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1 Introduction

It is well-elaborated empirically and theoretically since at least Schumpeter (1911, 1939)

and Bagehot (1915) that …nancial and real activities are inter-related. On the one hand,

Goldsmith (1969), McKinnon (1973) and King and Levine (1993), among many others, have

documented a positive relationship between …nancial depth (measured by …nancial inter-

mediation ratios) and economic advancement (measured by either the level or the rate of

growth of per capita output). Such a relationship is, however, not entirely uncontroversial.

For example, Fernandez and Galetovic (1994) …nd much weaker positive correlation for the

OECD countries (than for developing countries), and such a correlation is essentially zero

when Japan is excluded from the OECD sample. Using data from twelve Latin American

countries, De Gregorio and Guidotti (1992) conclude that the development of the real and

the …nancial sectors are negatively related. On the other hand, based on time-series data

from three developed economies (U.S., U.K. and Germany), Lehr and Wang (2000) show

that …nancial innovation that reduces …nancial markup (measured by the loan-deposit in-

terest rate spread) promotes economic growth. In the cross-country, cross-industry study of

Cetorelli and Gambera (2001), however, such a relationship between …nancial markup and

output growth is ambiguous. While there has been a growing literature addressing many in-

teresting issues on …nance and growth,1 theories towards resolving the two empirical puzzles

mentioned above have remained largely unexplored.

Therefore, the main purpose of this paper is to develop a dynamic general-equilibrium

model of …nance and growth with heterogeneity in loanable fund conversion ability through

which the interactions between the …nancial and the real sectors can be examined system-

atically.2 We attempt to provide plausible answers to the following two questions motivated

by the recent empirical literature mentioned above. Why are real and …nancial activities not

necessarily positively correlated? What are the underlying factors in‡uencing the long-run

1For a critical review of the literature, the reader is referred to Becsi and Wang (1997).
2Entrepreneurial heterogeneity is not only realistic (cf. Blanch‡ower and Oswald 1998), but yields impor-

tant implications for the underlying …nancial activities, as observed and discussed by Evans and Jovanovic

(1989) and Gertler and Gilchrist (1994).
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movements in the …nancial markup? To address these issues, we must model the …nancial

sector in such a way that it directly in‡uences the behavior of the real sector and that it

allows for an endogenous determination of both the loan and the deposit rates.3

Speci…cally, we use a general equilibrium overlapping-generations model with heteroge-

neous agents optimally choosing to become workers or entrepreneurs when they are young.

Since it is not the purpose of this paper to study the formation of …nancial intermediation,

we assume that borrowing and lending must all be …nancially intermediated.4 Workers work

in their youth and deposit the entirety of their wage income in banks. Banks take deposits,

employ labor and provide loans to borrowing entrepreneurs. Upon obtaining a loan from a

bank, an entrepreneur of a particular ability type transforms the loan into a capital good,

which can then be used together with labor to produce the …nal consumption good. Un-

der forced savings and in the absence of liquidity constraints, agents’ di¤erential loanable

fund conversion ability becomes the sole force determining the occupational choice between

workers and entrepreneurs.5

Notably, occupational choice and the process of transforming loans into capital goods

a¤ect capital accumulation, …nancial activity and economic growth in such a way that the

conventional positive relationship between …nancial and real activities may be upset. In

particular, there are two con‡icting e¤ects: (i) an “occupational choice e¤ect” as a result of

individuals’ decision on whether to become an entrepreneur and (ii) a “scale e¤ect” as a result

of positive Schumpeterian rents from uncompensated entrepreneurial knowledge spillovers in

which the rate of growth is a¤ected by the scale of production.6 By allowing for endogenous

3To our knowledge, the only paper separately determining the loan and the deposit rates within a dynamic

general-equilibrium framework is Chen et al. (2000), which studies how moral hazard behavior induces credit

rationing and a¤ects the loan-deposit interest rate spread.
4Those interested in endogenous formation of …nancial intermediation in an endogenous growth framework

may refer to the now-classic papers by Greenwood and Jovanovic (1990) and Bencivenga and Smith (1991),

among many others.
5For simplity, our paper is abstracting from imperfect credit markets. For a discussion on the role of

liquidity constraints on entrepreneurship, the reader is referred to Evans and Jovanovic (1989), Banerjee and

Newman (1993), and Holtz-Eakin, Joulfaian and Rosen (1994).
6As it will be elaborated in Sections 2 and 4 below, this Romer (1986)-type positive externality contrasts

sharply with the negative participation externality considered by Becsi et al. (1999) and others in the …nance
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labor demand by banks, …nancial markup is tied to the equilibrium unit labor cost. Due

to labor reallocation between the real and the …nancial sectors, …nancial markup need not

be negatively related to economic growth, depending crucially on the origin of productivity

enhancement.

The main …ndings of this paper can now be summarized as follows. First, when the

occupational choice e¤ect is strong and the degree of capital-skill complementarity is high,

there is a positive relationship between …nancial-market thickness and economic growth in

response to a uniform shift in the ability distribution. When the occupational choice e¤ect

is weak and the degree of capital-skill complementarity is low, a reversed relationship be-

tween the two economic indicators emerges. Second, the equilibrium properties concerning

the relationship between economic growth and …nancial-market thickness in response to a lo-

cal mean-preserving spread of a uniform ability distribution are exactly opposite to those in

response to a uniform shift in the ability distribution under the same parametric regularities,

as long as the degree of entrepreneurial knowledge spillovers is not too high. A dispersed dis-

tribution in this case may foster economic growth even with a thinner …nancial market, when

the occupational choice e¤ect is su¢ciently strong and the degree of capital-skill comple-

mentarity is su¢ciently high. Third and …nally, while both a reduction in the unit …nancial

operation cost and an improvement in manufacturing productivity are growth enhancing,

they have di¤erent e¤ects on equilibrium wages, interest rates and …nancial markup.

Related Literature

In the current literature of heterogeneous agents with occupational choice and economic

growth, little has been done concerning how the distribution of agents may a¤ect their oc-

cupational choice and economic growth. The primary purpose of this paper is to show in an

economy with heterogeneous agents, the distribution of agents a¤ects equilibrium wages and

economic growth to a large degree. There is a small but growing literature on occupational

choice with broadly de…ned …nance-related activity, including Banerjee and Newman (1993),

Galor and Zeira (1993), Aghion and Bolton (1997), Piketty (1997), De Gregorio and Kim

(2000), LLoyd-Ellis (2000), LLoyd-Ellis and Bernhardt (2000), Ghatak and Jiang (2002), and

literature.
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Fender and Wang (2003), to name but a few. The present paper has the following features of

importance contrasting with this previous literature. First, we emphasize on heterogeneity

in loanable fund conversion ability rather than individual wealth (cf. Aghion and Bolton,

Banerjee and Newman, Galor and Zeira, Ghatak and Jiang and Piketty) or labor skills (cf.

De Gregorio and Kim, Fender and Wang, LLoyd-Ellis, and LLoyd-Ellis and Bernhardt). Sec-

ond, we have a more complete …nancial sector with borrowing and lending activities with the

loan and deposit rates separately determined, rather than focusing on liquidity constraints.

Third, we explicitly model the process through which entrepreneurs transform loans into

physical capital where uncompensated entrepreneurial knowledge spillovers is allowed.

Our result that the equilibrium growth rate depends crucially on the distribution of

agents’ ability is, to our knowledge, unique in the context of …nance and growth. In our

model, di¤erent distributions of borrowers’ ability have di¤erent e¤ects on the equilibrium

growth rate. Here the growth rate is mainly driven by the e¤ect of total capital stock and

average conversion ability. For a given distribution, when there are less entrepreneurs in the

economy, it is true that there are less entrepreneurs in the economy (the scale e¤ect), but at

the same time, the average conversion ability of the entrepreneurs is higher (the occupational

choice e¤ect). These two opposing e¤ects make the resulting change in equilibrium wages

and growth rate ambiguous. For a given family of distributions, a change in distribution

parameters, either in mean or in dispersion measures, a¤ects the equilibrium occupational

choice, and hence returns to human capital as well as economic growth.

2 The Basic Environment

Time is discrete, indexed by t. In addition to an initially old generation at date t = 0, the

economy consists of an in…nite sequence of two-period lived overlapping generations. The

population is constant over time, normalized to one. There are three theaters of activities,

depicting the behaviors of workers, entrepreneurs and banks. Agents are endowed with one

unit of labor only when they are young and value consumption only when they are old. In the

absence of bequest motives, agents save the entirety of their income for consumption in the
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second period of their lifetime. Call one born in period t a t-generation agent, who chooses

to become a worker or an entrepreneur when young. A worker can be employed by a bank or

a …rm which is owned by a (t¡ 1)-generation entrepreneur. All workers are paid the current
competitive wage rate, and deposit the entire amount into banks for the purpose of future

consumption. A young entrepreneur (i) borrows certain amount of consumption goods from

a bank, (ii) devotes his labor to transform the consumption good into the capital good which

lasts only one period, (iii) employs (t + 1)-generation workers to utilize the capital good to

undertake production, and, (iv) consumes the entire net pro…t as a Diamond-Yellin (1990)

residual claimer. A bank’s lone activity is to transform deposits into loans, a lá Gurley and

Shaw (1955). The structure of the economy is conveniently depicted in Figure 1 where the

timing of events is numerically ordered from 1 to 7.

2.1 Workers, Entrepreneurs and Occupational Choice

Agents of t-generation are born with the same level of human capital ht but di¤erent ability

¿ on transforming the consumption good into the capital good (which re‡ects the …nancial

entrepreneurial ability). More speci…cally, an agent with ability ¿ can transform x units of

consumption good which he borrowed from bank into ¿°x units of capital good where ° > 0:

We assume ¿ 2 [0; ¿H ], where ¿H can be in…nity or a …nite number. Denote F (¿) as the

associated cumulative distribution function. For a t-generation entrepreneur with ability ¿ , if

he borrows xt units of consumption good when young and hires lt+1 units of (t+1)-generation

workers, he is able to produce consumption good at date t + 1 according to the technology

given by,

yt+1(¿) = A¹k
®¡µ
t+1 ¢ (¿°xt)µ ¢ (lt+1ht+1)1¡®; (1)

where A > 0 is a productivity scaling parameter, ht+1 is the human capital level of the

(t + 1)-generation workers, ¹kt+1 is the amount of capital that an average entrepreneur has,

and 0 < µ < ® < 1. More speci…cally, the amount of capital good available for production

¿°xt depends on the entrepreneur’s ability to transform the consumption good into the capital

good. The production function displays decreasing returns to scale with respect to private
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inputs, capital (¿°xt) and e¤ective labor (lt+1ht+1). However, the presence of uncompensated

entrepreneurial knowledge spillovers in the Romer (1986) convention restores constant return

to scale with respect to all factors, usually referred to as social constant returns (cf. Benhabib,

Meng and Nishimura 2000). Under this setup, ®¡ µ measures both the degree of decreasing
returns to scale to private inputs and the degree of entrepreneurial knowledge spillovers. This

type of positive external e¤ects is commonly seen in endogenous growth theory, which is very

di¤erent from the conventional negative participation externality in …nance (e.g., Besci at al.

1999).

Facing the competitive gross loan rate (±t+1) from date t to t + 1 and expecting the

competitive wage rate per unit of e¤ective labor (!t+1) and the average capital stock (¹kt+1)

prevailed at date t+ 1, a t-generation entrepreneur with ability ¿ chooses loan demand and

labor demand to maximize the net pro…t:

max
fxt;lt+1g

¼t+1(¿) = yt+1(¿)¡ ±t+1xt ¡ !t+1ht+1lt+1: (2)

Straightforward di¤erentiation leads to the following loan and labor demand schedules:

xt(¿) =
µyt+1(¿ )

±t+1
(3)

lt+1(¿) =
(1¡ ®)yt+1(¿)
!t+1ht+1

: (4)

From (3) and (4), both demand functions are decreasing in their correspondent prices and

increasing in the level of output, and one can easily see that the factor income shares of

capital and e¤ective labor are µ and 1¡®, respectively. Substituting these derived demands
into (1) and (2), we have:

yt+1(¿) = A0¿
°µ
®¡µ ¹kt+1(±

µ
t+1!

1¡®
t+1 )

¡ 1
®¡µ (5)

¼t+1(¿) = (®¡ µ)yt+1(¿ ); (6)

where A0 ´ [Aµµ(1¡ ®)1¡®]
1

®¡µ .

It is clear that entrepreneurs with higher ability hire more factors, produce more output,

and earn higher pro…t. Hence, the higher ¿ a t-generation agent has, the more likely he will
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become an entrepreneur. Speci…cally, by becoming an entrepreneur, he gains a pro…t income

of (® ¡ µ)yt+1(¿) when old; by becoming a worker, he receives a wage income of !tht and
deposits it in a bank to collect the principal and interest rt+1!tht when old. Since yt+1(¿)

is strictly increasing in ¿ , there should be a unique cuto¤ point ¿¤t such that agents with

higher (lower) ability than ¿¤t choose to become entrepreneurs (workers), as shown in Figure

2. Clearly, the cuto¤ point ¿¤t must satisfy the following no-arbitrage condition between the

two occupations, or, shortly, the occupational choice condition:

(®¡ µ)yt+1(¿¤t ) = rt+1!tht: (7)

2.2 Banks

We now turn to describing the perfectly competitive banking sector, where banks accept

deposit from young workers and lend it to young entrepreneurs. At any time t, any worker

can elect to form (and own) a bank, operating under a market deposit rate rt+1 to absorb

loanable funds from young workers and a market loan rate ±t+1 to provide loanable funds

to potential young entrepreneurs. At time t + 1, the bank receives the repayment from its

borrowers and pays back to depositors. For simplicity, assume such a transformation from

deposits into loans is undertaken purely by the bank employees, requiring no additional e¤ort

by the bank owner.

Speci…cally, the technology of transforming deposits into loans is Ricardian: in order to

convert X units of deposits into X units of loans, a bank must employ X=Á units of e¤ective

labor. That is, we assume zero reserve requirement (or, total deposits equal total loans)

and a unit labor requirement 1=Á for bank operation. Parameter Á serves as a measure of

technology level of the …nancial sector. Under perfect competition, a bank must end up with

zero pro…t, which implies the following equality must hold:

±t+1 = rt+1(1 +
!t
Á
): (8)

The left-hand-side is the repayment that a bank receives at date t+1 for one unit of loan. The

right-hand-side is the amount it has to pay which can have two interpretations depending
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on the contract between the bank and its workers. One interpretation is that the bank

uses the deposit to pay its employees and upon receiving their wage income, workers re-

deposit back into the bank. Alternatively, one may imagine that the bank promises its own

employees that they will be paid rt+1!t per unit of e¤ective labor when they become old

via an implicit contract. While both yield the same zero-pro…t condition (8), we stick to the

latter interpretation throughout the paper. That is, only workers at the …nal goods sector are

depositors, under which it is much easier to maintain not only the balance sheet accounting

but the equilibrium ‡ow of funds.7

Under this setup, it is obvious that there must be a gap between deposit and loan rates

to guarantee nonnegative pro…t for banks (i.e., a positive loan-deposit interest rate spread).

Throughout the paper, we measure the …nancial markup at time t by ±t+1¡rt+1
rt+1

. From equa-

tion (8), the …nancial markup is simply bank’s unit labor cost, !tÁ .

In our economy, there are three processes transforming from households’ savings to …-

nal goods production: (i) a banking transactions process from deposits to loans (i.e., bank

operation), (ii) a …nancial management process conducted by entrepreneurs converting con-

verting from loans to capital goods (i.e., …nancial entrepreneurship), and (iii) a production

process from capital (and labor) inputs to …nal goods (i.e., manufacturing activity). Under

the special features of our model setup, it is important to recognize the …rst two processes as

…nancial activities whereas the last as real activities. Recall that all entrepreneurial invest-

ments require external …nancing and that all banks have zero reserves. Under forced savings

and perfect credit markets, it is convenient to measure the level of …nancial activity at time

t by the mass of entrepreneurs,

¡(¿¤t ) =
Z ¿H

¿¤t
dF = 1¡ F (¿¤t ): (9)

Thus, under our setup, ¡(¿¤t ) captures …nancial-market thickness at time t.8 It is obvious
7Otherwise, a condition is needed to ensure that each bank would have enough funds to prepay wages to its

own employees, which would create unnecessary complexity without providing any additional insights towards

understanding the issues examined in this paper.
8While this measure is the appropriate measure in our framework, it di¤ers from the standard aggregate

credit proxies of …nancial depth by Goldsmith and others. In order to discuss the empirical facts, we thus
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that an increase in the frontier ability results in a thicker …nancial market. Moreover, for a

given ability distribution, …nancial-market thickness is inversely related to the cuto¤ ability:

a higher cuto¤ implies less entrepreneurial activities and hence a thinner …nancial market.

2.3 Human and Physical Capital Formation

To close the model, we must specify the formation of human and physical capital. Human

capital evolves according to,

ht+1 = ¹k
¯
t h

1¡¯
t : (10)

This says that the (gross) rate of human capital accumulation (ht+1=ht) is driven by the

average physical capital-human capital ratio (¹kt=ht) – a scaling constant is omitted as it

plays no additional role than A under our setting. This evolution pattern is justi…ed if the

economy exhibits capital-skill complementarity (cf. Griliches 1969) – a larger value of ¯

means a greater degree of capital-skill complementarity. Throughout the paper, we assume

that the production of human capital is relatively human-capital intensive, thereby requiring

® > ¯. If there is a positive relationship between individual’s e¤ort devoted to human capital

accumulation and the (average) physical capital-human capital ratio in the spirit following

Azariadis and Drazen (1990), the human capital evolution process essentially captures that

in Lucas (1988) and Glomm and Ravikumar (1992).9

Finally, the average physical capital stock is given by,

¹kt+1 = (

Z ¿H

¿¤t
¿°xt(¿)dF )(

Z ¿H

¿¤t
dF )¡1;8t ¸ 0: (11)

The …rst term on the right-hand-side is the integral of the transformed capital goods for all

types of entrepreneurs with ability exceeding the cuto¤, whereas the second term is the mass

of these entrepreneurs.

assume that our measure and the conventional proxies are positively correlated. A rigorous empirical re-

investigation is beyond the focus of the present paper and hence left for future research.
9The Romer-Lucas convention is in sharp contrast with the imitation or the learning models where the gap

between the individual and the frontier knowledge, rather than the average stock, matters.

9



3 Equilibrium

We are now ready to study the equilibrium of this economy. We …rst de…ne the concept of

equilibrium.

De…nition 1: Given h0 and an initial distribution of individual entrepreneur’s capital ~k0;

an equilibrium is a collection of quantity sequences f¿¤t ; ¹kt+1; xt(¿); lt+1(¿); yt+1(¿); ht+1g1t=0
together with a collection of price sequences f!t; ±t+1; rt+1g1t=0 such that:

(i) the occupational choice condition (7) holds for all t ¸ 0, where a t-generation agent

with ability ¿ chooses to become a worker if ¿ < ¿¤t and to become an entrepreneur

otherwise;

(ii) given !t+1; ±t+1; ht+1 and ¹kt+1; t-generation entrepreneurs optimally choose their pro-

duction plans with the triple fxt(¿); lt+1(¿); yt+1(¿)g satisfying (3), (4) and (5) for all
¿ ¸ ¿¤t and for all t ¸ 0;

(iii) banks earn zero pro…t so that (8) holds for all t ¸ 0;

(iv) human capital evolves according to (10) for all t ¸ 0;

(v) average physical capital prevailed satis…es (11) for all t ¸ 0;

(vi) both loan and labor markets clear every period.

3.1 Market Clearing Conditions

In this subsection, we derive conditions that characterize loan and labor market clearing.

The total demand for loan is simply the summation of individual entrepreneur’s loan

demands while the total supply of loan is more subtle. In particular, the total supply of loan is

the aggregate wage income of, not all workers, but only those who work in the manufacturing

sector. This can be best illustrated by regarding the payment arrangement between banks and

their employees as a promised contract so that only manufacturing workers actually receive

wage payment. Furthermore, for one unit of e¤ective labor hired by the manufacturing sector
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at time t, it costs !tÁ to pay for the required labor in the banking sector to transform deposits

into loanable funds. Hence, the fraction of manufacturing workers to all workers is (1+ !t
Á )

¡1,

so the loan market clearing condition can be written as:Z ¿H

¿¤t
xt(¿)dF = !tht[(1 +

!t
Á
)¡1

Z ¿¤t

0
dF ]; 8t ¸ 0: (12)

Notice that the term in the bracket on the right-hand-side is the total number of manufac-

turing workers at time t:

We can write down the labor market clearing condition in a similar fashion,Z ¿H

¿¤t
lt+1(¿)dF = (1 +

!t+1
Á
)¡1

Z ¿¤t+1

0
dF;8t ¸ 0: (13)

Notice that under equation (13), labor market clears every period starting period 1, and it is

the initial-period wage rate !0 which clears the labor market in period 0. More speci…cally,

!0 must equate the labor supply in the manufacturing sector ((1 + !0
Á )

¡1 R ¿¤0
0 dF ) and the

labor demand which depends on the initial distribution of individual entrepreneur’s capital

(~k0). It turns out that the wage dynamics in this model converges to a unique …xed point (to

be shown formally in Section 3.4 below). Therefore, the initial wage rate and subsequently

the initial capital distribution become inessential. Without loss of generality, we assume !0

as the given initial condition instead of ~k0:

3.2 Determination of the Cuto¤ Ability

To characterize the equilibrium, we …rst show that the cuto¤ ability ¿¤t is time-invariant. To

see this, let us start from the occupational choice condition (7) and work on the right-hand-

side of the equation. We substitute rt+1 by !t and ±t+1 from banks’ zero-pro…t condition (8)

and utilize the loan market clearing condition (12) to eliminate !tht. By expressing xt(¿) as a

function of yt+1(¿) using equation (3), we can then rewrite the occupational choice condition

as:

(®¡ µ)yt+1(¿¤t ) = [µ
Z ¿H

¿¤t
yt+1(¿)dF ] ¢ (

Z ¿¤t

0
dF )¡1;8t ¸ 0: (14)

The left-hand-side of equation (14) is the pro…t that an entrepreneur with cuto¤ ability would

earn. The …rst term on the right-hand-side of (14) says that a fraction µ of the total output
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at date t + 1 is allocated to depositors whose mass is given by the second term,
R ¿¤t
0 dF .

Therefore, the right-hand-side is the amount of consumption when old if being a worker was

chosen. Again, the equality states that agents with the cuto¤ ability must be indi¤erent

between these two occupations. Combined with (5), equation (14) can be further simpli…ed

to,

®¡ µ
µ

(¿¤t )
°µ
®¡µR ¿H

¿¤t
¿

°µ
®¡µ dF

=
1R ¿¤t

0 dF
; 8t ¸ 0; (15)

which yields our …rst proposition.

Proposition 1: The cuto¤ ability ¿¤t is time-invariant and is uniquely determined, depending

positively on the frontier ability ¿H .

Proof. The …rst and last parts of the proposition are trivial. For the second part, notice

that as ¿¤ increases from 0 to ¿H ; the left-hand-side of (15) strictly increases from zero to

in…nity whereas the right-hand-side strictly decreases from in…nity to 1. Hence, ¿¤ exists and

is unique. ¤

Proposition 1 greatly simpli…es our equilibrium analysis because we have one less state

variable to worry about. More precisely, the state variables at time t are now summarized

by the human capital of the young generation (ht) and the distribution of the amount of

physical capital owned by (t ¡ 1)-generation entrepreneurs (~kt): Since we know how a ¿ -

entrepreneur’s capital stock relates to that of the entrepreneur with the cuto¤ ability ¿¤t¡1,

namely kt(¿) = ( ¿
¿¤t¡1

)
°®
®¡µ kt(¿

¤
t¡1), the second state variable can be fully represented by the

average capital stock ¹kt and the cuto¤ ability ¿¤t¡1. Therefore, if ¿¤ is time-invariant, ¹kt

becomes a su¢cient statistic of ~kt and the pair (¹kt; ht) fully describes the state at time t.10

Having said this, we naturally turn to studying the evolution of the state variables.

10We would like to point out that the result on time-invariance cuto¤ ability is not robust to more general

socially constant-return-to-scale production functions. Since factor shares are constant under Cobb-Douglas

technology, the comparison between being an entrepreneur and being a worker is independent of tomorrow’s

states. This can be seen from equation (14) where all other time-dependent variables cancel out exactly from

both sides.
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3.3 Capital, Wage and Rental Dynamics

Since the evolution of human capital is simply captured by its law of motion (10), we focus

primarily on the dynamics of physical capital. Notably, ¹kt+1 depends on the total savings at

time t which in turn depends on the wage rate. Thus, it is useful to elaborate on the relation-

ship between capital and the e¤ective wage rate. Given (¹kt; ht); !t is uniquely determined

at the value which equates the labor demand and supply in the manufacturing sector. From

(4), (5)and (13), we can establish:

!
1
®
t (1 +

!t
Á
)¡1 =

®¡ µ
µ

[A(1¡ ®)] 1® [(¿¤)]¡ µ
® (¿¤)

°µ
®¡µ
(
¹kt
ht
);8t ¸ 1; (16)

where (¿¤) ´
hR ¿H
¿¤ ¿

°®
®¡µ dF

i
=
hR ¿H
¿¤ dF

i
, which measures the average productivity of en-

trepreneurs and is unambiguously increasing in the cuto¤ ability ¿¤ and decreasing in the

frontier ability ¿H . Notice that the left-hand-side of the equation is strictly increasing in !t

from 0 to in…nity. Also notice that the state variable can be further simpli…ed to the ratio

of average physical capital to human capital,
¹kt
ht
. When this ratio is large, labor becomes

relatively scarce, so the equilibrium wage rate is higher. Equation (16) applies for all t ¸ 1.
This, again, is because ¹k0 is not a su¢cient statistic of ~k0: As we will see below, this economy

converges to a unique steady state regardless of the initial condition. For the time being, we

can simply presume that this equation holds for t = 0 as well without loss of generality.

We can now calculate the total savings at time t which will be transformed into physical

capital by t-generation entrepreneurs with di¤erent abilities. We begin by utilizing (5), (7)

and (8) to express the output by a type-¿ entrepreneur as:

yt+1(¿) =
³ ¿
¿¤
´ °µ
®¡µ

yt+1(¿
¤) =

1

®¡ µ
³ ¿
¿¤
´ °µ
®¡µ !t

1 + !t
Á

±t+1ht:

This can then be combined with (3) to yield,

xt(¿)

ht
=

µ

®¡ µ
³ ¿
¿¤
´ °µ
®¡µ !t

1 + !t
Á

: (17)

Substituting (17) into (11), we obtain the average capital stock next period as a function of

this period e¤ective wage:

¹kt+1 =
µ

®¡ µ
!t

1 + !t
Á

ht(¿
¤)(¿¤)

¡ °µ
®¡µ

;8t ¸ 0:

13



which, together with the law of motion for human capital (10), implies the single state variable

f ¹ktht g evolves according to,

¹kt+1
ht+1

=
µ

®¡ µ(¿
¤)(¿¤)

¡ °µ
®¡µ !t

1 + !t
Á

(
¹kt
ht
)¡¯; 8t ¸ 0: (18)

Thus, as a result of factor substitution, an increase in the e¤ective wage rate raises the

physical-human capital ratio; by diminishing returns, an increase in the previous physical-

human capital ratio reduces the current one.

More interestingly, the cuto¤ ability ¿¤ generates two opposing e¤ects on the physical

to human capital ratio: a positive occupational choice e¤ect through (¿¤) and a negative

scale e¤ect captured by the term (¿¤)
¡°µ
®¡µ . Intuitively, higher cuto¤ ability, on the one hand,

implies an overall improvement of loanable fund conversion ability, thus enhancing the pro-

ductivity and fostering capital formation. On the other hand, for a given distribution F , a

higher cuto¤ ability means a smaller mass of agents involved in entrepreneurial activities,

thereby discouraging capital formation. Note that when the transformation from loans into

productive physical capital is independent of individual ability (i.e., ° = 0), both the scale

e¤ect and occupational choice e¤ect vanish. That is, heterogeneity in entrepreneurs’ ability

in transforming loans into physical capital is essential to the presence of occupational choice

and scale e¤ects.

Since
¹kt
ht
can be explicitly written as a function of !t but not vice versa, it is easier to

represent the behavior of this economy by the dynamics of the e¤ective wage rate instead of

the state variable. Substituting (16) into (18), we …nd the dynamics of the e¤ective wage

rate follows:

!
1
®
t+1

1 + !t+1
Á

=
B(¿¤)!

®¡¯
®

t

(1 + !t
Á )

1¡¯ ; 8t ¸ 0; (19)

where B(¿ ¤) ´ B0[(¿¤)]
®¡µ(1+¯)

® (¿¤)
¯°µ
®¡µ

, with B0 ´ (®¡µµ )¯[A(1¡®)1¡®]
1+¯
® . It is clear that

B(¿¤) may be increasing or decreasing in ¿ ¤. Since given !t, !t+1 is uniquely determined

from equation (19), the entire dynamic path of e¤ective wage rates f!tg1t=1 is determined
once !0 is given. Before discussing the …rst-order di¤erence equation (19) in details, we would

14



like to point out that once f!tg1t=1 is known, the equilibrium dynamics of the whole economy
is solved. To see this, …rst notice that for any t ¸ 1 and a given cuto¤ ability ¿¤, there is

a one-to-one correspondence between !t and
¹kt
ht
from equation (16). Furthermore, we can

combine (3) and (5) to write xt as a linear function in ¹kt+1 and then use (11) to eliminate

¹kt+1. This enables us to calculate the (gross) loan rate as as a function of the e¤ective wage

rate and the cuto¤ ability:

±t+1 = µ(1¡ ®) 1¡®® A 1
® [(¿¤)]

®¡µ
® !

¡ 1¡®
®

t+1 ;8t ¸ 0: (20)

Substituting (20) into (8), we obtain the (gross) deposit rate as follows:

rt+1 = µ(1¡ ®) 1¡®® A 1
® [(¿¤)]

®¡µ
® !t+1

¡ 1¡®
® (1 +

!t
Á
)¡1;8t ¸ 0: (21)

Since ¿¤ is time-invariant, the dynamics of either interest rate is determined once the pro…le

of e¤ective wage f!tg1t=0 is known. The inverse relationship between the e¤ective wage rate
and the rental (loan and deposit rates) conforms with the standard property of the factor

price frontier (downward sloping).

We summarize these results as follows.

Proposition 2: Given !0 > 0, the equilibrium dynamics of this economy f!t; ±t; rt; ¹kthtg1t=1
are fully captured by the dynamical system (19), (20), (21), and (16).

3.4 Balanced Growth Path

Next, we consider

De…nition 2: Given h0 and ~k0; a balanced growth equilibrium is an equilibrium where

f¹kt+1; xt(¿); yt+1(¿); ht+1g1t=0 all grow at constant rates andf¿¤t ; lt+1(¿); !t; ±t+1; rt+1g1t=0 are
all constant.

Under our setup, particularly equations (1) and (10), it is easily seen that if a balanced

growth equilibrium exists, the equilibrium dynamics converges to a balanced growth path along

which the stocks of physical and human capital grow at a common rate g, as do the amount

15



of loan and output. Since f±t; rt; ¹ktht g1t=1 can be fully described by the wage rate, it su¢ces to
show that the wage dynamics converges to a unique …xed point under any initial wage rate.

For convenience, let us express the …rst-order di¤erence equation (19) as:

!t+1 = ª(!t); (22)

where ª : R+ ! R+ is a continuous function. It can be easily veri…ed that ª(0) =

lim!t!1ª(!t) = 0 from equation (19). Moreover, ª has a unique local maximum at

!t =
®¡¯
¯(1¡®)Á and ª

0(0) =1 (as shown in the proof of Lemma 1 in the Appendix).

An example of the graph of function ª is provided in Figure 3. It is, however, only an

example for two reasons. First, ª may not be concave before reaching its maximum as shown

in the Figure, and therefore, we need to show that ª has a unique non-zero …xed point !.

Lemma 1 assures that this indeed is the case. Second, it is possible that ! · ®¡¯
¯(1¡®)Á, that is,

ª intersects the 45-degree line before it starts to decrease. In this case, it should be clear that

the wage converges to its …xed point ! for any !0 > 0. If ! >
®¡¯
¯(1¡®)Á as shown in Figure 3,

we must rule out the possibility of cycles to establish the convergence. This is further proved

in Lemma 2.

Lemma 1: ª has a unique, locally stable …xed point !.

Proof. See Appendix. ¤

Although ! is the only locally stable …xed point, f!tg1t=1 may not converge to ! in the
presence of cycles. The next lemma precludes such a possibility by applying the Sarkovskii

Theorem.11

Lemma 2: ª has no periodic point.

Proof. See Appendix. ¤

By substituting !t+1 = !t = ! into (19), the equilibrium wage rate along the balanced

11See Sharkovskii (1964).

16



growth path satis…es:

¤(!) = (
®¡ µ
µ

)¯[A(1¡ ®)1¡®] 1+¯® [(¿¤)]®¡µ(1+¯)® (¿¤)
¯°µ
®¡µ

; (23)

where ¤(!) ´ !
1¡®+¯

®

(1+!
Á
)¯
, with ¤0(!) > 0. From equation (23), whether the e¤ective wage is

increasing or decreasing in the cuto¤ ability depends crucially on the relative magnitude of

the occupational choice versus the scale e¤ects as well as the degree of capital-skill comple-

mentarity (measured by ¯). When the occupational choice e¤ect is strong and the degree of

capital-skill complementarity is high, the e¤ective wage along the balanced growth path is

decreasing in the cuto¤ ability.

Utilizing Lemmas 1 and 2, we can draw the main conclusion regarding the balance growth

path in the following Proposition.

Proposition 3: Given !0 > 0, the economy converges to a balanced growth path where all

prices remain constant and ¹kt, ht grow at a same constant rate,

g = [A(1¡ ®)1¡®] 1® [(¿¤)]®¡µ® !¡ 1¡®
® ¡ 1; (24)

where ¿¤ and ! satis…es (15) and (23), respectively. The rate of economic growth depends

positively on the cuto¤ ability ¿¤ and negatively on the e¤ective wage !.

Proof. From equations (16), (20), (21) and the Lemmas, it is clear that sequences f±tg; frtg; f ¹ktht g
converge as f!tg converges to !: On the balanced growth path, since ¹kt

ht
remains constant,

k and h must grow at the same rate g = ht+1
ht

¡ 1 = ( ¹kh)¯ ¡ 1: By combining equations (16)
and (23), g can be calculated as in (24). Since 0(¿¤) > 0, the characterization of the growth

rate follows immediately. ¤

We have thus far solved the balanced growth equilibrium and are prepared to characterize

the equilibrium properties to which we now turn.

4 Characterization of Balanced Growth Equilibrium

How would economic growth and credit market thickness be correlated along the balanced

growth path? How would a change of productivity in the manufacturing sector or in banking
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sector a¤ect the balanced growth path? These questions can now be answered based on

comparative-static exercises with respect to exogenous shifts in A, Á and ¿¤ using the two

key long-run relationships summarized by equations (23) and (24). Concerning the exogenous

shifts that change the cuto¤ ability, we consider either a uniformly outward shift of the ability

distribution function or an increase in the dispersion of the ability distribution function

represented by a local mean-preserving spread.

Just how does either distributional change in‡uence cuto¤ ability and …nancial-market

thickness? Consider a uniformly rightward shift of the ability distribution function from a

compact support [0; ¿H ] to [¸; ¿H + ¸], where ¸ > 0. We then have

Lemma 3: A rightward shift in the ability distribution (an increase in ¸) raises both the

cuto¤ ability ¿¤ and …nancial-market thickness ¡.

Proof. See Appendix. ¤

Next, consider a change in the dispersion of the ability distribution. In order to obtain

unambiguous results, we focus exclusively on a uniform distribution over a compact support

[´¿H ; (1¡ ´)¿H ] with constant density 1
(1¡2´)¿H , where ´ = 0 restores the benchmark distri-

bution support and a reduction in ´ represents a local mean-preserving spread. The following

property can be established:

Lemma 4: For µ 2 (®2 ; ®), a local mean-preserving spread of the uniform ability distribution
(lower ´) raises the cuto¤ ability ¿¤ and reduces …nancial-market thickness ¡ unambiguously.

Proof. See Appendix.¤

It may be noted that the condition in Lemma 4 restricts the degree of knowledge spillovers

(measured by ®¡ µ) to be not too high.
Armed with Lemmas 3 and 4, we are now ready to conduct comparative-static analysis.

We focus on explaining the results intuitively and relegate the formal proof in the Appendix.

Table 1 summarizes the main …ndings concerning …nancial-market thickness and economic

growth. If the occupational choice e¤ect is su¢ciently large and the degree of capital-skill
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complementarity is su¢ciently high, (23) suggests that the wage rate in e¤ective units along

the balanced growth path is decreasing in the cuto¤ ability. If the occupational choice e¤ect

is not too small, (24) indicates that there is a positive relationship between the cuto¤ ability

and the rate of balanced growth of the economy. Thus, when the occupational choice e¤ect

and the degree of capital-skill complementarity are strong, higher …nancial-market thickness

(higher ¡) caused by a uniformly rightward shift of the ability distribution is associated

with higher economic growth (higher g), con…rming the Goldsmith-McKinnon proposition of

…nance and growth.

On the other hand, if the occupational choice e¤ect is su¢ciently small and the degree

of capital-skill complementarity is su¢ciently low, (23) implies the e¤ective wage rate is now

increasing in the cuto¤ ability. From (24), we must then have the rate of balanced growth

depend negatively on the cuto¤ ability. In this case, a thicker …nancial market is accom-

panied by a staggered growth path of real activity. In the …nance literature with negative

participation externalities (e.g., Becsi et al. 1999 and papers cited therein), a thicker …nan-

cial market may be harmful for the performance of the real sector due to a direct interactive

crowding-out e¤ect. Although our result resembles that in this previous literature, our model

does not assume any negative participation externality and the result is entirely driven by en-

dogenous occupational choice in the presence of positive entrepreneurial knowledge-spillover

externality. Our …ndings may provide a plausible explanation for the ambiguity in the rela-

tionship between economic progress and …nancial development as discussed in De Gregorio

and Guidotti (1992) and Fernandez and Galetovic (1994).

Furthermore, under a uniform distribution over a compact support of [´¿H ; (1 ¡ ´)¿H ]
with constant density 1

(1¡2´)¿H , a local mean-preserving spread of the ability distribution

(lower ´) raises cuto¤ ability and results in a thinner …nancial market when the degree of

entrepreneurial knowledge spillovers (measured by ® ¡ µ) is not too high (more precisely,
®
2 < µ < ®). Yet, such a dispersed distribution may still be growth-enhancing, as long as

the occupational choice e¤ect is strong enough to dominate the scale e¤ect and the degree

of capital-skill complementarity is su¢ciently high (see Table 2).12 That is, the equilibrium

12One can also use (19) and (20) to show that in this case, the e¤ective wage rate is decreasing with a more
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properties concerning the relationship between economic growth and …nancial-market thick-

ness in response to a local mean-preserving spread of the ability distribution turn out to be

exactly opposite to those in response to a uniform shift in the ability distribution under the

same parametric regularities.

We next turn to characterizing the di¤erent e¤ects of an advancement in production tech-

nology and an improvement in banking e¢ciency. We summarize the results in Table 2. By

examining (23), it is not di¢cult to show that along the balanced growth path, the e¤ective

wage rate (!) and the …nancial markup ( ±¡rr , which equals
!
Á in balanced growth equilibrium)

are decreasing in banking productivity (Á) but increasing in manufacturing productivity (A).

The negative relationship between banking productivity and …nancial markup corroborates

with empirical …ndings in Lehr and Wang (2000). Also, utilizing (20) and (21), the only

e¤ects of banking productivity on the interest rates are through the e¤ective wage rate, im-

plying d±
dÁ > 0 and

dr
dÁ > 0. Due to the presence of a direct e¤ect, the e¤ects of manufacturing

productivity on loan and deposit rates are generally ambiguous. By di¤erentiation and ma-

nipulation, however, it is possible to show that the direct e¤ect is dominant in the loan rate

so that d±
dA > 0, though the ambiguity of the sign of

dr
dA remains.

Finally, notice from (24) that the balanced growth rate is inversely related to the e¤ective

wage rate and that while there is a positive direct e¤ect of manufacturing productivity on the

balanced growth rate g, banking productivity has no such direct in‡uence. As a consequence,

it is easy to sign dg
dÁ > 0 and dg

dA > 0. That is, both an improvement in banking e¢ciency

and an advancement in production technology promote economic growth. Yet, their e¤ects

on the …nancial markup are entirely opposite. Therefore, whether economic development

is accompanied by a lower or higher …nancial markup depends crucially on the origin of

the productivity increase. This provides a plausible explanation for the ambiguity of this

relationship established in the cross-country, cross-industry study of Cetorelli and Gambera

(2001).

Summarizing, we have the following main theorems:

dispersed ability distribution whereas the loan rate is increasing.
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Theorem 1: The balanced growth equilibrium possesses the following properties in response

to a uniform shift in the ability distribution:

(i) when the occupational choice e¤ect is strong and the degree of capital-skill complemen-

tarity is high, there is a positive relationship between …nancial-market thickness (high ¡) and

economic growth (high g);

(ii) when the occupational choice e¤ect is weak and the degree of capital-skill complementar-

ity is low, there is a negative relationship between …nancial-market thickness (high ¡) and

economic growth (low g).

Theorem 2: Assume a uniform ability distribution with weak entrepreneurial knowledge

spillovers such that µ 2 (®2 ; ®). Then, in response to a local mean-preserving spread of the
ability distribution, the balanced growth equilibrium possesses properties exactly opposite to

those in response to a uniform shift in the ability distribution as described in Theorem 1.

Moreover, a dispersed distribution may promote growth even with a thinner …nancial market,

as long as the occupational choice e¤ect and the capital-skill complementarity are su¢ciently

strong.

Theorem 3: In balanced growth equilibrium, both a reduction in the unit …nancial operation

cost (higher Á) and an improvement in manufacturing productivity (higher A) are growth-

enhancing, but their e¤ects on equilibrium wages, interest rates, and …nancial markup are

generally di¤erent.

To the end, we would like to perform calibration exercises, illustrating that how the

various ambiguous results established above can be obtained in response to changes in the

underlying parameters from the benchmark case using the U.S. data. We focus on the case

where the distribution of ability F is uniform. The main parameters to be calibrated are: A,

®, µ, °, ¯, Á, and ¿H .

Along a balanced growth path, we can rewrite (20) and (21) as:

±¤ = µ(1¡ ®) 1¡®® A 1
® [(¿¤)]

®¡µ
® !¤¡

1¡®
®

r¤ = µ(1¡ ®) 1¡®® A 1
® [(¿¤)]

®¡µ
® !¤¡

1¡®
® (1 +

!¤

Á
)¡1:
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Under uniform distribution, we have:

¿¤ =

µ
µ

°µ + ®

¶ ®¡µ
°µ+®¡µ

¿H

¡(¿¤) = 1¡ ¿¤

¿H
= 1¡

µ
µ

°µ + ®

¶ ®¡µ
°µ+®¡µ

(¿¤) =
®¡ µ

°®+ ®¡ µ
(¿H)

°®+®¡µ
®¡µ ¡ (¿¤)°®+®¡µ®¡µ

¿H ¡ ¿¤ :

These together with (23) and (24) are the main equations used for our calibration analysis.

First, we adopt standard parameterization to set ® = 0:3 and µ = 0:2 as in the standard

endogenous growth literature. Next, we pin down the value of …nancial markup (±=r) by

the ratio of one-year bank prime loan to T-bill rate, based on data from the Federal Reserve

Board (1960-2002). We compute the average growth rate (g) from the Penn World Table

(1961-2000) and the real wage rate (!) from the Bureau of Labor Statistics (1964-2002).

Then, upon normalizing A = 1 (since we can always rescale ¿H to make A = 1) and setting

° = 1:5, we can calibrate the values of ¯, Á, and ¿H to …t ±=r, g and ! using the U.S.

data. This gives the U.S. benchmark values for ¯ = 0:0007, Á = 41; 066, ¿H = 7; 400; 000,

¡(¿¤) = 0:24, g = 2:45%, ±=r = 1:35 and ! = 14; 373. This benchmark case falls into the

strong capital-skill complementarity (strong ¯) and strong occupational choice e¤ect (strong

) category in that there is a positive relationship between …nancial market thickness and

growth rate in response to changes in the ability distribution. However, if we change the

values of the conversion parameter (°) or the degree of capital-skill complementarity (¯), any

ambiguous outcomes presented in Tables 1 and 2 can be produced (see Tables 3A and 3B,

respectively).

5 Concluding Remarks

We have developed a dynamic general-equilibrium model of …nance and growth with loanable

fund conversion ability heterogeneity. Competitive banks earn zero pro…t by hiring workers

to transform deposits into loans. By occupational choice, an agent may choose to become

an entrepreneur, transforming loans into capital and producing the …nal good by employing
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young workers. We have shown that for a given ability distribution, a decrease in the number

of entrepreneurs may create an occupational choice e¤ect, enhancing the rate of growth of the

economy, as the average conversion ability of the remaining entrepreneurs is higher. Moreover,

for a given family of distributions, a change of distribution parameters with regard to its

dispersion may generate a permanent growth e¤ect. Due to the presence of an occupational

choice e¤ect, a scale e¤ect and a general-equilibrium wage adjustment e¤ect, …nancial-market

thickness and income growth need not be positively correlated. In addition, production and

banking technologies may have very di¤erent long-run implications for economic growth. Our

paper has therefore promoted better understanding about the workings of …nancial markets

in the process of economic development.

Our model predicts that a rightward shift of the ability distribution may lead to a nega-

tive relationship between …nancial-market thickness and economic growth, particularly when

the capital-skill complementarity is low and the occupational choice e¤ect is weak. This may

be tested empirically using cross-country, cross-industry data. Furthermore, our model also

suggests that an improvement in …nancial e¢ciency and an advancement in production tech-

nology can induce di¤erent relationships between …nancial markup and economic growth. It

may therefore be interesting to separate these two types of productivity enhancements em-

pirically to examine the relative magnitude of their e¤ects on markup-growth relationship

across countries and industries.
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Appendix

Proof of Lemma 1. Let ¹! be a …xed point of ª, then ¹! must satisfy ¹! = ª(¹!). Replacing

!t+1 and !t in equation (19) with ¹! yields,

¹!
1
® (1 +

¹!

Á
)¡1 = B(¿¤)[¹!

®¡¯
® (1 +

¹!

Á
)¡(1¡¯)]: (A1)

Obviously, ¹! = 0 is a …xed point of (A1). Assuming ¹! = ! > 0, (A1) implies:

!
1¡®+¯

® (1 +
!

Á
)¡¯ = (

®¡ µ
µ

)¯[A(1¡ ®)] 1+¯® [(¿¤)]®¡µ(1+¯)® ¿¤
¯°µ
®¡µ
: (A2)

Since the right-hand-side of (A2) is a constant and the left-hand-side strictly increases in !

from 0 to in…nity, ! (> 0) exists and is unique.

To prove that ! is the only locally stable …xed point, it su¢ces to show that jª0(!)j < 1
and jª0(0)j > 1. From equation (19),

ª0(!t) =
d!t+1
d!t

=
[(®¡ ¯)Á¡ ¯(1¡ ®)!t][!t+1(1 + !t+1

Á )]

[Á+ (1¡ ®)!t+1][!t(1 + !t
Á )]

: (A3)

Therefore,

ª0(!) =
(®¡ ¯)Á¡ ¯(1¡ ®)!

Á+ (1¡ ®)! ;

and it is easy to verify that jª0(!)j < 1:
To show that ¹! = 0 is an unstable …xed point, we utilize equation (19) again and rewrite

equation (A3) as:

ª0(!t) =
[(®¡ ¯)Á¡ ¯(1¡ ®)!t][B(¿¤)®(1 + !t+1

Á )1+®]

[Á+ (1¡ ®)!t+1][!1¡®+¯t (1 + !t
Á )

1+®(1¡¯)]
:

Since !t+1 = 0 when !t = 0, ª0(0) =1: ¤

Proof of Lemma 2: Since ª is continuous, Sarkovskii Theorem applies. Therefore, if we can

show that ª has no two-period cycle, then the proof is completed.

Suppose ª has a periodic point !p(> 0) with prime period two. That is, ª(!p) = k!p

and ª(k!p) = !p for some positive k and k 6= 1. From equation (19), this implies:

(k!p)
1
® (1 +

k!p
Á
)¡1 = B(¿¤)(!p)

®¡¯
® (1 +

!p
Á
)¡(1¡¯) (A4)

(!p)
1
® (1 +

!p
Á
)¡1 = B(¿¤)(k!p)

®¡¯
® (1 +

k!p
Á
)¡(1¡¯): (A5)
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From (A4) and (A5), we get:

k
1+®¡¯

® = (
1 + k!p

Á

1 + !p
Á

)2¡¯;

which yields,

(1¡ k¡
(1¡®)(1¡¯)
®(2¡¯) )!p = (k

¡ 1+®¡¯
®(2¡¯) ¡ 1)Á: (A6)

Since sign(1 ¡ k¡
(1¡®)(1¡¯)
®(2¡¯) ) = ¡sign(k¡ 1+®¡¯

®(2¡¯) ¡ 1) for any positive k 6= 1, !p < 0 which

contradicts our assumption. Therefore, ª has no two-period cycle and by Sarkovskii Theorem,

ª has no cycle of any period. ¤

Proof of Lemma 3: Consider a uniformly rightward shift of the ability distribution function

from a compact support of [0; ¿H ] to [¸; ¿H +¸] with ¸ > 0. Then, this new distribution can

be expressed as F (¿ ¡¸) with pdf f(¿ ¡¸). The cuto¤ ability ¿¸ under the new distribution
can be solved from,

®¡ µ
µ

Z ¿¸

¸
dF (¿ ¡ ¸) =

Z ¿H+¸

¿¸

µ
¿

¿¸

¶ °µ
®¡µ

dF (¿ ¡ ¸):

By changing variables, we get:

®¡ µ
µ

Z ¿¸¡¸

0
dF (¿) =

Z ¿H

¿¸¡¸

µ
¿ + ¸

¿¸

¶ °µ
®¡µ

dF (¿): (A7)

Totally di¤erentiating (A7) with respect to ¸ implies,

®¡ µ
µ

f(¿¸ ¡ ¸)
µ
d¿¸
d¸

¡ 1
¶
= ¡f(¿¸ ¡ ¸)

µ
d¿¸
d¸

¡ 1
¶
+

°µ

®¡ µ
1

¿¸

"Z ¿H

¿¸¡¸

µ
¿ + ¸

¿¸

¶ °µ
®¡µ¡1

dF (¿)¡ d¿¸
d¸

Z ¿H

¿¸¡¸

µ
¿ + ¸

¿¸

¶ °µ
®¡µ

dF (¿)

#
;

or, manipulating,

d¿¸
d¸

=

®
µ f(¿¸ ¡ ¸) + °µ

®¡µ
1
¿¸

R ¿H
¿¸¡¸

³
¿+¸
¿¸

´ °µ
®¡µ¡1

dF (¿)

®
µ f(¿¸ ¡ ¸) + °

¿¸

R ¿¸¡¸
0 dF (¿)

> 0: (A8)

Since the …nancial-market thickness measure under this new distribution becomes: ¡¸ ´
1¡ R ¿¸¡¸0 f(¿)d¿ , we have:

d¡¸
d¸

= f(¿¸ ¡ ¸)
µ
1¡ d¿¸

d¸

¶
: (A9)
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It is clear that the second term in the denominator of (A8) can be rewritten as:

°

¿¸

Z ¿¸¡¸

0
dF (¿) =

°µ

®¡ µ
1

¿¸

Z ¿H

¿¸¡¸

µ
¿ + ¸

¿¸

¶ °µ
®¡µ

dF (¿)

which is unambiguously greater than the second term in the numerator of (A8), thus implying
d¿¸
d¸ < 1 and, from (A9), d¡¸d¸ > 0. ¤

Proof of Lemma 4: Under uniform distribution over a compact support [´¿H ; (1¡´)¿H ] with
constant density 1

(1¡2´)¿H , equation (15) along a balanced growth path becomes,

T (
¿¤

¿H
; ´) ´ ( ¿

¤
¿H
)¡ ´

( ¿
¤
¿H
)

¡ 1

° + ®¡µ
µ

8<:
"
1¡ ´
( ¿

¤
¿H
)

#1+ °µ
®¡µ

¡ 1
9=; = 0; (A10)

which can be evaluated at the benchmark value of ´ = 0 to yield,

¿¤

¿H
=

µ
1 + ° +

®¡ µ
µ

¶ ¡1
1+

°µ
®¡µ : (A11)

Straightforward di¤erentiation of (A10) leads to @T
@(¿¤=¿H) > 0 and

@T

@´
=

1

( ¿
¤
¿H
)

8<:1 +
°µ
®¡µ

° + ®¡µ
µ

"
1¡ ´
( ¿

¤
¿H
)

# °µ
®¡µ

¡ 1
9=;

=
1

(1¡ ´)( ¿¤
¿H
)

½·
1 + (1 + °)

µ

®¡ µ
¸
(
¿¤

¿H
)¡ °µ

®¡ µ´ ¡ 1
¾
:

Taking the limit ´! 0 and utilizing (A11), the above expression reduces to,µ
@T

@´

¶
´!0

=
1

( ¿
¤
¿H
)

½·
1 + (1 + °)

µ

®¡ µ
¸
(
¿¤

¿H
)¡ 1

¾
=

1¡
1 + ° + ®¡µ

µ

¢ 1

1+ °µ
®¡µ ( ¿

¤
¿H
)

(·
1 + (1 + °)

µ

®¡ µ
¸
¡ (1 + ° + ®¡ µ

µ
)

1

1+ °µ
®¡µ

)
:

Under µ 2 (®2 ; ®), (1 + °)
³

µ
®¡µ

´
> ° + ®¡µ

µ , it is su¢cient to guarantee (
@T
@´ )´!0 > 0 and

hence [d(¿
¤=¿H)
d´ ]´!0 < 0.

Next, under uniform distribution over a compact support [´¿H ; (1¡ ´)¿H ], the …nancial-
market thickness measure along a balanced growth path is given by,

¡(¿¤; ´) =
Z (1¡´)¿H

¿¤

1

(1¡ 2´)¿H d¿ =
1

1¡ 2´
·
(1¡ ´)¡ ( ¿

¤

¿H
)

¸
; (A12)
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which is decreasing in ¿¤
¿H

and increasing in ´. Thus, (d¡d´ )´!0 =
@¡

@(¿¤=¿H) [
d(¿¤=¿H)

d´ ]´!0 +

(@¡@´ )´!0 > 0. ¤

Comparative Statics: We divide the proof into three parts by shifts in A, Á and ¿¤.

Part I. Comparative statics with respect to changes in A: When A goes up, we can easily

show:

(i) @!@A > 0: using equation (23),

@ ln!

@ lnA
=

(1 + ¯)(1 + !
Á )

(1¡ ®+ ¯) + (1¡ ®)(1 + ¯)!Á
> 0:

(ii) @±
@A > 0: using equation (20),

@ ln ±

@ lnA
=

¯

(1¡ ®+ ¯) + (1¡ ®)(1 + ¯)!Á
> 0:

(iii) @r
@A ? 0: using r = ±(1 + !

Á )
¡1,

@ ln r

@ lnA
=

¯ ¡ (1 + ¯)!Á
(1¡ ®+ ¯) + (1¡ ®)(1 + ¯)!Á

? 0:

(iv) @g
@A > 0: using equation (24),

@ ln g

@ lnA
=

¯

(1¡ ®+ ¯) + (1¡ ®)(1 + ¯)!Á
> 0:

Part II. Comparative statics with respect to changes in Á: When Á goes up, we have:

(i) @!@Á < 0: using equation (23),

@ ln!

@ lnÁ
= ¡ ®¯(!Á )

(1¡ ®+ ¯) + (1¡ ®)(1 + ¯)!Á
< 0:

(ii) @±@Á > 0: using equation (20),

@ ln ±

@ lnÁ
= ¡

µ
1¡ ®
®

¶
@ ln!

@ lnÁ
> 0:

(iii) @r@Á > 0: using r = ±(1 +
!
Á )
¡1,

@ ln r

@ lnÁ
=
@ ln ±

@ lnÁ
¡

!
Á

1 + !
Á

µ
@ ln!

@ lnÁ
¡ 1
¶
> 0:

(iv) @g@Á > 0: using equation (24),

@ ln g

@ lnÁ
=

¯(1¡ ®)!Á
(1¡ ®+ ¯) + (1¡ ®)(1 + ¯)!Á

> 0:
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Part III. Comparative statics with respect to changes in ¿¤: Considering the e¤ect of ¿¤, we

…rst obtain:

@ ln(¿¤)
@ ln ¿¤

=
¿¤f(¿¤)

(¿¤)
³R ¿H
¿¤ dF

´2
(
¡¿¤ °®

®¡µ
Z ¿H

¿¤
dF +

Z ¿H

¿¤
¿

°®
®¡µ dF

)

=
¿¤f(¿¤)

(¿¤)
R ¿H
¿¤ dF

h
(¿¤)¡ ¿¤ °®

®¡µ
i
> 0:

We can thus derive:

(i) @!
@¿¤ ? 0: using equation (23),

@ ln!

@ ln ¿¤
=

"
®(1 + !

Á )

(1¡ ®+ ¯) + (1¡ ®)(1 + ¯)!Á

#·
¯°µ

®¡ µ ¡
(1 + ¯)µ ¡ ®

®

@ ln(¿¤)
@ ln ¿¤

¸
;

which is positive if ® > (1 + ¯)µ, and is ambiguous if (1 + ¯)® < µ;

(ii) @±
@¿¤ ? 0: using equation (20),

@ ln ±

@ ln ¿¤
=

µ
®¡ µ
®

¶
@ ln(¿¤)
@ ln ¿¤

¡
µ
1¡ ®
®

¶
@ ln!

@ ln ¿¤
? 0:

(iii) @r
@¿¤ ? 0: this is due to the previous two derivatives are ambiguous;

(iv) @g
@¿¤ ? 0: by straightforward di¤erentiation,

@ ln g

@ ln ¿¤
=

µ
®¡ µ
®

¶
@ ln(¿¤)
@ ln ¿¤

¡
µ
1¡ ®
®

¶
@ ln!

@ ln ¿¤
? 0:

These together with Lemmas 3 and 4 complete the comparative static exercises. ¤
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