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Chapter 1

Introduction

Motivated by their continuous dimension theory, Murray and von Neumann introduced the
notion of z-by-t matrix over a II; factor .#, for any positive real number ¢t > 0, [MvN43]. This is
a II; factor denoted by .#" and called the 7-amplification of .. When ¢ < 1 this the isomorphism
class of p.# p for a projection p € .4 of trace T(p) =t and when 1 < ¢ it its the isomorphism
class of p(M,,(C) @ .4 )p for an integer n with /n < 1 and a projection p € M,(C) ® .4 of trace
(Tr, ® T)(p) = t/n. One can see that up to isomorphism the .#" does not depend on n or p but
only on the value of 7.

The fundamental group, .% (.#), of a II; factor . is the set of all # > 0 such that .#' = # .
Since for any s,¢ > 0 we have (.Z*)" = .#*' then one can see .7 (. ) forms a subgroup of R,.. As
the fundamental group is an isomorphism invariant of the factor, its study is of central importance
to the theory of von Neumann algebras. In [MvN43] Murray and von Neumann were able to show
that the fundamental group of the hyperfinite II; factor % satisfies .7 (#) = R... This also implies
that # (.#') = R for all McDulff factors .# . However, besides this case no other calculations were
available for an extended period of time and Murray-von Neumann’s original question whether
F (M) could be different from R for some factor .# remained wide open (see [MvN43, page
742] and the discussions in [P020]).

A breakthrough in this direction emerged from Connes’ discovery in [Co80] that the fundamen-
tal group of a group factor .# (.Z(G)) reflects rigidity aspects of the underlying group G, being
countable whenever G has property (T) of Kazdhan [Kaz67]. This finding also motivated him
to formulate his famous Rigidity Conjecture in [Co82] along with other problems on computing
symmetries of property (T) factors—that were highlighted in subsequent articles by other prolific
mathematicians [Co94, Problem 2, page 551], [Jo0O, Problems 8-9] and [Po13, page 9]. Further

explorations of Connes’ idea in [Po86, GN87, GG88, Po95] unveiled new examples of separa-



ble factors .# with countable .7 (.# ), including examples for which .% (.#') contains prescribed
countable sets. However despite these advances concrete calculations of fundamental groups re-

mained elusive for more than two decades.

The situation changed radically with the emergence of Popa’s deformation/rigidity theory in
early 2000. Through this novel theory we have witnessed an unprecedented progress towards
complete calculations of fundamental groups. The first successes in this direction were achieved
by Popa and include a series of striking results: examples of factors with trivial fundamental group
[PoO1] which answers a long-standing open problem of Kadison [K67] (see [Ge03, Problem 3]);
examples of factors that have any prescribed countable subgroup of R, as a fundamental group
[Po03]. An array of other powerful results on computations of fundamental groups were obtained
subsequently [IPP05, PV06, 1006, Va07, PV08, Ho09, IPV10, BV12]. Remarkably, in [PVOS] it
was shown that many uncountable proper subgroups of R can be realized as fundamental groups

of separable II; factors.

However, despite these impressive achievements, significantly less is known about the funda-
mental groups of property (T) factors as the prior results do not apply to these factors. In fact
there is no explicit calculation of the fundamental group of any property (T) factor available in
the current literature. In section 5 we make progress on this problem by providing examples of
property (T) icc groups G whose factors .Z’(G) have trivial fundamental group. In particular the
result advances [C0o94, Problem 2, page 551] and provides the first group examples satisfying the

last conjecture on page 9 in Popa’s list of open problems [Po13].

The first class of groups studied in 5 I arise as a minor variant of a construction introduced
by Valette in [Va04]. We briefly describe this construction for readers’ convenience. Denote by H
the division algebra of quaternions and by Hy its lattice of integer points. Let n > 2. Recall that
A, = Sp(n, 1)y is a lattice in the rank one connected simple real Lie group Sp(n, 1) by [BHC61].
Observe that Sp(n, 1) acts linearly on H"*! 2 R**+1) in such a way that A, preserves (Hyz)" ! =

7t For every n > 2, set I, = Z*"t1) x A,,. Throughout this document, we denote the class of



these groups by V. For I', € V, we denote by .#, = .Z(I,,). In combination with Gaboriau’s £2-
Betti numbers invariants [Ga02] and Popa—Vaes’s Cartan rigidity results [PV12] we obtain that the
countable family of type II; group factors (£ (I'y)),>2 with property (T), with trivial fundamental
group, that possess a unique Cartan subalgebra up to unitary conjugacy, and that are pairwise stably
non-isomorphic. We also show that products of finitely groups in class V give rise to property (T)
type II; factors with trivial fundamental group. Our proof relies on the same strategy developed in

the seminal papers by Popa and Vaes [PV11, PV12] to show that .# (L*(X) x F,) = 1.

Theorem 1.0.1. [CDHK20, Theorem A] For every n > 2, let '), = ZAY) e A, €V, and M, =

Z(Ly). The following properties hold true.

(i) Foreveryn> 2, .#, has trivial fundamental group.
(ii) The type 1) factors (My)n>> are pairwise stably non-isomorphic.

iii) Assume that 'y, € V and I' =T, x ... x T, where n; > 2 for all i. Then the fundamental

group satisfies F (£ (I')) = {1}.

The second class of groups studied in 5 G were first introduced in [CDK19] and rely on a
Rips construction in geometric group theory developed by Belegradek and Osin in [BO06]. For
convenience we briefly recall this construction. Using results from [Os06], it was shown in [BO06]
that for every finitely generated group Q one can find a property (T) group N such that Q embeds
as a finite index subgroup of Out(N). This gives rise to an action ¢ : Q — Aut(N) such that the
corresponding semidirect product group N X Q is hyperbolic relative to {Q}. When Q is torsion
free one can pick N to be torsion free as well and hence both N and N x4 Q are icc. Moreover,
when Q has property (T) then N x5 Q has property (T). Throughout this article this semidrect
product N x & Q will be called the Belegradek-Osin Rips construction and denoted by Rip(Q). Our
examples arise as fiber products of these Rips constructions. Specifically, consider any two groups
Ni X6, Q,N> X5, Q € Rip(Q) and form the canonical fiber product G = (N; X N2) x5 Q where
o = (01, 0,) is the diagonal action. Notice that G has property (T) and the class of all these groups

will be denoted by 8(Q).



Developing a new technological interplay between methods in geometric group theory and
Popa’s deformation/rigidity theory which continues prior investigations in [CDK19] we show that
the factors associated with groups in class 8(Q) have trivial fundamental group. Specifically, using
various technological outgrowths of prior methods [Po03, Oz03, IPP0S5, 1006, IPV10, Iol1, PV12,

CIK13, KV15, CD19, CDK19] we are able to show the following more general statement:

Theorem 1.0.2. [CDHK?20, Theorem B] Assume that Q1, Q», P, P> are icc, torsion free, residually
finite, hyperbolic property (T) groups. Let Q = Q1 X Q> and P = Py X P, and consider any groups
(N1 X N2) x Q € 8(Q) and (M) x My) x P € 8§(P). Let p € P(L(M; x My) x P) be a projection
andlet ® : Z((N} X N2) X Q) — pZ((M; x Ma) X P)p be a x-isomorphism.

Then p = 1 and one can find a x-isomorphism, ©; : £(N;) — £ (M;), a group isomorphism
0 : Q — P, a multiplicative character 1 : Q — T, and a unitary u € UW(Z((M) X M) x P)) such
that for all y € Q, x; € £ (N;) we have that

O((x1 ®x2)uy) = N(Y)u(O1(x1) @ O2(x2)v(y) Ju"

In particular, if we denote by G = (N1 X Np) x Q then the fundamental group satisfies F (£ (G)) =
{1}.

Concrete examples of countable families of pairwise non-isomorphic property (T) II; fac-
tors emerged from the prior fundamental works of Cowling-Hageerup [CH89] and Ozawa-Popa
[OP03]. Additional examples were obtained more recently, [CDK19]. Since .7 (.#) is countable
whenever .# is a property (T) factor [Co80, CJ85], it also follows there exist continuum many
pairwise mutually non-isomorphic property (T) factors. But, however, no explicit constructions of
such families exist in the literature till date. The main Theorems A and B canonically provides

such examples.

Corollary 1.0.3. [CDHK20, Corollary C] For any G=N x Q € 8(Q) or G = G| X ... X G, with
Gi €V, the set of all amplifications { £ (G)" : t € (0,)} consists of pairwise non-isomorphic II,

factors with property (T).



While Connes’ rigidity conjecture motivated to great effect a significant portion of the main
developments in Popa’s deformation/rigidity theory [Po03, Po04, Iol1, IPV10], no example of
a property (T) W*-superrigid group is known till date. The first hard evidence towards Connes’
conjecture was found by Cowling and Haagerup in [CH89], where it was shown that uniform
lattices in Sp(n,1) give rise to non-isomorphic factors for different values of n. Later on Ozawa
and Popa were able to show in [OP03] that for any collection {G,}, of hyperbolic property (T)
groups (e.g. uniform lattices in Sp(n, 1)) the group algebras {.Z(x"_,G;)}, are pairwise non-
isomorphic. However, little is known beyond these two classes of examples. Moreover, the current
literature offers an extremely limited account on what algebraic features that occur in a property
(T) group are completely recognizable at the von Neumann algebraic level. For instance, besides
the preservation of the Cowling-Haagerup constant [CH89], the amenability of normalizers of
infinite amenable subgroups in hyperbolic property (T) groups from [OP07, Theorem 1], and the
direct product rigidity for hyperbolic property (T) groups from [CdSS15, Theorem A], [CU18,
Theorem A] very little is known. Therefore in order to successfully construct property (T) W*-
superrigid groups via a strategy similar to the ones used in [IPV10, BV12, B13, CI17] we believe
it is imperative to identify new algebraic features of property (T) groups that survive the passage
to the von Neumann algebraic regime. Any success in this direction will potentially hint to what

group theoretic methods to pursue in order to address Connes’ conjecture.

Motivated the aforementioned problem, in [CDK19] we showed that the semidirect product
feature of groups in class . (Q) described above is completely reconstructible at the von Neumann

algebra level. More precisely, we showed the following:

Theorem 1.0.4 (Theorem 4.0.1). Let Q = Q1 X Qo, where Q; are icc, biexact, weakly amenable,
property (T), torsion free, residually finite groups. For i = 1,2 let N; X5, Q € Rips7(Q) and denote
by T' = (N} X N») X Q the semidirect product associated with the diagonal action 6 = 6] X 0y :
Q ~ Ny X N,. Denote by # = £ (') be the corresponding Il factor. Assume that A is any
arbitrary group and © : £(I') — L(A) is any x-isomorphism. Then there exist groups action

by automorphisms H % K; such that A = (K| X Kp) Xt H where T=17 X T : H ~ K| X K3

5



is the diagonal action. Moreover one can find a multiplicative character n : Q — T, a group
isomorphism 8 : Q — H and unitary w € £ (A) and *-isomorphisms ©; : £ (N;) — £ (K;) such

that for all x; € L(N;) and g € Q we have

O((x1 ®x2)ug) = N(g)w((O1(x1) ®O(x2))vs () W™ (L.1)

Here {uy : g € Q} and {vy,: h € H} are the canonical unitaries implementing the actions of

0N ZL(N)RZL(Ny) and H ~ L (K)RZ(K2), respectively.

In fact, the above theorem hinted at lurking rigidity properties of group factors arising from
groups in class .(Q). This was one of the main motivations for studying symmetry groups of
these factors in [CDHK?20]. We detail the proof of Theorem 1.0.4 in section 4.

The contents of this thesis are based on the joint works [CDK19] and [CDHK20].



Chapter 2
Preliminaries

In this chapter, we introduce and collect facts about several topics in von Neumann algebras

which will be used throughout this thesis.

2.1 von Neumann Algebras
2.1.1 Definitions

In this section we discuss the notion of von Neumann algebra. One can think of von Neu-
mann algebra as “non commutative analogue of measure space” as the commutative von Neumann

algebra corresponds to measure spaces.

Definition 2.1.1. Let 7 be a Hilbert space. The locally convex topology on A(.7), defined by
semi norms {7 — [(T(§),N)|}¢ new is called weak operator topology (WOT). Equivalently, the
weak operator topology has the basis of open sets Ur 4 p ¢ indexed by T € (), finite subsets

A,BC ¢ and € >0

Urape:= N {S€B(A): [(S(n),5)—(T(n),{)| <e}.
neaA,feB

The strong operator topology (SOT) on #(s7) is the locally convex topology defined by the
family of semi norms {7 — || T(§)||}¢c.». Equivalently, the strong operator topology has the

basis of open sets Ur 4 ¢ indexed by T € Z(), finite subset A C ¢ and € > 0
Uraei= 01S€B(6): IS -T(m)]| <e}.

In particular one can think of the WOT and SOT as follows: If we have a net (7;); in B(5),



then 7; — T in WOT if and only if for all n,{ € 7

(Ti(n), &) = (T(m), ).

Similarly, 7; — T in SOT if and only if for every n € 7,

ITi(m) =T (n)|[ = 0.
Remark 2.1.2. Since an operator T € (.7) is normal if and only if [|T(§)|| = ||T*(&)]| for all
& € A, the adjoint operator is SOT-continuous on the set of normal operators.

Lemma 2.1.3. Let ¢ : B() — C be a linear functional. Then the following are equivalent;

1. There exists &1,Ep, -+ En, M1, M2, -+ ,NMn € H such that §(T) = Y7 (T(&),n:), forall T €

2. ¢ is WOT-continuous.
3. @ is SOT-continuous.

Proof. The implication 1. = 2. and 2.= 3. follows from the definition. We need to show 3. =-1.
Suppose ¢ is SOT-continuous. The inverse image of open ball in C is open in SOT and hence by

considering the semi norms which defines the topology we have that there exists a constant K > 0

and &1, &y, -+ &, € A such that,
2 - 2
@(T)]> <K Y [IT(E)]*
i=1
If we consider {@}_,T(&;): T € B(H)} C A", and let 74 be its closure, we have that,
ST (&) = o(T)

extends to a well defined, continuous linear functional on .74, and hence by Riesz representation

8



theorem, there exists 1y, -+, N, €  such that

o(T) = i<r<éi>,ni>

1

forall T € B(). O
Corollary 2.1.4. Let 7 be a Hilbert space and K C ¢ be a convex subset then kT —g"on,

Definition 2.1.5. A von Neumann algebra (over a Hilbert space ¢) is a x-subalgebra of (. 7¢)

which contains 1 and is closed in the weak operator topology.

Remark 2.1.6. Since subalgebras are convex, it follows from corollary 2.1.4 that von Neumann

algebras are also closed under strong operator topology.
Following lemma is a corollary of Lemma 2.1.4
Lemma 2.1.7. Let A C B(H) be a von Neumann algebra. Then (A); is compact in the WOT.

If B C B(H), the commutant of B (denoted by B') is defined as follows,
B :={T € #(): TS=ST forall S € B} (2.1)

We also use the notation B” = ((B)’)’ for the double commutant of B.
Theorem 2.1.8. Let A C B(H) be a self-adjoint set. Then A is a von Neumann algebra.

Proof. We can see that A’ is a self adjoint algebra containing 1. All we need to check is that A’
is closed under WOT. Let (x;); be a net in A’ such that x; — x € (). Then for any a € A and

&,m € ', we have
<[X7a]§777> = <xa€7n> - <aX§>77>

= <‘1X§;77> - <x€>a*n>

ISOT closure and WOT closure respectively




~ i) G 1) =€) =
[

Corollary 2.1.9. A self adjoint maximal abelian subalgebra A C B() is a von Neumann alge-

bra.
Proof. Since A is maximal abelian, we have A = A’. O

Lemma 2.1.10. Suppose A C B(H) is a self adjoint algebra containing 1. Then for all & € A,

and x € A" there exists x; such that lim ||(x —x;)&|| = 0.
i—yo0

Proof. Consider the closed subspace % := E , and denote by p the projection onto this subspace.
Since for all a € A we have a#” C ¢, it follows that ap = pap. But since A is a self adjoint it
then also follows that for all @ € A we have pa— (a*p)* = (pa*p)* = pap = ap, and hence p € A'.

We therefore have xp = xp? = pxp and hence x.# C % . Since 1 € A it follows that & € A and
hence also x§ € % O

Theorem 2.1.11 (von Neumann’s double commutant theorem). Suppose A € B(H) be a self

adjoint algebra containing 1. Then A” = AVOr,

Proof. BY Theorem we have A” is closed in the weak operator topology, and we have A C A”. We
need to show that A” is dense subset of A in the WOT.

Let &,---,&, € 57 and x € A” and consider the subalgebra A of B(H#") = M,,(B(H))
consisting of matrices with diagonal coefficients contained in A. Then the diagonal matrix whose
diagonal entries are x is in A”. Hence by Lemma 2.1.10 there exists a net (x;) in A such that

lim||(x —x;)&;|| = 0 for all 1 < j < n. This shows that A” C A is dense in SOT. O
11—

Corollary 2.1.12. Let A C B(H) be a self adjoint algebra. Then A is a von Neumann algebra if

and only if A =A".

10



2.1.2 Examples

2.1.2.1 Abelian von Naumann algebra

In this subsection we will be looking at examples of von Neumann algebras. First we would

like to take a look at the abelian case.

Proposition 2.1.13. Let (X, i) be a o-finite measure space. Viewing L*(X,u) C B(L*(X,u)) as

multiplication operators. Then L™ (X, ) = L*(X, ), i.e. L*(X, 1) is a von Neumann algebra.

Proof. Let us assume that ( is a probability measure. Then we get L= (X, 1) C L*(X,u)’. To show
the other inclusion, suppose 7' € L*(X,u)’. Define f = T(1). We claim that f € L*(X,u) and

| flle < ||T||- We have,

18fll2 =187 (Dll2 =T (Il < [lgll2/I Tl

for all g € L=(X, ). Suppose that , € >0 and u{x € X : |f(x)| > ||T||+ €} > 0. Let f = | f]

where @ is a measurable function and [@| = 1 a.e. Set ¢ = XX (ex:|f(x)|>|T|+e}- Then,

(Tl +e)ufxe X : |f(x)| > [T|+€}2 < fella < IglLlITl = p{x € X : [£(x)] > |TI| +¢} gl

Which is a contradiction, so we have || f]|< < ||T||.
Now let i be a o-finite measure. Then one can fine ¢ € L' (X, 1) such that , 0 < ¢(x) < o for

almost every x, and

[owduew =1.

Set v = ¢du. Define
U:L*(X,u) — LX(X,v), V:L*(X,v) = L*(X,u)

as,

U(f) =02 and V(f) = f9?

11



U,V are isometries and inverse to each other. Hence U is unitary. For f € L= (X, u) =L"(X,Vv),§ €
L>(X,u) we get,
U(fe)=ru(g)

As, Vv is a probability measure, by previous case we have L”(X,v)" = L*(X,v). Pulling this
identity back vis U we get,

L*(X,p) = L>(X, )

This is indeed the case. We would like to mention the following theorem,
Theorem 2.1.14. Let of C HB(I) be a separable abelian von Neumann algebra, then there exists
a separable compact Hausdorff space K with a Radon probability measure i on K such that </
and L= (K, W) are x-isomorphic.

2.1.2.2 Tracial von Neumann algebra

Definition 2.1.15. A tracial von Neumann algebra is a pair (M, T) where 7 is a linear functional

on M satistfying following,
1. 7(1) = 1.
2. t(x*x) > 0and 7(x*x) = 0 if and only if x = 0.
3. 7(xy) = T().
4. tisnormal, i.e. | ep|x|<1) is WOT continuous.

Given a tracial von Neumann algebra, we define the following inner product on M :

(x,y) =1(y"x)

for x,y € M. Denote L>(M,1) = M" be the Hilbert space completion of M with respect to this

inner product. Define a x-representation A : M — L?>(M, T) and a *-anti-representation p : M —

12



L*(M,7) by,

A(x)y = xy, p(x)y =yx for x,y € M

Now we verify that p and A are bounded function (L> — L? bounded). For y € M we have,

()" (xy) = y*x*xy < [lx]|*y*y

[leyll2 < [lxlHIyll2

Hence,
lyx[13 = 7(x*"y*yx) = T(yxx"y*) (traciality)
2 2 2 2
< [lxlF ™) = lIxIFt (") = [Ix[I7[lyll2

Which shows that A and p are bounded.

Define the operator J : L?>(M,t) — L?>(M, T) densely by

J(x):=x" forxeM

By traciality we see that ||J(x)||2 = ||x||2> for all x € M, hence J extends to a conjugate linear

isometry to L*>(M, 7).

Theorem 2.1.16. Let (M, T) be a tracial von Neumann algebra. Let A, p be the representation and

anti-representation defined above. Then,

Proof. 1. We have A (x)p(y)a = p(y)A(x)a for all x,y,a € M. From density it follows that p(M) C
AM).

For the other inclusion let 7 € A(M)'. To show thet T € p(M) it suffices to show that T

13



commutes with all S € p(M)’ (by double commutant theorem). Set & = T'(1), then for all x € M,

(T7°(1),x) = (1,T(x)) = (1LA(x)g) = (¥, ) = (J&,x)

Hence T'(x) = A(x)& and T*(x) = A(x)J&. Similarly we can get 1 such that S(x) = p(x)n and
§*(x) = p(x)Jn for any x € M.

For any x,y € M we have

(TS(x),y) = ($x), T°(y)) = (PN, A(y)JS) = (A )p ()N, J&) = (A(y")n,p(x")J )

as p(M) C A(M)'. We get,

(TS(x),y) = (A(x)&,p(y)In) = (T (x),8"(v)) = (ST (x),y)

This completes the proof for other inclusion. 0

2.1.2.3 Group von Neumann algebra

Let I' be a countable discrete group. Define left regular and right (anti) regular representation

as,

AT — % (£°T)
p:T — % (°T)
by
(A(g)f)h:=f(g ') 2.2)
(p(g)f)h:= f(hg™") (2.3)

14



Let .ZT be the von Neumann algebra generated by A(I') and ZI" be the von Neumann algebra
generated by p(I"). Define,

7: 2I'=C 2.4)

by T(x) := (x8g, &).

Theorem 2.1.17. The pair (T, 7) is a tracial von Neumann algebra with £T" = ZI. Let,

L={Ecl’T: Exfel’ forall f €T} (2.5)

R={Ecl’T: f«Ecl°T forall f € ’T} (2.6)

forE € L. € R and f € (°T define,

AG)f=ECxfandp(n)f:=f*n (2.7)

Then A (&) and p(n) are bounded. Furthermore,

LT ={AE):E LY and BT = {p(E): E € B} 2.8)

and the map

L —<T
& —A(E)

is a bijection with ||& ||, = || A (&)]|2.

Proof. Tt is clear from the definition that T € ZT™, is WOT continuous and 7(A(g)A(h)) =

T(A(h)A(g)) forall g,h € I'. Let x,y € ZT, then there exists nets (x;), (y;) in span{A(g): g €T’}
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such that x; — x,y; — y in WOT. From WOT continuity of 7, we get
T(xy) = lim 7(x;y;) = im 7(y;x;) = T
() = lim 7(xiy;) = lim z(y;x) = 7(yx)

From the definition we have 7(x*x) = ||x&,|[3, i.e. T(x*x) > 0 for all x € £T. Suppose 7(x*x) =0

for some x € ZT. One can see from the definition and WOT that p(T") C .Z(T")’. Hence ,

I8 ll2 = [lx0(8)ell2 = [P (g)x0ell2 = O

as ||x8||2 = O by assumption. Since Span{, : g € I'} is dense in £°T’, we get x = 0. Hence 7 is
faithful. Since,

T(A(h)~'A(g)) = (8, ),

We get a ZT-equivariant unitary U : L>(£T, t) — £*T by,
UA(g)):=0,Vgel (2.9)

After identifying L?(£T, T) with £2T" via U we get p(A(g)) = p(g). Thus, ZT" = %I by Theorem
2.1.16. The fact that A(&), p(n) are bounded for & € £ and for n € Z follows from closed graph
theorem. Let x € £T, set & = x(J,),

x(8g) =x(p(8)8e) = p(8)x(8e) = & * .

Hence x(f) = & * f for all f € C.(T). Let f € £’T, choose f, € C.(I") with,

fn—fll2 — 0. By

Fatou’s lemma,

16+ fll2 < Timinf |G fol|2 < Timinf |lx[|[|£u[l2 = [l |l f1l2
n—oo n—oo

Thus for & € 2, A(E)(f) = limy—eA(E) f = limyex(fy) = x(f). SO x=A(&) and ||€]3 =
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813 = [l3-

It remains to show that A (&) € £T for all £ € .£. By double commutant theorem it is enough
to show that A (&) commutes with ZTI'. Since ZT is generated by p(I'), it is enough to show that
A (&) commutes with p(g) for all g € I', which is clear from the fact that A (&) is left convolution
by & and p(g) is right convolution by J,.

0

Let I be a countable discrete group, the the von Neumann algebra .Z’I" defined above is called
the group von Neumann algebra associated with the group I'.

A von Neumann algebra .7 is called a factor if it has trivial center i.e, .# N.#" = C.

Proposition 2.1.18. Let G be a countable discrete group. £G is a factor if and only if G is i.c.c.”

Proof. Suppose g € G\ {e}, such that €, := {h~'gh|h € G} is finite. Let x = Yies, k- Thenx ¢ C
and ug*xu, = x for all g € G. Hence x € £GN.ZG’ = C. Hence LG is not a factor.

Conversely, let G is i.c.c. Let x = Yocq Oty € Z(ZLG) — C. Then for all h € G we have,
YocG Qg = X = Up Xty = Yoe g1y = YgeG Opon—1Ug. Thus the Fourier coefficient for x

is constant in conjugacy class. Hence o = 0 for all g € G\ {e}. [l

2.1.3 Notations and Terminology

Throughout this document all von Neumann algebras are denoted by calligraphic letters e.g.
o, B, M, N, etc. Given a von Neumann algebra .# we will denote by U(.#) its unitary
group, by P(.Z) the set of all its nonzero projections and by (.#); its unit ball. Given a unital
inclusion 4" C . of von Neumann algebras we denote by /' N.A#Z ={xe€ .4 : [x, /] =0}. We
also denote by N (AN) = {u € W(A) : uVu* = A4} the normalizing group. We also denote
the quasinormalizer of .4 in .# by QN _,(./"). Recall that QN _,(.#") is the set of all x € .#
for which there exist x,xp,...,x, € .# such that #/'x C Y, x;./ and x4 C Y, A x; (see [P099,

Definition 4.8]).

2the conjugacy class ¢, := {h~'gh|h € G} is infinite for all g € G — {e}
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All von Neumann algebras .# considered in this document will be tracial, i.e. endowed with a
unital, faithful, normal linear functional 7 : M — C satisfying 7(xy) = 7(yx) for all x,y € .#. This
induces a norm on .# by the formula ||x||, = 7(x*x)'/2 for all x € .#. The |- ||>-completion of
A will be denoted by L?(.#). For any von Neumann subalgebra .4 C .# we denote by E 4 :
M — N the T-preserving condition expectation onto .4". We denote the orthogonal projection
from L?(.#) — L*(.4") by e_y. The Jones’ basic construction [Jo83, Section 3] for 4" C .4 will
be denoted by (A ,e_y ).

For any group G we denote by (ug)sec C U(F2G) its left regular representation, i.e. ug(8,) =
0n Where 8, : G — C is the Dirac function at {h}. The weak operatorial closure of the linear
span of {u, : g € G} in B(£>G) is called the group von Neumann algebra and will be denoted by
Z(G); this is a II; factor precisely when G has infinite non-trivial conjugacy classes (icc). If .#
is a tracial von Neumann algebra and G ~° .# is a trace preserving action we denote by .# x5 G
the corresponding cross product von Neumann algebra [MvN37]. For any subset K C G we denote
by Pk the orthogonal projection from the Hilbert space L>(.# x G) onto the closed linear span

of {xuy|x € .#,g € K}. When ./ is trivial we will denote this simply by Px.

All groups considered in this article are countable and will be denoted by capital letters A, B,
G, H, Q, N ,M, etc. Given groups Q, N and an action Q ~° N by automorphisms we denote by
N x5 Q the corresponding semidirect product group. For any n € N we denote by Stabg(n) = {g €
Q : 64(n) =n}. Given a group inclusion H < G sometimes we consider the centralizer Cg(H) and
the virtual centralizer vCg(H) = {g € G : |g/| < >}. We also denote by ((H)) the normal closure

of H in G.

2.1.4 Popa’s Intertwining Techniques

Over more than fifteen years ago, Popa introduced in [Po03, Theorem 2.1 and Corollary 2.3]
a powerful analytic criterion for identifying intertwiners between arbitrary subalgebras of tracial
von Neumann algebras. Now this is known in the literature as Popa’s intertwining-by-bimodules

technique and has played a key role in the classification of von Neumann algebras program via
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Popa’s deformation/rigidity theory.

Theorem 2.1.19. [Po03] Let (.# ,7) be a separable tracial von Neumann algebra and let &, 2 C

M be (not necessarily unital) von Neumann subalgebras. Then the following are equivalent:

1. There exist p € P(P),q € P(2), a x-homomorphism 0 : p P p — q2q and a partial isom-

etry 0 # v € q# p such that 6(x)v = vx, for all x € pZPp.

2. For any group ¢ C U(Z?) such that 9" = P there is no sequence (u,), C 9 satisfying

|E 2(xuny)||2 = 0, forall x,y € M.

3. There exist finitely many x;,y; € A and C > 0 such that ¥;||E o(xiuy;)||5 > C for all u €

If one of the three equivalent conditions from Theorem 2.1.19 holds then we say that a corner of
P embeds into 2 inside ./ , and write & <_, 2. If we moreover have that Zp’ <, 2, for any
projection 0 # p' € 2’ N1 .41 5 (equivalently, for any projection 0 # p’ € Z(P' N1 5.4 1p)),
then we write & <°,, 2. We refer the readers to the survey papers [Po07, ValOb, Io18] for recent
progress in von Neumann algebras using deformation/rigidity theory.

We also recall the notion of relative amenability introduced by N. Ozawa and S. Popa. Let
(., T) be a tracial von Neumann algebra. Let p € . be a projection, and let & C p.# p,and 2 C
. be von Neumann subalgebras. Following [OP07, Definition 2.2], we say that & is amenable
relative to 2 inside ./, if there exists a positive linear functional ¢ : p(.# ,e9)p — C such that
Olpup=7and ¢(xT) = ¢(Tx)forall T € 2 and all x € Z. If & is amenable relative to 2 inside
M, we write P <_y 2.

For further use we record the following result which controls the intertwiners in algebras arsing
form malnormal subgroups. Its proof is essentially contained in [Po03, Theorem 3.1] so it will be

left to the reader.

Lemma 2.1.20 (Popa [Po03]). Assume that H < G be an almost malnormal subgroup and let

G ~ A be a trace preserving action on a finite von Neumann algebra V. Let & C N x H be
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a von Neumann algebra such that & 4 _y wu N. Then for every elements x,x1,x3,...,x; € ¥ X G

satisfying Px C Zle x; ¥ we must have that x € N X H.

The following result is a mild generalization of [BV 12, Lemma 2.3]. For reader’s convenience

we include all the details in our proof.

Theorem 2.1.21. Let G be a group together H < G with a normal subgroup and assume that
G ~ (A, 7) is a trace preserving action on a von Neumann algebra (N, t). Consider A x G =
M the corresponding crossed product von Neumann algebra, assume that o/ C # (possibly
non-unital) and G C M, 41,,(2) a group of unitaries such that </,9” <*, N xH. Then
(FYG)” <, N xH.

Proof. Let Gy C G be a section for G/H. Also denote by & = .4 x H. Since «/,9" <*, 2,
then by [ValOa, Lemma 2.5], for all &1, & > 0 there exist K¢, ,Le, C G such that for all a € (%),
and b € (¥")1 we have 1) [|Pyg, (a) —all> < & and 2) ||[Pyr, () — |2 < &. Here for every
S C Gy, the map Pyg : L*(.#) — spanl I2{ Pu, : g € S} is the orthogonal projection. Also notice

that, for all x € .4, Pps(x) = ¥ E »(xu,1)us. In particular, for all x € .# we have,
SES

1P2s(x)[|eo < |S[|x[|ee and [|Pgg(x)[|2 < [x]|2- (2.10)
Now for all a € (&)1,b € (4"), we have

lab P, (@)Por, (B2 < llab~ P, (@b + P, (@b~ Pork,, (@Poor, B)]
< lla=Pory (@) 21l + [P, | lo= Py, B2 2:11)
< lla Py @)+ |Ke 15— Port, ()]

<&+ |Kg &2 (2.12)

So letting £y = € and & = @ we get that there exists K¢, L¢ finite subsets of the section G/H
1
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such that

lab — P (a)Por, (b)]| < 2. (2.13)

Since H <G, then there exist a finite set Fe C G such that |Fg| < |K¢||L¢| and Py, (Pok, (a)Por, (b)) =
Py, (a)Pypr,(b) for all a € U(),b € (4")1. Using this fact together with (2.13) we get that

|Por, (ab) — Pok, (a)Pspr, ()| < 2€ and combining with (2.13) again we get that

|ab — Por, (ab)|| < 2e. (2.14)

forall a € W(&),b € (9"),. Since (UW(H)¥Y)” = (/¥4)”, this already shows that (#¥)” < 2.
Next we argue that we actually have (@/9)” <* 2. To see this fix p € (FY) N1 yyygn M yyagr.
Then there exists a finite set G¢ C Gy such that

3

. (2.15)
|K8||L£\

lp =Pz, (Pl <

Combining (2.15) and (2.14) we get that

labp = Por,(ab)Poa, (p)l| < ||labp — Por, (ab)pl| + || Por, (ab)p — P, (ab)Poc, ()|
< llab = Por, (ab) |2||pllw + [[PzE (ab) ||| p = P, (P)l]2
£

Again there exists a finite set 7; C G such that Py, (Por, (ab)Psg, (p)) = Por,(ab)Pyg, (p) and
|Te| < |Fe||Gel|. Using this and (2.16) we get that ||abp — P71, (abp)|| < 10€ forall a € U(<7),b €
¢. This shows that (&/¥¢)” <, 2, as desired. O

We end this section by highlighting a straightforward corollary of Theorem 2.1.21 that we will

be very useful in the sequel.

Corollary 2.1.22. Let H << G be a normal subgroup of G and G ~ (N, T) be a trace preserving
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action on a tracial von Neumann algebra (N, 7). Let M = N X G. Assume that </, B C M are

commuting *-subalgebras such that o/ <°, N xH and % <°, N xH. Then 4\ B <°, N X H.

Proof. Follows from Theorem 2.1.21 by letting ¢ = U(%A). O

We continue with the following intertwining result for group algebras which is a generalization
of some previous results obtained under normality assumptions [DHI16]. For reader’s convenience

we also include a brief proof.

Lemma 2.1.23. Assume that H\,Hy < G are groups, let G ~ .4 be a trace preserving action on a
tracial von Neumann algebra A and denote by # = A X G the corresponding crossed product.
Also assume that o/ <* A x Hy is a von Neumann algebra such that </ <_j; A X H,. Then one

can find h € G such that o/ <_; AN x (Hy NhHyh™ ).

Proof. Since of <* 4 x H| then by [ValOa, Lemma 2.6] for ever € > 0 there exist a finite subset
S C G such that ||Psg,s(x) —x||2 < € for all (x € &7);. Here for every K C G we denote by P the
orthogonal projection from L?(.#) onto the closure of the linear span of .4’ ug with g € K. Also
since &7 <_y A x H, then by Popa’s intertwining techniques there exist a scalar 0 < 8 < 1 and a
finite subset 7 C G so that || Prg,7(x)||2 > 0, for all x € (27);. Thus, using this in combination with
the previous inequality, for every x € U(<7) and every € > 0, there are finite subsets S,7 C G so that
| Pra,1 o Pspys(x)||2 = 8 — €. Since there exist finite subsets R,U C G such that TH,T NSH;S C
U(UrerHy NrH1r~'))U we further get that 1Py (0, ertisrtn —1yyu (X)[|2 = 8 — €. Then choosing
€ > 0 sufficiently small and using Popa’s intertwining techniques together with a diagonalization
argument (see proof of [IPP05, Theorem 4.3]) one can find r € R so that &7 < A" x (H, NrH| r_l),

as desired. O]

In the sequel we need the following three intertwining lemmas, which establish that under cer-
tain conditions, intertwining in a larger algebra implies that the intertwining happens in a ”smaller

subalgebra”.

Lemma 2.1.24. Let o/, 8 C N C M be von Neumann algebras and assume that there is a group

GC N y() such that G' = #. If B <y A then B <_y .
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Proof. Since A <_, </ then by Theorem 2.1.19 one can find x1,x3...X,,y1,V2,..-,Yn € # and
¢ > 0 such that Y, |E/ (xiby:)||3 > ¢, for all b € % (9B). Since G” = .4 then using basic || - ||2-
approximation for x; and y; and shrinking ¢ > 0 if necessary one can find g1, g2, ..., 81, h1,h2,....,h; €

G and ¢’ > 0 such that for all b € % (%) we have

1

n

|1E (8ibhi) |13 = ¢’ > 0. 2.17)
=1
Also since G normalizes <7 we see that E/(g;bh;) = Eg gt (gibhi) = giEo/(bhigi)g;. This com-
bined with (2.17) and & C A give 0 < C' < Y!_ | |[Es(bhigi)|3 = X/ |Eor 0 E_y (bhigi)||3 =
Y. [IEws (BE v (higi))||3 for all b € % (). Since E 4 (h;g;) € 4 then using Theorem 2.1.19 this

clearly shows that 8 < _, <. O

Lemma 2.1.25. Let Q be a group and denote by diag(Q) = {(q,q) |q € Q} the diagonal subgroup
of Q@ X Q. Let o be a tracial von Neumann algebra and assume that (Q X Q) ~\° & is a trace
preserving action. Let 8 C </ be a regular von Neumann subalgebra which is invariant under the

action ©. Let 9 C of 1 diag(Q) be a subalgebra such that 7 < 7, .(ox0) & X ¢ diag(Q) . Then

9 <Jz%><1(;diag(Q) » >4Gdiag(Q)'
Proof. In this proof, we let .4/ = o/ x4 (Q x Q), and .# = o/ x4 diag(Q). By Theorem 2.1.19,
there exist x;,y; € #,i=1,...,n and ¢ > 0 such that:

Y I Egdiag(o) (xidvi) || > ¢ for all d € % (2). (2.18)
i=1

Since (Q x Q) = (Q x 1) xp diag(Q), where p is the action of diag(Q) on (Q x 1) by conjugation,
we can || - ||o-approximate x;’s (resp y;’s) inside the equation 2.18 by finite linear combinations of
the form Y7 | ug, 2k, (resp Y01 | 2xitg,) Where gx € (Q x 1) and zx € .# . Thus, shrinking ¢ > 0 in

2.18, if necessary, we can assume that there exists finitely many g;,h; € (Q x 1) , z;,t; € .# and
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¢ > 0 such that:

n

Y E s diag(0) (gizidtiuy,)||* > ¢ > O for all d € % (2). (2.19)
i=1

The previous equation further implies that for all d € % (Z) we have

0<c< Z HE%’xdiag(Q) (ugizidtiuhi) H% + Z ”E%Ndiag(Q)(ugizidtiuhi) H% (2.20)
1 J

where I :={i€1,n|gi#1,hj#1},andJ:={i € 1,n|g; =1 or hj = 1}. Let P,, 4, be the orthogo-
nal projection onto the closed subspace 5panl 12 {u,,.# uy, }. Note that ug,zidtiup, € span{ug,..a# uy,}

and therefore
Z HE@Mdiag(Q) (”gizidtiuhi) ||% = Z HE%’Mdiag(Q) © Pg,u///hi (”gizidtiuhi) ||% (2.21)
I I

A direct calculation shows that Eg,giagdiag(0) © Pei. i (2) = Poa(diag(0))ngidiag(0)hi) (z), where Py (diag(0))ngidiag(Q)hy)
is the orthogonal projection onto the closed subspace span{Ag|g € gidiag(Q)h;Ndiag(Q)}. Now
if g;diag(Q)h; Ndiag(Q) # 0 one can find r;,s; € diagQ) such that i; = r;g; 's;. Thus g;diag(Q)h; N
diag(Q) = (g:diag(Q)g; ' Ndiag(Q))s;. We now claim that g;diag(Q)g; ' Ndiag(Q) = diag(%p(g:))s
where % (g;) is the centralizer of g; in Q. To see this, let (k,k) € gidiag(Q)g; ' Ndiag(Q). Then
there exists (v,v) € diag(Q) such that (g;,1)(v,v)(g; ', 1) = (k,k). This clearly implies that v = k

and g;kg; ' — k, thereby establishing the claim.

Therefore we have that g;diag(Q)h; Ndiag(Q) = diag(€p(g:))s: and hence Pp(giag(0))ng:diag(0)h;) (2) =

i
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Pepdiag(4y(g)s:(2) = EBm(diag(%Q(g,-))(Z”sgl )us,. Using equation 2.21 we get

Y NIE 5 ding(0) e zidtiun ) |15 = Y 1 Poagidiag(0)hindiago)) (e Zidtiun, ) |13
iel i
2
= Z |’E,93><1diag(‘€g(g,~)) (”gizidti(uriglflsi)uslfl )usi H2
1

=Y |’E95’>4diag(%”Q(gi))(Mgizidtiriuglfl)H% =Y g, E 5 xding (6 (5:)) (2icltiT ) g1 [
1 i

= Y N Egudiag(#,(e)) @iddtir) |15-
1

Combining this with (2.20) and using & C .o/ we see that for all d € % (Z) we have

0<c< Z HE,%’Ndiag(Q)(ugizidtiuhi) ”% + Z HE,%’xdiag(Q) (”giZidtiuhi> H%
1 J

<Y Egwding(4,(0)) @idtir) I3+ Y, ”E,%’xdiag(Q)(Zidti”hi)H%+‘ Y IEzuding(0) (tg,idt) |13

icl ie).gi=1 il =1
=Y |EBdiag(%p(g:)) (2idliri) I+ Y | E % diag(0) (ZiA4E o7 wdiag(0) (n;)) &
icl ie).gi=1

+ Z ||E%><1diag(Q) (E;z%xldiag(Q) (ugi)zidti) H% - Z ||E9§’>4diag((5Q(gi)) (Zidtiri) H%
icJ hi=1 icl

2
+ Y Ezudiago) (zidt)l3-
el gi=1hi=1

Using Theorem 2.1.19 again then above inequality establishes that & < ./ diag(0) £ X diag(Q), as

desired. O]

Lemma 2.1.26. Let ¢ C B and N C M be inclusions of von Neumann algebras. If o C N QP

is a von Neumann subalgebra such that &/ < ;55 M C then < y55 N QF.

Proof. By Theorem 2.1.19 one can find x;,y; € .#®%, i = 1,k and a scalar ¢ > 0 such that

n
Y E saw (xiay)||* > c foralld € % (). (2.22)
i=1
Using || - ||o-approximations of x; and y; by finite linear combinations of elements in ./# ®q1 %
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together with the .Z ® 1-bimodularity of E , 3, after increasing k and shrinking ¢ > 0 if neces-
sary, in (2.22) we can assume wlog that x;,y; € 1 ® %. However, since &/ C .4 ®Z then in this
situation we have E s« (xiayi) = E 454 °E ya5(xiayi) = E_yae¢(xiay;). Thus (2.22) combined

with Theorem 2.1.19 give &7 <_y 54 A ®F, as desired. O

In the sequel we need the following (minimal) technical variation of [CI17, Lemma 2.6]. The

proof is essentially the same with the one presented in [CI17] and we leave the details to the reader.

Lemma 2.1.27 (Lemma 2.6 in [CI17]). Let &, 2 C .# be inclusions of tracial von Neumann
algebras. Assume that QNF;/) (P)=Pand 2 is all| factor. Suppose there is a projection z € Z( )

such that 7z <* 2 and a projection p € Pz such that p P p = p2p. Then one can find a unitary
u € M such that uPzu* = r2r where r = uzu* € P(2).

The next lemma is a mild generalization of [IPV10, Proposition 7.1], using the same techniques

(see also the proof of [KV15, Lemma 2.3]).

Lemma 2.1.28. Let A be an icc group, and let # = £ (). Consider the comultiplication map A :
M — MM given by A(vy) =vy Qv forall A € A. Let o/ , B C M be a (unital) x-subalgebras
such that A(</) C M RHB. Then there exists a subgroup ¥ < A such that o/ C L (L) C A. In
particular, if o/ = B, then of = L (X).

Proof. LetX = {s € A:vs € A}. Since A is a unital x-subalgebra, ¥ is a subgroup, and clearly
Z () C A. We argue that o7 C L (X).

Fix a € o/, and let a = Y3 ay v, be its Fourier decomposition. Let I = {s € A : a; # 0}.
Fix s € I, and consider the normal linear functional @ on .Z given by @(x) = a,t(xv}). Note
that (® ® 1)(a) = |ay|? @ vy Since A() C .4 3%, we have that (0 @ 1)A(<) C CRZ. Thus,

vy € B = s € X. Since this holds for all s € I, we get that a € £ (X), and hence we are done. [
Finally we end this section with the following elementary result.

Lemma 2.1.29. Let .# be a finite von Neumann algebra and let A be a type Il factor, with
N C M a unital inclusion. If there is p € P(N) so that p V' p = pM p then N = M.
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Proof. Without loss of generality, assume 7(p) = % for some n € N. Since ./ is a type II; factor,
we can find orthogonal projections p; € P(N), and unitaries u; € U(N) (for i =2,--- ,n) such that
Y, pi=1—pandu;pu; = p;. Then clearly we get that p;,Np; = p;Mp, fori=2,--- ,nas well. Let
p1 = p,and note that (A" N.#)p; =Cp; foralli. Letze A4'N.#. Thenz=Y,;zp; =Y ;cip; where
ci= %. Now, t(zpi) = T(zuip1u}) = t(ulzuip1) = t(zp1), asz€ /' N, for i =2,--- ,n.
Thus, ¢; = ¢; for all i, as ©(p;) = ©(p1). So,z€ C, as ¥; p; = 1. Hence .# is a type II; factor
with .4 an irreducible subfactor. As p.4'p = p.# p, we have that .# <_, ./ . Hence by [CDI18,
Proposition 2.3], we get that [.# : 4| < co. In this case, | = [p.#p: pN'p] = [ : ], which

implies that .#Z = .. O

2.1.5 Height of elements in group von Neumann algebras

The notion of height of elements in crossed products and group von Neumann algebras was
introduced and developed in [Io11] and [IPV10] and was highly instrumental in many of the recent
classification results in von Neumann algebras [lo11, IPV10, KV15, CU18]. Following [IPV 10,
Section 3] for every x € .Z(G) we denote by hg(x) the largest Fourier coefficient of x, i.e., hg(x) =
maxgeg |T(xuy)|. Moreover, for every subset & C Z(I"), we denote by hg(¥) = infeq hg(x), the
height of ¢ with respect to G. Using the notion of height Ioana, Popa and Vaes proved in their
seminal work, [IPV10, Theorem 3.1] that whenever G, H are icc groups such that Z(G) = £ (H)
and hg(H) > 0, then G and H are isomorphic. The following generalization of this result to
embeddings was obtained by Krogager and Vaes [KV15] and will be used in an essential way to

derive our main Theorem 5.1.6 in the last section.

Theorem 2.1.30 (Theorem 4.1, [KV15]). Let G be a countable group and denote by # = £ (G).
Let p € P(M) be a projection and assume that 9 C U(p.# p) is a subgroup satisfying following

properties:
1. The unitary representation {Ad v},cq on L*(p(.# p © Cp) is weakly mixing;

2. Foranye# g€ £ (G)we have 9" £ 5 £ (Cs(2));
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3. We have hg(¥) > 0.
Then p = 1 and there exists a unitary u € £ (G) such that u9u* C TG.

Next we highlight a new situation when it’s possible to control lower bound for height of unitary
elements in the context of crossed product von Neumann algebras arising from group actions by
automorphisms with no non-trivial stabilizers. Our result and its proof is reminiscent of the prior
powerful techniques for Bernoulli actions introduced in [IPV10, Theorem 5.1] (see also [lol1,
Theorem 6.1]) and their recent counterparts for the Rips constructions [CDK19, Theorem 5.1].

The precise statement is the following

Theorem 2.1.31. Let G and H be countable groups and let 6 : G — Aut(H) be an action by
automorphisms for which there exists a scalar ¢ > 0 satisfying |Stabg(h)| < c for all h € H \ {e}.
Consider M = £ (H X G) and let of C .# be a diffuse von Neumann subalgebra such that
o <5, ZL(H). For any group of unitaries 9 C £ (G) satisfying G C N 4 (/) we have that
hg(¢) > 0.

Proof. For ease of exposition denote by .4/ = .2 (H). Next we prove the following property

Claim 2.1.32. For every x,y € Z(G), every finite subsets K,S C G, every a € span./V K with

E g(g)(a) =0 and every € > 0 there exists a scalar Ke k 5.4 > 0 such that

1P.ys(xay) |13 < Kex.s.ally 3@l 34 (x) + llx]]ee] Y]] (2.23)

where P s denotes the orthogonal projection from L*(.#) onto spanl'l2(L4S).

Proof of Claim 2.1.32. First fix a finite set L C H \ {e} and let b € span(LK). Observe that using

the Fourier decomposition of x = Y., x,u, and y = Y. y,ug, where xg = T(xu,1) and yg = t(yu,-1),
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basic calculations show that

IEx(by)IF=1 Y, xevi1g100(Ep (buy1))13
g€G.kekK

81,82€G k1 .k €K

Furthermore, using the Fourier decomposition b = Y, byuy, where by, = t(bu;,-1) we also see that

<Gg1 (Eﬂ(bukfl))76g2 (Eﬂ(bukgl)» = Z bklllbk2l26"g1 (11),0g, (12) = Z bklllbkzlz’
lihel I1,hELgy " 81€8), 4,

(2.25)

where for every /1,1, € L we have denoted by S, ;, = {g € G : 0,(l1) = b}
Thus, combining (2.24) and (2.25) and using basic inequalities together with [S;, ;,| < ¢ we get

that

2
|E.v (xby)|5 < Z 1 ‘xglykflgflbklllxgzykglgglbkzlz
ki kK3l ,h€L,81,82€G.8; 81€51, 1,

A

= ‘xgsyklfls—lg—]bklllxgykglgbk212
kl ,szK,ll ,lzGL,SESllJZ ,gEG,

)KPILPRG () 9112110117 < el KPILPAg () Iyl 10]Z.  (2:26)

< ( max |S
— (ll,lzeLl 11712

Using these estimates we are now ready to derive the proof of (2.23). To this end fix € > 0. Using
basic approximations and ||E (g)(a)|| = 0 one can find a finite set L C H \ {e} and b € span(LK)

such that
. &
la—Dbl2 < mln{i, llall2} and ||D||e < 2||@]|c- (2.27)

Notice that for all z € .# we have P y5(z) =Y. E_y (zu,1)us and using this formula together with

29



estimate (2.27) and Cauchy-Schwarz inequality we get

1Py s(xay)||5 < 2|S| (ZIIBM/(xbyMS—1 II§> + &x|oo [ y[|oo-
sES

Using (2.26) followed by (2.27) we further have that the last inequality above is smaller than

< 2¢|S||KPILP (Y R () g1 [1311613) + € lello [

seS
< 4e| SPIKPPILIPRG () lal 2 ly13 + lleol ]| (2.28)
Combining this with (2.27) proves the claim where ke k 5., = 4c|S|>|K[*|L|. |

In the remaining part we complete the proof of the statement. Towards this first notice that,
since &7 <°, .4 then by [ValOa, Lemma 2.5] for every € there exists a finite set § C K such that

for all ¢ € U(<7) we have
le=Pys(c)2<e. (2.29)

Next we also claim that for every finite set S C G and every € > 0 there exists b € U(</) such

that

IE ) oPys(b)|2<e. (2.30)

Indeed, to see this first notice that ||E & () oPys(b)|3 = X |t(bus1)|*. As < is diffuse and S is
ses

finite there exists b € U(.7) such that ¥ |T(bu,-1)|*> < € and the claim follows.
ses

Now pick b € U(.e7) satisfying (2.30). Since a,gsg~! € U(27) then using (2.29) two times and
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(2.30) we see that

1—e=|lgag ' l2—& < [|Pys(gag |2 < |Prs(g(Pys(b))g )2 +¢
< |[Pys(8(Pys(b) —Egc)(Pysh)g M2+ IEzc) (Prs®))|2+€

<||Pys(g(Pys(b) = Egc)(Pys(b)g ")+ 2e. (2.31)

Now, taking a = P y5(b) — E (i) (P.ys(b)) and using (2.23) we get that the last inequality above

is smaller than

< Ke.5,55hG(8)|Pys(b) — Egc)(Pys(b))|2+ €%+ 2¢. (2.32)

Thus (2.31) and (2.32) further imply that As(g) > Ks_sl‘SbO —3e— 81/2). Since this holds for all

g € 9, letting € > 0 be sufficiently small we get the desired conclusion. [
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Chapter 3

Two Classes of Groups

3.1 A class of groups based on Belegradek-Osin Rips construction

Using the powerful technology from [Os06], Belegradek and Osin showed in [BO06, Theorem
1.1] that for every finitely generated group Q one can find a property (T) group N such that Q
embeds into Out(N) as a finite index subgroup. This canonically gives rise to an action Q ~P N by
automorphisms such that the corresponding semidirect product group N 3, Q is hyperbolic relative
to {Q}. Throughout this document the semidirect products N x, Q will be termed Belegradek-
Osin’s Rips construction groups. When Q is torsion free then one can pick N to be torsion free as
well and hence both N and N x,, Q are icc groups. Notice that the finite conjugacy radical FC(N)
of N is invariant under the action of Q and hence FC(N) is an amenable normal subgroup G. Since
G is relative hyperbolic it follows that FC(N) is finite and hence it is trivial as G is torsion free; in
particular N is an icc group. Also when Q has property (T) then N x, Q has property (T). Under
all these assumptions we will denote by Zips 7(Q) the class of these Rips construction groups
N xp Q.

In [CDK19, Sections 3,5] we introduced a class of property (T) groups based on the Belegradek-
Osin Rips construction groups and we have proved several rigidity results for the corresponding
von Neumann algebras, [CDK19, Theorem A]. Next we briefly recall this construction also high-
lighting its main algebraic properties that are relevant in the proofs of our main results in the next

section.

Class 8. Consider any product group Q = Q; X O, where Q; are any nontrivial, bi-exact, weakly
amenable, property (T), residually finite, torsion free, icc groups. Then for every i = 1,2 consider
a Rips construction G; = N; xp, Q € Zips7(Q), let N = Ni x N> and denote by G = N x5 Q the
canonical semidirect product which arises from the diagonal action ¢ = p; X p2 : Q — Aut(N), i.e.

0, (n1,n2) = ((p1)g(n1),(p2)g(n2)) for all (ny,nz) € N. Throughout this article the category of all
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these semidirect products G will denoted by Class S.

Concrete examples of semidirect product groups in class 8 can be obtained if the initial groups
Q; are any uniform lattices in Sp(n, 1) when n > 2. Indeed one can see that required conditions on
0;’s follow from [0z03, CH89].

For further reference we record some algebraic properties of groups in class 8. For their proofs

the reader may consult [CDK19, Sections 3,4,5] and the references within.
Theorem 3.1.1. For any G =N x4 Q € S the following hold
a) G is an icc, torsion free, property (T) group;
b) Q is malnormal subgroup of G, i.e. g0g~' N Q = {e} for every g € G\ O;
c) The stabilizer Stabg(n) = {e} for everyn € N\ {e};
d) The virtual centralizer satisfies vVCg(N) = 1;

e) G is the fiber product G = G| X g Gy, thus embeds into G| X Gy where Q embeds diagonally
into Q X Q.

Finally we conclude this section with a folklore lemma related to the calculation of centralizers

of elements in products of hyperbolic groups. We include some details for readers’ convenience.

Lemma 3.1.2. Let Q = Q1 X Oy, where Q;s are non-elementary torsion free, hyperbolic groups.
For any e # g € Q the centralizer C(g) is of one of the following forms: A, A x Qy or Q1 X A,

where A is an amenable group.

Proof. Let g = (g1,82) € Q where g; € Q; and notice that Cp(g) = Cp,(Q1) x Cg,(g2). Therefore
to get our conclusion it suffices to show that for every g; € Q; either Cyp,(g;) = Q; or Cp,(g;) is an
elementary group. However this is immediate once we note that for every g; # e the centralizer
satisfies Cp,(gi) < Ep,(gi), where Ep,(g;) is maximal elementary subgroup containing g; of the

torsion free icc hyperbolic group Q;, see for example [OI91]. U
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3.2 Aclass of groups 'V arising from Valette’s examples

We describe a construction of group pairs with property (T) due to Valette [Va04]. Denote by
H the division algebra of quaternions and by Hl its lattice of integer points. Let n > 2. Recall that

Sp(n, 1) is the rank one connected simple real Lie group defined by

Sp(n, 1) = {A € GL,.1 (H) |A"JA =J}

where J = Diag(1,...,1,—1). Since the subgroup Sp(n,1) is the set of real points of an alge-
braic Q-group, the group of integer points A, = Sp(n, 1)y is a lattice in Sp(n, 1) by Borel-Harish-
Chandra’s result [BHC61]. Observe that Sp(n, 1) acts linearly on H"+! = R**+1) in such a way
that A, preserves (Hy)"t!' = z4("+1) For every n > 2, set [, = Z*("*1) x¢ A,,. Throughout this
document, we denote the class of these groups by V. For I';, € V, we denote by .#,, = £ (I,,), and
by o, = L (Z*"+1). Note that .4, = o7, x A,.

For further use we record some algebraic properties of groups in V, and the von Neumann

algebras ..
Theorem 3.2.1. Let ', € V. Then the following hold true:

(i) Foreveryn > 2, I, is an infinite icc countable discrete group with property T so that #,, is

a type 11} factor with property T.
(ii) Foreveryn > 2, oty C .#, is the unique Cartan subalgebra, up to unitary conjugacy.

Proof. (i) We use the notation g = (7,a) € Z*""*1) x A, =T,. Since the lattice A, /{£id} in the
adjoint Lie group Sp(n, 1)/{%id} is icc, the exact same proof as [Va04, Theorem 4, Step 3] shows
that the conjugacy class of any element of the form g = (7v,a) in I, with ¥ ¢ {£id} is infinite.
Since the Z4(”+1)-c0njugacy class of any element of the form g = (—id,a) in T, is also clearly
infinite, it follows that I}, is an infinite icc countable discrete group. By [Va04, Proposition 1],
the group pair (R*"+1) 5 Sp(n,1),R*"+1)) has relative property (T). Since both Z*"+1) x A, <

R*+1) 5 Sp(n, 1) and Z40 D < R4+1) are lattices, the group pair (Z*"+1) x A, Z4("+1) also
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has property (T). Since Sp(n, 1) has property (T) by Kostant’s result, so does its lattice A, <
Sp(n,1). Altogether, this implies that I', has property (T). Hence .#, = £ (I',)) has property (T)
by [CJ85].

(ii) We first show that o7, C ., is a Cartan subalgebra. Note that it suffices to show that o7, C .,
is maximal abelian. To this end, it’s enough to show that the Z4(”+1)-conjugacy class in I';, of any
element of the form g = (7,0) with y # id is infinite. Indeed, if y € A, is such that the Z*("+1)-
conjugacy class of g = (7,0) in I',, is finite, since Z*n+1) is torsion-free, this forces Y to act trivially
on Z**1) and so necessarily y = id.

Since L= (T*"*+ D) = o7, C ., = L (T*"+1)) x A, is a Cartan subalgebra and since .7, is a type
11, factor, the probability measure-preserving action A, ~ T*"*1) is essentially free and ergodic.
Then [PV12, Theorem 1.1] shows that o7, C .#,, is the unique Cartan subalgebra, up to unitary

conjugacy. [
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Chapter 4

von Neumann Algebraic Rigidity of Semidirect Product

An impressive milestone in the classification of von Neumann algebras was the emergence
over the past decade of the first examples of groups G that can be completely reconstructed from
their von Neumann algebras .Z(G), i.e. W*-superrigid groups [IPV10, BV12, CI17]. The strate-
gies used in establishing these result share a common key ingredient, namely, the ability to first
reconstruct from .Z(G) various algebraic feature of G such as its (generalized) wreath product de-
composition in [IPV10, BV12], and respectively, its amalgam splitting in [CI17, Theorem A]. This
naturally leads to a broad and independent study, specifically identifying canonical group algebraic
features of a group that pass to its von Neumann algebra. While several works have emerged re-
cently in this direction [CdSS15, CI17, CU18] the surface has been only scratched and still a great
deal of work remains to be done.

A difficult conjecture of Connes predicts that all icc property (T) groups are W*-superrigid.
Unfortunately, not a single example of such group is known at this time. Moreover, in the current
literature there is an almost complete lack of examples of algebraic features occurring in a prop-
erty (T) group that are recognizable at the von Neumann algebraic level. For instance, besides the
preservance of the Cowling-Haagerup constant [CH89], the amenablity of normalizers of infinite
amenable subgroups in hyperbolic property (T) groups from [Oz03, Theorem 1] and the product
rigidity for hyperbolic property (T) groups from [CdSS15, Theorem A] very little is known. There-
fore in order to successfully construct property (T) W*-superrigid groups via a strategy similar to
[IPV10, CI17] we believe it is imperative to first identify a comprehensive list of algebraic features
of property (T) groups that survive the von Neumann algebraic structure. Any success in this di-
rection will potentially hint to what group theoretic methods to pursue in order to address Connes’

conjecture.

In this section we investigate a new class of property (T) groups that appears as natural fiber
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products of Belegradek-Osin Rips type constructions. Specifically, consider any two groups Nj X
0O,N> x Q € Zipst(Q) and form the canonical fiber product G = (N} x N;) x Q. Notice that since
property (T) is closed under extensions [BAIHVO0O, Section 1.7] it follows that G has property
(T). Then for a fairly large family of groups Q we show that the semidirect product feature of
G is an algebraic property completely recoverable from the von Neumann algebraic regime. In
addition, we also have a complete reconstruction of the acting group Q. The precise statement is

the following

Theorem 4.0.1 (Theorem 1.0.4). Let Q = Q1 X O3, where Q; are icc, torsion free, biexact, property
(T), weakly amenable, residually finite groups. For i = 1,2 let N; X5, Q € Zipr(Q) and denote by
I' = (Ny X N») Xg Q the semidirect product associated with the diagonal action 6 = 0] X Oy :
Q ~ Ny X No. Denote by # = L (') be the corresponding 1l factor. Assume that A is any
arbitrary group and © : £(I') — ZL(A) is any x-isomorphism. Then there exist groups action
by automorphisms H "% K; such that A = (K| X Ky) Xt H where T =1 X T : H ~ K| X K;
is the diagonal action. Moreover one can find a multiplicative character 1 : Q — T, a group
isomorphism 6 : Q — H, a unitary w € Z(A), and x-isomorphisms ©; : £ (N;) — Z(K;) such

that for all x; € L(N;) and g € Q we have

O((x1 ®x2)ug) =N (g)w((O1(x1) ®O(x2))vs(g) )W'. (4.1)

Here {ug|g € Q} and {v;|h € H} are the canonical unitaries implementing the actions of Q ™~

Z(N)RZL(N>) and H ~ £ (K1)RL(K>), respectively.

From a different perspective our theorem can be also seen as a von Neumann algebraic super-
rigidity result regarding conjugacy of actions on noncommutative von Neumann algebras. Notice
that very little is known in this direction as well, as most of the known superrigidity results concern

algebras arising from actions of groups on probability spaces.

We continue with a series of preliminary results that are essential to derive the proof of Theorem

4.0.1 at the end of the section. First we present a location result for commuting diffuse property
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(T) subalgebras inside a von Neumann algebra arising from products of relative hyperbolic groups.

Theorem 4.0.2. Fori=1,...,nlet H; < G; be an inclusion of infinite groups such that H; is residu-
ally finite and G; is hyperbolic relative to H;. Denote by H=H| X ... x H, < G| X ... X G;, = G the
corresponding direct product inclusion. Let N1, N, C £ (G) be two commuting von Neumann sub-
algebras with property (T). Then for every k € 1,n there exists i € 1,2 such that N; < L (G x Hy),

where Gk = X Gy

Proof. Our proof relies heavily on the use of two powerful results in geometric group theory due
to Osin [Os06] and Dahmani-Guirardel-Osin [DGO11] regrading Dehn filling constructions for
relatively hyperbolic groups. Specifically, since H; is residually finite then using Theorem 2.27

there is a short exact sequence
1 — ker(m) < G; 25 F; — 1,

where F; is a non-elementary hyperbolic group and ker(7;) = ((H?)) = *,e1;(H?)", for some subset
T C G; and a finite index normal subgroup HiO < H;.

Following [CIK13, Notation 3.3] we now consider the von Neumann algebraic embedding
corresponding to 7;, i.e. I1; : £(G;) — Z(G;)@ZL (F;) given by I1;(ug) = ug @ vy (o) for all g € G;
here u,’s are the canonical unitaries of .#’(G) and v}, are the canonical unitaries of .Z(F;). Notice
we canonically have the following embedding IT = ®}_ 11, : £(G) — L(G)&L (x"_|F) = .
From the hypothesis we have that I1(.47),I1(.43) C £ (G) ® £ (x F;) are commuting property (T)
subalgebras. Fix &/ C I1(.#]) any diffuse amenable von Neumann subalgebra. Also fix k € 1,n

and notice that /Z = .£(G) ® . (X juFj)®.% (Fy). Using [PV12, Theorem 1.4] we have either
a) of =7 g(G)@f(Xj?ngj), or
b) I1(.#5) is amenable relative to . (G)&.L (X ;4 F;) inside .

Since the .4;{’s have property (T) then so do the TI(.4;)’s. Thus part b) above implies that
II(A3) < ; ZL(G)@L (X j11Fj). On the other hand, if case a) above were to hold for all .o7’s then
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by [BOO08, Corollary F.14] we would get that I1(.4]) < ; £ (G)&.Z (X jxF;). Therefore we can
always assume that I1(.4) < 2 (G)®.Z (X j4Fj) fori=1or 2,

Due to symmetry we only treat i = 1. Using [CK15, Proposition 8.8] we get that .4} <
LI Y(x j4F;)) = £ (G x ker(m)). Thus there exist nonzero projections p € A, g € .Z(Gy x
ker(m)), nonzero partial isometry v € .# and a *-isomorphism ¢ : pA1p — A := §(pANp) C

q.% (G x ker(m;))q on the image such that
¢ (x)v =vx forall x € pAp. 4.2)

Also notice that since .#{ has property (T) then so does p.#{p and therefore Z C q.2(Gy x
ker(m;))q is a property (T) subalgebra. Since ker(m,) = *,cr(H?)" then by further conjugat-
ing ¢ in the factor .Z(Gy x ker(m)) we can assume that there exists a unitary u € Z(Gy x
ker(m;)) and a projection go € .Z(Gy) such that Z C u(qo-2(Gi)qo)®-L (ker(m))u*. Using
property (T) of % and [IPP0O5, Theorem] we further conclude that there is #y € T such that
B = u(g0.2(Co)god 2L (Ker(m)) u* u(q0-2(Gy)qo ® Z((HP)0))u*. Composing this intertwining with

¢ we finally conclude that A1 <_, Z(Gy x HY), as desired. O

Theorem 4.0.3. Under the same assumptions as in Theorem 4.0.2 for every k € 1,n one of the

following must hold
1) there exists i € 1,2 such that N; <_; L (Gy);
2) MN N <y L (Gy x Hy).

Proof. From Theorem 4.0.2 there exists i € 1,2 such that .4 < .2 (G x Hy). For convenience
assume that i = 1. Thus there exist nonzero projections p € A1, g € .2 (G x Hy), nonzero partial
isometry v € ./ and a *-isomorphism ¢ : p.#{p — B = ¢(pN1p) C ¢.Z(Gy x Hy)q on the image
such that

O (x)v =vx forall x € pAp. 4.3)

Notice that ¢ > w* € ' Nq.#q and p > v*v € pANp' Np.# p. Also we can pick v such that
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s(E L(CxHy) (vw*)) = g. Next we assume that % < L(GexHy) L(Gy). Thus there exist nonzero pro-
jections p’ € &, ¢’ € £(Gy), nonzero partial isometry w € ¢'.Z(Gy x Hy)p' and a x-isomorphism

v p'Bp —C ¢ Z(Gr)q on the image such that
W (x)w = wx for all x € p'Bp’. (4.4)

Notice that ¢ > p' > ww* € (p’2Bp"Y Np'ap' and ¢ > w*w € w(p'Bp') Ng' . #q'. Using
(4.3) and (4.4) we see that

Y (o (x))wv =wo(x)v = wvx for all x € po4;po, 4.5)

where po € .4/ is a projection picked so that ¢(pg) = p’. Also we note that if 0 = wv then
0 = ww* and hence 0 = E ¢ , g (W0V") = WEZ(kaHk)(W*)' This further implies that 0 =
wS(E (6, <m,) (V")) = wg = w which is a contradiction. Thus wy # 0 and taking the polar de-
composition of wv we see that (4.5) gives 1).

Next we assume that % 4 L (CoxHy) Z(Gy). Since Gy is hyperbolic relative to Hj then by
Lemma 2.1.20 we have that for all x,x1x»,...,x; € M such that Zx C Zle x; % we must have that
x € Z(Gy x Hy). Hence in particular we have that w* € &' Ng.#q C £ (G, x Hy) and thus
relation (4.3) implies that Zw* = v Ajy* C ¥ (Gk X Hy). Also for every ¢ € 4711 we can see that

PBvev' = Bw*vev' = vy eyt = wrve S

4.6)
= ve NV = veNVIWS = vev v Sy = vevt Bw' = vevt B.

Therefore by Lemma 2.1.20 again we have that vev* € .2 (G, x Hy) and hence v.A47, v C Z(Gy, x
Hy). Thus v AN v = w v AN v = vy v i v C D%(Gk X Hy), which by Popa’s inter-

twining techniques implies that 4] VV A5 < £ (Gy x Hy), i.e. 2) holds. ]

We now proceed towards proving the main result of this chapter. To simplify the exposition we

first introduce a notation that will be used throughout the section.
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Notation 4.0.4. Denote by Q = Q1 X Oy, where Q; are infinite, residually finite, biexact, property
(T), icc groups. Then consider I'; = N; x Q € Zipr(Q) and consider the semidirect product T =
(N1 X N2) X Q arising from the diagonal action 6 = 01 X 03 : Q — Aut(N1 X Np), i.e. O4(n1,n2) =
((01)g(n1),(02)4(n2)) for all (ny,nz2) € Ny x No. For further use we observe that I is the fiber
product I =T"1 X9 I'> and thus embeds into I'y x I'y where Q embeds diagonally into Q x Q. Over
the next proofs when we refer to this copy we will often denote it by diag(Q). Also notice that T is

an icc group with property (T) as it arises from an extension of property (T) groups.
Theorem 4.0.5. Let I be a group as in Notation 4.0.4 and assume that A is a group such that

L) =LA =M. Let A: M — MRM be the “comultiplication along A’ i.e. A(vy) =

vy, ®@vy. Then the following hold:
3) forall j € 1,2 thereisic 1,2 such that A(L(N;)) < ya.u ML (Nj), and

4) a) forall j€1,2thereisi€ 1,2 such that A(L(Q:)) < no.u HRL(Nj) or

b) A(Z(Q)) = uo.u A RL(Q); moreover in this case for every j € 1,2 thereisi € 1,2
such that A(Z(Q;)) <.ua.a M 3L (Qi)

Proof. Let # = £ ("1 xI'3). Since I' < 'y x I', we notice the following inclusions A(Z(N1)),A(Z (N2)) C
MIM =L (TxI')C LT xIT'y xT'y xI'p). Since I'; is hyperbolic relative to Q then using The-

orem 4.0.3 we have either

5) there exists i € 1,2 such that A(ZL(N;)) <z, 7 # 2L (T1), or

6) A(L (N1 X MN2)) = sz 7 H#RZL (T x Q)
Assume 5). Since A(Z(N;)) C #RL(T') then by Lemma 2.1.23 thereisah € 'y x ', x 'y x I,
so that A(Z(N;)) <_ja.7 LT xTNA(C xTy xTh™ 1)) = L(Tx (CNL)) = AL ((Ny x
Ny) xdiag(Q))N(Ny xQ x 1)) = # &L (N;). Note that since A(Z(N;)) is regular in #Z Q.
using Lemma 2.1.24, we get that A(Z(N;)) < ya.n # 2L (I'1), thereby establishing 3).

Assume 6). Since A(Z(N; X Np)) C Z (T xT') then by Lemma 2.1.23 there is h € T'] X
I, x 'y x Ty such that A(Z(Ny x N)) < (T x TN xTy xTy x Q)h™1)) = 2T x (I'N

41



(T x haQhy 1)) = M EL((Ny x Na) x diag(Q)) N (Ny x Q x haQhy")). Since hy € T =Ny x Q
we can assume that iy € N;. Notice that ((Nj x Na) x diag(Q)) N (N x Q x haQhy ') = ha(Ny x
Ny) % diag(Q)) N (Ny x @ x Q)h; " = hy(Ny x 1) x diag(Q))hy " and hence A(Z (Ni x N2)) <=7
M RL(Ny xdiag(Q)). Moreover using Lemma 2.1.25 we further have that A(Z(Ny X N2)) <_za.0
MRL(Ny xdiag(Q)).

In conclusion, there exist a *-isomorphism on its image ¢ : pA(.Z (N1 X N))p — X := ¢ (pA(L (N; X
N))p) C gt &L (Ny xdiag(Q)) and 0 # v € q.# &.# p such that

¢ (x)v = vx for all x € pA(Z (N1 X N2))p. 4.7)

Next assume that 3) doesn’t hold. Thus proceeding as in the first part of the proof of Theorem

4.0.3, we get
B A 15N ndiag(Q)) A L (N1) =: M. (4.8)

Next we observe the following inclusions

M X156 diag(Q) = ML (N)) XN1we diag(Q) = ML (N X6 diag(Q))

CMBL((N) % o) % diag(Q)) = ML (N)EL (N) % diag(Q) = M 3106 Ny x diag(Q)
4.9)

Also since Q is malnormal in N, % Q it follows from Lemma 2.1.20 that w* € .# ®.Z (N| %
diag(Q)) and hence Zw* C M 2L (N x diag(Q)). Picku € 24, y&.1)p(PA(ZL (N1 X N2))p)

and using (4.7) we see that there exist ny,no, ...,ng € p(M .4 ) p satisfying
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Bvuv* = Bw v =vp(A(ZL (N1 x Na)))pvivv™ = vp(A(ZL (N1 X Na))) pnv*

vnip(A(Z (N1 X No)))pv* = Zvn,-p(A(.,iﬂ(Nl X Np)))pv v’ (4.10)
i=1

N N
vipv V(AL (N1 x N2)))pv* = Y vnipv* Bvv* = Y vnipv* 8.
i=1 i=1

N
™-

I
_

|
™-

—_

Then by Lemma 2.1.20 again we must have that vuv* € .#Z&.Z(N; x diag(Q)). Hence we have

shown that

VN pwe.m)p(PACL (N1 X N2))p)v* C M &L (Ny x diag(Q)). 4.11)

Since v*v € pA(L (N x No))p' Np MM p C 2N p( . ar)p(P(A(L (N1 X N2)))p then (4.11)

further implies that
VPN iz (PA(ZL (N X Ny))) p)'V' C M RL (N, xdiag(Q)). (4.12)

Here for every inclusion of von Neumann algebras % C .7 and projection p € % we used the for-
mula 24, 7,(pZp)" = p2.N 7(#)"p[Po03, Lemma3.5]. AsvpA(M)pv* Cv2AN i yz.m)p(P(A(L (N1 X
M>)))p)"v* we conclude that A(.#) < £ (N; x Q) which contradicts the fact that N, is infinite.

Thus 3) must always hold.

Next we derive 4). Again we notice that A(Z(Q1)), A(Z(Q»)) CA(M) C MM = L (T X

I') C Z(T') xI'; xT'} xI'z). Using Theorem 4.0.3 we must have that either
7 ML) = a7 AL (), or
8) A(Z(Q)) < ja.i 2L (1 xQ).

Proceeding exactly as in the previous case, and using Lemma 2.1.24, we see that 7) implies

AZL(0) <= po.uw H# &L (Ny) which in turn gives 4a). Also proceeding as in the previous case,
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and using Lemma 2.1.25, we see that 8) implies
A(Z(diag(Q)) <.uz.m AL (N1 % diag(Q)). (4.13)

To show the part 4b) we will exploit (4.13). Notice that there exist nonzero projections r €
A(Z(Q)),t € M RL (N xdiag(Q)), nonzero partial isometry w € r(.# &.# )t and x-isomorphism
onto its image ¢ : rA(ZL(Q))r — € := ¢ (rA(ZL(Q))r) Ct(M L (N, x diag(Q)))t such that

¢ (x)w =wx for all x € rA(Z(Q))r. (4.14)

Since Z(Q) is a factor we can assume without loss of generality that » = A(r; ® r;) where
ri € Z(Q;). Hence € = ¢(rA(Z(Q))r) = ¢(A(r1Z(Qi)r2)) @1 L (Q2)r2 =: 61 V 6> where we
denoted by €; = ¢ (A(ri Z(Q)))ri) Ct(ARL (N, xdiag(Q)))zr. Notice that %;’s are commuting
property (T) subfactors of .#Z&.Z (N x diag(Q)). Since N; x Q is hyperbolic relative to {Q} and
seeing 61V 6> C A R.ZL(N; x diag(Q)) C Z(I'1 x I'; x (Ny x diag(Q))) then by applying Theo-

rem 4.0.3 we have that there exits i € 1,2 such that
9) Cg] _<,//Z®$(N1>4diag(Q)) .i”(f‘l X Fz) or
10) Cg] \/ng —<//Z®$(N1>4diag(Q)) g(rl X FQ X dlag(Q))

Since 61 C M & then 9) and Lemma 2.1.26 imply that €| < 5.4 -# ® 1 which by [lol1,
Lemma 9.2] further implies that %7 is atomic, which is a contradiction. Thus we must have
10). However since 6| V ¢, C .# &.# then 10) and Lemma 2.1.26 give that €|V 2 < so.u
M 2L (diag(Q)) and composing this intertwining with ¢ (as done in the proof of the first case
in Theorem 4.0.3) we get that A(Z(Q)) < g4 # @Z (diag(Q)). Now we show the moreover
part. So in particular the above intertwining shows that we can assume from the beginning that
€ =61V 6 Ct(MRL(diag(Q)))r. Since Q; are biexact, weakly amenable then by applying
[PV12, Theorem 1.4] we must have that either 4] < .# ®.%(diag(Q)) or 6> < A4 @£ (diag(Q1))

or )V ¢, is amenable relative to .Z ®.Z (diag(Q,)) inside .# &.# . However since 6] V 6, has
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property (T) the last case above still entails that ] V 6> < .# .2 (diag(Q;)) which completes the

proof. ]

Theorem 4.0.6. Let I be a group as in Notation 4.0.4 and assume that A is a group such that
LD)=ZL(AN) =M. Let A: M — MM be the “commultiplication along A" i.e. A(vy) =v) ®
V). Also assume for every j € 1,2 there is i € 1,2 such that either A(Z(Qi)) < g4 H L (Q;)

or N(Z(Q)) <. wo.nw # &L (Nj). Then one can find subgroups @1, P> < ® < A such that
1. ®1,P; are infinite, commuting, property (T), finite-by-icc groups,
2. [@: @ Dy) < 0o and 2.4 ) (@) = @;

3. thereexist W € U (M), z€ P(Z (L (DP))), h=uzu* € Z(ZL(Q)) such that

1L (®)zu* = hL(Q)h. (4.15)

Proof. For the proof of this result we built upon the strategy used in the proof of [CU18, Claim
5.2]. We encourage the reader to consult this result beforehand as we will focus mainly on the new
aspects of the technique. By hypothesis, using [DHI16, Theorem 4.1] (see also [Io11, Theorem 3.1]
and [CdSS15, Theorem 3.3]), one can find a subgroup £ < A with Ca(X) non-amenable such that
Z(01) <.x Z(X). Also recall that Q < I' is malnormal and has property (T). Let Q = vCy (X).
Let {0,...,0y,...} be a countable enumeration of the finite orbits under conjugation by X, and
note that U0y = Q. Finally, let Qi = (0}, ...,0)) < A, and note that & Q. Then using the
same argument from [CU18, Claim 5.2] one can find nonzero projections a € .Z(Q3), g € £ ()
a nonzero partial isometry w € £ (Q) a subalgebra 2 C nq.%(Qy)qzu*™ and a x-isomorphism
¢ :aZ(Q2)a — 2 such that

4 9V 2" NqgL(Qu)qzn* € NqgL(Q)gzn* is finite index and

5) ¢(x)w =wx forall x € a.Z(07)a.
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Let r = ngzn*, ww* € 2’NrZL(Q)r, w'w € aZ(02)d Na ¥ (Q)a = £ (Q1) ® Ca. Thus exist
b € Z(Q) projection st w'w = b®a. Pick ¢ € U(Z(Q))such that w = ¢(b ® a) then (4) gives
that

Iww* =wZ (Or)w* = c(Cb@aL(Qy)a)c™. (4.16)

Moreover, the same argument from the proof of [CU18, Claim 5.2] shows that we can assume the

following is a finite inclusion of II; factors
2 C gL (Q)qzn” (4.17)
Thus if we denote by E = 2.5 (£) using (4.16) and (4.17) above we see that
c(b@a)L(Q)(b@a)c" = ww'Nqz2N o5 (L ()" qzn ww" = ww ngzL(E)gzn ww* (4.18)
and also
c(bZ(01)b@Ca)c* = (c(Chb®a(Qr)a)c*) Nec(b®a)L(Q)(bRa)c*

= (Zww") Nww*ngz.Z (E)qgzn*ww™ = ww*(2' N\ NqzL (Z)gzn* )ww*.
(4.19)

Also, using (4.17) and [Po02, Lemma 3.1] we have that
PV Mgz (Q)zqn*) NNqzZ (E)zqn* </ 2V 2' NnqzZ (E)zqn* € 1gz % (E)zqn*, (4.20)

where the symbol C/ above means inclusion of finite index.

Relation (4.16) also shows that
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2V (M2 (Q)zqn*) NNgzZ (E)zqn* </ 1z (Qu)zgn*V (NgzZ (Q)zgn*) NNgzL (E)zgn*
C  ngzZ(QvCa(Qx))zgn* (4.21)

C nqgzZ(E)zqn* (4.22)

Here vCa () = {A € A : [A%| < oo} is the virtual centralizer of  in A.
If welet® =24 E\l) () then the same argument as in [CU18, Claim 5.2] shows that £ < ® has
finite index.

Combining (4.19), (4.16) (4.18) notice that

ww*(2V 2'NNnqz (Z)zgn™)ww* = ww*nqz.Z (E)zgn ww* = ww*ngz.Z (®)zqn*ww* (4.23)

In particular (4.23) shows that Ngz-2(E)zqN* <pg.2(2)zqn 2V ' NNqzL (E)zgn* and using
the finite index condition in (4.20) we get that N¢z.Z (E)zgN* <ng.2(2)eqn* ZV (NqzL (Q)zgn™)' N
NqzZ (£)zqn*. Thus, by (4.21) we further get that ¢z (£)z2gN" <4z 2(2)zqn* M92-L (QuvCA () )zgN™
and since vC () < @ and [P : E] < oo then using [CI17, Lemma 2.6] we get that [® :
QCA ()] < oo.

Note that (4.18) also shows that
c(b®a)Z(0)(b®a)c" =ww Nqz.Z (E)zgn ww* = ww*ngz.Z (®)zqn ww”. (4.24)

As Q has property (T) then by [CI17] so is @ (or E) and hence Q;vCa (L) as well. Let {0},
be an enumeration of all the orbits in A under conjugation by Q. Denote by X, := (0}, ..., 0)).
Clearly ¥; < X;41 and Q4 normalizes X; for all /. Notice that X;Q; < X;1 1€ for all / and in
fact £,Qy " QvCA(€). Since vCa(Qy) has property (T) there exists Iy such that X; Q; =

QvCa (). In particular there exists a finite index subgroup € < Q such that [Q}, ¥, | = I thus
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QL) < QCA(Q) </ @ are commuting subgroups. Moreover if # = z(ww*) is the central
support of ww* in NzL(P)gzn* then by (4.24) we also have that £ (Q) 2 1oqz-Z (Z)qznit. Now
since the Q;’s are biexact the same argument from [CdSS15] shows that the finite conjugacy radical
of ® is finite. Hence @ is a finite-by-icc group and this canonically implies that ®; := Q; and
@, := X, are also finite-by-icc. As @ has property (T) then so are the ®;’s. To this end we have

shown there exist subgroups @1, P, < P < A satistying the following properties:
1. ®,®d, are infinite, commuting, property (T), finite-by-icc groups;
2. [@: D Dy) < coand 2.4\ (@) = @;

3. thereexist g € Z (M), d € (L (®)), h=pudu* € Z(Z(Q)) such that

1d % (®)du* = hL(Q)h. (4.25)

In the last part of the proof we show we can actually “bump” d to its central support in Z(Q)
and all the required relations in the statement still hold. Since .Z(Q) is a factor then using
(4.25) one can find v € % (/) such that v.£(®)zv* C £ (Q) where z := z¢(g)(d) and hence
v.L(®)v* CrL(Q)r, where r = vzv*. Fix e < zand f < d projections (in the factor £ (P)z) such
that 7(f) > 7(e). Notice that from (4.25) we have uf.Z(®)fu* = 1.£(Q)! and ve.Z (P)ev* C
1o Z(Q)r, where r, = vev* and I = ufu*. Let v, € Z(Q) be a unitary such that r, < v,/v}. Thus
veZ (®)ev* CroL(Q)ro Cvol L(Q) v =vouf L (P)fu*v) and hence

pviveZ (®@)e C fL (@) fuviy C L (D)u*v,v. (4.26)

Next let e + p; + p2 + ... + ps = z where p; € £(®)z are mutually orthogonal projection such
that e ~ (g, pi for all i € T,s—1 and ps <o (@) e. Next let u; be unitaries in £ (P)z such
that u;p;u; = e for all i € 1,5 —1 and uspsu’ = 7, < e. Combining this with relation (4.26) we
get Wvive L (@) p; = wWvive L (®)ufeu; = u*vive L (®)eu; C L (P)u*vivy; for alli € 1,5 — 1.

Similarly we get *viveZ (®)ps = u*vive L (®)ulz us = p*vive L (®)z,us C u*vive L (®)eus C
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Z(®)u*vivus. Using these relations we conclude that

Ve L(®) = WHvive 2 (®)c = vive 2 (@) (e pr+pa -+ .+ p)
Cu*viveZ (®P)e+ Z wviveZ (®)p; 4.27)
i=1

CL(@uVyv+ Y L (D) Vyvu;.
i=1

In particular this relation shows that u*vive € 2.4 gp)( A) (Z(®)) and since 24" Sﬂ)( A)

Z(®) by 2. then we conclude that u*vive € Z(®). Thus one can check that ve.Z(®P)ev* =

(Z(®)" =

vev Vi veve L (®).... = vevviu f.L(P) fu vovev' = vz v vil L (P)lvyvev = ry L (Q)rp.
In conclusion we have proved that v.Z’(®)zv* C r.Z(Q)r and for all e < z and f < d projections
in the factor .Z’(®)z such that 7(f) > 7(e) we have ve.Z (®D)ev* = r,.Z(Q)r, where r, < r=vzv*.

By Lemma 2.1.29 this clearly implies that v.Z(®)zv* = r.Z(Q)r which finishes the proof. O]

Lemma 4.0.7. Let I" be a group as in Notation 4.0.4 and assume that A is a group such that
Z([) = Z(A) =M. Also assume there exists a subgroup ® < A, a unitary @ € U (M) and

projections 7 € Z (L (®)), r = uzu* € £(Q) such that
UL (®)zu* =rZ(Q)r. (4.28)

For every A € A\ @ so that ‘CID ﬂq)’l‘ = oo we have zuyz = 0. In particular, there is A, € A\ D so

that |®NdY| < o,

Proof. Notice that since Q < IT"'= (N} x N;) x Q is almost malnormal then we have the following
property: for every sequence .Z(Q) 3 x, — 0 weakly and every x,y € M such that E 2(0) (x) =
E ¢(0)(y) = 0 we have

||E3(Q) (xxky)||2 — O, as k — oo, (4.29)

Using basic approximations and the .Z(Q)-bimodularity of the expectation we see that it suffices

to check (4.29) only for elements of the form x = u, and y = u,, where n,m € (N} x N») \ {1}.
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Consider the Fourier decomposition x, = Y ;0 T(xxu,-1 )u, and notice that

IE 20y (exin) 5 = || Y., Tkt 1) Sunm,ottntun 3

heQ
(4.30)
= H Z r(xkuh*1)6n6h(m)h,Qun6h(m)hH% = Z ‘T('xkuhfl)‘z'
heo he 0,65, (m)=n""

Since the action Q ~ N; has finite stabilizers one can easily see that the set {h € Q : o,(m) =
n~1} is finite and since x, — O weakly then Y he0,0,(m)=n"" |T(xguy-1)|> — 0 as k — oo which
concludes the proof of (4.29). Using the conditional expectation formula for compression we
see that (4.29) implies that for every sequence -Z(Q) > x, — 0 weakly and every x,y € r.Zr
so that E,. () (X) = E,.2(0),(y) = 0 we have ||E, # (o), (xxxy)|[2 — 0, as k — co. Thus using the
formula 4.28 we get that for all u.Z(®)zu* > x,, — 0 weakly and every x,y € uz.Zzu* so that
Ey o@)zur (X) = Eyg(@)zu- (v) = 0 we have [|E}; ¢ @)z (00y) |2 — 0, as k — oo, This entails that
for all £ (®)z > x, — 0 weakly and every x,y € z.#z satistying E ¢ (@),(X) = E 2 @),(y) =0 we
have

1E (@), (xxiy) |2 — 0, as k — oo. 4.31)

Fix A € A\ @ so that |®N®* | = oo, Hence there are infinite sequences Ay, @, € A so that Aay A ~! =
A for all integers k. Since A € A\ ® then E o) (u3.2) = E o (@), (215 1) = 0. Also we have that

U@,z — 0 weakly as k — oo. Using these calculations we have that

2 2 2
|E 2(0) (zupzup -12) |12 = | Ez() (urzup-12) |3 = [[ug g 01 E 2@) (Upzup-12) |3
=||E g(@) (tp w243 12) |13 = | Ep (@), (zupzua 2y -12)||5 — 0 as k — oo,

(4.32)

Also using (4.32) the last quantity above converges to 0 as k — oo and hence E ¢ (g (zupzuy-1z) =0
which entails that zuy z = 0, as desired. For the remaining part notice first that since [[": Q] = oo
then (4.28) implies that [A : @] = . Assume by contradiction that for all L € A\ ® we have

zuyz = 0. As [A : @] = o then for every positive integer / one can construct inductively A; € A\ @
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with i € 1,1 such that Aixj—l € A\ @ for all i > j such that i, j € 1,I. But this implies that 0 =
Uy 512 = 2y u, —1zZ and hence u, —1zuy, are mutually orthogonal projections when i = 1,1. This is
/v j i

obviously false when / sufficiently large. [

Theorem 4.0.8. Assume the same conditions as in Theorem 4.0.6. Then one can find subgroups

D, Py <D < A sothat
1. ®1,P; are infinite, icc, property (T) groups so that ® = | X Py;
2. 2./ (@) = @;
3. There exists W € U (M) such that u.L (®)u* = £ (0).
Proof. From Theorem 4.0.6 there exist subgroups @1, P, < ® < A such that
1. @, P, are, infinite, commuting, finite-by-icc, property (T) groups so that [® : ©;D;] < eo;
2. 2.4/ (@) = @;

3. Thereexist u € % (#) and z € P (Z (L (P))) with h = uzu* € Z(Z(Q)) satisfying

UL (®)zu* = hZ(Q)h. (4.33)

Next we show that in (4.33) we can pick z € Z(Z(P)) maximal with the property that for

every projection t € 2 (Z(®)z") we have
L(®)t £y L(0) fori=1,2. (4.34)

To see this let z € .% be a maximal family of mutually orthogonal (minimal) projections
zi € Z(ZL(P)) such that Z(P)z; < L (Q). Note that since P has finite conjugacy radical
it follows that .7 is actually finite. Next let z < Y.z; :=a € Z°(Z(®)) and we briefly argue that
ZL(®)a=<’, ZL(Q). Indeed since £ (®)d' Naa=a(L(P)' N.M)a= Z(ZL(P))a and the later

is finite dimensional then for every r € .Z(®)d’ Na.# a there is z; € .Z such that rz; = z; # 0. Since

51



ZL(P)zi <4 Z(0Q) and then Z(P)r <_; £ (Q) as desired. Thus applying Lemma 2.1.27, after
perturbing p to a new unitary we get 4.2 (®)au* = h,-£(Q)h,. Finally, we show (4.34). Assume
by contradiction there is 7, € 2°(Z(P)z ') so that £ (D)1, < 4 Z(Q) for some i = 1,2. Thus
there exist projections r € Z(®)t,, ¢ € £ (Q), a partial isometry w € .# and a x-isomorphism
on the image ¢ : rZ(®)r - B := ¢(rL(P)r) C ¢£(Q)q such that ¢(x)w = wx. Notice that
w*w € 1,(L(®;) N A )t, and ww* € B’ Ng.# q. But since Q < I' is malnormal it follows that
B NqHqC qZ(Q)g and hence ww* € ¢.Z(Q)g. Using this in combination with previous
relations we get that wr.Z(®;)rw* = Zww* C Z(Q) and extending w to a unitary u we have
that ur 2 (®;)ru* C Z(Q). Since £ (Q) is a factor we can further perturb the unitary u so that
u’ (®;)rou* C £(Q) where r < r, < 1, is the central support of r in .Z(®;)t,. Using malnor-
mality of Q again we further get r, (L (®;) vV Z(®;)' N )r,u* C Z(Q) and perturbing u we can
further assume that (£ (®;) V.2 (D) N )s,u* C L (Q) where r, < s, is the central support or r,
in Z(®;)V.L(®;) N.A). In particular, u( L (®)s,u* C Z(Q) and hence .Z(®)s, C u*.Z(Q)u.
Since r < r, < 5, and r < ¢, the previous containment implies that there is a minimal projection
s’ € L(®P)a' so that £ (P)s’ < £ (Q) which contradicts the maximality assumption on .%. Fi-

nally replacing z with a in our statement, etc our claim follows.

Next fix t € 2(Z(P)zh). Since £ (D)t and £ (P,)t are commuting property (T) von Neu-
mann algebras then using the same arguments as in the first part of the proof of Theorem 4.0.5
there are two possibilities: either i) there exists j € 1,2 such that Z(®;)t <, £ (N,) or ii)
L@t <y ZL(N, x Q). Next we briefly argue ii) is impossible. Indeed, assuming ii), Theorem
4.0.2 for n = 1 would imply the existence of j € 1,2 so that £ (P;)t <_, £ (Q) which obviously
contradicts the choice of z. Thus we have 1) and passing to the relative commutants intertwining
we have that Z(Ny) < £ (®;)f' Nttt =1(ZL(Pj)' N.A)t. Using the relations the ®;’s we see
that (£ (®;) N )t CtL(Pj)V.L(Pj) Nt )t Ct.L(PjvCA(P;))t C 1.Z(P)t. In conclusion,
we have

L(N)) <y t.L(®)t, forall 1 € Z(L(P)z4). (4.35)

Let A={AcA:|®NP*| <o}and B={A €A : |[®NP*| =}. Note that AUB = A and
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A # 0. Since Nj is infinite then for every A € A we have that Z(N;) £ 4 Z(®N®*)z-. Thus
using (4.35) together with the same argument from the proof of [PV06, Theorem 6.16], working
under z+, we get z'E 2(®) (uyztxz+) = 0 for all x € .# . This further implies that z-u, z- = 0 for
all A € A and hence l/llZJ—l/ll—l <z

On the other hand by Lemma 4.0.7 we have that for all A € B we get zuyz = 0 and hence
upzuy—1 < z+. Soif B # 0 we obviously have equality in the previous two relations, i.e. uj zuy -1 =
7t forall A € Band uyztu, 1 =z for all A € A. These further imply there exist a, € A and by € B
such that A = agCx (z*) and B = b,Cx(2); here Cx(z) < A is the subgroup of all elements of A that
commute with z and similarly for Ca(z*). Thus A = AUB = a,Ca(z) Ub,Ca(z). Thus we can
assume, without loss of generality, that [A : Cx(z)] < . But since A is icc this implies that z = 1.

The rest of the statement follows. ]
Theorem 4.0.9. In the Theorem 4.0.5 we cannot have case 4a).

Proof. Assume by contradiction that for all j € 1,2 there is i € 1,2 such that A(Z(Qi)) < ze.u
ML (N;). Using [DHI16, Theorem 4.1] and the property (T) on N; one can find a subgroup
Y < Asuch that Z(Q;) <y Z(X) and Z(N;) <z ZL(CA(X)). Since u.Z(P)u* = £(Q) and
Q; are biexact then by the product rigidity in [CdSS15] one can assume there is a unitary u €
Z(Q) such that u.Z(Q))u* = £ (®) and uL(Qo)u* = .£(P,)"/". Thus we get that £ (P;) < 4
Z(Z) and hence [®; : gZg~! N®;] < . So working with gZg~! instead of & we can assume that
[®; : XN ®;| < oo.In particular X N P; is infinite and since P is almost malnormal in A it follows
that CA(2N®;) < ®. Thus we have that £ (N;) < 4 ZL(CA(X)) C ZL(CA(END;)) C L(P) =

w*Z(Q)u which is obviously a contradiction. O

Theorem 4.0.10. Let I' be a group as in Notation 4.0.4 and assume that A\ is a group such that
L) =ZL(AN) =M. Let N: M — MM be the comultiplication “along A i.e. A(vy) =

vy ®v)y. Then the following hold:
i) A(.,%(Nl)),A(g(Nz)),A(g(N] XNz) -<(s///®(/// g(N] X Nz)@f(Nl X Nz), and
ii) there is a unitary u € M .M such that uA( L (Q))u* C Z(0)RZ(Q).
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Proof. First we show 1). From Theorem 4.0.5 we have that for all j € 1,2 there is j; € 1,2
such that A(Z(Nj,)) <.ze.n # &L (Nj). Notice that since A 4 _sA(L(N;))" D A(A) and
A(A)' "M &4 = C1 then by [DHI16, Lemma 2.4 part (3)] we actually have A(Z(N},)) <* ;= 4
ML (Nj). Notice that for all i # k we have j; # ji. Otherwise we would have A(Z(N;,) <*
ML (Ny) and A(ZL(Nj,) <* M &L (N2) which by [DHI16, Lemma 2.8 (2)] would imply that
A(Z(Nj,) <° ML (N1 NNy) = .4 @1 which is a contradiction. Furthermore using the same
arguments as in [[s16, Lemma 2.6] we have that A(.Z (N} X N;) = e ML (Ny X Np). Then
working on the left side of the tensor we get that A(Z(N; x N,) < von L (N1 X N»)RZ(N;
Ny).

Next we show ii). First we claim there is unitary u € .#Z&.# such that uA(Z(Q))u* C

MRL(Q). To see this notice that 4b) in Theorem 4.0.5 implies that there is ¢ : pA(Z(Q)p —
C =9 (pA(Z(0))p) C q(A#RL(Q))q a x-isomorphism so that

¢ (x)v =vx for all x € pA(Z(Q))p. (4.36)

We also have w* € €' Ng(A &4 )q and v'v € pA(ZL(Q))p' N p.# &4 p and moreover we can
assume that s(E 4z #(0)(W*)) = ¢q. If € < y5.4(0) # ® 1 then using the same argument form
the first part of the proof of Theorem 4.0.3 we would get that A(Z(Q)) < sé.# # ® 1 which
contradicts [IPV10, Proposition 7.2.2]; hence € £ ¢, 2(0) M & 1. Since Q is malnormal in I”
then by Lemma 2.1.20 we have that w* € €' Ng( M .4 )q C €' Nq(.# 3L (Q))q and hence
relation (4.36) implies that vpA(ZL(Q))pv* = €w* C 4 R.L(Q) since A R.ZL(Q) is a factor
there is a unitary w € .# & . such that wA(Z(Q))w* C .4 &L (Q), as desired.

To this end we notice that the same arguments as above (in all theorems involved) while work-
ing on the left tensor one can show there is a unitary v € .#®.# such that vA(Z(Q))v* C
Z(Q)®.#. Combining this with the claim above and using [DHI16, Lemma 2.8(2)] we get
that A(Z(Q)) <%z 4 L (Q)RL(Q). As A(Z(Q)) Auo.w A &1, 1@ then one can iterate

the same argument as in the proof of the claim above to show that one can find a new unitary
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u € M&AM such that ub(L(0))u* C .L(0)2.Z(Q). O

4.1 Proof of Theorem 4.0.1

Proof. We divide the proof into separate parts to improve the exposition.

4.1.1 Reconstruction of the Acting Group Q

To accomplish this we will use the notion of height for elements in group von Neumann al-
gebras as introduced in [IPV10, Iol1]). From the previous theorem recall that uA(Z(Q))u* C
Z(Q)RZL(Q). Let of = uA(ZL(N))u*. Next we claim that

hoxo(UA(Q)u*) > 0. (4.37)

For every x,y € Z(0)®.Z(Q) and every a € &/ ®.¢/ supported on a finite set F C N = N; X N,

we have that

|E .0 (xay) |13 = || Txtuy 1) (i) By (g 1) |13
q,l

= ||ZT X, T(yur)E oy (04(a)u ql*l)”%
2
= HZT xug-1)T(yur)oy(a)l2

= | Z T(Xl/qul)f(yu[)f(al/lnfl)l/taq(n)||% (4.38)

qeQ,neN?

=Y | Y clug)rhu)c(au, )P

reN? og(n)=r

<hpyo®) Y ( Y |T(yuz)HT(auoq,1(r)D2
renN? qEQ:Gq,l(r*I)EF

< gl )||y||%|!a|\%2%§!{q €Q:0,1(r) eF}.

This estimate leads to the following property: for every finite sets K, S C Q, every a € span{.o/ @/ u,
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g € K} and all € > 0 there exist a scalar C > 0 and a finite set F C N? such that for all x,y €
Z(0)RZ(Q) we have

1Py o a2, (xa¥) |13 < |KHS|C(h2Q><Q(x)HyH%HaH%?é%%Hq €Q:0,1(r7") € F}) +ellxll Iyl
(4.39)

Note this follows directly from (4.38) after we decompose the a and the projection Py ¢ /& cru,-

Next we use (4.39) to prove our claim. Fix € > 0. Since A(&/) A # @1, 1® .4 then by
Theorem 2.1.19 one can find a finite subset F, C N>\ N x 1 U1 x N such that ar, € /@4 is

supported on F,, and |la —aF, || < €. Since A(«/) <* &/ ®.o7 there is a finite S C Q x Q such that

||PZS€S{Q¢®MMS (a)—allp < eforalla € A(A). (4.40)

Assume by contradiction (4.37) doesn’t hold. Thus there is a sequence g, € Q such that

hoxo(tn) = hoxo(uA(ug,)u*) — 0 as n — co. As t, normalizes A(.<) then one can see that

1 —& = |[tnaty |3 — & < | Py, g, (tnaity )13
<Py, g ororu, (taty) |15+ €
< IFo|ISIC(hzng(fn)IItn||%||aF,,II§£I£§I{q €Q: 0 (r!) €FY) +ellll?
< IFy|ISIC (i (1) max Stab(r) [ + 2.
(4.41)
Since the stabilizers sizes are uniformly bounded we get a contradiction if € > 0 is arbitrary

small. To this end we notice that the height condition together with Theorem 4.0.8 and [CUIS,

Lemmas 2.4,2.5] already imply that 2 (ud®p*) > 0 and by [IPV10, Theorem 3.1] there is a unitary
Uo € A such that Tpo®@u; = TQ.
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4.1.2 Reconstruction of a Core Subgroup and its Product Feature

From Theorem 4.0.10 have that A(Z (N1 X N2)) <* =, L (N1 X N2)®Z (N X N2). Pro-
ceeding exactly as in the proof of [CU18, Claim 4.5] we can show that A(«/) C &/ ®.4/, where
o =u (N1 x N)u*. By Lemma 2.1.28, there exists a subgroup £ < A such that &7 = Z(X).
The last part of the proof of [CU18, Theorem 5.2] shows that A = X x ®. In order to reconstruct

the product feature of X, we need a couple more results.

Claim 4.1.1. For every i = 1,2 there exists j = 1,2 such that
A(g(Nj)) <’ g(Nl X NQ)@X(N,) 4.42)

Proof of Claim. We prove this only for i = 1 as the other case is similar. Also notice that since
N ws.n (AL (N;))) DA(A) and A(A) N M @4 = C1 then to establish (4.42) we only need
to show that A(Z(N;)) < Z (N1 x N»)&@.Z(N;). From above we have A(Z (N1 x N2) < za.u
Z (N1 x N2)®.Z (N1 x N). Hence there exist nonzero projections a; € A(Z(N;)) and b € Z(N; X
Ny)RZ(Ny x N), a partial isometry v € .# &.# and an x-isomorphism on the image ¥ : a; ®
WAL (N X Np))ay @ ay — ¥(a; @ aA(L(Ny X Na)ay X az) :=RZ C bL (N x Na)RZL(Ny X
N,)b such that ¥ (x)v = vx for all x € a] @ aA(ZL (N X Na))a) Q a;.

Denote by Z; :=W(a;,A(Z(N)))ai;) CbZL (N x N2)RZ (N1 x N»)b and notice that 2 and %,
are commuting property (T) diffuse subfactors. Since the group N, is (Fe)-by-(non-elementary hy-
perbolic group) then by [CIK13, CK15] it follows that there is j = 1,2 such that Z; < oy, xN,)0.2(N, xN»)
L (N1 x N2)®.Z(N; xFo). Since F., has Haagerup’s property and Z; has property (T) this further
implies that Z; < ¢y, xny)2.2 (N, xN,) £ (N1 X N2)@Z (Ny). Composing this intertwining with ¥

we get A(Z(Nj)) < Z (N1 x N2)&.Z(Ny), as desired.

Also, we note that j; # j,. Otherwise we would have that A(LZ(N;)) <* Z (N1 X N2)R.Z (Ny)N

Z(N,) = Z(N; x N)&1, which obviously contradicts [IPV 10, Proposition 7.2.1]. [

Let & = uZ(N;))u*. Thus, we get that A(</) <* L (N} X N2) ® Z(N;) for some i = 1,2.
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This implies that for every € > 0, there exists a finite set S C u*Qu, containing e, such that ||d —
Psys(d)||2 < € for all d € A(«7). However, A(</) is invariant under the action of u*Qu, and
hence arguing exactly as in [CU18, Claim 4.5] we get that A(«?) C (£ (X)®uZ (N;)u*). We now
separate the argument into two different cases:

Casel: i =1.

In this case, A(%/) C Z(X)®</. Thus by Lemma 2.1.28 we get that there exists a sub-
group Xy < X with & = Z(Xy). Now, &' NZL(X) = ul(N,)u*. Thus, Z(X9) NZL(X) =
ul(N>)u*. Note that ¥ and X are both icc property (T) groups. This implies that .£(Xy)" N
Z(X) = Z(vCx(Xy)), where vCx(X) denotes the virtual centralizer of £y in X. Proceeding as in
[CdSS17] we can show that ¥ = Xy x X4.

CaseIl: i =2.

Let = uZ(N,)u*. In this case, A(«/) C £ (X)®%. However, Lemma 2.1.28 then implies
that 7 C 2, which is absurd, as .Z(N;) and .Z(N,) are orthogonal algebras. Hence this case is

impossible and we are done. O

Remarks. 1) There are several immediate consequences of the Theorem 4.0.1. For instance one
can easily see the von Neumann algebras covered by this theorem are non-isomorphic with the
ones arising from any irreducible lattice in higher rank Lie group. Indeed, if A is any such lattice
satisfying .2 (") = .Z(A), then Theorem 4.0.1, would imply that A must contain an infinite normal

subgroup of infinite index which contradicts Margulis’ normal subgroup theorem.

2) While it well known there are uncountable many non-isomorphic group II; factors with
property (T) [Po07] little is known about producing concrete examples of such families. In fact the
only currently known infinite families of pairwise non-isomorphic property (T) groups factors are
{Z(G,)|n > 2} for G, uniform latices in Sp(n,1) [CH89] and { £ (G| X G X -+ X Gi) |k > 1}
where Gy is any icc property (T) hyperbolic group [OP03]. Theorem 4.0.1 makes new progress
in this direction by providing a new explicit infinite family of icc property (T) groups which gives
rise to pairwise non-isomorphic Il factors. For instance, in the statement one can simply Q; to

vary in any infinite family of non-isomorphic uniform lattices in Sp(n, 1) for any n # 2. Unlike
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the other families ours consists of factors which are not solid, do not admit tensor decompositions

[CdSS17], and do not have Cartan subalgebras, [CIK13].

3) We notice that Theorem 4.0.1 still holds if instead of I' = (N} x N;) x (Q1 X Q>) one consid-
ers any finite index subgroup of I'" of the form I's , = (N1 x N2) X (QF x Q3) < T, where 0 < Q)
and Q5 < O are arbitrary finite index subgroups. One can verify these groups still enjoy all the
algebraic/geometric properties used in the proof of Theorem 4.0.1 (including the fact that Ny x O
is hyperbolic relative to Q] and N; x Q5 is hyperbolic relative to Q3) and hence all the von Neu-
mann algebraic arguments in the proof of Theorem 4.0.1 apply verbatim. The details are left to the

reader.
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Chapter 5

Fundamental Groups of Property (T) type II; Factors

5.1 Fundamental Group of Factors Arising from Groups in Class 8

In this section we prove our main result describing isomorphisms of amplifications of property
(T) group factors £ (G) associated with groups G € 8. These factors were first considered in
[CDK19], where various rigidity properties were established. For instance, in [CDK19, Theorem
A] it was shown that the semidirect product decomposition of the group G = N x Q is a feature
that’s completely recoverable from .Z(G). In this section we continue these investigations by
showing in particular that these factors also have trivial fundamental group (see Theorem 5.1.6 and
Corollary 5.1.10). In order to prepare for the proof of our main theorem we first need to establish
several preliminary results on classifying specific subalgebras of .Z’(G). Some of the theorems will
rely on results proved in [CDK19]. We recommend the reader to consult these results beforehand
as we will focus mostly on the new aspects of the techniques. Throughout this section we shall use

the notations introduced in Section 3.1.

Our first result classifies all diffuse, commuting property (T) subfactors inside these group

factors.

Theorem 5.1.1. Let N x Q € 8. Also let &y, C L (N x Q) = .M be two commuting, property

(T), type 11y factors. Then for all k € {1,2} one of the following holds:
1. There exists i € {1,2} such that <f; <_z L (Ny);
2. N ah =y L (Ny)x Q0.

Proof. Let G, = Ny x Q for k € {1,2}. Notice that by part e) in Theorem 3.1.1 we have that
N x Q < G| X Gy = G where Q is embedded as diag(Q) < Q x Q. Notice that 7], C Z(N) %
0 C Z(G| x G2) =: .#. By [CDK19, Theorem 5.3] there exists i € {1,2} such that
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a) o < ; L(Gy), or
b) @ V.ah < ; ZL(Gkx Q).

Assume a). Since o] V @h C £ (N) x Q, by using [CDK19, Lemma 2.3] we further get that
A < 7 L(GNhGh™ 1) = Z(((N1 x Np) xdiag(Q)) N (Ng x Q)) = £ (Nk) and thus we have that
&) % <7 L (No).

Assume b). Then o V@ < ; Z(CNA(Ty x Q)h™) = 2 (h(Ny x diag(Q))h ™). This implies
that d) o V.o < ; L (Ni) % Q.

Note that by using [CDK19, Lemma 2.5] case d) already implies that «7] V . <_ £ (N;) ¥ Q
which gives possibility 2. in the statement.

Next we show that c) gives 1. To accomplish this we only need to show that the intertwining
actually happens in .#. By Popa’s intertwining techniques c) implies there exist finitely many

X; € //Z and ¢ > 0 such that
n
Z||E$ (v (axi)|[5 > c for all a € U(). (5.1

Using basic approximations of x;’s and increasing n € N and decreasing ¢ > 0, if necessary,
we can assume that x; = ug, where g; € Gy x Q. Now observe that E 2N (axi) = E g, (aug,) =

E g (E.z(aug,)) = E oy, (aE 4 (ug,)). Thus (5.1) becomes

Y NE g (@E. 4 (ug)|I5 = ¢ for all u € U(<)
i=1

and hence .«7; <_; £ (Ny) as desired. O

Next we show that actually the intertwining statements in the previous theorem can be made

much more precise.

Theorem 5.1.2. Let N x Q € 8. Also let oy, 9 C L (N x Q) = M be two commuting, property

(T), type 11 factors. Then for every k € {1,2} one of the following holds:
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1. There exists i € {1,2} such that <f; <_z L (Ny);
2. N b < gy ZL(0).

Proof. Using Theorem 5.1.1 the statement will follow once we show that <7} V .o/ < £ (N;) x Q

implies @ V @ <_y ZL(Q), which we do next. Since & V @5 <_; £ (N;) % Q, there exists
v p(h Vah)p — W(p(h Vv ah)p) =% C q(ZL(Ne) x Q)q (5.2)
x-homomorphism, nonzero partial isometry v € g.# p such that
y(x)v =vx forall x € p(o/ V ot)p. (5.3)

Notice that we can pick v such that the support projection satisfies s(E ¢y, x0) (V")) = . More-
over, since .27’s are factors we can assume that p = p| p, for some p; € P ().

Next let #Z; = y(p;<p;). Note that #Z|, %, are commuting property (T) subfactors such that
NN Ky =R C q(ZL(Ni) x Q)q. Using the Dehn filling technology from [Os06, DGO11], we see
that there exists a short exact sequence 1 — ;}ng — Ny x Q — H — 1 where H is a hyperbolic,
property (T) group and Qp < Q is a finite index subgroup. Then using [PV12, CIK13] in the
same way as in the proof of [CDK19, Theorem 5.2] we have either a) %#; < LN %0 Z( ;; on )
for some i, or b) Z = %1V %2 < 2N, 0 .,2”(;;ng) Since %;’s have property (T) then by [Po01,
Proposition 4.6] so does % and hence possibility b) entails Z < o (y,)x0 £ ( ;; ng ). Summarizing,
cases a)-b) imply that Z; < o (n,)x0 £ (* ( QO ), for some i. Then using [IPPOS5, Theorem 4.3]
this further implies % < o (n,)x0 X(QO ) and hence Z; < 2(n,)x0 £ (Q0) € Z(Q). As 0 <
Ny x Q 1s malnormal, using the same arguments as in the proof of [CDK19, Theorem 5.3] one can
show that Z < ¢(n,)xo £ (Q). Indeed, let ¢ : r%Zir — ¢ (rZir) == % < q1£(Q)q be a unital

x-homomorphism, and let w € g;.Z (N x Q)r be a nonzero partial isometry such that
¢ (x)w = wx for all x € rZ;r. (5.4)
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Note that ww* € .Z(Q) by Lemma 2.1.20 and hence Zww* = wZw* C Z(Q). Forevery u € %;

we have

Awuw”™ = Bww wunw™ = wZw wuw* = wwwuZw* = wuzw*

= wuZ;www* = wuw w@w* = wuw* Bww* = wuw* 4.

Thus Lemma 2.1.20 again implies that wuw™ € Z(Q). Altogether these show that w%; jw* C
Z(Q). Combining with the above we get WZW* = WH, K 1w* = wWWRERK; 1 Aw* =WEW WH;i 1 w* C
Z(Q). From relation (5.4) we have that w*w € Z. Also by (5.3) we have Zv = vp(/) V
)p and hence v*Zv = vivp(a/ V o)p. Hence there exists pg € P(p() V 24)p) so that
viw wy = v*vpg. Next we argue that wvpg # 0. Indeed, otherwise we would have wv = 0 and
hence ww* = 0. As w € Z(N; x Q) this would imply that WE oy, o) (vv*) = 0 and hence
w = wq = ws(E ¢(y,x0)(v")) = 0, which is a contradiction. To this end, combining the pre-
vious relations we have wvp (/) V @h)ppo C wyvp (2| V o) pvivpy = wyp (2| V o) pviwiwy =
WREW W Wy = wZw wv C Z(Q)wv. Since the partial isometry wv # 0 the last relation clearly

shows that <7 V @ <_z Z(Q), as desired. O

Theorem 5.1.3. Let 7y, 95 C £ (N) x Q = 4 be two commuting, property (T), type 111 factors
such that (/h NV ) Nr(Z(N) x Q)r = Cr. Then one of the following holds:

a) s\ ah <, L(N), or
b) oV eh <, L(0).
Proof. Fix k € {1,2}. By Theorem 5.1.2 we get that either
i) ix € {1,2} such that <7}, <, Z(Ny), or
i) AV h <4 ZL(0).

Note that case ii) together with the assumption (2] V %) Nr(Z(N) x Q)r = Cr and [DHIIS6,
Lemma 2.4] already give b). So assume that case i) holds. Hence for all k € {1,2}, there ex-

ists i € {1,2} such that &/, <_, £ (Ny). Using [DHI16, Lemma 2.4], there exists 0 # z €

63



X (NMowr( ) Orad r) such that o7,z <* , L (Ny). Since A/ V a5 C N, zr(2,)", then N, (i)' N

rdlr C (Vo) Nro#r = Cr. Thus we get that z = r. In particular

o, <y L(N). (5.5)

We now briefly argue that k # [ = i} # i;. Assume by contradiction that i{ = i = i. Then (5.5)
implies that <7; <°, £ (N1) and «7; <*,, Z(N>). By [DHI16, Lemma 2.6], this implies that <7 <_,
Z(Ny) and o <_y £ (N,). Note that £ (N;) are regular in .# and hence by [PV 11, Proposition
2.7] we get that <7, <_ £ (N1) N.Z(N,) = C, which implies that .<7; is amenable. This contradicts
our assumption that <7 has property (7). Thus iy # i; whenever k # [. Therefore we have that
ay <°, L(N1) CZ(N) and o7, <°, L (N,) € Z(N). Using Corollary 2.1.22 we get that ./} V

at <*, £ (N), which completes the proof. O

Our next result concerns the location of the ’core” von Neumann algebra.

Theorem 5.1.4. Let Nx Q.M X P € 8. Let p € £ (M x P) be a projection and assume that © :
Z(NxQ)— pZL(MxP)p is a x-isomorphism. Then there exists a unitary v € U(p-L (M x P)p)
such that @(Z(N)) = vpZL (M) pv*.

Proof. From assumptions there are Q;, Q», P;, P> icc, torsion free, residually finite, hyperbolic
property (T) groups so that Q = Q1 X Q> and P = P; X P,. We also have that N = Ny X Ny and M =
M, x M, where N;’s and M;’s have property (T). Denoting by .# = . (M x P), of =®(.Z(N)) and
o = O(Z(N;)) we see that o7 and <% are commuting property (T) subalgebras of p.# p. Using
part b) in Theorem 5.1.3 we have that {2 Va4 } NA =O(Z(N)'NZL(NxQ)) =CO(1)=Cp.

Using Theorem 5.1.3 we get either
a) o <, L (M) or,
b) o <, ZL(P).

Assume case b) above holds. Then there exists projections r € <7, g € Z(P), a nonzero partial

isometry v € g.# r, and a x-homomorphism y : ro/r — y(ra/r) C q.£(P)q such that y(x)v = vx
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for all x € ro/r. Arguing exactly as in the proof of [CDK19, Theorem 5.5], we can show that
VvON v yr(rdd r)'v: C q.Z(P)q.

Now, 2N, 4, (re?r) = r.#r, using [Po03, Lemma 3.5]. Thus, .Z <_, -Z(P) and hence
Z(P) has finite index in .# by [CDI18, Theorem 2.3], which is a contradiction. Hence we must
a),ie. o <°, pZL(M)p.

Repeating the above argument verbatim, we get that p.Z(M)p <, 4, /. Let N = L (N x
Q) and # = p£L(M)p. Note that o7 C O(.4") and B C p.# p are amplifications of genuine
crossed product inclusions. Also by part d) in Theorem 3.1.1 .o is regular irreducible subfactor of
O(A") = p.# p, while A is a quasi-regular irreducible subfactor of p.# p (as 2.4, 4 ,(pBp)" =
p2N (£ (M))p). Thus, we are in the setting of the first part of the proof of [IPP05, Lemma 8.4]
and using the same arguments there we conclude one can find r € P(<), a unital *-isomorphism
v irdr— % :=vy(rdr) C pL(M)p, and a partial isometry v € p.# p satisfying v'v =r, w* €
R'Np# p and y(x)v = vx for all x € ro/r. Moreover, we have that Z C p.Z(M)p has finite
index, and Z' N p.Z(M)p = Cp. Notice that by [Po02, Lemma 3.1], we have that [R' N p.#p :
(pLM)p) Npt p) < [pZL(M)p:%]. As (pL (M)p)' Np# p=C, we conclude that Z' N\ p.# p
is finite dimensional.

Let x € #' N p.# p. Since xr = rx for all r € # we have that ry x,u, = Y X,ugr, where
X = Y gcpXglig is the Fourier decomposition of x in .#Z = £ (M) x P. Thus Y, rxeue = Y., 0g(r)ug

and hence rxy = x,0,(r) for all g in r . In particular this entails that

xng;E,@/ﬁp‘Z(M)p:Cp (5.6)

Xgltg € B N pM p. (5.7

From (5.6) we see that x, is a scalar multiple of a unitary in p.# p. Hence by normalization we
may assume that each x; is itself either a unitary or zero.
Let K be the set of all g € P for which there exists x, € U(p-Z(M)p) such that xeu, € U(Z' N

p# p) and notice that K is a subgroup of P. Note that {xgu,}.ck is a T-orthogonal family in
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X' N\ pMp. As Z' N p.# p is finite dimensional, we get that K is a finite subgroup of P. As P is
torsion free (see part a) in Theorem 3.1.1) then K = {e}. In particular this shows that Z' N p.# p =
X' N pL (M)p = Cp which implies vw* = p and since viv=r < pwe getr=pandv € U(p.# p).
Thus y(x) = vaxv* for all x € roZr and hence Z = vr/ rv' = va/v* C p. L (M)p. Let v = 0O(wy),
where wo € % (£ (N x Q)). Thus, we get that Z(N) C wj®@~ 1 (pZ(M)p)wo C L (N) x Q. By,
[Ch78] (see also [CD19, Corollary 3.8]), we deduce that there exists a subgroup L < Q such that
wy®@1(pZL (M)p)wo = L (N) x L. As [wi®@~ 1 (pL (M) p)wo : £ (N)] is finite, we must have that
L is a finite subgroup of the torsion free group Q. Thus L = {e} which gives that (X (N)) = &/ =
VipZL(M)pv. O

Next we show that in the previous result we can also identify up to corners the algebras associ-
ated with the acting groups. The proof relies heavily on the classification of commuting property

(T) subalgebras provided by 5.1.3 and the malnormality of the acting groups.

Theorem 5.1.5. Let N x Q.M X P € 8. Let p € £ (M X P) be a projection and assume that © :

Z(NxQ)— pZL(Mx P)p is a x-isomorphism. Then the following hold

1. There exists v € UW(p-ZL (M x P)p) such that (L (N)) = vp.L (M) pv*, and

2. There exists u € UW(Z (M x P)) such that ©(Z(Q)) = pu*Z (P)up.

Proof. As part 1. follows directly from Theorem 5.1.4 we only need to show part 2.

Recall that Q = Q1 X Qr, P=P; X P,, N = N; X N and M = M| x M, where Q;, P, N; and
M; are icc, property (T) groups. Denote by # = (M x P), o/ = O(Z(N)), Z =0(Z(Q))
and ; = O(Z(Q;)). Then we see that A, A, C p.# p are commuting property (T) subalgebras
such that % V %, = Z. Moreover, by part d) in Theorem 3.1.1 we have that {%; VvV %,}' N
pMp =B NO(L(NxQ)) =CO(1) =Cp. Hence by Theorem 5.1.3, we either have that a)
B <, L(M), orb) B <, L(P). By part 1. we also know that &/ <°, Z(M). Thus, if a)
holds, then Theorem 2.1.21 implies that p.#Z p = O(ZL (N x Q)) <_y -Z(M). In turn this implies

that Q is finite, a contradiction. Hence b) must hold, i.e. Z <°,, Z(P).
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Thus there exist projections ¢ € A, r € £ (P), a nonzero partial isometry v € .# and a *-
homomorphism y : gZq — % := y(qABq) C rZL(P)r such that y(x)v = vx for all x € g%q. Note
that w* € R'Nr.#r. Since Z C rZ(P)r is diffuse, and P < M x P is a malnormal subgroup
(part ¢) in Theorem 3.1.1), we have that QN,. ,,(%Z)" C r£(P)r. Thus w* € rZ(P)r and hence
vqBqv* = Zw* C r.Z(P)r. Extending v to a unitary vo in .# we have that vogZBqv; C £ (P). As
Z(P) and A are factors, after perturbing vy to a new unitary u, we may assume that uZu* C Z(P).

This further implies that upu® € £ (P) and since ®(1) = p we also have
B =pABp C pu* L (P)up. (5.8)

Next we claim that

pu* L (Pup < 4 P (5.9)

To see this first notice that, since P is malnormal in M x P and P is icc (see parts a) and ¢) in
Theorem 3.1.1) then (pu*Z(P)up) NO(ZL (N x Q)) = (pu* L (P)up) Np.t#p = u*(ZL(P)' N
Z(M % Q))up = Cp. Thus using Theorem 5.1.3 we have either a) pu* L (P)up <3, ,, & or
b) pu* L (P)up <;//p 2. Assume a) holds. By part 1. we have pu*Z(P)up <;L///p o =
vp L (M)pv*; in particular, this implies that .Z(P) <_, -Z (M) but this contradicts the fact that
Z (M) and .Z(P) are diffuse algebras that are T-perpendicular in .#. Thus b) holds which proves
the claim.

Using (5.9) together with malnormality of @(.Z(Q)) inside ®(.Z (N x Q)) and arguing exactly

as in the proof of relation (5.8) we conclude that there exists w € % (p.# p) such that
wpu* L (P)upw* C A. (5.10)
Combining (5.8) and (2.19) we get that wAw* C wpu*.Z (P)upw* C %8 and hence w € QN ,(A)” =
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ZA. Thus we get

pu* L (P)up Cw* Bw = 4. (5.11)

Combining (5.8) and (5.11) we get the theorem. O
Finally, we are now ready to derive the main result of this paper.

Theorem 5.1.6. [CDHK20, Theorem 4.6] Let N x Q,M x P € 8§ with N = N; X Ny and M =
M| X M. Let p € £ (M x P) be a projection and assume that ® : (N x Q) — pL(M x P)p is
a *-isomorphism. Then p = 1 and one can find x-isomorphisms, ®; : £ (N;) — £ (M;), a group
isomorphism 8 : Q — P, a multiplicative character 1 : Q — T, and a unitary u € U(.Z (M x P))

such that for all g € Q, x; € N; we have that

O((x1 ®x2)ug) = 1(8)u(O1(x1) @ O2(x2)vs(g) Jut"

Proof. Throughout this proof we will denote by .#Z = £ (N x Q). Using Theorem 5.1.4, and
replacing ® by ® o Ad(v) if necessary, we may assume that @(Z(N)) = pZ(M)p. By Theo-
rem 5.1.5, there exists u € U(.#) such that ®(.Z(Q)) C u*.Z(P)u, where A4 = £ (M x P). More-
over O(1) = p, upu* € Z(P) and also O(Z(Q)) = pu* L (P)up. Next we denote by I = u*Pu

and by ¢4 = {O(u,) : g € Q}. Using these notations we show the following
Claim 5.1.7. hp(9) > 0.

Proof of Claim 5.1.7. Notice that 4 C Z(I') is a group of unitaries normalizing ®(.Z(N)).
Moreover, by Theorem 3.1.1 we can see that the action ¢ : P — Aut(M) satisfies all the conditions
in the hypothesis of Theorem 2.1.31 and thus using the conclusion of the same theorem we get the

claim. |

Claim 5.1.8. Lere #g €. Then 9" £ £ (Cr(g)).
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Proof of Claim 5.1.8. Since I is isomorphic to the product of two biexact groups, say I' x I,
by Lemma 3.1.2 we get that Cr(g) = A, '} X A, or A X I'; for an amenable group A. If Cr(g) = A
then since ¢ is non-amenable we clearly have ¥” £ Z(Cr(g)). Next assume Cr(g) = A x I,
and assume by contradiction that 4" < £ (Cr(g). As Q = Q1 x Q5 for Q; property (T) icc group,
then 4" = O(Z(01))20O(Z(Q>)) is a II; factor with property (T). Since 4" < L (A xT) =
Z(A)®Z(T) and £ (A) is amenable then it follows that 4" < .Z(T"). However by [0z03, Theo-
rem 1] this is impossible as . (I';) is solid and ¢” is generated by two non-amenable commuting

subfactors. The case Cr(g) =I'; x A follows similarly. [
Claim 5.1.9. The unitary representation {Ad(v)},eq on L*(p-L(T')p© Cp) is weakly mixing.

Proof of Claim 5.1.9. First note we have that @(.Z(Q)) = 4" = pZ(T')p. Also since Q is icc
then using [CSU13, Proposition 3.4] the representation Ad(Q) on L?(.Z(Q) © C) is weak mixing.
Combining these two facts, we get that the representation & on L*(p.Z (I') p© Cp) is weak mixing,

as desired. [ |

Claims 2-4 above together with Theorem 2.1.30 show that p = 1 and moreover there exists
unitary w € .Z (M x P), a group isomorphism 0 : Q — P and a multiplicative character n: Q — T
such that ®(ug) = 1(g)wvs(w* for all g € Q. Since O(Z(N)) = £ (M) then the same argument
as in proof of [CD19, Theorem 4.5] (lines 10-27 on page 25) shows that i) w*.Z(M)w C £ (M).
However re-writing the previous relation as v, = @w*@(ué_l(m)w for all h € P and apply-
ing the same argument as above for the decomposition .Z = @(.Z(N)) x ©(Q) we get that ii)
wO(Z(N))w* C O(Z(N)). Then combining i) and ii) we get that w*.Z(M)w = £ (M). Now
from the above relations it follows clearly that the map ¥ = ad(w*) o ® : Z(N) - Z(M) is a
*-isomorphism, and @ (xug) = 1(g)w (¥ (x)us(4) )w* for all x € Z(N). Finally, proceeding as in
the proof of [CDK19, Theorem 5.1] one can further show that the isomorphism ¥ arises from a

tensor of x-isomorphisms ®; : Z(N;) — £ (M;). We leave these details to the reader. O

Corollary 5.1.10. For any G =N x Q € 8 the fundamental group of £ (G) is trivial, i.e. 7 (£ (G))
1.
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While it is well known that there exist many families of pairwise non-isomorphic II; factors
with property (T), much less is known about producing concrete such examples. Our Corollary

5.1.10 shades new light in this direction.

Corollary 5.1.11. Forany G=N xQ € 8(Q) or G = G| X ... Xx G, with G; € V then the set of all
amplifications { £ (G)" : t € (0,00)} consists of pairwise non-isomorphic Il factors with property

(T).

Proof. The statement follows trivially from Corollary 5.1.10, Theorem 5.2.1 and the definition of

fundamental group. 0

5.2 Fundamental Group of Factors Arising from Class V

In this section we describe another class of examples of property (T) factors with trivial fun-
damental group. These factors arise as group von Neumann algebras .2 (I',)), with [, € V. We
refer the reader to section 3.2 for elementary properties of these groups, and their von Neumann
algebras. These factors are a minor variant of group factors studied in [Va04]. In combination with
Gaboriau’s ¢2-Betti numbers invariants [Ga02] and Popa—Vaes’s Cartan rigidity results [PV12] we
obtain a countable family of type II; group factors (£ (I';)),>2> with property (T), with trivial
fundamental group, that possess a unique Cartan subalgebra up to unitary conjugacy (see Theo-
rem 3.2.1), and that are pairwise stably non-isomorphic. We also show that products of finitely

groups in class 'V give rise to property (T) type II; factors with trivial fundamental group.

Theorem 5.2.1. [CDHK20, Theorem 5.1] For everyn > 2, let ', = ZA 1) o N, €NV, and M, =

Z (). The following properties hold true.
(i) Foreveryn > 2, ), has trivial fundamental group.
(ii) The type 11} factors (My)n>2 are pairwise stably non-isomorphic.

iti) Assume that T, € V and I' =T, x ... x T',, where n; > 2 for all i. Then the fundamental

group satisfies (£ (")) = {1}.
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Proof. (i) Denote by %, the orbit equivalence relation induced by the essentially free ergodic prob-
ability measure-preserving action A, ~ T*"**1)_ Then we have L(%,) = .#,, and [PV 12, Theorem
1.4] implies that .7 (.#,) = .7 (%,). Using Borel’s result [Bo83], the n-th £2-Betti number of A,
is nonzero and finite. Then a combination of [Ga02, Corollaire 3.16] and [Ga02, Corollaire 5.7]
implies that .7 (%,) = {1}. This further implies that % (.#,,) = {1}.

(ii) Let myn > 2 and t > 0 so that (.#,) = (.#,,)". Then [PV12, Theorem 1.4] implies that
Ky = (%y)'. Then [Ga02, Corollaire 0.4] (see also [CZ88]) further implies that m = n.

(iii) Using the Kunneth formula for /2-Betti numbers, we see that the n-th ¢£2-Betti number of

Ap, X - -+ X Ay, is nonzero and finite. Arguing exactly as in the proof of (i), we get that # (£ (I")) =
{1}. N

Let us point out that we could have directly applied [Va04, Theorem 4] to the adjoint group
of Sp(n,1) in order to obtain examples of icc groups that satisfy the conclusion of the theorem.
Instead, we adapted the explicit and simpler construction given in [Va04, Example 1, (a)] to the

case of Sp(n, 1).
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