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Chapter 1
Introduction

Consider a finite collection of classical point charges constrained on the surface of a
conductor and interacting through a Coulomb potential. In the absence of other forces,
physics tells us these charges will arrange themselves in an optimal configuration so that
the total potential energy attains its minimum. In this case the loss of potential energy is
dissipated as heat. For a sphere conductor determining the stable configuration and the
minimum potential energy is called the Thomson Problem.

This phenomenon leads us to the study of discrete minimum energy problems and we
shall formulate this investigation in a more general setting, namely, we will study this
question in various dimensions and the pairwise interaction will be from a larger class of
potentials such as Riesz potentials. Specifically, we are interested in the positions of these
charges and their minimal potential energy.

For a given potential f : [0,00) — RU {+e} and any N-point configuration @y =

(x1,...,xx5) € (RY)N we consider the f-energy of wy
Ef(oy) =Y f(lxj—xl*), (L.1)
7k

and for a subset Q C R, we consider the N-point minimal f-energy on Q

E(Q,N) = inf Ef(a). (1.2)

(JJNEQN

A configuration that attains this infimum is called an N-point optimal configuration on Q.
If we further assume that f is lower-semicontinuous and € is compact then it is elementary
to show an N-point optimal configuration on € always exists.

In this dissertation we are mostly concerned with the Riesz s-potentials f(x) = |x|_%



for s > 0 and the logarithmic potential fio(x) = %log |71| It is easy to verify that Riesz
potentials and logarithmic potential are indeed lower-semicontinuous. For simplicity, we
shall write E, Ejog, &5, Slog for Ef, E fiog® &f,, éaflog, respectively. However, it is worth con-
sidering a larger class of potential functions. A C* function f : I — RU{ oo} is completely
monotonic if (— 1)k f (k) (x) > 0 for all x € I and all k > 0 and strictly completely monotonic
if strict inequality always holds in the interior of /. An N-point configuration is universally
optimal if it is optimal for each completely monotonic potential function. By Bernstein’s
theorem (cf. [1, Theorem 12b, pagel61]) a function is completely monotonic on (0, ) if

and only if there exists a non-decreasing function ¢(¢) such that

Flx) = /0 e dalr), (1.3)

It is elementary to verify that all Riesz s-potentials are completely monotonic on (0, o).

We recall the Gamma function

It is then straightforward to show that any Riesz s-potential can be written as

(]

1 1 © et
G h 9
Comparing (1.3) and (1.4) it again shows Riesz s-potentials are in the class of completely
monotonic functions.

It turns out that many optimal configurations are also the most important configurations
in geometry. For example, the vertices of a regular tetrahedron and the vertices of a regular
icosahedron are universally optimal configurations on S2. Many special configurations
were studied and proved to be optimal in the past but it was not until 2007 that Cohn and

Kumar([2]) proved that any sharp configuration is universally optimal on the unit sphere



S4=1. Here a finite subset of S¢~! is a sharp configuration if there are m inner products
between distinct points in it and it is a spherical (2m — 1)-design. Recall that a finite subset
wy of N points on S¢~! is a spherical M-design if every polynomial of degree up to M has

the same average over the subset as over S~

/Sd_lp(x z—Zp

XECON

where o denotes normalized surface area measure on S?~!. Sharp configurations have been
well-studied in coding theory (cf. [3]) and Cohn and Kumar’s result shows that a large class
of important configurations are universally optimal on $¢~!.

What if these points are not confined in a compact set but in R?? If the interaction
potential is strictly decreasing to O, then all the points will simply go to infinity and the
potential energy is 0. To make sense of this problem we need to add some constraints
about the density of the points. They are required to be distributed in a uniform way. In
nature there is a structure called the crystal structure. One can think of it as an array of
boxes infinitely repeating in all directions, and the structure of the box is repeated as well.
Therefore a crystal structure is determined by the shape of the box and the structure inside
the box. In mathematics such a configuration is called a periodic configuration. For ad x d
nonsingular matrix A, let A := AZ? denote the lattice generated by A. The parallelotope
Q, :=A[0,1)¢ is a fundamental domain for R?/A. The volume of Q4 equals |detA| and
is called the co-volume of A. Let wy = {x j}y:] be an N-point configuration in R? such
that x; — x; ¢ A for any j # k. Then wy + A is called an N-point A-periodic configuration
generated by wy.

For a periodic configuration wy + A and a potential function f, we consider the f-

energy of wy +A

E (on) =Y Y flxj—xc+v), (1.5)

JFkveA



and the N-point minimal energy

cp — cp
TR = B FEN)

For a Riesz s-potential where s > d, (1.5) can be written as

ESA O‘)N ZCA ij_xk>7

J#k
where
Calssx) := Z : s>d, xR,
vl

Ca(s;x) is called the Epstein Hurwitz zeta function for the lattice A and can be analytically
continued to C\ d. Notice that {4 (s;x) is A-periodic, that is, {a(s;x+v) = o (s;x) for all
v € A. More generally, for a A-periodic potential F : RY — R U {4}, we consider the

F-energy of an N-tuple oy = (x1,...,xy) € (RH)N

=Y F(xj—xz), (1.6)
i#k
and the N-point minimal F -energy
Er(N):= inf Er(ay). (1.7)
wNe(Rd)N

Unlike the sphere case, not much is known about optimal configurations in R?. In 1986,
Montgomery proved (cf. [4]) that the hexagonal lattice A; is universally optimal among all

lattice configurations; i.e.,

Cay(s) < Cals),

for each s > 0 and each lattice A C R? of co-volume 1 not equal to A,. In 2007, Cohn



and Kumar studied the one dimensional case of this problem and proved that any equally
spaced configuration is universally optimal among periodic configurations in R!(cf. [2]).
They also conjectured that the A, hexagonal lattice in R?, the Eg root lattice in R3, and the
Leech lattice in R?* are universally optimal. Coulangeon and Schurmann then proved (cf.
[5]) that A,, D4, Eg and the Leech lattice are locally universally optimal among periodic
configurations. In chapter 4 we provide a new proof for the 1-dimensional case where we
derive some nice properties about the classical theta function. We also study the cases
for N = 2,3 where the associated lattice A is the hexagonal lattice and prove the desired

configurations are universally optimal. Specifically, we will prove the following theorem

Theorem 4.2.2. Let the potential function f : [0,00) — RU {eo} be completely monotonic

on (0,00) with f(0) = li161+f(x) and satisfies f(x) = O(|x\_%_8)f0r some € > 0 as |x| — oo.
x—

Letur = [1,0]7, =[5, L), and P = {(u +u2) = [3, 217, 0 = 3 (1 +uz) = [1,°5]".

Consider the f-energy of Wy associated to the lattice ;sz = [uy, ) 2% = (@)%Az

(1) For N =2, let 0 ={0,P} or {0,Q} up to translations. Then for any 2-point config-
uration @, € (R?)?,

ECPN >ECPN * .
f7A2(w2)_ f,Az(wz)

(2) For N =3, let w; = {0,P,Q} up to translations. Then for any 3-point configuration
w3 € (R?)?,

E?_(03) > ET_(03).
1y (03) 2 E 5 (03)

Another open problem concerns the asymptotic behaviour of minimal energy for Riesz
s-potentials and logarithmic potential in R¢. We would like to obtain a series expansion
of minimal energy in terms of N as N approaches infinity. For the compact case, where

we have N points confined in some nice d-Hausdorff dimensional compact space Q, it is



known that the minimal energy &;(Q,N) has the following asymptotic expansion:

—Cs’d 5 -N1+5+0(N1+5>, s>d,

SN S

&(QN) =W, (QN*+0(N?), 0<s<dors=log.

where W (Q) is the Wiener constant of Q with respect to the Riesz s-potential and the loga-
rithmic potential. We know that W(Q) is determined by any weak* limit of the normalized
counting measure generated by the optimal N-point configurations as N — co. And it seems
that it is the next order term in the asymptotic expansion that really reflects the local struc-
ture of the N-point optimal configurations as N — oo. In the paper [6] the next order term
for the d-dimensional sphere case was surveyed and was conjectured to be of order N I+3
fors <d.

We would like to investigate this problem for any periodic configuration in R with
s < d or s =log. Notice that the sum in (1.5) does not converge in this case. It is suggested

that (cf. [7]) the new periodic potential F; A(x) and Fiog A (x) should be considered where

0 2 1271 1 . g
Fv,A(x) = / e_|x+v\ l_dt 4+ eZTElw-x/ e —dl‘, 5> 07
L ETRARTYIN Y S SR vc?

and

d
oo 1 bl 21,12 d
. — x4yt dr 1 2Tiw-x T2 Wt ar
Fiog,A(x) = 2 / e et 7 + W E e —~ ¢ 7
veA 1 weA*\{0} 0 72

As discussed in Section 2.1, it turns out that F; A (x) is an entire function of s satisfying

212 |Al7!

Fya(x) = Ca(s3x) + [ (d—s)

for s > d and, hence, provides an analytic continuation of {4 (s;x) for s € C\ {d}. Denote
the respective periodic energy of wy and the minimal N-point periodic energy by E A (@y),

Eiog A(@N), & A(N) and Sjpg a(N). Our main result is that



Theorem 2.2.1. Let A be a lattice in R? with co-volume |A| > 0. Then, as N — oo,

d
2m2 AT —s/d a1+ 1+5
EAN) = N>+ Cy g|A|INa 4 o(N™F7),  0<s<d, (220)
’ I'(5)(d —s) ’
d
2wz |Al7! 2
ﬁog,A(N)=—|d| N(N —1) = ZN10ogN + (Cioga =267 (0)) N+0(N).  (2.21)

where Ciog g and Cy 4 are constants independent of A.

The second topic of this thesis focuses on the maximal polarization problem. Given a
compact set Q and a potential function f, any n-point configuration wy will generate some

f-potential at each point x in Q.

N
U/ (wy:x) == Z Flx—xi?). (1.8)
k=1
The minimal potential in Q
M/ (on; Q) := minU’ (oy; x), (1.9)
xX€Q

is called the f-polarization of wy. The maximal polarization problem requires maximizing
this quantity among all N-point configurations in €. An N-point configuration is called
optimal for the N-point maximal polarization problem if it attains this maximum. The
reason this problem is important is that it is considered to be a generalization of the minimal
covering problem, that is, minimizing the radius of N balls centered in € that cover the set
Q.

Not much is known about optimal configurations for the maximal polarization prob-
lem. For example, finding a (d + 1)-point optimal configuration in S~! for the polarization
problem remains open for d > 4. The case when Q = § s investigated in [8] and as a par-
ticular consequence any equally spaced configuration on S' is optimal for Riesz potentials.

In this dissertation we are concerned with the case where Q = S% and n = 4 and we will



prove

Theorem 3.2.1. Let f : [0,4] — [0,00] be non-increasing and strictly convex with f(0) =
lir(r)1+ f(x). Then wy is optimal for the 4-point maximal polarization problem on S?, ie.,
x—

M (w4;8?%) = M{(Sz), if and only if w4 = @Or up to rotations, where 7 is a configuration

that consists of vertices of a regular tetrahedron.

We also conjecture that the vertices of any regular d-simplex is optimal for the maximal

polarization problem on $¢~! for a large class of potentials.



Chapter 2
Second order asymptotics for long-range Riesz potentials on flat tori

2.1 Preliminaries

LetA = [vi,...,v4] be ad x d nonsingular matrix with j-th column v;andlet A=Ay :=

AZ? denote the lattice generated by A. The set

d
Q=Q, = {w:w: Zajv,-,aje[0,1),j:1,2,...,d}.
j=1

is a fundamental domain of the quotient space R4 /A; i.e., the collection of sets {Q+v: v e

A} tiles R4, The volume of Q,4,

, equals |detA| and is called the co-volume
of A (in fact, any measurable fundamental domain of A has the same volume). We will let
A* denote the the dual lattice of A which is the lattice generated by (A7) ™!

For an interaction potential F : RY — RU {+o0}, we consider the F-energy of an N-

tuple wy = (x1,...,xn) € (Rd)N

xk—x] 2.1)

Mz

&\‘
Sl
=

and for a subset A C R?, we consider the N-point minimal F-energy

gp(A,N) = inf EF((DN). (22)

wy AN

In this chapter we are mostly concerned with A-periodic potentials F, thatis, F (x+v) =
F(x) for all v € A. For such an F, the energy Er(wy) = Er(x1,...,Xxy) is A-periodic in
each component x; and so, without loss of generality, we may assume that @y € (Qp)V;

ie., & (RY N) = & (Qu,N). Specifically, we consider periodized Riesz potentials and



periodized logarithmic potentials and A = R? (or, equivalently A = Q,) as we next describe.
For s > d, we consider the periodic potential generated by the Riesz s-potential as
follows

Calsix) =Y ! s>d,x e RY\ A, (2.3)

APyl
which, as shown in Lemma 2.1.1, is finite for x ¢ A and equals 4o when x € A, see
Section 2.3 for further properties of {a(s;x). Then {a(s;x —y) can be considered to be the
energy required to place a unit charge at location x € R? in the presence of unit charges
placed at y+ A = {y+v: v € A} with charges interacting through the Riesz s-potential.
For s < d, the sum on the right side of (2.3) is infinite for all x € R4, In [7], A-periodic
energy problems for a class of long range potentials are considered and it is shown that for
the case of the Riesz potential with s < d, the appropriate energy problem can be obtained

through analytic continuation. Specifically, we define

1 22w 3]

2 ; 1 7'[621
Z/ MW dH—-Z privs [T g 2.4
veA A weA*\{0} 0 19 F(z)

and, in the following lemma, verify basic analytic properties of Fj .

Lemma 2.1.1. F; 5(x) is finite for x € R?\ A. Furthermore, for fixed x € R4\ A, Fy A(x) is

an entire function of s satisfying

212 |Al7!

Fya(x) = CA(S§X)+W-

s>d, (2.5)

Proof. Let x € R?\ A and choose & such that 0 < § < |x+ v|? for all v € A. Consider the

integrand

ot,3—1
Z |x+v\2 13- t—/ Z e (|x+v|2=8 1 M —
/1 VEA vEA F(%>

2 . . ., . . .
The sum Y,c5 e~ (F"7=9) is bounded on [1,e0) since it is finite at # = 1 and decreasing

10



on [1,0). Therefore the above integrand is finite and it follows from Tonelli’s theorem that
the first sum in (2.4) is finite. For the second sum in (2.4) let wy be an element in A*\ {0}

with minimal length. Consider the integrand

w2 wol> s—d

1 ZM 150 Cm2(wPwoP) e 1 2 )
Y e )
0 I(3) I(3)
weA*\{0} 2 weA*\{O} 2
_ 22wl o : :
The sum )., cp+\ 01 € ] is bounded on (0, 1] since it is finite at 7 = 1 and increasing

n (0, 1]. Therefore the above integrand is finite and it follows from Tonelli’s theorem that
the second sum in (2.4) converges absolutely. Notice that (2) is an entire function and
thus each term in both sums in (2.4) is an entire function of s. The uniform convergence of
the sums for s in any compact subset of C then implies that F; A (x) is an entire function of

s. For s > d, using (1.4) and the Poisson summation formula (see appendix B) we get

A (5:%) Z/ \x+v\2 11 Z/ — x| L dt+ Z/ \X+VI2tt2

VEA veA veEA
2iwl2 2

— Z/ ‘x+v‘2 t2 df+— Z eZTL’iw~x 7[267 ‘t”| t2 : dt
VEA |A| WEA* 0 12 F(z)

d
Ly a2 p3 ]

_ \x+v\2 dr 4+ — 1 o2 Tiw-x i dr
"L/ N, T

vEA weA*\{0} 0 12
1 lﬂ%tTd !
+— ——dr
Al o T(3)
d
amdAt
= Fsa(x) —
’ T($)(d—s)

]

Lemma 2.1.1 shows that (2.4) provides an analytic continuation of {a(-;x) to C\ {d}
(note that {a(s;x) has a simple pole at s = d for x ¢ A). We refer to (the analytically

extended) Cx (s;x) as the Epstein Hurwitz zeta function for the lattice A. We shall also need

11



the Epstein zeta function defined for s > d by

1

vl

Cals) =}

vEA\{0}

(2.6)
Using a similar argument and calculation as in the proof of Lemma 2.1.1, we can prove the
following lemma:

Lemma 2.1.2 (cf. [9]). The Epstein zeta function {x(s) can be analytically continued to

C\ {d} through the following formula :

R
Cals) :F(zi) (272 |_A; - %) +

o 51
P24
e ——dt

L /1 r(5)

2 vEAV{0}
N 1 /1 m2 22 3] .
- —e t -
Al weA*\ {0} /0 t% 1—‘(%)

Remark 2.1.3. From lim I'(5) =0 and lim 5I'(5) = lim I'(5 +1) =T(1) = 1, it fol-

s—0+ s—0+ s—0+

lows that {5 (0) = —1 and {A(0;x) = 0 for any lattice A.

In [7], analytic continuation and periodized Riesz potentials are connected through the
use of convergence factors; i.e., a parametrized family of functions g, : R — [0,00) such

that

(a) fora >0, f;(x)gs(x) decays sufficiently rapidly as |x| — oo so that

Fraa(x) =) fi(x+v)ga(x+v)

vEA

converges to a finite value for all x € A, and
(b) lim,_,o+ ga(x) = 1 for all x € R\ {0}.

. . 2. .
For example, the family of Gaussians g,(x) = e s a convergence factor for Riesz

potentials. In [7], it is shown that for a large class of convergence factors {g, },~0 (including

12



the Gaussian convergence family) one may choose C, (depending on the convergence factor

{ga}a>0) such that
ES',A(-X:) = 1im+ (Eg7a7[\(x) — Ca) . (2'7)

a—0
Then, for a > 0, Fy , A (x—y) represents the energy required to place a unit charge at location
x in the presence of unit charges placed at y+ A = {y+v: v € A} with charges interacting
through the potential f;(x)g,(x). This leads us to consider, for s > 0, the periodic Riesz

s-energy of wy associated with the lattice A defined by

Esa(oy) =) Fyalxg—xj), (2.8)

1<k, j<N
K]

as well as the minimal N-point periodic Riesz s-energy

(g}&A(N) = (g}F&’A(Rd;N) = inf Es,A<wN)- (29)

oye(RI)N

We shall also consider the periodic logarithmic potential associated with A generat-
ed from the logarithmic potential using convergence factors as above and resulting in the

definition

e d 1 , Lg% 2 dr
Eog,A(x) = Z / e‘|x+v\2;_+_ Z eme.x/ 7'5_‘126_ k \ a (2.10)
veAa’l 4 |A| weA*\{0} 0 ¢2
Comparing (2.10) and (2.4), it is not difficult to obtain (cf. [7]) the relations
: s d 2w/ A
FogA(x) = imT (—) Fya(x) =2 -Falx) =25 (0;x) + ¢, (2.11)
’ s—0 \2 ’ ds ” =0

where the prime denotes differentiation with respect to the variable s. We then define the

13



periodic logarithmic energy of @Oy = (x1,...,xn),

Eoga(on) =Y Foga(xj—xi), (2.12)
1<k, j<N
kg

and also the N-point minimal periodic logarithmic energy for A,

& N):= inf E N ). 2.13
log,A( ) oyeRI log,A( N) ( )

For 0 < s < d, the kernel K, A (x,y) := F; A(x — ) is positive definite and integrable on
Qa X Qx and so there is a unique probability measure i (called the Riesz s-equilibrium

measure) that minimizes the continuous Riesz s-energy

) = [ Kaley)du(@au()

over all Borel probability measures tt on Q4. From the periodicity of Fy o and the u-
niqueness of the equilibrium measure, it follows that p; = A; where A; denotes Lebesgue
measure restricted to Q4 and normalized so that A;(Q4) = 1; i.e., A5 is the normalized
Haar measure for Q4 = RY/A. The periodic logarithmic kernel Kiog A (X,y) := Fiog A(X—Y)
is conditionally positive definite and integrable and it similarly follows that A, is the unique

equilibrium measure minimizing the periodic logarithmic energy

hog A1) := //QAxQA Kiog A (x,y)du (x)dp(y)

over all Borel probability measures (1 on Q.

It is not difficult to verify (cf. [7]) that

Ca(six) dAy(x) =0, 0<s<d, (2.14)
Qp

14



and

/ CA(03x) dAy(x) =0, (2.15)
Qp
from which we obtain
d
2712 |A7!
I,A(ld):—, 0<s<d, (2.16)
S T(3)d—s)
and
27'L'd/2 A -1
Log A (Aq) = +. (2.17)

It then follows (cf. [10]) that

d
lim gs,A(N) _ 27I7|A|71

= 0 d 2.18
Ve N T(S)d—s) 0T @19

and

& N d/2)A1—1
L Guga(V) _ 2mPA

= 2.1
N—e N2 d (2.19)

2.2  Main Results

Our main result is the following asymptotic expansion of the periodic Riesz and loga-

rithmic minimal energy as N — oo,

Theorem 2.2.1. Let A be a lattice in R with co-volume |A| > 0. Then, as N — o,

d
2m2 Al —s s s
EAN)= =1 N2y IA"INTT L o(N T 0 d 2.20
S,A( ) F(%)(d—s) + S,d| | +0( ), <s<d, ( )
d
212 |Al7] 2
Elog A(N) = %N(N —1)—ZNlogN + (Clogd —26A(0)) N+0o(N).  (2.21)

where Ciog 4 and Cy 4 are constants independent of A.

Petrache and Serfaty establish in [11] a result closely related to (2.20) for point config-

urations interacting through a Riesz s potential and confined by an external field for values

15



of the Riesz parameter d —2 < s < d and Sandier and Serfaty prove in [12] a result closely
related to (2.21) for the case that s = log and d = 2.
For comparison, when s > d it is known that the leading order term of & A(N) is the

same as that of &5(Qa,N) 1= &%, (Qa,N).

Theorem 2.2.2 ([13], [7]). Let A be a lattice in RY with co-volume |A| > 0. For s > d,

there is a positive and finite constant Cs 4 such that

lim gS’A(N) = lim —&(QA;N)
Noeo N1+s/d  Noe N1ts/d
gd,A(N) . ébd(QA,N) 27'L'd/2

= = ) 2.23
Nl—lgoNzlogN N NZlogN  dT(4)|A| (229

= CyglA|7, s>d, (2.22)

By considering scaled lattice configurations (see Lemma 2.3.2) of the form a)n’:d =
(1/m)ANQ, for a lattice A of co-volume 1, we obtain the following upper bound for C; 4
that holds both for 0 < s < d and s = log where C; 4 is as in Theorem 2.2.1 as well as for

s > d where C; 4 is as in Theorem 2.2.1.

Corollary 2.2.3. Let A be a d-dimensional lattice with co-volume 1. Then,

Cals), s>0,s#d,
Csa < (2.24)

28,(0), s=log.

The constant C; 4 for s > d appearing in (2.22) is known only in the case d = 1 where
Cs.1 = {z(s) =2{(s) and () denotes the classical Riemann zeta function. For dimensions
d =2,4,8, and 24, it has been conjectured (cf. [2, 6] and references therein) that C; 4
for s > d is also given by an Epstein zeta function, specifically, that Cs 4 = {a,(s) for
A4 denoting the equilateral triangular (or hexagonal) lattice, the Dy lattice, the Eg lattice,
and the Leech lattice (all scaled to have co-volume 1) in the dimensions d = 2,4,8, and
24, respectively. In [5], it is shown that periodized lattice configurations for these special

lattices are local minima of the energy for a large class of energy potentials that includes
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periodic Riesz s-energy potentials for s > d.

2.3 The Epstein Hurwitz Zeta Function

In this section, we will review some relevant terminology and notation involving some
special functions that will be crucial for our analysis in Section 2.4. We begin with the

following observation.

Lemma 2.3.1. Let A be a sublaitice of A'. Then for any s € C\ {d}, it holds that

CA(s3%) = CA(s) — Cnr(s)- (2.25)

XENNQA\ {0}

Proof. 1t is sufficient to prove that (2.25) holds for s > d, since the general result follows

from the fact that both sides of this relation are analytic on C\ {d}. For s > d, we have by

definition
L= ¥ = Y Yot Yoo
xeN\{0} [« XENNQA\ {0} vEA e+ ] veA\{0} V]
= ) CGalsx)+Ga(s),
xeA'NQA\ {0}
thus proving the lemma. 0

Using the above lemma and scaling properties of Epstein zeta functions we obtain the

following:

Lemma 2.3.2. For everym € N and s € C\ {d}, it holds that

Y Calssx) = (m" = 1)Ca(s). (2.26)

x€LANQA\{0}
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Therefore,

Y Calsix—y) =mi(m’ —1)¢a(s). (2.27)
xye%AﬁQA
x#£y

Proof. As in the proof of Lemma 2.3.2, we will prove the desired identities when s > d and
then rely on the uniqueness of the analytic continuation to obtain the desired conclusion for
all s # d. The first equality of the lemma is an immediate consequence of the infinite series
definition of {4 (s; ). To prove the second equality, notice that every v € A can be expressed
uniquely as r — ¢ + u for some r € ANQy and u € A’. The desired equality now follows

from the infinite sum (2.3) when s > d. [

We will also require the following lemmas, which establish continuity properties of the

Epstein Hurwitz Zeta function with respect to the lattice.

Lemma 2.3.3. Let {P,}en be a sequence of d x d matrices such that P, — P in norm
as m — oo. Fix any distinct x and y in Qx and suppose {xp}men and {ym}men are se-
quences in Qa converging to x and y, respectively. Then for any compact set K C C\ {d},

Cp,A(S; Pu(Xm — ym)) converges to Cpa(s; P(x —y)) uniformly for s in K as m — oo.

Proof. Let R = sup, g Re(s) and r = infycx Re(s). Notice that sup,cx |1/I'(5)] is finite
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since 1/I°(5) is entire. Let m be large enough so that x,, — y,,  A. Using (2.4), we have

’CPmA(S;Pm(xm _ym)> - CPA(S;P(x_y))l

= |FS,PmA<Pme — Ppym) — Fs,PA(PX — Py)|

2| 1127
Z (o —=ym+v) Pt _ —P(x—y+v) ]t dr
IT(3)l
veEA 2
1 . 22|21 T w2 . 22|(p~1)T w2 71:%|t¥_1|
+/ emeA(xmfym)efit _e2mw~(xfy)e* 7 5 dr
0 eAn {0} ()|
1
< / Z’ By t0) Pt Py Pr| 12
I JeA infseg [I'(5)]
1 2i(p=1yT 2 . 21 p—1\T 2 g r=d_1
+/ 2T (5 =ym) = IINE oy (ry) UL E | AR .
0 A {0} infyek [T'(3)]
(2.28)
As in [7], it is elementary to establish that integrals of the form
2, R _2e )W g red
/ Y e Pyl 1dtand/ T e

vEA weA*\{O}

are finite and thus, by dominated convergence, it follows that the expressions in (2.28) tend

to zero as m —» oo, O]

We remark that the proof of Lemma 2.3.3 shows that Fj p, A(PuXm — Pypym) converges

to Fy pa(Px — Py) as m — o uniformly for s in any compact set of C.

Corollary 2.3.4. Let {Py}en be a sequence of d x d matrices such that P,, — P in norm
as m — o and suppose s > 0. Then, for all N > 2, we have & p A(N) — & pa(N) as

nm — oo,

Proof. Let wy C Qp be such that Pay is an E; pa optimal N-point configuration. Then,

limsup & p,a(N) < limsupEg p, A (Proy) = Es pa(Poy) = & paA(N),

m—soo m-—oo
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where the next to last equality follows from Lemma 2.3.3.
Next let oy = {x]',... x5} C Q4 be such that P,,ejy; is an optimal N-point configura-

tion for F; p A. Let {@y* }rew be a subsequence such that
1 E, p, A(Pp @3 = liminf &, o (N).

Using the compactness of Q, in the ‘flat torus’ topology, we may assume without loss of
generality that { @y }xen converges to some N-point configuration @y = {%,...,%}; i.e.,

xT’“ — %j as k — oo for each j =1,...,N. Then we have
liminfé;pm/\(N) = lim Es,Pm A(Pmka);(]lk> = Es’pA(P(DN) > éas’pA(N),
m—o0 k—>o0 k

where the next to last equality follows from Lemma 2.3.3. [

Finally, the following result expresses continuity properties of the Epstein zeta function
with respect to the lattice similar to the results in Lemma 2.3.3 for the Epstein Hurwitz zeta

function.

Lemma 2.3.5. Let {P, },en be a sequence of d x d matrices such that B, — P in norm as
m — oo. Then for any compact set K C C\ {d}, {p a(s) converges to {pa(s) uniformly in

K and hence §p s (s) — Cpp(s) for all s € C\ {d} as m — oo.

Proof. Using Lemma 2.1.2, a similar argument as in the proof of Lemma 2.3.3 implies that
Cp,a(s) converges uniformly to {pa(s) on compact sets K C C\ {d}. The convergence of

the derivatives then follows from Cauchy’s integral formula for derivatives. [

2.4 Proof of Theorem 2.2.1

Throughout this section and the next we shall assume that A = AZ? denotes a d-
dimensional lattice in R? with fundamental domain Q = QA, co-volume 1, and gener-

ating matrix A. Then Theorem 2.2.1 follows from a simple rescaling. We shall find it
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. . .. . . cp L .
convenient to use what we call the classical periodic Riesz s-potential F_ (x) := Ca(s;x)

d
which, for s # d, differs from Fy 5 only by the constant %. Similarly, we call
) (d—s

Figp A(x) 1= 28} (0;x) the classical periodic logarithmic potential. The energies associated

with these potentials are given by
EsA CON ZCASXJ xk) (S>O),
J#k

and, similarly,

Ejgen(@n) =2 ; CA (05 —x),
J#k

and we denote the respective minimal N-point energies by éoscﬁ( ) and éﬁg AN).

From (2.5), we obtain

d
27?2
Eall) = &AW N(N —1
sA(N) s,A( ) I(3)(d—s) ( )
and
d
21?2
Define
EA(N)
8N =ity
EAN)
gs,d(A) —llmSup ]\;1+ s
&8 AN) +3NlogN
=1 1 g7A d
Bioga(A) 1= liminf —E2—0 |
&P (N +2N10gN
glogd(/\) = 1imsup log,A( ) pi |
, N—)oo N

(2.29)

(2.30)

(2.31)

(2.32)

Our use of these quantities is motivated by the proof of the main results in [13], and indeed

the general strategy of our proofs is similar to that of [13]. More precisely, we shall prove

8, ;(A) =g, 4(A) and Zlog (A) =8log.4(A) and that these limits are finite. We first need
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estimates on quantities appearing in (2.4) and (2.10).

Lemma 2.4.1. Let s > 0 and A be a d-dimensional lattice with co-volume 1 and [y :=

min {|v|}. The following relations hold.
0#veA

_mw 4 _d 2
Z et 2=m 240(e ), ast — oo, (2.33)
weA*
L a0 -4
To|wle s— 27'(,' 2 s
y /5e—z 24 = 2554 0(1),  as S — 0% (2.34)
weA* 1 s
52wl 4 d
Z/ e” 2 ldt=n"2logs ' +0(1), asd—0" (2.35)
wEA* 1

Proof. Applying Poisson Summation, we obtain

?w? 4 2 2 2.2
Z et 8 = /2 Z eVt — p=d/2 | p=d)2 It Z o (VP=15)1
weA* vEA veA\{0}

_ gd/2 +0(6—1§r)7

proving (2.33). Hence, there exists a constant C; such that

_ s—d _ _d s_ s_1 2
Y et —aan <o e

and so

! (2.36)

Lot dr =: Cy(s).
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Therefore,

< Ca(s), s>0

1 2,12 -4
T=|w §— 2 s
Y /ae_ ISR A ) S B}
1

WEN*

proving (2.34), while substituting s = 0 into (2.36) yields

5w 4 J ]
Z/ - f10g87 | <G (0),  s=0.
1

proving (2.35). [

The following lemma is the key calculation that allows us to apply the method of [13].
Once we have established this lemma, the only remaining technical difficulty will be to

establish the fact that the constants C; ; and Cog 4 are independent of the lattice A.

Lemma 2.4.2. With A as in Lemma 2.4.1 and s > 0, the following inequalities hold:

—o0 < g (A) <gga(A) < Cals) <o,

— < glo&d(/\) < glogd(A) <0.

Proof. Let us first consider the case s > 0. For any configuration @y = (x j)f}’:l in Qx and

any 6 € (0,1],

Es,A(wN) = Z K&A(xj,xk) =1L+
JFk

where

o0 £-1
i 2,12
I = Z Z/l e |x;—x¢+v] tr(%)dt,

JFkveA
. Lg% 2 3!
L= Z Z 2T (X =) —de_f—r —dt.
JAkwe AR\ {0} 0 72 (2)
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Let

then

;35(5):/1é (g) e_n2t52i_i—;dt20, %(0):%(1_5”’5),

2

Notice that since the upper limit of the integral defining A is finite, it is easy to verify

that hg satisfies the hypotheses of Poisson Summation. Applying it gives us the following

inequalities:
L > hg(xj—xk+v)

JFkveA
— Z ]fla (W>627riw~(xj—xk)

JFEkweA*
_ ilg (W) ZeZEiw-(xjka) _N

WEA* ik

5 (2.37)

— ]’,‘16 (W) Z eZ?riwxj N

wEA* J
> N?hs(0)—N Y hs(w)

weEA*
d 1
2m> s T2 5 2w s
= N? (1—5*> —N / e” T2 ldr.
I'(3)(d—s) F(%)w;\* !

2m2 do 2t 2
Lh>N—~——(1-67)-N oz +od
1= r(%)(d—s)< ) sT'(3) (ﬂ | )) (2.38)
271'% 2 271:% 254" —2
_ N2 _ N2§7 — NO 2 —0O(N),
F3)d—s)  T(E)d—s) ST(3) "
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To obtain lower bounds on />, we calculate

1 4 “|lw 51
12 = Z (ZeZEiW-(xjxk) _N> / ﬂ_dze* 2‘t |2 I 5 dt
weAn {0} \jk 0 3 I'(3)
2 s
2miwxj| N /1 7t i
= e —de
weanqoy \ |5 0 12 I'@3) (2.39)
d
2 L 22 s
2—N~n—s ) / e
L(2) weAmoy /0
= O(N).
Therefore
27t 21t 2
d—s s
Esalon) =1 +h> 77— 2o = N?§TT — NS 2 —O(N).
' I'(3)(d—s) I(3)(d—s) sT'(3)
Ifwelet§ =1 'N _%, then this lower bound becomes
2m2 2 | epld
2
where
2m2d
C'=—

L(5)s(d—s)

The right hand side of (2.40) is independent of @y and thus

27r%
&,A(N) > m

ER(N) = C*N'""a + O(N).

N?+C*N'*a 4 O(N),

We conclude that g ,(A) > C*.

To establish the finiteness of g ;, we will use the same method as was used in [13]. For
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any natural number N, let m = my be a positive integer such that (m — 1) < N < m?. Let

" =LANQ,. Then

ERmY) <ER (0 =Y Calsixj—x) =m(m" = 1)a(s), (2.41)
Xj,xkE%AﬂQA
XjFEX

where we used Lemma 2.3.2

&P *
As {NSU’\‘,—(_NI)) }N—z is an increasing sequence (see, e.g., [10, Chapter II §3.12, page 160])

we arrive at the following:

EAWN) _ EAlN) N—1
= limsu : C—

N T PNV N

En(Q@a,m?) N1

§S7d(A) = hm sup

<1 . .
- lﬁ’ﬂp md(m?—1) Na
d(,.,S
. mé(m* —1)Cp(s) N—1
<1 S < .
>~ 111;]n_§gp md(md — 1) NT CA(S)

Now we turn our attention to the classical periodic logarithmic energy. Using (2.11),

(2.38), and (2.39), we obtain

Eiog.a(@y) = lim r(;)EsA(mN) — lim r(z) (I + )

s—0t s—0t
2m2 % 7r2|w\2
ZNzﬁ (1-6%)-nat ¥ /Se_tt_g_ldt—FO(N)
d weN* 1
271,'% d d d
— N2 K (1—55) _Nm? <n*zlog5*1+0(1))+0(N)
2 2
Z N2 Z N28% —Nlogd~' + O(N).

If welet 6 = N_%, then we get

27r 2
= _N?—ZNlogN+O(N).
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Thus

d
21?2 2
Eog A(N) > “=-N? — ENlogN+ O(N),

d
&P (N)+ leo N> O(N)
log,A d gnN = ’

and we conclude that 8o, J(A) > —oo.
To establish the finiteness of g; 4, let m = my be a positive integer such that (m — 1) <

N <md. Let 0" = LANQu. Then by (2.41)
EJ\(0™) =m! (m* = 1){a(s).
By definition,

d
cp d cp _ cp
g}log,/\(m ) < Elog7A(wm) =2 aEs,A(wN) o
§=

= 2m (m*logm- Eu(s) + (m* —~ 1)¢/(s)

s=0

2
=2m%logm- &, (0) = —2m% logm = —Emdlogmd

Here we use the fact that {4 (0) = —1 for every lattice A (cf. [9, Theorem 1, Section 1.4,

page 59]). We conclude that

EX(N ER(N &P (m? N—1
saN) 5 (N) ~(N—1)§—S’A( ) (N=1) < —Zlogm? -
N N(N-1) md(md —1) md —1
This implies
ERN)+3NlogN 2 N-1 2
, < —Zlogm® - ———+4=1logN
N S I e T I
which tends to 0 as N — oo, and hence gj,, 4(A) < 0. O

The following lemma establishes scaling properties of the classical periodic energy and
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will be helpful in establishing independence of the constants Cy 4 and Ciog 4 of the lattice

A.

Lemma 2.4.3. Let A be a lattice and N’ = BA be a sublattice of A (i.e. B € GL(d,Z)), then
forany N >0,

& n (Nl detB|) < [detB|&T (N) +N|detB|(La(s) — Cu(s)),

Slog,n (N1 detB]) < |detB|&jg; 5 (N) +2N|detB|(EA(0) — E4(0)).

Proof. For any ay = (x;)}_; € (Qa), let S(oy) = (0y +A) NQp. Then S(ay) is a

(N|detB|)-point configuration in 4/ and

ESC,I/)\/(S(Q)N)) = Z Car(s,x—) :Z Z v (sixj+ 1 —xi—1)

x,yeS(wN) J.k VGA,Xj-i-rEQA/
XF£y TEAXHLEQ
Xj+r#xgtt
N
=Y )Y Oswmxmtr—n+) Y Lulsr—o)
JFkre AN, J=1reAnQ,,
tEANQ, tEANQ,
r#t
—Z Z CA(ssxj—xi) +N Z —u)
j#krEAﬂQA/ rGAﬂQA/
= |detB| - EJ)\ (@) +N|detB|(Sa(s) — Ca(s)), (2.42)

where we used Lemma 2.3.1. Taking the infimum over all configurations (x J.)IJYZI c (Qa)N,

we conclude that

cfci,(N\detB\) < inf NESC’IJ\,(S((DN)) = |detB| gSCR(N) + N|detB|(Ea(s) — Ear(s)).

ONE(Qn)

The logarithmic case follows from this by differentiating (2.42) and evaluating ats =0. [
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Corollary 2.4.4. For any positive integers m and N, we have

& (mN) . En(N) L (L=m)E(s)
(mdN)1+§ - N1+S NS
é“igI;A(mdN) + 2miNlog(mN) C%ZZ,A(N) +2NlogN

<
miN - N

b

Y
Y|

Proof. Both of the inequalities follow from Lemma 2.4.3

Epa(mIN) <m®-EXR(N) +mN (Ca(s) = Gnals)),
Eomn (MIN) <m-EF | (N) +2mN ($4(0) — £, (0))

and the facts that

EPNMIN) =m T ER(mIN),  Guals) =m Gals),

&P

log,mA(mdN) = glf)I;,A (mdN)a Ci%A(O) = logm + Cl/\ (O)

(2.43)

(2.44)

Note that the first identity in (2.44) is obtained from the first identity in (2.43) using (2.11)

while the second identity in (2.44) follows by differentiating the second identity in (2.43)

and evaluating at s = 0.
We are now ready to prove our main result.

Proof of Theorem 2.2.1. By (2.31) and (2.32) it suffices to show

8sa(N) =8, ,(A) =Cya,

glog,d (A) = glog’d (A) = Clog,d - ZC//\ (O)

]

Fix some positive integer Ny. For any N > Nj there exists m € N such that (m — 1)¢Ny <

ERWN)

N < m?Np, using Corollary 2.4.4 and the fact that {¥7v—T } N—2 is an increasing sequence

(N—1)
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we obtain

1

ERWN)  EXN) N—1 _ ER(mINo) N

Ni*i  N(N—1) Ni — miNy(miNg—1) N
gscf\(mdNO) (m?Np)d N-1

(mdNg) i (miNg—1) N
< (@ﬁsfi(No) N (1 —m‘i)gA(s)> . (,nclNO)g7 | N_1

IS

Similarly

G \(N)+2NlogN
N
C
_ ioga)
N(N—1)
éalZZ,A(mdNo)
~ m4Ny(miNy — 1)

& \(mNo) + 2mINolog(m'No) 2

2
'(N_l)‘f‘E]OgN

2
S(N=1)+ glog(mdNo)

N—-1 2 4
mdNy — 1 T og(m"No)

éﬁp A(No) + %NO logNo 2 N_1 5

< [ o= 2o\ NS 2

>~ ( NO d Og(m 0) mdN()—l +d Og(m O)
Letting N — oo yields

Z.4(A) = limsup

N—oo N1+S/d - 1+%

N, N(;i
i Gloea(N) + iNlogN Slop.n (Vo) + 2 Noplog N
glog d(A) =lim sup ’ S ) .

EAN) _ (g;;mo) N cA<s))

Letting Ny — oo through an appropriate subsequence yields

En(No)
_ . EiA
84(A) < liminf M =g, ),
No
&P (No) + 2NologNo
- . . g,A d B
Blog.d (A) = lll\llgl—lgo}of No B glog,d

(A).
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Therefore g, 4(A) = gs’d(A) =:Cs4(A) and gjog 4(A) = glog,d(A) =: Clog,a(N).

To show C; 4(A) is independent of A, let A| = A 74 and Ay = A>Z¢ be any two lattices
with co-volume 1. Then Ay = QA where O = AZAII. We can use rational matrices to
approximate Q, namely, there exists a sequence Q,, € %GL(d ;Z) such that Q,, — O.

For any lattice A, mQ,,A = (mQ,,)A is a sublattice of A since mQ,, € GL(d;Z). Ap-

plying Lemma 2.4.3 to mQ,,A and A we get

Eomona (N | detQp|) < m?| det Q| ER (N) + Nm? | det Q| (a(5) = Gng,a(s)) -
Now if we let A = Q' Ay we get
EP (N det Q) < m”|det Q| 6T, (N) -+ Nin|det O, (CQ;IM (5) = Cma, (s)) .
Using relation (2.43) again implies

m_séfscﬁ2 (Nm‘|detQ,])

d c d —s
<[ det @l 6D (V) N[ det Q| (g1, (5) —m*Gna(s))

which can be rewritten as

cp _
ER(Nmf| det Q) _ Seorin, M) Loia, () —mEay(s)
(Nmd|detQ,,[)!ta — N'ta|detQ,,|d Ni|detQ,,|d

Lettin m — oo and using Corollary 2.3.4 and Lemma 2.3.5, we obtain

Cp Cp
Csa(Ag) < gSaQ_'Az(N) n CQflAz(s) _ g;.,/\] (N) . Ca, (5)
s,d — N1+§ N% N1+% N% .

Taking N — oo implies

Cs7d (AZ) < Cs,d (Al ) .
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By the arbitrariness of A; and A, we must have C, 4(A) = C; 4 which is independent of A.

For the logarithmic case, we apply Lemma 2.4.3 to mQ,,A and A to deduce

Sropmona(Nm?|det Q) < m|det Q| &5 5 (N) +2Nm | det Q| (EA(0) = &10,4(0)) -

Now if we let A = Q' A, we have

&P

o, (Nm?| det Q)

< m|detQul&P 1 (N)+2Nm|detQnl (814,00 = &, (0)).

i, (

Using relation (2.43) again implies

Eromn, (Nm| det Q)

< m|detQul &P (N)+2Nm| detQul ()1, (0) —logm — §1,(0))

which can be rewritten as

cp
éalog NV m| det Q) < éiog@;ﬂ/\z (N)

Nmd|detQ,,| - N

2(6)1,,(0) ~logm — £4,(0) ).

Therefore,

éalogA (Nm?| det Q,|) + 2de\detQ,,l\log(de\detQm|)
Nmd|det Q|
cp 2
B N

£2(210,(0) 64,0)) + > log | det Q|

Now let m — oo and recall that Lemma 2.3.5 implies that CIQ’IA 0) — %*1/\2 (0) asm — o0
m 432

to conclude

&P (N)+ 2NlogN

log,0—1A
Cloga(ho) < 200 +2(814,(0) — £,(0))
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Taking N — oo implies

Clog,d(A2) < Cioga(A1)+2 (85, (0) —84,(0)).
By symmetry

Clog.d(A1) < Ciog.a(A2) +2 (84, (0) — 4, (0)).
It follows that

Clog.a(A1) +287, (0) = Ciog.a(A2) +284,(0).

Hence, if we define Ciog 4 := Ciog.a(A) +284(0) for any lattice A of co-volume 1, then
this quantity is in fact independent of the choice of lattice A, which is what we wanted to

show. O]
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Chapter 3

4-point maximal polarization problem on S?

3.1 Introduction

Let Q be a set in R?. For any nonnegative function f and any N-point configuration

oy = (Aq,...,Ay) € QN and A € Q we recall the f-potential of my at A defined in (1.8)

N
H(oy;A Z FA=A?),
and the f-polarization of wy defined in (1.9)
M/ (oy;Q) := inf U/ (wy;A). (3.1)
AeQ

The maximal f-polarization problem on Q requires finding wy that maximizes M/ (wy; Q)

and we shall call

MI(Q):= sup M/ (wn:Q)= sup inf U/ (wy;A). (3.2)

(DNEQN (J)NEQ.NAEQ

the maximal n-point f-polarization of Q. In the case of a Riesz-s potential we shall use the
superscript s instead of f.

If we further assume that Q is compact and f is lower semi-continuous then the infi-
mum in (3.1) and the supremum in (3.2) are always attained. One reason we are interested
in the maximal polarization problem is that, just as the minimal energy problem is a gener-
alization of the best packing problem, the maximal polarization problem is a generalization
of the minimal covering problem.

Let Q be a set in RY. The covering radius of a n-point configuration @y = (A1,...,Ay)
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in Q is defined as

wy; Q) = min |A—Ag|.
n(wy; Q) j‘elglgklgzv| K|

And the minimal n-point covering radius of €2 is defined as
Ny (Q) ;= infn(wy; Q).
Ny

This quantity is the minimal radius of n balls centered in  that cover the set Q. The fol-
lowing proposition establishes the connection between the maximal polarization problem

and the minimal covering problem:

Proposition 3.1.1. [14, Theorem II1.2.1] Let Q be a compact set in RY. Then for any N > 0

and s > 0,

|—
[S—

@

Jim (M3(@)" = -

Proof. For any N-point configuration my = (Ay,...,Ay) € Q" we have

1
1 oo\ Ns
—— = < — - (3.3)
min |A —Aj| = A=Al min |A—A
1<i<N = 1<i<N

It then follows

1 Y R N5
. . < sup inf | ) < — . :
inf sup min [A—A;] T, covAcQ \ [Z|A — Al inf sup min |A—A;]
wNEQN pAc I<ISN N - wNEQN pAc I<ISN

1.e.,
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Thus

O

It is also helpful to have the following beautiful result about minimal covering problem

in mind:

Theorem 3.1.2. [15, Theorem 6.5.1] A (d + 1)-point configuration is optimal for the mini-

mal covering problem on S~ if and only if it consists of the vertices of a regular d-simplex.
To prove this theorem we need the following lemma

Lemma 3.1.3. Spherical caps of angular radius ¢ < % cover SV if and only if the convex
hull of their centers in R? contains the ball B(O;cos @) that is centered at the origin and is

of radius cos @.

Proof. First we assume that some spherical caps of angular radius ¢ < 7 cover §¢4=1 and
denote the convex hull of their centers by P. Since ¢ < 7 the dimension of P is d. For
any facet F of P, the (d — 1)-dimensional affine space that contains F cuts S~ ! into two
spherical caps. Let S(y, y) be the one that does not contain any interior point of P where
y is the center and y is the angular radius of the spherical cap. Since y is covered by
some spherical caps centered at a vertex of P of radius ¢ it follows that y < ¢. Hence the
Euclidean distance from O to F is at least cos ¢. In other words, P contains B(O;cos @).
Assume now there are some spherical caps of angular radius ¢ < 7 and the convex hull
of their centers P contains B(O;cos ). We are going to show these spherical caps cover
§4=1. For any y € §9~!, the distance from O to the convex hull of the spherical cap S(y, ®)
is cos @. Therefore the intersection of P and the convex hull of S(y, ¢) is nonempty and

must contain a vertex v of P. The spherical cap S(z, @) then covers y. [l
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Let H be a hyperplane in R? and let refy : RY — R? denote the reflection about H. For

any set X in R?, recall the Steiner symmetrization of X with respect to H is defined as

1
X' = U U E(x—i—reny),
led/ x,yeXnl
where o7 is the set of lines in R that are perpendicular to H. For any point x € Rd, denote

its projection onto H by projgx.

Lemma 3.1.4. Let A be a d-simplex in R? with vertices vi,va,...,vq.1 and let H be a
hyperplane in RY that is perpendicular to viv,, i.e., projyvi = projyva. Then A, the
Steiner symmetrization of A, is a d-simplex with vertices V| := projyv + %(vl — ), Vh 1=

. 1 /. . / P ;
projyvi — 5 (vi —Vv2), v3 1= projyvs,.. .V, | 1= projgva 1.

Proof. Denote the simplex generated from v{,v5,..., v, by A”. We will show A" = A",
First of all A” is a d-simplex. Since vy —vy,...,v441 — v; are linearly independent it follows
that the projection of vz —vy,...,v441 — v1 onto the orthogonal complement of v, — vy is
still linearly independent. It then implies projyvi,vj...v} 4 forms a (d —1)-simplex in H
and hence A” is a d-simplex.

Secondly, it holds that A’ C A”. For each [ € <7 and any x,y € AN, there exist real
{or}¥*! and B such that

d+1 d+1
x=Y o Y ai=1, a; >0,
i=1 i=1

and

y=x+B(vi—w).

It follows that

d+1 d+1
y= OCivi—i-ﬁ(Vl—Vz) = (OCl—Fﬁ)vl—}—(Otz—ﬁ)Vz—F Z o,v;.
i=1 i=3

37



Since y € A it then implies
o +B >0, ow—p>0.

Then

1 1 d+2 . 1
5l trefyy) = S (x+refpx —B(vi —v2)) = Y. aiprojyvi— FBvi—v)
i=1
d+2 1
= Z 0;projyvi + (ot + 0 )projyvi — 5[3(\/1 —v)
i=3

a2 / 1 / / 1 / /
=) o+ E(O‘l + o) (Vi +vs) — 53("1 —v3)

i=3

d+2 / 1 / 1 /
= Z o;v; + 5(061 + o —ﬁ)vl + 5(061 + 0 +ﬁ)v2.

i=3

Since both a; + o — B and o + @, + B are positive we conclude that %(x +refyy) € A”.
Clearly, v, € A’ for each 1 <i <d+ 1. It remains to show A’ is a convex set and hence
A =A". Let %(xl +refyyr), %(xz + refyy2) be two points in A" where x1,y; € ANy,

x1,y1 € ANl and Iyl € o7 Then for any A € [0, 1],

1 1
A- §<x1 +refyy))+(1—-24)- 2 xp +refyys)

((Ax1+ (1 = A)x2) +refy (Ay1 4 (1 — A)y2))

| =

lies in A’ since Ax; + (1 —A)xz, Ay; + (1 —A)ys € AN where [ = Al + (1 —A)lp is
a straight line perpendicular to H. Therefore A’ is convex completing the proof of our

lemma. L

Proof of Theorem 3.1.2. For any d-simplex A in B(O;1) that contains O, let r(A) be the
maximum radius of balls that are centered at O and are contained in A. If A is inscribed
in S“~! then Lemma 3.1.3 implies that the minimal angular radius of spherical caps cen-

tered at vertices of A that cover S~ ! is arccos7(A). Therefore, it is sufficient to show that
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the maximum of r(A) among all d-simplices in B(O;1) is attained if and only if A is a
regular d-simplex. Note that if A is not inscribed in ! we can always perturb the ver-
tices of A and strictly increase r(A). Hence we may assume A maximizes r(A) and A is
inscribed in $~!. Assume to the contrary that A is not regular, then there exist vertices
u, v, w of A such that |u —v| # |u —w|. Let H be the hyperplane that bisects the edge vw
perpendicularly and let refy : RY — R¢ denote the reflection about H. For any set X in R,
denote its Steiner symmetrization by X’. Since B(O;r(A)) C A C B(0;1) it follows that
B(0;r(A)) =B'(0;r(A)) C A C B'(0;1) = B(0;1). Therefore r(A’) equals r(A) and A’/
is also an optimal simplex. By Lemma 3.1.4 projyu is a vertex of A’. It contradicts the

maximality of r(A) since projgu lies in the interior of B(O;1). O

3.2 Main results

In this chapter we are concerned with the case when Q = S and n = 4 and we shall

prove the following theorem which is our main result.

Theorem 3.2.1. Let f : [0,4] — [0,00] be non-increasing and strictly convex with f(0) =
h%l+ f(x). Then ay is optimal for the 4-point maximal polarization problem on S?, i.e.,
X—

M/ (ay;8%) = MZ{(SZ), if and only if @4, = O up to rotations, where @y is a configuration

that consists of vertices of a regular tetrahedron.

We remark that the convexity of f and left continuity of f at O implies f is a continuous
extended real-valued function on [0,4]. According to [16] M/ (wr;S?) is attained by the
antipodes of the vertices of wr, i.e., M/ (wr;$?) = U/ (wr;S(wr)) where S(wr) is any
antipode of vertices of wr.

We also conjecture that

Conjecture 3.2.2. Let [ :[0,4] — [0,0| be non-increasing and strictly convex. Then @,
is optimal for the (d + 1)-point maximal polarization problem on S~ if and only if it

consists of vertices of a regular d-simplex.
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Lemma 3.2.3. Let f : [0,4] — [0,00] be non-increasing and strictly convex with f(0) =

lim,_ o+ f(x). Then for any @y € (S?)*, there exists a point A(ay) € S? such that

U/ (a4,A(w4)) < U' (0r,5(0r)). (34)

Equality holds if and only if w4 = @r up to rotations.
The proof of Theorem 3.2.1 is straightforward once Lemma 3.2.3 is established.

Proof of Theorem 3.2.1. For any ay € (S?)*, by Lemma 3.2.3,

minU’(04:4) < U7 (04A(04)) < U (0r:S(0r)).

Therefore
max minU’ (wy:4) < U/ (0r:S(ar)).
04 (82)* AcS?
Equality holds if and only if @4 = @7 up to rotations. U

Before proving Lemma 3.2.3 we will first introduce some notations and establish some
lemmas we are going to use.

Let oy = (A1,As,A3,A4) € (S?)*. If all 4 points are on a hemisphere, say the one that
is given by {(x,y,2)|x*> +y? + 72 = 1,z < 0}, then, as shown below (see proof of Lemma
3.2.3), inequality (3.4) holds with A(c;4) simply chosen to be the pole (0,0,1). Thus we
may assume Ay, As, Az, A4 are all different (otherwise there would be four points on a
hemisphere). For any three different points A;, A;, Ay in @4, let d (0,A;A jAk) be the dis-
tance from the origin O to the plane A;A;A;. Without loss of generality we may assume
d(0,A1A»A3) is the smallest, i.e. A1, Ay, A3 form the largest spherical cap. Here the spher-
ical cap determined by A;, A;, Ay is chosen to be the one whose boundary contains A;, A,

Ay and the cap does not contain the fourth point. Let (x;,y;,z;) be the Cartesian coordinates
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of A;. As the potential energy of @y is invariant under rotations we may further assume that
A1, Ay, Az are arranged horizontally so that z; = zp = z3 < z4. As we said it is sufficient to
consider the case when none of these 4 points are on the same hemisphere. Thus for each

0c [0, %) we consider

Q(6) := {(A1,A2,A3,A4) € (5%)* AA|A»Asis an acute triangle, d(0,A1A2A3)

= min d(0,AjAjA;),z1 =20 =23 =—c0s0 <0,z4 > —cosH}.
1<i<j<k<4

Here 0 is the angular radius of the spherical cap determined by A;, A,, A3, see Figure 3.1.

Lemma 3.2.4. Q(0) is nonempty if and only if 6 € [arccos %, ). Furthermore,
1 : : :
Q (arccos §) = {pwr|p is any rotation about the z-axis} .

Proof. Let 6 € [arccos%, 7) and let AjA>A3 be an equilateral triangle with z-coordinate
equal to —cos 8 and A4 be the north pole. Then the spherical cap A1A2A3 is the largest
spherical cap determined by A;A jA; and it follows that wy = {A1,A2,A3,As} € Q(0). If
6 < arccos %, assume to the contrary that there exists @y € Q(0). Then the covering radius
of @y 1s determined by the largest spherical cap A{AA3z which is less than that of 7. This
contradicts the fact that wy is the unique configuration that has the minimal covering radius

among all 4-point configurations up to rotations (cf. [15, theorem 6.5.1]). [l

Let Ay, Ay, Az be points on S? with z; = 75 = z3 = —cos 0 and such that AAA»A3 is
acute. If 6 < 7 then d(0,A1A2A3) > 0. Let IT;;(i, j € {1,2,3},i # j) be the reflection of

plane A1A>A3 about plane OA;A j, i.e., I1;; satisfies

d(0,I1;;) = d(0,A1A2A3) < d(0,A/AjA).
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Figure 3.1 I3 satisfies  Figure 3.2: AP;P,Ps is the domain
d(0,1s) = d(0,A1A2A3) < of A4. It is a spherical triangle if
d(0,A1A2Ay) nonempty.

I1;,, I1p3, I13; determine a region on 52 (See Figure 3.2):

(| {A4€5%d(0,A1A2A3) < d(0,AiAjAs),24 > —cos 0}
i),i,j€{1,2,3}

= {A4 € 5?|(A1,A2,A3,A4) € Q(0)}.

If this set is nonempty it is in fact a spherical triangle £P1P2P3 where P is the intersection

of I}, and I3 on the unit sphere, and so on for P, and P;. It is easy to see that £P1P2P3 is

either a spherical triangle or degenerates to a single point if nonempty. Namely, AP, PP

is the set of A4 such that A;, Ay, A3 form the largest spherical cap. Q(6) can be rewritten

as

Q(0) Z{(A1,A2,A3,A4) € (Sz)4|AA1A2Agis an acute triangle,

71=20=2723=—c0sB0,A, € ﬁPlePg}.

The following calculation is crucial for our analysis.

Lemma 3.2.5. Let Ay, Ay, A3z be different points on the sphere with z-coordinate equal

—cos6(0 < 0 < Z). Denote by O the projection of O to the plane A1A2A3 (ie., O =
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(0,0,—cos 0)), and let ¢y, ¢, ¢3 denote the angles /A,0'As, Z/A30'Ay, ZA10'Ay, respec-

tively. Then the z-coordinate of P; is given by

4tan’ 6

Zp, = COS 6|—1+ 3.5)

(tan 3 9 tan ¢2)

2 1 [03)
sec~ 0 —tan & tan %= +
2 2 sec2 O—tan ¢1 tan ¢2

Proof. See section 3.3. [

Corollary 3.2.6. Let (A1,A2,A3,A4) € Q(0) and @1, ¢, ¢ be as described in Lemma

3.2.5, then for any 1 <i < j <3 it holds

¢ 9

sec’ 6 > tan — 7 tan— 3.6)

In addition, there exist C1(0),C»(0) € (0,%) such that for any i € {1,2,3} it holds that

(6 )<%<c2(9)

where C1(0),C(0) only depend on 6.

Proof. The existence of (A,A2,A3,A4) suggests AP, P,Py is well-defined and nonempty.
Since P; € £P1P2P3, the definition of AP1P2P3 implies Ip, > —COS 0. The first desired
inequality then follows immediately from identity (3.5).

To prove the second inequality, without loss of generality we may assume i = 3. Using

trigonometric identities we have

03 ( 01 ¢2) — em (ﬂ_{_@) _ tan%—l—tan%

tan— =tan T — - — =
" 2 " 2 2 22 tan%tan%—l

2\/tanﬂtan% 2 2
>

= >
tan & ¢' tan 2 ¢2 —1 sec O —

tan%tan% S S—
\/tan%ltan%

1
sec 6
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Using inequality (3.6) and the above inequality for ¢; we get

an® — sec’ 0 < 0 secd — Lo _sec’f —sech
2 tan% 2 2 ’

sec 6 1

" sec@

Therefore C;(0) := arctan (;) and C,(0) := arctan <M+m> satisfy the de-

sired inequalities. [
Lemma 3.2.7. Q(0) is closed for each 6 € [arccos 1, %).

Proof. Let (A(ln),Aén),Agn),Agn)> be a sequence in Q(0) such that (Agn),Ag"),Agn),Ag”)) —
(A1,A2,A3,A4). Tt follows immediately from Corollary 3.2.6 that AA|A»A3 is still an a-
cute triangle. Using the definition of Q(6) and limit properties we get d(0,A1ArA3) =
min d(0,A;A;A;) and z4 = lim zé(‘") > —cos 6. It remains to show z4 > —cos6. As-
1<i< j<k n—soo
sume to the contrary that z4 = —cos 6. Then Aj,A;,A3,A4 are on the plane {(x,y,z) €
S?|z = —cosO}. Since Aj,A,,A; are distinct points without loss of generality we may
assume A4 is on the arc AjA; and A4 # A;. Therefore Agn),Ag"),Agn) will still be distinc-

t when n is sufficiently large. Notice that zin) >

—cos 0 and lim zi") = —cosf <0 it
n—o0
follows that d <O,A§")Agn)Agn)) increases to but does not equal d(0,A|A3A4) = cos O =
d <0,A§")Agn)Agn)> as n — oo, which contradicts the fact that
d(0.A"AYAY) = _min _ d(0,A7"A"4[").

1<i<j<k<4
O

Lemma 3.2.8. For 6 € [arccos 1, %), g%ler; 24 is attained by some (A1,A;,A3,A4) € Q(0)
only if the spherical triangle £P1P2P3 determined by A1,A>,A3 degenerates to a single

point.

The idea of this proof is that if AP, P, P; is not a single point we can always perturb Ay,

Aj, A3 so that £P1P2P3 is still nonempty and z4 decreases.
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Proof. Q(0) is closed and nonempty by Lemma 3.2.7 and Lemma 3.2.4. Thus minzy

Q(0)
exists. Assume by contradiction that m(n; 74 is attained by Aj,A;,A3 but AP P,P; is not a
Q6
single point. In other words, P, P>, P are distinct. It is clear that minzy is either Zp,» Zp, OF
Zp,- By (3.5) we can consider z,, as a function of x = tan % and y = tan %:
Atan® 0
Zp (x,y) =cosO | —1+ (3.7)
P 2 (x+y)?
sec” O —xy+ S e
Without loss of generality we may assume
minzy = min Z4= min mingz, (x,y) =z, (x0,Y0)-
Q(G) 21222=£3=*C059 x—tan ¢71 i P ( 7y) P3 ( Y )
A4€AP1 PP y=tan ¢72
AP P, P30
We claim that
0z dz
5 =B = 0. (3.8)
dx dy
(x0,y0) (x0,Y0)

Otherwise we can perturb ¢; and ¢» so that: (1) Zp, strictly decreases since the derivative
is nonzero; (2) ﬁPl P, Ps is still nonempty since Py, P>, P; is continuous with respect to @;
and ¢,. This contradicts to the minimality of 2, (x0,Y0)-

Let A =secO, then A > 3 (if A = 3, then by Lemma 3.2.4 w7 is the only configuration

in Q(0) and hence Py, P,, P; coincide). It follows from (3.7) and (3.8) that

(x+)(24% —xy +y%) = (A% — xy)?, (3.9)

(x47) (242 — xy +x%) = x(A% — xy)%. (3.10)
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Subtracting these two equations we get
()2 —x) = (A2 =) (v — ).
Notice that it follows from Corollary 3.2.6 that A> — xy > 0, and so we conclude
y =X, or x+y:A2—xy.
If x4+ y = A% — xy then (3.9) yields
247 —xy+y* = y(x+).

Thus A2 = xy which contradicts Corollary 3.2.6.
If x =y then (3.9) yields

2x-2A% = x(A? — x*)?
— =y’ =A’-24>32-2.3=3
01 03)

2n
:>tan?:tan?>\/§:>¢1:¢2>?>¢3:27:—¢1_¢2‘

We will show z, =z, <z, and hence it contradicts our assumption. In fact,

91 ()
tan 5 4 tan % 2
tan%:tan(ﬁ—ﬂ—%>:—tan(—¢1+—¢2>— 2 R

2 2 2 _tan%tan%—l x2—1
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Thus

_t -
2 +Az—tan%tan%

<A2 ) (tan% +tan %)2>

<A2 Cem 0 03 (tan% +tan %)2> B

—tan — tan —
2 2+A2—tan%tan%

2x (X"‘xzzf )? 4x?
- <A2—x~x2_1+A2_X‘}_xl> B (Az_xz+A2—x2>
(3 =3)(AT—1)[(A2 = 1)x? — A% — Y]
T @@ - 2)[(A7-2) - A7)
(P =3)(AP—1)24(A-1)(A-2))
(2 —1)(A2 = x)A[A(A+1)(A —3) + 4]

>0.  (substitute x> = AZ —24.)

By (3.5) we have z, <z, a contradiction to the minimality of z,, .
The above argument shows that our assumption at the beginning of the proof is false.

Therefore 31(161; 74 1s attained by A1,A,A3 only if ﬁPl P, Ps is a single point. O
Lemma 3.2.9. The following are equivalent

(a) API P>P; is a single point.

(b) The incenter and the circumcenter of A|{A2A3A4 coincide.

(c) A1A2A3A4 is equiareal, i.e., all its facets have the same area.

Proof. (a) < (b) is trivial. For a proof of the equivalence of (b) and (c), see [17] for

example. 0

Remark 3.2.10. It is known that (cf. [17]) for any d-simplex A, the circumcenter and the
incenter of A coincide if and only if A is equiradial, i.e., all the facets of A have the same
circumradius. The incenter and the centroid of A coincide if and only if A is equiareal. It is
also known that a tetrahedron is equiradial if and only if it is equiareal. It then follows that
the circumcenter and the incenter of a tetrahedron coincide if and only if it is isosceles.
But for d > 4, there are equiradial d-simplices which are not equiareal. And this is one

obstacle we come across when we try to extend our proof to higher dimensions.
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Corollary 3.2.11. For 6 € [arccos %, Zl, m(lr; z4 = 3cos 6.
Q0

Proof. If 6 = 7 this is trivial. Assume that & < 7. Suppose min z4 is attained by some con-
Q6

figuration (Aj,A,,A3,A4). By Lemma 3.2.8 and Lemma 3.2.9 the tetrahedron AjAyA3Ay is

equiareal and hence all its four faces have the same area. Let Sy be this face area. On the

one hand the volume of A1A>A3A4 equals

1
Va,4,454, = §SO (24— (—cos9)).

On the other hand, the center O of A|AA3A4 divides the whole tetrahedron into four small
tetrahedron OA;A jAy. Thus
1
VA1A2A3A4 = 4VOA1A2A3 =4. gS() -cos 0.
Therefore,

74 +cosB =4cos@ = z4 = 3cosH.

]

Lemma 3.2.12. Let f: [0,4] — [0, 0| be non-increasing and strictly convex and let g(t) :=

3f2=2t)+f(2+6¢),t €0, %] Then g(t) is a strictly decreasing function.

Proof. Forany 0 <t <t < %, it follows that 2 —2¢, <2 —2t; <2+ 6¢t; <2+ 61,. Using

properties of strictly convex functions we obtain

f(2—2t1) —f(2—2t2) f(2+6t2) —f(2+6t1)
(2—2t1) — (2—21p) (2+6ty) — (2+61)

Therefore,

g(h) < g(n)
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Proof of Lemma 3.2.3. It is elementary to compute that

U’ (wr,S(or)) =3f(4/3)+ f(4) = g(1/3).

Let g = (A,A2,A3,A4) be in (S?)*. If they are on a hemisphere, without loss of generality

we may assume z1,22,23,23 < 0. Let A(@4) = (0,0,1). Using Lemma 3.2.12 we get

A~

Uf (1)4, |A (1)4A| Z 1—Zl

= E (war) -
ER

| N

0) < g(1/3) = U’ (ar,S(wr)).

Therefore we may assume A, A>, A3, A4 are not on any hemisphere. In particular, Aq,
Ay, Az, Ay are distinct. Without loss of generality we may assume AjA»Aj3 is the largest
spherical cap and z; = zp =23 = —cos 0 < z4,0 € [0,5).

If AA|A>A3 is not acute assume that % > % The plane ITp3 cuts B(0;1) into two
sets, the one that contains O and the one that doesn’t. AAjAA3 being not acute implies
that A;,A,,A3,A,4 are in the set that does not contain O. Therefore A;,A;,A3,A4 are on a
hemisphere and hence (A},A;,A3,A4) is not optimal. It remains to consider the case when
AA1A,As is acute. In other words, @4 € Q(6). By Lemma 3.2.4 we have 6 € [arccos £, Z].

Let A(ws) =S = (0,0,—1). Using Corollary 3.2.11

4 4

(o, S Z (ISAi?) Z 2(1+2z))

< 3f(2(1—cos6)) + f(2(1 +minz4))

=3f(2(1 —cosB))+ f(2(14+3cos0)) = g(cosO).
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Therefore for any 6 € [arccos %, g)
U’ (@4,S) = g(cos 0) < g(1/3) = U/ (r,S(ar)).

Equality holds if and only if 6 = arccos %, 1.e., @4 equal wr up to rotations.

O
3.3 Proof of Lemma 3.2.5
Assume that (see figure 3.1)
A = (sinOcos @y, —sinOsin @y, —cos H),
Ay = (sinOcos @y,sin O sind;, —cos 6),
A3z = (sin6,0,—cos0),
P3 = (x0,Y0,20)-
We will solve (xo,yo,20) from the equations
d(O,P3A1A3) = d(O,P3A2A3) = d(O,AlAzAg) =cos 6
3.11)

XYz =1

Clearly,

|

AA3 = (sin6(1 —cos ¢y ), —sinOsin@;,0),
A3P; = (xp —sin®,yp,z0 +cos 6),
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We then obtain a normal vector of the plane P3A7A3

-

i i k

3L
I

Xp —sin 6 Yo Z0+cos @

sinB(1 —cos¢;) —sinOsing; 0

= ((z0+cos ) sin Osin Py, (z90 + cos 0)sinO (1 — cos @y ),
— (xp —sin 0)sin O sin@; — ypsin O (1 — cos @)

= (al,bl,cl).
Thus the equation of the plane P3A;A3 has the form
ay(x—sinB)+byy+ci(z+cosb) =d;

and

_ |aisin® —cycos 6|

d(O,P3A2A3) =
\ /a% —l—b% —l—c%

Similarly if we let (replacing ¢; by —¢»)

(az,ba,¢2) := (—(z0+cos 0)sinOsin @y, (zo +cos 0)sin (1 — cos ¢,),

(xo —sinO) sin O sin Py — yosinO(1 —cos ¢))

then

|azsin® — cpcos B)|

\/a%—l—b%—l—c%

d(0,P3A1A3) =
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Thus

la;sin@ —cycosO|  |apsin® —cycos 6|
= =cos 6

2 2 2 2 2 2
(3.11) = ajtbite a+by+e . (312

XG+Y5+z5=1

la;sin@ — ¢ cos 6|

\/a%+b%+c%

= (arsin® — ¢y cos 0)? = (a? + b} +c}) cos*()

=cos0O

—ai(tan’ 0 — 1) = 2ajc  tan O + b}
= (z0+cos0)sin*(¢;)(tan’ @ — 1) = 2sin P tan 6-
[—(xo — sinB) sin@; — yo(1 — cos ¢1] + (zo 4 cos 0) (1 — cos ¢;)?

<= (z0+cos0) (tan29 —tanz%— 1) =2tan6 [—(xo—sine) —yotan%} . (3.13)

Similarly we have
(z0+cos 0) (tan2 0 — tan’ % — 1) =2tan6 [—(xo —sin@) + yptan %] i (3.14)

Now we can solve for zg:

(z0+cosB)(tan % —tan )
2tan 0
Z0+cos 6 tanﬁtan@+2_secze
2 2
2tan 0 :

(3.13) = (3.14) =y =

(3.13) =xp =sin 6 +

x%—i—y%—f—z% =1 :>(xo—sin6)2+2(x0—sine)sine—l—y%—f—(zO—cose)(zO—f—cose) =0
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Therefore,

Z0+cos 6
4tan’ 0

2
(zo+cos ) (tan%tan% 42— sec? 6) +

4cosOtan’ 0 (tan%tan% +2— sec? 9) +

2
(zo+cos ) (tan% —tan%) +4tan? 0 (zo + cos 0) — 8 cos O tan> 9] =0

=70 = —cos 6 or

zo0=-cosB |—1+

4tan? 9(5602 0 — tan % tan %)
(sec? 6 —tan q)z—ltan %)2 + (tan % +tan %)2 ’
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Chapter 4
Universally Optimal Periodic Configurations in R?

4.1 The 1 dimensional case

Recall that a spherical (2m — 1)-design of $?~! is sharp if there are at most m different
inner products between distinct points in the design. In [2] Cohn and Kumar show that any
sharp design is universally optimal among configurations with the same number of points
in $?~!. This result can be applied to a large class of configurations in $¢~!. In particular

when d = 2 we have the following:

Theorem 4.1.1. Let the potential function f : [0,4] — RU{eo} be strictly completely mono-
tonic on (0,4] with f(0) = lim f (x). Then an N-point configuration @y on S' minimizes
x—0

E¢(on) if and only if wy consists of N equally spaced points on S L
Proof. See Theorem 1.2 in [2]. O

We remark that there is a classical result for the case where f(x?) = g(x) for some

function g that is convex and decreasing.

Theorem 4.1.2. [18] Let g : [0,2] — RU {e} be convex and decreasing on (0,2] with

g(0) = lim+g(x). Let f:]0,4] — RU {0} be the function that satisfies f(x*) = g(x) for
x—0

any x € [0,2]. Then any configuration of equally spaced points on S U minimizes the energy

Ef(a)N).

Proof. For any configuration @y = (x1,...,xy) on S!, without loss of generality we may

assume x; = % where 0 < 0, < 6,--- < Oy < 27. Let xnij:=xjand Oy, ;:=06;, j =
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1,...,N —1. Using the convexity of g we obtain

) =Y fxj—xl) =Y g(lxj—x]) = Z Z (e j ke —x;1)

J#k J#k k=1 j=1

N—-1 1 N — 1 N ‘9 _6]+k|
> Z g Z |Xjk—xj] | > Z g ZZsm
N = 1

2 I

Since sint is concave on [0, 7| and g is decreasing it then follows

(o) >Z <2$1n ZM> Zg<2sm—>

j:1
where the last quantity is the f-energy of any N equally points on S'. [l

Remark 4.1.3. The above two theorems hold for Riesz s-potentials with s > 0. In addition,

Theorem 4.1.1 holds for all Gaussian potentials f(x) = e~ with a > 0.

Let @y + A be an N-point A-periodic configuration. We shall call N/|A| the density of
oy + A. In the last chapter of [2] they study the Euclidean case and prove the following

1-dimensional case.

Theorem 4.1.4. Let f : [0,00) — R U {eo} be completely monotonic on (0,00) with f(0) =
llr(r)1+f( x) and satisfies f(x) = O(]x|_%_8)f0r some € > 0 as |x| — oo. Then any equally s-
x—

paced space configuration has the minimal f-potential energy of any periodic configuration

in R with its density.

In this section we will establish a connection between these two theorems and provide
a simple proof for Theorem 4.1.4.
We start with some notations. For any ¢ > 0 and x € R, the classical one dimensional

theta function 0(c;x) is defined by
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where the second equality follows from the Poisson summation formula (See section B).

Notice that 0(c;-) is Z-periodic. We shall find it useful to also consider

0(c:t) ::9<c; arczc:st>7 te—1,1].

In other words for any x € R it holds that
0(c;cos2mx) = 0(c;x).

A C* function f : I — RU {40} is absolutely monotonic if f)(x) > 0 for all x € I and all
k > 0 and strictly absolutely monotonic if strict inequality always holds in the interior of /.

We shall need the Jacobi triple product formula.

Lemma 4.1.5 (Jacobi triple product formula). For any complex q and z with |q| < 1 and

7 # 0 we have
H 1+q2r 1Z2) (1+q2r 1 Z qu 2k
r=1 k=—oc0
Proof. See Section C. 0

Lemma 4.1.6. For any ¢ >0, 8(c;-) : [1,1] — (0,) is a strictly absolutely monotonic

function.

c inx

Proof. Apply Lemma 4.1.5 for g = e~ *“ and z = '™ it follows

_ (1 _6—27rrc) (1 +€—(2r—1)7rcei27rx) (1 +e—(2r—1)ﬂce—i2nx)

r=1

=[10- e ) (1 +2¢ =7 cog 2 mx + e_z(zr_l)”c) i

r=1
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Thus

(o)

é(C;t) _ H(l _6—27'6}’6‘) (1 +2e—(2r—1)7rct+e—2(2r—1)7rc> ' (42)

r=1

It is elementary to show that
i ‘1 _ (1 . e—Z?rrC)(l +2e—(2r—1)7‘[ct + e—2(2r—1)7z:0)
r=1

converges uniformly on compact subsets of C. It then follows from a theorem in complex
analysis (cf. [19, Theorem 15.6]) that 8(c;¢) converges uniformly on compact subsets of
C and hence é(c;-) is holomorphic. In particular, é(c;t) is smooth as a real function.
Differentiating (4.2) yields for any n >0, ¢ > 0,¢ € [—1,1]

"0

W(C;t> > 0.

O

Proof of Theorem 4.1.4. By Bernstein’s theorem(cf. [1, Theorem 12b, pagel161]) there ex-

ists a non-decreasing function « : [0,00) — R such that for all x > 0,

flx)= /000 e “da(c).

There is no contribution from ¢ = 0 since f approaches to 0 as x — co. Therefore it is
sufficient to prove the optimality of equally spaced configurations for f(x) = e~ for some
c>0.

Let Z + @y be an N-point Z-periodic configuration in R generated by @y = {x j}]}le-
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Then

B (o) = ¥ X e et

j;éknEZ

-(5)' go(Cnn)

J#k

— (%):;{é <§;cos(27r(x]' —Xk))> :

Forany ¢ € [—1,1], let g(2 — 2t) = 6(Z;). By Lemma 4.1.6, 6 (Z;-) is strictly absolutely
monotonic on [-1,1] and so it follows that g : [0,4] — (0, o) is strictly completely mono-
tonic on [0,4].

Consider the map ¢ : R — S, ¢(x) = e*™*. Notice that [@(x;) — @(x;)[> = [*™™ —

™% |2 =2 —2cos(27(x; — xi)). It then follows

1

Efy(on) = (£)" L ¢ (2-20os(2n(s —)
7k

Y s(1o(x)) — @(x)l?)
J#k

= (%) Eulo(on).

I
N—
(S

By Lemma 4.1.1, the energy E,(¢(wy)) attains its minimum at any N-point equally spaced
configuration on S!. Therefore E fp » (@y) attains its minimum at any N-point equally spaced

configuration in R. [

4.2 The case for n = 2,3 and A is a Hexagonal lattice

Although we are not able to verify the universal optimality of hexagonal lattice A,, we
will investigate some simple cases in this section. Namely, we only consider A,-periodic
configurations with N = 2,3.

Conjecture 4.2.1. Let the potential function f : [0,00) — RU{eo} be completely monotonic
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on (0,00) with f(0) = lim f(x) and satisfies f(x) = O(|x| "' ~¢) for some € > 0 as |x| — oo.
x—0

If there exists a constant A € (0, 1) and an orthogonal 2 X 2 matrix such that AQA; is a finer

lattice of Ay and |(AQA2) NQ4,| = N, then AQA; is optimal among all N-point A>-periodic

configurations.

This is a less general conjecture than Cohn and Kumar’s [2]. First of all we only consid-
er Ap-periodic configurations rather than all A-periodic configurations where A is any lat-
tice with co-volume 1. Secondly this conjecture only makes sense when N is some special
integer. In fact, it is not difficult to show that such N must have the form N = m? 4+ mn+n?
where m and n are both integers. As we mentioned before it is known that for any nice
d-dimensional space Q@ C R¢ with Lebesgue measure 1, it holds that

&5(QN)

Wy G 2l

In particular, for the fundamental domain of A, (assuming |detA;| = 1), if the above con-

jecture is true, then by Theorem 2.2.2, we will obtain the constant

QasN . &a (N
CsZZ li S( Az‘v ) lim SyAz(s )
7 N%oo N1+§ N—)oo N1+§
_ 557142(’” )
T oo (m2)1+3
Eo 4, (LA,NQ
T e S7A2(nnzzis 42) (conjecture 4.2.1)
2 s
. m--m CA (S)
o nP*}oo mZ+s2 CAz (S)

Recall our main result is that

Theorem 4.2.2. Let the potential function f : [0,00) — RU {eo} be completely monotonic

on (0,00) with f(0) = 1ir51+f(x) and satisfies f(x) = O(|x|*%*8)f0r some € >0 as |x| — oo.
X—

Letur = (1,017, 1 = [3,*2]7, and P = J (w1 +w2) = [3,%3]7, 0 = 3w +2) = [1, 5",

Consider the f-energy of wy associated to the lattice Ay = [y, u) 7% = ( @)%Az.
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Figure 4.1: A universally optimal Figure 4.2: The universally optimal
configuration for N =2, A = ;12 It configuration for N =3. A :;4; isa
is not a lattice but a "honeycomb” finer lattice of sz

configuration.

(1) For N =2, let 5 ={0,P} or {0,Q} up to translations. Then for any 2-point config-

uration @, € (R?)?,

EP

@ (@) 2 BV, (@3).

fA2
(2) For N =3, let w; = {0,P,Q} up to translations. Then for any 3-point configuration
o3 € (R?),

EP_ > EP_(@7).
f7A2(w3)_ f?Az(ws)

By Bernstein’s theorem we may assume f(x) = e~ for some a > 0. Consider the

A;-periodic function

F(X,y) - Z efal[x,y}T+v|2.

VGA;
Then for any @y = ((xj,yj))l;’:l c (RHV,
EJCCPAV((DN) = ZF(Xj—xk,yj—yk). (43)
o i#k

Lemma 4.2.3. F is uniquely determined by its values on the region Qg := {(x,y)[0 < x <
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,0<y< \/Tg,y < \/Tgx} Furthermore,

=

_>
VF|p=VF|p=0.

Proof. Let G be the group of affine transformations that fix X; and preserve distance in R

Then for any g € G,

2
F(gr,gy) = Y, e alébl™]
veA,
= Z efa|g([x’Y]T+g_1V)|2

ve

— Y e

VEXE

S
)

ol T+~ 1v[* _ F(x,y).

It is not difficult to verify that GQg is the whole plane. Thus F is determined by its values

on Q.

To prove VF|p = 0, consider the transformation g that rotates points about P by ZT”,

namely, for any [x,y]? € R2,
g (") =p (3" —P) +P,
where p is the rotation of vectors by ZT” Then g € G and hence
F(x,y) = F(g(x,y))-
Taking the gradient on both sides yields

VF(x,y) = pVF(g(x,y)).
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Evaluating the above identity at P implies

VPWp::quwgpzszqu.

Therefore
VF|p=0.

The same argument shows that VF | = 0 as well.

Lemma 4.2.4. For any [x,y]T € R?,

T
F(x,y)= =

Proof.

o]+

F(x,y) = Z e

Ve [uy,up] 72

= ¥ el )|
mne’

—a {(x+m+§)2+(y+§n)2}

ENENE
“V3a \3 V3

a

/8 Ty /4 Ty 1

=— 0| ——F%=)0|—; 0| — —=+=
ﬁa[ <3a \/§> () (3a Vil
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Let

4.4)

2 27
:%[é<%;t2)é(g;tl)+é(%;—r)é(g;—n)] (4.5)

In this section we always assume the relations

~ ) _F (arccostl ﬁarccostz)

t) = cos(2mx), 11 = cos(2my/V/3).

Lemma 4.2.5. For any integers 1| and I, satisfying 2|l + I,

%(rl,tz)>0, i, € [=1,1].
In particular,
aait?(tl,tz) >0, aait?(tl,tz) >0,
%(;],Q):%(n,m)>o, Vit € [—1,1].
Proof. This follows immediately from (4.5) and Lemma 4.1.6. [
Lemma 4.2.6.

oF
al‘z

8_F
dy

1
(t1,12) >0, Ve |-1,1], Vnpe [571} .
(x,y) <0, Vx e R,Vy € [O,?] )

The first “=" holds if and only if (t1,1) = (—1, %) The second “="" holds if and only if

y=0or(x,y) = (%,%) =P
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Proof. By Lemma 4.2.5 and Lemma 4.2.3,
OF OF 1
—(t,h)>— | —1,=
81‘2(1’2)_81‘2( 72)

B 8_F arccost; +/3arccosty ﬁ 1
~ dy 2 2 2
n

2
=8) ]
_OF] [ V31 0
Iy |p 2 1—t22 1 .
Hh=—1n=3
Thus for any x € R and y € [0, %g]’
OF oF 2
a—y(x,y) = a—tz(cos(an),cos(2ny/\/§)) : (—77% sin(27ry/\/§)> <0.
[
Lemma 4.2.7.
oF 1
—(#1,¢ 0 vt —1,1 Vit —, 1. 4.6
8t1(1’2)>’ 1€ [-11], 26[2,1 (4.6)
oF 1 V3
2 xy) < - Y2, 4.
5,6y <0, Wxe {0,2}, vy € [0, 5 ] 4.7)

“« » . . 1
=" holds if and only if x =0 or x = 5.
Proof. (4.7) follows immediately from (4.6) since

a&_]): (x,y) = g (cos(27x),cos(2my/v/3)) - (—2msin(27x)).

By Lemma 4.2.5 and (4.5) it suffices to show
oF 1 n [~(m 1\d0 /=n ~(n 1\96 /=&
—(-1l,z|=— 10—z )= (——-1)—-0(——= )= (-1 0.
o ( ’2) ﬁa{ (3a 2) ot <a ) <3a 2) ot <a )} ~
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(1) Ifa < f+1 , then e™ 3a < \f L Applying formula (4.2), we get

IF (1
all 2
T [~(®m 1\d0 /=& ~(m 1\d0 /m
= V3a [" <3—a’5) o (1) -0 (37;‘5) o (;’1)}
T T —@r-1)E (2r—1)”2)
= 1— 3a 1—|— 3a+ 3a .
G 1 (1e ) (rreetee
i (1 _e—zj’f) 26—(2,'—1)’;—2“ (1_6—2r’f) (1 _28—(2r—1)’f+e—2(2r—1)’f)

r#j

[}

> ~7'L'2 7'L'2 77:2 77:2 Y3
5 (1 _) 2 @ VE T (1 _) (Hze_(zr_])a +e_2(zr_1>a>]
=1 r#j

_ (1 _g @D +q—2<21>1>) 1}] (1 _g 1) +q72<2r71>) .

<1+2q73(2r71)+q76(2r71)> 7

where g = e 7?[* < \f . Therefore to prove 3—5@1 ,t2) > 0 it suffices to show for any r > 1,

(1 +q7(2r71) +q72(2r71)> <1 _2q73(2r71) +q76(2r71))

> <1_q*(2r71)+q72(2r 1)) <1+2q (2r71)+q76(2r71)>

g Cr) <q72(2r71)+1> <q2(2r1) 3+\/_> (q 1) _ 3—\/§> >0

2 2
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The above inequality holds since

, Vr>1.

-2
2 _ V5-1 3+45

@ fa> - T >4, forany ' € [~1,1] let
n-=5-

, arccost’
X' = :
2

Then

90 (m N 96 (m N Ox
o G) =5 (5) 5,
9_9(z-x/)

x \a’

T 2zsin(2ax)’

Using L’hospital’s rule we get

06 <7r 1) B ‘327? (Z:x')

9t \a’ ) 4mcos(2mx')

1 /o3 & 1 a1y
~52(5) L patnmgr -t
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and

~ 829 . 820 .
99 (E.1> g (@) _ 5 (@0)
ot \a’ 4% cos(2mx’) - 472
1 T _% - 2 2 1 T _%
= —(= 1-2 *a"<_(_> _
27z:<a> n;w( an)e 2t \a

Thus

”=" holds if and only if (x,y) = P or Q.

Proof. For any x and y, by Lemma 4.2.3 there exists some affine transformation g such that

(gx,gy) € Qo and F(x,y) = F(gx,gy). Thus by Lemma 4.2.6 and Lemma 4.2.7

F(x,y) =F(gx,gy) > F (gx,g) >F <%§>
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O]

Proof of Theorem 4.2.2. For any @, € (R?)?, using the minimality of F|p and (4.3) we
obtain

cp __ pCp *
E (@) 2 2F|p=E " ().

Az Ao
Similarly, for any @3 € (R?)3,

EP_(w3) > 6F|p=E"_(w3).
1y (@8) 2 6F lp = E 5 (03)

Note that =" holds in the above relation if and only if @, = {0,P} or {0,Q} and w3 =

{0,P,Q} up to translations respectively. O

We will end this section with a discussion of the polarization problem for N-point peri-
odic configurations in R?. Recall in Chapter 3 we have discussed the polarization problem
for N-point configurations in a compact set. For any nonnegative function f and any N-
point A-periodic configuration @y + A in R? and any x € RY, we define the f-polarization

of oy +A at x

=

U/ (A+ on;x) := Z Flx—xi+v]?),
k=1veA

and the f-polarization of wy

M/ (A+wy) = inf U/ (A+ ay;x).

xeRd

Our main result shows that if A is a hexagonal lattice and f satisfies the conditions in
Theorem 4.2.2, then the f-polarization of A is attained at P and Q, and the f-polarization

of A+ {0, P} is attained at Q.
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Corollary 4.2.9. Suppose f, A>, and P are as in Theorem 4.2.2. Then
M!(A3) = U7 (A3, P) and M (A, +{0,P}) = U7 (A2 +{0,P},Q) = 2U/ (A;,P).

In the case f = f is a Riesz potential, we have

US(A3.P) = G (5:P) = (352‘ 1) i (s).

Proof. It suffices to prove the last identity. Notice that A := X; +{0,P,Q} is also a hexag-

onal lattice. Using the same techniques as in the proof of Lemma 2.3.2 we obtain

Y, Glsx) = ((V3) = 1)),

xeAINQ \{0}

Since
Y Glsn) =L (sP) + 8 (5:0) = 205 (1 P).
xEAlﬂQA“i\{O}
The desired identity then follows immediately. 0
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Appendix A
Bernstein’s Theorem on completely monotonic functions

In this section we will present the proof of Bernstein’s Theorem which characterizes

the class of completely monotonic functions on the nonnegative real axis.

Theorem A.0.10. A function f : [0,0) — R is completely monotonic on [0,0) if and only

if
1= [ e )

where (t) is bounded and non-decreasing and the integral converges for 0 < x < co.
A weaker version of this theorem states that

Theorem A.0.11. A function f : (0,00) — R is completely monotonic on [0,0) if and only

if
1= [ e dain),

where a(t) is bounded and non-decreasing and the integral converges for 0 < x < oo

Before proving the above theorems we will first introduce some lemmas and Hausdorff

Theorem which we are going to use. Given a sequence { i, };_, let

Aty = Pt — M, A o= AN ).

It is not difficult to prove by induction that

Ay, =Y (—1)"* Hnsm- (A.1)
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A sequence {Lt, }°_, is called completely monotonic if (—1)*Akp, > 0 for any n,k > 0.

Lemma A.0.12. If f is completely monotonic on [a,oo), then for any h > 0, the sequence

{f(a+nh)}>_, is completely monotonic.

Proof. For each k > 0 and n > 0, let P(r) be the Lagrange interpolation polynomial of
f at points a+nh,...,a+ (n+k)h. Since f(¢) — p(t) vanishes at k+ 1 distinct points
it follows from the Rolle’s theorem that there exists & € (a + nh,a+ (n+ k)h) such that
FHO (&)= p®) (&) = k!by where by is the leading coefficient of p(¢). Therefore (—1)*b; > 0.

It is well-known that

Thus,

where we use (A.1) in the last equality. Therefore (—1)*AX f(a +nh) > 0. O

Theorem A.0.13 (Hausdorff Theorem). A sequence {l,};_ is completely monotonic if

and only if
1
u,,:/ rda(), n=01,2,... (A2)
0

where o/(t) is bounded and non-decreasing on [0, 1].
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Proof. Assuming (A.2), then for each k£ > 0 we have

(1t = [ C1tataan) = [ (1) y ot 6| erdag)

0 0 m=0 m

1 1
:/ (—l)kt”(t—l)kd(x(t):/ (1~ 1)kde(r) > 0.
0

0

Suppose now {1, }*_, is completely monotonic. For each k > 0 and m < k consider

k k—m Ak—m
A = (—1)empk=my, > 0.
m

Let oy () be the normalized step function that has jumps A ,, at points % Then

k k k
Z A'k,m — Z (_l)k—mAk—m‘um
m=0 m=0 m
-y (~1f Y (— 1y fonsi
m=0 m i=0 ]

Hn+i

I
1~
0

—
~—
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Therefore oy (t) are bounded and non-decreasing. We claim that

1
Up = lim [ t"doy(7).

k—o0 JO

n—1 .
Let g,(t) = Ho M=i forn > 1 and go(x) = 1. Then
1=

m
gi =+ ) A,
X () o
k lk—n)! | k
m! n
— 1 k mAk m
n;n m—n)lk! | (=1) Hon
k Wk—n)! | k k—m . k—m
m! n)!
=y BELL T | ey (e fons
ik’"( 1 k—n m+i—n
= _— ul'l‘m+l
m=n j=(0 m-+in l
ko k k—n j—n
= Z Z(_l)jim uj
m=n j=m j—n j—m
k| k—n J j—n k—n .
=2 iy (=17 =Y il =17 = g,
j=n\ j—n m=0 j—m j=n\ j—n
(A.3)

Since each factor in g() converges uniformly to 7 in [0, 1] as k — oo, it is clear that

1kt—l

lim H

k%oo

n

uniformly for O <t < 1. Therefore for any € > 0, there exists a positive integer kg such that
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for any k > ko it holds that

|gk(t)_tn|<£7 t6[071]7

and
(7) <=
Using (A.3) we get
= [ P = % o (F)dn= X ()"
< 2 (D)= (D) Tt £ (D) 3
< X e (7) - (7 aemt 5 ()2
< Zk: £/lkm+nilslkm_e Xk: Ak = €Mo
m=n m=0 m=0
Therefore,

1
Uy = lim [ "doy(z).
k—o JO

By Helly’s selectoin theorem there exists a subsequence of {0y (7)} that approaches a limit

o.(t) with bounded variation. The function () is then non-decreasing and satisfies

1
,un:/ "da(r).
0

We are now ready to prove Theorem A.0.10
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Proof of Theorem A.0.10. Suppose that

Flx) = /0 T da(s).

Then f is clearly completely monotonic by successive differentiation. Now assume that f is

completely monotonic on [0,e). By Lemma 2.1.1 for any positive integer m, the sequence

{f (%) m_p 1s completely monotonic. By Hasdorff Theorem there exists a non-decreasing

bounded function f,,(¢) such that

f(£> = /Olt”dﬁm(t), n=0,1,2,...

Then

1 1 N

fn) = [ aBue) = [ a (i)

0

On the other hand,
1

s = [ apite)

Therefore,

1 1
/t”dﬁm <t»11>:/ 'dBy (1), n=0,1,2...
0 0

Using Weierstrass approximation theorem on [0, 1] we conclude that

1 n 1 n
/tmdﬁm <t1>:/ tmdpPi (1), n=0,1,2...
0 0
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Thus after changing of variable (A.4) becomes

(%) :/Olr"dﬁm(t):/Oltr’ffdﬁm(zi):/oltidﬁl(;)

1, oo
— tmdﬁl(t):/ MAa(r),  n=0,1,2...
0+ 0

where o(r) = —Bi(e”"). Since both f(x) and [,"e "“da(r) are continuous on [0,co) it

follows that

1) = [ e datr)
for any x in [0, o). O

Proof of Theorem A.0.11. Suppose that

Flx) = /0 e da(t).

Then f is clearly completely monotonic by successive differentiation. Now assume that f
is completely monotonic on (0,e). For any 0 < d < 1, the function f(x+ 0) is completely
monotonic on [0,) as a function of x. Therefore the proof of Theorem A.0.10 shows that

there exists a non-decreasing bounded function 5(¢) such that

fla+8) = [ rapsto).

Then for any x > 0,

In particular, for any n > 1,

) = [ a5t
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In other words, the integral fol 't=%dBs(¢) is independent of 8. Using Weierstrass Theorem
on [0, 1] we conclude that for any continuous function 4(x) on [0,1) with 2(0) = 0, the
integral fol h(1)t=9dBs(¢) is independent of §. In particular the integral, for any fixed x > 0,

the integral

7= [ e Saio

is independent of 8. Therefore if we choose a & € (0, 1), then for any x > 0 it holds that

flx)= /1txt_5d[350 (1) = _/Ooo e_txetsdﬁgo (e = /Ooo e Pdo(t)

0

where o(t) := — [ e”5d[350(e_’) so that do(r) = —e‘t5dl350(e_’) and «(t) is the desired

funcion. =
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Appendix B

Poisson summation formula

For any complex function f € L'(R?), its Fourier Transform is defined by

&)= [ rte 2 ar,

Theorem B.0.14. Suppose f satisfies | f(x)| < C(1+|x|) "€ and | f(&)| < C(1+|E|) ¢

for some C >0 and € > 0. Then

Y fltn) = ¥ fger
kezd

nezd

In particular, taking x = 0 we have

Y fm=Y f).
kezd

nezd

Proof. Let
F)= Y flx+n).

nezd

Clearly F is Z¢-periodic. Since ¥,,.74(1 + |n|) 797 < oo it follows that the series

Z flx+n)

nezd

and

Z ]’c‘(k)eZHi/ox

kezd
converge uniformly and absolutely in R?. Therefore F(x) is continuous and can be consid-

ered as a function in L2([0, 1]¢). Let {Fy;k € Z} be its Fourier coefficients in the orthogonal
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basis {e?"**;k € Z}. Then

Fx)e— 27k gy — / —2mikx g
e o B, T

F =
[071 nEZd

]

A

- /[0 1j4 Y fltn)e R dr = f(k).

nezd

Therefore Y7 f(k)e*™* is the Fourier series of F(x) and converge to F in L*([0, 1]¢).

Since the convergence is uniform it follows that }; .74 f(k)e*™** = F(x) pointwise. [
Corollary B.0.15. Let A be a lattice and ¢ > 0. Then for any x € R?,
d
2

Ze—c|x+v\2 _ T Z p2TiOX ,—

veA C% ‘A‘ WEA*

71.2‘0)|2
c

Proof. Assume that A = AZ? for some d x d nonsingular matrix. Let f(x) = e~ then

its Fourier transform is

f(é) _ /de—C|Ax|2e‘2”ig'xdx _ deltA de—c\AxPe—Zﬂ:i(A*Té)‘Axd(Ax) (B.1)
R R
d _
_ 1 b e 2miA ) ygy - T o (B.2)
detA Jrd cz|A

Then by Poisson summation formula

Z e—c\x—l—v|2 _ Z e—c|A(A*1)c—0—n)\2 _ Z f(A_lx—I—n) _ Z fA(k)e27tik~(A*1x)
kezd

veA nezd nezd
77;% 72]a= T2 71?% *|o?
_ Z o e 2w AT Z o e p2miox
- d T d :
kezd C2 |A| c? |A| WEA*
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Appendix C

Jacobi triple product formula

Lemma C.0.16 (Jacobi triple product formula). For any complex q and z with |q| < 1 and

7 # 0 we have

H 1+q2r 1 2) (1+q2r 1,-2 Z qu 2k (C.1)

r=1 k=—o0

Proof. Tt is elementary to verify that for any ¢ and z with |¢| < 1 and z # O the infinite

products

[} [e]

ﬁ(l_qu)’ II(I_|_q2r—1Z2)7 H 1_|_q2r 1Z
r=1

r=1 r=1

converge. For fixed ¢ with |¢g| < 1 and any z # 0, let

Fq(Z>:ﬁ<1+(]2r 1 2) (1+q2r 1 2).
r=1

Then

o)

G Fy(q2) = 2 T (1 + 47 '2) (1447 3272)
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Therefore, F,(z) satisfies the functional equation
qz°Fy(qz) = Fy(2). (C.2)

Let G,(z) be the left hand side of (C.1), then

[}

Gy(2) =F,(a [T (1—¢") (C.3)

r=1

It follows from (C.2) that G,(z) also satisfies
42 Gy(2) = Gy(2). (C4)

For fixed ¢ with |g| < 1 the infinite product in (C.1) converges uniformly on compact sub-
sets of {z € C;z# 0}. Thus G(z) is analytic for z # 0. Notice that G,(z) is an even function,

its Laurent expansion can be written as

G,(2) = i a2, (C.5)
k=—o0

Equation (C.4) then implies

2k .2 2k 2k __ 2k+1 _2k+2 2k—1_2k
Y a=q Y}, aq =), aq” T = Y a7

k=—o0 k=—o0 k=—oc0 k=—o0

Thus we obtain the recursion formula

2%—1
ax = ag—19~ -

and hence for any k € Z,

k2
ax = aoq" .
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Now we have

G(z) =aolq) ¥ "2 (C.6)
k=—oo

To show ap(g) = 1, we shall prove
G, <eT> = G (i), (C.7)

In fact,

:fl (1-") (1—g*2) (1 4+¢72) = rlj (1-g") (1—g" )

Note that for fixed z # 0, the left hand side of (C.1) converges uniformly in {g € C,q < r}
for each r < 1 and hence is analytic as a function of ¢g. In particular, ag(g) is analytic.

Therefore, for any ¢ with |¢| < 1,

aop(q) = lim ag <q4k> =ap(0) = 1.

k—boo
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