to emphasize the fact that we will mainly consider M ®c,, N°P not as a subspace of M ®,;, N,
but rather as an algebra that contains the algebraic tensor product M @ N°P as a subalgebra.
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2.4.1 Convolution algebras associated to finite von Neumann algebras
Suppose now that M and N are finite von Neumann algebras with normal faithful traces. Let ¥ be a nor-
mal Banach M, N-bimodule. Following Connes [Con78] we consider the space ¥ C ¥* consisting of

continuous linear functionals ¢ such that there exists K > 0 for which we have
lp(x"Ey) < K|ixll2[1ElllIyll2, xeM, €7, yeN. (2.5)

When no confusion will arise, we will denote ™%V simply by 7. We define the norm ||¢||; to be the smallest
K > 0 for which (2.5) holds. Note that ||@|| < ||¢||; and it then follows that the unit ball in #% is compact for
the weak-* topology & (7%, #). Thus, if we define a semi-norm on ¥ by |||, = SUPgeyt |gfl <1 |@(&)], then
with this semi-norm 7 has dense image in a Banach space %; such that %7 is dual to %;.

The space % inherits an N ,M-bimodule structure from 7™, i.e., if ¢ € Y% and x € N, y € M, then
(x@¥)(&) = 9(3&x). Since [xall> < [lx/lall and [yll2 < ][] for a € N, b € M, we then have [lry]}; <
[xlll@lls][y]| for ¢ € ¥4, and hence also [xEyll, < |Ix[|||E]l,][y[| for & € #. Thus, % is a Banach M,N-
bimodule and ¥* is a dual Banach N, M-bimodule. Also, for fixed ¢ € ¥4, £ € ¥, x€ M, and y € N, we have

[y < lloli:llyll2lle
From (2.5) we see that for each ¢ € ¥ we obtain a map Wy, : ¥ — B(L?N,L?M) such that for all & € ¥

,and |@(x&)| < ||@]lyllx|l2|I€ || so that #* is a normal dual Banach N, M-bimodule.

we have

(Wo(8)9,%) = p(x"Ey).

Moreover, we see that W, is M,N-bimodular and ||W| = ||@||;. Conversely, to every M,N-bimodular
bounded map W we obtain a linear functional @y € #7 by @y (&) = (¥(E)1,1). These maps are inverses
of each other so that we have an isometric isomorphism between 7 and the bimodule dual considered in
[Mag05].

V' = By (¥, B(L2N,L*M)).

We may also view B(L>N,L*>M) as an N,M-bimodule with the bimodule structure given by x-7 -y =
Jy*JTJx*J. This then induces a bimodule structure on By, (¥, B(L>N,L>M)) by post composition. It is
then easy to see that % > ¢ — ¥y is an N, M-bimodular map.

Moreover, for a uniformly bounded net {¢;}; we see that ¢; — ¢ weak™ if and only if W, (&) — ¥ (&)
in the ultraweak topology for each & € #. Thus, the map ¥* > @ — ¥y € By y(¥,B(L*N,L*M)) gives an

isomorphism of dual Banach N, M-bimodules
V5 =By (¥, B(LN,L*M)).
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Note that the latter space is naturally a dual normal operator N, M-bimodule [ER88], and we endow ¥ with
this operator bimodule structure.

If ¥ is an operator M, N-bimodule, then by Smith’s theorem [Smi91] we have
Byn (¥, B(L*N,L*M)) = CBy.n (¥, B(L*N,L*M)),
and hence we may rewrite the semi-norm || - ||, on ¥ as

1€l = sup (o(E)1,1)]. (2.6)

0:V—B(L2N,L2M),
M~—N bimodular,||¢|| ., <1

It then follows from Wittstock’s extension theorem that if " C ¥ is an operator M, N-sub-bimodule, then
we have an isometric inclusion %, C %,.

From the discussion above, we obtain a completely isometric isomorphism
M ®.4 N = CByy .y (K(L*N,L*M), B(L*N, L*M)) = K(L*N, L>MYM' ',
Note that K(L?N,L>M) and B(L?>N,L?>M) are also natural M, N-bimodules. We set
B(L’N,L*M)5 = B(L*N, L>MM™ N B(L2N, > MM

and

K(L*N,L*M), = K(L>N,L>M)M*N AK (LN, L2M)M'™N'",

We endow these spaces with their natural norms coming from interpolation theory.
Restricting the isomorphism M ®,, N = K(L?>N,L*M )M,”N " from above then gives an isometric isomor-
phism
M @con N 2 K(L*N,L*M)’,

and one can check easily that Wy« = (¥)* and @y = (@g)* for any ¢ € K(L?N, L2M)5 and ¥ € M @con NP,
where @*(-) := @(J - J).
The advantage of viewing M ®c,, N°P as a subspace of the dual of K(L>N,L>M) is that we may then use

techniques for linear functionals, e.g., Jordan decomposition, when working with elements in M ®c,, N°P,

see, e.g., Lemma 2.5.4 below or [DP20] where similar techniques are developed.

Lemma 2.4.1. Let M and N be tracial von Neumann algebras and suppose we have faithful normal repre-

27



sentations M C B(€) and N C B(X), then K(#, )" is norm dense in K(A , )"

Proof. If & € 5 and N € £ are unit vectors such that (a&,&) < K||al|; for all 0 < a € M, and (b1, n) <
L||b||; forall 0 < b € N, and if we take x € M and y € N, then if we denote by V. ,, the rank-1 partial isometry
mapping 7 to & we see that the rank-1 operator xV ,y corresponds to a linear functional in K (%" WA
and a simple computation shows that [|xV; , |, < K"/ 2L'2||x|||y]|. The lemma is then established by simply

noting that the span of such operators is dense in the space of trace-class operators in B(J¢", 7). O

Lemma 2.4.2. Let M and N be tracial von Neumann algebras, suppose we have a uniformly bounded net
{xi}i C M with ||x;||2 — 0, and a uniformly bounded net {lt;}; C M @con N°P. If W is a normal dual operator

M-N-bimodule, then for all v € # we have weak*-convergence ;o (x;®1)(v) = 0 and (x; ® 1) o u;(v) — 0.

Proof. We suppose M C B(5), N C B(#') and # C B(#, ) is a weak*-closed M-N-bimodule.
Suppose v € # and ¢ € K(.#, )", then

[o(kio (@ )W)| < [vllllg o killsllxill2

< [villl@llsll tillcon llxil]2 = O.

We similarly have

[@((i @ 1) o ()] < (|1l @lls]lxill2

< VIl il conl [l ll il |2 — O

By Lemma 2.4.1 we have that K(.#", %)% is dense in K(.#",.#)* and hence we have ultraweak conver-

gence Wio(x;®1)(v) — 0and (xf ® 1) op;(v) — 0. O

2.5 Mixing operator bimodules
2.5.1 A relative topology on the convolution algebra
If M and N are finite von Neumann algebras and if X C B(L>M) and Y C B(L?N) are boundary pieces for M

and N respectively, then we may generalize (2.3) and (2.4) as in Proposition 2.3.6 and define the spaces

Kyx,v(N,M) = Kx(M)B(L*N,L*M)Ky (N);

[[-lloo,1

Ky (N, M) = XB(2N, 2M)Y = = KL (M)*B(L2N, L2M)KL (N)
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When X and Y are the spaces of compact operators on L>M and LN respectively we denote the space
K3y (N, M) by K=! (N, M).

Realizing the extended Haagerup tensor product as a space of normal completely bounded operators
M @4 N = CBS, ,,(B(L?N,L*M)) we may restrict to XB(L*N,L*M)Y to obtain an isometric embedding

into a dual operator space

M @y N C CByy_nt(XB(L*N,L*M)Y,B(L*N,L*M))
C CB(XB(L*N,L*M)Y,B(L*N,L*M))

= (XB(L’N,L*M)Y) © B(L*N,L*M).)*

where ®, denotes the operator space projective tensor product. We introduce the X-Y-topology on M ®,, N as
the restriction to M ®,, N of the weak*-topology in CB(XB(L>N,L>M)Y,B(L>N,L*M)), so that a uniformly
bounded net {u;}; C M ®,;, N will converge to 4 € M ®,;, N in the X-Y-topology if and only if we have
ultraweak convergence ;(T) — u(T) for each T € XB(L?N,L*M)Y. In the case when M = N and X = Y
we refer to the X-topology on M ®,, M.

Note that by the Krein-Smulian Theorem if A C M ®,;, N is convex, then A is closed in the X-Y-topology
if and only if the intersection of A with each closed ball in M ®,;, N is closed in the X-Y-topology. As a
consequence it follows that the space of bounded linear functionals in (M ®,, N)* that are continuous with
respect to the X-Y-topology forms a norm closed set. From this one then deduces from Lemma 1.2(iv) in
[SZ79] that a bounded linear functional ¢ € (M ®,;, N)* is continuous in the X-Y-topology if and only if ¢
is continuous in the X-Y-topology when restricted to any bounded set.

If we consider the isometric embedding
M@con NP 3 b= & Ju* J € (M@ N)&™ (JMJI) Qe (JNT)),

then endowing M ®,, N and and (JMJ) ®,, (JNJ) with their X-Y-topologies we may restrict to obtain a
topology on M ®,;, N, which we will, by abuse of terminology, also call the X-Y-topology on M ®¢,, N°P.

The same analysis applies for M ®c¢,, N°P as for M ®,;, N, so that, in particular, a bounded linear functional
@ € (M ®c,n N°P)* is continuous in the X-Y-topology if and only if ¢ is continuous in the X-Y-topology when
restricted to any bounded set.

We let P; € B(L?N,L*>M) denote the rank-one partial isometry given by P; (&) = (§,1)1. If 4 € M ®con
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N agec Mand b € N, then

(u*(JaP;bJ)1,1) = Tr(u* (JaJ PuJbJ)P;) = Tr(u* (Py)JbJPiJad)

= Tr(u(aPib)Py) = (1, u(aP;b)1).

Taking spans and using weak*-density it then follows that for all T € B(L?N,L?>M) we have

(W UTH1) = (Lu(n)h), @7

If we now have a uniformly bounded net {y;}; C M ®con N°P, then y; — 0 in the X-Y-topology (in
M ®con N°P) if and only if for all T € XB(L*N,L*M)Y we have y;(T) — 0 ultraweakly, and p*(JTJ) — 0
ultraweakly. Note however, that since each ; is M’-N’ bimodular we have that ;(T) — 0 ultraweakly
if and only if (u;(T)1,1) — 0. However, by (2.7) we have that u(JTJ) — 0 ultraweakly if and only if
(1,u;(T)1) = (u7 (JTJ)1,1) — 0, and hence this already occurs when 1;(T) — 0 ultraweakly. Thus, we see
that y; — 0 in the X-Y-topology in M ®¢,, N°P if and only if y; — 0 in the X-Y-topology in M ®,;, N, so that,

at least on bounded sets, the X-Y-topology on M ®,;, N restricts to the X-Y topology on M ®c,, N°P.

2.5.2 Relatively mixing bimodules
Given a dual normal operator M-N-bimodule % C B(.7#’) we say that a vector w € # is mixing relative
to X x Y (or just mixing if X = K(L>M) and Y = K(L?N)) if the map M @co, NP > > pu(w) € # is
continuous from the X-Y-topology to the weak*-topology. We note that this is equivalent to the map M Q¢
N°P 5 u — p(w) being continuous on uniformly bounded subsets. We let #%_y_mix denote the set of vectors
that are mixing relative to X x Y (we denote this space by #ix in the case when X = K(L?M) and Y =
K(L*N)). Tt is easy to see that this is a norm closed subspace of #. We say that % is mixing relative to
XXYif #xy-—mix =7 .

The bimodule #,,;x need not be weak*-closed in general. However, it will always be closed in the M-N-

topology, so that it is a strong operator M-N-bimodule.

Proposition 2.5.1. Let M and N be a finite von Neumann algebras, and X C B(L>M) and Y C B(L*N)
boundary pieces for M and N respectively. Suppose W C B(H) is a dual normal operator M-N-bimodule,

then WXy _mix IS a strong operator M-N-bimodule.

Proof. First note that since XB(L?N,L>M)Y is an (M(X)NM)-(M(Y)NN) bimodule it follows that #4_y _mix
is also an (M(X)NM)-(M(Y)NN) bimodule.
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We now fix x € M and v € #X.y_mix, then by Kaplansky’s Density Theorem there exists a uniformly
bounded net {x;}; C M(X)NM such that ||x — x| — 0.
If {1} j C M®con N is uniformly bounded such that p; — 0 in the X-Y-topology, then by Lemma 2.4.2,

for each ¢ € %, we have

lim sup| (4 ((x —x;)v)| = 0.
i—eo

It then follows that lim; ., @(;(xv)) = 0, and since the net {u1;}; C M ®c,n NP was arbitrary we then have
that xv € #x.y_mix- Thus #x_y_mix is a left M-module, and a similar argument shows that it is also a right
N-module.

We now fix v € # and suppose {p;}; C M is an increasing sequence of projections which converge to 1
and such that p;v € #x_y_mix for all i. Let u; € M ®co, N°P be uniformly bounded such that p1; — 0 in the

X-Y-topology. Another application of Lemma 2.4.2 shows that for each ¢ € #; we have

lim sup| (i, (p; v))| =0,
i—o0 j

and it then follows just as above that lim_,., @(1;(v)) = 0, so that v € #%_mix. By Theorem 2.1 in [Mag98]
it then follows that #5x_y_mix 1S a strong left M-module. The fact that #5x_y_mix 18 a strong right N-module

follows similarly. O

Corollary 2.5.2. Under the hypotheses of the previous lemma, multiplication in M @co, NP is separately

continuous in the X-Y-topology.

Proof. If 4 € M ®con NP and {l;}; C M ®con N°P is uniformly bounded such that y; — 0 in the X-Y-
topology, then as B(L*N,L*M) > S — p(S) is a normal map it then follows that u(u; (7)) — 0 ultraweakly
for all T € XB(L?N,L*M)Y, and hence, p - tt; — 0 in the X-Y-topology.

We also have that y;(T) — 0 ultraweakly for each T € B(L?>N, L*>M)x_y _mix» and by the previous propo-
sition B(L>M)x_mix is an M ®c,, M°P-module, which then shows that g;(u(7T)) — 0 ultraweakly for all
T € XB(L*N,L*M)Y, hence ;- it — 0 in the X-Y-topology. O

We recall that B(L>N,L>M)*N denotes the space of bounded linear functionals ¢ € B(L>N,L>M)* such
that for each 7 € B(L?N,L*>M) the map M x M > (a,b) > @(aTb) is separately normal in each variable. We
let

B(L>N,L*M)} = B(L*N,L>M)M™N 0 B(L>N, L2M)M ™.

Note that by Theorem 4.2 in [Mag98] if <7 is a unital C*-algebra with M C <7, then we have ¢ € 7% if
and only if the maps Ly : M — o/*, Ry : M — o7* defined by Ly (x)(T) = @(x*T), and Ry (x)(T) = @(Tx) are
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continuous from the ultrastrong topology on M to the norm topology on «7*. In particular, it follows that if
@ € 7%, then for each T € o7 the map M? 3 (x,y) — @(x*TYy) is jointly strong operator topology continuous

on bounded sets.

Lemma 2.5.3. Suppose </ is a unital normal M-C*-algebra. If ¢ € o/* is Hermitian with Jordan decompo-

sition @ = @, — @_, then @, ¢_ € /"

Proof. Suppose first that ¢ € o7*. Take x; € M, increasing with x; — 1 strongly. For all T € o7 we then

have (p(xil/szil/2
1/2,. 1/2 1/2,. 1/2 .
(p+(xi/ Txl-/ Jand & T — (p,(xi/ Txl-/ ) respectively. Then @ = y; — y_ and ||y || + ||y | < [|oL| +

) — @(T). Take arbitrary subnets such that y,, and y_ are weak™ limits of & 5 T

llo—]l = ||@|| so that we have w; = ¢, and y_ = @_ by uniqueness of Jordan decomposition. As the subnets
were arbitrary we then have @, (x;) — ¢ (1), and @_ (x;) — ¢_(1). It therefore follows that @ |, 9y, € M.

and hence ¢, ,¢_ € o/%. O

Recall that we may view K(L?(M,1))! as a subspace of B(L?>(M,t))". Indeed, by the discussion in

Section 2.4.1, we have natural operator space isomorphisms
K(L?(M, 7)) 2 CByy (K(L2(M, 7)), B(L* (M. 7)) = CBf_y,(B(L*(M,7)))

and B(L2(M,7))* = CBy_y(B(L3(M,7))). In the saem way, we may view K(L2(M, 7))} as a subspace of
B(L*(M.7))].

Lemma 2.5.4. Let (M, t) be a tracial von Neumann algebra. Given a state @ € B(L*(M, t))* (resp. B(L*(M, ’L’))E)
there exists a net of states [; € K(L*(M, 7))* (resp. K(L*(M, T))a) such that p; — @ weak* and |||, <2[/ o],

(resp. ”l'li”Con < 4||(P||Can)-

Proof. Given a state ¢ € B(L*(M,1))?, we may find a net of positive functionals pu? € K(L?M)* converging
weak” to @, with ||| < [|@||. Since @y is normal we have that Mijpy — @)m in the weak topology in
M. and hence by taking convex combinations we may assume that [|tij; — @y || — 0. If @; € M. is such
that y;(x) = t(xa;) for x € M, then setting p; = ljg2)¢|, (@) and () = Wi(p: - pi)/T(pia;) we have that
[ il < 2[|@][;. Moreover, since |ty — @p[| — O we have p1;(p;) — 1 so that the Cauchy-Schwarz Inequality
gives ||w; — fi;]] — 0. Hence, {i; — ¢ in the weak*-topology.

In the case when ¢ € B(L*(M, T))5 we may also assume that ||l — @)ymy|| — 0 and repeat the above

argument by considering (i, to construct fi; € K(L*(M, )% with ||, con < 4@ llcon- O

Lemma 2.5.5. Let M and N be tracial von Neumann algebras. If ¢ € B(L*N,L*M )g, then there is a uniformly
bounded net {1;}; C K(L*N,L*M)} such that @ is the weak* limit of {l; }.
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Proof. We first consider the case when M = N. By considering the real and imaginary parts separately, it
suffices to consider the case when ¢ is Hermitian. Moreover, by Lemma 2.5.3 it then suffices to consider the
case when ¢ is positive. So suppose ¢ € B(L*M )3 is a positive linear functional. For each € > 0 there exist
K > 0, and a projections p € (M), with 7(p),> 1 —€/2 such that |@(pxp)| < K||x||; for all x € M.

We may similarly find a projection g € &?(JMJ) and L > 0 such that 7(g) > 1 — € and |@(pgyqp)| < L||y|:

for all y € JMJ. Note that if x € M has polar decomposition x = v|x|, then by Cauchy-Schwarz we have

1/2 1/2 1/2

[9(apxpa)| < @(pvlx|'*qlx|"/2v* p)' P (plx|2qlx|"?p)

1/2 1/2
< K|l 1211 = Kl

Also, note that since ¢ € B(L*M )3 it follows that taking € tending to 0, the corresponding net gp¢@ pgq

converges weak™ to @. Since gp@pg € IB%(LZM )5 the result then follows from Lemma 2.5.4.

To prove the general case we set M = M & N and realize K(L*N,L*M) = (1) ©0)K(L*M)(0& 1y), and
B(L2N,L2M) = (1 ® 0)B(L2M)(0 & 1y). If ¢ € B(LAN,L>M)}*", then the map ¢ defined by ¢'(T) =
o((1y ®0)T (06 1y)) defines an element of B(L2M)*, and if y; € K(L2M)? are such that y; — @ weak*,

then the maps Wig 2y 124 are in K(L*N,L*M )% and converge weak* to . O

Theorem 2.5.6. Let M and N be tracial von Neumann algebras. Suppose X C B(L*M) and Y C B(L*N) are

boundary pieces. Fix T € B(L>N,L*M). The following conditions are equivalent:
1. T €eKL(N,M).

2. T € B(L’N,L*>M)x.y—mix-

AN IMI—INJ

3. Te Kxﬁ(LzNJ,ZM)KY
4. @(T) = 0 whenever ¢ € B(L>N, LZM)g such that Qg 25 12pr)y = 0-

Moreover, if M =N, X =Y with M,JMJ C M(X), and if T € M(X), then the above conditions are also

equivalent to either of the following conditions:
5. @(T) =0 for all states ¢ € IB%(LZM)g such that @x = 0.

6. Whenever we have a net of states |l; € K(LZM )5 such that {1;}; is uniformly bounded in M ®@con M°P
and such that 11;(S) — 0 for all S € X, then we have p;(T) — 0.

Proof. The equivalence between (3) and (1) follows from Proposition 2.3.1. An application of the Hahn-
Banach theorem gives the equivalence between (3) and (4). By Proposition 2.5.1 we have that ]B(LZN JL2M )XY —mix

is a strong M-N bimodule, and it is easy to see that it is also a strong M’-N’ bimodule. Since B(L*N, L*M)xy _mix
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contains XB(L>N,L*M)Y it then follows from Corollary 2.3.2 that KQ;{(N, M) = MMN‘I C
B(L>N,L*M)x_y_mix, Which shows that (1) = (2).

To see that (2) = (4) we suppose that condition (2) is satisfied and take ¢ € IB(LZM)g such that
Oxp(2n,2m)y = 0. By Lemma 2.5.5 there exists a uniformly bounded net {;}; C M ®con M such that
i — @ weak*. Since g2y 2p)y = 0 We have that y;(S) — 0 for all § € XB(L*N,L*M)Y and hence
@(T) = limj 0 i (T) = 0.

We now suppose that M = N, X =Y with M,JMJ C M(X), and T € M(X). Clearly we have (4) = (5).
Suppose T € M(X) satisfies (5) and let ¢ € B(L*M )3 be such that @x = 0. Taking the real and imaginary part
of @ separately we may assume that ¢ is Hermitian. We then consider the Jordan decomposition @)y;(x) =
¢+ —¢@_. By Lemma 2.5.3 we have that ¢, and ¢_ each restrict to a normal state on both M and JMJ.
Since X is an ideal in M(X) it follows that (¢1)x = 0. If we extend ¢, and @_ to arbitrary positive linear

functionals W, and y_ on B(L?>M) respectively that satisfy ||y, || = ||@.| and |y_| = |l¢o_

, then we have
VAS IB%(LZM)E and hence by (5) we have y1(T) = 0 showing that ¢(T) = ¢ (T) — o_(T) = y(T) —

y_(T)=0.

Finally, the equivalence between (5) and (6) follows from Lemma 2.5.4. O

Remark 2.5.7. Given a normal operator M-N and JMJ-JNJ bimodule X, we note that the M-N closure

operation for X and JMJ-JNJ closure operation for X commute. Indeed, this follows from Proposition 2.2.3

2).

Remark 2.5.8. From the previous theorem it follows that IB%(LZN JL2M )x-v—mix defines the same subspace

whether we view B(L>N,L>M) as an M-N bimodule, or as an JMJ-JNJ bimodule.
Analogous to Proposition 2.3.8, we also have the following version for pairs of boundary pieces.

Proposition 2.5.9. Let M and N be tracial von Neumann algebras. Suppose X C B(L*M) and Y C B(L*N)

are boundary pieces. If T € B(L?N,L*>M), then the following are equivalent:
1. T eKxy(N,M).
2. T*T € Ky(N) and TT* € Kx(M).
3. T*T € K3\ (N) and TT* e K (M).

Proof. The implications (1) = (2) = (3) are clear. If (3) holds, then by Proposition 2.3.8 we have
T*T € Ky(N) and TT* € Kx(M). Considering the polar decomposition T = V|T| we then have T =

T*|'/2V|T|'/? € K v (N, M). O
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2.5.3 Mixing Hilbert bimodules

Let M and N be tracial von Neumann algebras and let .7#” be an M-N correspondence [Con80, Pop86], i.e.,
A is a Hilbert space equipped with commuting normal representation of M and N°P, which we write as
> & xEy for x € M and y € N. We recall here some facts regarding correspondences that we will need
in this section. We refer the reader to [AP18, Chapter 13] for proofs and further background.

A vector § € A is left-bounded if the map Lg : N — J given by Lg (x) = Ex is bounded from || -|[2, and
hence defines a right N-modular operator in By (L>N,.7#). Moreover, if L € By(L*N,.5¢), then it is easy to
check that & = L(1) €  is left-bounded and L = Le.

A vector 1 € S is similarly defined to be right-bounded if M > x — x1 is bounded in || - ||2, and hence
defines a left M-modular bounded operator Rg € B(L*M, ). A vector £ € S is bounded if it is both left
and right-bounded. The space of bounded vectors is dense in 77 [Pop86].

If & € A is left-bounded, then we obtain a u.c.p. map 6z : M — B(L?N) by 6 (x) = LixLg. Moreover,
since L is right N-modular it follows that 6 (x) € JNJ' =N, for each y € N. If & is a bounded vector, then
we have M > x + 6¢(x) € N extends to a bounded operator T¢ in B(L>M,L*N), and we may compute this
operator explicitly as Tz = L’é Re.

The contragredient correspondence is given by the conjugate Hilbert space .7 equipped with the N-M

bimodule structure

y-§ x=x"y",

forx € M,y € N and & € 7. In this case the bounded vectors for .7 are vectors of the form E where & €
is a bounded vector, and we have TE = Tg.

Suppose now that .7 and .# are M-N and N-P correspondences respectively, and let .77~ denote the
space of left-bounded vectors. If &;,& € %, then L; L € JNJ'NB(L?N) = N, and so we have a well-
defined sesquilinear form on .- ®aig A satisfying

(Gr@m,&@m) = ((Lg,Lg )M, m2)

for &1,& € %, and ny, My € . The separation and completion then gives a Hilbert space /% @y %", which
is the Connes fusion of 57 and ¢, and is naturally a M-P correspondence satisfying x(§ @ 1)y = (x£) ® (1Y)
forxeM,ycP,Ecstt andn €. If E € 2 and n € % are bounded, then the elementary tensor
E®n € QN is also bounded and we have Teon =TyTe.

In the case X = K(L?M) and Y = K(L*>M)) both of the conditions (1) and (4) below have been suggested as

appropriate notions of a mixing bimodule [BF11, PS12, OOT17]. We show here that, in fact, these conditions
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are equivalent.

Theorem 2.5.10. Let M and N be tracial von Neumann algebras and suppose that X C IB%(LZM Yand Y C
B(L?N) are boundary pieces for M and N respectively such that M,JMJ C M(X) and N,JNJ C M(Y). Let

S be an M-N correspondence. The following conditions are equivalent:
1. The set of bounded vectors & € F such that T: € YB(L?M,L*N)X is M-N cyclic for .
2. The dual operator M-N bimodule By (L*N, ) is mixing relative to X x Y.
3. Every bounded vector § € J satisfies Tz € Ky x(M,N).

Moreover; in the case X = K(L?M) and Y = K(L?>N) the above conditions are also equivalent to

4. For every sequence u, € % (N) such that u, — 0 ultraweakly, and for all £, 1 € S we have

lim sup |(xEu,,m)|=0. (2.8)

" xeM x| <1

Proof. Given a bounded vector £ € J#, x,c € M and y,a,b € N we compute

(xTgy)ab,e) = (Eyab,x"cE) = ((xLgy)a,cEb).

It then follows that for all 4 € M ®¢,, N°P we have

((T7)ab, &) = (u(Lg)a,cEb").

Since the range of p(L¢) is contained in the closure of the span of vectors of the form cEb* for ce M
and b € N it then follows that T[g* € B(L*N,L’M)x_y _mix if and only if Lg € B(L*N, )5y mix- The set
Hy ={E € H| Lg € By (L?N, .5 )x_y_mix} forms a M-N bimodule and so assuming that (1) holds we
conclude that this subspace is dense.

Suppose now that &, € .7 are such that &, — & € S with £ a left-bounded vector. Let @, € N, be
the positive linear functional defined by @,(a) = ((§ — &,)a,(§ — &,)). Then we have ||@,||; — 0 and so
by passing to a subsequence we may produce an increasing sequence of projections py € Z(N) such that

7(pr) — 1 and for each fixed k we have

ILep, —Lepl = sup [[(G—Gu)prall = sup  @u(pra”api) = 0.

a€N |jal|<1 aeN jal]<1
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Since &,py € 5% for each n,k > 0 and since IBN(LZN , )Xy —mix 1S a strong right N-module by Proposi-

tion 2.5.1, it then follows that & p; € & for each k > 0 and also & € 74). Thus,
By (L*N, 7 )x-v—mix = {L¢ | € € A is bounded} = By(L*N, 7).

We now suppose (2) holds, then we see from above that the 7; € B(L*N,L>M)x_y_mix for each bounded
vector &. Since M,JMJ C X and N,JNJ C Y we then conclude that for every bounded vector & € 57 and € >
0, there exist projections p € #(M), and g € (N so that 7(p),7(q) > 1 —€ and T,,¢, = p(JpJ) T (JgJ)q €
YB(L*M,L>N)X. Thus, the set of bounded vectors & € # such that T: € YB(L*M,L>N)X is dense in 7.

We have thus shown the equivalence between (1) and (2). We have also shown that, in fact, these condi-
tions imply also that the set of bounded vectors & € . such that Ty € YB(L?>M,L>N)X is dense in J#. In
particular, it then follows that there is a dense subset 7] C ¢ such that Tg o5 = Ty T¢ € XB(L*M)X for all
&,m € JA. Since these elementary tensors span a dense subset of .# @y 7 we see that S @y £ satisfies
the hypotheses of (1), so that by the equivalence between (1) and (2) it follows that if £ € .%# is any bounded
vector, then we have Ty Tz =T ¢ € B(L>M)x_mix = Kg’l (M).

Considering instead 77 @y # we see that we also have T: Tg € K?l (N) and by Proposition 2.5.9 it then
follows that Tz € Ky x (M, N), establishing (3). That we also have (3) = (2) is clear.

We now suppose that X = K(L>M) and Y = K(L?N). Note that clearly (2) = (4) since for any
uniformly bounded sequence x, € M we have x, ® (u})°? — 0 weak® when viewed as an element in M ®cop
N°P.

We now suppose that (4) holds. The result is trivially satisfied if N is completely atomic, and so by
restricting to the orthogonal projection of the completely atomic part we may assume that N is diffuse. Note
that Equation (2.8) holds also if instead of u,, € % (N) we consider y, € N contractions such that y, — 0
ultraweakly. Indeed, by the polarization identity it is enough to check this for & = 1, and if Equation (2.8)
does not hold, then there exist ¢ > 0 and x, € M contractions such that |(x,Ey,,&)| > ¢. By considering
separately the real and imaginary parts of x, and y, we may assume that x, = x;; and y, =y}, so that y —
(x&y, &) is a Hermitian linear functional.

We let v, € {y,}' NN be a sequence of self-adjoint unitaries such that v,,(1—y2)'/? — 0 ultraweakly (note
that this is possible since {y,} NN is diffuse for each n). Setting u, = y, + iv,(1 —y2)'/2 € % (N) we then
have that u,, — 0 ultraweakly and | (x,Euy, E)| > [(x,Eyn, E)| > ¢, which would then contradict (4).

Thus, we have established that for each bounded vector & € 57 and for each uniformly bounded sequence
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yn € N we have

lim sup |<x§))na€> = Oa

N0 veM, x| <1

L.e., the operator 7; is compact as an operator from N into L'M. By Lemma 2.3.9 we then have that T: is
compact as an operator from N into L>M, which by [Oza10] agrees with the | - || 2-closure of K(L*N,L>M)
in B(L*>N,L>M). Cutting down by projections as above then shows that a dense set of bounded vectors & € .57

have the property that T € K(L*N,L*M) showing that (1) holds. O

Example 2.5.11. If J# is an M-N correspondence, then we let X, C B(L?>M) denote the hereditary C*-
algebra generated by operators of the form Tg* T, where &,n €  are bounded vectors. We similarly let
Y ;» C B(L?>N) denote the hereditary C*-algebra generated by operators of the form Ty Tg*. Then X, and
Y _» give the smallest boundary pieces of M and N respectively so that .77 is mixing relative to X j» X Y ».
Note that if B C M is a von Neumann subalgebra and we consider L>M as an M-B correspondence, then

the corresponding boundary piece X;2,, is the one described in Example 2.3.4.

2.6 Properly proximal von Neumann algebras

Let M be a von Neumann algebra, X C B(L?>M) a boundary piece, and suppose that ¥ is a dual normal
M-bimodule. A point & € ¥ is properly proximal relative to X (or just properly proximal if X = K(L?>M))
if [x,&] € ¥x_mix for all x € M. We denote the set of properly proximal points by P —prox (OF Pprox if X' =
K(LZM ). Note that #x_mix C #X—prox» and both are closed subspaces of #". While #x_pr0x need not be an
M-bimodule, it is M-convex in the sense that if xy,...,x, € M satisfy Y/ x7x; =1, then Y| x7Ex; € Px_prox

for all & € #x_prox. Indeed, for all y € M we have

n n

b 3] = Yol &bt 81+ Ll £y € o

i=1 i=

In practice, explicitly verifying that [x,&] € #&x_mix for each x € M may be cumbersome. The following

lemma is a key tool in this respect. This should be compared with Lemma 6.7 in [IPR19].

Lemma 2.6.1. Let M be a tracial von Neumann algebra, let ¥ be a dual normal M-bimodule, and fix & € V.
Then {x € M | [x,&],[x*,&] € Vx_mix} is a von Neumann subalgebra of M. In particular, & € Vx_prox if and

only if {x e M | [x*,&], [x,E] € ¥x_mix } is ultraweakly dense in M.

Proof. Ttis easy to check that My = {x e M | [x*, ], [x,&] € Px_mix } is a unital x-subalgebra, so we will only
show that it is ultraweakly closed. If x is in the ultraweak closure of M, then we may take a net {x;}; C My

that converges ultraweakly to x. Since [x;,&] — [x,&] = (xi — x)& — E(x; —x) converges to 0 in the M-M
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topology, and since ¥_mix is a strong M-M bimodule it then follows that [x,&] € ¥x_mix. We similarly have

[x*,&] € X _mix> and s0 x € My. O

We let Sx (M) C B(L*M) be the set of operators that are properly proximal relative to X when we view

B(L?>M) as an M-bimodule under the actions x- T -y = Jy*JTJx*J, i.e.,
Sx(M) = {T € B(L*M) | [T,JxJ] € K3 for all x € M}.

Note that Sx (M) is an operator system that contains M. In the case when X = K(L?M) we write S(M) instead
Of SK(LZM) (M)

Theorem 2.6.2. Let M be a tracial von Neumann algebra, X C B(L>M) a boundary piece, and let B C M be

a von Neumann subalgebra. The following are equivalent:
1. There exists a B-central state ¢ on Sx (M) such that @)y is normal.
2. There exists a non-zero projection p € 2 (B) and a B-central state ¢ on Sx (M) such that @)y, = %p) T.
3. There exists a non-zero projection p € % (B) and an M p-bimodular u.c.p. map ® : Sx(M) — (pMp, epp).

4. IfE is any normal operator M-system such that there exists a state ¢y € (E h)x,pmx with Popy =T, then

there exists an B-central state ¢ on E such that @y is normal.

Proof. The equivalences between (1), (2), and (3) are standard. To see that (4) = (1) simply observe
that the state @o(7) = (T1,1) is in (Sx(M)*)x—prox» Which follows from the remark after Theorem 2.5.6.
Conversely, to see that (1) = (4) note that if E is a normal operator M-system and ¢y € (E ”)X_prox with
®ojy; = T, then @y corresponds to an M-bimodular u.c.p. ®o : E — B(L>M) such that @o(T) = (®o(T)1,1),
for T € E. Since ¢y is a properly proximal point it follows that the range of @y is contained in Sx (M). Indeed,
if we view B(L?>M) as an M-M bimodule with the bimodule structure given by x- T -y = Jy*JTJx*J, then for
T €E,a,b,xeM, and if l; € M ®con M°P is uniformly bounded such that 1; — p in the X-topology, then

since [x, @] € (E*)x_mix We see that

(1 (x- @o(T) — ¢o(T) -x)a, b) = pi([x, 9o]) (6" Ta) = (p(x- 90(T) — 90(T) -x), b).

Since a,b € M are arbitrary it follows that [¢o(T),Jx*J] = x- ¢o(T) — ¢o(T) - x € B(L>M)x_mix- By Theo-
rem 2.5.6 and Remark 2.5.8 it then follows that ¢o(7) € Sx(M) foreach T € E.
If we have a B-central state ¢ : Sx(M) — C with @)y normal, then ¢ o @ gives an B-central state on £

with @ o P |;, normal. O
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We say that the inclusion B C M is properly proximal relative to X (or just properly proximal if X =
K(L*M)) if it fails to satisfy the conditions in the previous theorem. We say that M is properly proximal if
the inclusion M C M is properly proximal. We remark that by condition (3) above proper proximality for M

is independent of the given trace.

Remark 2.6.3. If X and Y are boundary pieces with X C Y, then we have Kg’l (M) C K?l (M) and hence
Sx (M) C Sy(M). Thus, if B C M is properly proximal relative to X, then it is also properly proximal relative
to Y. In particular, if B C M is properly proximal, then the inclusion is properly proximal with respect to any
boundary piece. Similarly, if B C Q C M, and B C M is properly proximal relative to X, then Q C M is also
properly proximal relative to X.

Also note that if B C Q C M and we identify L?Q = eoL>M, then egKx (M)eg C B(L?Q) gives a boundary
piece for Q. Indeed, m is a C*-algebra, and if 0 < a <b € m, then we may write
a = b'*ch'/* for ¢ € B(L>Q) [Bla06, 11.3.2.5], and taking an approximate identity {p;}; C egKx(M)eg we
then have a = lim;_.. p;ap; € m, showing that m is hereditary. Moreover, since Kx (M)
contains both M and JMJ in its multiplier algebra we see that m contains both Q and JQ/J in its
multiplier algebra.

oo, 1

oo, 1
We then see that e Ky (M)eg C Km

therefore see that if B C M is properly proximal relative to X, then B C Q is properly proximal relative to

(Q) and it follows that egSx (M)eg C SW(Q)' We

eoKx(M)ep. In particular, if B C M is properly proximal, then B C Q is also properly proximal (and B is
also properly proximal).
The same argument above shows that if p € 2°(M), then by identifying L*(zM) = zL>M we have that

pLXpt is a boundary piece for zM.

Recall from [BIP21] that if T" is a group, then a boundary piece X for I' is a non-empty closed I" x I'"-
invariant subspace of BI"\ I'. We have a bijective correspondence between boundary pieces for I and T" x T'-
invariant proper closed ideals coI" C I C £*T, which is given by I = {f € *T' = C(BI') | fix =0} C ¢*T. A
group I is properly proximal relative to X (or relative to ) if there is no left ['-invariant state on C(X )R(F) =
(=T /1R,

We set Sx(T') = S;(I') ={f € ¢*T' | f—R,f € I for any t € T'}, which is a C*-subalgebra of ¢*T". The
group I" acts on Sy by left-translation, and I' is properly proximal relative to X if and only if there is no

I'-invariant state on Sy ().

Theorem 2.6.4. Let I be a group with a ' x T'-invariant proper closed ideal coI' C I C £T, and let X be
a boundary piece for LI. We let Ix C {°T the closed ideal generated by Ep~r(X), and we let X denote the

LT -boundary piece IB(¢2T')1 | generated by 1. The following statements are true:
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1. If LT is properly proximal relative to X, then I is properly proximal relative to Ix.
2. Tis properly proximal relative to I if and only if LI is properly proximal relative to X;.

Proof. First assume that I' is not properly proximal relative to Ix, i.e., there exists a I'-left invariant state ¢
on Sy, (). As Ep=r : B(?T") — £>T is continuous from the |||« 1-topology to the norm-topology it follows
that Ey~r maps KQI (LT') into Ix, and consequently, Egq~r maps Sx(LI") into Sy, ('), since if 7 € Sx(LI),
then Epr(T) — R (Ep=r(T)) = Ep~r (T — p/Tp;) € Ix, for eacht € T.

We may therefore consider the state W := ¢ o Eg : Sx (L") — C. Observe that for any x € LT, Ep-(x) =
7(x) and hence Y|, = 7. Moreover, note that E~r is left I-equivariant, i.e., Ly(Eq=r(T')) = Ep~r (AT A{") for
any s € I'and T € Sx(LT") and thus y(A,T) = y(ATAA) = w(T As). Finally, using the fact y is normal on
LI" and the Cauchy-Schwarz inequality, we conclude that y is LI'-central.

Next, suppose LI is not properly proximal relative to X; and let y be an LI'-central state on Sx, (LI"). We
claim that S;(I') < Sx, (LT") by viewing f € S;(T") as a multiplier M. Indeed, for any f € S;(I') and ¢ € T,
we have [My,p;] = My_g,r)pr € Xy, and hence My € Sx, (LT') by Lemma 2.6.1. Since A,MyA,;" = My, 5) for
t € T it follows that W gives a [-invariant state on S;(I'). The “only if” direction of the second statement

follows from the first statement upon noticing that Eg(IB(¢*T')I) = I¢£=T1 = I. O

We recall that an von Neumann subalgebra N C M is co-amenable if there exists a conditional expectation

from (M, ey) to M (see, e.g., [MP03]).

Lemma 2.6.5. Let (M, ) be a finite von Neumann algebra with a faithful normal trace T, N C M a von
Neumann subalgebra and E an M-system. Suppose there exists an N central state @ on E such that @y = 7.

If N C M is co-amenable, then there exists an M-central state Y on E with Yy, = .

Proof. As in Section 2.4.1, there exists an M-bimodular u.c.p. map ® : E — B(L>M) such that ¢(T) =
(®(T)1,1) for any T € E. Since ¢ is N-central, it is clear that & : E — (M, ey). Denote by & a conditional
expectation (M, ey) — M given by co-amenability, then 7o & o ® is an M-central state on E that restricts to

TonM. ]

Proposition 2.6.6. Let (M,7) be a finite factor and N C M a co-amenable subfactor. If M is properly

proximal, then so is N.

Proof. Suppose N is not properly proximal, then there exists an N-central state ¢ on S(N) with @y = .
Notice that Ad(ey) : S(M) — S(N) and hence y := Ad(ey) o ¢ is an N-central state on S(M) with yjy = 7.
Now it follows from Proposition 2.6.5 that there exists an M-central state on S(M) and thus M is not properly

proximal. O
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Proposition 2.6.7. Let M| and M, be diffuse tracial von Neumann algebras. Then M = M| x M is properly
proximal.

Proof. We will show that the usual paradoxical decomposition that proves nonamenability for My x M, also

II-Il2

works to show proper proximality. For i = 1,2, let # = L*(M;) and #° = #5Cl = M0T ", where M?

denotes the kernel of the trace. Recall that /7 = L?(M; * M>) decomposes as

%:ciea@( ) %?@---@%ﬁ?).

n=1 \iyFiy##in

Set

A =Clo@P| P #Ho--wn |,
n>1 ilfiz---#in
i1#1
and let P € B(#) be the orthogonal projection onto 7% (1)*.
If z € MY, then as JzJ and Jz*J preserve the space #(1) we have [P,JzJ] = 0. Also, if z € MY, then as JzJ
and Jz*J preserve the subspace #7(1) ©C1 we have [P,JzJ] = [JzJ,Projq;] is finite-rank. By Lemma 2.6.1
we then have P € S(M).

Similarly, if we by Q the projection onto Hy(2)*, where

A2)=Cle@| P Ao |,
n>1 \ iy Fiy-Fin
i1#2

then Q € S(M). Since M, is diffuse, we may choose orthogonal trace-zero unitaries uy,uy € % (M) so that
we then have ufPu; + u3Pup < Q. Similarly we may choose a trace-zero unitary v € % (M) and obtain that
viQv < P.

If there were an M-central state @ on S(M), we would then have 2¢(P) < ¢(Q) < ¢(P) and hence
@(P+Q) = 0. Since 1 — P — Q is the projection onto C1 and ¢ is M-central we have ¢(1 —P — Q) =0,

which then gives a contradiction. O

Theorem 2.6.8. Let M be a finite von Neumann algebra, X C B(L?M) an M-boundary piece and let 4 C

U (M) be a subgroup. Suppose there exists a state ¢ € B(L?M)* such that
1. @ restricts to the canonical traces on M and JMJ.
2. @oAd(u) =@oAd(Ju*J) foralluc ¥.

3. (P|X = O,
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then Qs () is 9" -central, so that the inclusion 9" C M is not properly proximal.

Proof. Note that since ¢y, = 7 is normal, the set of elements x € M such that [x, (p‘SX(M)] = 0 forms a von
Neumann subalgebra of M, thus it suffices to show that & is contained in this set. Also, as ¢ € B(L*M )]JW a
dox=0weh w1 =0.
and @x we have (P‘KX,I M)
If T € Sx(M) and u € 4, then (Ju*J)T (JuJ) —T = [Ju*J,T](JuJ) € ]Kg’l (M). Therefore,

@oAd(w)(T) = 9o Ad(Ju*J)(T) = @(T).

O

Corollary 2.6.9. Let M be a tracial von Neumann algebra with property (Gamma). Then M is not properly

proximal.

Proof. Suppose M has property (Gamma). Let u, € % (M) such that u, — 0 ultraweakly and || [x, u,]|l» — 0
for all x € M. Let ¢ be any weak*-limit point of the states B(L*M) > T > (Tthy,,1y). Then it is easy to see

that ¢ satisfies the hypotheses of Theorem 2.6.8, for 4 = % (M) and X = K(L*M). O

Lemma 2.6.10. Let M be a finite von Neumann algebra and Q C M a regular von Neumann subalgebra. If
un € % (M) is such that | Eg(au,b)||2 — 0 for all a,b, € M, then for all S,T € B(L>*M) of the form aJbJegJcJd

with a,b,c,d € M we have ||S*u,T||1 — O.

Proof. Suppose {u, }, C % (M) is given as above. Since ||TxJyJ |1 < || T ||oo,1 ||x]|[[¥]] it is enough to check
that ||S*u, T ||.1 — O when S and T are each of the form aJbJeg, with a,b € M.

Also, note that if a,b,c,d € M, then for x € M we have

llegaJbixcldeg|w1 = sup |T(axdyc*b*z)| < |bc||2|laxd||>-
»ze(Q

It therefore follows that by taking spans and using density in || - ||2, to prove the lemma it suffices to show that
IS* 14, T ||eo,1 — O when S and T are each of the form egaJbJ, where a € M and b € 434(Q). Finally, note that
for b € Ay (Q) we have egJbJ = JbJbepb*, and from this we then see that it suffices to consider the case

when S and T are each of the form ega for a € M. This is easily verified, for if a;,a> € M, then

llegaiunazeg||w1 = ||Eg(ajunca)|l1 — 0.
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For the next theorem, recall from Example 2.3.4 that if Q C M is a von Neumann subalgebra, then
we denote by Xy the M-boundary piece consisting of the norm closed span of all operators of the from

x1Iy1JTIyrJxy, with x1,x2,v1,y, E M and T € eQIB(LzM)eQ.

Theorem 2.6.11. Let M be a finite von Neumann algebra, and Q C M a regular von Neumann subalgebra
such that M is properly proximal relative to the M-boundary piece Xo. If P C M is a weakly compact regular
von Neumann subalgebra, then P <p Q. In particular, if M is properly proximal, then M has no diffuse

weakly compact regular von Neumann subalgebras.

Proof. By the weak compactness of P C M, there exists a state ¢ : B(L>M) — C satisfying the following
properties:
(i) @ is the canonical normal trace on M and JMJ;
(i) @(xT) = @(Tx) for all T € B(L*M), x € P,
(iii) @ o Ad(u)(T) = @ o Ad(Ju*J)(T) for all T € B(L*?M) and u € A3 (P).
If P Ay Q, then by Lemma 2.6.10 for each T € B(L?>M) of the form a*Jb*JegJbJa with a,b € M there

exists a sequence {u, }, C % (P) such that ||T*u},u,T|

oo 15 | T* Wt T ||oo,1 < 27" whenever n > m, and such

that || Tu||, < 27" for each n > 1. We then have

1 ¥ 1 Y
HNZW%%ﬁﬁgZWMWWMM
n=1

nm=1

2 1 ¥

<= 27— Y Tty
Nzlgm;ng Nzngl "
2 |ITIP

< —4+—=0.

*N+ N

Since ¢ is continuous in the || - || 2-norm on bounded sets it then follows from (ii) that

1 N
o(T) = lim Nn; o(u;Tu,) = 0.

N—soo
If we now have a,b € M and T € egB(L*?M)eg with T > 0, then

Q(a"Jb*JTJIbJa) < ||T||@(a*Jb*JepJbJa) =0

and hence @(a*Jb*JTJbJa) = 0. By polarization it then follows that ¢ (aJbJTJcJd) =0 for all a,b,c,d € M
and T € egB(L?M)eg. Since the span of such elements is norm dense in X it follows that ¢x, =0, and

hence M is not properly proximal relative to X by Theorem 2.6.8. O
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2.6.1 Proper proximality relative to the amenable boundary piece

We see from Theorem 2.6.4 that a group I' is properly proximal if and only if the group von Neumann algebra
LT is properly proximal. In this section give an application of the development of boundary pieces for von
Neumann algebras by showing that this also holds for proper proximality relative to a canonical “amenable”
boundary piece.

Let T be a group, and let @ : T' — % (%) be a universal representation that is weakly contained in
the left regular representation, i.e., 7 is the restriction of the universal representation of C;I". Associated
to this representation is a boundary piece Xamen as described in [BIP21], where a net (¢;); has a limit in
Xamen C BT if and only if 7(#;) — O ultraweakly, i.e., z; — 0 in the weak-topology in C;T". Alternatively, we
can view the corresponding ideal Iymen C £*°T" as the ideal generated by the set B,(I") of all matrix coefficients
Qe (t) = (m(t)&,m) for §,m € S. Note that since weak containment is preserved under tensor products
it follows from Fell’s absorption principle that B,(T") is an ideal in the Fourier-Stieltjes Algebra B(T'). In
particular, B,(I') is a self-adjoint subalgebra of £°T", and 50 f € Iymen if and only if | f| < g for some g € B,(T).

If ' is a nonamenable group, then the following lemma shows that we often have coI” C Iyypen C €T
Lemma 2.6.12. Suppose ¥ < T is a subgroup. Then ¥ is amenable if and only if 1y € Iymen-

Proof. If ¥ is amenable, then the quasi-regular representation ¢2(I"/X) is weakly contained in the left regular
representation and ly is a matrix coefficient. Conversely, if 1y € Iymen, then there exists ¢ € B,(I'), say
o(t) = (m(t)&,n) so that 1y < g, where g is some element in B, (T) with ||g — @||.. < 1/2. Hence for all 7 € £
we have R((m(r)€,n)) > 1/2. If we let &) denote the minimal norm element in the closed convex hull of

{7(t)& }sex, it then follows that & is a E-invariant vector and is non-zero since R((&y,n)) > 1/2. It therefore

follows that the trivial representation for X is weakly contained in 7 < A and hence X is amenable. O

We now fix a tracial von Neumann algebra M, and by analogy with above we consider a universal M-M
correspondence .77 that is weakly contained in the coarse correspondence L>M ® L>M. Note that we may
assume that as an M-M correspondence we have % =2 7 and we then have a boundary piece Xamen = X
as defined in Example 2.5.11

Similar to Lemma 2.6.12, we have the following lemma.

Lemma 2.6.13. Let M be a tracial von Neumann algebra and A C M a von Neumann subalgebra such that A
does not have an amenable direct summand, and 9 C % (A) a subgroup that generates A as a von Neumann

algebra. Then there exists a net {u;}; C 9 such that u; ® u?p — 0 in the Xymen-topology.

Proof. Fix a universal M-M correspondence 7 that is weakly contained in the coarse correspondence. Note

that just as in the case for groups the span B of operators of the form 7 for some bounded vector Eex
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forms a *-subalgebra of B(L>M). Also, M and JMJ are contained in the multiplier algebra of By in B(L>M).
Thus if we denote by B = By, then we have Xymen = BB(L>M)B. In particular, a net {ui}i C ¢ satisfies
u; @ ui® — 0 in the Xymen-topology if and only if u; Tz, ST, ui — O ultraweakly for any S € B(L?M) and
&1,& € s bounded vectors. Moreover, by the polarization identity we see that this is if and only if for
each bounded vector & € 7, S € B(L>M), and a € M we have ||ST5JaJuA;‘||% — 0, and for this it suffices to
consider only the case when § = 1.

Therefore, if no such net of unitaries existed, then there would exist bounded vectors &i,...,&, € 2,
ai,...,a, € M and ¢ > 0 such that for all u € 4 we would have Y}, ||T§k1aka2||% >c. Weleté =@ & €
D ®p A and we let f = ®}_a;&rar. We also let ¢ denote the closed convex set generated by vectors
of the form u*Eu, for u € 4. Then for each u € & we have (u*Eu,&) = YI_, |Tz, JaJii||3 > c, and hence
for any n € € we have (n,f ) > ¢ > 0. Hence, if we take 7 € % to be the vector of minimal norm, then
7 is a non-zero vector that is invariant under conjugation by ¢. Since ¢ generates A it then follows that 1
is a non-zero A-central vector. Since ®}_, ®u S is weakly contained in the coarse correspondence this

would then show that Ap is amenable where p € Z(Z(A)) is the non-zero support projection for &. O

Theorem 2.6.14. Let I be a discrete group, then Lymen C €T is the closed ideal generated by Epr(Xamen)

and Xamen C B(L?(LT)) contains the boundary piece generated by Iymen.

Proof. Let S be a universal M-M correspondence that is weakly contained in the coarse correspondence,
and let £, 1 € 7 be bounded vector. Then J# ®y; 7 is also weakly contained in the coarse correspondence.
In particular if we consider the representation 7 : I' — % (# @) ) given by conjugation, then 7 is weakly
contained in the conjugation action associated to the coarse correspondence L>M ® L>M, which is easily seen

to be a multiple of the left regular representation. For # € I we compute
Epr (T Ty) (1) = Epor(T, ) (1) = (T, 26 &) = (u; (N @ &)ur,n ©E).

Since © < A we then have E[wr(Tg Tyy) € Limen, and it then follows that Eg-r(Xamen) C Jamen-

On the other hand, if 7 : I’ — % () is a representation that is weakly contained in the left regular
representation, then we may consider the LI'-LI" correspondence ¢’I"® .7 where the first copy of LI acts
as A, ® 7(¢) (which is conjugate to 4, ® 1 by Fell’s absorption principle), and the second copy of LI" as as
p: @ 1. As is well known, if & < A, then (’I'® .77 is weakly contained in the coarse correspondence. Also,
if & € 7, then it is easy to check that §, ® £ is a bounded vector and Ts,¢ 1s the diagonal multiplication
operator corresponding to ' 3 ¢ — (7(¢)&,&). It then follows that Lymen C Xamen-

Moreover, if ¢(r) = (m()&, &) and M, denotes the diagonal multiplication operator, then since Eg= (M) =
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¢ we see that Iyyen 18, in fact, equal to Egor(Xamen)- O

Corollary 2.6.15. Let I" be a discrete group, then LI is properly proximal relative to Xymen if and only if T’

is properly proximal relative to Iymen.
Proof. This follows from the previous theorem, together with Theorem 2.6.4. O

If T" is properly proximal, then clearly I" is properly proximal relative to Iymen, but also if I' has a normal
amenable subgroup X <1 T such that I'/X is properly proximal, then it follows from [BIP21] that T is also
properly proximal relative to Iymen. Examples of groups and von Neumann algebras that are not properly
proximal relative to the amenable boundary piece are infinite direct products of nonamenable groups or

infinite tensor products of nonamenable II; factors, which follows from the following proposition.

Proposition 2.6.16. Suppose M is a tracial von Neumann algebra and B,, C M is a decreasing sequence
of von Neumann subalgebras such that each B, has no amenable summand and such that U, (B, " M) is

ultraweakly dense in M. Then M is not properly proximal relative to Xymen.

Proof. This is similar to the proof of Corollary 2.6.9. Given any asymptotically central net {u;}; C % (M)
we may consider a state ¢ on Sx, ., (M) which is a weak*-limit point of the vector states Sx_., (M) > T —
(Tu;,u;). Since each B, has no amenable summand, it follows from Lemma 2.6.13 that we may find an
asymptotically central net {u; }; C % (M) so that ¢ vanishes on Xymen, and it then follows that ¢ satisfies the

hypotheses of Theorem 2.6.8. O

2.7 Biexact groups and properly proximal von Neumann algebras
Throughout this section we fix a group I" and we fix a trace-preserving action I'~»B of I" on a tracial von
Neumann algebra B.

If A is a C*-algebra and I’ A, then we denote by A x, I the reduced C*-crossed product, and by A x I

the full C*-crossed product.

Theorem 2.7.1. Suppose T is biexact and B is abelian. Then for every von Neumann subalgebra P C Bx T,

either the inclusion P C B x T is properly proximal relative to Xp or else P has an amenable direct summand.

Proof. Suppose the inclusion P C B x I" is not properly proximal relative to Xp, and let ¢ : Sx,(BxT') —
(p(BxT)p,epp) be a p(B xT') p-bimodular u.c.p. map, where p € Z°(P) is a non-zero central projection.

If we consider the I'-equivariant diagonal embedding ¢*T" C B(¢°T") C B(L?B) @ B(¢>T), then we see that
=T’ commutes with B, and that ¢oI" is mapped to Xp. Restricting to S(I') then gives a I'-equivariant em-

bedding into B' NSy, (B x I'). We therefore obtain a *-homomorphism (B ®min S(T')) x ;I — B(L2B® £°T)
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whose image is contained in Sx, (B x I"). Composing this *-homomorphism with the u.c.p. map ¢ then gives
au.c.p.map ¢ : (B®uin S(I')) x 7T — (p(BxT)p,epp) such that ¢(t) = pu,p forall t € T.

Since T is biexact, the action I' ~S(T) is topologically amenable, and since B is abelian the action
'~ B ®@min S(I') is then also topologically amenable. Hence, (B ®min S(I')) Xy I' = (B ®min S(I')) x,T'is a
nuclear C*-algebra.

We set ¢(+) := ﬁ((ﬁ(-)ﬁ,m and note that for x € B x, I" we have ¢(x) = ﬁr(pxp). Since B %, T is
ultraweakly dense in B x I" an argument similar to Proposition 3.1 in [BC15] then gives a representation 7y :
(B@minS(I')) x, I — B(J), astate ¢ € B(,), with ¢ = o my, and a projection g € Ty ((B@min S(I")) X,
I')" with ¢(g) = 1 such that there is a normal unital *-homomorphism t : BXT" < gty ((B ®min S(I')) %, I')"q.

Since (B ®min S(I')) 1, I is nuclear, we have that 7ty ((B ®min S(I')) %, T")" is injective, and so there is a
u.c.p. map 1 : (BxT,eg) = qp((B@min S(I')) %, T")"q that extends 1. Notice that y := @ o1 is then a Pp-

1

central state on (B xT',ep) and y(x) = WT( pxp) forall x € BxT. By Theorem 2.1 in [OP10a] we conclude

that Pp ® C(1 — p) is amenable relative to B, and since B is abelian we then have that Pp is amenable. O

2.8 Properly proximal actions and crossed products

Let M be a separable finite von Neumann with normal faithful trace 7 and let I be a group that acts on
M by trace-preserving automorphisms. Note that the action ' ~* (M, 1) is unitarily implemented by the
unitaries o (%) = /,(x\) Conjugation by these unitaries then implements an action of T on B(L*(M, 7)),
which preserves the space S(M).

If X C B(L?>M) is a boundary piece such that conjugation by unitaries in the Koopman representation of
I preserves X, then the action of I on B(L2M) will also preserve Sx(M). We say that the action ['~M is
properly proximal relative to X if there does not exist a non-zero I'-invariant projection p € 2°(M), such that
I'~Mp is weakly compact, and such that there does not exist a I'-invariant M-central state on Sx(M) that
vanishes on KQI (M) and is normal when restricted to M.

Note that the same proof as in Corollary 2.6.9 shows that if T~ M is properly proximal, then (M x )’ N
M?® cannot be diffuse. In particular, if M is abelian and the action is ergodic, then the the action '~ M is
strongly ergodic. Also note that if I'~ 2°(M) is ergodic, then the trace 7 is the unique I'-invariant M-central
normal state on M.

The definition of proper proximality for actions is slightly more technical than for von Neumann algebras.
This is done to accommodate the proof of Lemma 2.8.5 below. We will show in Proposition 2.8.2 that proper
proximality for the trivial action is equivalent to proper proximality for the von Neumann algebra.

Note that if M is abelian and if ¢ is a state on Sx (M) that restricts to the trace on M, then ¢ vanishes on

K;‘l (M) if and only if ¢ vanishes on X. Indeed, if T € K;"l (M), then for each € > 0 there exists a projection
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p € Z(M) with ©(p) > 1 — € such that p(JpJ)T (JpJ)p € X. Since M is abelian we have JpJ = p and by
Cauchy-Schwarz ¢(T) < 2€||T|| + ¢(pT p). Since € > 0 is arbitrary this then shows that if ¢ vanishes on X,
then it must also vanish on K§’1 (M). Thus, in the case when M is abelian, the following proposition can give

an easier criterion to check whether or not the action is properly proximal.

Proposition 2.8.1. Let (M, 1) be a finite von Neumann algebra, suppose '~ (M,7) is a trace-preserving
action, and X C B(L*M) is a T-invariant boundary piece for M. If there exists a T-invariant, M-central state
¢ : Sx(M) — C such that @y is normal and @ix # 0, then there exists a non-zero I'-invariant projection

p € Z (M) so that T ~Mp is weakly compact.

Proof. First notice that since Sx(M) = Sk, (M), we may assume X = Kx and thus M C M(X). Let ¢ :
Sx(M) — C be a T-invariant, M-central state that satisfies ¢, = T and does not vanish on X. Take a I'-
approximate unit {A;}; C X that is quasi-central in M(X). Since M is contained in the multiplier of X and
since {A;}; is quasi-central in M(X), we obtain a non-zero I'-invariant and M-central positive linear functional
¢ on B(L*M) with @}y normal by setting

P() = limp(a;*- A1)

h I
1—®

for some free ultrafilter @. Since @)y is I-invariant, if we let p be the support of @y, then p is I'-invariant,

and @y, is faithful, so that '~ Mp is weakly compact. O

Proposition 2.8.2. Let M be a tracial von Neumann algebra, and X C B(LZM ) a boundary piece. Then M is
not properly proximal relative to X if and only if there either exists a central projection p € % (M), such that

Mp is amenable, or else such that there exists an M-central state y : Sx(M) — C such that Yy, is normal
and I,U‘K;ZJ(M) =0.
Proof. Suppose M is not properly proximal relative to X and that M has no amenable direct summand. Let

¢ : Sx(M) — C be an M-central state such that @m 1s normal. A simple standard argument shows that we

may then produce a new M-central state (which we still denote by @) and a central projection p € 2°(M)

such that @(x) = %T(xp) for x € M. Since M has no amenable direct summand, Proposition 2.8.1 shows
that (P|X # 0.
Extend @ to a state, still denoted by ¢, on B(L>M). Since O\ 7 Mp) = ﬁr by the Dixmier property we

may produce a net of u.c.p. maps @; : B(L>M) — B(L>M) that are convex combinations of conjugation by
unitaries in JMJ such that lim; . |@ o o;(x) — ﬁr(xﬂ — 0 for each x € JMJp. We may then let ¢ be a
weak*-limit point of {@ o ¢;};. Since each o; is M-bimodular and preserves Sx(M) (see the remark at the

beginning of Section 2.6), it follows that s, () is again M-central. Also, since each @; preserves X it follows
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that ¢ again vanishes on X. Since  restricts to the canonical traces on both Mp and JMJp it then follows

from continuity that @ also vanishes on K;J (M). O

It was shown in [IPR19] that proper proximality for a group I is an invariant for the orbit equivalence
relation associated to any free probability measure-preserving action. Here we show a counterpart for proper

proximality of an action.

Proposition 2.8.3. Let '\* (M, 1) be a trace-preserving action of I on a separable finite von Neumann
algebra M with a normal faithful trace t. Suppose X C B(L*(M, 7)) is a T-boundary piece. Then T ~M is
properly proximal relative to X if and only if Nyyxr(M) ~M is properly proximal relative to X. In particular,
proper proximality for a free probability measure-preserving action is an an invariant of the orbit equivalence

relation.

Proof. Since I' ~M is weakly compact if and only if A4 (M) ~ M is weakly compact [OP10a, Proposition
3.4], we may assume that there is no ['-invariant non-zero projection p € 2 (M) such that I’ ~ Mz is weakly
compact.

Suppose I'» M is not properly proximal relative to X and let ¢ be a I"-equivariant and M-central state

on Sx (M) with @), normal and Pt oy = 0. We claim that @ is A}s«r(M)-equivariant. Indeed, take
X

(M)
any u € Syxr(M) and by [Dye59] there exists a partition of unity {p;}er C Z(Z(M)) and unitaries
{vi}rer € % (M) so that {@,-1(p;) }ser also forms a partition of unity and u = ¥,cr prvetty. Let o € B(L2M)
be a unitary given by af,) (®) = uxu*. Notice that oc,? =Y erPevidvd 06,0 . For F C T finite we also set ocg F=

Yicr pevidvid Oc,O. We may extend ¢ to B(L>M), still denoted by ¢, and compute that for any 7' € B(L>M)

and F C I finite

|9(0 T (04))") = @0 T (05 ) ") < |@((0) — 0 )T (00))| + | (0t p T (0t — 05, )|
< lo((o) — o) () — o))" 2 @) T T (o) )| /2
+ 1o T (0 p))' 2 (08 — o) (0t — o)) /2

<2||T|o(Y pi)'/*.
t¢F

Notice that for § € Sx(M), we have a0 S(al )" = (Licr p)00S(00)* (Lier pr) € Sx(M) and since
@5 (M) 18 M-central we have

oo rS(ar)*) = Y P(pevidvid 0)S(0f)) " IviIve) = Y, @(prvia)S(et’) i) + (Ky)

teF teF

=Y o(ao,1(p)S(a)) + @(K) = @( Y o 1(p)S) + @( Y K.

tcF tel tcF
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where K, = p,v [JviJ, o0S(a0)*1JviJv, € K (M). Since @ vanishes on K3 (M) we then have

|0(8) — p(ouSe)| < 2[SI@(Y p)' 2 +IISllo(1 = X 0,1 (p)"/* =3ISI (Y )"/

t¢F teF teF
Since F' C I' was an arbitrary finite set and ¢}y, is normal we conclude that @s, () is A (M)-invariant. [

The following lemma is a simple application of the Hahn-Banach Theorem.

Lemma 2.8.4. Let E be an operator system. Suppose I ~N*E is an action of T on E by complete order
isomorphisms. If E does not admit a T-invariant state, then there exist F C T finite, {T;};cr C E, and

To € E; such that |1+ To+ Y,er (T — ot (Th))|| < 1/4.

If X C B(L*M) is a boundary piece, then we set Kx (M)} = Ky (M)M™ 1Ky (M)™74M]  Recall from
Proposition 2.2.10 that (B(L>M )5)* is a von Neumann algebra containing M and JMJ as von Neumann sub-
algebras, and (Kx (M )5)* is a corner of this von Neumann algebra with the support projection of (Kx (M )5)*

commuting with both M and JMJ. The following technical lemma is adapted from Theorem 4.3 in [BIP21].

Lemma 2.8.5. Let M be a separable finite von Neumann algebra with normal faithful trace T. Suppose that
T ~%M is trace-preserving action by a group T such that T ~ 2 (M) is ergodic and let X C B(L>M) be a
I'-boundary piece

Then I" ~M is properly proximal relative to X if and only if there is no M-central I'-invariant state ¢ on
Sx(M) == {T € (B(LZM)E) |[T,d] € (KX(M)ﬁ) forall a € JMJ}

such that @y = .

Proof. First note that as Sx (M) = Sk, (M) and Sx(M) = ng (M) we may assume that X = K. In particular,
we may assume that both M and JMJ are contained in the multiplier algebra of X. Also, note that by
considering the natural map from B(L*>M) into (B(L*M )3)* we get -equivariant M-bimodular u.c.p. maps
B(L*M) — (KX(M)g)*, and Sx(M) — Sx(M). Thus, if there exists an M-central [-invariant state ¢ on

Sx (M) such that @m = T, then either ¢

.\ # 0, in which case restricting to B(L?M) shows that T ~ M
|(x(00)])
is weakly compact [OP10a, Proposition 3.2] (and hence not properly proximal), or else (p‘ (K (M)”)* =0, in
X J

which case restricting @ to Sx (M) shows that ' ~ M is not properly proximal.

‘We now show the converse. So suppose that Sx (M) has no M-central I'-invariant state that restricts to the
trace on M. Set 4 = Ay«r(M) and continue to denote by o the trace-preserving action of 4 on M given
by conjugation. Since '~ Z°(M) is ergodic it follows from [Dye63] that the trace is the unique ¢-invariant

state on M, and hence there exists no ¢-invariant state on Sx (M).
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Let My C M be an ultraweakly dense *-subalgebra that is generated, as an algebra, by a countable set of
contractions Sp = {xo = 1,x1,...}. By Lemma 2.8.4 there exists a finite set F C ¢, {T,}4cr C gx(M), and
Ty € Sx (M), so that || 1+ T +Yoer (T, —0g(Ty)) || < 1/4. By enlarging F (possibly with repeated elements)
we may assume ||7,|| < 1 foreach g € F.

We let I denote the set of all pairs (A, k) where A C B(L*M )3 is a finite set and k > 0. We define a partial
ordering on I by (A, x) < (A’, k") if AC A’ and ¥’ < k.

For each T,, we may find a net {Tgi}ig C B(L?M) whose weak* limit is T,; moreover, by Goldstein’s
theorem, we may assume ||7;|| < 1 for all i € 1. Since an operator T € (]B%(LZM )5) “isa positive contraction
if and only if ¢(T) € [0, 1] for all states ¢ € IB%(LZM)g, and since the set of positive contractions is convex, it
then follows from the Hahn-Banach theorem that any positive contraction in (]B (L*M )3) ’ is in the ultraweak
closure of positive contractions in B(L>M). We may therefore also find a net of positive operators {Tji };c; C
B(L?M) so that ||T{| < ||To||, and T§ — Tp weak™.

We also choose a net {S;}ie; € B(L*M) such that ||S;]| < 1/4, foreachi € 1, and S; — 1+ To+ Yo (Ty —
0y (T,)) weak™.

For any given g € {0} UF and n € N, we have [T,,Jx,J] € <(Kx)g)* and so we may choose a net
{K} ,}ier C Kx such that lim; ;e K, — [T}, Jx,J] = 0 weak*. Furthermore, since B(L*M )5 is the space of
linear functionals that are continuous for both the M-M and JMJ-JMJ-topologies we may pass to convex

combinations and assume that there exists a net {e}"* };c;, C Z(M) such that ¢}"* — 1 strongly, and
lim 4 Te! T (K}, — [Ty, Jxnd])Je] Tel S || = 0. (2.9)

Since we also have that 1+ T + Yeep (T; — 04(T;)) — S; converges weak” to 0, we may assume that, in

addition to (2.9), we also have

-0. (2.10)

e tJel ] (1 +T+ Y (T — 0 (T7)) — S,») Jel8Jel
geF

We fix € > 0 to be chosen later. For each n € N, we may then choose i(n) € I such that setting f,, =

m,

NeeFmen€ins We have T(f,) > 127", and

<2 @2.11)

S fud (Ko = 11 T ]) i
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forallm <nand g € F, and also

<27"/16. 2.12)

Jnd fnd <1+T + Z 8 (n)>)_si(n)> Jfud fu

ger

Setting p, = Ag>nfi We then have that {p, }, is an increasing sequence, and t(p,) > 1 —€27", foralln > 1.
By Lemma 13.7 in [Dav88] there exists &, > 0 so that when K € X, and z € M(X) are contractions
satisfying ||[K,z]|| < 8., then we have ||[K'/2,z]|| < 27"/16(6|F| +4+ || To|) <27

If we consider the unital C*-subalgebra B generated by
{K£<,:111)7an‘lvak7pn7]qn'] | n 2 lag S va S l’l},

then B is a separable C*-algebra and BN X is a closed ideal. It then follows from [Arv77] that there exists an

increasing sequence {F, },>1 C Xy N B such that that the following conditions are satisfied:
@) |[FKN) k) < o=n forall g€ {0}UF andm < n+1;

() [|[FnyJxmd]|| < 8, /2 for m < m;

© |IFu— (F,)|| < 8,/2 forall g € F;

@ B, pills [ [Ensd pmnd]|| < 6,/2 for all m < n.

Set E| = F11/2

E, = (F,—F,_1)"/? for n > 2, and define ) =Y,E, T( 'E, for g € {0} UF, where the
sum is SOT convergent as ||Tgf | < ||T,|| for each g. We claim that Tgo € Sx(M). Since K§’1 (M) is a strong

JMJ-JMJ bimodule it suffices to show that [TgO,Jme] € K§’1 (M) for any given x,, € Sy. We compute

[70,JJ] ZEHT EnJx%nd] + Y [Eny | T E,
" (2.13)
+ZE ") Jxnd|Ep.

The finite sums in the summations ¥, E,, Tki(n> [En,JxnJ] and ¥, [Ey, JxiJ | T;(")En belong to X since X is hered-
itary. The summations Y, E,, Tgf(") [En,JxnJ] and ¥, [Ey, JxnJ ] Tgi ") £, are norm convergent since ||[E,, JxnJ]|| <
27" for sufficiently large n and hence they also belong to X.

Using a similar argument with (2.11) and (d) we deduce

pedped (ZE KE, ZE ) Jxyd] n) Ipidpr € X,
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for any fixed £ > 1, and hence

(ZE KiWE, ZE ") Jxnd] )ngl. (2.14)

On the other hand, since E2 = F, — F,_;, we have from (a) that || E,K.w E,| < 2~"+! for large enough
n and hence ), E,,K,i,%)En is also norm convergent, and thus contained in X as well. This then shows that
(10, JxJ] € K3 (M), for all g € {0} UF, and m > 0, verifying the claim that 7 € Sx(M). Note that we
also have Ty € (Sx(M)) since Ty is the SOT-limit of positive operators.

We define S =}, E,S;(,)Ey. From (2.12), (¢) and (d) we have

piIpiJ (1 +T+ Y (T — o (TY)) S> Ip1Jpi
ger

<2 Y VB - (B +2 (Zn[m,En]u +Z|[Jplf,En1||) @+ | +21F)

geF n
+||2Enp11p111+T + Y (1" — g (T3") = Sy )T 1T piEn|
geF
<1/16+2Enp11p1]<1+T + Y (1" — l(”)))—S,-(n))JpﬂmEn§1/8.
geF

Note that since E, > 0 and ¥, E> = 1, the map ¢ : £°(B(L*M)) — B(L*M) given by ¢((z,)) = ¥Ys EnznEn
is unital completely positive. In particular, we have that ¢ is a contraction and it follows that ||S|| <

sup, [|Si») || < 1/4. Thus, from the previous inequalities we conclude that

<3/8. (2.15)

piJpiJ (1 +T0+ Y (1) - oc;(TgO))> Ip1pi
geF

Since 7(p1) > 1 — €, it follows easily by considering the disintegration into factors that there exist a
central projection z < z(pj), with 7(z) > 1 — 2¢, and two subprojections ¢2,g3 < z with g2 + g3 = z such
that ¢» and g3 are both Murray-von Neumann subequivalent to p;. Take partial isometries v,,v3 such that
Viv2,viv3 < pi and wv; = ¢, v3v; = g3. We define the u.c.p. map ¢ : B(L*M) — B(L*M) by ¢(T) =
JvaJ TIV3J + Jv3JTIVi] +z- Tz, Note that ¢ maps Sx(M) into itself, and for all T € Sx(M) we have
O(T)—T €K7 (M).

It follows from (2.15) that

<3/4. (2.16)

piz <1 +O(T))+ Y (o(1)) - (P(ag(TgO)))) zp

geF
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If we had a I'-invariant state ¢ on Sx(M) such that @y = 7 and Pt ) = 0, then from (2.16), the
X

(M)
Cauchy-Schwarz inequality, and the fact that ¢ (T) — T € K;l (M) for each T € Sx(M), we would then have

1-3e <1(p1z) = ¢(p12)

geF

<3/4+o¢ (mz ((P(Too) + ) (o(T) ~ ¢(06g(Tg°)))> ZPI)

=3/4+0¢ <p1z <T00+ Y (1) - ch(Tgo))> p1z>

geF

<3/442|F|(1-9(piz)) <3/4+06|F|e.

Thus, we obtain a contradiction by choosing € > 0 so that (34 6|F|)e < 1/4. O
The following slight variant of of the previous lemma will be of more use in the sequel.

Lemma 2.8.6. Using the same notation as in the previous lemma, the action I' ~M is properly proximal if
and only if ' M is not weakly compact and there is no M-central I'-invariant state ¢ on gx(M ) such that
)i

(P\M =T and (p|<KX(M )* =0.

Proof. Using the previous lemma, suppose @ : Sx (M) — Cis an M-central I'-invariant state such that @, = 7.
*

By considering the natural M and JMJ-bimodular u.c.p. map from B(L?>M) into (Kx (M )3) we see that if

¢ does not vanish on (KX (M )5) , then we get a state on B(L*>M) that is T-invariant, M-central, and normal

on M, which shows that '~ M is weakly compact by Proposition 3.2 in [OP10a]. O

Lemma 2.8.7. Let M be a finite von Neumann algebra and B C M a von Neumann subalgera. Let eg : L>M —

L?B denote the orthogonal projection. Then egK™'(M)ep C K= (B), and epS(M)ep C S(B).

Proof. Forany T € K=!(M), denote by {7} ,en C K(L*>M) a sequence that converges to T in || - || 1. Notice
that

lles(T —T)epllw1 = sup (ep(T —T,)epd,b) < ||T —Tpllw1,
a,be(B);

and we conclude that egTep € K™ (B). Since JBJ commutes with ep, we also have egS(M)ep C S(B). [

Theorem 2.8.8. Let M and M, be separable finite von Neumann algebras and suppose we have trace-
preserving actions I ~M;. Then the action I’ ~ M ® M, is properly proximal if and only if the action " " M;

is properly proximal for each i = 1,2.

Proof. If the action '~ M| ® M, is weakly compact, then so is I'~ M;, for each i. We may therefore restrict

to the case when I' v M is not weakly compact. Also, if & (M,')r is diffuse for some i, then the same is
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true for 2°(M; @M,)", and the result is easy. We may therefore also restrict to the case when 2 (M;)" is
completely atomic for each i = 1,2. It is easy to see that a direct sum of trace-preserving actions is properly
proximal if and only if each summand is properly proximal, and hence by restricting to each atom we may
further reduce to the case when I' ~ Z(M;) is ergodic for each i = 1,2.

Suppose I' v M is not properly proximal. By Lemma 2.8.6 there is an M-central I'-invariant state ¢ on

S(M) with @ =7 and ¢ . =0. Let A; € K(L*M;) C B(L*M) be an increasing quasi-central

K= ()55
. . . 20 \MIM \ « 22 \MIM \ «
approximate unit. We consider the von Neumann algebra (B(L*M); """ )* and let A € (B(L*M); " )" be the
weak*-limit of the increasing net A; ® 1. We then define an M;-bimodular I'-equivariant completely positive

map @ : S(Ma) — (B(L2M)}™)* by &(T) = AV2(1 0 T)A/2,

Note that for x; € M| we have
[®(T),Jx1J] = lilrll[Ai,Jle] QT =0,
and for x, € M, we have
[@(T),Jx2d] = limA; [T, Jxa]] € (K1 (M) My

Since (K= (M)}™)* is a strong JMJ-bimodule, we have [®(T), JxJ] € (K= (M)}*)* for x € M in general.

Therefore we have @ : S(M,) — §(M ). If @(A) # 0, then composing ® with ¢ gives an M;-central I'-
invariant positive linear functional on S(M,) that restricts to @(A)T on M. As we have @ : K=!(M,) —
(K= (M )th)* this then shows that I'~ M, is not properly proximal.

If we let B; € K(L*M,) C B(L*M,) be an increasing quasi-central approximate unit and if we let B €
(]B(LZM)yW)* be a weak™-limit of the increasing net 1 ® B;, then just as above if @(B) # 0 it would then
follow that I' ~ M| is not properly proximal.

We now suppose ¢(A) = ¢(B) = 0 and consider the M;-bimodular I"-equivariant u.c.p. map ¥ : S(M;) —
(B(LzM)ZJWW)* given by W(T) = (1 —A)/2(T®1)(1 —A)'/2. Similar to the calculation above, we have that
[¥(T),JxJ] = 0 for all x € M| ®a M> and hence [¥(T'),JxJ| = 0 for all x € M. Therefore, ¥(T) € S(M), and
since @(A) = 0 it then follows that ¢ o ¥ defines an M -central I'-equivariant state on S(M;) that restricts to
the trace on M;. Moreover, since @(B) = 0 we have that @ o ‘PUKM,] (m,) = 0 and hence '~ M, is not properly
proximal.

Conversely, suppose I'~ M is not properly proximal. Let ¢ : S(M;) — C be an M-central I'-invariant

state satisfying @y, = 7 and Q1(ps) =0
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We consider the u.c.p. map
Ad, : B(L* (M ®M,)) — B(L*(My))

given by Ad,, (T) = e Te; where e; : L*(My ®M,) — L*(M,) is the orthogonal projection. By Lemma 2.8.7
Ad,, maps S(M; ® M) into S(M;) and maps K™! (M) ® M,) into K™ (M, ). We obtain a state y : S(M; @ M,) —
C by setting y = @ o Ad,,.

Note that Yy =T0Ey =T Also note that since Ad,, is Mi-bimodular and I'-equivariant we see that
v is M;-central. If u € % (M), then we have ejuJuJ = e;, and since Ot (M) = 0 it follows that for

T € S(M; ® M;) we have

v(uT) = @(e1uTer) = @(e1(uJud)T (Ju*J)ey) = @(e1 T (Ju*J)er)

=o(e1T(Ju*J)(wdul)er) = y(Tu).

Hence, M, is also in the centralizer of v, so that the centralizer of y contains the entirety of M} @M, =

W* (M1, Ms). Since Wig=1(y, zp,) = O this then shows that '~ M, ® M, is not properly proximal. O

Remark 2.8.9. Let M be a properly proximal separable II; factor. Then the amplification M is also properly
proximal for any ¢ > 0. Indeed, it follows from the previous theorem that M@M = M'@M"/* is properly
proximal and thus M’ is also properly proximal. Also, if N C M is a finite index subfactor in a separable II;
factor M, and if N is properly proximal, then so is (M, ey) since it is an amplification of N. Combining with

Proposition 2.6.6, we then see that M is properly proximal as well.

Theorem 2.8.10. Ler '~ (X, 1) be a probability measure preserving action, and let w : (X,p) — (Y, V) be

a factor map with (Y, Vv) diffuse. If U~ (X, L) is properly proximal, then so is T~ (Y, V).

Proof. Suppose I'~ (X, i) is properly proximal. We set M = L=(X, ) and M; = L*(Y,V), and we view
M) C M via the embedding 7*(f) = f o . If we consider the map Ad,, : B(L*M) — B(L?(M;)) as in the
second half of the proof of Theorem 2.8.8, then we see from the proof of Theorem 2.8.8 that the only property
used to show that " ~ M is properly proximal is that M = W*(M;,M; N M), which obviously holds here since

M is abelian. O

Proposition 2.8.11. Suppose T ~% (M, ) is a trace-preserving action on a finite von Neumann algebra. If

M x T is properly proximal, then the action I' ~M is properly proximal.

Proof. This is also similar to the second half of the proof of Theorem 2.8.8. Suppose I' ~M is not properly

proximal, and let ¢ : S(M) — C be a I'-invariant M-central state such that @}y, is normal and Pr=1(my = 0.
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Consider the u.c.p. map Ad,,, : B(L*(M xT')) — B(L*M) given by Ad,,,(T) = eyTey, where ey :
L*M®*T — L*M is the orthogonal projection. By Lemma 2.8.7 we have Ad,,, : S(M x ') — S(M) and and
Ad,,, : K= (M xT) — K=!(M). We then consider the state ¥ = ¢ 0 Ad,,, on S(M x T').

Note that yjy; = @ o Ey is normal and y is M-central since Ad,,, is M-bimodular. For any 7 € I, denote
by u; € % (M xT) and & € % (B(L*?M)) the corresponding unitaries. Notice that eyu;Ju,J = u;JusJep and

upJud| 2y = . Since P=1(p) = 0, it follows that for any T € S(M x T') we have

v (u,T) = @(epuTeyr) = @(epr (urJug )T (JupJ ) epr) = (p(oc,OeMT(Ju,J)*eM)

= @(enT (Jud) e o) = @(en T (Jurd) wJureys) = w(Tuy).

Therefore, M x T" is contained in the centralizer of Y. Since Wjg=.1(y, ) = 0 this then shows that M X T"is

not properly proximal. O

We note here that non-strong ergodicity and the existence of weakly compact factors are not the only
obstructions for an action proper proximality. For d > 3 the group SL,(Z) x (Z[%])d is not properly prox-
imal by [IPR19], and since SL;(Z) is properly proximal it then follows from Theorem 2.8.12 that the dual
action SLy(Z) ~ (Z/[%Bd is not properly proximal. However, this action has stable spectral gap (and hence is
strongly ergodic and has no weakly compact diffuse factor) since it is a weak mixing action of a property (T)
group.

We also mention that proper proximality of M x I" does not imply that I is properly proximal, as AT is

always properly proximal for nontrivial A and nonamenable I" [DE21].

Theorem 2.8.12. Let T ~%* (M, T) be a trace-preserving action of a countable group T on a separable finite
von Neumann algebra M with a normal faithful trace t. If T~ (M, ) and T are both properly proximal, then

M x T is properly proximal.

Proof. This is similar to the first half of the proof of Theorem 2.8.8. We first note that if 2(M)T is diffuse,
then the result is easy. As above we may then restrict to the case when 2°(M)! is completely atomic, and
then by considering atoms we may restrict to the case when I' ~ 2°(M) is ergodic.

Suppose then that '~ 2 (M) is ergodic and M x T is not properly proximal, then by Lemma 2.8.6 there

exists an M-central [-invariant state ¢ on S(M) such that ¢y = 7 and P 0.

MxT)j)* —
Let A; € co(T") C B(¢?T) be an increasing approximate unit that is almost [-invariant. Let A denote the

*
weak*-limit of the increasing net 1 ® A; when viewed inside of (]B(L2M @ﬁr)i) , where we identify L? (M x
') with LM & (T by mapping xu; to £® &, for each x € M and ¢ € T". Note that under this identification we

have that M is represented as M ® 1, and if x € M, then JxJ is represented by the operator Y, crJas 04 (x)Jyy @ P,
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where P, denotes the rank-one projection onto C8; C ¢°T". In particular, we see that M and JMJ both commute
with C® T

We then consider the u.c.p. map ® : B(L’M) — (IB%(LZM®£2F)3)* given by ®(T) = AV/2(T @ 1)A'/2.
Since A; € ¢o(T) it then follows that ® is both M and JMJ-bimodular. Also since A; is almost I'-invariant
it follows that ® is I'-equivariant, where the action on (IB%(LzM @Ezf)g) "is given by Ad(u,). We also have
that the range of ® maps into the subspace of invariant operators under the action of Ad(1® p;). Hence, it
follows that the restriction of ® to S(M) gives a M-bimodular I'-equivariant u.c.p. map into S(M x I).

If @(A) # 0, then considering ¢ o ® we obtain an M-central I'-invariant positive linear functional on S(M)

that restricts to ¢(A)7 on M. Moreover, since P = 0 we then have that ¢ 0 g1, = 0, which

(MxD)5)*
shows that I'~ M is not properly proximal.

Otherwise, if ¢(A) = 0, then we may consider the [-equivariant u.c.p. map ¥ : £°T" — (]B (L*M @EQF)D '
given by W(f) = 1® (1—A,)"/2M;(1—A,)'/2. As above, we see that the restriction of ¥ to S(I") maps into
S(M xT'), and then the state @ oV defines a I'-invariant state on S(I"), which shows that I" is not properly

proximal. O

2.9 Proper proximality and deformation/rigidity theory

In this section we show how proper proximality for finite von Neumann algebras naturally fits in to the realm
of Popa’s deformation/rigidity theory (see [Pop07b]). We focus on two main sources of deformations. Mal-
leable deformations in the sense of Popa [Pop06b], and u.c.p. semigroups arising from closable derivations

[Sau90, DL92].

2.9.1 Proper proximality via malleable deformations
The following result shows how one can obtain proper proximality via Popa’s malleable deformations. Mal-
leable deformations arise in a number of different contexts in the theory of von Neumann algebras. We refer

the reader to [dSHHS21], and the references therein, for recent results regarding malleable deformations.

Proposition 2.9.1. Let ' "M be a trace-preserving action on a separable finite von Neumann algebra,
that preserves a boundary piece X C B(L?M) and such that T ~ 2 (M) is ergodic. Let T ~M be another
trace-preserving action on a finite von Neumann algebra and suppose we have a tracial embedding M C M,
such that the action of T on M extends the action on M. Suppose {@,},>1 C Aut(M) is a sequence of
trace-preserving T'-equivariant automorphisms such that ||, (x) — x||2 — O for all x e M. If Eyyo oy €
K% (M,L>M) for any n > 1, and if T ~ M is not properly proximal relative to X, then there exists a T-invariant
M-central state on (JMJ) NB(L*M © L*>M) that restricts to the trace on M, where T acts on B(L*>M © L*M)

by conjugation with the Koopman representation.
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Proof. We let V,, denote the isometry from L2M to LM given by V, (%) = a,(x) for x € M. We also let
0, : B(L*M) — B(L*>M) be the T'-equivariant u.c.p. map given by ¢,(T) = VTV, for T € B(L’M).
If x € M, then we have [|xV, — Vixlwo2 = sup,e(u), [[X@(a) — au(xa)|l2 < [x — o (x)||2. 1t therefore

follows that for all x € M and T € B(L?>M) we have

10n(Tx) = On(T)xlo1, |$n (xT) — x5 (T)]

oo, 1 < [ T[[]1x = 0 () |2 (2.17)
We similarly have
10a(TIxT) = $n(T)JxT||eo,1, [|@n(JXIT) = JxT G (T) |01 < [|T[[[1x = 0t (x)]|2- (2.18)

We view each ¢, as a u.c.p. map into the von Neumann algebra (IEB(LQM)g)* and let ¢ : B(L’M) —
(B(L*M )g)* denote a point ultraweak limit point of {¢, },. From (2.17) and (2.18) we have that ¢ is bimodular
with respect to both M and JMJ. Moreover, since ey o o, € K& (M,L?M) it follows that ¢, (enr) € K;z’l (M)
for each n > 1 and hence ¢ (ey) € (KX(M)E)*.

If ' ~M were not properly proximal relative to X, then by Lemma 2.8.6, there exists a I'-invariant M-
central state @ on Sx(M) with @i = T and such that ¢ vanishes on (Kx (M )3)* Since ¢ is JMJ-bimodular
it follows that ¢ : JMJ' NB(L2M) — Sx(M). Since ¢ is M-bimodular and T-equivariant it follows that
@ o ¢ is M-central and I-invariant, and we also see that ¢ o ¢y, = 7. And since ¢ vanishes on (Kx (M )3)* and

d(ey) € (Kx(M )3)* it then follows that the state ¢ o ¢ o Ad(ej;) verifies the conclusion of the proposition. [

As an application of the previous proposition, we give here examples of properly proximal actions stem-
ming from Gaussian processes associated to an orthogonal representations. See, e.g., [KL16] for some details
on Gaussian actions. Let .77 be a real Hilbert space, the Gaussian process gives a tracial abelian von Neumann
algebra A ,», together with an isometry S : 77 — Lé(A%o) so that orthogonal vectors are sent to independent
Gaussian random variables, and so that the spectral projections of vectors in the range of S generate A » as a
von Neumann algebra.

In this case, the complexification of the isometry S extends to a unitary operator from the symmetric
Fock space &(#) = CQ@® @, (A @ C)®" into L*(A ). If H# = 3 © 4, then conjugation by the
unitary implementing the canonical isomorphism &(J4 & J6) = & (1) ® &(#3) implements a canonical
isomorphism A j; ¢, = A @A .

If V: ¢ — S is an isometry, then we obtain an isometry VS : §(#") — &() on the level of the
symmetric Fock spaces, and conjugation by this isometry gives an embedding of von Neumann algebras

Ad(VS): Ay — Ay. If V were a co-isometry the conjugation by V implements instead a conditional
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expectation from A to A . In particular, if U € &(5) is an orthogonal operator, then we obtain a
trace-preserving *-isomorphism oy = Ad(U®) € Aut(A ). If £ : T — O(H) is an orthogonal represen-
tation, then the Gaussian action associated to 7 is given by I' 3 ¢ = 0,y € Aut(A ). The correspond-
ing Koopman representation is then canonically isomorphic to the symmetric Fock space representation
18T = % (&(F)).

Every contraction A : JZ — ¢ can be written as the composition of an isometry V : % — % followed
by a co-isometry W : £ — J# so that conjugation by A® : G(#") — &() implements a u.c.p. map
04 : B(L?A ») — B(L?*A ), which maps A , into A . Note that the association A + @, is continuous as a
map from the space of contractions endowed with the strong operator topology into the space of u.c.p. maps
endowed with the topology of point-ultraweak convergence.

If A is self-adjoint this can be realized explicitly by considering the orthogonal matrix on .7 @ 7 given

- A —V1—A2 ~
by A= ,sothat A =V*AV, where VE =E @O0, for & € .

V1—A? A

We recall that an orthogonal representation 7 : I' — &(J#) is amenable in the sense of Bekka [Bek90]
if there exists a state @ on B(# ® C) that is invariant under the action given by conjugation by m(¢). If
7 is a nonamenable representation, then neither is 7 ® p for any representation p [Bek90, Corollary 5.4].
In particular, if 7 is a nonamenable representation, then neither is the restriction of 7€ to &(#) © CQ =

H R G(H) as it is isomorphic to 7 ® 1.

Theorem 2.9.2. Let w: " — O(I) be a nonamenable representation on a separable real Hilbert space,

then the associated Gaussian action I’ ™97 A 4 is properly proximal.

Proof. Note that since 7 is a nonamenable representation we have that I' A j» is ergodic (see, e.g., [PS12]).
Denote by P the orthogonal projection from L?A ,» onto CQ & @ _, (2 @ C)®" for each k > 1 and set Py
to be the projection onto CQ. Consider the hereditary C*-algebra Xz C B(L*A ,) generated by {F; };>0 in
B(L*A ), ie., T € Xp if and only if limy_,e ||T — TP|| = limg 0 ||T — P T|| =O.

To see hat Xr is a boundary piece it suffices to show that the multiplier algebra contains any von Neu-
mann subalgebra of the form Agg where & € 77\ {0}. Considering the canonical isomorphisms &(7#") =
S(RE)®G(# ORE) and A p = Apg ®A jpcpe We may decompose Py as P, = ZI}ZO Qi QR < O®1
where Q; denotes the projection onto CQ @ EBZ;ZI (RE ®C)“" and Ry_; denotes the projection onto ((5# &
RE) @ C)9k.

Since {Q;}j>0 gives an increasing family of finite rank projections such that V;Q; = idg(rg) We see that

for each a € Agg, j > 0, and € > 0 there exists k > j so that ||Qjan{j|| <e Ifi< jwehave (1®R;_ ;)P =
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le_jJr,- ®R;_; and hence
1Pj(a® )P = (g?gjllQiaQt il <10ja0 |l < e.

From this fact it is then easy to see that (a® 1) € M(Xr), and so we indeed have Agg C M(XF) for each

& e\ {0}.
cos(mt/2) —sin(mz/2)
For t > 0 we consider the orthogonal matrix € 0(H @) and let oy €
sin(mt/2)  cos(mt/2)

Aut(A pq ) be the associated automorphism.

Note that o commutes with the action of I on A s, and that lim;_¢ ||x — 04 (x)||2 = O for each x € A .
We may compute E o o explicitly as Eoa, = Py+ Y, cos"(nt/2)(P, — P,—1), so that E o 04 € Xp for
each 0 <t < 1. Using the isomorphism L?(A sz ) = L*(A ) @ L*(A i) = &(#) @ &() we obtain an
isomorphism of A y-modules L?(A yyq.7) © L*(A wao) = L2 (A ao) @ (6(#°) © CQ). So that we have an
isomorphism

Ay B(LY(Axan) OL* (Axen)) = An OB(S(H#) ©CQ),

where I" acts on the latter space by 0t;() ® Ad(7(¢)®). If we had a [-invariant state on A » @B(S(#) ©
CQ), then restricting it to B(& (") © CQ) would show that the restriction of the representation 7€ to
&(2) ©CQ is amenable, which would then imply that 7 is an amenable representation, giving a contradic-
tion. Thus, we conclude that there is no I'-invariant state on A ,» @ B(&(.#°) © CQ) and it then follows from
Proposition 2.9.1 that ' A 4 is properly proximal relative to Xp.

We now take a I'-almost invariant approximate identity A, € K(.7) with ||A,|| < 1 for each n > 0, and
let a; be the automorphisms of A g as given above. As in the proof of Proposition 2.9.1 we let V,, :
L*(A ) — L*(Apq.r) be given by V(%) = m, for x € A . We also denote by ¢, : B(L>(Ayen)) —
B(L*(A »)) the u.c.p. map ¢,(T) = VTV, for T € B(L>(Apan)).

We view each ¢, as a u.c.p. map into the von Neumann algebra (XFg)*, which we view as a corner of
(B(L*(A jf)).ﬂ])* We then let ¢ : B(L*(Aypan)) — (Xps)* be a point ultraweak cluster point of these maps.
Since A, — 1 in the strong operator topology it follows that [az (x) —x||2 — 0 for each x € A g, Also,
since each A, is compact, and since ||4,| < 1, it follows that AS € K(&(#)) and the same computation
as above then shows that E4 , o0z € K(L*>M). The proof of Proposition 2.9.1 then shows that ¢ is A -
bimodular and satisfies ¢ (ea ,,..,) € (K(M)g)*

If we take t € T, then as || 7(1)A,w(t~!) — A, || — O we have that lim,,_.. || (Ox(yam(t)Va — VaOg () ) Pell = 0
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for each k > 1, and hence for each T € B(L?*(A sz4,»)) We have

lim ||Pk(an'(t) ¢n(T)O‘7r(r1) - ¢n(a7t(t)$n’(t)Taﬂ:(t’l)EBE([’I)))PkH =0.

n—oo

Since {P; } gives an approximate identity for X it then follows by passing to a limit that ¢ is I'-equivariant.

Suppose now that ' VA 4 is not properly proximal, then by Lemma 2.8.5 there exists an A y--central
and [-invariant state ¢ on S(M). We may further assume it vanishes on ((K‘;j‘/)ﬁ)* As ' Ay is properly
proximal relative to Xz we must then have that ¢ is supported on ((Xp)g)*, but then by considering the

composition of ¢ with the restriction of ¢ to A’,, N B(L*(A sy ) ©L*(Arao)) we obtain a [-invariant state

on this space, which would give a contradiction, as noted above. O

Proof of Theorem 2.1.2. From the proof of Theorems 2.9.1 and 2.9.2 we show, in fact, thatif 7 : T — &'(5¢)
is an orthogonal representation, then there are A j--bimodular I'-equivariant maps Y : A » @B(&(5) ©
CQ) — Sx,(Ax) and ¢ : A @B(&(H#)©CQ) — ((Xp)g)* NS(A). If Z is a subequivalence re-
lation of the orbit equivalence relation associated to the action I' A, then just as above, if the ac-
tion A7 4(Ax) A ¢ is not properly proximal, then we would obtain a .47 (A s )-invariant state ¢ on
A @B(&(#)©CQ) such that @4, is normal with support p € AL, Under the isomorphism A7 (A )/ % (A) =
[#), where [#] denotes the full group of the equivalence relation we then see that ¢ is [#]-invariant for the
natural action of [#Z] on A,y ®B(&(#) © CQ).

By a standard argument using Day’s trick (e.g., as in [Bek90]) this would then give a net of vectors
& € L2 (A ) RHS(S () © CQ) such that (a&;, &) = ﬁr(ap) for a € Ay and such that {&;}; is asymp-
totically [#]-invariant. If & < A, then this, in turn, gives an asymptotically [#]-invariant net of vectors in
2 (A %)@EQF, which would show that %, is an amenable equivalence relation [ADROO, Theorem 6.1.4]. A
simple maximality argument then gives the result.

More generally, if some tensor power 1%¥ satisfies 7% < A, then by considering self-tensor powers of

the net {&;}; it would again follow that %, is an amenable equivalence relation. O

2.9.2 Proper proximality via closable derivations

Let M be a tracial von Neumann algebra and .72 an M-M correspondence that has a real structure, i.e., there
exists an antilinear isometry # : 7 — ¢ such that ¢ (xEy) = y* Z(E)x* forallx,ye M, & € 5. A
closable real derivation is an unbounded closable linear map & : L>M — #, such that the domain D(§) is

an ultraweakly dense unital *-subalgebra of M C L>M, and such that § preserves the real structure (8 (x*) =
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7 (8(x)) for x € D(6)) and satisfies Leibniz’s formula

S(xy) =x8(y) +6(x)y x,y€D(5).

A result of Davies and Lindsay in [DL92] shows that D(S) MM is then again a %-subalgebra and 3‘ D@E)M

again gives a closable real derivation. We recycle the following notation from [Pet09b, OP10b]
1

1/2
_ o - _ -
A= 57, c(w) o Bam 8ol A

_ L

\/aAl/zo(;a, 0p = 1—Ag.

We note that from [Sau90, Sau99] (cf. [Pet09b]) we have that {, and 6, are T-symmetric u.c.p. maps.

For x,y € D(8) N M we set
L(x",y) = A2 (2" )y+x"A1 2 (y) = AV (x7y),
and recall from [OP10b, p. 850] that we have
TG, 2) 2 < 4l 28 Gl Iy 2 18 () ) /2. (2.19)

We also recall [OP10b, Lemma 4.1] (cf. [Pet09b, Lemma 3.3]) that for x,a € M we have the following

approximate bimodularity property
16 (x) 8 (@) = Bac(xa) | < 10]Ja|[x]| /21 8ec ()2, (2.20)

and

18 (@) S (x) = b () | < 10l |lxl1 "2 () | /2 (2.21)

If x € M is contained in the domain D(8) N M, then we have the following estimate, allowing us to replace

the term {y (x) from (2.20) and (2.21) with x.

Lemma 2.9.3. Forx € MND(8), a € M, and a > 1 we have
8 (@) = baxa)|l < @ (2) 8 ()2 + 61l 2) [ 8(x) |2 al.

and

18 (@)x = S ax)l| < & (2) 8 (o) + 61l 2) [ 8(x) |2 al.
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Proof. We follow the strategy from [Pet09b] and [OP10b]. We have
x8y(a) = 028 (xCu(a)) — o 28 (x) Eula) =: A — As.
Note that [|A,|| < o='/?||8(x)]|||a||. Let § = VA!/? be the polar decomposition. Then, one has

V*A| = xAq(a) + o PAY2(x)Co (a) —a'T(x,8y(a))

=: B + B, — Bs3.

We have ||By |2 < a/2||8(x)]|||a||, and by (2.19) we have ||B3 2 < 4a~/*||al|||x||*/2|8(x)||'/2. We have
Bi — Ag(xa) = x04(a) — O4(xa), and since O, is a T-symmetric u.c.p. map, we may use the Stinespring

representation Oy (y) = W*m(y)W to estimate

[¥6e (@) — O (xa) 3 = |6 (a*x") — Bar(a” )" 3
= [Wr(a*)(m( )W —Wa(x"))1]3
< Jlall?[|(x(x)W =W (x))1]3
= 2la|*7((x — 6 (x))x")
< 2fal[? x| |x — 6a (x)]|2

= 2flal* |1 8a ()| < 2072l x]] |8 (x)]|.

Combining these estimates gives the first part of the lemma, and the second part follows since 0 is a real

derivation. O

We now show that the argument in Proposition 2.9.1 above can be adapted to deformations associated to

closable derivations.

Proposition 2.9.4. Let M be a finite factor, 7 an M-M correspondence with a real structure, and 0 :
L’M — € a closable real derivation. Let A denote the C*-algebra generated by D(g) N M and suppose
that (M*®)' NB() has no A-central state W such that Wiy = t. If X C B(L*M) is a boundary piece and

Ca € Kg (M LPM ) for each a. > 0, then M is properly proximal relative to X.

Proof. For o0 > 0 let Vi : L2M — LM @& . denote the map given by Vi (£) = Ly (x) ® 84 (x). For x € M we
compute

IVal®)I? = T(pal)x’) + = (A0 pal0)r) = 3,

—T
o
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where po = 57%-

Hence V, is an isometry. By Lemmas 3.5 in [OP10b] and from (2.20) above we have

IVax = Cal)Vall2 2 = sup [18a(xa) = Calx)Su(@)[|3 +[18a(xa) — Calx)Su(a)||?

flal|<1
< 4|x|[]lx = L (x) |2 + 100]|a]| || 6o (x)]| (2.22)

< 10418 (1)1,

where the last inequality follows from the fact that 1 — 1/t < /1 —¢ for 0 <t < 1 as in [OP10b, p. 850]. It

similarly follows that
Vadx] = (J & 7)) & 7 VallZ o < 104]|x]|| e (x)]]- (2.23)
Moreover, if x € D(g) N M, then we may use instead Lemma 2.9.3 to conclude that for & > 1 we have
Ve = xVia 2 < @™ *(21|8 (0)][ /% + 8] /)] 8 (x)] /2 (2.24)

As in the proof of Proposition 2.9.1 we define u.c.p. maps ¢q : B(L2M @& ) — B(L*M) by ¢o(T) =
ViTVy, and we let ¢ : B(L2M @ ) — (B(L*M)%)* be a point ultraweak limit point of {@q}q. If we
denote by e the orthogonal projection from LM @ .7 down to L*>M, then by hypothesis we have eV, = ¢, €
KX (M,12M) and hence ¢ () € (K3 (M))3)*.

If M is not properly proximal relative to X, then by Lemma 2.8.6, there exists an M-central state ¢ on
Sx (M) with @ = 7 is normal and such that ¢ vanishes on ((KQl (M ))3)*

For T € (M) NB(L*M ® ) and x € M we have that [¢(T),JxJ] is an ultraweak limit point of
[0a(T),JxJ] and from (2.23) we see that this is an ultraweak limit point of ¢o ([T, (J & 7 )a(x)(J @ £)]) =
0. Therefore we see that ¢ maps into S(M) C Sx(M). Also, by (2.24) we see that ¢ is bimodular for the
C*-closure A of D(8) NM. Thus, @ o ¢ o Ad(e™) gives an A-central state on (M°P)' NB(L>M @ ). O

We remark that since (g is positive as an operator on L*M we have that {, € Kk (M,L*M) if and only if
o € Kx (M), and this is if and only if ;5% € Kx(M).

The details of the following example for which the previous proposition applies can be found in [Pet09a]
(cf. also [CP13]). Suppose I' is a group, 7w : ' — &'(.¢") is an orthogonal representation, and ¢ : T’ — ¢
is a I-cocycle. Then .# @ ¢°T is naturally an LI'-correspondence and we obtain a closable real derivation
§:CI'— # @ °T by setting 8 (u;) = c(t)® &, fort € T. Itis then not hard to see that (LI'°P)' NB(.# @ ¢*T) =

B(#") ® LT has a C; I'-central state if and only if 7 is an amenable representation in the sense of Bekka. This

then gives another way to show proper proximality for group von Neumann algebras associated with groups
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that have property (HH) from [OP10b].
The following lemma will allow us to apply Proposition 2.9.4 when the M-M correspondence 57 is

weakly contained in the coarse correspondence.

Lemma 2.9.5. Let M be a finite factor, ¢ an M-M correspondence with a real structure that is weakly
contained in the coarse correspondence and suppose 8 : L>M — € is a closable real derivation with A =

D(8) M. If (M®P) NB() has an A-central state y such that W, = T, then M is amenable.

Proof. As M-M correspondences we have L2((M°) NB(#)) = # @y H# [Sau83, Proposition 3.1] and
so if there existed an A-central state on (M°P)’ NB(5) that restricts to the trace on A, then by Day’s trick
[Con76b] there would exist a net of unit vectors {; }; C 5 @y # such that ||[a, &]|| — 0 and (a&;, &) — 1(a)
for each a € A.

Ifay,...,a, €A, and by,...,b, € A, we then have

n

n
1Y abilo = lim (Y. @bl
k=1 k=1
= l.lgglll;akéibk\\
n
<Y a ®JIbid |s2mz2m)
k=1

n
= 1), ax @I | semm2m
k=1

where the inequality follows since ./# @y / is weakly contained in the coarse correspondence.

If we now take unitaries u1,...,u, € M, then for a > 0 we have {y (u1), ..., (o (1n) € D(8)NM and hence

||ki Colt) Cal])]2 < ||ki i) © I Gl zars o
=1 =1

n
<Y we@Jud |s2mmm-
k=1

Since {y(x) — x strongly as o — oo, we then conclude that
n n
n= 01[1_1310” Z Car (ure) Gar (1) 12 < || Z Uk ®J”kJ||JB(L2M§L2M)7
k=1 k=1

and hence M is amenable by [Con76a]. O

We refer to [Cas21], and the references therein, for background and our notation for free orthogonal

quantum groups.
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Corollary 2.9.6. If N > 3, then the von Neumann algebra Lm(O,t) associated to the free orthogonal quantum

group Oy, is properly proximal.

Proof. By [Cas21, Section 7.1] (cf. [FV15]) there exists a Lo (O3 )-Loo(O;) correspondence . with a real

structure that is weakly contained in the coarse corrspondence, and a closable real derivation & : Lo, (O5) —

7 so that a+°é*3 is compact as an L?-operator for each & > 0. The result then follows from Lemma 2.9.5

and Proposition 2.9.4. O
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CHAPTER 3

Proper proximality and first /2-Betti numbers

3.1 Introduction

The group measure space construction associates to every probability measure preserving (p.m.p.) action
I'~(X,u) of a countable group I, a finite von Neumann algebra M = L*(X) x ' [MvN36]. If the action
is free and ergodic, then M is a II; factor and L*(X) is a Cartan subalgebra. During the last two decades,
Popa’s deformation/rigidity theory has led to spectacular progress in the classification and structural results
of II; factors (see surveys [Pop07b, VaelO, Ioal8]). In particular, several large families of group measure
space II; factors L= (X) x I" have been shown to have a unique Cartan subalgebra, up to unitary conjugacy
[OP10a, OP10b, CS13, CSU13, PV14a, PV14b, BIP21]. Such unique Cartan subalgebra results play a crucial
role in the classification of group measure space II; factors, as they allow one to reduce the classification of
the factors L*(X) x T, up to isomorphism, to the classification of the corresponding actions I' ~ X, up to orbit
equivalence [Sin55, FM77].

Partially motivated by this question, Boutonnet, Ioana and Peterson introduce the the notion of properly
proximal groups in [BIP21], and they show that, among other results, L*(X) x I" has a unique weakly compact
Cartan subalgebra, up to unitary conjugacy, provided I" is properly proximal and I' ~ X is a free ergodic p.m.p
action. Properly proximal groups form a robust family, which includes lattices in noncompact semisimple Lie
groups, nonamenable biexact groups, nonelementary convergence groups [BIP21], CAT(0) cubical groups,
nonelementary mapping class groups [HHL20], wreath products A" with A nontrivial and I" nonamenable
[DKE22], and is stable under measure equivalence and W*-equivalence [I[PR19], while as shown in [IPR19],
inner amenability is not the only obstruction to proper proximality. Notably, [BIP21] demonstrates the first
W*-strong rigidity result for SL,(Z) with n > 3.

Another class of groups whose associated II; factors have been extensively studied is the class of groups
with positive first £2-Betti numbers [Pet09b, PS12, Toal2a, Ioal2b, CP13, CS13, Vael3]. For a nonamenable
countable group I', having positive first #2-Betti number, ﬁl(z) (T') > 0, is equivalent to the existence of un-
bounded cocycle into its left regular representation. Popa and Vaes conjecture that L*(X) x I has a unique
Cartan subalgebra, up to unitary conjugacy, for any free ergodic p.m.p. action I' X given Bl(z) (') > 0 (see
also [Ioal8, Probelm IJ). In their breakthrough work [PV 14a], Popa and Vaes verify this conjecture if I" is, in
addition, weakly amenable.

In this paper, we establish the connection between first £2-Betti numbers and proper proximality, under a

69



mild technical assumption.
Theorem 3.1.1. Let T be a countable exact group. If ﬁl(z) (T) > 0O, then T is properly proximal.

One concrete class of groups that satisfy the assumption of Theorem 3.1.1 is the class of one relator
groups with at least 3 generators [Gue02, DL07], which was not known to be properly proximal before.

Since weak amenability implies exactness (see e.g. [Kir95, Proposition 2] and [Oza07]), Theorem 3.1.1
together with [BIP21, Theorem 1.5] implies that for a weakly amenable group I with 8 (') > 0, LI has no
Cartan subalgebras and L (X) x I has a unique Cartan subalgebra, up unitary conjugacy, for any action free
ergodic p.m.p. '~ (X, 1), which recovers the result in [PV 14a] concerning groups with positive first £2-Betti
numbers. Although it should be noted that [BIP21, Theorem 1.5] follows the same general strategy as laid
out in [PV14a].

Our approach to Theorem 3.1.1 is rather indirect. In fact, we first obtain the following cocycle superrigid-
ity result for non-properly proximal groups, from which Theorem 3.1.1 follows in combination with [PS12,

Corollary 1.2].

Theorem 3.1.2. Let T be a countable group, (Xo, o) be a diffuse standard probability space and T ~ (X}, ud)
(X, 1) be the Bernoulli action. If T is exact and contains a nonamenable non-properly proximal wq-normal
subgroup, then T ~ (X, 1) is {T}-cocycle superrigid, i.e., any 1-cocycle w : T x X — T is cohomologus to a

homomorphism.

Another theme that we explore is the rigidity of Bernoulli shifts of non-properly proximal group. Much of
the work is heavily inspired by Popa’s pioneering work on Bernoulli shifts of rigid groups [Pop06c, Pop06d,
Pop07a].

Theorem 3.1.3. Let T be a countable group with infinite conjugacy classes (i.c.c.), (Xo,lo) be a diffuse
standard probability space and I" ~ (Xg , ,ug ) =: (X, ) be the Bernoulli action. Let A be a countable group
and A~ (Y, V) a free ergodic p.m.p. action such that L*(Y) x A = (L*(X) x ') for some 0 <t < 1. If A
is exact and contains a nonamenable, non-properly proximal normal subgroup, thent =1 and I ~X and

ANY are conjugate.

In particular, it follows that the fundamental group of L (X)) x T is trivial if " is a countable, nonamenable,
i.c.c., exact and non-properly proximal group and I'~ X is the Bernoulli action. Furthermore, since proper
proximality and exactness are stable under measure equivalence [IPR19, Oza07], Theorem 3.1.3 also implies

the following OE-superrigidity result.

Theorem 3.1.4. Let I be a countable nonamenable i.c.c. group (Xo, o) be a diffuse standard probability

space and T~ (X}, ul) =: (X, ) be the Bernoulli action. If T is exact and non-properly proximal, then
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I'~X is OE-superrigid, i.e., if a free ergodic p.m.p. action A~ (Y, V) is orbit equivalent to T ~ (X, L), then

these two actions are conjugate.

As a consequence, every countable nonamenable i.c.c. exact group has at least one desirable rigidity
property, depending on whether or not it is properly proximal: either every group measure space II; factor
has at most one weakly compact Cartan subalgebra, or else Bernoulli shifts are OE-superrigid.

All the above theorems are derived from the following von Neumann algebraic statement.

Theorem 3.1.5. Let I be a countable group, (Xo, o) be a diffuse standard probability space and T ~ (X}, ud)
(X, 1) be the Bernoulli action. Suppose T is exact and N C M := L*(X) X T is a von Neumann subalgebra
that has no amenable and no properly proximal direct summand. Then there exists a s-malleable deformation

{04 };er on M such that oy — idy uniformly on the unit ball of N, as t — 0.

Here, the s-malleable deformation is in the sense of Popa [Pop06a, Pop06c] and this specific deformation
is the one associated with Gaussian actions [FurQ7] (see Section 3.4 for details). Proper proximality is for
von Neumann algebras, in the sense of [DKEP22]. We note that Theorem 3.1.2 follows from Theorem 3.1.5
together with Popa’s seminal work on cocycle superrigidity [Pop07a, Pop08], and Theorem 3.1.3 is a com-
bination of Theorem 3.1.5 and with Popa’s conjugacy criterion for Bernoulli actions [Pop06d]. Exactness of
groups is crucial to our proof as we exploit the fact that Z T is biexact relative to I, provided I is exact.

Let us finish with some comparisons between our results and some existing results on inner-amenable
groups. The family of exact, non-properly proximal groups is strictly larger than the family of exact, inner-
amenable groups, due to [IPR19], [DTDW20] and [GHWO05], as well as the permanence properties of exact-
ness of groups (see e.g. [BOO08, Section 5.1]). Moreover, exactness and proper proximality are both stable
under measure equivalence and W*-equivalence [Oza07, IPR19], while inner-amenability is not preserved
under measure equivalence [DTDW20] and is not known to be stable under W*-equivalence. Therefore, The-
orem 3.1.2 can be seen as a generalization of [TD20, Theorem 11] in the case of T-valued cocycles associated
with Bernoulli shifts of exact groups. And under the mild assumption on exactness, Theorem 3.1.1 general-
izes [Dri22, Corollary F] and Theorem 3.1.5 extends [Dri22, Theorem E] in the case of wreath products.

Comments on the proofs. Let us outline the proof of Theorem 3.1.5, which uses the recently developed
notion of proper proximality in [BIP21, IPR19, DKEP22] and Popa’s deformation/rigidity theory. The proof
is divided into three steps. First we observe in Proposition 3.2.3 that for any von Neumann subalgebra N in
L(Z2T), with T exact, if N has no amenable direct summand, then it must be properly proximal relative to LT"
in the sense of [DKEP22]. This is a direct adaptation of [DKEP22, Theorem 7.1], since ZI" is biexact relative
to I" [BOOS, Proposition 15.3.6]. Next in Section 3.3, we use techniques from [DKE22], which extends the

idea in [DKE21, Lemma 3.3] to the von Neumann algebra setting. Continuing in the above setting with
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N properly proximal relative to LI', we show that N either has a properly proximal direct summand or is
amenable relative to LT inside L(ZT). In this step, the notion of normal bidual developed in [DKEP22,
Section 2] is extensively used. Lastly, using a technique from [loal5], we conclude in Section 3.4 that if
N C L(Z1T) is amenable relative to LI', then N must be rigid with respect to the s-malleable deformation
{04} associated with L(ZT'). Altogether, we obtain that if N C L(ZT") has no amenable or properly proximal

direct summand, then N must be o;-rigid.

3.2 Preliminaries
3.2.1 Popa’s intertwining-by-bimodules
Theorem 3.2.1 ([Pop06¢]). Let (M,T) be a tracial von Neumann algebra and P C pMp,Q C M be von

Neumann subalgebras. Then the following are equivalent:

1. There exist projections pg € P,qo € Q, a x-homomorphism 0 : poPpo — qoQqo and a non-zero partial

isometry v € goMpg such that 6 (x)v = vx, for all x € poPpy.
2. There is no sequence u, € % (P) satisfying ||[Eq(x*u,y)||2 — 0, for all x,y € pM.

If one of these equivalent conditions holds, we write P < Q.

3.2.2 Relative amenability

Let P C M and Q C M be a von Neumann subalgebras. Following [OP10a], we say that P is amenable relative
to Q inside M if there exists a sequence &, € L2({M,eg)) such that (x§,,&,) — 7(x), for every x € M, and
[lvEn — Enyll2 — O, for every y € P, or equivalently if there exists a P-central state on (M, eg) that is normal

when restricted to M and faithful on Z°(P'NM).

3.2.3 Mixing subalgebras of finite von Neumann algebras.
Let M be a finite von Neumann algebra and N C M a von Neumann subalgebra. Recall the inclusion N C M
is mixing if L*>(M © N) is mixing as an N-N bimodule, i.e., for any sequence u, € % (N) converging to 0
weakly, one has || Ey (xuny)|/2 — O for any x,y € M ©N. When M and N are both diffuse, we may replace
sequence of unitaries with any uniformly bounded sequence in N converging to 0 weakly by the proof of (4)
—> (1) in [DKEP22, Theorem 5.9].

Examples of mixing subalgebras include LA C LT, where A < I is almost malnormal i.e., [tAr ' NA| < oo

for any t € '\ A (see e.g. [Boul4, Appendix A]).

3.2.4 Proper proximality

We recall the notion of properly proximal von Neumann algebras from [DKEP22].
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3.2.4.1 Boundary pieces

Given M a finite von Neumann algebra, an M-boundary piece X is a hereditary C*-subalgebra of B(L>M)
such that M(X)NM C M and M(X) NJMJ C JMJ are weakly dense, where M(X) is the multiplier of X. To
avoid pathological examples, we will always assume that X # {0} and it follows that K(L?M) C X for any
M-boundary piece X.

Let M be a finite von Neumann algebra and X an M-boundary piece. Denote by K& (M) C B(L*M)
the || - || 2-closure of the norm closed left ideal B(L*M)X, where ||T ||« = SUP4c(m), ITdl2 for any T €
B(L*M), and set Kx(M) = (K& (M))* N Kk (M) to be the hereditary C*-subalgebra generated by K& (M).
The multiplier algebra of Kx (M) contains both M and JMJ and we denote by Kg’l (M) the || - ||, 1 -closure
of Kx (M), where || |, = SUp, (s, (Td,b) for T € B(L?M), and K3 (M) coincides with X=1. And

denote by Sx (M) the following operator system that contains M,
Sx(M) = {T e B(L*M) | [T,x] € K3 (M), for any x € JMJ}.

When X = K(L?M), we omit X in the above notations for simplicity.

Let N C M be a von Neuman subalgebra. We say N C M is properly proximal relative to X if there does
not exist any N-central state ¢ on Sx(M) such that @ym 1s normal. And we say M is properly proximal if
M C M properly proximal relative to K(L?M). By [DKEP22, Theorem 6.2], a group I" is properly proximal
in the sense of [BIP21] if and only if LI is properly proximal.

One particular type of boundary pieces arise from subalgebras. Let N C M be a von Neumann subalgebra
and we may associate with N an M-boundary piece Xy, which is the hereditary C*-subalgebra of B(L>M)

generated by xJyJey for x,y € M, where ey € B(L*>M) is the orthogonal projection from L>M onto L>N.

Remark 3.2.2. Let I" be a group that is not properly proximal, then LI" has no properly proximal direct
summand. Indeed, suppose z € 2°(LI") in a nonzero central projection such that zLI" is not properly proximal,
i.e., there exists a zLI'-central state ¢ : S(zLI') — C that is normal on zLI'. We may consider the I'-equivariant
embedding i : S(I') — S(LI') and E := Ad(z) : S(LT") — S(zLT") [DKEP22, Section 6]. Then poEoi:S(I') —
C is then a I'-invariant state, showing I' is not properly proximal. A similar argument shows that if I" is

nonamenable, then LI" has no amenable direct summand.

Recall that a group I' is biexact relative to a subgroup A < I"if the left action of I on SA(I') = {f € £°T|
f—R:f € co(T,{A})} is topologically amenable, where co(I", {A}) is functions on I" that converge to O when
t € I" escapes subsets of I' that are small relative to A (See [BOOS, Chapter 15] for the precise definition).

We remark that this is equivalent to I' ~S;(I") is amenable. Indeed, since we may embed ¢*T" < I** in a
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I'-equivariant way, we have T ~I** @ (S;(T") /I)** = S;(T")** is amenable, and it follows that ' ~S;(T’) is an
amenable action [BEW 19, Proposition 2.7].

The following is an easy adaptation of [DKEP22, Theorem 7.1]. For completeness, we include the proof.

Proposition 3.2.3. Suppose a group T is biexact relative to a subgroup A < T'. Then for every von Neumann
subalgebra N C LI, either the inclusion N C LI is properly proximal relative to Xyp or else N has an

amenable direct summand.

Proof. Suppose the inclusion N C LI is not properly proximal relative to X4, and let ¢ : Sx,, (L") —
(p(LT")p,enp) be a p(LT") p-bimodular u.c.p. map, where p € Z°(N) is a non-zero central projection.

If we consider the T-equivariant diagonal embedding ¢~T" C B(¢°T"), we see that co(T", {A}) is mapped
to Xza. Restricting to Sy(I') then gives a I'-equivariant embedding into Sx,, (LI'). We therefore obtain
a +-homomorphism SA(I") x;I" — B(¢’I') whose image is contained in Sx,, (LT'). Composing this *-
homomorphism with the u.c.p. map ¢ then gives a w.c.p. map ¢ : S\(I') x ;" — (p(LT)p,en,) such that
¢(t) = pu;p forallt €T.

Since I is biexact relative to A, the action I' Sy (I') is topologically amenable. Hence, SA(I") x;I" =
SA(T) %, T is a nuclear C*-algebra. We set ¢(-) := ﬁ((ﬁ(-)ﬁ,ﬁ) and note that for x € C;T we have ¢(x) =
%’c(pxp). Since C;T  is weakly dense in LI" an argument similar to Proposition 3.1 in [BC15] then gives
a representation 7y : SA(T') X, I" — B(5), a state ¢ € B(I5), with ¢ = @ oy, and a projection g €
Tp(SA(T) x, T')" with ¢(g) = 1 such that there is a normal unital *-homomorphism i : LT" < g7ty (SA(I") %,
I’g.

Since SA(T') x, I is nuclear, we have that my(Sa(I") %, I')” is injective, and so there is a u.c.p. map
1:B(’T") — qmy(Sa(T) %, I')"q that extends i. Notice that y := ¢ o7 is then an Np-central state on B(¢’I")
and y(x) = ﬁr(pxp) for x € LT". Therefore, Np is amenable. O
3.2.4.2 A bidual characterization
Next we collect some basics of the normal bidual from [DKEP22, Section 2].

Given a finite von Neumann algebra M and a C*-subalgebra A C B(L>M) such that M and JMJ are
contained in the multiplier algebra MI(A), we recall that AY*M (resp. A’M/#/M/) denotes the space of @ € A*
such that for each T € A the map M x M > (a,b) — @(aTb) (resp. JMJ x JMJ > (a,b) — @(aTbh)) is
separately normal in each variable. When there is no confusion about the von Neumann algebra that we are
referring to, we will denote AM™ by A% and AM#M ) ATMIEIMT 1y A%

We may view (AE)* as a von Neumann algebra as follows. Denote by ppor € M(A)** the supremum

of support projections of states in M(A)* that restrict to normal states on M and JMJ, so that M and JMJ
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may be viewed as unital von Neumann subalgebras of pyoM(A)** ppor, Which is canonically identified with
(M(A)g)* Let g4 € Z(M(A)*™) be the central projection such that g4 (M(A)**) = A** and we may then
identify (Ag)* with pnorgaM(A)™ pror = PnorA™ pror- Furthermore, if B C A is another C*-subalgebra with
M, JMJ C M(B), we may identify (Bg)* with gg pnorA™ pnorgn, Which is a non-unital subalgebra of (Ag)*

If we denote by 1 : M[(A) — M(A)** the canonical embedding, we may then view M(A) as an operator
subsystem of (M(A)B)* through the isometric u.c.p. map tnor : M(A) 3 T = prorl (T) Pror € (M(A)g)*, and
the its restriction to A gives a natural embedding of A C (Ag)* as an operator system.

It is worth noting that 1, and t are different in a few ways. On one hand, 1 : M[(A) — M(A)** is a
*-homomorphism while 1, : M[(A) — (M(A)g)* is a u.c.p. map; on the other hand, 1,0, gives rise to normal
faithful representations when restricted to M and JMJ, but 1y, and 1734y are not normal in general.

The following is a bidual characterization of properly proximal.

Lemma 3.2.4. [DKEP22, Lemma 8.5] Let M be a separable tracial von Neumann algebra with an M-
boundary piece X. Then M is properly proximal relative to X if and only if there is no M-central state @
on

Sx(M) := {T e (B(LZM)E) |[T,d] € (]KX(M)” for all a € JMJ}
such that @)y is normal.

When X = K(L*M), we will abbreviate X for simplicity. It is worth noting that Sx (M) is a von Neumann
algebra which contains M as a von Neumann subalgebra, while Sx (M) is only an operator system. Following

the above discussion, we note that Sx (M) may be identified with
Sx(M) = {T € poo:B(LM)** pyor | [T, € gx (M(Kx(M)))“gx, for any a € JMJ},

where gx is the identity of (KX(M)g)* - (M(KX(M))g)*. If we set gx = gg(;2) to be the identity of
(K(L2M)%)* C (B(L*M)5)*, then using the above description of Sx (M), we have ¢+Sx(M)qs C g&S(M), as

gx commutes with M and JMJ.

Lemma 3.2.5. Let M be a separable tracial von Neumann algebra. Suppose M has no properly proximal

direct summand, then there exists an M-central state ¢ on §(M ) such that @\m Is faithful and normal.

Proof. First we show that there exists an M-central state ¢ on g(M) such that @,y is faithful. Consider
a pair (@, p), where @ € S(M)* is an M-central state such that @y is normal and p € 2°(M) is support
projection of ¢. And we may order such pairs by the order on %' (M), i.e., (¢1,p1) < (¢2,p2) if p1 < pa.

If {(¢;, pi) }icr is a chain, then we may find a subsequence pj(,) such that lim, p;,,) = Vierpi, and @(-) =
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Y>127"@i(n) (Pi(n) - Pi(n)) then is an M-central state on S(M) such that o is normal and Vierp; is the
support of @. Suppose (@, p) is a maximal element and ¢ = p* > 0. Denote by E, : Ad(q) : B(L*M) —
B(L?(gM)) and one checks that (E,)* maps B(L*(gM ))3 to B(L>M )3 Therefore dualizing E, yeilds a u.c.p.

map E, : (IBB(LzM)g)* — (B(Lz(qM))g)*, and (E,) % S(M) — g(qM). Since gM is not properly proximal,

IS(M
there exists a state ¥ € S(gM)* that is gM-central and Wjgu is normal. Set ¢'(T) = @(pT p) + ¥(E,(qTq)).
which is an M-central state on g(M) that is normal on M with support strictly larger than p, which is a
contradiction.

Now suppose ¢ is such a state with @, 5 () faithful, and ¢(p) = 0 for some p € (M), then we may write

the central support z(p) = Y2 | v;v;, where v; € M are partial isometries such that viv; < p. Since ¢ is normal

and tracial on M, we have @(z(p)) =Y, o (vivi) <Y, @(p) = 0, which shows that p < z(p) =0. O

3.3 From non-proper proximality to relative amenability

In this section, we connect non-proper proximality with relative amenability using the following result.

Proposition 3.3.1. Let I" be a nonamenable countable group and A < T an infinite almost malnormal sub-
group. Let M = LI, X = XA the M-boundary piece associated with LA, and N C M a von Neumann
subalgebra. Suppose N C M is properly proximal relative to X. If N does not have any properly proximal

direct summand, then N is amenable relative to LA inside M.

The above proposition, which grew out of discussions with Srivatsav Kunnawalkam Elayavalli. A more
general version appears in [DKE22] and we only present the form that is sufficient for our purpose. Before

proceeding to the proof, we collect a few auxiliary lemmas.

3.3.1 Boundary pieces in the bidual
Let M be a finite von Neumann algebra, X an M-boundary piece, N C M a von Neumann subalgebra and

: IB%(LZM)E — IB%(LZN)g since E is a normal

E := Ad(ey) : B(L*?M) — B(L>N). Notice that (E*)‘B(LZM)j :
J

conditional expectation when restricted to M and JMJ, and a state ¢ € B(L>M)* lies in B(L>M )i if and only

if @y and @)y are normal. Thus we may consider the u.c.p. map
. * * . 2 * 2 *
Ei= (Bl ) (IB%(L M)%) = (IB%(L N)ﬁ) .

Lemma 3.3.2. Using the above notations, we have E~‘§(M) :S(M) — S(N).

Proof. Firstobserve that  is weak* continuous and E : K(L*M) — K(L2N). It follows that £ maps (K(L2M)*)*
to (K(L2N)?)*. Furthermore, since Ejyn; = Eyny = idjny, we have E([T,x]) = [E(T),x] for any x € JNJ and
T € (B(L*M )3)* The statement follows from the definition of S(M). O
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Recall from Section 3.2.4.2 that 1 : Kx (M) — Kx(M)** is the canonical embedding, pnor € B(L*M)** is
the projection such that pnoKx(M)*™ ppor = (Kx (M )3)* and the embedding tnor : Kx(M) — (Kx(M )3)* is

given by thor = Ad(pnor) 0 1.

Lemma 3.3.3. Let M be a finite von Neumann algebra and X an M-boundary piece. Let Xy C Kx(M) be
a C*-subalgebra and {ey}ne an approximate unit of Xo. If Xo C K§’1 (M) is dense in || - ||,1 and 1(ey,)
commutes with pyor for each n € I, then lim, tho(e,) € (Kx(M )ﬁ)* is the identity, where the limit is in the

weak™ topology.

Proof. Since 1hor(Kx(M)) C (KX(M)g)* is weak® dense and functionals in KX(M)E are continuous in || -
|lo,1 topology by [DKEP22, Proposition 3.1], we have tnor(Xo) C (KX(M)E)* is also weak® dense. Let

e = limy, thor(en) € (Kx (M )5)* be a weak™ limit point and for any T € X, we have

elnor(T) = liinpnorl(en)l(T)pnor = liznpnorl(enT)Pnor = lnor(T)a

and similarly tyor(T)e = tnor(T'). By density of 1h0:(Xo) C (KX(M)B)*, we conclude that e is the identity in

(Kx (M)])". O

Lemma 3.3.4. Let M be a finite von Neumann algebra and B C M a von Neumann subalgebra. Let ep €

B(L>M) be the orthogonal projection onto L*B. Then 1(ep) € B(L*M)** commutes with ppy.

Proof. Suppose B(L>M)** C B(#) and notice that & € 7 is in the range of pyo; if and only if M > x —
(1(x)&,&) and IMJ 2 x — (1(x)&,&) are normal. For & € pyor 77, we have @(x) := (1(x)1(ep)€,1(ep)&) =
(1(Ep(x))€, &) is also normal for x € M and JMJ, which implies that 1(eg) pnor = Pnorl(€8) Pnor- 1t follows

that 1(ep) and pyo; commutes. O

Lemma 3.3.5. Let T be a group and A <T a subgroup. Let M = LT, B= LA and X = Xp. Denote by {t; }rck
a representative of U/A, i.e., I = UgextiA and uy := A;, € LT the canonical unitaries. For each finite subset

F CK, let er =\ e wiJugJepJuyJuy. Then limp tyor(er) € (KX(M)E)* is the identity.

Proof. Denote by Xo C B(L?M) the hereditary C*-subalgebra generated by xJyJey for x,y € C(T). It is
clear that X is an M-boundary piece and by hereditariness we have er € X for each F.

First we show that K;;}l (M) = K;J (M), where Kg}l (M) is obtained from X in the way described in
Section 3.2.4.1. Notice that B(L?M)X, C Kk (M) is dense in || - [|«2. Indeed, for any contractions T €
B(L?M) and x,y € LT, we may find a net of contractions 7; € B(L?M)X such that T; — TeyxJyJ in || - || 2, as

it follows directly from [DKEP22, Proposition 3.1], the non-commutative Egorov theorem and the Kaplansky
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density theorem. It then follows that Kx (M) C Kg;’l (M) is dense in || - ||w,1 and hence X7 = K§;)1 (M) =
K3 (M) by [DKEP22, Proposition 3.6].

Next we show that {er }r forms an approximate unit of Xy. Indeed, every element in X can be written
as a norm limit of linear spans consisting of elements of the from x;Jy;JTJy»Jxy, where x;,y; € Ci(I)
and T € B(L?B). Write each x;,y; as summations of uA,, t € A, it suffices to check er (uxJuzJep) and
(epJugJuy)er agree with uiJuyJep and egJupJu; when F is large enough, respectively, which follows easily
from the construction of eg.

By Lemma 3.3.4, it is easy to check that 1(er) commutes with ppo for every F. And it follows from

Lemma 3.3.3 that limg tyor(er) € (Kx(M )i)* is the identity. O

Lemma 3.3.6. Let I be a group and A < T a subgroup. Denote by qx € (K(L?M )5)* the identity, M = LT’
and B=LA. Then p, s = qﬂélnor(/'lfpsegpjlt*) € (]B%(LZM)g)* is a projection for t,s € I. Moreover, if A <T°

is almost malnormal, then p; spy ¢ = 0 ift #1t' ors # 5.

Proof. Since pnor commutes with 1(M) and 1(JMJ) and gx € (B(L>M )3)* is a central projection, together
with Lemma 3.3.4, we see that p; ; is a projection.

Note that p; spy ¢ = i Pror (PrOj; A5/ as? ) Pror» Where Proj, o5y denotes the orthogonal projection onto
the sp{rAsN#'As’'}, which is finite dimensional if # # ¢’ or s # s” by the almost malnormality of A < T". And

it follows that p; spy ¢ = 0. O

3.3.2 Proof of Proposition 3.3.1
Proof. Since N has no properly proximal direct summand, there exists an N-central state [l on S(N ) such that
My is normal and faithful by Lemma 3.2.5.

Let E := Ad(ey) : B(L?M) — B(L*N) and for the corresponding bidual E : (]B%(LzM)g) - (IB%(LzN)g)*,
we have a u.c.p. map EIS(M) :§(M) — §(N) by Lemma 3.3.2. Thus ¢ = u OE\S(M) : §(M) — C defines
a N-central state that is faithful and normal on M. Let gk € (K(LZM)g)*, and gx € (Kx(M )3)* be the
corresponding identities in these von Neumann algebras. Note that gx < gx and gx commutes with M and
JMJ.

First we analyze the support of ¢. Observe that ¢(gi) = 1. Indeed, if ¢(gx) > 0, i.e., ¢ does not vanish
on (K(L*M )3)*, then we may restrict ¢ to B(L?M), which embeds into (K(L>M )3)* as a normal operator
M-system [DKEP22, Section 8], and this shows that N would have an amenable direct summand. We also

have ¢(gx) = 1, since if (g5 ) > 0, we would then have an N-central state

1 N
——@oAd(gx) : Sx(M) = C,
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whose restriction to M is normal. This contradicts the assumption that N C M is properly proximal relative
to X, since Sx(M) embeds unitally into Sx (M) through tyer in Section 3.3.1. Therefore we conclude that
?(gxqx) = 1.

Let B:=LA C M and eg : L>M — L”B the orthogonal projection.

Claim. There exists a u.c.p. map ¢ : (M, eg) — gggxS(M)gx such that ¢ (x) = gi-gxx for any x € M.

This claim clearly implies that N is amenable relative to B inside M, as v = @ o ¢ € (M,ep)* is an N-
central state, which is a normal faithful state when restricted to M.

Proof of claim. Recall from Section 3.2.4.2 that we may embed B(L>M) into (IB%(LZM)g)* through the
U.C.p. Map Lyor, Which is given by tyor = Ad(pyor) o 1, where 1 : B(L2M) — B(L*M)** is the canonical *-
homomorphism into the universal envelope, and ppo, is the projection in IB%(LZM )** such that pnorIB(LzM )** Pror =
(B(L*M )3)* We have that (tnor) (s and (tnor)jsas are faithful normal representations of M and JMJ, respec-
tively, and to eliminate possible confusion, we will denote by 1,o:(M) and tno(JMJ) the copies of M and
JMJ in (B(L*M)5)*. Restricting Loor to C*-subalgebra A C B(L2M) satisfying M,JMJ C M(A) give rise

to the embedding of A into (Ag)* Furthermore, although 1,4, is not a *-homomorphism, by Lemma 3.3.4,
spMegM is in the multiplicative domain of 1.

Denote by {1 }x>0 C I" arepresentative of the cosets I'/ A with #o being the identity of I', i.e., I' = | |~ A,
and uy := A, € % (LT"). We will construct the map ¢ in the following steps.

Step 1. For each n > 0, consider the u.c.p. map y, : (M, ep) — (M, ep) given by ¥, (x) = (Lx<,, trepuy ) x(Lo<, urepuy),
and notice that y, maps (M, ep) into the *-subalgebra Ao := sp{uraepu; | a € B,k,{ > 0}.

Step 2. By Lemma 3.3.6, we have {inor(JurJepJuyJ) >0 C (IB%(LZM)g)* are pairwise orthogonal pro-
jections. Set e = Y0 nor(JurJegJulJ) € (B(L*M )B)* and notice that e is independent of the choice of the
representative I'/A. Put ¢y : Ag — qﬂé(E(LZM)g)* to be @y (uraegu}) = qi tnor (Ura)etnor (it}

It is easy to see that ¢ is well-defined. We then check that ¢ is a *-homomorphism. For any x € M, we

claim that

LII[lgelnor(x)e = q%lnor(EB(x))e' (3.1

Indeed,

qﬂéelnor (x)e

:qﬂé Z Lnor ((JukJeBJuZJ)x(JWJeBJu}J))
k(>0

=gt tnor (E5(%)) Y tnor (JurJesJupd) + Y tnor (JuxJepJuid )x(JugJepuiJ)).
k>0 k£l

Since A < I is almost malnormal which implies that L?>(M © B) is a mixing B-bimodule, one may check that

(JugJepJu}J)(x— Eg(x))(JugJepJu}J) € B(L*M) is a compact operator from M to L2M if ¢ # k. We also have
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(JurJepJuiJ)Ep(x)(JugJegJujJ) = 0if £ # k, and it follows that ¥/ qi tnor (JurJepJuiJxJugJepJu;J) = 0.
It then follows from (3.1) that ¢y is a *-homomorphism.
We also show ¢ is norm continuous. Set Zﬁi:l ukiaieguz € Ao, and note that we may assume k; #~

kj and ¢; # ¢; for i # j. Consider P, = ‘Iﬁé Z?:l lnor(Proj[[.Alkfl) and Q; = qﬂé Zfl:l lnor(Projtk.Az;I)’ where

Proj[/iml:l € B(/°T) is the orthogonal projection onto the subspace sp{d; | ¢ € tgl.Atk_l}M, ie., Proj[/iml:l
JukjugieguzJu}:J. By Lemma 3.3.6, we have P, and Qy are a projections and PP, = Q;Q, = 0 if k # r. More-
over, note that for each i, tuor(epu; JuJ) P = qﬂélnor(eguzjuzl ) and toor(euy Jupd) O = qﬂélnor(egu,’;lu,tJ ).
Let 7# be the Hilbert space where (B(L>M )5)* is represented on. For &,1 € (€)1, we compute

Klnor epu;, 1 Jupd) & tnor (JurJug,epai) ™ n)|

(9o ZukazeBW &,ml< Z
k=0

™=~ WM&

(lnor(egué Jupd ) P&  tnor (JurJug,epai)* Oxn) |

~
%
=}
Il
—_

[[tnor (Jur] Zuka epuy ) Jupd)|[[|PE N Qe
i=1

»
a o

=

<\|Zukae3ug 1Y 1LY okn )2

k>0 k>0
d
<Y waiepug |,

i=1

where the last inequality follows from the orthogonality of {F;} and {Qy}.

Lastly, notice that ¢ maps Ag into gS(M). In fact, for any s € I, we have

lnor(ps €lpor Ps Z lnor 2, sUK JeBJ(A, uk) ) e,
k>0

as |y stkAj =T, and it follows that ¢o(Ao) commutes with tyor(JMJ).

Therefore, we conclude that ¢y is a norm continuous x-homomorphism from Ay to qKS( ) and hence
extends to the C*-algebra A := AT)”'H.

Step 3. For each n > 0, set ¢, := P o ¥y, : (M, eg) — qixS(M), which is c.p. and subunital by construction.
We may then pick ¢ € CB((M,ep),qiS(M)) a weak* limit point of {¢, },, which exists as gxS(M) is a von
Neumann algebra.

We claim that

Ad(gx) 00 : (M, ep) = qirqxS(M)gx

is an M-bimodular u.c.p. map, which amounts to showing ¢ (x) = g gxtnor(x) for any x € M.
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In fact, for any x € M, we have
¢(x) =lim ¢0( Z (ukEB(u}:xug)eBuz))
ne No<kd<n

:qﬂé lim Z tnor (ur Ep (upxug) ) etnor (uy)
n0<k i<n

where the last equation follows from (3.1). Finally, note that by Lemma 3.3.6 { py }+>0 is a family of pairwise

orthogonal projections, where

Pk = Q]]J{lnor(”k)EInor(ulD = Q§ Z lHOF(JuVJukeBultJufJ)a
r>0

and Y0 Pk = Lk.r>0 G lnor (JurJugeguJulJ) = gt gx by Lemma 3.3.5. Therefore, we conclude that ¢ (x) =

quqx Lnor (), as desired. -

3.4 From relative amenability to rigidity

In this section, we show that for von Neumann algebras arising from Gaussian actions, the associated s-
malleable deformations converge uniformly on subalgebras that are amenable relative to the acting group,
provided that the orthogonal representations are weakly contained in the left regular.

First we recall the construction of Gaussian actions and the associated s-malleable deformations [Fur(Q7,
PS12]. See e.g., [KL16] for details on Gaussian actions.

Let .77 be a real Hilbert space, the Gaussian process gives a tracial abelian von Neumann algebra A s,
together with an isometry S : 7 — Lﬂz% (A,p) so that orthogonal vectors are sent to independent Gaussian
random variables, and so that the spectral projections of vectors in the range of S generate A as a von
Neumann algebra.

In this case, the complexification of the isometry S extends to a unitary operator from the symmetric
Fock space &(#) = CQ & @, (A @ C)®" into L*(A ). If H# = 4 © 5, then conjugation by the
unitary implementing the canonical isomorphism &(J4 & J6) = &(.#]) ® &(.#5) implements a canonical
isomorphism A ;5. = A @A .

If V: ¢ — S is an isometry, then we obtain an isometry V® : §(#") — &(#) on the level of the
symmetric Fock spaces, and conjugation by this isometry gives an embedding of von Neumann algebras
Ad(V®): A,y — Ay, If V were a co-isometry the conjugation by V implements instead a conditional

expectation from A, to A . In particular, if U € () is an orthogonal operator, then we obtain a trace-
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preserving *-isomorphism oy = Ad(U®) € Aut(A ). If n: T — O(H) is an orthogonal representation,
then the Gaussian action associated to 7, denoted by Oy, is given by I' 3 1 — 0y € Aut(A ). When 7 is
the left regular representation, the Gaussian action coincides with the Bernoulli action with diffuse base.
Now let & : T — €(J%) be a fixed orthogonal representation of a countable group I and I' ~ %7 A ,» the
associated Gaussian action. We recall the construction of the s-malleable deformation from [PS12].
Consider orthogonal matrices
1 0 cos(mt/2) —sin(mt/2)

V= €0(H D) and U, = €0 DIHN),
0 -1 sin(mt/2)  cos(mt/2)

forr € R. Let oy = oy, and B = oy be the associated automorphisms of A g » = A QA 4, and both
extend to Aut((Ar®Ax) Xo,e0, 1), still denoted by ¢ and B, as V and U; commute with (7@ 7)(I')
and Opgr = 07 ® O07. And o and B form a s-malleable deformation in the sense of Popa [Pop06c] for
M := A X, Uinside M := (A y @A ) Xo,00, L-

The following is an abstraction of [Ioal5, Corollary 2.12]. Nevertheless we include the proof for com-

pleteness.

Lemma 3.4.1. Let (M, T) be a tracial von Neumann algebra, BC M and N C pM p von Neumann subalgebras
with p € 2(M). Suppose there exist another tracial von Neumann algebra (M, %) such that M C M and
Ty = T, and a net of trace preserving automorphisms {6;};cr C Aut(M) such that 6,5 € Aut(B), and such
that 6yy; — idy in the point-|| - || topology, as t — 0. If N is amenable relative to B inside M, the for any

0 < 0 < 1, one of the following is true.
1. There exists t5 > 0 such that inf,cq vy || Ep (615 ())]l2 > (1= 8)| pll2-

2. There exists a net {my} C 4+, where ¢ is the closure of MegM inside L*((M, eg)), such that ||xn; —

Mix|l2 = 0 for all x € N, limsupy ||[ynk|l2 < 2||y|2 for all y € pM p and limsupy || p1||2 > O.

Proof. Since N is amenable relative to B, there exists a net {&, },e; € L>(p(M, ep) p) such that || x&, — &,x||» —
0 for all x € N and (y&,, &), (€,y,&q) — t(y) for all y € pMp by [OP10a]. We may extend ¢ to an automor-
phism on (M, ep) as a; leaves B globally fixed. Denote by e the orthogonal projection from L?((M, ep)) to
K.

Claim. Forany x € N,y € M, t € R, we have

1. lim, [[yes (&,)[13 = T(y*yay (p)) < |ly||3 and Lim, [[ ey (&:)y1I5 = T(yy* e (p)) < [Iy[l3-

2. limsup, [[y(e0:(Gn))ll2 < [|y]l2-
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3. limsup,, [|xo; (&) — ot (&,)x]]2 < 2|0y (x) — x]|2.

Proof of the claim. (1) Note that since &, € p.#", we have

Iyoy (Ea)llz = (o (v9)&n. &n) = (Bt (0" () P&, pEn) — T(pEm (04 (y*y))p) = T(v*you (p)),

and the second one follows similarly.

(2) Observe that (M © M).# L ¢, and hence

lyeon (&n)[13 = (v*yean (&), e0u(8n)) = (Em(y*y)eu(En), e (&)

=(eEn(yy)"? 0 (&),eEn(59) P e (§0)) < 1Em () P eu(En) 5.

and || En ()" 204 (&) |2 < [|En ()2l = [Iyl]2 by (1),

(3) Compute

[lrau (8n) — 04 (&n)xll2 < | (x — 0 (x)) 0t (Gn)l|2 + [ 04 (&n) (x — 04 (x)) |2 + [ 660 — G2

For each pair of (t,n) witht > 0andn € N, let 0, = o (&,) — e, (&,). Fixa0 < & < I and consider the

following two cases.

Case 1. There exists ¢ > 0 such that limsup,, ||1; »||2 < 8||pl|2/2.

Case 2. For all ¢ > 0, limsup,, ||1;.||2 > ]| p|l2/2.
In Case 1, fix x € % (N) and compute

1Em(0(x)) 0 (En)ll2 = [leEm (0 (x)) 0 (En)ll2 = lleas (x)e0s(8a)ll2 = lleoy (x) 0t (8n) |2 = [1M1.all2

> le(0t (&n) 0 (x))ll2 = [1X8n = Enxtll2 = [I: ]2,

and

lle(ou (Gn)ou (x)) 12 = lle(ou (Gn)) 0t (x) [l = (10 (8n) 0 () |2 = [[Me nll2 = 1Gnxll2 = 1 l2-

Altogether, we conclude that for any x € % (N),

1En (04 (x)) 2 = Tim || Ens (04 (x)) 0 () |2 > lim inf([|Suxl|2 = 2[[ 1|2 = [[xEn — Eaxtl|2)

= lIpll2 — 2Timsup [|n: [ — limsup [[xG, — Gux[|2 > (1= 8) || p][2-
n n

In Case 2, let k = (X,Y, €) be a triple such that X C N, Y C pMp are finite subsets and € > 0. Then we
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may find 0 < # < I such that |[x— o, (x)||2 < €/2 forallx € X and | oy, (p) — pll2 < (1 — /1 —062/4)|pll2/2.

Observe that for any x € X

X100 = My nxll2 = [[(1 =€) (xt, (Gn) — 0, (8n)x) |2 < [0t (Gn) — 0t (Gu)xl2,
and by (3)
lim sup [l (6n) — 0t (En)xll2 < 2[|x — oy, (x)[|2 < €.

Fory €Y, by (1) and (2) we have

37nll2 < [y (Ea)ll2 + llyeas, (&)l < 21yl2-

Furthermore, from (1) we also have

limsup || p1y | > limsup([|pe, (&) 12 — lle0t, (§a)[|2) = [l pos, (p)[|2 —liminf [leot, (§.) 2,
n n

and

liminf [lecy, (&) 15 = liminf([| e, (&)13 — 1M.al13) = lim|[|&, 13 — limsup [my a3 < (1 8/4)|p5.
n

It follows that
limsup||pnynll = [Py (P)ll2 — /1= 82/4]pll2
n

> pllz=llp— o (p)ll2—+/1—82/4lpll2

> (1=4/1=6%/4)[Ipll2/2-

Altogether, we may find some n € I such that by putting 1y = 7, , we have
L |jxne — x|z < e forall x € X,
2. |ynell2 < 2||y|l2+ e forally e Y,
3. lpnell = (1= /1= 82/4)[|pll2/2.
O

Proposition 3.4.2. Let T be a nonamenable group and n : T — O(F) be a orthogonal representation such
that © < A. Denote by I' " A ,y the associated Gaussian action and M = A jy X I'. Suppose N C pMp is

a von Neumann subalgebra, for some p € 2 (M), with no amenable direct summand, such that N is amenable
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relative to LI inside M. Then we have o — idy uniformly on the unit ball of N as t — 0, where 04 is the

s-malleable deformation described above.

Proof. Let M = (A @A y) Xo,00, I and a;, B € Aut(M) be as above. Suppose there exists some 0 < § < 1
such that case (1) of Lemma 3.4.1 does not hold. Then we have that there exists {1} € % + as in the second
case of Lemma 3.4.1. Note that the M-M bimodule L?>((M,err)) © X is isomorphic to L2(M © M) @ L*M.
It is shown in [Boul2, Lemma 3.3] that LZ(M © M) is weakly contained in the coarse M-M bimodule as

7 < A, and hence we have
L*((M,err)) o H < P°M® (L*M @1r L*M) < L*M @ L*M,
as M-M bimodules. It follows that there exists a u.c.p. map
¢ : B(L*M) — B(L*((M,err)) & #) N (MPY,
such that ¢jy; = idy. Therefore, we obtain a state ¢ on B(L*M) given by

o() =1im | prel;*(9 ()i P71k,

which is N-central and restricts to a normal state on pMp. This contradicts the assumption that N has no
amenable direct summands.

Therefore, we have that lim,oinf,cs ) [|[Em((u))|2 = [|pll2. 1t follows that sup,cq (v ||04 (1) —
Ep(04(u))|l2 — 0ast — 0 and hence o — id uniformly on (N); by Popa’s transversality inequality [Pop08,

Lemma 2.1]. O

Corollary 3.4.3. Let M, p € & (M) and N C pMp be as in Proposition 3.4.2. Denote Q = Npp,(N)". If

is mixing, then Q <y L. Moreover, if T is an i.c.c. group, then there exists u € % (M) such that u*Qu C LT.

Proof. Since A, is abelian, N is diffuse and Q is type I, the assertion Q <js LI" follows directly from
[Boul2, Theroem 3.4] and Proposition 3.4.2. And the proof for the moreover part is contained in [Boul3,

Proposition 2.3]. O
3.5 Proofs of main theorems
Now we are ready to prove Theorem 3.1.5 and its corollaries.

Proof. First we may realize M as L(Z1T") and note that Z I is biexact relative to I' [BO0S, Corollary 15.3.9].

By Proposition 3.2.3 we have that N C M is properly proximal relative to X;r as N has no amenable direct
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summand, where X;r is the M-boundary piece associated with LI'. Moreover, since I' < ZT" is almost
malnormal and N has no properly proximal direct summand, we have N is amenable relative to LI" inside M

by Proposition 3.3.1. The rest follows from Proposition 3.4.2 by setting 7 = A. [

Proof of Theorem 3.1.2. Let o : '~ X be the Bernoulli action, M = L=(X) xs . Set M = (L™(X)®L™(X)) X &
T, where 6 = 0 ® 0. If we denote by o, € % (L*(X)) for each ¢ € I the unitary that implements the action
o, then we have M C M is generated by canonical unitaries {u;, = 6, @ A, | t € I'} and L”(X) ® C, where
6; = 0; ¥ 0.

Let 'y < I" be a nonamenable wqg-normal subgroup that is not properly proximal. If @ : T'x X — Tis a 1-
cocycle associated with o, then for each ¢ € I', we may consider @, € % (L™ (X)) given by @ (x) = @(t,t'x)
and m :={i# ;== wu, |t €Ty}’ C M, which is a von Neumann subalgebra isomorphic to L(T).

Since L/(l\"o/) = I(I'p) has no amenable and no properly proximal direct summand by Remark 3.2.2, it

follows from Theorem 3.1.5 that o converges to identity uniformly on the unit ball of L(I'y). The result

follows from [Pop0O7a]. O
Proof of Theorem 3.1.1. This is an immediate result of Theorem 3.1.2 and [PS12, Theorem 1.1]. [

Proof of Theorem 3.1.3. Since A is exact, we have L*(Y) %, A is an exact C*-algebra (e.g. [BOO0S, Theorem
10.2.9]) and it follows that (L=(X) x ')’ =2 L*(Y) x A is a weakly exact von Neumann algebra [Kir95].
Since weak exactness is stable under amplifications and passes to von Neumann subalgebras (with normal
conditional expectations) [BO08, Corollary 14.1.5], we have LI" is weakly exact, which implies I is exact
[0za07].

Let M =L"(X)~xT,N=L"(Y) x A and Ag <A be the nonamenable normal subgroup that is not properly
proximal. Since N 2 M, we may denote by 6 : N'/* — M a x-isomorphism, and identify N'/* with pM,,(N)p,
where n = [1/t], p =diag(1,...,1,po) € M,(N) and po € L(Ag) with Ty(po) =1/t — | 1/t].

Note that by Remark 3.2.2, 6 (pM,,(L(Ag))p) C M satisfies the assumption of Theorem 3.1.5, and hence
by Corollary 3.4.3 we may find some u € % (M) such that a(pM,,(LA)p) C LT, where o := Ad(u) 0 0. Set
e = diag(1,0,...,0) € M, (LA) and we have o(LA) = a(eM,(LA)e) C gLT'q, where g = a(e) € LI" and
%(g) = Tyri(e) = 1.

It then follows from Popa’s conjugacy criterion for Bernoulli actions [Pop06d, Theorem 0.7] (see also
[loall, Theorem 6.3]) that # = 1 and there exist a unitary v € M, a character 1 € A and a group isomorphism

0 : A — I such that a(L*(Y)) = vL=(X)v* and &t(A,;) = 1(t)vA5()v* forany t € A. O

Proof of Theorem 3.1.4. A direct consequence of Theorem 3.1.3, [IPR19] and [Oza07]. ]
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