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CHAPTER 1 

 

INTRODUCTION 

 

 

1.1 Motivation 

Digital Twin is one of the promising digital technologies being developed to support digital transformation and 

decision making in multiple industries. While the concept itself is over 20 years old, Digital Twins have gained 

considerable attention in both industry and academia in recent years. This can likely be attributed to a combination 

of hype as well as a desire to progress digital transformation efforts in a wide variety of industries. Digital Twins 

are comprised of three primary components: (1) a physical reality, (2) a virtual representation of that physical reality, 

and (3) interconnections that exchange information between the physical reality and virtual representation. The 

physical reality represents the system of interest for the given use case, and the virtual representation is comprised 

of the data models and computational models used to describe the physical reality of interest. Finally, the 

interconnection between the physical reality and the virtual representation allows for both the data models and 

computational models to be updated to be in alignment with the physical reality. Further, when this update process 

for the data models and computational models incorporates uncertainty, the Digital Twin can be said to be a 

probabilistic Digital Twin. 

As the Digital Twin continues to evolve as it expands to new industries and use cases, this has resulted in a 

continually increasing variety of definitions that threatens to dilute the concept and lead to ineffective 

implementations of the technology. There is a need for a consolidated and generalized definition, with clearly 

established characteristics to distinguish what constitutes a Digital Twin and what does not. Furthermore, a 

comprehensive framework for the implementation of a Digital Twin considering the generalized characterization of 

its key components is essential to facilitate its effective use. 

In addition to a framework for the implementation of Digital Twins, the consideration of uncertainty 

quantification during the Digital Twin model updating process is also of interest. Digital Twins are being used to 

represent engineering systems that are increasingly complex, often with imperfect input data being the only basis 

for the update of these models. As such, Digital Twin implementations must also consider the integration of 

uncertainty quantification during the model updating process. When considering data of unknown or questionable 

quality, it is important to ensure that the Digital Twin does not draw the wrong inference from the data.  To 

accomplish this, the update process must extract the maximum information from the provided data during inference 

while mitigating the possible negative impact when the data is of questionable credibility. 
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This dissertation starts by establishing a clear and concise definition and characterization of a Digital Twin, 

generalized so that it can be applied in all possible use cases. Given this generalized definition and characterization, 

a framework for a Digital Twin implementation is developed and demonstrated. Additionally, this work considers 

the fusion of heterogeneous data sources for the purposes of reducing the epistemic uncertainty associated with 

imperfect data.  Several computational methods are proposed to overcome different challenges with imperfect data 

sources.  A Bayesian approach is pursued for the treatment of the incorporation of this uncertainty. The rest of this 

Chapter develops the objectives of this dissertation. Section 1.2 briefly discusses the various aspects of imperfect 

data and the considerations for Bayesian updating. Section 1.3 provides the research objectives of this dissertation 

and Section 1.4 highlights the significant contributions of this research. Section 1.5 describes the organization of 

this dissertation. 

 

1.2 Imperfect Data 

Research in the area of reasoning with different forms of imperfect data has produced a wide variety of techniques 

and approaches that vary in both fundamental philosophy and mathematical implementation. One of the major 

challenges introduced during the consideration of these various approaches occurs when decisions need to be made 

based on the information that has been acquired about the state of the system.   

The first form of imperfect data that is addressed in this study relates to the loss of information resulting from 

summarized data. This occurs when raw data has been reduced to a simplified representation of portions or the 

entirety of the raw dataset. Representation of summarized data as the outcome of a statistics function is accomplished 

through the inclusion of a functional node in the Bayesian network as described in Section 4.2. A challenge arises 

when considering inference in a Bayesian network, since observations of the outcomes of functional nodes cannot 

be directly incorporated. This is resolved by applying a methodology to transform the Bayesian network to a form 

that can be used to incorporate observations of the statistics function and thereby enable the updating of the model 

parameters.  An additional related challenge addressed in this research includes the incorporation of the epistemic 

uncertainty related to unknown sample sizes for an observed summarized data. Identification of methodologies for 

obtaining the required sampling distribution for the statistic function is also considered. 

The second type of imperfect data considered in this research occurs when observations of the system result in 

uncertain and/or ambiguous interpretations. In deterministic inference, evidence about the system is interpreted as 

data regarding the state of the system which is accepted with certainty. Uncertain data in this research is defined as 

evidence which cannot be interpreted in certain terms with respect to the possible states of the system as defined by 

the formal model. Consider the case of classification, where the categorical outcome of a set of input parameters 

cannot be assigned with absolute certainty but instead can only be stated along with some measure of confidence in 
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the assignment. Current probabilistic approaches for this type of uncertain data consider some form of combination 

of the possible representative states through either a weighted likelihood or weighted posterior which are presented 

in Section 5.2. This type of imperfect data can often occur when considering the outputs of machine learning models, 

which often provide measures of confidence in their predictions along with the prediction itself. A methodology is 

proposed which incorporates the model prediction, along with its associated confidence measure, as part of the 

Bayesian inference process.  

Once the knowledge regarding the uncertainty in the Digital Twin has been updated, this information is then 

propagated to determine the uncertainty in the forecasted outputs of the Digital Twin which can then be utilized to 

support future decision making. 

 

1.3 Research Objectives 

The overall goal of this dissertation is to propose a generalized approach for the implementation of Digital Twins 

and address some of the challenges that arise in this implementation due to imperfect and uncertain data. The various 

objectives are grouped into two headings: Digital Twin Implementation and Integration of Imperfect and Uncertain 

Data. 

1.3.1 Digital Twin Implementation 

The first major objective is the development of a framework for the implementation of a Digital Twin. This first 

includes the development of a generalized definition, taking into consideration past definitions in the literature, the 

specific components of these definitions, and an overview of the most common lexicon. Once a generalized 

definition is proposed, the concept of the Digital Twin is further characterized by establishing descriptions of each 

of its primary components. Finally, a generalized framework for implementation is developed which describes the 

establishment of each of the Digital Twin components. This proposed implementation is demonstrated through a 

case study of a Digital Twin applied to track the fatigue life of a containership. The various objectives related to 

Digital Twin implementation are addressed under the following topics: 

1. Digital Twin generalized definition and characterization 

2. Digital Twin implementation 

3. Case Study – Digital Twin for monitoring fatigue life accumulation of a containership 

1.3.2 Integration of Uncertain and Imperfect Data 

The second major objective focuses on the implementation of Digital Twins with abstracted and/or uncertain 

data. Consider a Digital Twin of a critical structural connection subjected to a fatigue crack. Applying fracture 
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mechanics modeling within this Digital Twin to represent the crack growth requires model parameters associated 

with the material properties of the material of the connection, such as material yield strength. In many instances, the 

exact material properties of the connection are unknown and must be represented by material property distribution 

determined from material tests performed by the manufacturer of the material. In some instances, these material 

results are performed in batches where the resulting properties are only be available in the form of summary 

statistics, an abstracted form of the raw test data.  

A Bayesian network approach is developed to update the model parameters using abstracted data forms. 

Common forms of abstracted data include summary statistics, such as the mean and variance for continuous 

variables and observed frequencies for discrete variables. The concept of arc reversal is exploited to transform the 

Bayesian network to a form that can be used to incorporate the statistics function and thereby enable the updating 

of the model parameters.  

Another form of uncertain data arises when considering the use of categorical data provided by machining 

learning models, such as in classification-based diagnosis of the system. This type of uncertain input data is often 

the result of inspections, where the responsibility of the classification of the inspection result is shifting from human-

based inspectors to classification models developed by machine learning. Similar to human-based inspection results, 

the inspection results of these classification models may need to be incorporated into Digital Twin models. An 

example of this type of Digital Twin is in the management of corrosion.  Visual inspections of the structural 

components are used to identify and grade the breakdowns in the protective coatings applied to prevent corrosion 

from occurring. Using machine-learning trained tools to grade images of the structure results in classification model 

categorical data to be incorporated into the Digital Twin. When considering the categorical data resulting from the 

classification model, in addition to the assigned class, a measure of the confidence in that assigned class may also 

be provided.  This confidence measure is incorporated into the likelihood function as an error term which down-

weights data observations with lower levels of confidence. The various objectives related to the integration of 

abstracted and uncertain data are addressed under the following topics: 

1. Integration of abstracted data in Bayesian inference 

2. Integration of categorical data confidence in Bayesian inference 

 

1.4 Highlights of the Dissertation: What’s New? 

1. A generalized definition and characterization for Digital Twin is proposed based on analysis of a 

number of existing definitions in the literature (Section 2.2). The distinction between a Digital Twin 

and similar concepts is also provided. 
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2. A framework for Digital Twin implementation is developed outlining the approach for addressing each 

of the key components of the Digital Twin outlined in its characterization (Section 2.3). 

3. An end-to-end development, integration, and automation of a Digital Twin framework for monitoring 

vessel-specific fatigue damage is developed (Section 3.2). This methodology addresses the lack of 

available on-board sensor data through the incorporation of publicly available data sources for vessel 

routes and ocean condition data. Several vessel-specific fatigue accumulation methodology options are 

compared as part of the Digital Twin framework (Section 3.3). 

4. A methodology is developed to incorporate “observations” of abstracted data through a Bayesian 

network representation to enable the Bayesian inference process in the presence of abstracted data 

(Section 4.3).  The proposed approach is based on a Bayesian network representation, which can be 

easily extended beyond the simple inference of distribution parameters of random variables (based on 

observations of that random variable) to the calibration of model parameters in Digital Twins. 

5. A methodology is developed to incorporate “observations” in the form of classification model results 

to enable the Bayesian inference process in the presence of uncertainty in the classification model results 

(Section 5.2).  A confidence measure is assigned for each individual classification model result, which 

is then incorporated in the Bayesian inference procedure.  

 

1.5 Organization of the Dissertation 

The remainder of this dissertation is organized into several chapters that address the research objectives 

described in Section 1.4. 

Chapter II provides the foundation for the research by proposing a generalized and comprehensive definition for 

a Digital Twin based on a review of 46 existing definitions found in the literature. A consolidated definition is 

required because as the Digital Twin concept has evolved and expanded to new industries and use cases over the 

past 20 years, the increased variety of definitions has threatened to dilute the concept and could lead to ineffective 

implementations of the technology. This chapter also provides a detailed characterization of the various key 

components of a Digital Twin which include criteria to distinguish the Digital Twin from other similar digital 

technologies. Finally, the process and considerations for the implementation of Digital Twins are presented along 

with Digital Twin future needs and opportunities. A detailed engineering implementation of the Digital Twin 

concept is then provided in Chapter III. 

In Chapter III, the concepts for the implementation of a Digital Twin are applied for the monitoring and prognosis 

of vessel-specific fatigue damage. During design, fatigue damage estimates are based on conservative assumptions 

regarding operational conditions and structural response. However, variability in the vessel-specific operations from 



 

 6 

those assumed during design needs to be considered when supporting engineering-based decisions for maintenance 

deferrals and service life extensions. The use of Digital Twins is proposed to provide this necessary vessel-specific 

decision support. Digital Twins typically rely on sensor-based data to update their models, however structural health 

sensors for fatigue monitoring can be prohibitively expensive to install and maintain in ship structures, so the 

proposed method addresses this by instead combining publicly available vessel-specific operational data (global 

vessel position data coupled with ocean weather data) with computational models to monitor the environmental 

exposure and track the vessel fatigue accumulation over time. This approach is demonstrated through a case study 

of a containership that has been in operation for seven years.  

The updating process of a Digital Twin model requires the relevant input data from the physical model of interest.  

This data may often be incomplete, imperfect, uncertain or abstracted in some way that limits is ability to be directly 

incorporated in the Digital Twin model updating. Several of these challenges are addressed in Chapter IV and 

Chapter V. Chapter IV considers the case of model updating with input data that has been abstracted, where the 

original raw data have been reduced to a summarized representation. Common forms of abstracted data include 

summary statistics, such as the mean and variance for continuous variables and observed frequencies for discrete 

variables. Another common form of available information is summarized reliability data for various mechanical 

components (e.g., failure rates or failure probabilities) instead of detailed actual test data. Chapter IV presents a 

methodology for updating the model parameters using these abstracted data forms through a Bayesian network. 

First, the concept of a statistics function is developed and linked to the abstracted data forms. The concept of arc 

reversal is then exploited to transform the Bayesian network to a form that can be used to incorporate the statistics 

function and thereby enable the updating of the model parameters. Several numerical examples are used to 

demonstrate the applicability and generality of the proposed method for several different forms of abstracted data. 

In Chapter V, the use of categorical data resulting from classification models in the updating process of Digital 

Twins using the Bayesian inference process are considered, specifically, the uncertainty in classification-based 

diagnosis. Machine learning-based classification models are becoming more prevalent in mechanical system damage 

diagnosis, such as cracking or corrosion. In some applications, the results of these classification models may also 

be further incorporated into downstream Bayesian analysis, such as model calibration. In addition to the 

classification model result itself which can be treated as the observation, the classification model also commonly 

includes a probability measure describing the level of confidence in the classification result. Incorporation of this 

confidence measure in the subsequent Bayesian analysis can be used to correct errors resulting from poor 

classification model performance. Chapter V proposes a methodology for incorporating the classification model 

confidence measure in conjunction with the classification model result in subsequent Bayesian analysis. Numerical 
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examples are used to demonstrate the applicability and generality of the proposed method for binary and multi-class 

data. 

Finally, Chapter VI summarizes the findings of this study and suggests directions for future work. 

Each of the above chapters review the relevant literature and discuss the current state of art prior to the discussion 

of the proposed methods.  Each individual chapter introduces and describes the notations and symbols used. The 

chapters also include numerical examples to illustrate the proposed methods using both simple illustrative examples 

as well as more complex engineering applications. 
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CHAPTER 2 

 

DIGITAL TWIN DEFINITION, CHARACTERIZATION, AND IMPLEMENTATION 

 

2.1 Introduction 

Digital twin technology is part of the rise of new digital technologies that support digital transformation by providing 

capabilities to enable new business models and decision support systems. Many organizations have already incorporated 

or are in the process of incorporating data, information, and analytics capabilities as part of their service offerings [1]. 

Similar to other digitalization concepts, such as the internet of things (IoT), cloud computing, machine learning/artificial 

intelligence, and augmented reality, the Digital Twin concept has seen increasing interest in recent years in both academia 

and industry as indicated by the growth of publications, articles, and commercial marketing. The existing literature 

highlights many of the potential and perceived benefits of the Digital Twin concept, including reducing costs [2–4] and 

risk [5]; improving efficiency [6], improving service offerings [7,8], security [9], reliability [10,11] and resilience [12]; 

and supporting decision-making [13–15].  However, the literature is lacking a consistent presentation of what the Digital 

Twin is and how it can be applied to support an organization’s operations. In fact, the varied use cases to which the Digital 

Twin has been associated with have resulted in a wide variety of definitions and frameworks across the industry causing 

confusion that risks weakening the concept and limits its ability to achieve the stated benefits. To reduce the confusion 

and unreasonable expectation surrounding this technology, there is a need for a generalized and consolidated definition 

of a Digital Twin as well as a characterization of elements of the concept to provide a clear classification of what 

constitutes a Digital Twin, distinguishing it from other similar digital technologies. 

It is also noted that most of the current Digital Twin literature focuses primarily on technical approaches, analysis 

methodologies, and the challenges associated with data collection and integration into the Digital Twin. There is a need 

for examples of practical implementations of Digital Twins that consider the implementation strategies and decision 

support to achieve targeted outcomes with measurable benefits. A strategy for implementing Digital Twins must also 

consider the current technical and cultural challenges that prevent Digital Twins from realizing their desired benefits. 

Finally, Digital Twins require the incorporation of a variety of different enabling technologies, whose technical maturity 

and development must also be considered. 

This Chapter evaluates the status of Digital Twins as part of a family of digitalization efforts intended to enhance 

existing processes and support new services. The contributions of the Chapter are as follows.  First, existing Digital Twin 

definitions are reviewed and a consolidated definition and description of the key characteristics of the Digital Twin is 

provided (Section 2.2). Next, the approach and considerations for the implementation of Digital Twins for practical 

applications are discussed (Section 2.3). The implementation approach and related considerations are then demonstrated 
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through an industry case study (Section 2.4). Finally, current Digital Twin implementation challenges and future needs 

and opportunities for further development are discussed (Section 2.5). Section 2.6 provides concluding remarks. 

 

2.2 Digital Twin Definition and Characterization 

The concept of a Digital Twin originates from Michael Grieves’ 2003 presentation on product life-cycle management 

based on his work with John Vickers [4]. Grieves and Vicker’s motivation for developing the concept was to shift from 

the predominantly paper-based and manual product data to a digital model of the product which would become 

foundational for life-cycle management. Similar concepts such as Cyber Physical Systems (CPS) [16] and Internet of 

Things (IOT) [17] all focus on the idea of connecting a physical system to data collection, computational and/or 

communication systems, but approaching it from differing perspectives: CPS concept from the system engineering and 

control perspective, IOT from a networking and IT perspective, and Digital Twin from a computational modeling 

(machine learning/artificial intelligence) perspective. 

Grieves provided the first characterization of the Digital Twin concept by stating that it consisted of three components, 

a physical product in Real space, a virtual representation of that product in the Virtual space, and the connections of data 

and information that tie the virtual and real products together [4]. Over the past two decades, the interest in Digital Twins 

has grown across many industries and this has led to a wide variety of definitions and characterizations that has diluted 

Grieves’ original description, to which this Chapter seeks to return and generalize.  

2.2.1 Digital Twin Definitions in the Literature 

An overview of some of the varied lexicon found in the literature is presented in Table 2.1, based on 46 different 

definitions found in the literature. Due to space limitations, these various definitions are not listed here, but are provided 

in GitHub via the link (https://github.com/evanderhorn/DSS_DT_Public). In addition to providing a concise statement of 

what a Digital Twin is, most of the available definitions also include descriptions of selected specific attributes of the 

Digital Twin, including: representation fidelity, data collection/exchange, synchronization frequency, and 

model/simulation capabilities. These definitions also occasionally include references to the specific use case being 

considered and the lifecycle phases that apply. After reviewing the breadth of definitions in the literature, a consolidated 

and generalized definition for a Digital Twin is proposed here as “a virtual representation of a physical system (and its 

associated environment and processes) that is updated through the exchange of information between the physical and 

virtual systems.” This definition is general enough to encompass the 46 reviewed definitions provided in 

https://github.com/evanderhorn/DSS_DT_Public, yet it restricts itself to only the essential elements while avoiding use 

case-specific Digital Twin characteristics or terminology. 

https://github.com/evanderhorn/DSS_DT_Public
https://github.com/evanderhorn/DSS_DT_Public
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The terminology choices for this proposed definition for a Digital Twin can then be reviewed in relation to the 

terminology used in the other definitions found in the literature. This comparison is focused on the three key components 

of the proposed definition: virtual representation, physical system and updated through the exchange of information. 

As mentioned earlier, many of the definitions in the literature combine a definition with specific characterizations 

about Digital Twins that are unique to the use case(s) that they are describing. Much of the confusion surrounding the 

Digital Twin concept appears to be in the qualifiers on certain characterizations which are used to designate what 

constitutes a Digital Twin and what does not. The following sub-sections provide a generalized overview of these 

characterizations which covers the breadth and variety of descriptions and use cases provided in the literature.  

Table 2.1: Proposed Lexicon vs Alternate Lexicons 

Proposed definition lexicon Alternate lexicons used in the literature 

virtual digital, cyber, computerized, computational, living, system 

representation 
model, simulation, counterpart, copy, mirror, part product, instance, 

substitute, information, clone, description, replication 

physical physical, real/real-world 

system 

system, product, object, artifact, production lines, item, world, 

counterpart, device, parts, twin, entities, element, process state, vehicle, 

aircraft, structure, asset, component, instance 

updated 
update, integrate, incorporate, include, synchronization, adapts, reflects, 

mirror, reflect 

exchange connections, communication, collecting 

information 
data, sensor updates, fleet history, physical knowledge, flight histories, 

fatigue damage, data space, performance, maintenance, health status 

 

2.2.2 Digital Twin Characteristics 

Using the generalized definition proposed above, the Digital Twin can be characterized by three primary components: 

(1) A physical reality, (2) a virtual representation, and (3) interconnections that exchange information between the 

physical reality and virtual representation shown in Figure 2.1.  

The following sub-sections discuss these three components in further detail. 
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Figure 2.1: Digital twin components and high-level processes 

2.2.3 Physical Reality 

In the Digital Twin literature, a wide variety of terminology has been used to describe the physical reality of interest 

and the selected terminology is often domain specific. The term physical reality is proposed here as it is the most general 

form to represent what may be attempted to be modeled, since physical reality encompasses the entirety of the system, 

both known and unknown. The physical reality can be decomposed into the physical system, the physical environment, 

and physical processes. 

2.2.3.1 Physical System 

The physical system consists of the group of interacting and interrelated entities that form a unified whole [18]. This 

group of entities is often described by its structure or purpose and delineated from other systems by boundaries in space 

and time. The selection of the boundary often takes advantage of natural segregations associated with the more typical 

meaning of the word system. For example, the physical system of interest can range from a single machinery part, sub-

component or component, to a complete piece of machinery, to a machinery system, to all of the interconnected systems 

of a single asset. It can be seen that generally, the physical system of interest is man-made, but as the concept of Digital 

Twin expands to other domains, such as healthcare [19] and agriculture [20], the physical system of interest may be some 

aspect of the natural environment or the human body. 

2.2.3.2 Physical Environment 

The physical environment is where the physical system of interest resides. The physical system is surrounded and 

influenced by its physical environment and interacts with the environment through physical processes. The delineation 

between the physical system and physical environment is often determined based on each specific Digital Twin 

application. In some applications, this delineation may be simple, but in others it may be complicated. An example of a 

simple delineation case is the Digital Twin of a manufacturing process such as additive manufacturing. In this case, the 

physical system of interest is the 3D printer, and the physical environment includes relevant external influences on the 

process such as room temperature, air flow, ambient vibration, etc. In an example of a more complicated delineation case, 
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the physical system of interest may be a single room in a large building, and the physical environment may include other 

parts of the building, such as adjacent rooms, ventilation systems, etc. as well as other external factors that impact the 

building as a whole, such as weather, etc. In many applications, both the physical system and the physical environment 

will be represented in the virtual space. This means that data for the relevant environmental parameters will be collected 

from the physical environment and stored in the virtual representation similar to that of the physical system.  This allows 

the physical environment to be reconstructed in the virtual space to allow for simulations, forecasts, and/or decisions to 

be made which will impact the physical system of interest.  

2.2.3.3 Physical Processes 

Physical processes are how the system expresses itself in the physical environment and is the mechanism by which 

the entities of the system undergo changes in state. For example, in the case of manufacturing, some of the physical 

processes of interest may include casting, forging, welding, etc. For asset lifecycle management, the processes of interest 

may be loading processes based on the system’s operation in the environment or degradation processes which can result 

in the physical system states changing over time. Similar to the physical system and physical environment, the physical 

processes may also be represented in the virtual space to support simulations, optimization, and forecasting. 

2.2.4 Virtual Representation 

As presented in Table 2.1, the Digital Twin definitions in the literature use a variety of terminology to discuss the 

virtual representation. This Chapter proposes using the term virtual representation as this captures the idea that the entity 

in the virtual space is merely a representation of an idealized form of the physical reality. 

2.2.4.1 Idealized Representation of Physical Reality 

It is recognized that any attempt to model the physical reality requires the idealization of that reality based on some 

level of abstraction. These idealizations often take the form of data models (data structures) and/or behavior models 

(mathematical or computational models). A data model here refers to a data structure that retains all the variables 

describing the reality at the level of abstraction chosen. Behavior models refer to the computational models that describe 

the how the variables of interest relate to each other. In engineering applications, behavior models are often based on the 

laws of physics; however, the exact physics that describe the relationships between variables may not always be known 

and use of data-driven models to describe the relationships between different variables is becoming more prevalent. 

Reality is then represented in this idealized form by assigning values to the model variables based on the interpretation of 

the data collected from the physical reality.  

The decision on the level of abstraction must be consistent with the intended use case(s) as it will impact data collection 

processes as well as introduce uncertainty. Due to the abstraction of reality, the evidence collected about that reality must 
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be transformed into data consistent with the virtual representation of the idealized reality. The process by which the data 

consistent with the idealized representation gives evidence about reality is called the interpretation process and is shown 

in Figure 2.2.     

 

Figure 2.2. Data abstraction process 

2.2.4.2 System States and Parameters 

When describing the types of data and information that are to be managed by the virtual representation, a wide range 

of terms may be considered, including properties, parameters, states, attributes, characteristics, features, variables, and 

dimensions. As noted earlier, the meaning and use of these terms is often dependent on the technical domain in which 

they are being referred. A primary motivation for the use of a Digital Twin in many applications is the monitoring of the 

system as it changes over time. Tracking and modelling these changes within the virtual representation as a function of 

inputs to the system enables the representation and estimation of past, present, and future behavior to guide decision-

making. These objectives align closely with the concept of state space modelling in system identification and as discussed 

below, state estimation is a common methodology used in the exchange of information between the physical reality and 

the virtual representation. Therefore, in this Chapter, we propose adopting the terminology used for state space modelling 

which uses the terms states and parameters to describe the information managed by the virtual representation [21]. 

In state space modelling terminology, states refer to the aspects of the system that evolve through time based on their 

previous values and inputs to the system (often externally imposed by the system’s interaction with the environment). 

Monitoring the states of the system therefore provides the history of how the system is behaving over time. The term 

parameters in state space modelling is used to refer to the aspects of the system model that describe how inputs to the 

system affect the states and how the different states relate to each other over time. In many cases, system parameters 

remain fixed or are slowly varying over time. Defining the states and parameters for a specific Digital Twin representation 

is determined by the level of abstraction selected for the idealized representation. This information includes information 

about the system itself, in addition to its environment and associated processes. 

Note that while the system states and parameters retained in the virtual representation provide an idealized 

representation of the physical reality, not all this information is readily exchanged between the physical reality and the 

virtual representation.  This is because not all system states can be directly measurable with available inspection methods, 

due to limitations of either technology or economics. For example, the state of fatigue damage accumulation may be of 
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interest, but crack initiation is not feasible to monitor, especially in large structures. In such cases, the values for these 

states are assumed based on data not directly associated with the current physical reality of interest (e.g. historical data, 

design data, etc.) or inferred from the observed data using state estimation. In the example of representing fatigue damage 

accumulation, measured states, such as structural motion and strain using sensors, can be used in combination with 

computational models to infer the fatigue damage state. Some of the unobservable system information may also include 

the system parameters which must be inferred through parameter estimation. This process of determining which states to 

directly monitor and which states to infer is an important part of the Digital Twin scoping and implementation process. 

2.2.4.3 Virtual System 

The primary component of the virtual representation is the virtual system. The virtual system contains the data and 

models of the entities of interest from the physical system at a chosen level of abstraction. It is important to note that the 

virtual system may contain multiple models of the physical system at different levels of abstraction and these models may 

or may not interact with each other. An example of interaction is aeroelasticity analysis of an airfoil, where the results of 

the aerodynamics model may be used as input to the structure model and vice versa (two-way coupling). 

2.2.4.4 Virtual Environment 

Like the virtual system, the virtual environment is the virtual representation of the physical environment. Similar to 

above, the virtual representation of the physical environment is at a chosen level of abstraction. 

2.2.4.5 Virtual Processes 

Virtual processes describe how the virtual system expresses itself at the level of abstraction chosen for the virtual 

representation. The most common form this takes is a computational model of the corresponding physical processes. 

These computational models to represent how the physical system undergoes state changes to help generate the insights 

required to support decision-making.  

The computational models used to accomplish this are built based on the relationships established between the inputs 

and outputs of a given process that changes the system states (e.g. load application and system dynamics, degradation 

mechanisms, etc.). The relationships between the inputs and outputs of these processes are determined based on known 

physics or generated via data-driven models using input and output data, or a hybrid of both. Machine learning (ML) and 

artificial intelligence (AI) techniques can be used to establish simulation models for processes based on the collected data 

without knowing the specific model form (i.e. a “black-box” model). 

Virtual processes play a valuable role in the Digital Twin, as many of the use cases rely on simulated future states 

rather than the present system state. These include diagnostics and prognostics [10,12,14,22–24], design verification [25], 

simulation and optimization [2,4,13,22,26–29], and “what-if” scenario and sensitivity analyses [26]. The application of 
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virtual processes on the virtual system alters the virtual system states in a manner similar to how the physical processes 

alter the states in a physical system. This allows the user of the Digital Twin to hypothesize how the physical system 

would perform under similar physical processes, thus helping to decide what actions to undertake based on whether the 

simulated outcomes are aligned with the desired outcomes.  

2.2.5 Interconnection between Physical and Virtual 

The final component of the Digital Twin definition is the interconnection between the physical reality and the virtual 

representation where data/information is exchanged in two directions: physical-to-virtual and virtual-to-physical [30]. 

2.2.5.1 Physical-to-Virtual Connection 

The physical-to-virtual connection enables the process by which data collected from the physical reality is used to 

update the states maintained in the virtual representation. In general, the physical-to-virtual connection requires three 

steps: the process of collecting the relevant information including the direct measuring of the physical reality, interpreting 

the collected data to a form that is consistent with the level of abstraction and the updating process that uses the data to 

update the states of the virtual representation. 

In the first step, when discussing data collection for the Digital Twin, the Internet of Things (IoT) and sensor 

technology are commonly referenced [20,31–33]. While not strictly required for a Digital Twin, these technologies are 

often credited with supporting the increased interest in Digital Twins since they allow for a larger amount and frequency 

of measurements.  It is important to note that offline and manual data collection means are also relevant in this context, 

such as visual inspection, non-destructive evaluation, repair logs, etc. 

The second step of the process, interpretation of the collected data (Figure 2.2), may typically contain several steps 

depending on the data, including data processing, data curation and data conversion. An example of this is the conversion 

of voltage changes in a strain gauge to strain measurements, but a more abstract representation may need further 

interpretation, for example converting the strain measurements to load cycle counts.   

The third step of the process is the use of data to update the states of the virtual representation. In the simplest cases, 

the measured data corresponds exactly to a state maintained in the virtual representation and the virtual representation is 

updated such that it reflects the observed physical system state. In many cases, updating of the unobserved system states 

of interest and the model parameters is achieved through the techniques of system identification, which may also involve 

information fusion, i.e., use of data from multiple sources. 
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2.2.5.2 Information Fusion 

The concept of information fusion is focused on combining the multiple available sets of information to create a 

derived set of information which reduces redundancy and uncertainty. Information fusion techniques can be classified 

into three categories: (i) data association, (ii) state estimation, and (iii) decision fusion [34]. For the virtual representation 

update process, the state estimation techniques are of greatest interest, but data association may also be applied where it 

is necessary to reduce the dimensionality of a large volume of data. Data association and state estimation are part of the 

physical-to-virtual connection process. Decision fusion may be applied during the virtual-to-physical connection process, 

where a consensus must be made from the outcomes of various analyses as to the actions that will be undertaken to affect 

the states of the physical system of interest. 

2.2.5.3 Virtual-to-Physical Connection 

The virtual-to-physical connection is the process that results in the transfer of information from the virtual 

representation back to the physical reality. This connection closes the loop in the Digital Twin, by allowing the insights 

and decisions generated through the virtual representation to be realized in the physical system; either through actions 

that result in a change in the physical system states or actions that collect additional information from the physical system 

to further update the virtual representation. It can also be noted that the decision resulting from the Digital Twin insights 

may be simply to take no action at all at the present time and simply continue updating and monitoring the physical 

system. 

 This information flow is realized in the physical reality by undertaking specific actions which impact the physical 

process(es) that result in a change of the states of the physical system. As with the physical-to-virtual connection, this 

process occurs in two steps: (1) the virtual representation is used to determine whether and what change in the physical 

state is required, and what action is required to achieve the targeted state; (2) then the required actions that impact the 

necessary physical process(es) are performed to achieve the targeted physical state.  

Table 2.2 summarizes the above descriptions of various elements of a digital twin. 
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Table 2.2. Summary Description of Digital Twin Components 

Component Description 

Physical Reality 
 

Physical System The portion of the physical reality chosen for modelling which includes all relevant 

interacting and interrelated entities that form a unified whole 

Physical Environment The aspects of everything outside the selected physical system which affect that system 

Physical Processes The functions being performed by the physical system that result in the system 

undergoing changes in state 

Virtual Representation   

Virtual System The data and computational models of the physical system of interest at a chosen level of 

abstraction  

Virtual Environment The virtual representation of the physical environment for the physical system of interest 

Virtual Processes The virtual representations of the corresponding physical processes, used to simulate 

how physical processes will affect the physical system; these are the primary means to 

generate insights to meet target outcomes 

Information 

Interconnection 
  

Physical-to-Virtual 

Connection 

The means by which information from the physical system is collected, interpreted, 

communicated and used to update the virtual representation states and parameters 

Virtual-to-Physical 

Connection 

The means by which an action is decided and undertaken based on the virtual 

representation to affect physical processes that result in change of the physical system’s 

states and parameters 

 

2.2.6 Digital Twin Qualifiers 

In the review of definitions provided in the literature, it was observed that several definitions included specific 

qualifiers for certain Digital Twin characteristics to designate what constitutes a Digital Twin and what does not. This 

section will review the qualifiers mentioned in the literature and then propose a clear set of qualifiers that distinguish 

Digital Twin from similar technologies while not being overly restrictive. 

2.2.6.1 Digital Twin vs Digital Model 

Descriptions of Digital Twins and their usage in the literature often sound similar to more traditional digital modeling 

approaches, such as computer-aided design (CAD), computer aided engineering (CAE), and product lifecycle 

management (PLM) tools, which lead to confusion amongst practitioners as to what distinguishes a Digital Twin from 

these existing approaches. As these tools are also incorporated and used with Digital Twins, it can be challenging to 

determine when the use of these tools/models fits the definition of a Digital Twin and when it does not. The two key 
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requirements for a Digital Twin that make it unique from traditional digital modelling approaches are that a Digital Twin 

represents a single instance of the system of interest (i.e. its corresponding physical twin) not a class or fleet of systems 

and that the Digital Twin updates its description of that system as it changes over time.   

2.2.6.2 Digital Twin vs Simulation Model 

Simulation modeling is the process of using a digital prototype of a physical system to predict how the system will 

perform in reality [35]. Simulation models are often used during the design phase to understand how the system of interest 

will perform based on assumed operation, loads, degradation mechanisms, etc. This replication of physical system 

behavior in a virtual environment can sometimes lead to simulation models being mistaken as Digital Twins. The major 

difference between a simulation model and a Digital Twin is that the simulation model is predicting future states of a 

physical system based on a set of initial assumptions, rather than tracking current and past states of a single instance of 

the physical system. A Digital Twin would then track the actual experienced states as that specific instance of the system 

is used in operation.  

A reason that simulation models may be confused with Digital Twins is that while a simulation model is not by itself 

a Digital Twin, the use of simulation modeling combined with Digital Twins is common. Often the computational models 

which are used to infer the current state of the Digital Twin are the same models which can be used in simulation to 

predict future states. This can be even more advantageous when the parameters of these computational/simulation models 

are updated to reflect the behavior of the specific instance the Digital Twin is representing. These simulation models can 

then be used to provide additional insights to guide decision-making for optimizing future operations, forecasting 

degradation mechanisms, and predicting future failures and remaining useful life. 

2.2.6.3 Digital Twin vs Surrogate Model 

Surrogate modeling is an engineering method that uses approximate models that are computationally cheaper, such as 

response surfaces, kriging, support vector machines, neural networks, etc. [36] to mimic the behavior of more 

computationally expensive physics models. It is likely that the confusion between surrogate models and Digital Twins 

arises from the similarity in how they both use data to update the knowledge about their form. Surrogate models are 

constructed using data-driven approaches that use a set of training data (inputs and outputs) from the original simulation 

model to construct a model that mimics the behavior of the original computational model; this approach is similar to 

ML/AI models. 

Thus surrogate/ML/AI models are similar in concept to the way a Digital Twin uses data from the physical system to 

update its virtual representation. However, despite this similarity, a surrogate model alone is not a Digital Twin as it does 

not maintain a virtual representation of the states of an instance of a physical system but rather to create a mimicry of a 

computational model. While a surrogate model is not a Digital Twin, it could be used within a Digital Twin to improve 
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its functionality when the original computational model is too time-consuming to provide insights within a required 

decision interval. 

2.2.6.4 Digital Twin Data Interconnection 

Descriptions of Digital Twins in the literature often put further qualifiers on the data interconnection component. More 

specifically, to be considered a Digital Twin it is sometimes required that this data interconnection be online and bi-

directional [37–40].  

The requirement that the virtual-to-physical connection must result in a change in the physical system states is 

restrictive. While the insights generated from the Digital Twin should provide feedback that serves a targeted outcome, 

this outcome may not result in a physical state change. An example of such a use case is using a Digital Twin to prioritize 

and optimize inspection campaigns of large structures. Identifying the highest risk areas for targeted inspections based on 

the specific operation of this system increases the probability of detecting anomalous conditions and reducing overall risk 

without resulting in a change of state of the physical system.  

The second added requirement is that this data interconnection be online [37]. It is implied that online means that the 

data is exchanged automatically between the physical system and the virtual representation and vice-versa. The reason 

for placing such a requirement on the classification of Digital Twins is likely based on specific use cases. However, such 

a requirement is overly restrictive and does not account for the many different offline human-in-the-loop (HITL) 

interactions with the physical system, including data collection methods, such as physical inspection, NDE, maintenance 

logs, etc., and system repair/maintenance actions that could be used to update the virtual representation of system states. 

Additionally, there are use cases where the immediate exchange of information is not required for the decision-making 

process [14]. It is proposed that the requirement for a Digital Twin be that information be exchanged between the physical 

system and the virtual representation to update the virtual system states and parameters. The bi-directional connection 

from virtual to physical may not always result in change in the physical state (e.g. the action could be additional 

inspection/data collection). Any additional requirements on how (or how often) this data is collected and exchanged 

should be determined based on the specific use case and implementation.  

2.2.6.5 Digital Twin Fidelity 

Another common Digital Twin qualifier found in the literature is with respect to the fidelity of the Digital Twin virtual 

representation [10,11,37,41–45]. Many of these definitions argue for the Digital Twin to have the highest level of model 

fidelity feasible. As discussed earlier, the level of model fidelity directly relates to the level of abstraction of reality that 

is chosen for the virtual representation. While it is typically assumed that a higher fidelity model ensures that the physical 

system and virtual representation are more closely aligned, this assumption may not be the case if the data that can be 

collected from the system is not appropriate for the level of model fidelity.  Observation and modelling uncertainties 



 

 20 

resulting from insufficient data may negate the benefits of the higher fidelity model. Even if the required data could be 

collected, additional challenges of a high-fidelity approach may also include data storage management, data transfer 

limitations, computational processing power, and turnaround time for decision support. 

In addition to the practical limitations of applying a high-fidelity approach, using such a requirement to classify a 

Digital Twin is challenging as there is no accepted definition as to what would constitute a high-fidelity representation. 

From the reviewed literature it is found that the choice of Digital Twin modelling fidelity is primarily driven by the use 

case; and there are no papers in literature yet to present a Digital Twin implementation which could be considered high-

fidelity. This further supports the argument that the level of model fidelity should not be used to define what is classified 

as a Digital Twin. The only requirement is that the model be a virtual representation of a specific physical system; the 

fidelity of that model will be dependent on the use case. 

2.2.6.6 Data Update Frequency 

The final commonly mentioned Digital Twin qualifier is the rate at which data is exchanged between the physical 

system and the virtual representation. As mentioned in the previous sections, information is exchanged bi-directionally 

between the physical and virtual spaces. An important component of this interconnection is the frequency at which 

information is exchanged between the physical space and virtual space. In the literature, this update is commonly 

described as being real-time [37,38] where changes in the physical state are updated in the virtual representation nearly 

instantly. While such a qualifier represents an ideal Digital Twin, allowing the physical system and virtual system to act 

nearly synchronous with each other, placing such a requirement on all Digital Twins is not practical with current 

technology and is not required for many of the use cases. 

As different data streams may be available at different frequencies, the update process may occur as the different 

datasets become available or may be selected to occur at set intervals based on the use case and the frequency in which a 

decision will need to be made. For example, in [14], a Digital Twin for fatigue crack growth on an aircraft wing collected 

data during each mission, and state estimation was performed to update the virtual representation after each mission. This 

frequency was consistent with the decision-making interval for this use case where mission planning was desired on a 

flight-by-flight basis. 

While real-time update of all the system states of interest is ideal, it is often not practical to define a Digital Twin by 

this requirement given varying frequencies of different data collection systems and HITL data collection efforts. The 

proposed approach is to instead implement a model updating process appropriate for the specific use case, which utilizes 

all the available system information at the time of the update to provide the inference of the current system states. 
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2.2.6.7 Summary of Qualifiers 

Distinguishing a Digital Twin from other digital modeling and simulation approaches is based on the following 

qualifiers: 

1. The virtual representation represents a single instance of a physical system; and 

2. Data/information from the physical system is used to update the states of the virtual representation over time. 

Any additional requirements placed on specific characteristics of the Digital Twin, such as the examples provided in 

this section, should not be included in the definition; rather, they should be based on the specific use case being considered 

and established during the Digital Twin implementation. 

 

2.3 Digital Twin Implementation 

Digital transformation is viewed as an enabler of more innovative, optimized, and effective products and processes 

and is a key component of Industry 4.0 [46]. The practical implementation of Digital Twins aligns with the concept of 

digital transformation, where a principal objective is the innovation of business models to reflect the value that can derived 

from data. Similar to the definition and characteristics of a Digital Twin, there is also a breadth and variety of technical 

elements that comprise a Digital Twin implementation that we seek to generalize. The key aspects of a Digital Twin 

implementation include specifying intended outcomes, scoping the solution (both defining the physical system of interest 

and levels of abstraction), creation of the virtual representation, and establishing required data interconnections.  

A brief review of current industry implementations of Digital Twins can be generally grouped into three categories: 

Digital Twin component solutions, commercial off-the-shelf solutions, or custom hybrid combinations. A large number 

of the marketed Digital Twin product offerings are component solutions, provided by companies that provide platform 

services, such as Microsoft [47], or by digital model/digital simulation companies, such as Ansys [48]. These providers 

typically market Digital Twin approaches that utilize components from their product offerings that can be combined 

together to create a customer-specific Digital Twin implementation but how the Digital Twin is constructed is left to the 

end user. This category of solutions has also led to collaborations between companies to enable easier integrations between 

their capabilities as customers seek functionality that may not be wholly available within a single solution providers 

product portfolio. The next most common category is off-the-shelf Digital Twin solutions. These are typically provided 

by the original equipment manufacturer (OEM), such as GE [49], for common industry uses cases. The final group are 

completely custom hybrid approaches, where the end-user constructs their own solution, usually from a combination of 

commercial and custom products. The extent of the industrial application of a hybrid approach is challenging to estimate 

since it is for an organization’s internal use, however this case may be the most effective at achieving specific outcomes, 
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since the capabilities can be wholly customized to a specific use case and the features can be implemented incrementally 

based on evaluated cost and business value. 

2.3.1 Digital Twin Outcome Identification 

Colin Parris, Vice President of Software Research at the GE Global Research Center, described a Digital Twin as “a 

living model that drives a business outcome” [32]. Identifying the intended outcomes enables the scope of the Digital 

Twin to be realistically bounded to achieve these outcomes. The targeted outcomes should be measurable and quantifiable, 

which allows for the value proposition for a Digital Twin to be defined by its ability to result in a positive change toward 

the targeted outcomes. These outcomes can be wide-ranging and industry-specific; some common outcomes associated 

with Digital Twins include including reducing costs [2–4] and risk [5], improving efficiency [6], improving service 

offerings [7,8], security [9], reliability [10,11], resilience [12], and supporting decision-making [13–15].   

2.3.2 Digital Twin Scope  

When designing the Digital Twin, the principle of parsimony should be observed to ensure that the determined scope 

can meet the intended outcomes without adding additional complexity or cost that might compromise its feasibility. While 

Digital Twins may theoretically be used to represent the chosen system to an atomistic level of resolution, the intended 

application and desired outcomes determine the rationale by which to select the appropriate scope and abstraction level 

of the Digital Twin. 

The first aspect of setting the scope for the Digital Twin is determining the portion of the physical reality that will be 

modeled, which sets the boundary between the physical system of interest and its surrounding physical environment, as 

described in the previous section. This boundary should be selected to ensure the appropriate level of detail to achieve the 

targeted outcomes while minimizing the resulting model complexity.  

The second aspect of setting the Digital Twin scope is determining the required level of abstraction. The level of 

abstraction determines the collection of physical system states that are to be modelled and maintained. The selected level 

of abstraction also determines the fidelity of the computational models that are to be used. Considering the principle of 

parsimony, the level of abstraction/model fidelity should be only as detailed as required to achieve the targeted outcomes. 

Refer to Section 2.2.6.5 for further discussion. 

When scoping the Digital Twin implementation, consideration could be given to supporting models at varying levels 

of abstraction, allowing the users to switch between the levels as needed to achieve the targeted outcomes. Consideration 

should also be given to the varying time constants for the different physical processes being modeled. For example, 

vibration is typically measured on the order of milliseconds and corrosion is often measured on the order of years. For 
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this to be managed, the Digital Twin must often support models of different levels of abstraction, while ensuring that the 

shared system states between models of different levels of abstraction remain consistent. 

2.3.3 Digital Twin Virtual Representation 

The first element of the virtual representation is creation of the data models. The states of interest, both current and 

historical, are retained in the data models. In the literature, when discussing data management, cloud computing 

environments are mentioned [3,41,44]. A cloud-based data management system provides advantages in accessibility, 

scalable data storage and processing power, and efficient data transfer. Local data storage systems may also be used and 

may be required in cases where security of the data is a concern. Practical implementations may consider combinations 

of local and remote data management approaches (edge, mainframe, fog and cloud). Further, data visualization may often 

be used in conjunction with data models to provide additional insight into the data. The purpose of these visualizations is 

to represent the raw data in a format that supports more efficient decision-making and may include simple statistics, 

summary data, and data tagged to visual representations of the system of interest. 

The second element of the virtual representation is the implementation of the relevant computational models.  The use 

of models in Digital Twins is generally for two purposes: the inverse problem and the forward problem.  The first is the 

data fusion and system identification process where states and parameters of the Digital Twin must be estimated using 

the observed information (i.e., inverse problem). The second purpose (i.e., forward problem) is to apply virtual processes 

to the virtual system to simulate how the system states will change based on forecasted changes in the physical 

environment or the application of physical processes (e.g., loading on a structure). The goal of these simulations is to 

result in action decisions which are transferred from the virtual space to the physical space to result in physical system 

state changes that support the outcomes. As discussed earlier, computational models can be categorized as either physics-

based models or data-driven models, and the selection of the appropriate model is dependent on the available 

data/information collected from the physical system and the known relationships between the collected data and the states 

of interest that cannot be directly measured.  

In addition to the data models and computational models, visualization is a critical aspect of the Digital Twin 

implementation, in order to provide the decision-maker with a clear interpretation of the data to provide confidence in the 

decision. Also, visualization tools serve to improve the overall acceptance of the Digital Twin and demonstrate its value 

to the organizational leadership and non-domain experts. 

Since there are very few end-to-end Digital Twin solutions currently available in the market and given the breadth of 

Digital Twin applications and the variety of technologies a Digital Twin employs, it is likely that a hybrid approach that 

combines custom Digital Twin data management systems that can be easily connected to COTS tools will be applied.  For 
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this approach to succeed, there will need to be an ongoing effort to facilitate more efficient and consistent data exchange, 

supported by future standards.  This has been recognized in the industry and such efforts are currently ongoing [50]. 

2.3.4 Digital Twin Data Interconnections 

The implementation of Digital Twin data interconnections requires decisions regarding how data is to be collected, 

the frequency at which the data is collected, and how the data is exchanged between the physical and virtual spaces. 

After the Digital Twin creation, ongoing data collection for Digital Twins largely focuses on sensor technology. 

However, as previously mentioned, offline data collection is also relevant, including inspections and NDE. Further 

heterogenous data may also be available from logbooks, maintenance records, pictures/video, subject matter expert 

opinions, etc. The required technology and processes to collect, process and fuse these data sources should be considered 

during implementation. 

The next aspect of the data interconnection is the frequency at which data is collected and exchanged, also known as 

the Digital Twin update frequency. This is often driven by the decision interval, which is defined as the time scale on 

which a decision needs to be undertaken. In cases of operational decision making, the decision interval may be on the 

order of seconds or minutes, however for asset integrity management cases, the decision interval may be on the order of 

months or years. It should also be noted that there also may be cases where sensor data is collected at a high frequency, 

but it is only exchanged with the virtual representation on a periodic basis in batch format due to data transfer limitations. 

A final consideration is the technology and processes that need to be implemented to support the virtual-to-physical 

connection.  As noted earlier, this exchange may be through the use of the Digital Twin to control actuators in the physical 

space that result in the states of the physical system changing. Similar to the physical-to-virtual interconnection, this 

requires establishing the required data exchange processes and control systems that allow for the Digital Twin to enact 

the specified actions. Another approach is the use of HITL to use information/insights from the Digital Twin to lead to 

physical actions which either result in a physical state change or in the collection of additional information from the 

physical system. In these cases, consideration must be given to existing processes. As the implemented Digital Twin 

should by design align with these processes, the information exchange and decision-making points in the process need to 

be identified. Once these points are identified, the mechanism by which the information is to be exchanged and the 

procedures for making decision based on this information should be codified. 

 

2.4 Digital Twin Implementation Case Study 

The proposed implementation process is demonstrated through a case study where a Digital Twin is developed to 

support the ongoing asset integrity management of a naval vessel. 
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2.4.1 Digital Twin Outcomes 

It was observed that prescriptive scheduled inspections of the vessel’s structure often resulted in finding unexpected 

structural issues that were leading to extended drydock stays resulting in higher costs and reduced mission availability 

[51]. Based on these observed challenges, the primary outcomes of the Digital Twin implementation are an increase in 

the operational availability and a reduction in the associated operational expenses over the life of the asset.  

Additionally, secondary outcomes include the reduction of risks associated with emergency response situations where 

detailed engineering analysis, such as Finite Element Analysis (FEA), is required to answer stakeholder questions before 

any resumption of operations and the extension of the vessel’s life beyond its original intended design life [51]. 

2.4.2 Digital Twin Scope 

Based on the targeted outcomes, the physical system to be represented as a Digital Twin is selected to be the hull 

structure of the vessel. Based on this selection, the corresponding physical environment that is of interest is the local wave 

environment and local weather environment that the vessel operates in. The physical processes of interest include the 

loading processes (e.g. wave loads, thermal loads, and cargo loads) and degradation processes (e.g. coating breakdown, 

corrosion, and structural fatigue). 

The fidelity of the Digital Twin was maintained at several different levels of abstraction within several data models 

and computational models based on their intended use. For example, a lower fidelity compartment-based model, shown 

in Figure 2.3, was used for recording the asset condition during visual inspections. The condition and the presence of any 

anomalies are tagged to the relevant compartment and the database supports the storage of accompanying supporting 

information, such as written reports and pictures. These results are then tagged directly to the relevant structural 

components in a higher fidelity data model maintained onshore. The higher fidelity model can then be used to generate 

computational models, such as finite element analysis (FEA) models at varying levels of fidelity based on the analysis 

requirements. In this use case, the term model fidelity refers to the level of detail at which the structural components are 

represented. For example, at the lowest level, only the boundaries of each of the structural compartments are represented. 

At the highest level, every structural component down to an individual bracket is modeled. 

The vessel initially had very few sensors available for monitoring the hull structure, so this limited the fidelity of 

several of the computational models, particularly the loading models. Other data sources were used in combination with 

computational models to infer the vessel response to the experienced wave conditions and determine the resulting stresses 

at representative critical areas. 
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Figure 2.3. Example Digital Twin models: a) low-fidelity compartment model, b) high-fidelity structural component 

model 

2.4.3 Digital Twin Virtual Representation 

It was determined that no available solution could achieve the targeted outcomes, so a hybrid approach was adopted 

which required the integration of several different solutions for both the data models and computational models. It was 

also recognized that an incremental implementation approach should be adopted to reduce the upfront implementation 

costs and identify where incremental enhancements to the Digital Twin, both in terms of scope and fidelity, would be best 

applied to achieve the targeted outcomes. For this use case, a series of data models and computational models were 

implemented to represent both the system and its corresponding environment. 

First, the data model for the virtual system representing the structural condition was selected as a CAD-based system 

that had been optimized for managing marine inspection data. This model also provided the necessary fidelity to support 

all the other planned data models and computational models. The advantage of the selected system is that it also included 

the lower fidelity compartment-based model for use in the field to collect inspection data. The advantage of using a lower-

fidelity model for data entry in the field is the reduced computational requirements for loading and running the model, 

and the easier data entry, since information is tagged based on the compartment the inspector is in rather than having to 

tag it to the specific structural component. This aligns with existing inspection processes, and any findings during the 

inspection can be tagged to the specific structural components in the high-fidelity model by engineers in the office. These 

two models operate on a shared database, so that inspection results and anomalies tagged in one model are also represented 

in the other model at the appropriate fidelity which also ensures that the Digital Twin virtual representations remain in 

synch as a single representation instance. 

In addition to the data models, two computational models were implemented as part of the virtual system. The first 

was a set of FEA models, including a full-ship model and several local models of critical connections. These models are 

linked to the high-fidelity condition data model, so that the relevant properties can be updated as the condition changes. 

The results of the computational models can also be fed back to the condition data model if an anomalous condition is 
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determined from the analysis. The other computational model is the hydrodynamics model, which is used to determine 

the vessel response to specific wave conditions. 

As previously mentioned, there were limited sensors installed aboard the vessel so the vessel response to the 

environment could not be measured directly. As an alternative, use of location analytics (LA) integrated with non-location 

analytics (NLA), is employed enable spatial modeling of the vessel’s environmental exposure [52]. A data model of the 

vessel’s GPS position information is fused with wave exposure data from hindcast weather models. By creating a virtual 

representation of the corresponding environment, this data can be used with the computational models in the virtual 

representation to determine the resultant loading and impact on the structure. 

The final models are the degradation process models, which provide virtual representations of the physical degradation 

processes, particularly coating breakdown, and corrosion. These models are data-driven models which use machine 

learning to update the computational model parameters based on the observed data. Developing vessel-specific 

degradation models is useful in providing forecasts of the future structural condition to be used in determining inspection 

and repair intervals. 

2.4.4 Digital Twin Data Interconnections 

The final component of the implementation is the set of data interconnections. The first interconnections are the ship-

to-shore data exchanges for the limited sensor data and the inspection data collected in the low-fidelity data model. Ships 

often have limited bandwidth to exchange data, so it is often batched ashore during port visits. A database replication is 

performed during these batch data exchanges to ensure that the shore-based and ship-based databases are synchronized. 

The second set of interconnections is the collection of data from third party sources for tracking the position and 

weather information. This data is collected daily and stored in a shore-based database. 

The final data exchange is the digitizing and entry of HITL data. Some of this data is captured and digitized when it 

is input to the low fidelity data model. However, other sources, such as thickness measurements are collected by third-

party contractors and must be digitized and entered manually in the data model. To reduce the level of manual effort, the 

data model can be used to generate a thickness measurement plan that is provided to the third-party contractor. After data 

is input to the provided plan, it can be automatically mapped back into the data model, significantly reducing the manual 

effort. 

2.4.5 Initial Results and Next Steps 

One challenge in evaluating Digital Twins is quantifying their value. This is often because they align with an existing 

process that may provide a majority of the business value and the advantage the Digital Twin provides is the digitalization 

of that process to provide further efficiency or automation. Also, part of the benefit provided by a Digital Twin is as a 
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type of insurance, reducing risks and costs during emergency scenarios which may only occur in rare instances. Finally, 

as a Digital Twin is intended for use during the entire life of the asset, the accumulated benefits may take time to observe 

and quantify. 

In this case study, while the implementation has not been in use long enough to confirm that the primary outcomes are 

being achieved, the Digital Twin implementation has been successful in supporting the resolution of an observed structural 

design deficiency. The availability of the data and models enabled an efficient root cause analysis and supported redesign 

of the problem region. 

 

2.5 Digital Twin Implementation Challenges and Opportunities 

This section highlights the challenges associated with developing and incorporating Digital Twins in practical 

applications in additional to some possible paths forward. Many of the enabling technologies for Digital Twins are in 

various states of advancement, progressing as a function of both industry need and technology readiness/maturity. Digital 

Twin solutions, driven by specific desired outcomes, are being pieced together based on industry need, but there are still 

some significant challenges limiting the Digital Twin technology potential, as discussed below. 

• Terminology: Consistent terminology needs to be defined to facilitate a common understanding and prevent 

miscommunication across multiple interacting technical domains and stakeholders. 

• Standardization: A wide range of technologies ranging from data collection to insight generation to decision-making 

need to be standardized. However, the standards development process is often slow, resulting in slow wide-scale 

adoption of digital twins.  

• Organizational culture: Cooperation and collaboration in the sharing of data and models is required among multiple 

stakeholders, with potentially competing business objectives.  Fair value, data security and intellectual property rights 

need to be ensured among the stakeholders. 

• Technology Maturity: Digital Twins are likely constructed from a patchwork of technologies and solutions from 

several different vendors. Technology development needs to prioritize technologies that offer the most meaningful 

increases in efficiency and effectiveness, considering the current technology maturity which impacts the timeline and 

cost for such development.  

• Verification and Validation: The Digital Twin is typically comprised of a number of different models and processes 

which require both V&V individually and as a comprehensive system. However, since the Digital Twin by definition 

is unique to the specifically modeled physical system, it may not be possible to validate a single instance, full system 

model. Extrapolation from individual component model V&V to the full system is challenging.  



 

 29 

• Automation: A prominent targeted outcome in many digital twin implementations is to reduce the manual effort 

through automation of data exchange and analysis. While development efforts are underway, there is still a strong 

reliance on human-in-the-loop as part of current solutions. 

 

2.6 Summary 

This Chapter has sought to generalize the characterization of the Digital Twin and provide a consolidated definition 

that can be used to clearly classify what is and is not a Digital Twin. After providing a definition and characterization, the 

process by which Digital Twins can be practically implemented was discussed, highlighting the key design decisions and 

implementation strategies. This approach was explored through a representative case study. 

The design and implementation of a Digital Twin, including the details of its components, should be driven by desired 

outcome(s). This will help to set the requirements for the required data, models, and processes to update the models based 

on the data. Digital Twin implementations require the incorporation of a variety of different enabling technologies, and 

bringing these technologies together is still an ongoing challenge. Several approaches can be considered: build a Digital 

Twin using existing commercial tools, construct a Digital Twin from commercial components, or a hybrid approach. 

Some of the challenges to Digital Twin implementation are technical in nature and can be resolved through continued 

research and development.  Other challenges are cultural and will require disrupting current operating models and ways 

of thinking. The Digital Twin concept is clearly still evolving, as seen in the diversity of new industries and use cases that 

Digital Twins are being applied to. This continued concept evolution is also apparent in the lack of concrete examples 

demonstrating the clear benefits of Digital Twins in practice. Despite the concept’s popularity, this has raised questions 

regarding the technology’s ability to provide tangible improvements over existing processes. Answering these questions 

will require successful demonstrations of the technology’s value. 
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CHAPTER 3 

 

DIGITAL TWIN IMPLEMENTATION FOR VESSEL-SPECIFIC FATIGUE DAMAGE MONITORING AND 

PROGNOSIS 

 

3.1 Introduction 

Historical evidence has shown that fatigue damage is one of the dominant failure mechanisms in ocean-going vessels. 

Fatigue cracks in marine vessels reduce the overall reliability and can pose a threat of causing further significant damage 

when exposed to severe operating environments. Accurate fatigue assessment is critical for decision making regarding 

structural inspection and maintenance planning, future operations, and potential life extension.  This assessment includes 

both the estimation of the vessel’s current fatigue damage accumulation and the forecasting of future fatigue damage 

based on the vessel’s historical operations in order to optimize planned maintenance and future operations to improve 

vessel reliability.  

Multiple uncertainty sources affect vessel fatigue damage assessment, and the influence of these uncertainty sources 

has been investigated by several studies in the context of two commonly used fatigue analysis approaches: S-N curve-

based [53–55] and fracture mechanics-based [56–59]. Most studies using these two approaches focused on S-N curve 

parameters uncertainty, model uncertainty (e.g. model uncertainty relevant to stress calculation), and random variables 

related to fracture mechanics (e.g. initial crack size, crack growth parameter, geometry factor, and stress distribution 

parameter). However, relatively limited research has been performed so far to investigate the influence of uncertain wave 

conditions on the vessel’s fatigue damage assessment, which contributes significantly to the vessel fatigue damage 

accumulation. As a result of all these sources of uncertainty and the variability in vessel-specific operation, population-

based design approaches must err on the side of conservatism. To support operational decision-making, the approach can 

be individualized, to continuously update based on the vessel-specific operation. Some work has been done for floating 

storage and offloading (FPSO) units [60–62], however this assessment did not require taking into account vessel 

movement (i.e. vessel routes, speed, and heading). Therefore, it is necessary to investigate the effect of vessel-specific 

wave conditions on the fatigue damage estimation and prediction, accounting for vessel routes. This provides the 

motivation for the development of a Digital Twin solution for ocean-going marine vessels. 

Digital Twin is one of the promising digital technologies being developed at present to support digital transformation 

efforts in multiple industries.  Defined as “a virtual representation of a physical system (and its associated environment 

and processes) that is updated through the exchange of information between the physical and virtual systems” [63], the 

Digital Twin provides the components necessary to acquire, manage, and analyze the required vessel-specific information 

to continuously update the knowledge regarding the current state of fatigue damage accumulation in a particular individual 

vessel. The data and engineering analysis models maintained in the vessel’s Digital Twin can then be used to forecast 

future fatigue damage. 
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One of the key characteristics of a Digital Twin is the interconnection of information between the virtual representation 

and the physical reality. This is often achieved through the use of sensors which can directly measure the structural 

response and take into account many of the complex or unknown contributing factors. For monitoring fatigue, hull 

monitoring systems can be used to directly record the strain or motion measurements of the structural response as a 

function of the operating environment; then this data can be used to estimate the accumulated fatigue damage. However, 

the implementation of such monitoring systems is often cost prohibitive which limits their regular usage. As an alternative, 

this Chapter explores an approach which uses publicly available vessel operational data to incorporate the experienced 

wave conditions when estimating the structural response and the corresponding accumulated fatigue damage. Several 

studies have investigated the use of numerical models combined with observed wave to account for the uncertainty 

associated with the experienced wave environment when monitoring fatigue damage in marine vessels. In Magoga et al. 

[64], a fatigue monitoring system used strain gauge sensor data in a cumulative fatigue damage approach, but the study 

also mentioned how a wave spectral approach based on recorded encountered wave environment could be used as an 

alternative input. Thompson [65] performed a preliminary study for determining the resulting stress spectra based on 

metocean hindcast data without instrumentation and compared the results with data obtained from a single midship strain 

gauge, but this study did not include the determination of the resultant fatigue damage accumulation or forecast of the 

remaining useful life. Nielsen et al. [66] applied an alternative approach based on measured vessel response, also called 

“ship as a wave buoy,” which used wave data and transfer functions as an alternative to direct hull strain monitoring. 

Hulkkonen et al. [67] proposed a similar methodology to the one applied in this study. This work extends the existing 

literature by demonstrating an end-to-end framework for a Digital Twin implementation of the proposed approach. 

The objective of this Chapter is to investigate the novel use of a Digital Twin to incorporate the effect of vessel-

specific wave conditions on the estimated accumulated fatigue damage and future fatigue damage prediction considering 

the uncertain future wave conditions. The Digital Twin for this solution is comprised of data models and computational 

models to infer and monitor the fatigue damage based on the Spectral-Based Fatigue Analysis (SFA) approach [68]. The 

resulting vessel-specific fatigue models are then used in a Monte Carlo simulation to forecast future fatigue damage and 

estimate the remaining fatigue life. Limitations in the vessel-specific input data related to the experienced sea states are 

also examined and the various approaches to managing these data gaps are compared. The future fatigue damage 

prediction using Monte Carlo simulation considers both historical routing and experienced waves and the wave conditions 

for unrestricted services. The integration of this entire end-to-end process in a Digital Twin provides a scalable solution 

to monitor vessel-specific fatigue damage across a fleet via automation. The application of this methodology is 

demonstrated through a case study.  

Contributions of this Chapter include the end-to-end development, integration, and automation of a Digital Twin 

framework for monitoring vessel-specific fatigue damage. The damage estimate is updated based on publicly available 
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position and ocean condition data in the absence of on-board sensor data. This framework also proposes and compares 

several vessel-specific fatigue accumulation methodology options as part of the Digital Twin framework. 

The proposed Digital Twin methodology for fatigue management is developed in Section 3.2. The results from a case 

study applying the methodology to a containership that has operated a trans-Pacific route for 6.5 years is presented in 

Section 3.3. Conclusions and future work are discussed in Section 3.4. 

 

3.2 Methodology 

First, based on the intended outcomes, the Digital Twin is developed, comprised of the necessary data and 

computational models. The Digital Twin is then used to update the ship fatigue damage accumulation based on performing 

fatigue assessments using publicly available vessel operational data. The Digital Twin updating methodology is comprised 

of two major processes; the collection, processing, and analysis of the operational data to obtain the vessel-specific wave 

conditions and the use of these wave conditions in the fatigue analysis. In this section, the basic elements of the Digital 

Twin are discussed first, followed by a description its implementation for the monitoring and prognosis of vessel-specific 

fatigue damage. 

3.2.1 Digital Twin 

Colin Parris, Vice President of Software Research at the GE Global Research Center, described a Digital Twin as “a 

living model that drives a business outcome” [32] which sets the scope for the design of the Digital Twin. This scope 

includes the selected physical reality to be modeled, a virtual representation of that selected physical reality, and the data 

connections between a physical reality and the virtual representation, as shown in Figure 3.1. As the physical system is 

operated, information is collected and interpreted to update the corresponding virtual representation. The updated 

representation can then be used to provide insights which guide decision-making to achieve the intended outcomes. 

 

Figure 3.1. Digital twin components and high-level processes 
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In this Chapter, the outcome the Digital Twin is intended to deliver is the monitoring and prognosis of the fatigue 

damage accumulation in order to support maintenance and operational decisions. Fatigue damage accumulation can be 

challenging to directly observe in large structures, especially during the crack initiation stage. When fatigue damage 

cannot be directly observed, it can instead be inferred from the available data and the vessel-specific analysis models 

associated with the virtual representation. 

The first component of the digital twin is the physical reality.  This is comprised of the physical system, which is the 

portion of the physical reality chosen for modeling, and the physical environment which are the aspects of the physical 

reality outside of the selected physical system which affect the system. Based on these desired outcomes for this Digital 

Twin application, the physical system of interest is set to be the selected representative critical areas that are to be 

monitored for fatigue. However, while only these critical areas are of interest for the fatigue monitoring, the physical 

system must also include the entire hull system to account for the hydrodynamics and structural response that govern the 

fatigue damage accumulation for these critical areas. The aspects of the corresponding physical environment that are of 

interest are the wave conditions experienced by the vessel due to its operation. Finally, the physical processes considered 

include operational conditions, such as vessel loading, vessel speed, heading, etc. 

The second component of the Digital Twin is the virtual representation. The virtual representation is the collection of 

data and computational models of the selected physical system and physical environment at a chosen level of abstraction. 

For this application, based on the selected physical system and environment, the Digital Twin virtual representation can 

be characterized as the combination of the resulting data models and computational models described below and shown 

in Figure 3.2. The term data model is used here to refer to the combination of both data collection, storage, and processing. 

• Data Models: 

o Vessel position data model (e.g. AIS position data) 

o Experienced wave condition data model  

o Fatigue damage accumulation model (one for each representative critical area considered) 

• Computational Models: 

o Hydrodynamic seakeeping model 

o Full-ship FEA model 

o Spectral fatigue analysis model 

o Monte Carlo fatigue prognosis model 
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Figure 3.2. Digital Twin virtual representation setup 

The final component of the Digital Twin definition is the interconnection between the physical reality and the virtual 

representation where data/information is exchanged in two directions: physical-to-virtual and virtual-to-physical [30]. For 

this use case, the data being exchanged from the physical reality to the virtual representation is the vessel position and 

wave condition data. The information exchange from the virtual representation to the physical reality is through informed 

decision-making; which could include changing vessel operations to minimize fatigue damage or planning for future 

inspections or maintenance. 

The implementation of the above data models and computational models and the use of these models in the updating 

and prognosis processes to achieve the targeted outcomes is detailed in the following sub-sections. 

3.2.2 Vessel Position Data Model 

The Digital Twin vessel position data model is the data repository for importing, processing, and storing the vessel 

position data. For this application, the position data is stored and managed in cloud-based SQL databases. 

3.2.2.1 AIS Position Data 

Vessel position can be monitored using the ship’s GPS or by publicly available Automatic Identification System (AIS) 

data. AIS data also provides the ship’s operational history, including position, speed, heading, and draft. In this study, the 

vessel’s AIS data is used to provide the vessel’s position data. AIS is an automatic tracking system utilized in the maritime 

sector to supplement marine radar for the purposes of collision avoidance. AIS data includes information such as unique 
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vessel identification, position, course, and speed. Global AIS transceiver data is also collected via terrestrial antennas and 

satellite networks, aggregated and then made available online through a number of service providers. Figure 3.3 shows 

an example of AIS position data.  AIS data is becoming a more common source of data in studies of vessel risk analysis 

as it can be easily combined with additional data sources to better understand and study and quantify potential risks to the 

vessel as a function of its operation [69–72]. 

 

Figure 3.3. Example of AIS data (AIS data provided by Spire Global, Inc) 

For this application, AIS data for the worldwide fleet is automatically retrieved from the service provider’s API every 

five minutes and stored in the SQL database. AIS position messages containing the unique vessel identification, position, 

course, and speed are stored in one data table. AIS static and voyage data messages which contains information about the 

vessel’s draft are retrieved with a separate API and stored in a different SQL table. Creation of the vessel specific position 

SQL table uses the unique vessel identifier to retrieve the corresponding position messages and static messages which are 

then merged to create a single vessel-specific position data model. This vessel-specific table is updated daily from the 

global fleet data to be used in the fatigue damage estimation. 

While AIS position messages are transmitted every 2 to 10 seconds while the vessel is underway and every 3 minutes 

while the vessel is stationary (in port or at anchor), the data collected via the receiver networks rarely contains AIS data 

at the same fidelity as transmitted. It is quite common for specific vessels to have data gaps of multiple hours or sometimes 

even days when AIS data is unavailable as the message was not received by the global network [73]. Since these gaps 

limit the ability to interpolate the corresponding sea state experienced during the vessel’s operation, it is necessary to 

develop an approach to account for the uncertainty introduced by these data gaps. 
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3.2.2.2 AIS Data Resampling and Rerouting 

Since the AIS data is a sequence of observations strictly increasing in time but with non-constant spacing, it can be 

considered an irregularly-spaced time series. A method to process irregularly-spaced time series is to transform the data 

into equally-spaced observations using an interpolation method. This is the approach that is used in this Chapter. First the 

AIS data is upsampled (i.e., increased number of data points) to have an evenly-spaced time series with the spacing 

consistent with the smallest time difference between the original position data time stamps. The position latitude and 

longitude values are linearly interpolated for the upsampled time stamps. Since the smallest time difference is often less 

than a minute, this results in more data points than needed for determining the sea state exposure; therefore, the resultant 

position data is then downsampled to a 1-hour interval. In addition to providing complete coverage, this route interpolation 

approach also supports improved data management. When the vessel is in operation, AIS messages may be available at a 

high frequency (i.e. sub-minute) which can result in a large volume of position data. While beneficial for applications 

such as collision avoidance, this high volume of data does not provide any additional benefit for the fatigue calculation 

and simply increases the overall calculation effort. Initial testing of the proposed upsampling and downsampling approach 

increased temporal coverage by 30% while reducing data volume by 80%. 

In most cases, the straight-line interpolation produced by the upsampling/downsampling approach produces tracks 

that do not overlap or avoid coming too close to a land mass. However, when the simple method does not produce 

acceptable results, the resulting interpolated vessel positions must be rerouted accordingly. This may occur when the 

vessel is navigating around a land mass but has position data gaps during this period. In these cases, the 

upsampling/downsampling approach may result in invalid vessel positions that fall on or near land and therefore cannot 

be used to obtain the corresponding metocean data. To resolve this, a simple rerouting approach is proposed here to ensure 

that all points fall outside of land masses allowing for the corresponding metocean conditions to be estimated. Ocean 

shapefiles from the North American Cartographic Information Society [74] are used to represent the landmasses in the 

region of transit as multi-polygons. To ensure that that updated points fall within the region where the metocean data can 

be interpolated, the bounding polygon is scaled outward by a factor of 1.05 and then smoothed. An example is shown for 

the island of Taiwan in Figure 4, where the blue line represents the original coastal multi-polygon boundary, the orange 

line represents the scaled bounding polygon, and the green line is the smoothed polygon. Each vessel position points are 

iteratively checked to determine if they fall within the resulting boundary curves of any landmass multi-polygons. Any 

point that is determined to fall within a boundary curve must be moved to an adjacent location outside of the landmass. 

To determine where these points should be moved, each position point identified as falling within the original land mass 

multi-polygon is projected onto the resultant multi-polygon. Finally, since the projection of these points results in a path 

that of a different length than the originally interpolated path, the projected position points are re-spaced to match the 

sampling time interval.  
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Each step of the process is shown in Figure 3.5. First the original position points (orange points) are upsampled and 

then downsampled to create the complete data set (red points) in Figure 3.5b. These points are then evaluated to determine 

if they fall within the scaled and smoothed boundary multi-polygon (green boundary in Figure 3.4 Those points 

determined to be within the boundary are then projected onto that boundary. This results in the update position points 

(green points) in Figure 3.5c. Finally, the adjusted position points are respaced to ensure that the original sampling time 

interval is maintained.  

 

Figure 3.4. Landmass polygon creation 

 

Figure 3.5. Example of AIS data rerouting: a) original AIS position data, b) upsampled/downsampled position data, c) re-

routed position data to avoid land, d) re-spaced position data to maintain consistent sampling frequency, e) comparison of re-

routed/re-spaced positions (purple) with historical positions for same vessel during a different transit (blue) 

In the example shown in Figure 3.5, the resulting re-routed points were compared with AIS data for the same vessel 

transiting a similar route at a different period of time and the re-routed points with the observed similar transit routes 

shows generally good agreement as seen in Figure 5d. It should be noted that while this approach provides a more 

complete position dataset and ensures that points do not fall within land masses, it cannot account for all possible AIS 

data gaps. For example, this approach cannot recreate the behavior of the vessel during large data gaps or with substantial 

changes in course between available data points. When large gaps in AIS data are present, the re-routed points may not 
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accurately reflect the exact transit path of the vessel. The impact of these inexact position points requires further study. 

As will be discussed in the following section, the spatial and temporal resolution of the metocean data combined with the 

generalizations of the sea state characterization applied in the fatigue assessment likely mitigate the impact of the 

approximation in interpolating the transit route. 

The resulting processed vessel position data is then inserted into the Digital Twin vessel position data model replacing 

the original data to be used in further analyses.  

3.2.3 Wave Condition Data Model 

The Digital Twin wave condition model maintains the virtual representation of the physical environment that is 

required for the fatigue damage assessment. For this application, the wave condition data is also stored and managed in a 

cloud-based SQL database. 

3.2.3.1 Metocean Hindcast Data 

The vessel-specific wave conditions that a ship has experienced during a given service period can be constructed based 

on either onboard wave measurements (such as through installed wave radar) [75] or metocean parameters generated from 

numerical hindcast models [76,77]. Equipment for direct measurement, such as wave radars, are expensive and therefore 

have limited installment on commercial vessels. Therefore, in this study, the vessel-specific wave conditions are 

determined using publicly available metocean hindcast data. The use of metocean hindcast data in vessel structural 

analysis is fairly limited in the literature [64–67,78]. The results from these studies have demonstrated that the stress 

spectra generated from metocean, hydrodynamic, and structural models show favorable agreement with the stress spectra 

generated from direct measurement using strain gauges. This motivates further investigation of its application in a Digital 

Twin to monitor vessel fatigue.  

Metocean hindcast are numerical atmospheric and ocean response models that are run for a historical period to generate 

the wave spectra at selected points and time steps. These models can be computationally expensive to run for a large 

number of points and time steps; however, several organizations provide global datasets for extended periods of time. 

One of these sources is the global NOAA NWS NCEP WaveWatchIII ® (WWIII) [76] metocean hindcast data, which 

has been used by several studies to perform stress or fatigue estimation [61,62,78] and is adopted for generating vessel-

specific wave conditions in this study. Metocean hindcast data has been found to be a reliable estimate of actual metocean 

conditions, particularly in deep water [79]. However, the WWIII model assumptions limit its applicability in shallow 

water, especially near shore [80]. The WWIII model resolution also limits its ability to fully resolve storm conditions, 

such as hurricanes and typhoons [80]. Other publicly available sources of metocean data include ECMWF ERA5 data 

[81]. Comparisons were made between these hindcast models by Stopa and Cheung, and the outputs were found to be in 

good agreement with each other as well as with wave buoy and altimeter data [82].  
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The ideal wave condition representation is a two-dimensional directional wave spectrum, which describes the wave 

system variance for all frequencies and directions. While this data is generated by the WWIII model at each location and 

time step, the full dataset is not typically available due to the large number of parameters. In the case of the WWIII 30-

year hindcast phase 2, 2D wave spectra data are only provided for approximately 2000 locations [80]. A reduced dataset 

is provided for all locations giving the bulk spectral parameters for the wave system, including the significant wave height 

(Hs), primary wave direction (Dp) and the peak wave period (Tp). The global WWIII data has a 3-hour time resolution and 

a 0.5°x0.5° spatial resolution.  

In the production Digital Twin, the WWIII output files from the NOAA NCEP FTP site are retrieved and processed 

daily by a virtual machine, which then stores the resulting parameters in a cloud-based SQL database. This then becomes 

the source of the metocean data for the Digital Twin application. 

3.2.3.2 Vessel-Specific Wave Condition Data 

To obtain the wave condition along a specific vessel route, interpolation of the bulk spectral parameters is performed 

over both space and time. In Adland et al., the metocean data from the ECMWF ERA5 model is combined with vessel 

AIS data by matching the coordinates and timestamps within a specified threshold (0.25o and one hour), however this 

resulted in a number of the vessel position points not having corresponding metocean data [69].  In Zhang et al., a trilinear 

approach is applied to derive the parameters from several metocean data sources, where linear interpolation is applied to 

fit the timestamp of the AIS data point and bilinear interpolation is applied based on the latitude and longitude of the AIS 

data point [70]. In this study, an interpolation approach is applied utilizing a trained Kriging model. As part of the wave 

condition data model, a software tool has been developed to retrieve a selection of the required bulk spectral parameters 

from the SQL database based on a given vessel’s position data and timestamp. To provide sufficient data to train the 

Kriging model, for each point on the vessel’s route, a grid of metocean data points that surrounds that route point in both 

space and time is retrieved. This grid of selected points is 1.5o x 1.5o in space and 6 hours in time, which equates to 48 

training points for each Kriging model for each bulk parameter as shown in Figure 3.6. The interpolation approach uses 

3D ordinary Kriging with a linear variogram model [83].  
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Figure 3.6. Kriging model training data grid 

This metocean data is then used to train Kriging models along the ship’s route to infer the bulk spectral parameters at 

each position’s location and timestamp. An example of the significant wave height Kriging model result for a spatial 

region at a fixed time is given in the following figure. The points in the figure represent the training data with the gradient 

showing the significant wave heights for the region of interest estimated from the resultant trained Kriging model. 

  

Figure 3.7. Metocean data Kriging model for significant wave height 

The results from the Kriging model are used to create the Digital Twin wave condition data model, which is a SQL 

database table containing the vessel’s position and time stamp along with the corresponding bulk spectral parameters. 

This data model is then used as the primary input in the fatigue analysis. 
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3.2.4 Fatigue Analysis Models 

After developing the Digital Twin vessel position and wave condition data models for the vessel-specific experienced 

wave conditions, the resulting fatigue damage can be estimated using the fatigue analysis computational models. As 

previously mentioned, since fatigue damage cannot be directly observed, it must be inferred from the observed data using 

the Digital Twin. In this proposed vessel-specific approach, several options to the traditional design fatigue method are 

applied to enable real-time tracking of fatigue damage using the vessel-specific wave condition data. This process uses 

several computational models maintained in the Digital Twin virtual representation. Both the traditional design approach 

and the proposed vessel-specific approach are discussed in this section. 

3.2.4.1 Spectral Fatigue Analysis 

Spectral fatigue analysis is an S-N curve-based approach used for determining the fatigue life of a vessel during design. 

During design, the operational life of the vessel is considered as many spatiotemporal segments each comprised of a set 

of operational parameters, including the wave condition (e.g. significant wave height and wave period) and vessel 

operational condition (e.g. speed, relative heading, and loading) which impact the ships short-term structural response. 

This analysis involves the combination of several of the Digital Twin computational models, where the outputs of one 

computational model are used as inputs for the other computational models. 

First, the Digital Twin hydrodynamic seakeeping model is implemented. This model is developed from the vessel 

drawings for representing the vessel hull form. Once the vessel hull form is modeled, a frequency-domain, 2D strip theory 

code was used to estimate the set of vessel-specific response amplitude operators (RAOs) which are a set of transfer 

functions to obtain vessel motion, pressure, and global loads as a function of the operational parameters. The resulting 

RAOs account for the range of vessel operational conditions which the vessel may encounter. These RAOs are stored in 

a database for use by the other Digital Twin models. 

Next, the Digital Twin full ship finite element (FE) structural analysis model is implemented. The RAOs generated 

from the seakeeping model are mapped to the FE model and the stress response at the selected representative critical areas 

is stored for the specified ranges of the operational parameters. The resulting stress transfer functions, Hσ(ω|θ), for each 

selected structural location are stored for future use. 

Finally, the resulting stress transfer functions from the FE model are used as input for the fatigue damage accumulation 

model. The fatigue damage model is based on a spectral approach which assumes that variation of stress is a narrow-

banded random Gaussian process. Based on this assumption, the short-term probability distributions for the stress ranges 

and the resulting fatigue damage corresponding to the range of possible wave conditions is determined. The probabilities 

for range of wave conditions over a specified period of time can be characterized using a wave scatter diagram (WSD), 

which gives the probability distribution of binned wave height and wave period combinations. An illustrative example 
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based on collected vessel data is shown in Figure 3.8. Similarly, an example wave rosette, which gives the wave heading 

probability relative to the vessel orientation, shown in Figure 8. During design, a uniformly distributed wave heading is 

generally assumed, however as can be seen data from actual vessel operation does not follow this design assumption. 

 

Figure 3.8. Sample wave scatter diagram and wave rosette 

The total accumulated fatigue damage is then calculated as a weighted linear summation based on the probabilities of 

each wave condition as given in the wave scatter diagram (i.e. each cell in the WSD). The mathematical formulation of 

this approach is given below. 

From the stress transfer functions, the resulting stress energy spectrum is determined by scaling the wave energy 

spectrum, Sη(ω|Hs,Tz), which supplies useful information about the characteristics of the ocean wave system and is given 

as:  

𝑆𝜎(𝜔|𝐻𝑠 , 𝑇𝑧, 𝜃) = |𝐻𝜎(𝜔|𝜃)|2𝑆𝜂(𝜔|𝐻𝑠 , 𝑇𝑧) (3.1) 

where 

Sη(ω|Hs,Tz) = wave energy spectra 

Hs = significant wave height, in meters 

ω = circular wave frequency, in radians/sec 
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Tz = average zero up-crossing wave period, in seconds 

In standard practice for ship design, idealized wave spectra are used instead of determining the specific wave spectra 

at a given location and time since this is unknown at the time of vessel design. For a Digital Twin application, the actual 

encountered wave spectra could be estimated from the bulk spectral parameters provided in the metocean hindcast dataset 

and used instead of an idealized form. However, this presents an operational trade-off for the performance of the Digital 

Twin. In selecting an idealized form, the vessel response to the range of possible sea states can be pre-calculated, 

substantially reducing the computational time. In this Chapter, to achieve this improved computational performance, the 

Digital Twin implements the idealized Bretschneider wave spectrum [84] which is typically applied for open ocean areas 

with fully developed seas. Future work will examine the impact of this assumption by comparing with the results obtained 

from deriving the wave spectra for each vessel location during its historical voyages. The Bretschneider wave spectra is 

given as: 

𝑆𝜂(𝜔|𝐻𝑠 , 𝑇𝑧) =
𝐻𝑠

2

4𝜋
(

2𝜋

𝑇𝑧

)
4

𝜔−5𝑒𝑥𝑝 [−
1

𝜋
(

2𝜋

𝑇𝑧

)
4

𝜔−4] (3.2) 

Since the ship is generally moving with a forward velocity, the wave spectrum must be defined from the ship’s reference 

frame rather than a stationary reference frame. In the ship’s reference frame, the wave spectrum needs to account for the 

transformation of the spectral frequency components due to the Doppler effect determined based on the ship’s forward 

speed, V, and wave encounter angle, θ. The resulting Doppler effect is accounted for with the term 

(𝜔 − 𝑉𝜔2 cos 𝛼 /𝑔)𝑛 . It can also be noted that energy equivalence implies that the stationary reference frame, S(ω)dω, 

is equivalent to the vessel reference frame, S(ωe)dωe. 

To account for short-crested sea conditions that result in kinetic energy spread, a cosine-squared approach is used to 

account for this spreading using a term, α, assumed from +90 to -90 degrees on either side of the wave heading. The nth 

spectral moment, mn, is then given as: 

𝑚𝑛 = ∫ (
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The Rayleigh probability density describing the short-term stress range distribution is then given as: 

𝑔(𝑠) =
𝑠
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A corresponding short-term stress range distribution can then be defined for each short-term wave condition (i.e. each 

cell in the WSD) and the cumulative distribution is considered as the weighted sum over all the combinations of wave 

conditions and heading directions.  

Once the resulting stress distribution is determined, the resulting fatigue damage accumulation can be calculated. The 

approach used to determine fatigue damage during vessel design is Palmgren-Miner’s rule, which assumes that the 

cumulative damage, D, resulting from a group of variable stress cycles is the sum of the damage inflicted by each stress 

range. Thus the damage incurred by the ith wave condition, assuming a S-N curve of the form N = AS-m is given as: 

𝐷𝑖 = (
𝑇

𝐴
) ∫(𝑘𝑡𝑘𝑚𝑠𝑘ℎ𝑠)𝑚𝑓0𝑖𝑝𝑖𝑔(𝑠)𝑖𝑑𝑠

∞

0

 (3.5) 

where 

Di = damage incurred in the i-th wave condition 

kh = factor for high tensile steel 

kt = factor for thickness effect 

kms = factor for mean stress effect 

m, A = physical parameters describing the S-N curve 

T = duration of wave condition, in seconds 

pi = joint probability of Hs and Tz 

f0i = zero-up-crossing frequency of stress response, Hz 

s = specific value of stress range from the short term stress-range distribution given in Eq. 4 

The total accumulated fatigue damage can then be estimated by considering the sum of all the individual fatigue 

damage for the i-th wave condition weighted by the probability of that wave condition and heading as given by the wave 

scatter diagram and wave rosette. A closed form expressed for the total accumulated fatigue damage based on an analytical 

distribution for the stress range, g(s), is given in Eq. 3.6. Failure is defined as the total accumulated fatigue damage, D, 

exceeding a critical value, η, equal to unity which corresponds to the generation of a through-thickness crack at the 

considered critical area. The full details of the expression can be found in [68]. 



 

 45 
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where 

Γ = complete gamma function with the argument (m/2 + 1) 

σi = √𝑚0 for the i-th considered sea state 

λ = rainflow factor of Wirsching 

µi = endurance factor for bi-linear S-N curves 

pi = probability of the i-th considered sea state 

Some limitations of the Palmgren-Miner approach for determining fatigue damage accumulation include, 

conservatism arising from the code S-N curves, the simplified failure criterion of D exceeding unity, and the accounting 

for initial flaws. However, as this approach is the current standard in ship design, its use in the Digital Twin provides the 

decision-makers with a common and consistent output that can be easily compared with the original design assumptions. 

Thus, the selection of approach in this case is to maximize the interpretability of the Digital Twin for the end user. This 

Digital Twin use case can be considered to be monitoring the vessel load exposure/fatigue damage accumulation 

compared with the original design assumptions and providing decision-makers with relative indicators of how the actual 

vessel is operating against this baseline. It should be noted, that as Digital Twins become more commonplace, alternate 

fatigue damage approaches and failure criteria, such as fracture mechanics (which can consider initial defects and 

overcome some of the limitations of the Palmgren-Miner approach), could be implemented in this framework. 

For fatigue assessment during the design phase, the probabilities for the various wave conditions the vessel may 

experience are given by the wave scatter diagram for unrestricted services and equal heading probability wave rosette 

[68]. These are based on the wave conditions in the North Atlantic and are typically assumed as conservative estimation 

of experienced wave conditions. In this study, they are adopted as the reference wave condition to compare against the 

vessel-specific variations. 

3.2.4.2 Vessel-Specific Fatigue Procedure Options 

The design methodology is inherently conservative as the actual operating conditions are likely to be less severe than 

the environment assumed during design. By utilizing the vessel-specific position data and corresponding wave data 

models, the short-term response and corresponding fatigue damage can be calculated based on the wave conditions 

experienced during vessel-specific operations. For the application of the proposed Digital Twin approach for monitoring 
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fatigue damage, the virtual representation should include the following computational models: the hydrodynamic model, 

the full-ship FEA model, and the spectral fatigue analysis model. These models should be kept up to date with the current 

structural condition of the vessel, including any structural modifications, degradation, and repairs. For example, the steel 

thicknesses of the structural elements in the full-ship FEA model are updated based on periodic thickness measurements. 

Additionally, the Digital Twin also maintains a fatigue damage accumulation data model, which is the database that tracks 

the states of fatigue damage over time for each critical area of interest. Once the necessary Digital Twin models are 

established, the vessel-specific methodology is employed to update these models based on the collected vessel wave 

condition data. Three options of the fatigue analysis procedure are investigated in this section to incorporate the vessel-

specific wave conditions in the Digital Twin. 

In the first option, the vessel-specific fatigue damage is calculated using Eq. 3.6 with the probabilities of the wave 

conditions and headings taken from the wave scatter diagram and wave rosette based on the entire history of the vessel’s 

operation up to the present instead of using the reference wave scatter diagram and wave rosette. The result of this analysis 

is a weighted fatigue damage accumulation rate. This fatigue rate represents the amount of fatigue damage occurring per 

unit of time and can then be applied over a specified duration, T, which is taken as the age of the vessel multiplied by an 

operational time factor, to account for the periods when the vessel was in port.  Because this approach only provides a 

resultant weighted fatigue rate over the time duration considered, it does not give any insight into the day-to-day fatigue 

damage accumulation which may be very beneficial to supporting operational decisions. 

To provide more insight into variability of fatigue damage accumulation during the vessel’s operation, the second 

approach option is based on a selected updating period (e.g. day, week, month, etc.). For the updating period, the 

corresponding wave scatter diagram and wave rosette are developed based on all of the available positions and 

corresponding metocean hindcast data for this period. The fatigue damage for the updating period is then calculated using 

Eq. 3.6 and the corresponding wave condition probabilities for the updating period. The total accumulated fatigue damage 

is then determined as the cumulative sum of the fatigue damage calculated for each updating period. This approach 

provides additional insight compared to the first vessel-specific approach by showing the fluctuation in the fatigue damage 

accumulation as a function of the vessel’s operation within the scope of the update period. However, as the updating 

period is reduced, this approach can be more computationally expensive than the other approach options in terms of 

calculation time. 

The third approach option takes advantage of the processed AIS position data that is achieved by the procedure 

developed in Section 3.2.2 to provide a more computationally efficient estimate of the accumulated fatigue damage while 

also providing insight into the variations in fatigue damage during the vessel’s operation. Since the vessel position data 

and corresponding metocean hindcast data cover the extent of the vessel’s transit with a constant resolution, instead of 

generating a corresponding WSD and wave rosette, it is assumed that each wave condition experienced by the vessel is 
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captured and thus the fatigue damage for each encountered sea state can be directly determined and the total accumulated 

fatigue damage can be determined as a cumulative sum. For computational efficiency, the fatigue damage for each wave 

condition, Di, is pre-calculated for a unit time interval (e.g. T = 1 hour).  

𝐷𝑖 = (
𝑇

𝐴
) (2√2)

𝑚
𝛤 (

𝑚

2
+ 1) 𝜆(𝑚, 𝜀𝑖)𝜇𝑖𝑓0𝑖(𝑘ℎ𝑘𝑡𝑘𝑚𝑠𝜎𝑖)

𝑚 (3.7) 

where the parameters are defined as in Eq. 3.5 and Eq. 3.6. 

These pre-calculated damage values can then be efficiently assigned to each row of the vessel position and wave 

condition data from the Digital Twin wave condition data model. The total accumulated fatigue damage, D, is then taken 

as the cumulative sum of all the Di values for all rows of the data table. The key assumption being made in this approach 

is that the sea state remains stationary on the time order of the position sampling frequency. This assumption is reasonable 

as the sampling frequency used in this study is 1 hour and it has been observed that the typical range of time a sea state 

statistics remain stationary ranges from 30 minutes to 10 hours, and the standard time between registering sea states is 

typically taken as three hours [85].  

One of the challenges that arises when considering the vessel-specific approach is handling the uncertainty introduced 

by gaps in the data, particularly the vessel position information. In the first and second approach options presented above, 

the generation of the wave scatter diagram and wave rosette for the selected time interval can be based on all the vessel-

specific data that is available. The resulting wave scatter diagram and wave rosette are then applied in the procedure for 

that entire time interval, effectively ignoring the data gaps and assuming that the available data is sufficiently 

representative of the sea state probabilities experienced by the vessel for the given time period. This assumption may be 

problematic in that it may potentially bias the long-term distribution if the missing data is not missing at random. This 

concern is addressed by the upsampling/downsampling and rerouting approach proposed in this Chapter. By using the 

available data to infer the missing position data, this provides a more comprehensive input dataset for the fatigue analysis.  

For each of these methodology options, the resultant fatigue damage is estimated daily in following the update of the 

wave condition data model. These results are then used to update the Digital Twin fatigue damage accumulation models. 

This process is automated so that as new input data is retrieved, the fatigue damage accumulation is assessed, and the 

models are updated. After the model updates, one of the most important aspects of the Digital Twin is the communication 

of the results to decision-makers. In this approach, plots of the overall fatigue damage accumulation and daily fatigue 

damage rate and displayed along with plots of the vessel’s route. Thresholds can also be set on the daily fatigue damage 

rate to provide automated alerts when a high fatigue rate is observed. This could be used to trigger recommendations such 

as immediate inspections or creating target inspection plans for future repair availability periods. 
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3.2.5 Future Fatigue Damage Prognosis 

The Digital Twin implemented above can also be used to predict the future fatigue damage and the remaining fatigue 

life for a specific vessel. The fatigue damage estimate is affected by numerous factors such as vessel routing, wave 

conditions, operational time, etc. These factors are not deterministic but have large uncertainties which makes stochastic 

methods, such as Monte Carlo simulation, necessary for predicting fatigue damage.  

3.2.5.1 Monte Carlo Fatigue Prognosis Model 

The Digital Twin Monte Carlo fatigue simulation model applies the uncertainty of future wave conditions that a vessel 

may experience to observe the impact on fatigue damage prediction. Monte Carlo simulation relies on repeated random 

sampling of the stochastic inputs and parameters to obtain numerical results regarding the uncertainty of system 

performance. The data generated from the simulation can provide insight through statistical analysis and help make 

decisions given the uncertainty estimate in the analysis output. An outline of the Monte Carlo simulation process for 

vessel-specific fatigue damage prediction is shown in Figure 3.9. 
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Figure 3.9. Monte Carlo simulation process for fatigue prognosis 

The Monte Carlo simulation process shown in Figure 3.9 focuses on the variability of the future fatigue damage 

accumulation based on the uncertain expectation of future sea state exposure. In the first two steps of the process, a random 

sea state is selected from a random WSD based on the expected future sea state exposure due to vessel operation, described 

further in Section 3.2.5.2. After selecting the random sea state from the selected WSD, the Monte Carlo prognosis model 

applies the same fatigue damage approach used in the third methodology option presented in Section 3.2.4.2. In this 

option, the short-term fatigue damage is pre-calculated using the spectral fatigue analysis approach, which provides the 

incremental fatigue damage for each possible encountered sea state characterized by the significant wave height, zero 

crossing wave period, and relative wave direction to the vessel. This approach is necessary as the Monte Carlo simulation 

is computationally unaffordable for a long-term fatigue calculation, since the period being analyzed may require 

simulating millions of short-term fatigue calculations. To eliminate the repetitive short-term fatigue calculation and reduce 
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the computational time, the fatigue damage for all the sea states are pre-calculated and stored in the model. After 

calculating the fatigue damage for the selected sea state, this is accumulated in the total fatigue damage, and the process 

is repeated until the end condition is met. 

3.2.5.2 Future Wave Condition Variability 

Fatigue prediction requires assumptions to be made about the future operation of the vessel to define the variability in 

the future wave conditions. In the proposed methodology, future wave conditions can be described using three possible 

wave scatter diagrams, shown in Table 3.1.  

Table 3.1. Wave scatter diagrams 

Wave Scatter 

Diagram (WSD) 

 Description 

WSD 1 Vessel-specific historical wave conditions that the vessel has 

experienced 

WSD 2 Route-specific wave conditions based on the planned future routes 

and wave statistics for these routes/areas 

WSD 3 Wave conditions for unrestricted services (the reference wave 

condition) 

 

In Table 3.1, WSD1 is based on the vessel’s historical operation and experienced wave conditions. The applicability 

of this wave scatter diagram is based on two conditions, first is the age of the vessel and the second is if the operational 

profile of the vessel is expected to remain the same in the future. If the vessel age is low, the wave statistics determined 

from historical operation may not be representative of the range of possible wave conditions the vessel may experience 

in the future, particularly the occurrence of extreme events that have a low probability of occurrence. Use of WSD1 for 

fatigue analysis in this case may result in a potentially less conservative estimate of the remaining fatigue life as a result. 

To address this, use of WSD2 relies on the knowledge of future operational planning and the wave statistics for certain 

routes and areas. By using knowledge of the vessel’s past and anticipated future operation, historical wave data from a 

global wave database can be used to generate a corresponding wave scatter diagram based on decades of wave condition 

data. As this wave scatter diagram is more likely to capture the probabilities of extreme wave events, the fatigue results 

are likely more conservative than WSD1 for fatigue damage prognosis. The use of WSD1 and WSD2 are also based on 

the assumption that the vessel will operate in a known region. If the vessel changes routes in the future, WSD1 and WSD2 

are likely no longer representative of the future wave conditions the vessel will experience. In this case, the design 

reference wave condition WSD3 is the most conservative option but as previously discussed this may overestimate the 

future fatigue damage. 
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Since none of the defined wave scatter diagrams may be appropriate based on the current knowledge of the vessel’s 

future operations, the proposed methodology uses a weighted combination of the possible wave scatter diagrams, with 

the weights selected based on the knowledge of the vessel and the assumptions made about its future operation. Weights 

are assigned to each wave scatter diagram which correspond to the probability of selecting a wave condition from that 

wave scatter diagram during the Monte Carlo simulation. 

Assuming future route planning information is not available, WSD2 (route-based wave conditions) is not defined and 

its weight is set to zero. This results in the approach using a combination of only WSD1 (historically experienced wave 

conditions) and WSD3 (the reference WSD for unrestricted services) to predict the fatigue damage. There are many 

possible approaches for setting the respective weights for WSD1 and WSD3. In this approach, the weights are set by the 

age of the vessel as given in Eq. 3.8. 

𝑃1 =
𝑉𝑒𝑠𝑠𝑒𝑙 𝐴𝑔𝑒

𝑆𝑒𝑟𝑣𝑖𝑐𝑒 𝐿𝑖𝑓𝑒
                                     (3.8) 

where P1 is the probability of selecting the historical vessel-specific wave scatter diagram, WSD1. Thus, the 

probability of selecting the historical vessel-specific wave scatter diagram is proportional to the vessel’s relative age 

versus its intended service life. The reasoning for this is, as the vessel is older, the historical wave scatter diagram is based 

on more vessel-specific wave conditions and is likely more representative of its future operation. Additionally, with more 

years of data, the rare wave condition events are more likely to have been accounted for. When the vessel is young, WSD1 

may not be representative and due to the increased uncertainty of future wave conditions, a more conservative approach 

(e.g. WSD3 for unrestricted services) should be dominant. After defining the weight for WSD1, the probability of 

selecting the wave condition for unrestricted services P3 is then determined as P3 = 1 - P1 since WSD2 is not used in this 

study and P2 is taken as zero. 

3.2.5.3 Monte Carlo Simulation 

After setting the probabilities for the respective candidate wave scatter diagrams, the Monte Carlo simulation is 

performed according to the process shown in Figure 3.9. In each simulation fatigue damage is incrementally calculated 

for a three-hour wave condition exposure. The damage is accumulated until the simulation reaches its termination 

condition, typically a target end date in the future. 

In each iteration, first the wave scatter diagram to be used for that iteration is selected based on the probabilities 

determined in the previous section. From the selected wave scatter diagram, a wave condition (i.e. a significant wave 

height and wave period) is selected from the wave scatter diagram according to its joint probability Pi, where Pi is defined 

as the probability of occurrence of each sea state in the WSD is proportional to the number of occurrences in each sea 

state bin of the WSD as shown in Eq. 3.9 below, where nbin is the total number of sea-state bins, Ni is the number of 
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occurrences for sea state i. Then, the same sampling approach can be used to randomly select the wave heading based on 

the relative wave heading probability to the ship’s heading. 

𝑃𝑖 =
Ni

∑ Ni
𝑛𝑏𝑖𝑛
𝑖=1

                                     (3.9) 

For the selected sea state, the pre-calculated short-term fatigue damage is retrieved and added to the accumulated 

fatigue damage for the current simulation. The process is then repeated until the end condition is reached. This process is 

then repeated for a fixed number of simulations to obtain the distribution of possible fatigue damage accumulation as a 

function of the future wave condition variability. 

These results are then stored in the Digital Twin and displayed through visualizations to decision-makers. As the vessel 

operates, the fatigue prognosis can also be continuously updated to reflect the change in the operational conditions and 

the impact of that on the forecasted fatigue life. 

 

3.3 Case Study 

To investigate the impact of vessel-specific wave conditions on the accumulated fatigue damage, a case study is 

conducted with a container carrier trading between Asia and North America. The vessel particulars are given in Table 3.2. 

A Digital Twin was constructed comprised of the data models and analysis models as described in Section 3.2.1. 

Table 3.2 Vessel particulars 

Parameter  Description 

Ship type Container ship 

Ship length 276 (m) 

Ship beam 40 (m) 

Gross tonnage 64,500 (tons) 

Deadweight (at max draft) 66,500 (tons) 

Draught (avg) 9.8 (m) 

Speed (avg/max) 13.9 (knots) / 26 (knots) 

 

3.3.1 Representative Critical Areas 

For monitoring fatigue, the Digital Twin tracks the damage accumulation at selected representative critical areas. For 

example, representative connections within the midship region can be selected to investigate the wave condition’s impact 
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on the accumulated fatigue damage. These example representative connections are listed in Table 3.3 and shown in Figure 

3.10. Representative critical areas for a midship section. For this case study, representative critical area 1 (RC1) was 

selected to investigate the impact of the vessel-specific wave conditions on the accumulated fatigue damage. This 

procedure can be used for any other critical area of a vessel, by simply adding the models for that critical connection to 

the Digital Twin. 

Table 3.3. Representative critical areas 

Representative 

connection (RC) 

 Description 

RC 1 Connection of Deck Longitudinal and Transverse Bulkhead 

RC 2 Connection of Side Shell Longitudinal and Transverse Bulkhead 

RC 3 Connection of Bottom Longitudinal and Transverse Bulkhead at Side 

RC 4 Connection of Bottom Longitudinal and Transverse Bulkhead at Center 

 

 

Figure 3.10. Representative critical areas for a midship section 

3.3.2 Vessel Route and Wave Condition Determination 

The vessel’s AIS data from 2013 to 2019 was collected from the global fleet database and stored in the Digital Twin 

vessel position data model. Then the proposed route upsampling/downsampling and re-routing approach from Section 

3.2.2.2 was applied and the position data model was updated. 
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Figure 3.11. Containership route history: original and processed position data (AIS data provided by Spire Global, Inc) 

A summary of the original and processed data is provided in Table 3.4. The most noticeable outcome of the 

upsampling/downsampling and rerouting process is the significant reduction (79%) in the number of position points while 

increasing the overall coverage at the selected data fidelity (i.e. 1-hour frequency) to 100%. This provides the benefit of 

ensuring that the sea states experienced by the vessel during operation are adequately captured while reducing the overall 

computational burden that results from the greater volume of data in the original AIS dataset. Another important outcome 

of the proposed approach is the determination of the percentage of time the vessel is non-operational (i.e. in port, moored, 

anchored, etc.). This can be determined by using the vessel status code provided in the AIS data. However, since this code 

is manually entered by the ship’s crew, it was observed that there were substantial periods of time where the vessel was 

clearly non-operational (e.g. in port with no movement), as such the percentage of time the vessel was non-operational 

may be underestimated based on the status code alone. An alternate approach is to use the reported vessel speed over 

ground as the basis for determining non-operational time, where it is assumed the vessel is non-operational when it is not 

moving. Due to variations in the reported speed due to GPS drift, which is the difference between the actual position and 

the position recorded by the GPS, especially when stationary, a maximum vessel speed threshold of 0.2 knots was applied 

to obtain a possible range of non-operational time. This non-operational time percentage is applied during the fatigue 

analysis to prevent overestimation of the fatigue damage accumulation. 

Table 3.4. AIS data processing results 

  Position Dataset Time Range Number of Position 

Points 

Temporal Coverage 

Percentage 

Non-Operational 

Time Percentage 

Original AIS 01-01-2013 to 05-31-2019 271,094 66.7% 21% 

Processed AIS 01-01-2013 to 05-31-2019 56,206 100% 22% 
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3.3.3 Fatigue Damage Accumulation Estimate 

Spectral-based fatigue analysis was then performed using the vessel-specific wave conditions applying both the 

reference wave condition and proposed approach. The fatigue damage under the reference wave condition was also 

calculated to compare the relative accumulated fatigue damages for each approach. 

Figure 3.12 shows the accumulated fatigue damage for RC1 under the vessel-specific wave conditions applying each 

of the three vessel-specific procedure options in Section 3.2.4.2. Figure 3.13 shows the normalized daily fatigue rate for 

RC1 again considering each of the three vessel-specific procedure options. The normalized rate is determined as the 

calculated fatigue rate determined from the vessel-specific wave conditions divided by the fatigue damage determined 

using the reference wave condition. 

 

Figure 3.12. Accumulated fatigue damage for RC1 under vessel-specific wave conditions: a) Comparison of vessel-specific 

approaches with the reference wave condition, b) Comparison of only the vessel-specific approaches 
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Figure 3.13. Normalized fatigue damage rate for RC1 under vessel-specific wave conditions 

The first observation in Figure 3.12 is that the vessel-specific approaches show significantly reduced fatigue damage 

accumulation compared with the design reference condition. As mentioned earlier, this is expected since the reference 

wave condition is intended to be highly conservative. For RC1, the consideration of the vessel-specific wave conditions 

results in a 65% reduction in the estimate of fatigue damage accumulation compared to the reference wave condition for 

the 6.5-year period of the study.  

Similarly, when examining the normalized fatigue damage rates in Figure 3.13, it can be observed that for a majority 

of the operational time the vessel-specific fatigue rate is far less than the fatigue rate determined from the reference wave 

condition. However, it can also be observed that there are clear instances where the vessel-specific fatigue rate exceeds 

the reference condition. A closer examination reveals a cyclical response with higher vessel-specific fatigue rates 

occurring during the winter months (November to February) each year. This corresponds with the winter monsoon season 

and the resulting more severe sea states. This information can be useful to the vessel operator both for operational 

decision-making and availability planning. Additionally, in the event of a large exceedance such as the one observed in 

early 2019, inspections could be conducted in easily accessible areas to confirm that no damage resulted from the event. 

The comparison of the three vessel-specific methodology options show close alignment with each other regarding 

accumulated fatigue damage. While there are some differences, the present accumulated fatigue damage only shows a 

maximum difference of 3.6% for all of the approach options.  This suggests that for this case study, the original AIS data 

coverage used in the first two approach options is sufficient to generate wave scatter diagrams and wave rosettes that 

compare closely with the wave conditions captured by the processed AIS position data used in the third approach option.  
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3.3.4 Fatigue Prognosis Results 

After completing the setup of the Digital Twin for monitoring the fatigue damage accumulation, the fatigue prognosis 

model was implemented using the methodology presented in Section 3.2.5 for the selected critical area, RC1.  

As previously discussed, the future route is assumed to be unknown and the fatigue prognosis is calculated based on 

the weighted combination of the vessel-specific wave scatter diagram and the design reference wave scatter diagram. 

Based on the vessel’s current age of 6.5 years and intended service life of 20 years, the vessel-specific wave scatter 

diagram is given a probability of being selected as 32.5% and the reference wave condition is given a probability of being 

selected as 67.5%. 

The Monte Carlo fatigue prognosis model was then run to simulate 50,000 possible fatigue damage accumulation 

results for the next 13.5 years which reaches the end of the ship’s design service life. From these 50,000 runs, the 

distribution of fatigue damage based on the variability in the assumed future wave conditions can be determined. The 

results of this simulation are combined with the results for the Digital Twin fatigue damage accumulation model to show 

the estimated fatigue damage over the life of the vessel. The results are shown in Figure 15. 

 

Figure 3.14. Future fatigue damage prognosis for critical area RC1 
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It can be seen in Figure 3.14 that due to the wave scatter diagram weighting favoring the reference wave conditions, 

the forecasted fatigue damage rate more closely follows the reference wave condition. The resulting distribution of 

possible fatigue damage at the end of the vessel’s service life can also be determined. This distribution, given the 

assumptions made about the vessel’s future operational conditions, can be used to estimate a probability of failure. For 

this approach, failure is defined as the accumulated fatigue damage exceeding a value of 1, which corresponds to the 

presence of a through-thickness crack. In this case study, at the end of the vessel’s design service life, the probability of 

failure is determined to be infinitesimally small. 

The simulation can be extended to run until the failure condition is reached to estimate the remaining useful life (RUL). 

Using the same Monte Carlo fatigue prognosis model, the estimated remaining useful life was calculated. The mean RUL 

when considering the weighted combination of the reference wave conditions and vessel-specific wave conditions was 

24.23 years. For comparison, the simulation was also run using only the reference condition which resulted in a RUL 

mean value estimate of 19.28 years and only the vessel-specific wave condition which had a RUL mean value estimate 

of 52.47 years. This further highlights the possible conservatism in the reference wave condition compared to vessel-

specific operations, as the vessel-specific wave conditions result in a RUL more than double the RUL estimated from the 

reference wave condition and weighted combination wave condition. This insight could support potential life extension 

or fleet balancing if certain routes are found to result in greater fatigue accumulation. 

As the vessel ages, the forecasted fatigue damage rate will be more heavily influenced by its historical operation.  

Additionally, if assumptions were made about its future operational routes, the corresponding wave data for those routes 

could also be incorporated. As discussed earlier, the assumptions made about the future wave conditions for this case 

study are likely conservative and this is appropriate given the limited vessel-specific data and the assumed lack of 

knowledge about the future vessel operations and the presence of other uncertainties that are not accounted for (e.g. 

computational model uncertainties, S-N curve parameter uncertainty, corrosion effects, mean stress effects, etc.). As more 

vessel-specific data is collected, such as steel thickness gauging measurements, vessel hydrostatic loading information, 

etc. these can be incorporated into the Digital Twin to continue to reduce the uncertainty and refine the fatigue damage 

estimation and forecasting. 

3.3.5 Future Work 

As highlighted in this Chapter, challenges introduced by gaps in the data and requirements for calculation speed 

resulted in several simplifying assumptions being made in the Digital Twin model and additional sources of uncertainty 

that were not quantified. Further, as sensor data becomes available from monitored vessels, validation of the various steps 

of the fatigue monitoring process should be performed. Validation should be considered in four key steps: (1) validation 

of metocean model data with actual vessel encountered wave conditions, (2) validation of vessel global response to the 
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encountered wave conditions, (3) validation of stress calculated at the representative critical areas, and (4) validation of 

fatigue damage accumulation prediction. Additionally, within each step there are also other sources of uncertainties that 

could be included, and model fidelity decisions that can be examined to quantify the impact of these assumptions.  

Future development of the Digital Twin approach should also incorporate the influence of high-frequency phenomena 

such as springing and whipping. During ship structural design, springing and whipping are considered separate from the 

primary design process. A typical procedure would involve applying specialized software programs to evaluate slamming, 

springing, and whipping. The resultant fatigue damage from these effects is then added to the fatigue calculated in the 

primary design process. Extension of the design approach to consider the encountered sea state conditions of the 

monitored vessel could be used to estimate these effects in the Digital Twin. 

The proposed approach also focuses primarily on load monitoring for the Digital Twin. For a complete assessment of 

risk, the uncertainties introduced by the presence of anomalous conditions on the hull structure that might impact the 

fatigue damage accumulation should also be considered. This is partially handled in the proposed approach through 

updates to the finite element model. Plate thickness measurements from periodic hull gauging campaigns is used to update 

the properties of the finite element model to reflect the impact of general corrosion on the hull structure. The updated 

finite element model can then be used to update the corresponding stress transfer functions used in the fatigue damage 

calculation. The presence of local anomalies (such as corrosion pitting and grooving) are not directly accounted for in the 

discussed approach but can be represented separately via a Digital Twin condition model which manages and visualizes 

the results from visual and non-destructive testing inspections. These inspection results can be overlaid with the results 

from engineering analysis, such as the presented approach for fatigue damage monitoring, to provide decision-makers 

with the necessary data to make inspection, maintenance, and repair decisions. 

 

3.4 Summary 

This Chapter developed a Digital Twin approach for vessel-specific fatigue damage accumulation monitoring and 

prognosis using publicly available position and wave condition data. The Digital Twin was characterized by a combination 

of data and computational models that provide a lower cost alternative for tracking the impact of a vessel’s operation on 

its fatigue damage accumulation compared to sensor-based approaches. Three options of the fatigue analysis methodology 

for the vessel-specific approach were presented and compared. The Digital Twin automates the end-to-end vessel-specific 

fatigue damage monitoring process allowing for a scalable solution that could then be applied to monitor a fleet of vessels. 

The application of the Digital Twin approach was demonstrated through a case study of a containership that had been 

in operation for 6.5 years. The Digital Twin data and computational models were established for the selected vessel. The 

impact of the vessel specific wave conditions on the accumulated fatigue damage were characterized by comparison with 
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the fatigue damage estimation based on the design reference wave conditions. The results showed that the fatigue damage 

estimated from the vessel-specific wave conditions is significantly less than the damage estimated for the same period 

during design. Additionally, the daily fatigue damage rate is tracked to identify periods of time that may have resulted in 

more severe fatigue damage compared to the assumed design fatigue rate. Tracking fatigue damage in a Digital Twin may 

provide ship owners with assistance in decision making related to ship operations, maintenance, and life extension.  

There are still a number of uncertainties related to the fatigue damage prediction that should be addressed. These 

include model uncertainties, such as S-N curve parameters, computational model uncertainties (e.g. FEA and 

hydrodynamic models), and uncertainties related to the structural condition such as the presence of workmanship issues 

and impact of corrosion. For practical applications, the impact of the assumption of the form of the wave spectra will be 

investigated in a future study through comparisons with the results derived from a derived wave spectrum from the 

metocean data. Additionally, as in-service data becomes available, the proposed approach needs to be validated by 

comparison using on-board sensors to monitor both vessel response and strain at known critical areas, and future work is 

needed to further develop the Digital Twin as a decision support tool to support the life-cycle management of ship 

structures. Even with the current uncertainties that are not quantified, the Digital Twin approach still can provide a 

valuable role in providing guidance for vessel-specific operational or maintenance related concerns. 

Once set up, the Digital Twin can be continuously updated as the vessel position and wave condition data become 

available. This vessel-specific monitoring can serve owners, operators, and classification societies by providing insights 

that support operational decision making and guide future inspection and survey planning, leading to enhanced vessel 

safety and readiness while potentially reducing operational costs.  
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CHAPTER 4 

 

BAYESIAN MODEL UPDATING WITH SUMMARIZED STATISTICAL AND RELIABILITY DATA 

 

4.1 Introduction 

Decision making in engineering applications often relies on the use of mathematical or computational models to predict 

the behavior of complex engineering systems. When these complex engineering systems are modeled as Digital Twins 

the decision making relies on the data models and computational models that comprise the virtual representation as 

described in Chapter 2 and Chapter 3. The resulting engineering analysis is affected by both aleatory uncertainty (natural 

variability) and epistemic uncertainty (lack of knowledge regarding the variables or the models). The epistemic 

uncertainty can further be classified into statistical uncertainty and model uncertainty to represent the lack of knowledge 

in variables and models respectively.  The model uncertainty is related to model approximations as well as the uncertainty 

in the model parameters. It is important that the model parameters be calibrated based on the available information so that 

the model predictions accurately reflect the physical reality. This updating process is informed by data and requires that 

all available information be properly incorporated into the modeling and simulation.   

The model calibration data may be available in many different forms, including but not limited to, experimental and 

operational data, inspection reports, health monitoring data, engineering plans, rules and standards, and expert opinion.  

These heterogeneous sources of information can lead to significant challenges for model calibration, as the data may often 

be imprecise, uncertain, ambiguous, and/or incomplete. Additional challenges may arise as the data may not be provided 

in a traditional format, such as point or interval data [86], but instead may be provided in abstracted formats such as 

sample statistics (e.g. mean, variance, median, max, etc.), probability or frequency data, or reliability data.  

The term “abstracted data” in this Chapter refers to the case where raw data has been reduced to a simplified 

representation of portions or the entirety of the raw dataset. There are several sources of abstracted data in practical 

applications [87,88]. For example, instead of receiving the full data of all the outcomes of an experiment, sometimes the 

only information provided from testing may be in the form of summary statistics of the observed sample distribution (e.g., 

mean, variance etc.) or the observed frequencies for categorical data.  In some cases, the performance of a population of 

components or system may be given as reliability data [89] or summarized results from acceptance testing [90], both of 

which can be considered as forms of abstracted data.  Sometimes, experts may provide their point or interval estimates of 

moments, frequencies, or probability ranges.  This calibration process can be further complicated if data is provided 

simultaneously in several of these heterogeneous abstracted forms. 

The incorporation of abstracted data in inference is not a new concern. Early work focused on the use of abstracted 

data for distribution parameter estimation of random variables, particularly in cases where the estimation based on the 
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original raw data might be biased due to data inconsistencies, such as outliers [91–93]. Additionally, an initial formulation 

by Pratt [94] describes the incorporation of summary statistics into Bayesian inference.  Pratt also conveyed the idea that 

in certain situations, the resulting posterior distribution of the parameter of interest closely approximates the posterior 

distribution that would be obtained using the full dataset. Summary statistics with this property are defined as Bayesian 

sufficient statistics [95]. Much of the previous work has considered the cases where the raw data was available, but 

abstracted data was used instead to ensure robust inference in the presence of data inconsistencies. The focus of these past 

studies was primarily on the selection of the most appropriate statistics for the given problem.  

More recent applications of abstracted data in the inference process include the identification and use of summary 

statistics for improving computational efficiency as commonly seen in methodologies such as the Approximate Bayesian 

Computation (ABC). ABC methods have been explored for a wide variety of applications in Bayesian inference [96–99] 

and were developed to circumvent the need to evaluate the likelihood function which might be analytically intractable or 

computationally expensive to evaluate.  ABC is a simulation-based approach, where model parameters are randomly 

selected from a prior distribution and used to generate a sample dataset. The discrepancy between the simulated data set 

and the observed dataset is examined to determine if the model parameter values used to generate the simulated dataset 

should be accepted or rejected. The accepted model parameter values are used to generate the posterior distribution.  For 

high-dimensional data, the probability of selecting appropriate model parameter values that generate a simulated dataset 

matching the observed dataset within a prescribed tolerance significantly decreases.  To improve computational 

efficiency, low-dimensional summary statistics are used in ABC instead of the raw data. The main concern in using 

summary statistics is the loss of information associated with condensing the data, which may bias the discrimination 

between two models [98]. A sizeable amount of work in ABC has gone into determining the optimal summary statistics 

to minimize the information loss [100,101].  An area of research that has not currently been considered is the application 

of ABC when only sample summary statistics are provided instead of the raw data. However, previous efforts have shown 

that the computations can be particularly problematic when the considered statistic is not relevant to the current inference 

problem [102]. 

Another recent approach that has incorporated summary statistics into the inference process is maximum relative 

entropy (MrE). The MrE method has been proposed as a generalized framework to unify classical Bayesian inference 

with the concept of Maximum Entropy (MaxEnt)  [103]. This has been found to be particularly useful in cases where both 

point data and moment data1 are given [104].  Based on the axioms of maximum entropy [105], the optimal posterior 

 

1 Moment data in this case refers to information about the expected values of moments of the distribution and is a form of abstracted 

data. 
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distribution is the one that maximizes the relative entropy between the prior and posterior distributions.  Observation data 

is incorporated into the inference process through the placement of constraints on the posterior distribution. This 

formulation is beneficial since it allows for the incorporation of any form of data that can be written as a constraint on the 

posterior distribution. While the advantage of this approach for engineering problems has been demonstrated [106], there 

is still some debate concerning its performance.  Particularly, some studies argue that in certain situations, the MrE method 

conflicts with Bayes’ rule [107,108] and that it can often lead to counterintuitive consequences [109]. This is perhaps 

most apparent when considering the sequence effects of processing different types of information, where the processing 

of constraints simultaneously vs. in different sequential orders could result in different posteriors.  Another limitation of 

the MrE method is that the formulated constraints placed on the posterior are hard constraints, meaning that all posterior 

distributions which violate the constraint are ruled out. This can lead to difficulties if there is uncertainty in the abstracted 

data; the incorporation of data uncertainty is a challenge that is yet to be fully addressed in the MrE method.  

The use of summary statistics in the Bayesian inference process has typically been examined as an alternative to using 

the raw data in order to ensure robust inference in the presence of data inconsistencies or to reduce the computational 

effort in inference, and the focus in both these cases has been on identifying the appropriate form of the statistics to 

achieve accurate inference results. This Chapter considers the case where only the abstracted data is provided and the raw 

data is unavailable, and we seek to incorporate this form of data in Bayesian inference.   

There are several major challenges when considering the inference problem if only abstracted data is provided. These 

include the potential loss of information resulting from the data abstraction resulting in an insufficient statistic and the 

incorporation of the uncertainty associated with the probability distribution of the statistic resulting from a random sample 

of limited and potentially unknown sample size.   

Bayesian networks provide a convenient and well-established approach for facilitating the inference of unknown or 

unobservable parameters, utilizing observations of random variables conditional on these unknown parameters. Therefore, 

this Chapter proposes a novel idea to incorporate “observations” of abstracted data through a Bayesian network 

representation to enable the Bayesian inference process in the presence of abstracted data.  The relevant theory is 

developed from first principles and is suitable for practical problems.  Since the proposed approach is based on a Bayesian 

network representation, this approach can be easily extended beyond the simple inference of distribution parameters of 

random variables (based on observations of that random variable) to the calibration of model parameters in physics 

models. 

The remainder of the Chapter is organized as follows.  Section 4.2 reviews Bayesian networks and inference. Section 

4.3 proposes the methodology to incorporate abstracted data into the Bayesian network and presents a generalized form 

of Bayesian inference with abstracted data. Section 4.4 illustrates the proposed approach for inferring distribution 
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parameters using material yield strength data. Section 4.5 then demonstrates the use of the proposed approach for physics 

model calibration using manufacturing acceptance testing/component reliability data. Section 6 provides concluding 

remarks. 

 

4.2 Bayesian networks and inference 

In this section, we first discuss stochastic and deterministic nodes in Bayesian networks and discuss how Bayesian 

methods provide a convenient framework for combining prior beliefs about parameters with current evidence gained from 

data.  

4.2.1 Bayesian networks 

Bayesian networks provide a convenient framework for graphically representing probabilistic relationships among 

multiple variables. More specifically, a Bayesian network is a directed, acyclic graph (DAG) representation of a 

multivariate distribution, expressing its decomposition into a combination of marginal and conditional probabilities.  An 

example of a DAG model is given in Figure 4.1. 

 

Figure 4.1. DAG model example 

Each node in a Bayesian network denotes a random variable and the directed edges between nodes (arcs) are associated 

with conditional probabilities.  If there exists a directed edge between two nodes, the upstream node is designated the 

parent node and the downstream node is designated the child node. The dependence between these nodes can be described 

mathematically by a conditional probability distribution. Based on the directed Markov condition, a node is independent 

of its non-descendant nodes when conditioned on its parent nodes, therefore the Bayesian network can be decomposed 

into a product of conditional and marginal probabilities using the graphical structure and the chain rule of probability 

[110,111]. If the random variables in a Bayesian network are denoted as X = {X1, X2,…, Xn}, then from the chain rule in 

probability theory, the joint distribution of X is given by 

𝑓𝑋(𝑋) = ∏ 𝑓𝑋𝑖
(𝑋𝑖|Pa𝑋𝑖

)

𝑛

𝑖=1

  (4.1) 
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where fXi(Xi|PaXi) denotes a conditional probability distribution of Xi and PaXi denotes the parent nodes of Xi. If 

fXi(Xi|PaXi) = fXi(Xi), then Xi is a root node and is defined by a marginal distribution. For the example DAG given in Figure 

4.1, the joint distribution of the Bayesian network can be decomposed as: 

𝑝(𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹) = 𝑝(𝐹|𝐷, 𝐸)𝑝(𝐷|𝐴, 𝐵)𝑝(𝐴)𝑝(𝐵)𝑝(𝐸|𝐶)𝑝(𝐶)  (4.2) 

In directed graphical models, the direction of the arcs between nodes can also be seen as indicating causality. For 

example, in Figure 4.1, the arc from C to E can be regarded as signifying that C “causes” E.  For many engineering 

applications, where the relationships between random variables are related by known physics models, this is often 

convenient for the construction of the graph structure.  In these cases, the arc directions are established from the known 

causality of the data generative process being modeled.  

4.2.2 Deterministic nodes in Bayesian networks 

Each random variable in the graphical model corresponds to uncertainty that is to be modeled and is represented by a 

stochastic node that is probabilistically conditioned on its parent nodes. Directed graphical models can also be used to 

encode deterministic relationships.  A node in a directed graphical model is a deterministic node if it is functionally 

dependent on its corresponding parents.  A deterministic node can be considered as a special case of uncertainty where 

its outcome has exactly only one possible value for each possible configuration of its parent node states. In other words, 

if the states of the parent nodes are known, then the value of the deterministic node is also known with certainty. When 

deterministic nodes are present in the middle layers of a directed graphical model, they may also sometimes be referred 

to as hidden variables, as they exist solely to simplify the structure of the network and reduce the total number of arcs. 

Deterministic nodes present in a bottommost layer (i.e. they have no child nodes) of the graphical model represent a 

transformation and/or abstraction of their corresponding parent node uncertainty. The directed edges connecting two 

nodes can be either stochastic or functional depending on the child node type [112].  Arcs terminating at a stochastic child 

node are designated as stochastic arcs and arcs terminating at deterministic child nodes are designated as functional arcs.  

In this Chapter, stochastic nodes are represented by circles and deterministic nodes are represented by inverted triangles.  

It is emphasized that deterministic nodes are only present in the graphical model to simplify its presentation but should 

not be included with the stochastic nodes in the factorization of the multivariate distribution since the joint PDF of the 

combined stochastic and deterministic nodes does not exist. 

4.2.3 Bayesian inference from observed data 

Consider again a random sample of data x1,…, xn now taken from a distribution f(x|θ) for a random variable which is 

dependent on unknown input parameters θ contained in a parameter space Θ.  In the canonical Bayesian inference process, 

the goal is to estimate the posterior distribution of θ. Our existing knowledge of θ is represented through the prior 

distribution f’(θ) and this knowledge can be updated through the information provided from the observed data x1,…, xn in 
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the form of the likelihood function, given as f(x|θ) or L(θ|x) or simply L(θ). Utilizing probability laws and Bayes’ theorem, 

the posterior distribution is given as 

𝑓′′(𝜽|𝒙) =
𝐿(𝜽)𝑓′(𝜽)

∫ 𝐿(𝜽)𝑓′(𝜽)𝑑𝜽
  (4.3) 

 It can be seen that the denominator is the marginal distribution of the data based on the prior f’(θ) and is simply a 

normalization factor.  Therefore, the posterior distribution can alternatively be written as 

𝑓′′(𝜽|𝒙) ∝ 𝐿(𝜽)𝑓′(𝜽)  (4.4) 

The likelihood function can be understood as the probability of observing the given data x1,…, xn conditioned on the 

parameters θ. From the perspective of the Bayesian network as established in the previous section, the expression for the 

likelihood function can be given as 

𝐿(𝜽|𝒙) ∝ 𝑓𝑋(𝑋 = 𝑥|Pa𝑋)  (4.5) 

where PaX ∈ θ are the parent nodes of X and fX(X = x| PaX) is the PDF value at X = x from the conditional probability 

distribution for Xi.   

This formulation for the likelihood function considers data collected from a single experiment.  In the case of data 

obtained from n different independent experiments, the final likelihood function will be the product of the n likelihood 

functions calculated for each individual experiment. 

𝐿(𝜽) ∝ ∏ 𝑓𝑋(𝑋 = 𝑥𝑖|Pa𝑋)

𝑛

𝑖=1

  (4.6) 

In this Chapter, nodes in the Bayesian network which have corresponding observations are indicated by being shaded. 

 

4.3 Incorporating abstracted data into Bayesian networks and inference 

This section proposes a methodology in which abstracted data can be represented in a Bayesian network through a 

deterministic node.  We then demonstrate how observations of the abstracted data can be utilized in exact inference in the 

Bayesian network using arc reversal [113].  Practical approaches for Bayesian inference are then addressed through 

approximations of the sampling distribution of the abstracted data. Concepts related to sufficient and insufficient statistics 

are also discussed.  
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4.3.1 Abstracted data as deterministic nodes in Bayesian networks 

A simple Bayesian network consisting of both stochastic and deterministic nodes can be seen in Figure 4.2, where the 

random variables, X1, X2, and X3 are conditioned on their stochastic distribution parameters, θ1, θ2, and θ3 respectively.  

The child node Y is a deterministic node which is defined as the outcome of a mathematical function of the random 

variables X1, X2, and X3, e.g. 

𝑦 = ℎ(𝑋1, 𝑋2, 𝑋3) =
1

3
(𝑋1 + 𝑋2 + 𝑋3)  (4.7) 

 

 

Figure 4.2. Bayesian network for simple functional relation with multiple inputs 

If X1, X2, and X3 have the same distribution type and distribution parameters θ, then the Bayesian network can be 

shown as in Figure 4.3. 

 

Figure 4.3. Bayesian network for simple functional relation with multiple inputs from the same distribution 

The random variables, X1, X2, and X3, can be thought of as independent observations from the same distribution defined 

by distribution parameters, θ. The deterministic node, Y, can be designated as a statistic and the function g(X) can be 

designated as a statistic function.   
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4.3.2 Data abstraction and the statistics function 

If the Bayesian network is generalized for a random sample of n independent observations, x1,…, xn taken from the 

same distribution, we can define a function T(X) which is evaluated from the observations.  Any real-valued function 

T(X) is designated a statistic.  Some examples of statistics include the sample mean, the sample variance, the sample 

median, and the maximum observation of a sample.  The Bayesian network corresponding to the data abstraction is 

developed following the data generative process and is shown in Figure 4.4. For convenience, the layer of independent 

observations are collapsed are collapsed to a subgraph represented by plate notation. 

    

(a) (b) 

Figure 4.4. a) Bayesian network for statistical function, b) Bayesian network collapsed plate notation representation of 

statistic function 

In the Bayesian inference problem, we seek to update our knowledge of the distribution of parent nodes in the Bayesian 

network using observations of the child nodes.  In the present case of the statistic function, the only information we know 

about the true value of the parent node, θ, is given by the prior distribution for θ and the data observed.  Therefore, the 

raw observations x1,…, xn contain all of the new, available information about the distribution parameters being inferred. 

For the problem discussed in this Chapter, the raw observations x1,…, xn, are considered to be unavailable, and only 

observations of their transformed functional output, T(X), are available. 

The function T(X) defines a form of “abstraction” of the original information, in that it takes n pieces of information 

and transforms it to a single piece of information which is used to summarize a key feature of the raw observations.  It is 

apparent that this “abstraction” will never result in an information gain and almost always results in a loss of information.  

In the ideal case, the abstracted result contains the same amount of information as the information contained in all n 

observations of raw data. In this case, the statistic is defined as a sufficient statistic. When any information regarding the 

parameters of interest is lost in the “abstraction”, the statistic is defined as an insufficient statistic.  

Much effort has gone into efficiently determining sufficient statistics for inferring different parameters [102].  

However, this past work has been based on the assumption that the original raw observations are available, and therefore 
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any statistic T(X) can be determined from them. There are many cases in practical engineering applications where the raw 

observation data may not be available, as it has already been “abstracted” to a statistic form prior to analysis.  This is the 

situation of interest in this Chapter. In many such cases, the mean and variance may not be sufficient statistics, and in 

some cases, there might not be any sufficient statistics.  However, out of habit or naiveté, the data collector may believe 

that the abstracted form is enough.  In these cases, the provided statistic is often an insufficient statistic for inferring the 

requisite parameters. However, even in cases of information loss associated with an insufficient statistic, the observations 

of T(X) may still provide useful knowledge about the parent nodes and can be used to update their distributions. 

In the current form of the Bayesian network, it is assumed that observations are only available for the deterministic 

node (i.e. the statistics function T(X)).  Consider the resulting joint probability represented by this Bayesian network as: 

𝑃𝑟(𝒙, 𝑡, 𝜽) = 𝑃𝑟(𝑡|𝒙)𝑃𝑟(𝒙|𝜽)𝑃𝑟(𝜽)  (4.8) 

where t is a realization of the statistic T(x).  As mentioned earlier, a deterministic node can also be thought of as a special 

case of uncertainty, such that the conditional probability term Pr(t | x), is equal to 1 when t = T(x) and 0 otherwise.  If the 

value of a deterministic node was known/observed, its parent nodes would be restricted to the domain of the inverse that 

known value under the deterministic nodes evaluation function. This proves to be a challenge, since there is no 

straightforward methodology for incorporating observations of deterministic nodes for inference in this model form. 

Therefore, observations of T cannot be used for inference using the network in Figure 4.4, and we seek to construct an 

alternative model form of the Bayesian network that directly gives T as a stochastic node with a conditional distribution 

with respect to the parameters of interest, θ. 

4.3.3 Alternative Bayesian network model form via arc reversal 

The alternative model form of the Bayesian network that directly gives the conditional distribution of T with respect 

to the parent node, θ, can be obtained exactly via a process called arc reversal [113].   

The structure of the original Bayesian network given in Figure 4.4, including the arcs between nodes and the 

corresponding arc directions, was constructed based on the data generative process. However, this is only one possible 

factorization of the random variables comprising the multivariate distribution.  The direction of any arc in the Bayesian 

network can be reversed provided that there is no other path between the two nodes connected by that arc.  If another path 

existed between the two nodes, the reversal of the arc would create a cycle. 

The arc reversal process is a local operation that affects only the conditional distributions of the two nodes at the ends 

of the arc.  The distributions for the remaining nodes in the network remain unchanged.  After arc reversal, both nodes 

will inherit each other’s parent nodes, the old child node becomes the parent node, and the old parent node becomes the 

child node, but there may be exceptions to this general rule when either node is deterministic [114]. The process of arc 
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reversal can add a considerable number of arcs, increasing the relative complexity of the model after arc reversal has been 

performed.  Additionally, if multiple arc reversals are utilized, the order in which they are performed may impact the final 

resulting arc structure. 

Arc reversals between two stochastic nodes is accomplished by use of Bayes Theorem.  Consider the Bayesian network 

given in Figure 4.5(a), where we seek to perform arc reversal between the stochastic nodes X and Y. After arc reversal, 

node Y inherits node X’s parent node and the arc between node X and Y switches direction.  The resulting conditional 

distributions for each node in the alternative model form are a result of the application of Bayes Theorem, and the resulting 

Bayesian network is shown in Fig. 5(b). 

 

Figure 4.5. Arc reversal between two stochastic nodes:  a) Original network b) Transformed network after arc reversal 

The arc reversal between a stochastic and deterministic node differs from arc reversal between two stochastic nodes 

in that a joint distribution of the two variables does not exist, so Bayes Theorem cannot be used directly [114].  After arc 

reversal, the density is transferred from the stochastic node to the deterministic node.  This procedure is the well-known 

transformation technique for deriving the distribution of a variable which is a function of a single random variable [32].  

Consider the Bayesian network given in Figure 4.6(a), where the Bayesian network given in Figure 4.6(a), where Y is 

now a deterministic node given by Y = h(X), where h is assumed to be an invertible and differentiable function. The 

Bayesian network resulting from the arc reversal is shown in Fig. 6(b). 

 

Figure 4.6. Arc reversal between a stochastic and deterministic node:  a) Original network b) Transformed network after 

arc reversal 
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It can be seen in this case, that although both nodes inherit each other’s parent nodes, node X loses θ as a parent node.  

It can also be seen that node X is now a deterministic node.  Both of these results are a consequence of the assumed 

invertibility of the function h.   If the function is not invertible but has known zeros, the arc reversal process will result in 

node X as a stochastic node with possible values as the known function zeros. For example, the function 𝑦 = 𝑔(𝑋) = 𝑥2 

is not invertible, but has two simple zeros, 𝑥 =  ±√𝑦. If in this example, the arc between node X and node Y was reversed, 

node X would be a stochastic node with possible values √𝑦 and −√𝑦 with a probability 𝑓(√𝑦) (𝑓(−√𝑦) + 𝑓(√𝑦))⁄  

and 𝑓(−√𝑦) (𝑓(−√𝑦) + 𝑓(√𝑦))⁄  respectively. If the function is not invertible and has no easily determined zeros or is 

not differentiable, then the distributions for the nodes after arc reversal will not have closed form solutions [114]. 

The concept of arc reversal for both stochastic and deterministic nodes can then be extended to the case of the statistics 

function.  Consider the simple statistic given by the sum of two random samples from a distribution.  The Bayesian 

network consistent with the data generative process is as shown in Figure 4.7(a).  It is desired that the statistic, T, be a 

stochastic node that is conditional only on the parameters of interest, θ.  To achieve such a Bayesian network, two arc 

reversals are required. The first arc reversal is between X2 and T.  Since T is a deterministic node and the function is 

invertible and differentiable, X2 becomes a deterministic node as shown in Figure 4.7(b) and loses its parent node, θ. The 

first arc reversal also results in T becoming a stochastic node with θ as one of its parent nodes fitting the desired model 

form. The second arc reversal is between node X1 and node T, so that T will be conditional solely on the parameters of 

interest, θ.  The Bayesian network resulting from the second arc reversal is shown in Figure 4.7(c). 

 

Figure 4.7. Arc reversal for summation statistic:  a) Original network b) Transformed network after first arc reversal c) 

Transformed network after second arc reversal 

Thus, it can be seen that the final resulting Bayesian network matches our goal model form.  It can also be seen that 

the resulting conditional distribution describing the stochastic node T is the convolution formula.  In other words, arc 

reversal allows the construction of a mathematically equivalent Bayesian network enabling inference based on observed 

abstracted data. 

This procedure for arc reversal can be further extended to any number of samples of X, and any statistic function T(X) 

to obtain the desired Bayesian network model form required for inference.  The resulting generalized Bayesian network 
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for a statistic function is given in Figure 4.8, with the plate notation being utilized to simplify the representation of the 

subgraph of the X’s. 

 

Figure 4.8. Bayesian network after arc reversal for observations of statistic T: a) Complete Bayesian network after arc 

reversal, b) Simplified Bayesian network after removing barren nodes 

The resulting joint probability distribution for the complete Bayesian network can then be written as: 

𝑃𝑟(𝒙, 𝑡, 𝜽) = 𝑃𝑟(𝒙|𝑡, 𝜽)𝑃𝑟(𝑡|𝜽)𝑃𝑟(𝜽)  (4.9) 

where T is now represented by a stochastic node conditioned on the parent node, θ, and observations of this node can 

be utilized for inference.   

For the currently considered problem, the X’s are unobserved and barren, thus only the Bayesian network shown inside 

the dashed box will be utilized for performing Bayesian inference of the of the parameters of interest, θ, thus we may only 

need to consider the Bayesian network given in Fig. 8(b) when performing inference in practical problems.  

Most importantly, the arc reversal process also gives the exact form of the conditional distribution of T to be used in 

inference, fT(t|θ).  This resulting conditional distribution is typically called the sampling distribution or finite-sample 

distribution, due to the fact that it is derived from a random sample of finite size n. However, as can be seen even for the 

simple example of the sum of two random variables, the determination of the exact sampling distribution via the arc 

reversal process is np-hard and quickly becomes computationally expensive for a large number of individual X values.  

Furthermore, if the statistic function, T(X), is such that it is not invertible or differentiable, then there may not be a closed 

form expression for the sampling distribution of T after arc reversal.  Thus, for any practical applications, sampling 

distribution for T, fT(t|θ), must be determined using approximate methods.   

4.3.4 Approximation of the Sampling Distribution, fT(t | θ) 

The sampling distribution fT(t|θ) is dependent on the underlying distribution of the parent node, fθ(θ), the form of the 

statistic function, T(X), and the sample size, n.  As shown in the previous section, the exact form of the sampling 
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distribution can be determined analytically using the arc reversal procedure when considering a graphical model. 

Alternative analytical methods to the arc reversal methods used to obtain the sampling distribution include the cumulative-

distribution-function technique and the moment-generating-function technique [115].  A large amount of theoretical work 

has been devoted to the derivation of the sampling distributions of various common statistics [116–119].  However, as 

noted, the exact form of the sampling distribution, fT(t|θ), may be analytically intractable or too computationally expensive 

to determine. For practical applications it must be determined using alternative methods, including sampling-based 

approximations and assumed parametric distributions. 

 By utilizing the conditional relationships of the known data generative process, it is always possible to use sampling-

based methods for the approximating arc reversal process in estimating the probability density function (pdf) coinciding 

with the density transfer from the stochastic nodes to the deterministic node. Values from the sampling distribution are 

generated synthetically using Monte Carlo simulations for assumed values of the parameters of interest, θ, where several 

thousand sets of random samples are drawn and the resulting statistic is calculated from each set of samples [120,121]. 

These samples can then be used to construct an empirical CDF, or approximate the pdf using kernel density estimation 

[122]. However, even this approximation method may also become computationally expensive when utilized for inference 

for complex Bayesian networks. 

Another possible approach is to approximate the sampling distribution using an assumed parametric distribution form 

and analytically defined distribution parameters relating to the parameters of interest. It has also been found that in many 

cases, due to the Central Limit Theorem, the normal distribution will in many cases give a fairly good approximation for 

the sampling distribution even when the sample size n is small so long as the parent distribution is not highly skewed or 

multimodal [123].  For example, the normal approximation well approximates the sampling distribution of sample mean 

for any distribution type provided that the sample size is sufficiently large [124]. The normal distribution is also often 

used for the sampling distribution of sample proportions, where the first two moments are derived from the binomial 

distribution. From the Rule of Sample Proportions, the distribution of a proportion, p, will be approximately normally 

distributed given that both n x p ≥ 10 and n x (1 – p) ≥ 10 [125]. 

The numerical examples presented later in this Chapter demonstrate a variety of these methods for approximating the 

sampling distribution when performing inference. 

4.3.5 Bayesian inference with abstracted data 

As shown in the section 4.3.3, the arc reversal can be used to transform the Bayesian network to the desired form 

which gives the abstracted data T as a random variable conditional on the parent nodes.  Once the abstracted data T is 

represented as a stochastic node in this Bayesian network form, observations of the abstracted data form can be 

incorporated in the inference process. After this transformation, the resulting likelihood can be written as 
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𝐿(𝜽|𝒕) ∝ 𝑓𝑇(𝑇 = 𝑡|Pa𝑇)  (4.10) 

where the parent nodes PaT ∈ θ.  Given the sampling distribution for the statistic T corresponding to the abstracted 

data either by exact analytical methods or approximate methods, the likelihood of observed abstracted data can be 

calculated. 

If multiple independent statistic values are given, then the combined likelihood can be calculated similar to Eq. 4.6. 

𝐿(𝜽|𝒕) ∝ ∏ 𝑓𝑇(𝑇 = 𝑡𝑖|Pa𝑇)

𝑛

𝑖=1

  (4.11) 

The generalized form of the likelihood function which may consider abstracted data may then be combined with the 

prior to determine the posterior distributions of the parameters θ.  As indicated in Eq. 4.4, the product of the likelihood 

and prior are only proportional to but not equal to the posterior distribution.  This is due to the normalization term 

∫ 𝐿(𝜽)𝑓′(𝜽)𝑑𝜽 in the denominator which may often be challenging to calculate due to the multi-dimensional integration 

required.  Therefore, an inference algorithm is required to evaluate the posterior distribution. Exact inference is often 

computationally expensive for large networks; thus sampling-based methods are used to approximate the posterior 

distribution [126–128]. 

4.3.6 Simultaneous vs sequential inference 

Having formally defined the generalized likelihood function for abstracted data and discussed how this method can be 

used for Bayesian inference, the ramifications of this methodology on simultaneous and sequential inference are discussed 

here. When provided with multiple sets of independent data, there is the option of performing the inference simultaneously 

with all of the provided data or sequentially, as when considering data which are received sequentially in time.  This is 

particularly meaningful in the context of comparisons of the proposed methodology with entropy approaches such as MrE 

when handling abstracted data.   

In the MrE approach, the observed data, whether it is raw data or abstracted data, is included through the application 

of constraints on the posterior distribution. When the optimization process is performed to infer the posterior, all the 

distributions that do not satisfy the given constraint are ruled out. For multiple sets of data, multiple constraints will be 

defined.  Constraints are called commuting [104] when there is no difference between whether they are handled 

simultaneously or sequentially.  However, generally constraints do not commute and therefore the resulting final posterior 

in the MrE approach depends on whether they are considered simultaneously or sequentially. 

For traditional Bayesian inference, the resulting posterior is the same regardless of whether the data is handled 

simultaneously or sequentially, due to the assumption that the observations are independent to each other. For the case of 
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multiple observations of abstracted data, if the corresponding raw data x1 and x2 are unknown and only T(x1) and T(x2) 

are given, then the sequential and simultaneous inference using the abstracted data will also be the same provided that 

T(x1) and T(x2) are independent.   

Now consider the case where both point data and abstracted data are provided. If collected independently, this is 

equivalent to being provided with observation data for two different branches of the Bayesian network, where the 

parameter(s) to be inferred, θ, is the shared node.  When considering simultaneous or sequential inference, we can consider 

three possible cases: (1) simultaneous update with both traditional point data and the abstracted data, (2) sequential 

updating, first with the point data and then with the abstracted data, and (3) sequential updating, first with the abstracted 

data and then with the point data. The selection of the inference case may be dependent on the order in which the data 

was received, and we seek to determine the final posteriors resulting from these three different cases.  It was shown by 

Ling [129] that for a Bayesian network of the form given in Figure 4.9, all three of these cases will result in identical 

posterior distributions.  This is advantageous when compared to the MrE approach, where for non-commuting constraints, 

sequential updating will result in a different posterior than simultaneous updating, and the order in which constraints are 

applied must be carefully selected. 

  

Figure 4.9. Bayesian network for observations of both point data and abstracted data 

4.3.7 Inference of uniform distribution parameters given sample mean data 

The following illustrative example demonstrates the value of incorporating available abstracted data into the inference 

process, while also showing the unavoidable information loss compared to inference with the original raw data.  We 

consider several types summary statistic data calculated from samples drawn from a uniform distribution. Eighty 

synthetically generated raw data points were obtained from the distribution X ~ U(500, 800).  The 80 samples were split 

into four groups of 20 samples each, from which the sample mean, standard deviation, 5 th percentile, and 95th percentile 

were obtained for each group.  It is also assumed that distribution type is known, but the distribution parameters (i.e. the 

upper and lower bounds) are unknown.  

The first inference considers the case where only the sample mean data and corresponding sample sizes are provided, 

and the upper and lower bounds of the uniform distribution are then inferred.  The corresponding Bayesian network for 

the first inference case is shown in Figure 4.10, considering the network both before and after the arc reversal.  Since the 
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first inference case assumes that only the sample mean data is available, the Bayesian network shown within the dashed 

box in Fig. 10(b) is used for performing inference. 

 

Figure 4.10. Bayesian networks for uniform distribution parameter inference using sample mean data: a) Bayesian 

network before arc reversal, b) Bayesian network after arc reversal 

The sampling distribution, which conditions the observed sample means on the parameters of interest, results from the 

shown arc reversal. The distribution corresponding to the mean of n independent random variables, each with a uniform 

distribution on (a, b) is given by the Bates distribution [130], with probability density function given by: 

𝑓𝑋̅(𝑥̅; 𝑛, 𝑎, 𝑏) = {∑ (−1)𝑘 (
𝑛
𝑘

) (
𝑥 − 𝑎

𝑏 − 𝑎
− 𝑘 𝑛⁄ )

𝑛−1

𝑠𝑔𝑛 (
𝑥 − 𝑎

𝑏 − 𝑎
− 𝑘 𝑛⁄ )

𝑛

𝑘=0
𝑖𝑓 𝑥 ∈ [𝑎, 𝑏]

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (4.12) 

As the sample size is increased, due to the Central Limit Theorem, the sampling distribution for the sample mean can 

also be well approximated by a normal distribution: 

𝑋̅~𝑁 (𝜇, 𝜎2

𝑛⁄ )  (4.13) 

where μ and σ are the true population mean and standard deviation respectively, and n is the sample size used to 

calculate the sample mean.  For a uniform distribution, μ and σ can easily be derived from the upper and lower bounds. 

𝑋̅~𝑁 (
𝑎 + 𝑏

2
,
(𝑏 − 𝑎)2

12𝑛
)  (4.14) 

where a and b are the lower and upper bounds respectively.   

The second and third inference cases consider the availability of additional abstracted data which can be utilized along 

with the sample means during inference. The second case introduces the availability of sample standard deviation data 
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and the third case further includes the availability of sample 5th and 95th percentile data. The Bayesian network 

corresponding to the third case is shown in Figure 4.11.  

 

Figure 4.11. Bayesian networks for uniform distribution parameter inference using sample mean, standard deviation, and 

percentile data: a) Bayesian network before arc reversal, b) Bayesian network after arc reversal 

The inclusion of observations of additional forms of abstracted data in the inference process adds additional 

considerations to the development of the required sampling distribution.  It can be seen in Figure 4.11(b) that the arc 

reversal has resulted in a conditional relationship between the observed abstracted data that must also be accounted for.  

Unlike the first inference case, there is no closed form solution that can be derived for the joint sampling distribution of 

the sample mean, standard deviation, and percentile data. Therefore, the joint sampling distribution for all of the observed 

abstracted data forms must be approximated.  Using a sampling-based approach, the sampling distribution can be 

approximated for different values of distribution parameters a and b, by simulating the data generative process shown in 

Figure 4.11(a) and constructing the multivariate sampling distribution using kernel density estimation [39]. 

The final case considers that the entirety of the raw data is available, and the inference process is then repeated.  The 

results of all inference processes are shown in Figure 4.12.   
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Figure 4.12. Posterior distributions of the lower and upper bound parameters for a uniform distribution 

It can be seen that for this example, although the sample mean is an insufficient statistic for inferring the upper and 

lower bounds, the resulting posterior obtained from the abstracted data still provides a meaningful inference of the 

parameters.  It is also clear that the loss of information resulting from the abstraction leads to greater uncertainty in the 

posterior when compared to the posterior obtained from the raw data.  However, as observations of additional summary 

statistics are considered, the loss of information is reduced and the posterior resulting from the abstracted data converges 

to that resulting from the original raw data. It may be possible to characterize information loss resulting from data 

abstraction with respect to the inference of the parameters of interest through global sensitivity analysis (GSA).  This will 

be considered in future work. 

 

4.4 Application to sample mean data for material yield stress  

Consider the case of material yield stress data under tensile test obtained by a steel mill over a four year period, but 

instead of reporting the raw data, the summary statistics for the means of the samples and corresponding sample sizes for 

all the tests performed were given instead. We note that in the case of a normal distribution with unknown variance, the 

sample mean alone is an insufficient statistic for inferring the distribution variance [124], and therefore some information 
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regarding the distribution has been lost in the transformation from the raw data to the abstracted form. We seek to infer 

the distribution parameters for the yield stress by using the proposed approach. 

Table 4.1. Sample mean data 

Sample Sample Mean 

(MPa) 

Sample Size 

1 376 737 

2 393 24 

3 377 2189 

4 386 767 

5 371 11396 

6 348 2497 

7 383 940 

8 364 102 

9 377 4237 

10 389 2252 

11 388 24 

12 393 19 

13 352 2989 

14 388 1513 

15 385 23 

 

Past work [131,132] has shown that the lognormal distribution is appropriate to represent the distribution of yield 

stress.  Therefore, σy ~ LN(λ, ζ) where θ = {λ, ζ} are the unknown parameters to determine using Bayesian inference.  

Suppose non-informative priors are selected for both λ and ζ with parameters based on these previous studies. 

4.4.1 Hierarchical Bayesian model 

When considering real-world data, the observed data are often naturally clustered.  Although these clusters may be 

sampled at random and consist of random sampling within the cluster, this often induces dependencies between the 

observations. When considering abstracted data, clustering may be even more common, since data is usually abstracted 

in groupings based on natural breaks in the data collection process. In the example of yield strength data, this may arise 

from taking means from samples corresponding to different manufacturing batches.  The dependencies introduced by this 
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clustering can be considered using a hierarchical Bayesian model [133], which allows the model parameters to vary by 

group/cluster.    For the present example, the overall distribution of the material yield stress is expected to follow the 

lognormal distribution, but it is assumed that the observed means were obtained from clustered data based on 

manufacturing batches.  Each manufacturing batch is assumed have a unique mean, μbatch, corresponding to aleatory 

uncertainty in the inputs to the manufacturing process. The variability of the batch means can be accounted for in the 

Bayesian network through the consideration of a hierarchical Bayesian model, where each of the observed sample means, 

𝑥̅, is assumed to come from a unique batch, where for each batch, μbatch ~ N(μx, σbatch).   The additional unknown standard 

deviation parameter, σbatch, is also calibrated. The corresponding Bayesian network is shown in Figure 4.13, with Figure 

4.13(a) showing the original Bayesian network corresponding to data generative process and Figure 4.13(b) showing the 

required model form which results from the arc reversal process and gives 𝑥̅ as a stochastic node.  Given the desired form 

of the Bayesian network (Figure 4.13(b)), since we only have the observations of the abstracted data, we only requires 

the Bayesian network shown inside the dashed box for performing inference.  

  

Figure 4.13. Bayesian network for yield strength distribution with consideration of random effects: a) Bayesian network 

before arc reversal, b) Bayesian network after arc reversal 

The complexity of the Bayesian network and the large number of samples makes it computationally inefficient to 

derive the exact analytical form for the sampling distribution via the arc reversal process. Instead, given the transformed 

Bayesian network in Figure 4.13(b), it is then necessary to determine an approximation for sampling distribution of 

𝑥̅ given the unknown parameters, λx, ζx, and σbatch.  As noted in the previous example, the sampling distribution for the 

sample mean can be well approximated by a normal distribution provided a sufficiently large sample size.  Therefore, the 

conditional sampling distribution given a value of μbatch can be approximated by:  
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𝑋̅|𝜇𝑏𝑎𝑡𝑐ℎ , 𝜽 ~ 𝑁 (𝜇𝑏𝑎𝑡𝑐ℎ,
𝜎𝑥

2

𝑛⁄ )  (4.15) 

where θ = {λx, ζx, σbatch}. Since μbatch is also a random variable conditioned on the parameters of interest, we can find 

the unconditional distribution of 𝑥̅|𝜽 by integrating out the unknown parameter μbatch. 

𝑝𝑋̅|𝜽(𝑥̅) = ∫ 𝑝𝑋̅|𝜇𝑏𝑎𝑡𝑐ℎ,𝜽(𝑥̅|𝜇𝑏𝑎𝑡𝑐ℎ, 𝜽)𝑝𝜇𝑏𝑎𝑡𝑐ℎ|𝜽(𝜇𝑏𝑎𝑡𝑐ℎ|𝜽)𝑑𝜇𝑏𝑎𝑡𝑐ℎ  (4.16) 

The first two moments of the unconditional distribution, 𝑝𝑋̅|𝜽(𝑥̅), are given as: 

𝐸𝑋̅|𝜽[𝑋̅|𝜽] = 𝐸𝜇𝑏𝑎𝑡𝑐ℎ|𝜽 [𝐸𝑋̅|𝜇𝑏𝑎𝑡𝑐ℎ,𝜽[𝑋̅|𝜇𝑏𝑎𝑡𝑐ℎ , 𝜽]] 

                  = 𝜇𝑥 

 (4.17) 

𝑉𝑎𝑟𝑋̅|𝜽(𝑋̅|𝜽) = 𝐸𝜇𝑏𝑎𝑡𝑐ℎ|𝜽[𝑉𝑎𝑟𝑋̅|𝜇𝑏𝑎𝑡𝑐ℎ,𝜽(𝑋̅|𝜇𝑏𝑎𝑡𝑐ℎ, 𝜽)]

+ 𝑉𝑎𝑟𝜇𝑏𝑎𝑡𝑐ℎ|𝜽(𝐸𝑋̅|𝜇𝑏𝑎𝑡𝑐ℎ,𝜽[𝑋̅|𝜇𝑏𝑎𝑡𝑐ℎ, 𝜽]) 

                     =
𝜎𝑥

2

𝑛⁄ + 𝜎𝑏𝑎𝑡𝑐ℎ
2  

 (4.18) 

Since the distribution of 𝑋̅|𝜇𝑏𝑎𝑡𝑐ℎ , 𝜽 is Gaussian and the distribution of μbatch| 𝜽 is also Gaussian, the resulting 

unconditional distribution, 𝑋̅|𝜽, will also be Gaussian with distribution parameters as given in Eq. 4.17 and Eq. 4.18. 

Therefore, the resulting sampling distribution is then given by: 

𝑋̅~𝑁 (𝜇𝑥,
𝜎𝑥

2

𝑛⁄ + 𝜎𝑏𝑎𝑡𝑐ℎ
2 )  (4.19) 

Using the deterministic relationship between the parameters (μx, σx) and (λx, ζx), it is simple to extend this sampling 

distribution to be solely a function of the parameters of interest, λx, ζx, and σbatch, as shown in Fig. 13(b).   

Bayesian inference was performed and the resulting posteriors for the distribution parameters are shown in Figure 

4.15. 

4.4.2 Unknown sample size  

It is important to note at this point that the approximation of the sampling distribution for T required that the sample 

sizes of the data from which statistic was abstracted be known.  This is due to the sampling distribution of T being 

dependent on the data sample size n. For the current example, the sampling distribution variance for the sample mean is 

a function of the sample size, n, and is given by 
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𝜎𝑥̅
2 =

𝜎𝑥
2

𝑛
+ 𝜎𝑏𝑎𝑡𝑐ℎ

2   (4.20) 

In many cases, the sample sizes for the abstracted data may also be unknown.  Furthermore, when the data includes 

multiple observations of the abstracted data, each observation may have a unique unknown sample size.  The epistemic 

uncertainty regarding each of these sample sizes can also be represented in the transformed Bayesian network through 

stochastic nodes, as shown in Figure 4.14, and these additional nodes corresponding to the sample size are also calibrated. 

   

Figure 4.14. Bayesian network (after arc reversal) for abstracted data with unknown sample sizes 

Repeating the previous example but now assuming that the sample sizes are unknown, the Bayesian inference results 

of the yield stress distribution parameters, are shown in Figure 4.15. The posteriors for the sample sizes when they are 

considered unknown are not included since they are not the parameters of interest. 
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Figure 4.15. Prior and posterior distributions for yield strength parameters using mean data considering known and 

unknown sample sizes 

For the Bayesian updating of model parameters using abstracted data, the issue of identifiability may also be present, 

which is clearly demonstrated in the above example. Including the unknown sample sizes in the Bayesian network renders 

both the scale parameter, ζ, and sample sizes, ni, as unidentifiable.  Information can still be obtained regarding the 

distribution location parameter, λ, but with greater uncertainty. 

4.4.3 Simultaneous inference with abstracted and raw data 

It was noted earlier, that since the proposed approach incorporates abstracted data into the overall Bayesian network, 

observations of both raw data and abstracted data can be considered either simultaneously or sequentially in the inference 

process, and the result will be identical.  This may be very beneficial when data is received over a period of time, since it 

is not necessary to perform an update with all of the collected data, but to simply update the current posteriors using the 

most recent observed data, either raw data, abstracted data, or both. 
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Table 4.2. Raw yield strength data 

Sample Raw values 

(MPa) 

1 360.6 

2 360.0 

3 406.2 

4 385.5 

5 362.4 

 

To consider this, some additional raw data measurements are considered as given in Table 4.2.  Two inference cases 

are then considered, the first is a sequential inference process which first considers the inference with the abstracted data, 

followed by inference with the raw data.  The second case considers the simultaneous update using both the raw and 

abstracted data.  The results are shown in Figure 4.16. As expected, the proposed method gives identical results for both 

the simultaneous and sequential updating cases.  

 

Figure 4.16. Posterior distributions considering sequential or simultaneous inference with both raw and abstracted data 
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4.5 Application to Reliability Data 

To demonstrate the application and generality of this approach, this section presents a practical example and applies 

the proposed inference methodology for reliability data as a form of abstracted data.   

4.5.1 Reliability data 

One method of determining the reliability of a system is by performing n independent tests and recording whether the 

system’s performance exceeds some set threshold value.  The reliability of the system is the ratio of the number of tests 

which did not exceed the threshold over the total number of tests.  This can be considered as a form of abstracted data as 

defined in this Chapter since the raw system performance values are logically classified as pass/fail according to a 

threshold value and these pass/fail counts are further reduced into a single proportion giving the sample reliability. 

In this case there are two possible forms of abstracted data that could be considered as the data generative process 

naturally gives the counts of pass/fail components as an intermediate step in the calculation of the overall sample 

reliability. If the sample reliability data is given and the corresponding sample size is known, the intermediate form of 

abstracted data (i.e. the number of pass and fail data) could be determined and alternatively used in the inference process.  

We will instead consider the case where the reliability data is presented with an unknown sample size, and use the 

proposed methodology to infer the system parameters using the sampling distribution, T(x), corresponding to the 

reliability data. 

4.5.2 Sampling distribution for reliability data 

The sampling distribution T(x) for reliability data is a discrete probability mass function (PMF). For a given sample 

size, n, there are only n discrete outcomes, however, as n becomes large, the discrete PMF can typically be approximated 

by a continuous PDF.  As reliability data is very near the upper bound, the Rule of Sample Proportions does not apply 

and a normal approximation of the sampling distribution is not appropriate. Some other authors have suggested that the 

probabilistic characteristics of p can be described by the beta distribution [134] or inflated beta distribution [135]. 

For this example, a truncated four-parameter beta approximation will be considered, where the parameters of the four-

parameter beta distribution are determined from the Pearson system, utilizing the first four moments of the sampling 

distribution.  A four-parameter beta is used to approximate the skewness of the sampling distribution as the true value of 

the reliability approaches the upper bound at one. Since the four parameter beta distribution approximation is not 

necessarily bounded between zero and one, to ensure that the distribution is consistent, it is truncated at both bounds of 

zero and one.  The first four moments for the sampling distribution of the reliability necessary for finding the parameters 

of the four-parameter beta distribution can be analytically derived from the binomial distribution and are given as: 

𝐸[𝑝̂] = 𝑝  (4.21) 
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𝑉[𝑝̂] =
𝑝(1 − 𝑝)

𝑛
 

 

(4.22) 

𝑆𝑘𝑒𝑤[𝑝̂] =
1 − 2𝑝

𝑛𝜎𝑝

 
 

(4.23) 

𝐾𝑢𝑟[𝑝̂] =
6𝑝2 − 6𝑝 + 1

𝑛𝑝(1 − 𝑝)
 

 

(4.24) 

  

4.5.3 Application problem: micro-cantilever beam 

Abstracted data in the form of reliability data obtained from quality testing of a manufactured product is considered 

for the Bayesian model calibration in this section. In particular, calibration of the Young’s modulus using an analytical 

model for a cantilever beam is considered.  A thick micro-cantilever beam subjected to a point load P is considered (Figure 

4.17) [136].    

 

 

Figure 4.17. A thick cantilever beam subjected to a point load at the free end 

From the Euler-Bernoulli beam theory, the static vertical deflection uy at any point can be determined from the 

following equation: 

𝑢𝑦 =
𝑃(3𝐿 − 𝑥)𝑥2

6𝐸𝐼
  (4.25) 

The formulation for beam deflection given in Eq. 4.25 does not account for shear deformation.  A more accurate 

solution for the deflection uy is given by the Timoshenko beam equation: 
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𝑢𝑦 =
𝑃

6𝐸𝐼
[(4 + 5𝜈)

ℎ2𝑥

4
+ (3𝐿 − 𝑥)𝑥2]  (4.26) 

For the sake of illustration in this example, it is assumed that Eq. 4.25 represents the prediction/calibration model for 

the deflection uy and that Eq. 4.26 represents the reality. It is assumed that the beam dimensions and the applied load are 

subject to known variability due to manufacturing tolerances and their distributions are given in the following table.   

Table 4.3. Parameter Distriutions 

Parameter Distribution Mean Std. Dev. 

b Normal 1 μm 0.1 μm 

h Normal 400 μm 0.1 μm 

L Normal 400 μm 0.1 μm 

P Normal 2.5 μN 0.2 μN 

 

Synthetic reliability data is generated from Eq. 4.26 including the parameter distributions in Table 4.3, Young’s 

Modulus of E = 200 GPa, and a critical value of the vertical deflection, uy,crit = 7.05 x 10-5 μm. Note that the Young’s 

Modulus value and the “true” solution in Eq. 4.26 are assumed to be unknown in this model calibration example. The 

Euler–Bernoulli beam solution in Eq. 4.25 is assumed to be the only available physics model, and the synthetic data are 

used to calibrate E using Eq. 4.25. It is also noted that due to the difference in physics represented by the “true” model in 

Eq. 4.26 and the assumed form in Eq. 4.25, that the discrepancy function will be given by: 

𝛿𝑡𝑟𝑢𝑒 =
𝑃

6𝐸𝐼
(4 + 5𝜈)

ℎ2𝑥

4
  (4.27) 

However, this form of the model discrepancy is assumed to be unknown and is instead represented simply by an 

unknown constant which is also calibrated along with the Young’s Modulus. E.  

In this example, synthetic data is generated via Monte Carlo sampling for a fixed sample size to give estimates of the 

reliability.  The synthetic data is given in Table 4.4. 

Table 4.4. Reliability data (synthetic) 

Sample Set Sample Reliability 

1 0.9940 
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4.5.4 Bayesian model calibration results 

The corresponding Bayesian network before and after arc reversal is shown in Figure 4.18.  The transformed Bayesian 

network, Figure 4.18(b), also includes a stochastic node corresponding to the sample size corresponding to the observed 

reliability data which is assumed to be unknown.  Again, due to the complexity of the model, the sampling distribution is 

determined by approximation using the method described in Section 4.5. And for practical applications we only require 

the Bayesian network contained within the dashed box for performing inference. 

  

Figure 4.18. Bayesian network for reliability data: a) Bayesian network before arc reversal, b) Bayesian network after arc 

reversal 

For each proposed sample of the Young’s modulus, model discrepancy, and sample size, the corresponding system 

reliability given these sample values was determined using the First-Order Reliability Method (FORM) [137].  The 

likelihood of observing the reliability data given in Table 4.4 can then be calculated from the sampling distribution as 

approximated by the four-parameter Beta distribution with moments as given in Eq. 4.21 - 4.24.  Note that p in those 

equations corresponds to the reliability value determined from the FORM analysis. 

Using the synthetic probability of failure data shown in Table 4.4, Young’s Modulus and model discrepancy were 

updated based on the reliability data observation and the results are shown in Figure 4.19. 
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Figure 4.19. Prior and posterior distributions for the Young’s Modulus, E, and model discrepancy, δ 

Since the quantification of model discrepancy is not the goal of this Chapter, we assumed for illustration purpose, the 

model discrepancy as an unknown constant. The treatment of the model discrepancy as an unknown constant is just one 

way of considering model discrepancy.  Other alternative treatments of model discrepancy are possible, such as: (1) a 

Gaussian random variable with unknown distribution parameters; (2) a Gaussian random variable with input dependent 

distribution parameters; (3) a Gaussian process with a square exponential covariance function. Further details and 

comparisons on the incorporation of these different options for representing model discrepancy can be found in [136]. 

 

4.6 Application in Digital Twins 

A critical component of the Digital Twin is the interconnection of the physical reality of interest and the virtual 

representation. This interconnection allows observations of the physical reality to update the state variables and model 

parameters of the data models and computational models that comprise the virtual representation. When we incorporate 

uncertain data in the Digital Twin update process, we can choose to model these state variables and model parameters as 

distributions as opposed to deterministic values.  When these state variables and model parameters are described by 

distributions, we can define the resulting as a probabilistic Digital Twin. 

The update process for a probabilistic Digital Twin is conceptually the same as the Bayesian model updating process 

described in Section 4.2 and both the state variables and model parameters can be considered as a Bayesian network. This 
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is a useful form for the Digital Twin update process because it allows the Digital Twin to maximize the value of the 

available data, even when the observed data may be uncertain or abstracted in some way. Data for updating the Digital 

Twin may be available both during the initial Digital Twin implementation and calibration, as well as during the 

continuous updating process during the Digital Twin’s operation. 

An example of this type of Digital Twin application is a Digital Twin to monitor the condition of a structure to support 

inspection planning and identify potential impending failures. This Digital Twin would include computational models to 

describe the different degradation mechanisms that could impact the structural integrity over time, including fatigue and 

corrosion. Determining criticality of the structural components within this model also requires a detailed understanding 

of the associated asset-specific associated failure criteria. During the initial calibration of the Digital Twin during the 

implementation, knowledge of the material properties corresponding to the specific instance of the structure under 

consideration is extremely valuable. As described in Section 4.4, material property data obtained from steel mills and 

other manufacturers are often provided as statistical data for a batch of material tests instead of providing each individual 

test value.  Using the methodology described in this Chapter, the material test data for the manufacturer of the material 

used in the structural components of interest could be used to update the probabilistic Digital Twin, specifically updating 

the material parameters associated with the failure criterion being evaluated in the degradation models. 

 

4.7 Summary 

When considering the interconnection of the physical reality with the Digital Twin virtual representation, updating 

the Digital Twin data models and computational models must make use of all the available data regarding the state of the 

system of interest. However, there are many situations in engineering practice where the raw data may not be available 

but is instead presented in an abstracted or summarized format. This potentially stems from the fact that it may generally 

be assumed that the mean and variance are enough to adequately summarize the data, when this is often not the case. This 

Chapter presents a methodology for incorporating such abstracted data in the Bayesian inference process. The general 

concept of data abstraction is presented through the incorporation of the statistic function, T(X), which is defined as the 

result of any mathematical function of a finite sample of independent data observations. The resulting abstracted data is 

represented as a deterministic node in a Bayesian network when the network is developed in a form consistent with the 

data generative process.  A novel approach is then proposed that leverages the process of arc reversal to rearrange the 

Bayesian network such that the deterministic node is transformed into a stochastic node conditioned on the parameters of 

interest thereby allowing observations of this node, such as abstracted data, to be used in the Bayesian inference process. 

Following the arc reversal process, the corresponding conditional distribution for T(X), fT(t|θ), also called the sampling 

distribution, is given exactly. However, in many cases, the sampling distribution for T(X) may not be analytically tractable 

and must be determined using approximate methods.  Once the sampling distribution for T(X) is calculated, the 
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corresponding likelihood of the observed abstracted data can be calculated. This enables available information in the form 

of abstracted data to be used in the Bayesian inference process through well-established techniques, such as Markov Chain 

Monte Carlo (MCMC). 

Since the proposed methodology leverages Bayesian networks for abstracted data, Bayesian inference can easily be 

performed for combinations of raw data and abstracted data. The most common forms of abstracted data are the summary 

statistics which are typically calculated for a data set.  These include the mean, standard deviation, median, maximum, 

minimum, and quartiles. A synthetic example using a uniform distribution was used to demonstrate how one or more 

types of abstracted data can be used together to infer the parameters of interest. Next, a practical common example of 

parameter estimation was presented considering mean yield stress data provided by a steel mill.  While the mean data 

alone was an insufficient statistic, it was demonstrated that the distribution parameters could still be updated but not to 

the extent when raw observations are available.  Furthermore, it was shown that in cases where the corresponding sample 

sizes are not provided, information regarding the distribution location parameter can still be inferred, but with greater 

uncertainty. 

This approach was then extended to the case of reliability data, which can also be considered as an abstracted data 

form, as it condenses the individual pass/fail results to a single probability value. This example also demonstrated how 

through a Bayesian network, the observations of abstracted data can be used to calibrate model parameters in more 

complex physics-based models.  

The proposed methodology provides a flexible and general approach for performing Bayesian inference with 

abstracted data and describes how this can be applied during the Digital Twin updating process.  This methodology is 

particularly useful in cases when the provided statistic is insufficient, as was demonstrated in the case of the yield stress 

data with only the sample means provided. When compared to existing methods such as MrE and approximate Bayesian 

computation, the proposed inference framework is more flexible, in that it enables the direct incorporation of the 

uncertainty associated with the sampling distribution (i.e. the standard error) into the inference process. This flexibility is 

also apparent in the consideration of sequential and simultaneous updating, where MrE may give different results 

dependent on the order in which constraints are applied, while the Bayesian network approach is indifferent to sequential 

or simultaneous updating.   
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CHAPTER 5 

BAYESIAN INFERENCE WITH UNCERTAINTY IN CATEGORICAL DATA 

 

5.1 Introduction 

Epistemic uncertainty in observed data can also occur when the observations of the system result in uncertain and/or 

ambiguous interpretations. In Chapter 4, the values of the observed data, while abstracted, were accepted with certainty 

in the Bayesian inference process. In some instances, the observed evidence cannot be provided in such certain terms with 

respect to the possible states of the system as defined by the formal model. Instead, this evidence must be interpreted to 

the form of the ideal representation, for instance, the form defined by the data models and computational models 

comprising the Digital Twin as described in Chapter 2 and Chapter 3. The Digital Twin model parameters need to be 

calibrated/updated based on all of the available information so that the model predictions accurately reflect the physical 

reality.  

The data for model updating in a Digital Twin may be available from different sources, including but not limited to, 

experimental and operational data, inspection reports, health monitoring data, engineering plans, rules and standards, and 

expert opinion.  These different kinds of data are available in different formats (numerical, categorical, image, text, etc.). 

These heterogeneous sources of information can lead to significant challenges for Bayesian inference, especially when 

the data is imprecise, uncertain, ambiguous, and/or incomplete [138]. One particular data format is considered in this 

Chapter, namely categorical data, which may result from a machine learning-based classification model that is applied to 

interpret and classify the original, raw observed data. In such cases, the uncertainty in the machine learning model results 

should also be considered in the downstream analysis.  

It is recognized that any attempt to model the physical reality requires the idealization of that reality based on some 

level of abstraction. Reality is then represented in this idealized form by assigning values to the model variables based on 

the interpretation of the data collected from the physical reality. Due to the abstraction of reality, the evidence collected 

about that reality must be transformed into data consistent with the idealized representation. The process by which the 

data is transformed to be consistent with the idealized representation given evidence about reality is called the 

interpretation process and is shown in Figure 5.1. 

 

Figure 5.1. Data abstraction process 
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Considering this data abstraction process, the incorporation of classification data from machine learning models into 

Bayesian inference can be seen as analogous to the incorporation of expert opinion data. The combination of expert 

knowledge has been raised as an important factor in developing an effective Bayesian inference process [139]. In this 

sense, several data inputs are collected and synthesized by a single source and a procedure is developed to present this 

data in a form consistent with the idealized model representation.  For an expert, this process is based on experience and 

judgement, and for a computer-based classification model, it is based on the relationship between the inputs and the output 

learned from the training dataset. With complex systems and data, an expert’s opinion may also implicitly include a level 

of confidence in their assessment as it would be unrealistic to expect precise probability values to be provided by an 

expert. Accuracy and bias arising from the elicitation of expert opinions for use in Bayesian inference has been extensively 

studied [140–143]. Similarly, classification models often report accuracy measures which can be used to evaluate the 

confidence in the classification model’s output. The confusion matrix and related metrics such as accuracy, sensitivity, 

recall and F1 score describe the overall performance of the classification model [144]. Confusion matrices present 

percentages of correctly classified and mis-classified results so that the overall performance of the classification model 

can be evaluated.  While a confusion matrix can provide insight into the classification model’s overall performance 

considering all the model testing data, it does not provide any insight about how confident the model is in being correct 

for an individual observation.  To evaluate the confidence in each individual classification model prediction, a separate 

confidence measure is required. 

   

 

Figure 5.2 Process of incorporating observed data in the system model via a classification model abstraction 

Bayesian inference provides a convenient and well-established approach for facilitating the inference of unknown or 

unobservable parameters, utilizing observations of other variables that are conditional on these unknown parameters. 

From a Bayesian perspective, analysis of multivariate continuous data has been well studied [145–147]. However, 

classification model results provide categorical/nominal or ordinal data which have been comparatively less pursued in 

the literature [148,149]. The incorporation of uncertainty in observed categorical data is even more limited. Zhang et al. 

[143] addressed the incorporation of confidence in the classification of linguistic data through the use of Dempster-Shafer 

theory combined with a Bayesian network.  
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This Chapter proposes a novel idea to incorporate “observations” in the form of classification model results to enable 

the Bayesian inference process in the presence of uncertainty in the classification model results.  The relevant theory is 

developed from first principles and is suitable for practical problems.  

Contributions of this Chapter include a proposed methodology for incorporating the classification model results in 

Bayesian inference while accounting for classification model output uncertainty. A confidence measure is assigned for 

each individual classification model result, which is then incorporated in the Bayesian inference procedure. This approach 

is then demonstrated for a model calibration problem and a practical damage diagnosis example. 

The remainder of the Chapter is organized as follows.  Section 5.2 reviews Bayesian networks and inference, and 

Section 5.3 proposes the methodology to incorporate classification model results and the corresponding confidence 

measures into the Bayesian network; thus it develops a generalized form of Bayesian inference with uncertain categorical 

data. Section 5.4 illustrates the proposed approach for inferring system model parameters using the classic Iris petal 

classification problem. Section 5.5 then demonstrates the use of the proposed approach for a practical engineering 

application using image classification of visual inspection data on corrosion damage. Section 5.6 provides concluding 

remarks. 

 

5.2 Bayesian inference 

5.2.1 Bayesian inference from observed data 

Consider a random sample of observed data x1,…, xn taken from a distribution f(x|θ) of a random variable which is 

dependent on unknown parameters θ contained in a parameter space Θ.  In the canonical Bayesian inference process, the 

goal is to estimate the posterior distribution of θ which reflects the information obtained from the observed values of x. 

The existing knowledge of θ (before considering the observed data) is represented through the prior distribution f’(θ). 

The information provided by the observed data x1,…, xn is used to compute the likelihood function, given as f(x|θ) or 

simply L(θ). Utilizing probability laws and Bayes’ theorem, the posterior distribution is given as 

𝑓′′(𝜽|𝒙) =
𝐿(𝜽)𝑓′(𝜽)

∫ 𝐿(𝜽)𝑓′(𝜽)𝑑𝜽
  (5.1) 

 The denominator is simply a normalization factor.  Therefore, the posterior distribution can alternatively be written 

as 

𝑓′′(𝜽|𝒙) ∝ 𝐿(𝜽)𝑓′(𝜽)  (5.2) 

The likelihood function can be understood as the probability of observing the given data x1,…, xn conditioned on the 

parameters θ. The expression for the likelihood function can be written as 
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𝐿(𝜽|𝒙) ∝ 𝑓𝑋(𝑋 = 𝑥|𝜽)  (5.3) 

where PaX ∈ θ are the parent nodes of X and fX(X = x| PaX) is the PDF value at X = x from the conditional probability 

distribution for Xi.   

This formulation for the likelihood function considers data collected from a single experiment.  In the case of numerical 

data obtained from n different independent experiments, the final likelihood function will be the product of the n likelihood 

functions calculated for each individual experiment. 

𝐿(𝜽) ∝ ∏ 𝑓𝑋(𝑋 = 𝑥𝑖|𝜃)

𝑛

𝑖=1

  (5.4) 

Note that this form of the likelihood assumes that the observations of X are independent. However, this might not 

always be the case, especially in considerations for Digital Twins, where observations may occur over a period of time 

(for the same system and response quantity) and therefore have some dependence on one another.  In such cases, the 

likelihood function would need to be adjusted to reflect the likelihood of the joint observation taking into account the 

dependence between observations [150]. 

This canonical Bayesian inference process by which observed data is used to determine a posterior distribution of 

parameters of interest may use generalized observed data, D, and can occur in a variety of forms including numerical, 

categorical, linguistic, etc. [138,143,149]. This data may also be precise, imprecise, or abstracted in some form, such as 

summary statistics [138,151].  

5.2.2 Bayesian inference with uncertain categorical evidence 

In the previous section, the likelihood function L(θ) is the probability of observing data, D, conditional on θ, a 

realization of the distribution, f(θ). In practice, the observed data may deviate from their true values due to random noise, 

measurement error, and other errors in the data collection process.  This deviation of the observed value from the true 

value may be modeled explicitly as an observation error model, or the uncertainty resulting from the observation errors 

may be simply included in the overall model uncertainty.  

In the case of categorical data, the uncertainty arising from a deviation of the observed data from the true data can be 

represented as f(D′|D), where D′ is the true data, D is the observed data, and f(D′|D) is the probability that D′ is the true 

data when D is observed. Using Jeffrey’s rule of probability kinematics [152], the posterior distribution can be constructed 

as a sum of weighted posterior distributions corresponding to individual data points, as 
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𝑓′′(𝜽|𝐷) = ∑ 𝑓′′(𝜽|𝐷′)𝑓(𝐷′|𝐷)

𝐷′

 
 (5.5) 

This representation of the variability of the true values around the observation, f(D′|D), is known as Berkson error 

[153,154]. This formulation is appropriate when the true data, D′, is only conditional on the observed data, D. However, 

this is rarely the case since f(D′|D) will often depend implicitly on the underlying distribution of D′. Alternatively, the 

relationship between the true data and observed data can be expressed as Classical error [154], which represents the 

variability of the observed values around the true value, f(D| D′). To apply this Classical error term in a manner that is 

consistent with probability calculus, it is applied to the likelihood function such that the law of total probability is satisfied 

as shown in Eq. 5.6: 

𝐿(𝜽|𝐷) = ∑ 𝐿(𝜽|𝐷′)𝑓(𝐷|𝐷′)

𝐷′

 
 (5.6) 

This concept of modification of the posterior or likelihood to account for model and data uncertainty has been 

considered in the literature. In Sankararaman and Mahadevan, a model reliability metric is applied to modify the model 

calibration posterior based on the probability that the model is valid [155]. In Agostinelli and Greco, a form of the 

likelihood is proposed with a set of weights that are applied to down-weight the likelihood of single term components that 

corresponded to anomalous values [156]. 

Consider now the case of a classification model that is being used to evaluate a set of inputs and generate a 

categorical output observation, D. This output D is then to be incorporated into a subsequent Bayesian analysis as 

described above. For illustration of this case, consider a common structural health monitoring problem of identifying the 

presence of fatigue cracks in a structure. For a given inspection using an NDI technique, the detection of a crack can be 

considered a form of binary classification, where the two classes are no crack detected or crack detected. The inference 

regarding the presence or absence of a crack can then be incorporated into a fracture mechanics model for quantitative 

diagnosis or prognosis [157–159]. However, when incorporating this observation, uncertainties in the accuracy of the 

classification model might result in the observed value, D, deviating from its true value, D′. This potential deviation 

should be accounted for in the Bayesian process through the incorporation of the modified likelihood function given in 

Eq. 5.6. 

5.2.3 Confidence measures 

To apply this Classical error term in the case of classification model results, we must first define the variability term, 

f(D| D′), which describes the probability that the observed data has occurred given an assumed true value. 
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Overall classification model performance is typically provided as a confusion matrix, which indicates for the test data 

the number of correct and incorrect classifications for each categorical value as shown in Figure 5.3. 

 

Figure 5.3 Confusion Matrix 

In the absence of any additional data, the confusion matrix could be used as the basis for determining the Classical 

error term, f(D|D′). However, in many instances, the classification model also provides additional information about the 

individual classification result accuracy along with each classification value, which should be incorporated. 

To illustrate this concept, consider a simple two-class classification problem, where the class of the output is 

determined based on a single representative parameter and a specified threshold.  This is shown in Figure 5.4 where the 

solid line represents the distribution of the parameter for Class 1 and the dotted line represents the distribution of the 

parameter for Class 2. 

 

Figure 5.4. Single parameter classification 

It can be observed from the distributions in Figure 5.4 and the selected threshold that there is a non-zero probability 

for misclassification where the distribution for Class 2 falls to the left of the threshold and the distribution of Class 1 falls 
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to the right of the threshold. In general, this probability for misclassification could be directly calculated and represented 

as a confusion matrix as shown in Figure 5.3.  

However, even if we consider a single observation of the parameter to be classified, we observe that we have 

information available to us in addition to whether the observed parameter value falls to the left or right of the threshold.  

First, we know the distance of the parameter value from the threshold and second, we can determine the likelihood value 

of the parameter for both class distributions. Thus once the observed class is assigned, we can use this additional 

information to also assign a measure of confidence in the observed value being correct with respect to an assumed true 

value. For example, we will have greater confidence that the observed value is of a given class the farther away from the 

threshold the observed parameter value is.  If we express this confidence in the form of a value from 0 to 1, it can be 

incorporated as the Classical error term, f(D|D′).  

For the simple two class example given above, we could consider the ratio of the likelihoods for the observed parameter 

considering the distributions of Class 1 and Class 2. This likelihood ratio of two scenarios is also known as the “Bayes 

factor” and is used in applications such as facilitating the calculation of uncertainty in damage detection [159], which is 

similar in concept to classification (i.e., two classes: damage and no damage). 

We then seek to incorporate this form of the confidence measure into the Bayesian formulation for system model 

calibration/updating. To describe this process, we will use the Bayes factor confidence measure described above. Given 

an observation of the parameter, xi, and the associated distributions of parameter X for Class 1 and Class 2 {fXj(xj), j = 1, 

2}, we can calculate the likelihood for each class as 

𝐿𝑗(𝜽|𝒙) ∝ 𝑓𝑋𝑗(𝑋 = 𝑥|Pa𝑋)  (5.7) 

The confidence measure, Cj, for each class, j, can then be given as the following ratio. 

𝐶𝑗(𝒙) =
𝐿𝑗(𝜽|𝒙)

𝐿1(𝜽|𝒙) + 𝐿2(𝜽|𝒙)
  (5.8) 

It can be seen from the above equation that the confidence measure Cj falls between 0 and 1, and C1(x) + C2(x) = 1. 

This confidence measure can then be incorporated as the Classical error term, f(D|D′) in Eq. 5.8. Then the posterior 

distribution can be written as: 

𝑓′′(𝜽|𝐷) ∝ [𝐶1(𝒙)𝐿1(𝜽|𝑫′) + (1 − 𝐶1(𝒙))𝐿2(𝜽|𝑫′) + 𝐶2(𝒙)𝐿2(𝜽|𝑫′)

+ (1 − 𝐶2(𝒙))𝐿2(𝜽|𝑫′)]𝑓′(𝜽) 
 (5.9) 

The confidence measure given in Eq. 5.10 can be similarly determined using alternate distance measures, such as 

classification probability, or the SVM decision function.  The choice of the confidence measure is typically determined 
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based on the available data and the form of the classification model. Some examples of confidence measures include the 

Bayes factor [159], classifier prediction probability [160], or the decision function used by support vector machine (SVM) 

models [161]. 

5.2.4 Generalization to multi-classification model results 

The approach described above only applies to binary class comparisons and needs to be generalized for the case of 

multi-class problems. This can be accomplished by considering the pairwise comparison of all the classes. In this approach 

the posterior is determined for each pairwise combination of classes, in which the confidence measure is determined as 

described above and the confidence measure is only applied to the two classes under consideration.  All the other classes 

are simply assigned a confidence measure of 1. This will result in a posterior distribution for each pairwise combination 

which must then be aggregated to determine the final posterior distribution. This is accomplished by determining a 

weighting function for the posterior distributions. 

To determine this weighted posterior, we first note that as the classification model approaches perfect classification 

(e.g. no misclassifications), the confidence measure for the observed class approaches a value of 1 since we can be 

perfectly confident that the observed value is the same as the assumed true value. This assumption also is held for all 

other classes except for the pairwise classes under consideration. Therefore, we are most interested in the posteriors that 

deviate from this base case. This deviation from the base case can be determined using the Jensen-Shannon divergence 

which is based on the Kullback-Leibler divergence [162]. 

𝐽𝑆𝐷𝑘(𝑃𝑘||𝑄) =
1

2
𝐷(𝑃𝑘||𝑀) +

1

2
𝐷(𝑄||𝑀)  (5.10) 

where 𝑀 =
1

2
(𝑃𝑘 + 𝑄) 

In this application, Pk is the posterior distribution for pairwise class combination, k, and Q is the unweighted posterior. 

We will define the weighting function for posterior k, Wk, as: 

𝑊𝑘 =
𝐽𝑆𝐷𝑘

∑ 𝐽𝑆𝐷𝑚𝑚

  (5.11) 

Therefore, the final posterior can be given as: 

𝑓′′(𝜽|𝑫) ∝ ∑ 𝑊𝑘

𝑘

𝑓𝑘
′′(𝜽|𝑫) 

 (5.12) 

where 𝑓𝑘
′′(𝜽|𝒙) is the posterior corresponding to pairwise combination k. 
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5.3 Application to Iris flower classification data 

The following illustrative example uses the well-known Iris flower dataset [163] to demonstrate the value of 

incorporating the classification model confidence measure into the Bayesian analysis process.  The objective of this 

example is to infer the Iris class ratios of a given population solely based on the classification results obtained from the 

trained classification model. A corresponding confidence measure for each observation from the classification model is 

also taken into account to address the uncertainty in the classification model result for each observed member from the 

population. 

The Iris flower data set is one of the most commonly used examples in the field of machine learning and was introduced 

in the 1936 paper by Fisher [163]. The data set considered here consists of 50 samples from each of three species of Iris 

(Iris setosa, Iris virginica, and Iris versicolor). The samples are described by four features including the length and the 

width of the sepals and petals in centimeters. For the purposes of this illustrative example, only two of the Iris dataset 

features will be used, sepal length and sepal width. The distributions of these parameters for the three flower classes can 

be seen in Figure 5.5. 

 

Figure 5.5. Flower class sepal length and sepal width distributions 

It can be seen from Figure 5.5 that while the setosa class is easily distinguished using these two features, the versicolor 

and virginica classes have substantial overlap in their distributions that will pose a challenge for a classification model to 

confidently determine the class membership of flowers belonging to these two classes. 

In this illustrative example, a simple system model was created to represent a population of Iris flowers with some 

pre-determined ratio of Iris classes: 20% setosa, 10% versicolor, and 70% virginica. Using these defined ratios, 100 
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population members were randomly generated as one of the three flower classes. For each generated population member, 

the corresponding features of sepal length and sepal width are generated by selecting randomly from multivariate normal 

distributions fit to the original Iris feature dataset for each Iris flower class. These synthetically generated sepal length 

and sepal width values can then be evaluated by a trained classification model to predict the class of each population 

member.   

To demonstrate the methodology for a variety of different confidence measures, three different trained classifier 

models were used to predict the flower class based on the synthetically generated feature data. These included logistic 

regression, support vector machines, and random forest classifiers. These classification models were trained using the 

original Iris feature dataset and then applied to the sample data. Since the “true” class was known for the synthetically 

generated samples, the overall performance of each classifier could be presented as a confusion matrix as shown in Figure 

5.6. 

 

Figure 5.6 Sample confusion matrices for a logistic regression classifier model 

It can be seen in the above confusion matrices that the performance of each classification model is approximately the 

same, with accuracy around 80% and a misclassification rate around 20%.  Additionally, it can be seen that generally the 

class setosa is well predicted by each of the classification models, while most of the misclassification occurs between 

class versicolor and class virginica, which is consistent with the overlap in the parameter distributions shown in Figure 

5.5. While the performance of the individual classification models can be improved with additional training, those efforts 
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were not undertaken here as the purpose of this study was to demonstrate how the uncertainty in these classification results 

can be incorporated in the Bayesian inference process. 

For each of these classification models, an associated form of the confidence measure was selected. These included 

the Bayes factor for the logistic regression model, classification prediction probability for the random forest model, and 

the support vector decision function for the SVM classifier. 

After generating the classification model result data and the corresponding confidence measures, this data could then 

be incorporated into the Bayesian inference process to estimate the flower species ratio. The Bayesian inference process 

employed in this work used sampling importance resampling (SIR) [128]. In this approach, sample particles are generated 

from a prior distribution, which in this case is taken as a uniform random distribution between 0 and 1, which corresponds 

to the naive potential range of the ratio, θ, for each flower species, i.   

𝜃𝑖  ~ 𝑈[0,1]  (5.13) 

It can also be noted that these sample particles are correlated since the total of all the species ratios must sum to 1.  

𝜃𝑠𝑒𝑡𝑜𝑠𝑎 + 𝜃𝑣𝑒𝑟𝑠𝑖𝑐𝑜𝑙𝑜𝑟 +  𝜃𝑣𝑖𝑟𝑔𝑖𝑛𝑖𝑐𝑎 = 1   (5.14) 

Then, as discussed in Section 5.2.2, each particle is then assigned a weighted likelihood which incorporates the 

corresponding confidence measure for each observed classification. These particles are then resampled based on their 

respective calculated weights to obtain the posterior distributions. For comparison, the traditional approach not 

incorporating the classification model confidence measures was also run and the resulting posteriors were also determined. 

The resulting posteriors are shown in Figure 5.7 - Figure 5.9. 

Table 5.1. True and observed ratios for synthetic data 

 Setosa  Versicolor Virginica 

True Ratios 22% 12% 66% 

Observed Ratios 22% 28% 50% 
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Figure 5.7. Posterior distributions for flower class ratios (logistic regression classifier) 

 

Figure 5.8. Posterior distributions for flower class ratios (random forest classifier) 
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Figure 5.9. Posterior distributions for flower class ratios (support vector machine classifier) 

As can be seen in Figure 5.7 - Figure 5.9, when inferring the flower species ratio using solely the observed 

classification data, the posterior distributions converge to the observed ratios as expected. When the classification model 

is effective with limited misclassification, the traditional approach would be sufficient.  However, as can be seen in Table 

5.1, the observed ratio does not match the true ratio due to the mediocre performance of the classification models. The 

classification model results are unable to consistently distinguish between the classes versicolor and virginica, as shown 

by the large discrepancies between the true and observed ratios in Table 5.1. Thus, when incorporating these results in 

the Bayesian inference of the overall population ratios, the posterior distributions (solid lines) for class versicolor and 

class virginica are biased. However, after incorporating the corresponding classification confidence measures, this bias 

begins to be corrected as the posteriors (dashed lines) shift closer to the true ratios indicated by the vertical dotted lines.  

It can also be observed in Figure 5.7 - Figure 5.9 that along with this shift in the central mass of the posterior is a 

corresponding increase in the overall variance of the posterior as well.  This results from the additional uncertainty in the 

classification results informed by the confidence measure. 

This simple example demonstrates the results of incorporating various confidence measures along with the 

classification results in Bayesian inference.  In instances where the classification model performs well, the incorporation 

of the confidence measure has little to no impact on the resulting posteriors when compared with the traditional Bayesian 

inference methodology. But in instances where there is lower confidence in the classification prediction, the incorporation 

of the corresponding classification model confidence measure results in posteriors that more closely reflect the true system 

parameter values, albeit with greater variance reflecting the increased uncertainty in the posterior. 
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5.4 Application to coating condition image classification data 

Material degradation due to corrosion is a dangerous and expensive issue for marine and offshore structures. A NACE 

study in 2002 estimated the annual cost of corrosion for the shipping industry in the United states as $2.7 billion [164]. 

To protect against corrosion, protective coatings are often applied to the steel surface at the time of vessel construction. 

However, these coatings can degrade or become damaged during the vessel’s service. In order to maximize the service 

life of the asset and manage the overall lifecycle cost, it is critical to maintain and repair coatings in the early stages of 

coating degradation to prevent corrosion from occurring due to coating deterioration. Therefore, accurate and consistent 

assessment of coating conditions is important. 

Coating conditions can be graded as “GOOD”, “FAIR” or “POOR” according to the IACS Recommendation 87 [165]. 

Inspection intervals are then set according to the graded condition, with a worse condition leading to increased inspection 

frequency and higher costs. Tanks with coating graded in the FAIR or POOR conditions are required by IACS to be 

inspected annually [165], while those graded in GOOD condition need to be inspected about every 30 months on average. 

Table 5.2. Coating condition grading criteria [166] 

Considered Area 

Coating Condition 

GOOD FAIR POOR 

Area under 

consideration(1) 

Spot rusting without 

visible coating 

failures is < 3% of 

the area. 

Breakdown of coating 

or rust penetration is ≥ 

3% but < 20% of the 

area. Hard rust scale is 

< 10% of the area. 

Breakdown of coating 

or rust penetration is ≥ 

20% of the area. Hard 

rust scale is ≥ 10% of 

the area. 

Notes:  

(1). % is the percentage calculated on basis of the area under consideration or of the “critical structural area”. 

Spot rusting is rusting in spots without visible failure of coating.  

The typical practice for determining the coating condition grade is by visual inspection of a marine vessel compartment 

by trained inspectors.  The overall percentage of area with coating failure is estimated and the corresponding coating 

condition grade is determined. To assist with this process, recognized organizations provide assessment scales, such as 

the one shown in Figure 5.10 to help determine the percentage and coating condition grade [166]. However, this 

determination is still highly subjective and can vary from inspector to inspector. 
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Figure 5.10 Coating breakdown diagrams [166] 

To address the need for greater consistency in the grading of coating conditions, an image recognition tool was developed 

by the American Bureau of Shipping (ABS) and SoftServe [167]. Due to the complexity of this problem, instead of 

attempting to train a model to directly classify an image as one of the coating condition grades described above, a 

segmentation approach was implemented.  In this approach, two Artificial Neural Network (ANN) models were developed 

and trained first to distinguish separate structural components and then to distinguish the coating breakdown at the pixel 

level.  This results in separate classifications for each pixel as either having coating breakdown or not.  Then based on all 

the classified pixels, the percentage areas for different coating conditions are calculated for the entire image and the 

coating condition grade is assigned. 
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Figure 5.11 Segmentation approach for grading coating condition [167] 

 

Figure 5.12 Coating condition assessment by segmentation [167]. (a) Input image; (b) Stiffener segmentation heat map; (c) 

Coating failures segmentation heat map; (d) Predicted mask (green color) of stiffeners; (e) Predicted mask (pink color) of 

coating failures on stiffeners; (f) Overlay of coating failure prediction mask (pink color) on stiffener prediction mask (green 

color) 
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As can be seen in Figure 5.12, the first step of the segmentation process is the generation of a heat map that represents 

the raw probability for each pixel top belong to each class.  This heat map is then converted to a binary mask using a pre-

defined threshold of 0.5. One challenge that has been identified is for the model to make judgements in cases near the 

boundary of two conditions. For example, as given in Table 5.2, the boundary between GOOD and FAIR is 3% of the 

surface area. Areas where the classification of the coating condition is near the pre-defined threshold represent a reduced 

confidence in the coating condition and the subsequent uncertainty in the resulting coating condition grade. To address 

this challenge, the proposed approach in this Chapter for incorporating the classification model confidence measure is 

applied here in assessing the coating condition grade for an input image. 

To accomplish this task, an input image is selected with coating breakdown near the boundary of GOOD and FAIR 

coating conditions. The segmentation ANN model is run and the resulting probabilities for all the pixels are determined 

and converted to the binary classification mask. The percentage of area experiencing coating breakdown is then 

determined using Bayesian inference, with the pixel classifications as the observed classification data and the pixel 

probabilities as the classification confidence measure. 

 

Figure 5.13. Coating assessment images: (a) Input image; (b) Coating breakdown mask 

As with the Iris flower classification problem, a SIR approach with 50,000 particles is used to perform the Bayesian 

inference of the coating condition percentage, θ. An uninformed prior of θ ~ U[0,1] is chosen and the posterior 

distributions are determined taking into consideration the confidence measure for each of the pixel classifications.  The 

resulting posteriors are shown in Figure 5.14. 
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Figure 5.14. Posteriors for coating condition 

In Figure 14, the decision threshold between GOOD and FAIR is shown as the red dashed vertical line.  It can be seen 

that using the traditional approach (solid line), there is significant uncertainty about which coating condition grade should 

be decided. After applying the proposed approach (dashed line), the mass of the posterior shifts further into the GOOD 

zone.  This is likely the result of the low confidence measures for pixels being classified as corroded, so those data points 

are then weighted lower in the Bayesian inference process.  The practical outcome is that with the proposed approach, the 

vessel compartment would more likely be graded to be in the GOOD condition. As with most visual inspection processes 

relying on subjective determinations, it is impossible to determine what the “true” condition of this particular vessel 

compartment is for comparison. 

 

5.5 Application to Digital Twin 

Consider the interconnection of the physical reality of interest and the virtual representation in the probabilistic Digital 

Twin. The updating process of the state variables and model parameters can follow a Bayesian approach to incorporate 

the uncertainty in the observed data. In this Chapter, that uncertainty arises from the confidence measure associated with 

the categorical data resulting from the classification models. The methodology given in Section 5.2 can be applied to the 

updating of a probabilistic Digital Twin for both the state variables and model parameters. This allows the Digital Twin 

to maximize the value of the available data, even when the observed data may be uncertain. 

An example of this type of application is a Digital Twin to represent the condition of a ship cargo or ballast tank with 

respect corrosion and coatings. As discussed in Section 5.4, these tanks typically have coatings applied their surfaces to 
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reduce the corrosion effects due to seawater and/or corrosive cargos.  However, over time these coatings begin to 

breakdown and the corrosion process begins on the exposed steel underneath.  Once corrosion begins, the thickness 

diminution due to corrosion can be modeled using a bi-linear model for example, where the corrosion (plate thickness 

diminution, d) increases linearly over time, t, with rate, r, beginning at time, Tc, which represents the coating life.  

𝑑(𝑡) = {
𝑟(𝑡 − 𝑇𝑐)            𝑡 > 𝑇𝑐

0                          𝑡 ≤ 𝑇𝑐
  (5.15) 

Then the overall plate thickness, W, can be represented by: 

𝑊(𝑡) = 𝑤̂ + 𝑀 − 𝑑(𝑡)  (5.15) 

where 

W(t) = thickness of the plate a time, t 

𝑤̂ = design thickness 

M = thickness margin 

In the Digital Twin, the state variables and model parameters representing the tank structure and corrosion model can 

be given as a Bayesian network updated by observations of both coating breakdown and measurements of the steel plate 

thickness, Z(t). Due to the correlations that exist between the multiple levels of a complex ship structural system, the 

Bayesian network can be given as a hierarchical model as shown in Figure 5.15. These correlations at each system level 

exist for a number of reasons, some of which are outlined in Table 5.3 

Table 5.3 Condition model hierarchy 

System Hierarchical 

Level 

Correlation factors 

Fleet Vessel type 

Vessel Operational profile, operator diligence 

Compartment Environmental conditions 

Frame Construction/repair grouping 

Structural Element Similar design properties 

Single Plate Lowest level, modelled as a random field 
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Figure 5.15 Bayesian network for Digital Twin condition model 

In the basic form of the Digital Twin updating process, this condition model is updated following a thickness 

measurement campaign which typically occurs every five years. The challenge is that due to the complexity of the 

engineering system, there are a large number of unknown parameters to infer, and while the hierarchical model form 

increases the statistical power, identifiability can be an issue.  This is because a number of possible combinations of 

corrosion rate, coating life, and thickness margin can result in the same measured plate thickness. To address this, we can 

incorporate additional observations that inform the condition model, such as observations of the coating condition to 

inform the parameter Tc given in Eq. 5.15 

As discussed in Section 5.4, the grades for coating breakdown are typically provided based on expert examination of 

the structure.  However, this manual inspection is subjective and can result in substantial variations from inspector to 

inspector.  An alternative is to obtain these observations from a classification model that is applied to images taken of the 

structures.  The resulting categorical results of the classification models along with their corresponding confidence 

measures can be used to update the Digital Twin condition model to update the model parameter corresponding to the 

coating life, Tc. 
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5.6 Summary 

This Chapter presented a methodology for incorporating classification model confidence measures in performing 

Bayesian analysis using uncertain categorical data from classification models. This is meaningful in the context of the 

update process for a probabilistic Digital Twin, where the state variables and model parameters of the virtual 

representation are represented by distributions and can incorporate the uncertainty in the observed data. The general 

Bayesian methodology is presented through the incorporation of a weighting term applied to the likelihood function for 

the observed classification result data. This effectively gives more weight in the posterior to the data that is less ambiguous 

(i.e. further from the classification model decision threshold).  It is then demonstrated that this process can then be 

extended to the case of multiple classifications by first evaluating the posterior for each pairwise class comparison and 

then evaluating a weighted combination of the resulting posterior distributions based on a Jensen-Shannon divergence 

measure. This process can be integrated into the Bayesian inference process through well-established sampling 

techniques, such as Sampling Importance Resampling (SIR). 

This approach was first illustrated using the well-known Iris flower dataset and classification. Three different 

classification models were considered, each with similar overall performance but using a different form of confidence 

measure.  It was seen in the provided example that poor classification model performance in distinguishing between two 

of the flower classes would lead to bias in the posterior if performing Bayesian inference using the traditional approach, 

and the proposed approach lessened the impact of this bias.  

This approach was then applied to a practical case of coating condition assessment based on the classification of visual 

inspection data. A neural network model trained to identify coating breakdown was applied in a segmentation approach 

that individually classified each pixel in an image for coating breakdown.  The results of this classification model also 

included a confidence measure in the form of a relative probability of coating breakdown for each pixel.  This data was 

used in a Bayesian inference process to obtain the posterior distribution for the overall coating breakdown percentage for 

the observed area. This result could then be used to assign a coating condition grade. 

The proposed methodology provides a flexible and general approach for performing Bayesian inference with 

classification model data while incorporating the individual confidence for each observation. When compared to the 

traditional method of Bayesian inference, the proposed approach can assist in reducing some potential bias, especially 

when the classification model is poor, but will also result in posteriors with a larger variance. This can be important in 

decision-making as it provides the decision maker with a better understanding of the uncertainty in the posterior resulting 

from the classification model that provided the categorical data. 
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CHAPTER 6 

 

CONCLUSION 

 

Digital Twin represents an important technological concept of this era and will likely continue to be a tool that is used 

to support digitalization of many industries well into the future. The increased interest around Digital Twins is led by the 

many potential and perceived benefits of the Digital Twin concept, including reducing costs [2–4] and risk [5]; improving 

efficiency [6], improving service offerings [7,8], security [9], reliability [10,11] and resilience [12]; and supporting 

decision-making [13–15]. However, despite all of this interest and perceived benefits, there is still significant room for 

development of the concept as well as the many individual technologies that support the implementation of this concept 

to ensure that these benefits can be realistically realized. This work has sought to provide a generalized concept of a 

Digital Twin and its implementations that can be expanded upon for each specific use case.  It has also sought to start 

addressing some of the many challenges that exist in successfully implementing a Digital Twin in practice, particularly 

those challenges associated with uncertain and imperfect data. 

 

6.1 Summary of Accomplishments 

The overall goal of this dissertation is to propose a generalized approach for the implementation of Digital Twins and 

address some of the challenges that arise in this implementation due to imperfect and uncertain data. The various 

accomplishments of this dissertation can be classified into two categories: (1) Digital Twin implementation; and (2) 

incorporation of imperfect data. 

First, this dissertation proposed a generalized definition and characterization for Digital Twin is proposed based on 

analysis of a number of existing definitions in the literature. By reviewing 46 existing definitions and assessing the lexicon 

and key components highlighted in each definition, a concise and generalized definition was provided.  Following this 

definition, a detailed characterization of the key components of the Digital Twin was described, including the distinctions 

between a Digital Twin and similar concepts and models. Based on this definition and characterization, a framework for 

Digital Twin implementation was developed, outlining the approach for addressing each of the key components of the 

Digital Twin outlined in its characterization. 

The practical end-to-end development, integration, and automation of this Digital Twin implementation framework 

was illustrated for the monitoring of fatigue damage accumulation in a vessel’s critical structural connection. This 

implementation included the development of the technical architecture and model updating methodologies, with a specific 

emphasis on addressing challenges due to the lack of or uncertainty in input data. 
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The second major accomplishment of this dissertation was the development of methods for addressing the 

incorporation of imperfect data in the Bayesian inference, which is a key step in a probabilistic Digital Twin. Two types 

of imperfect data were considered; (1) abstracted data; and (2) uncertain categorical data. A novel methodology was 

developed to leverage the arc reversal process to incorporate “observations” of abstracted data through a Bayesian network 

representation to enable the Bayesian inference process.  The proposed approach was based on a Bayesian network 

representation, which can be easily extended beyond the simple inference of distribution parameters of random variables 

(based on observations of that random variable) to the calibration of model parameters in Digital Twins. An example of 

the application of this methodology to incorporate abstracted material test data in a probabilistic Digital Twin representing 

a fatigue crack in a critical connection was discussed. Finally, a methodology was developed to incorporate “observations” 

in the form of classification model results to enable the Bayesian inference process in the presence of uncertainty in the 

classification model results.  A confidence measure was assigned for each individual classification model result, which 

was then incorporated in the Bayesian inference procedure. The use of this Bayesian inference process in the update of a 

probabilistic Digital Twin structural condition model was presented.  Pictures of the structural condition graded using a 

classification machine learning model could be used to update the coating breakdown parameter in the corrosion model 

within the probabilistic Digital Twin. 

 

6.2 Future Work 

6.2.1 Digital Twin Implementation Challenges 

There are still a number of challenges associated with developing and incorporating Digital Twins in practical 

applications in additional to some possible paths forward. Many of the enabling technologies for Digital Twins are in 

various states of advancement, progressing as a function of both industry need and technology readiness/maturity. Digital 

Twin solutions, driven by specific desired outcomes, are being pieced together based on industry need, but there are still 

some significant challenges limiting the Digital Twin technology potential, including consistent terminology, 

standardization, organizational culture, technology maturity, verification & validation, and automation. 

Digital Twins incorporate a variety of technologies from several different fields. The associated development needs 

and opportunities can be related to several general categories: 

• Improved Digital Twin capabilities for automation through the connecting of data models and computational models 

that existed in previously independent silos, with the aim of increasing the efficiency and speed at which asset 

information can be kept current and exchanged between these silos.  

• Improving model accuracy and fidelity, reducing the model uncertainty, and development of artificial 

intelligence/machine learning models.   
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• Quantifying, reducing and communicating the uncertainties that arise in the data and models, such as propagation of 

measurement noise and errors, modeling errors and approximations, and nuisance parameters in the model.  This 

includes the continued development of methods to incorporate new forms of imperfect and uncertain input data which 

may arise in future use cases. 

• Visualization techniques that present insights in an intuitive and interactive manner and support decisions, including 

augmented reality/virtual reality capabilities. 

• Improvement of Data Infrastructure and Management: Communication infrastructure such as 5G, satellite 

communication, and improved network capabilities, in order to facilitate larger volume and higher frequency data 

transfer, local technologies such as wireless sensors, RFID, and IOT to allow greater flexibility in data transfer 

between data collection components and communication systems, and cloud computing for scalable and cost-efficient 

data processing and storage. 

As highlighted in this research, the ability of the Digital Twin to maximize the use of all available data is important 

for its overall implementation success. Practical implementation of Digital Twins will encounter many potential forms of 

uncertain and imperfect input data. In addition to the imperfect forms of input data highlighted in this work, another large 

area of imperfect data that should be captured in a Digital Twin includes potentially ambiguous input data, such as what 

might arise from qualitative data sources, such as linguistic data or inspection reports. For example, there may be 

ambiguity in the interpretation between “good” and “very good” in an inspection report, and there are opportunities to 

extract further information that would support the Digital Twin updating process by incorporating this data while 

accounting for its uncertainty. 

Another area of interest is with respect to validation of Digital Twin results.  In other words, how do we determine 

when or if the Digital Twin is “good enough.” As discussed in this work, the architecture of the Digital Twin is comprised 

of both data models and computational models, and validation of the Digital Twin would seek to validate these models 

individually in addition to how they perform overall as an integrated solution which provides additional complexity. This 

effort is therefore twofold, (i) to validate that the states stored within the data models accurately reflect the states of the 

physical system of interest, and (ii) to validate that the computational models accurately reflect the processes that simulate 

the changes to the states of the system (both in the virtual representation and the physical reality). A unique challenge that 

arises in the consideration of a Digital Twin is that by definition the Digital Twin represents a single instance of a physical 

system, therefore the set of information available to calibrate the Digital Twin is the same set of information available to 

validate the Digital Twin. One could consider the use of the calibrated computational models to forecast future states of 

the physical system.  These forecasts could then be compared with the actual measured states at that future point in time, 

giving an idea of the Digital Twins accuracy. But as the physical system changes over time, the models are continually 
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being updated and therefore the associated uncertainty will be ever-changing, so any determination of Digital Twin 

accuracy based on model forecasts would be a lagging metric. 

Finally, while Digital Twins are perceived to have many potential benefits, a common challenge in evaluating Digital 

Twins is practical and quantitative demonstration of their business value. This is often because they align with an existing 

process that may already provide a majority of the overall business value and the advantage the Digital Twin provides is 

the digitalization of that process to provide further efficiency or automation, which may be difficult to quantify. Also, 

another perceived benefit provided by a Digital Twin is as a type of insurance, reducing risks and costs during emergency 

scenarios which may only occur in rare instances. Finally, as a Digital Twin is intended for use during the entire life of 

the asset, the accumulated benefits may take time to observe and quantify. Developing appropriate key performance 

indicators that can quantify this value will aid greatly in further Digital Twin development and adoption. 

 

6.3 Concluding Remarks 

The various contributions of this dissertation and the above future work recommendations are directed toward the 

continued advancement of both the understanding and successful implementation of Digital Twins. As the use of Digital 

Twins expands to new domains and becomes more prevalent, a clear and concise understanding of a Digital Twins 

definition and its results will be critical in supporting an effective decision-making process. The importance of 

incorporating and quantifying uncertainties in the Digital Twin process will only continue to increase as Digital Twins 

are applied to new and more challenging domains.  Therefore, the methodologies applied to Digital Twins will also need 

to continue to evolve to address these challenges and continue to support meaningful, risk-informed, and effective 

decision-making. 
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