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I INTRODUCTION

It is an old and interesting question to characterize how intrinsically “complex” a finite
algebra can be. An even more interesting problem is to define a “complexity” function that
would measure this property. In this work we present three well studied ways of measuring
complexity of algebras and give examples of algebras that are complex according to these
measures.

The first measure is a computational complexity of a membership problem for the va-
riety a given algebra generates. More precisely the complexity of a finite algebra A is the

computational complexity of the following problem:

INPUT a finite algebra B
PROBLEM decide if B € HSP(A).

This problem is very closely related with a universal membership problem:

INPUT a pair of finite algebras (B, A)

PROBLEM decide if B € HSP(A).
Jan Kalicki showed in [ ] that both of these problems are decidable. Clifford Bergman
and Giorra Slutzki presented in | | an algorithm that solves the universal membership

problem (and so a membership problem for any given algebra) in 2-EXPTIME. This algo-
rithm establishes the best known upper bound on the complexity of these problems. We
are interested in exploring how complex this problem can be, by constructing algebras with
membership problems of high complexity. Unfortunately for all the algebras with a finite
base of equations the membership problem is solvable in polynomial time — trivial in a

computational complexity sense. This excludes, as possible candidates for algebras with

high—complexity membership problems, algebras such as finite groups | |, finite associa-
tive rings | | and | ], finite Lie rings [ |, finite lattices | | and many other
structures. Nethertheless Zoltan Székely in | ] produced an example of a finite algebra

with NP-complete membership problem. This construction was refined to a groupoid by the
author in [[<oz], and to a semigroup with NP-hard membership problem by Marcel Jackson
and Ralph McKenzie in [JM]. Thus a known lower bound on the complexity of a member-
ship problem as well as on the complexity of a universal membership problem is NP. In this
paper we produce a finite algebra that generates a variety with PSPACE—complete member-
ship problem and another algebra generating a variety with EXPSPACE-hard membership
problem. These examples imply that a membership problem for certain algebras can be as
complex as EXPSPACE, and that the universal membership problem is EXPSPACE-hard.



Another complexity measure of algebras was introduced by George McNulty and Zoltéan
Székely. This measure of an algebra A is a function a defined in the following way: (a (k)

is the minimal n such that for every
B ¢ HSP(A) such that |B| <k

there is an identity of size smaller than n that holds in A and fails in B. In his paper | ]
Zoltan Székely presented an algebra with sublinear growth of the §a function. During the
Logic Colloquium 2004 held in Torino, Italy, Vera Vértesi in [I[XV] presented examples of
algebras with g function growing faster than any given polynomial. In this paper we present
an algebra with the g function growing at least doubly exponentially. We wish to remark
that by trivial considerations the § function cannot grow faster then a triple exponential
function.

The third complexity measure is the rate of growth of the function y5 . We define the

function ya by saying that ya (k) is the minimal n such that for every
B € HSP(A) such that |B| < k
there is C and an onto homomorphism h such that
A">C L B.

This function was introduced by Pawet Idziak during the conference on Structural Theory of
Automata, Semigroups and Universal Algebra (a NATO Advanced Study Institute) held at
the Université de Montréal July 7 — 18, 2003. Examples of algebras with yo growing faster
then any polynomial were not known. In this paper, we present an algebra with y5 function
growing at least exponentially.

To obtain such results we adapt a construction invented by Ralph McKenzie. In | ]
and | |, Ralph McKenzie introduced a construction of an algebra A(T) and proved
a number of results on the residual behavior of finitely generated varieties. In | ]
he modified A(T) and answered a long—standing open question, posed by Alfred Tarski,
by proving that the property of having a finite base of equations is not decidable for finite
algebras. The construction he introduced was adopted and reused many times. It contributed
to various results on the behavior of residual bounds of finite algebras. One of the results
following Ralph McKenzie’s construction was a paper of Ross Willard | ], where the
author showed that the original construction of A(T) is sufficient to answer Tarski’s question.

To obtain algebras of high complexities we modify Ralph McKenzie’s construction. While



doing so, we use a framework presented by Ross Willard in | ].

I PRELIMINARIES

For an introduction to the concepts used in this paper we invite the reader to consult the
book of Stanley Burris and H.P. Sankappanavar | |. For a more exhausting overview see
the book by Ralph McKenzie, Geogre McNulty and Walter Taylor | |. We follow the
notation of these works in all the basic concepts. We introduce a new notation for dealing

with operations of the algebra: for a k-ary operation F'(zo,...,x,_1) we put

F(i)(y;%, cee ,xk—Q) = F(%, sy Li—1, Y, Ty - e 7513k;—2)-

For an algebra A we say that A’ C A is absorbing for A if for any basic operation

F(zo,...,x,_1) and every i we have
Fi(a,ao,. .., ar—2) € A" whenever a € A'.

Moreover we define a word of length n in alphabet £ to be a member of the set £". For each
such word w € L™ we define prefixes of w as follows: wy,, is a prefix of w of length m for
any 0 < m < n. We use a lexicographical order on words and denote it by <, eventually we
define a notion of w + ¢ for ¢ being a natural number to be the ith successor of w. Finally
we define a function ¢ from the set of words on {0,1} to natural numbers to return the
position in order < among words of the same length, or equivalently the number with binary

representation equal to the word.

III THE STRUCTURE OF THE ALGEBRA

In this section we adapt Ralph McKenzie’s construction presented in | | using Ross
Willard’s approach presented in | |. We substitute Willard’s 0 with 1, and weaken
some of his assumptions (as we note below). The algebra A with which we work is described
in the following way.

The universe of A is the set

A={1l}UXyUX,UY,



a disjoint union of four finite sets. We put X = X; U X. Together with the set A there
is a bijection between X, and X; denoted by x — Z. We define two auxiliary functions,
d: XU{l}—-XU{L}andv:A— Aby

d lfCLEXO
dla)=<b ifa=be X,
1L ifa=1,
and
b fa=be Xy

a otherwise.

We follow Ross Willard’s convention and denote by Ay the set A\ X; consisting of all
“unbarred” elements of A. The set F of operations of A is divided into seven finite, disjoint
groups

F={LANJUAUBUCUDUEU{J,J}.

The operations are subject to the following restrictions, which are taken directly from | ].

Condition 1. The nullary symbol L is interpreted by itself, and A is a binary operation
which makes A a flat meet-semilattice with L being the bottom element. More precisely for
any a,b € A we have

a ifa=0b,
alANb=
1 otherwise.

Ross Willard’s next condition is split into two parts. In most of the constructions we require

only the first part of this condition.
Condition 2. For each operation F(z) € A of arity k we require the following:

e k>0,
e range(F) C X U{Ll},
e A is a subuniverse of (A, F),

e foreveryi=0,...,k—1and all a € X, and all € in A we have

=
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Note that each of the operations of the set A is uniquely determined by its restriction to
Ap. We will often define an operation of A on Ay and leave a full (and usually cumbersome)
definition to the reader.

Ross Willard’s Condition 2 requires, in addition, the so called injectivity in Ay, which is

presented in the following condition.

Condition 2a. Under the assumptions of Condition 2, given b, ¢, d in A, we have

F(Z')(b, d) = F(i)(c, d) 75 1l —=b=c

Condition 3. For each member S(Z) of B we denote its arity by k + 3, and require the

following:
e k>0,

e for every a € A*, either
A= 5@y 2)~ (xAy)V(zAz)

or

AES(a,zyz)~ 1,
e if a € A¥ and some a; = L, then

AES@ryz2)~ L.
Included in B is the operation Sy(u,v,x,y, z) defined by

(xAy)V(xAz) ifu=0(v)eX
So(u,v,z,y,2) =
1 otherwise.

Condition 4. For each k-ary member T'(zq,...,x;_1) of C there exist an A U {A}-term
t(zo, ..., xk_1), a conjunction 3(z) of equations between pairs of these variables and an (ar-

bitrary) k-ary predicate ®(Z) on A, satisfying the following:
e some member of A appears in ¢(Z) (hence range(t(z)) C X U{L});

o if [ = {z;|x; occurs in t(xo, ..., x,_1)}, then for every j € {0,..., k — 1} there exists
i € I such that X(7) - z; = z;;



e the following hold:
A E (t(z) # L&XE(T)) — O(2)

and

AE (Hz) % L&D(T) — &g # L
e the operation is defined by

t(z) if () and 3(z),
T(z) = d0(t(z)) if ®(z) but not X(z),

1 otherwise.

Conditions 1, 2 and 4 allow the following construction of one more term associated with the
operations of the set C. The construction is presented in | | as Condition 10 and our

proof is a carbon copy of Ross Willard’s reasoning.

Proposition III.1. For each T(z) € C and a corresponding term t(Z) as above, there exists
a term (%) in the language of AU {A} such that

A E1(z) =~ T(z) Nt(Z).

Proof. Fix an arbitrary T'(z) € C of arity k and find corresponding ¥(z) and ¢(z). For
simplicity assume that the variables occurring in ¢(Z) are precisely xy,...,x;—1. For each
i <, define V; = {j| ¥(Z)  ; = z;} and ; = Ay, 7; and finally

i(ii’) = t(:i'o, c. ,i‘l,l, Ty ... ,l’kfl).
Since, by Conditions 1 and 2, all the operations of AU {A} are monotone, we get
A Ei(z) < t(z).

Since the element L is absorbing for all the operations of A U {A}, if £(a) # L for some
a € AF then t(a) # L and X(a) holds. Condition 4 implies that in such a case ®(a) holds as
well and we obtain 7'(a) = t(a) = (a). This proves

A E1(z) < T(Z) A(T).

On the other hand if T'(a) = t(a) # L then ¥(a) holds and so T'(a) = t(a) = t(a) as
required. O



Condition 5. The set D consists of nullary operations only and £ C {v}.

Condition 6. The operations J(x,y, z) and J'(x,y, z) are defined in the following way:

x ifr=0y) =z2¢€X,
Jay.z) = )

x Ay otherwise,

Jy.2) = x if x =6(y) € X,
x Ay Az otherwise.

In the following sections, we work with algebras of the described above kind i.e. satisfying
Conditions 1-6, except possibly Condition 2a. We remark that all the basic operations of
A, except possibly operations of the set B and the operations J(z,y, z) and J'(x,y, z), are

L —absorbing. Moreover the following corollary is true.

Corollary II1.2. All the operation of A are monotone with respect to the order introduced

on the set A by the flat semilattice operation .

IV THE STRUCTURE OF THE SUBDIRECTLY IRREDUCIBLE
ALGEBRAS IN THE VARIETY GENERATED BY A

For an algebra A complying with Conditions 1 to 6, with possible exception for Condition 2a,
we describe the structure of the subdirectly irreducible algebras in the variety A generates.

Before we start, we need some auxiliary definitions.

Definition IV.1. For algebras C and D with D € V(C), we define the dimension of D with
respect to C, written dimg(D), to be the least cardinal x such that D € HS(C¥), for some
set X with |X| = k. We say that S is a large s.i. in V(C) if S € V(C) and dim¢(S) > 1.

In the remaining part of this section we fix an arbitrary finite, large s.i. S in V(A). We
pick B and 6 such that S & B/# and B C A, where 1 < |I| = dima(S) < w. We write
for the unique cover of 6 in Con(B).

The structure of A allows us to introduce the notion of support. For an element a € B
we define supp(a) = {s € I] a(s) # L}. An element of full support is an element a € B such
that supp(a) = I. The following lemma is the copy of Lemmas 6.4 and 6.5 from | ].
In | |, Ralph McKenzie proves the result in a more restrictive setting, but the proof

itself depends only on the properties of the algebra A that are guaranteed by Corollary I11.2.



Lemma IV.2. There exist elements p,q € B and sy € I satisfying the following:
1. For any a,b € B, the pair (a,b) € 0 iff for every polynomial f(x) of B,
fla)=p < [(b) =p.
2. The entire interval bounded by L and p in the semilattice (A(T), )" is included in B
and supp(p) = 1.

3. q<p,(qp) €0, and q(so) = 0 while q(s) = p(s) for all s € I\ {so}.

4. For all a,b € B we have pfa — p = a while
a<pb<p,(ab)€l— (ab)ch

In particular a < p implies (a,a A q) € 0.
5. Let f(x) be any polynomial operation of B. If a < p and f(a) = p, then also f(q) = p.

For the reminder of the paper, we will fix elements p,q € B and sy € [ satisfying the
properties above. The following proposition is a consequence of Condition 3 imposed on the

set B, and is a version of a result presented by McKenzie in | .

Proposition IV.3. For any k + 3-ary S(v,x,y,2) € B and any a € B*, there exists s € I
such that
A = S(a(s),z,y,2) = L.

Proof. Assume otherwise and fix S(9,z,y, z) € B and a € B* such that
B S(a,z,y.2) = (@Ay)V(zAz)

Let b € B be an element such that for some s1, s; # s we have b(s;) = L and b(s) = p(s)
for s # s;. Lemma IV.2 guarantees the existence of such an element and implies that
(b,b A q) € 6. But then

p=5(a,p,b,q)0SapbAg,q) =q,

a contradiction. 0

The following proposition is a copy of a part of Proposition 6.6 in | | and is a

consequence of the conditions imposed on A.



Proposition IV.4. The following are true in B.

e There are no by,by € B such that L # by(s) = d(bo(s)) for all s € 1.

e [fbe B and v(b(s)) = v(p(s)) for all s € I, then b = p.

Proof. To prove the first fact, we apply Proposition [V.3 to the elements by, b; € B and the
operation Ss(u,v,z,y, z) € B. For the second fact, assume that b € B and v(b(s)) = v(p(s))
for all s € I, and set

K = {s € I|b(s) = 6(p(s))}.

We have K # I (given by the first part of the proposition), and K # () assuming b # p. We
consider two cases. If sp € K then we choose s; € I\ K, and fix ¢ € B such that ¢(s;) = L
and c(s) = p(s) for s # s;. The existence of such an element is guaranteed by Statement 2
of Lemma IV.2. We get J(p,b,¢) = J(p,b,p) = p and J(p,b,q) = ¢, which contradicts
Statement 5 of Lemma IV.2. On the other hand, if sy ¢ K we choose s; € K, define ¢ as
above, and the same contradiction is obtained by J'(p, b, ¢) = p, while J'(p,b,q) = q. ]

The following definition is a version of a definition given by Ralph McKenzie in | ]

tailored to Ross Willard’s approach.

Definition IV.5. Let B; be the smallest subset of the set B such that p € B; and for any
F(z) € Aif F(a) € By for some a in B then a; € B; for all i.

The next corollary is an immediate consequence of the fact that, by Condition 2, all the

operations of A are | —absorbing, and that supp(p) = I.
Corollary IV.6. For any b € By we have supp(b) = I.

The following proposition is once again a copy of a result of McKenzie, and generalizes

the second part of Proposition IV 4.

Proposition IV.7. For any a € By and b € B if v(a(s)) = v(b(s)) for any s € I, then

a=b.

Proof. We proceed by the way of contradiction. Among the pairs of elements that contradict
the claim choose a € B; and b € B that require a minimal number of applications of
operations of A to obtain p from a. Since, by our assumption, a # b and v(a(s)) = v(b(s))
for any s € I, we fix s; € [ such that a(s;) = d(b(s1)). By Proposition V.4, we know
that a # p. There is an operation F(z,y) € A, and ¢ in B such that it takes one less
application of operations from A to obtain p from F;(a,¢). Then, by Condition 2, we
get Fii)(b(s1),2(s1)) = 6 (Fy(a(s1),c(s1))) and v(F)(b(s),c(s))) = v(Fu(als),e(s)) for any
s € I — a contradiction to the minimality of a. O

9



We are going to define a complexity measure of a term in the language of A in an unusual

way.

Definition I'V.8. The complexity measure of a term in the language of A, is defined recur-

sively by

depth(z) =1 for any variable symbol =z,
depth(F(g(z)) = max(depth(g;(z))) + 1 for any F ¢ C.

Having defined the measure for any term without symbols in C, we can define it for any term

in the language of A recursively by
depth(T'(g(z)) = max(depth(g;(z))) + depth({(y)) +1 for any T € C.

The following corollary is a straightforward consequence of the definition and we omit its

proof.

Corollary IV.9. For any term f(y) and any tuple of terms g(z) in the language of A we

have

depth(f(3(z))) < depth(f (7)) + max(depth(g;(7))).

We define the depth of a polynomial to be the smallest depth of a term defining this
polynomial. Note that if a polynomial is given by a term, then its depth is bounded from
above by the depth of this term.

The following proposition, together with its proof, is a variation of the third item of

Lemma 5.7 in | ].

Proposition IV.10. The set By is identical with the set of all a € B such that f(a) = p for

some non-constant polynomial f(x) of algebra B.

Proof. Obviously the set B is smaller. To prove the converse inequality we follow Ralph
McKenzie’s example and show that for every non-constant polynomial f(z) of B we have
f(B\ B1) € B\ B;. Assume that f(x) is a non-constant polynomial, « € B\ By and
f(a) € By and that for any non-constant polynomial g(x) of depth smaller then the depth
of f(z) we have g(B\ B;) C B\ Bj. The depth of the polynomial f(z) is certainly greater
then one. We consider cases depending on the structure of the polynomial f(z).

If f(x) = go(z) A g1(z) then both go(x) and g;(z) are of smaller depth. Moreover, since
supp(f(a)) = I we get go(a) = g1(a) = f(a) and the minimality of f(z) implies that go(z)

and ¢;(x) are constant, and so is f(z) — a contradiction.

10



If f(x) = F(g(zx)) for some F(y) € A, then g;(a) € B; for all i. The minimality of the
depth of f(x) implies that all g;(x) are constant, and hence so is f(x) — a contradiction.

The polynomial f(z) cannot be of the form S(g(x)) for some S(y) € B, since Proposi-
tion IV.3 implies that for any b in B we have supp(S(b)) # I.

If f(x) = T(g(z)) for some T(j7) € C we consider the polynomial f(x) defined to be equal
to {(g(z)). Since supp(f(a)) = I, Condition 4 implies that v (¢(g(a))(s)) = v(f(a)(s)) for any
s € I, so by Proposition IV.7 we get t(g(a)) = f(a). This, together with Proposition III.1
implies that f(a) = f(a). Since, by Corollary IV.9, the depth of f(z) is smaller then the
depth of f(x) we get that f(z) is constant. Then, using the fact that supp(f(a)) = I and
f(x) < f(x) we obtain f(z) = f(z), which is constant — contradiction.

If f(x) = v(g(x)) then instantly, by Proposition IV.7, we obtain f(a) = g(a) and that
g(x) and f(z) are constant, which is a contradiction.

If f(x) = J(go(x),91(x),g2(x)) then Condition 6 implies that f(a) < go(a) and since
supp(f(a)) = I we get f(a) = go(a), so go(x) is constant and equal to f(a). The fact that
supp(f(a))
we get gi(a) = go(a) = f(a) which implies that g;(z) is constant, and so is f(z). The case
of f(z) = J'(go(x), g1(x), g2(x)) is similar.

We conclude the proof with the remark that all the remaining operations of A are nullary.

[

= I implies as well that v(go(a)(s)) = v(g1(a)(s)), and so by Proposition IV.7

The statements of Lemma V.2 imply that the set of all elements of B that do not map
to p under unary non-constant polynomials is an equivalence class of 6. Moreover, for any
b,c € B, such that b # cand b c we get b0 cObAc ¢ By. The following corollary summarizes

our results concerning the structure of S and B.
Corollary IV.11. The following hold for S and B
1. The underlying set of B decomposes as a disjoint union B = B, U B;.

2. For any b € By we get supp(b) = I and b/0 = {b} and B, is one equivalence class of

the congruence 6.

3. The operation N\ makes S a flat semilattice, with the image of B, being the bottom

element.
4. All the operations of the set B are constant and equal to the bottom element of S.

5. For any operation T'(x) € C we get
S = T(z) ~ t(z).

11



6. We have
S J(x,y,2) =z Ay,

and similarly
SkE J(r,y,2) ~xzAyAz.

Moreover if the operation v is present in the algebra A in the set £ we can infer more.
Corollary IV.12. If the operation v is present in the algebra A, then
o the set By C Aé; and

e SEv(r)~ .

V  SEQUENTIABILITY OF THE ELEMENTS OF A AND B

The ultimate goal of this paper is to present a number of algebras that are examples of
fast growth of different ‘complexity measures’. All the examples presented in this paper will
satisfy Conditions 1-6. Moreover all of them will have common structure. In this section we

describe the structural properties that are common and prove facts implied by this structure.
We define the set M to be
M ={L, H, R}.

In most cases this set is not to be a part of an algebra A; rather it will describe the common
structure that different elements of A have. We define a relation of sequentiability < on M
by stating its only instances L < L < H < R < R and extend it pointwise to any cartesian
power of M. We say that a subset of M or M is sequentiable if and only if all its elements
can be arranged in a sequence such that ag < --- < a;.

Each algebra A comes equipped with a function 7 : A\ { L} — M such that

m(a) = 7(d(a)), for any a € X.

This implies that m(a) = 7(v(a)), for a # L. We proceed to impose further conditions on
the operations of A.

Condition 7. The set A is a disjoint union of three sets — A, A_, and A, — and any

operation of A is ternary. Moreover we require the following conditions:

12



for any F(x,y,z) € A we have F(a,b,c) = L unless

7(a) = 7(c) and 7(b) = 7 (F(a,b,c));

for any F(z,y,z) € AL we have F(a,b,c) = L unless

m(a) < 7(b) and a,b € Y

for any F(z,y,z) € A_ we have F(a,b,c) = L unless 7(a) = m(b);

for any F(z,y,z) € A, we have F(a,b,c) = L unless

m(a) > 7(b) and a,b € Y.

Further conditions have to be imposed on the set C.

Condition 8. For any operation F'(z,y,z) € A~ there exist operations T1(v, z,y, z) and
To(v,z,y,2) in C defined by ¥i(v,z,y,2) = {v =~ 2} and ¥5(v,z,y,2) = {v = y}, the
predicate ®4(v,x,y, z) equal to "7(v) < w(y) and v € Y7, the predicate ®y(v, z,y, 2) equal
to "m(z) < w(v) and v € Y” and

tl(v,x,y,z) = tQ('U,.ﬁE,y,Z) = F(I’,y, Z)

Condition 9. For any operation F(x,y,z) € A., there exist operations Ti(v,z,y, z) and
To(v,z,y,2) in C defined by ¥i(v,z,y,2) = {v =~ z} and ¥5(v,z,y,2) = {v = y}, the
predicate @4 (v, x,y, z) equal to "m(v) = 7w(y) and v € Y, the predicate ®o(v,z,y, 2) equal
to "m(z) > m(v) and v € Y” and

ti(v,z,y,2) =ta(v,2,y,2) = F(x,y, 2).

It is easy to see that Condition 7 implies that the operations defined in Conditions 8
and 9 comply with the requirements of Condition 4. These conditions allow us to derive
some consequences on the structure of B.

We extend the marking function 7 to the function 7 : B; — M/ in a natural way. Note
that, by Corollary IV.11, all the elements of the set By are of full support, so this extension

is well defined. We present first a trivial corollary.

Corollary V.1. For any a,b,c € By if S = F(a/0,0/0,c/0) # L, then
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o F(x,y,2) € Ag implies w(c) = m(a) < 7(b) = 7(F(a,b,c));

o F(x,y,2) € A implies w(c) = w(a) = 7(b) = w(F(a,b,c));

o F(x,y,z2) € A implies w(c) = w(a) > 7(b) = 7(F(a,b,c)).
This brings us to the following propositions:

Proposition V.2. If |7(By)| > 1, then for any a € By there exists an element o' € B;NY!
such that w(a) = 7(d’).

Proof. If |m(By)| > 1 then the definition of the set B; implies that for any element a € By
there exist elements ag, ay,a9 € By and F(x,y,z) € AL U A such that F(ag,a1,as) € By

and 7(a) = w(ap) or w(a) = w(ay). O
Proposition V.3. If |7(By)| > 1 then for any a,a’ € ByNY?!, if 7(a) = w(a’) then a = d’.

Proof. Our assumption implies that there exist by, b1,by € By and F(x,y,z) € AL U A,
such that F(bg, b1,b2) € By and 7(a) = mw(by) (or m(a) = 7(by)). Comparing the elements
F(bo, b1,be) and Ti(a, by, by, bs) (or Ta(a, by, by, bs)) for the operations of set C defined for
F(z,y,z) we deduce that a = by. By the same token a’ = by and the proposition is proved.

O

Proposition V.4. The set w(B) is sequentiable.

Proof. The case when |7(Bj)| = 1 is trivial. If it’s not the case then we prove that for any
set B* C Bj such that 7(B*) is sequentiable, and any elements a,b,c € B, and operation
F(z,y,z) € Aif F(a,b,c) € B* then the set 7(B* U {a,b, c}) is sequentiable. We consider
cases depending on F(z,y, z).

The case when F(z,y, z) € A_ is trivial since Condition 7 implies that
m(a) = n(b) = 7(c) = 7(F(a,b,c)) € m(B*).

Now, assume that the set m(B*) can be arranged in the sequence ay < --+ < @;. And that
for some F(z,y,2) € A<, and a,b,c € B we have F(a,b,c) € B*. By reasoning as in the

previous case we get
m(a) = 7(c) < w(b) = 7(F(a,b,c)) € n(B*).

If 7(b) = ag we are done, otherwise we have some ¢ such that 7(b) = a;. Assume, for a

contradiction, that 7(a) # a;_;. Then there is an element a’ € ByNY! such that 7(a’) = a;_;.
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We consider Ti(d’, a, b, ¢) for T} (v, z,y, z) constructed in Condition 8 for F'(x,y, z). We infer
that ®(a'(s), a(s),b(s),c(s)) holds for all s € I. On the other hand @’ # a, since w(a) # 7(a’).
By the definition of the operations of the set C we get that the elements F'(a,b,c) and
T(d',a,b,c) contradict Proposition IV.7. The case of F(x,y,2) € A. is an alphabetical

variant of this one and the proposition is proved. O
The following condition has crucial consequences on the structure of the algebra B.

Condition 10. There exists an operation S;(v,z,y, z) € B such that

(xANy)V(xAz) ifn(v) € {L, R},
Si(v,z,y,2) =
1 otherwise.

This condition together with Proposition V.4 implies the following corollary.
Corollary V.5. The following are true in B
e for any b € By there is s € I such that w(b(s)) = H,

o for any b0 € By either w(b(s)) = w(b'(s)) for any s € I, or

7(b(s)) = H < w(b/'(s)) # H for all s € I,

VI AN ALGEBRA WITH AT LEAST EXPONENTIAL GROWTH
OF THE v FUNCTION

In this section we present an algebra A with at least exponential growth of the y5 func-
tion. The algebra we are going to define will comply with Conditions 1-10, but not with
Condition 2a. The universe of the algebra A is a disjoint union of Y, Xy, X; and { L}, where

Y = {YL,O, YH70, YR,O’ Y'L,l7 }/I—I,l7 Y'R,l}7

XO — {WL’O, WH’O, WR’O, WL’l, WH’l, WR’l},

and
X, = {WL,O TWHO JirRO Ji/Ll jirHl WR,I}.

The operations ¢ and v are defined in the natural way. The operation 7 returns the first

superscript of the element, and we introduce an operation 7 which returns the superscript
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from the set {0,1}. Note that the results of 7 and 7 together with membership in one of the
sets Y, Xy and X; determine the element completely.

The operations | and A make A a flat semilattice. We define two operations of the
set AL on the set Ay and leave for the reader the extension of these operations to A in

accordance with Condition 2. For a,b,c € Ay we put

Wrblmindr®)r(@)} if g b €Y, c € Xy and 7(c) = 7(a) < 7(b),

F™0(q, b, c) =
1L otherwise,
4 Wrelmind(I=r®))7(@)} if 4. b € Y, ¢ € Xy, 7(c) = 7(a) < 7(b),
Fcrél;rrllpl(av b7 C) =

1 otherwise.

The set B will consist of Sy(u, v, x,y, z) as defined in Condition 3, S;(v, z,y, z) as defined in

Condition 10, and one extra operation S*(v,x,y, z) defined to be

(xANy)V(xAz) ifT(v)=0
S* (U7 :E’ y? Z) =
L otherwise.

The set C consists of four functions defined for F™"(z,y, z) and F | (z,y, z) according to
Condition 8. The sets D and € are empty, and the operations J(z,y, z) and J'(z,y, z) are
present in the algebra.

We leave it as an exercise for the reader to prove the algebra just defined complies with
Conditions 1-10, but does not comply with Condition 2a. We begin with some trivial results

on the algebra A.
Corollary VI.1. The following are true in A
e the only terms in A~ that are not constantly equal to L are the ones with a non-trivial

subterm appearing only as a last argument of each operation

o for two A< terms 1'(z) and r"(x) such that one is obtained from the other by substitut-

ing some of the appearances of F™"(x,y,2) with Fclfjri;‘pl(x,y,z) or vice versa we have
for all f

'(f) # L if and only if v"(f) # L,

e moreover for any pair of such terms, and for each f such that v'(f) # L we have
n(r'(f)) = = (r'(f))-
We define a special family of terms in the language of A in a recursive way. Each term

is determined by a number n and a word w of length n over an alphabet consisting of 0 and
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1 (with € — an empty word). Terms are defined in the following way

(0, y) =y
Foin(g o x,, f;ﬁ{;f” (o, ..y Tn_1,y)) fw(n—1)=0,

Foin (v 1, T, [P (20, . 20 1,y)) ifw(n—1)=1.

compl Wy —1]

fg(x()a s 7xn7y) =

This definition implies the following corollary.

Corollary VI.2. For any n and for any word w of length n if fI'(a,b) # L for some a,b in
A then

o we have fl'(a,b) € Xy if and only if b € X, (similarly for X, ), and
e we have w(f!'(a,b)) = m(a,), and

e finally we have 7(f(a,b)) = 1 if and only if 7(b) = 1 and for any 0 < j < n we have
w(j) +7(a;) = 1.

We define another family of terms by putting f™(z) = fJ.(z). With each of the terms
f™(Z) we associate an algebra in the language of A, denoted by S,. The universe of this
algebra consist of the elements Q and Ag, ..., A,, X1,..., %, and the bottom element denoted
by L. The operations of the algebra S,, are the following. The operation L is evaluated as
itself, and A makes S,, a flat semilattice with bottom equal to L. The operation F™®(z,y, z)

is defined in the following way.

Fmin(A()?Al)Q) = 21
Fmin(Ai_l,Ai7 Ei—l) =3 forl <1< n,

while all the other applications of F™"(x,y, z) are evaluated to L. Operation Fim" \(z,y, 2)
and all operations of the set B are constantly equal to L. For each T'(v,z,y, z) € C we have
T(v,z,y,2) = t(v,z,y, 2) which means that all C operations associated with Fcrgg’pl(x,y, 2)

are constantly | and that for those associated with F™"(x, vy, 2) we have

S, = Ti(v,2,y,2) =~ F™™(vAz,y,2),
S, = Th(v,z,y,2) = F™™ (2,0 Ay, 2).
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In the algebra S,, we also have

Sn ): J(l’,y,Z) %:C/\ya
S, E J(z,y,2) "z Ay A 2.

First, we are going to show that S, € HSP(A) for any n > 1. To do so, we fix n > 1
and choose the elements w and \g,...,\, in A%, We choose w such that w € X2" and
T(w(i)) = 1 for all 4, and such that 7(w(0)) = H and 7(w(z)) = L for i > 0. We choose
i € Y?" such that

L ifj<uq
c@)) = H ifj=i
R ifj>i,
and such that elements 7(\;), . .., 7(\,) together with their complements in {0,1}*" generate,
under the operation of taking minimum, all the atoms of {0, 1}2n. Let B be the subalgebra
of A?" generated by the elements w, Ao, ..., \,. We denote by By the set of all elements of
B of support smaller then 2.
Note that
m(w) =m(No) < -+ < 7(A\n).

Further, a quick examination of definitions implies that, for any ¢ < n and any word w in
{0,1} of length i, the support supp(fi (Ao, ..., \i,w)) = 2". Then by Corollary V1.2, we
get m(fi( Xy ..., Ai,w)) = m(N\;). Moreover by our choice of the 7 images of )\; and w, via
Corollary VI.2, for any word w in {0, 1} of length i < n we get 7(fi (N, ..., \i,w)) # 02",

To see this, we remark that

T(fios -, Ay w)) = min({r(N) | w(j) = 0, j < i} U{r(N;)Tw(j) =1, j < i}),

where the minimum is taken pointwise.

Claim. Under these assumptions,
B=DByU{Xo,..., A\ U{fL(Nos .., Ai,w) | for any i < n and any word w}

Proof. Let’s denote the right hand side of the equality above by B*, and the last factor of
this side by BT. Certainly B* C B, and all the generators of B are in B*. It remains to
prove that B* is closed with respect to the basic operations of A.

The set B* is certainly closed with respect to L and A. For any operation F(z,y, z) of the
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set A if one of the arguments is in B the result of the operation is there as well. If, on the
other hand, supp(F(a, b, c)) = 2" then certainly a = \; and b = \;; for some ¢ and ¢ € B™.
Moreover, we have 7(c) = m();) and hence ¢ = fi(Xg,...,\;,w) for some w of length i. Tt
follows that F(a,b,c) = foi'(Xo,..., Niy1,w) € BT or F(a,b,c) = fitr(No, ..., Aip1,w) €
BT.

The image of the operation Sy(u,v,z,y, z) € B is included in By, since no element of full
support in B* has a barred element in the range. As for the operation S (v, z,y, z) € B, its
image is again in By, since, according to the remarks above, each element of full support is
mapped by the function 7 to mw();), for some i. Finally, the image of S*(v,x,y, 2) is in By
by our choice of the 7 images of \; and w.

It is easy to see that for any T'(v,z,y,z) € C and for any elements a,b,c,d € B* we
have T'(a,b, c,d) € By U {F™™(b,c,d), Fim» (b, ¢,d)}. Thus this case reduces to the case of
operations from the set A.

The case of operation J(z,y, z) and J'(z,y, z) is trivial, since J(z,y, z) < x, and similarly
J(x,y,2) < x. O

Set
B, :{AO,...,An}U{fi()\o,--~ ,Ai,w) | for any ¢ < n}

and define an equivalence relation 6 on B by x 0y if and only if x =y or z,y € B\ B;.

Claim. The relation 6 is a congruence of the algebra B.

Proof. We begin by proving that for all the basic operations of the algebra A (except for
J(z,y, z)) the set B\ By is absorbing. The set is obviously absorbing for A and L. To consider
operations from A, we remark first that, by our choice of 7 coordinates of \;, for any 7, j < n,
it f2( X0y, N w) = f2,(Xo,- .-, Aj,w) then i = j (since 7(fi(No,...,\,w)) = 7()\;), and
similarly for j) and w = w’ (by Corollary VI.2 and the fact that for no element a of full
support we have m(a) = 0%").

Now assume that for some F'(z,y, z) € A we have F(a,b,c) € By. Obviously then a = ),
and b = \;11 and ¢ € BT. By our definition of By we get F(a,b,c) = F(\;, \iy1,¢) =
7 (X, -+, Aj,w) for some j. It follows from the considerations at the beginning of the proof
that F(x,y,z) = F™(x,y,2) and ¢ = f'(Ny,...,\,w) and j = i + 1. Thus the set is
absorbing for all the operations of A. It is also absorbing for all the operations of B by range
consideration from the proof of previous claim. With regard to the operation T'(v, z,y, z) € C
if T'(a,b,c,d) € By, then a € By and T'(a,b,c¢,d) = F(b,c,d) € B;. So b,¢,d € By and this
case reduces to the case of A.

Finally for J(a,b,c) € By we need a = b € B; and then J(a,a,z) = a. Similarly, for
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J'(a,b,c) € By we need a = b = c € By so 0 is respected by those two operations.The proof

of the theorem is now complete. n

We leave it as an easy exercise to the reader to prove that B/f is isomorphic to S,
thereby proving that S,, € HSP(A) for any n > 1.

To obtain a lower bound on the function v4 we will prove that if S,, is isomorphic to
B/6 for some 6 and some B < A’ then |I| > 2". We fix n > 1 set S = S,, and consider
B < A’ such that S is isomorphic to B/6 and |I| = dim (S). Corollary IV.11 describes the
structure of the congruence 6 on B. We denote by lower case Greek letters the elements of
B that have a one—element 6-class, denoted by the respective capital letters. The element p
is identified with o,,. By Corollary V.1,

m(w) =7(Ao) X (o) = 7(A) <o < 7(\) = 7(p)

and by Corollary VI.1,
Supp(f;l()\(]? ) )‘naw)) =1

Consider the subset of {0,1} consisting of the elements 7(f™(Ao; - - -, An, w)) for all w. Note
that in view of the definition of the operation S*(v,z,y,z) and Proposition 1V.3, every
element of this set has 1 in its range. On the other hand, the definition of f"(xo,...,2,,y)
implies, via Corollary VI.2, that for different words we obtain disjoint subsets of I mapped
to 1 by r(f;g(Ao, o ,An,w)). This proves that the set I is of cardinality at least 2™.

VII COMPUTATIONAL STRUCTURE

In this section we work with a non-deterministic Turing machine T and construct, for such a
machine, an algebra C(T). This construction is a modification of a construction introduced
by Ralph McKenzie in | |. The algebra we construct does not have any structure
imposed by Conditions 1-10. The algebra C(T) will be a building block for the algebras we
shall eventually construct.

We denote the tape alphabet of the machine T by L, and list its states as 0,...,l. The
machine is a set of five-tuples iabLj or iabRj where 0 < i,j <[ and {a,b} C L. The tuples
are understood as machine instructions in the following sense: 7abLj means — in the state
1 if reading a write b, move the head left and change state to j.

A configuration of dimension k of a Turing machine T is a triple (¢, h, s) where t € L*

and 0 < h < k and 0 < s < [. We introduce a number of relations on the universe of
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configurations of dimension k. We say that (¢, h',s") <15, p;(t", h",s") (where 0 < i,j <,
a,b € L and D is R or L) if the instruction iabDj executed by a machine T working on a
tape t’ reading t'(h') in state s’ will produce a tape t” with the head of the machine reading

¢ on the position h” in state s”. More precisely:
e i=sand j =5";
eif D=Rthenh”" =h"+1,if D=Lthen A" =h"—1and 0 < K A" <k;
e t/(m) =t"(m) for m different then h’; and
o /(W) =ua,t"()=band t"(h') =c.

Note that if two configurations are in one of the relations mentioned above, then the two
configurations together determine the relation; moreover a relation together with any con-
figuration determines the other configuration.

The universe of the algebra C(T) will be a disjoint union of the set
M ={L,H, R},
together with
V' = {Li,a) 0 Hia)ar Riia) | for {a, b} € L and 0 < i <[}

and one extra element L. We introduce the map p from V U M onto M that returns the
main symbol of an element of the algebra C(T).
For any machine instruction iabLj and any ¢ € L, we introduce an operation of the

algebra defined as follows:

Fz’fszj('Tv Y,2) = Lo fx=y=Lz= L4 for somed €L
= Hjoe fx=Ly=Hz=Lja.
= Rjop ftr=Hy=Rz=Hgiaa
= Rjow Hrx=y=R 2= R, for somea €L

1 otherwise.

Note that for such an instruction we have F,;.(f, g,h) = L, unless

p(h) = p(f) < plg) = p(Fipr; (T, v, 2)).
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For an instruction ‘abRj and any ¢ € L, we put

Fiflej(I7 y:2) = Lijow fx=y=0Lz= L. for somea € L
= Loy Hrx=Hy=Lz=H;aua
= Hjoe ifz=Ry=Hz=Ria.
= Ryeow ifo=y=Rz= Rja. for somea € L

= 1 otherwise.

Similarly we have F,

vr;(f59,h) = L unless

p(h) = p(f) = p(g) = p(Fippri(,y, 2)).

These are all the operations of the algebra C(T). In the following corollary we present a

number of basic consequences of the definitions of the operations of C(T).
Corollary VIL.1. The following facts are true in C(T).
1. The element L is absorbing for all the operations of C(T).
2. For any operation F(x,y,z) of C(T), for any elements a,a’,b,c of C(T),
F(a,b,c) = F(d',b,c) # L implies a = a';

F(a,b,c) = F(a,b,c) # L impliesb=1¥"; and
F(a,b,c) = F(a,b,c) # L implies ¢ = .

Moreover for any F(x,y, z) of C(T), there are unique a,a’,b,b’ in C(T) such that

F(H,a,b) # 1 and F(a', H,V') # L.

3. For any non-trivial term r(Z)
that r(a) # L, we have r(z)

and j, and some term r'(z) and r’(a) # L.

for which there ezists a tuple of elements a of C(T) such

= F(z;,xj,7(Z)) for some operation F(x,y,z), some i

4. For any non-trivial term r(x) in which each xz; appears, there exists j such that

r(a) # L implies (a; € V and a; € M for i # j).

Proof. The first two claims of this corollary follow directly from the definitions of the op-

erations of C(T). Note the similarity between item 2 and Condition 2a from Section III.
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Item 3 is straightforward by the domain considerations, and item 4 is an easy consequence
of it. O

We define an injective map between configurations of length k and the elements of V* in
the following way

Lisymyey i <h
Wilt, hys)(i) = § Hespnyamy ifi=nh
R(s,t(h)),t(i) if > h.

Next, we define a number of auxiliary elements of M*

L ifi<j
@) =S H iti=j
R ifi>j.

For so defined elements 0%, we have 0§ > --- > 6;_;. Note that an element a of C(T)" is in
the range of the function Wy, if and only if 7(a) = 7(0F), for some i, and there are j < [ and

b € L such that for every s < k we have
a(s) € {Lip).er Hijybr Rijny.e | for ¢ € L}

We proceed to prove a lemma.

Lemma VIL.2. For any two configurations (t',h', sy and (t",h",s"),
<t/7 }l/7 S/><fabD3 <2(/_//7 h///7 S//>

if and only if
U (t" B, 8") = Fypi (05, O, Wi’ 1, 8')).

Proof. By symmetry, we may assume without loss of generality that D = L. We begin by
proving the “if” direction. The definition of the operations on C(T) immediately implies

that i = ¢ and j = s”. On coordinate h” we have
i(t", W, ") (W) = Hgn g (nny) on iy
which implies that 6, (k") = L, §%,(h") = H,
el W) (") = Lo v
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and ¢"(h") = c¢. Focusing on coordinate h” + 1, we see that oy, (h” + 1) = R, and since
Py (0 8 Wt B D)W +1) £ L,
we infer that 67, (h” +1) = H so i = h” + 1. Now
Wy (t", 1", s")(I') = Ry, sm 0y

so that
FiCabDj<H7 Rv \Pk<t/, h/, 5/><h/>> = R(t”(h”),s”),t”(h’)

and t'(h') = a and t"(h') = b. Focusing on the remaining coordinates we see that t'(m) =
t"(m) for m # k' and one direction of the implication is proved.
We prove the other direction coordinatewise. We consider cases with respect to the

relation between a coordinate and A’

e If m < h' —1, then

FicabDj((S}]j’v 52’—17 \Ijk‘<t,7 hl? S,>)(m) =
= Fippi(L; Ly Li gy (m))
= Liowm) = Ui(t", 0", s") (m).

e If m="n —1, then

FicabDj((S}]j’v 52’—1’ \Pk’<t,7 hl? Sl))(m) =
= FiZbDj (L> H, L(i,a),C)
= Hjo)c = Up(t" h", s")(m).

e If m =1, then

E(;bDj (62’7 55’—17 \Ilk<t/> h/’ 3/>)(m) =
= F;iszj(Ha Rv H(i,a),a)
= Rjop = Vi(t", 1", ") (m).
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e if m > h/, then

z‘fszj(ék’v 52’—17 \Ilk<t,7 hl? 8l>)(m) =
= z’(ZLbDj(Rv R, R(i,a),t’(m))
= Rijowom = Vi(t", h", s")(m).
This completes the proof of the lemma. O

We next prove a more interesting lemma.

Lemma VIL.3. For any [, f” in C(T)* and any basic operations F¢(x,y,z) of the algebra,
if f"(m)# L for all0 <m <k and

FIC<(Sl]$76lli’7f/) = f”
for some 0 < U',1" < k; then there exist t',t" € LF and 0 < s, 5" < | such that
f/ — \Ijk<t,,l/, S/> a/nd f// — \Dk<t”,l//, 3//>.

Proof. The fact that f”(m) # L, for all 0 < m < k, immediately implies that p(d}) = p(f')
and p(0r) = p(f"). If [ =iabDj, then we immediately get

f'(m) € {Laya, Hiia)ar Riayal d € L}

and
f'(m) € {Lge)d» Hijeyes Rijieyal d € L}

This implies the existence of appropriate ¢ and t” in £¥. Putting s’ = i and s” = j, we

obtain the required configurations and the lemma is proved. O

We define a “computation” of the Turing machine T to be a sequence of configurations

(tm, Pum, Sm) such that for any m

<tm7 hm7 Sm><];::i <tm+17 hm-i—l; 8m+1>

for some ¢, in £ and I, instruction of T. Note that such a sequence is a formal way of
describing computations of a Turing machine on a bounded tape. For any computation we
introduce a computation term recursively. If a computation comp of dimension k£ has length

one, we put

rcomp($07 vy Th—1, ?J) =Y.
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If two computations comp’ and comp” are such that the last element of comp’ is (t', h/, s'),

the first element of comp” is (¢, h”, s”) and
<t/’ h/’ S/> <]ZCabDj <t//7 h//’ 8”),

we put

r(comp’ ocomp’’) (Ea y) = T'comp” ({Ea F;'CabDj (xh/a Tp!y Tcomp’ (j'a y))) .

We call the first element of the computation an “initial” configuration, and a last element a
“terminal” configuration. Note that Lemma VII.2 has a counterpart dealing with computa-

tion terms:

Corollary VII.4. For any two configurations (t',h',s") and (t",h",s") of dimension k,
(t',1,s) is an initial and (", h",s") a terminal configuration of a computation comp if
and only if for the computation term r(Z,y) corresponding to the computation comp, we
have

U (" B 8"y = (08, ... 6, Ut B, 8)).

We define an additional construction connected with computations of machine T, namely

the notion of a computation algebra.

Definition VII.5. A computation algebra of dimension k for a machine T is an algebra C
in the signature of C(T) whose underlying set C' consists of L, elements Af,..., A¥ | and
an arbitrary collection of configurations of T of dimension k. The operations of the algebra

are defined according to the following scheme:
z’CabDj(AkH Ak//, <t/, h/7 S/>) — <L‘//, h//7 S//>
if and only if
<t/7 h/’ Sl> qfabD] <t//7 h//’ Sl/)7

and (t' ', ¢), (t",h",s") € C. Thus, all the other applications of operations of C(T) are
equal to L.

For any k we introduce a function ¥} defined on any computation algebra of dimension
k take away L into C(T)* by

Ui(a) if a is a configuration of T,

ok if a = AF.
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Now, for any computation algebra C of dimension k we let C} be the ¥}, image of C'\ {L}.
In view of Lemmas VII.2 and VII.3, we have for any a,b,c € C,

F(a,b,c) # L if and only if F(¥)(a), ¥} (b), ¥, (c)) € CT,
and in such a case
Vi (F(a,b,¢)) = F(Vi(a), Ui (b), Wi (c)).
Let C* denote the subalgebra of C(T)* generated by C; and let C; be the set of elements

of C* of support different then k. We define C* by

ot = {\I/k<tn, hnp, Zn> | S.t. <t0, ho, Z.0><]§8 et <tn, hn, Zn>, <t0, ho, Z()> € C} \ CT

In—1

By Lemma VII.2 we get CT C C* and by Lemma VII.3 we obtain
Cr=CyucCiucCt.

We define an equivalence relation  on C* by a#b if and only if @ = b or a,b ¢ Cf.
Corollary VII.6. The following conditions are equivalent:
1. The relation 0 is a congruence.

2. The set C5 U CT is absorbing for C*.

3. There is no sequence of configurations of dimension k such that

<t07 hOa Z'0><]§g RS i <tn7 hn? in>7

In—1

(to, hoy o), (tns hn,in) € C and (t;, hj,i;) & C for some j.

We leave the proof of this corollary as an exercise for the reader and introduce a more general

definition.

Definition VII.7. Let A’ be a subset of the universe of an algebra A and let a € A’. We

call an element a a root of A’, if for any b € A"\ {a} there exists a non-trivial (not equal to

a single variable) term r(zo, ..., 2,_1) (where each of x; appears in this term) of the algebra
A, and elements ag,...,a,_1 € A’ such that
T(CL(), e ,Clnfl) =a

and there is j such that a; = b.
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We call a computation algebra rooted if its underlying set take away L is rooted. Note
that a rooted computation algebra has a very simple intuitive meaning. Namely it consists
of configurations of some fixed dimension such that there exists a configuration that can
be reached from any other configuration via a computation of the machine T. We remark
that for a dimension greater than two, every rooted computation algebra has at least five
elements, such that two of them are configurations. Here is an interesting property of rooted

computation algebras.

Theorem VII.8. If two rooted computation algebras of dimensions greater than two are

isomorphic, then they are equal.

We will prove the theorem in a way that will also give us an efficient (working in polyno-
mial time) algorithm for deciding if a given algebra in the signature of C(T) is isomorphic
to a rooted computation algebra of dimension greater then two and, if so, construct this

computation algebra.

Proof. For any non-trivial, rooted algebra in a signature of C(T), we present a construction
that produces a unique computation algebra isomorphic with a given algebra or fails when
a given algebra is not isomorphic to any computation algebra. We start with an arbitrary
algebra D in the signature of C(T). It is easy to check whether D has an absorbing element,
and if D\ {L} is rooted. If so, we denote a root of D\ {L} by f.. Our next step is to
divide the universe of the algebra D \ {L} into two disjoint sets D; and Dy such that for
any F'(z,y,z) we have

F(a,b,c) # L implies (a, be Dy and ¢, F(a,b,c) € Dg).

If the algebra D is isomorphic to a computation algebra, the set Dy corresponds to the set
of A¥ and the set D, corresponds to the set of configurations. Moreover D; and D, are
unique in this case. If the algebra D does not allow such a decomposition then it is not
a computation algebra. The cardinality of the set D; is the only possible choice for the
dimension of D.

The next step is to define a function e from D, into integers. The function is defined

recursively as follows:

O

l+1 lfe 'LabLj(g7h7f)):
[—1 1fe wbR](gﬂh f))
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Note that the image of the function is an interval in the integers. If the algebra D is
isomorphic to a computation algebra and the element f, corresponds to (t,,h,,i,), then
function e for each configuration (t, h, ) returns h — h,. If for an algebra D such a function
is not well defined, then the algebra is not isomorphic to any computation algebra. We
modify the function e by adding to it a smallest constant function that makes all the values
non-negative. We denote such obtained function by e’

We extend the definition of €’ to the set D; in the following way:

Il if F(f,g,h) # L and €'(h) =1,
[ if F(g,f,h) # L and ¢'(F(g, f,h)) = L.

e(f) =

If the algebra D is isomorphic to a computation algebra then the function ¢’ on D; fully
determines the sequence AE, ... AF . If the algebra D does not allow such a function then
it is not isomorphic to any computation algebra. We have proved that any two isomorphic
rooted computation algebras have the same dimension. Moreover a homomorphism has to
fix A¥ and preserve the same head position (since it is recognized by ¢€’).

Now we construct a candidate for a root, corresponding to f,, of a computation algebra
that may be isomorphic to D. We denote this candidate by (¢, h,, ), and for any 0 < s < k
we find a sequence of elements fo, ..., f,—1 € Dy such that f,_1 = f, and €'(fy) = s and
€ (fm) # s for m # 0, and such that for any m there are g,,, h,, and F(z,y, z) such that
(G, oy fn) = fs1. For s # €'(f,) let Fﬁszj(xvyvz> be such that F,,p;(g0, ho, fo) = fi-
We construct a tape by putting t,(s) = b. If s = €/(f,) then since dimension of D is greater
than two we get F,,: (AL, A%, g) = f. for some g € D, and then we put t.(s) = c. If
the algebra D is isomorphic to a computation algebra then such a tape has to be equal
to ¢/ where (¢!, h.,i.) is the element sent to f,.. Thus we fully determine the root element
of the algebra. If D does not allow such a construction then it is not isomorphic to any
computation algebra. We constructed the root of the algebra, and the elements AF. Since
the algebra is rooted, and for any configuration (, h, s) and any <, ; if 2<I5,,p;(t, b, s) then
x is unique we reconstruct the whole computation algebra isomorphic to D, or prove that
such an algebra does not exist. Moreover, since from the structure there is a unique way of
reconstructing the computation algebra we prove that two isomorphic rooted computation

algebras are equal. O

We finish this section with a useful corollary.

Corollary VIL.9. Any non-trivial rooted subset C; of C(T)*, such that
[0, 8k} = Cf M
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and C§ consists of elements of full support only, is a V), image of C'\ {L} for some compu-

tation algebra C.

A proof of this corollary is an obvious application of Lemmas VII.2 and VII.3 together with
the definition of V).

VIII AN ALGEBRA WITH A PSPACE-COMPLETE
MEMBERSHIP PROBLEM

In this section, for an arbitrary Turing machine T, we construct a corresponding to it algebra
that is similar to Ralph McKenzie’'s A(T). Throughout this section we work with a machine
T and for simplicity sake we require that the halting state of T is the state 0. We will use
the algebra C(T) as constructed in Section VII and define a new algebra P(T) (or simply
P). The universe of P is a disjoint union of M, {1} and two copies of the set V' from the
definition of C(T). Formally

P=MUVUVU{L}.

In accordance with Ross Willard’s construction, we put ¥ = M, Xy =V, X; = V and
define § and v in a natural way. Note that the set Ay of the algebra P(T) is the universe of
C(T).

The set of basic operations of P includes A and 1, which make P a flat semilattice
with bottom element L. We consider all the operations of C(T) as operations defined
on Ag. There is a unique extension of each such operation on P that complies with the
requirements imposed on the operations of the set A. These are the only members of the
set A.

We define a function 7 from P\ {L} onto M to return the main symbol of the element
of the algebra. Note that the definition of the operations of C(T) implies that each of the
operations in A is either in A~ or in A, and A_ is empty.

The set B consists of Sy(u, v, z,y, z) as defined in Condition 3, Si(v,z,y, z) as defined in

Condition 10 and one extra operation S*(v, x,y, z) defined by

] (Ay)V(zAz) ifv(v) € {Loasb Hoaua Rowsl a,b € L}
S*(v,z,y,2) =
1 otherwise.

The set C consists of all the operations defined according to Conditions 8 and 9 for the

operations of AL UA.. The set D is empty and v is the member of the set £, moreover the
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operations J(z,y, z) and J'(z,y, z) are present in the algebra.

We leave it as an easy exercise for the reader to check that the algebra P complies with

Conditions 1-10 including Condition 2a.

We proceed to characterize the large subdirectly irreducible algebras in the variety gen-
erated by P(T). We claim that the algebra S is a large s.i. in the variety generated by P(T)
if and only if all of the following conditions hold

1.

The operations A and 1 make S a flat semillatice with L as its bottom element.

. All the operations of B are constantly equal to L.

For any T'(z) € C and corresponding #(Z), we have

S = T(z) ~ t(z).

. We have
S E=v(z) = .
. We have
SE J(x,y,2) =z Ay.
. We have

SkE J(x,y,2) x Ay A 2.

The A reduct of the algebra S is isomorphic to a non—trivial, rooted computation

algebra such that

(a) for any computation

(to, ho, o) <Ugp -+ - <y (Bt Pt T

if (to, ho,io) and (tgi1,hki1,ik1) are in the computation algebra, then so are
<tj, hj,ij) for all ],

(b) there is no computation

(to, ho,do)<1g0 -+ <P (thyrs hay, 0)

such that (to, ho, 7o) is inside the computation algebra.
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First we show that an algebra that satisfies conditions 1 to 7 is, in fact, in the variety
generated by P(T). To do so, we fix a non-trivial rooted computation algebra D and denote
by Bj the W} image of D\ {L} in C(T)*. Note that B; C A%. We denote the the subalgebra
of P¥ generated from B; by B and the set of elements of B of support different than & by
By and establish the following claim.

Claim. In the algebra B,
B = BO U Bl U B*

where

B* = {Vp(ami1)] 8.t gy -+ 7"y for some ap € D}

Proof. By Lemma VIIL.2, the right hand side is a subset of B; so it suffices to prove that it is
closed under all basic operations of P(T). It is obviously closed under A and L. The set By
is absorbing for all the operations of A. Lemmas VII.2 and VII.3 imply that all the images
of operations from A that are not in By are in B; U B*. Thus the right hand side is closed
with respect to the operations of A.

There are no elements of full support in the right hand side with a barred element in
the range, so the range of Sy(u,v,z,y, z) is contained in By. There are no elements of full
support with range mapped by 7 into {L, R}, hence the range of S;(v,x,y, z) is included in
By as well. Condition 7b implies that the range of S*(v,z,y, z) is fully in By as well.

As for the elements of C, since §F are the only elements of the right hand side in Y*,
we obtain for every T'(v,z,y,z) (and a corresponding F(x,y,z) € A) that T(a,b,c,d) €
By U{F(b,c,d)}. This reduces the reasoning to the case of the operations from A, which
has already been handled.

For any a € B; U B*, we have v(a) = a. Moreover v(Bj) C By and the right hand side
is closed with respect to v(x).

The case of operations J(z,y, z) and J'(x,y, z) is trivial since we have J(z,y, z) < x and

J'(z,y,2z) < x. The claim is proved. O]

Before we proceed we need to establish an additional claim.

Claim. For all the basic operations of B other than J(z,vy, z), the set B\ Bj is absorbing.

Proof. The set is clearly absorbing for A and L. Condition 7a, via Lemmas VII.2 and VII.3,
implies that it is absorbing for all the operations of the set A. By the proof of the previous
claim we know that range of all the operations of the set B is in By. Likewise the case of the
operations of the set C reduces to A. As seen in the previous proof, v(z) preserves By U B*.
Since no element of full support has a member of X} in its range we get the required property
for J'(x,y, 2). O
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We define an equivalence relation § on B by declaring that afb if and only if a = b or
{a,b} N By = (. By the last claim, the relation 6 is respected by all the basic operations
of the algebra B except possibly J(z,y,2). On the other hand, if J(a,b,¢) € B; then
a =0b € By and further B |= J(a,a,z) =~ a. Thus the relation # is a congruence of B and
it is a routine exercise to check that B/ is isomorphic to a required subdirectly irreducible
algebra obtained from D.

To complete the description of large subdirectly irreducible algebras in the variety, we
need to show that an arbitrary large s.i. satisfies conditions 1 to 7. We fix an arbitrary large
si. S. Find B < A* such that S is isomorphic to B/6 and k = dima (S). Corollarys IV.11
and [V.12 describe the structure of the congruence ¢ on B and instantly imply conditions 1
to 6. We can assume that B is generated by B; as defined in Definition IV.5. Moreover
by Corollary IV.12 and the domain-range consideration for the operations of the set A, we
imply that B; C M* U X%. Note that the definition of B; with respect to p states that p is

a root for B;. To obtain condition 7 we need a following claim

Claim. We have for the algebra B,
BAMF = {8k ... 08 |}

Proof. Let k' < k denote the number of elements in BNM?*, which we denote by (y, . .., G—1.
For a proof by contradiction, we suppose that my and m; denote coordinates such that for
some (,,, we have (,,(mo) = ((mq) = H. Since the 7 images of (; are sequentiable, we infer
that for any ¢ we have (;(mg) = (;(my). Since (,, € By, there is an operation of the set .4
such that (o, Gy f) = g € By or F(G,Cm, f) = g € By, for some f € By N X* and some i.
By Corollary VII.1, we get that g(mg) = g(my) and p(mg) = p(m;). Since all the operations
of the set A are injective (in the sense of Corollary VII.1) it follows that for any element
h € By we have h(mg) = h(m;). Since B; generates the algebra B the same property holds
for all the elements of B. This fact contradicts the assumption that k& = dima (S).

The other possibility of falsifying our claim is to assume that there exists a coordinate my
such that (;(mg) # H for all i. By Propositions V.4 and V.2, we infer that either (;(mgy) = L
for all 4, or (;(mp) = R for all i. Suppose, without loss of generality, the first case. Let
us denote by B* the set of all the elements of B that are of full support and are generated
from B; by applying the operations from A. Note that, by the non-triviality of B; and the
definition of operations of C(T), for each f € B* there exists a and ¢ such that

{f(m) | 0 <m < k} C {L(i,a%b’ H(i,a),m R(i,a),b| be £}

We certainly have p = L, ;). for some a,c € £ and ¢ < [. By the fact that B; is rooted,
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for any f € B* there are b € £ and i < [ such that f(mo) = Lg,j).. Since B; C Af we
immediately infer that B* C Ak and so for any f, g € B* if f(mg) # g(mqg) then f(i) # g(i)
for all 7.

Let Bj be the subset of B such that

Bj = {f € B| such that f(i) = L for some ¢ # mq}.

Our subclaim is that B = B; UB*U B;. It suffices to prove that the right hand side is closed
with respect to all the basic operations of B, and to do so we consider cases.

Consider e A f for some members e, f of the right hand side of the equality. If e € B}
or f € By then e A f € By as well. On the other hand, if e, f € B; U B* and e # f then
there is 7 such that e(i) A f(i) = L. The structure of the elements of B; U B* implies that if
e(mg) A f(mg) = L then e(i) A f(i) = L for all 4.

For an operation F'(z,y, z) € A if one of the arguments is in Bj then so is the result. We
assume that e, f,g € By U B* and F(e, f,g) ¢ By U B*, but then (by definition of B*) there
is ¢ such that F(e, f,g)(i) = L. Once again an analysis of the definitions of the operations
of C(T) implies that if F(e, f, g)(mg) = L then F(e, f,g) = L.

We consider the operations of the set B. For Sy(u,v,z,y,2), if u and v are evaluated
to elements of Bj then the result of the operation is in Bj as well. On the other hand, for
any e, f € By U B* we have B |= Sy(e, f,,y,2) ~ L* since no member of B* has a barred
element in the range. For any d € B; U B*, we have 7(d(mg)) = L, so, by Proposition IV.3,
there exists s # mg such that 7(d(s)) = H and P |= Si(d(s),z,y,2z) ~ L. On the other
hand, if the first argument is in Bf then so is the result. The same applies to S*(v, z,y, z),
so it suffices to consider d € B; U B*. Then, the structure of the elements of B; U B* and
Proposition V.3 imply that B | S*(d, z,y, 2) ~ L*.

For T'(v, x,y, z) € C if one of the arguments is in B then so is the result. Consider then
e, f,g,h € BiUB*. If T(e, f,g,h) is of full support then T'(e, f,g,h) = F(f,g,h) € B*.
Otherwise, if T'(e, f, g, h)(mo) = L then T(e, f,g,h) = L.

The operation v(x) is equal to the identity on B* and L is its absorbing element. If one
of the first two arguments of J(z,y, 2) is evaluated in B then the result of the operation is in
Bj as well. On the other hand, for any e, f € BiUB* we have B |= J(e, f, ) =~ eAf; this case
was handled while considering the operation A. Similarly for J'(z,y,2) and e, f € B; U B*
we have B |=J'(e, f,x) meN fAx..

The fact that B = By U Bj U B* implies that there exist no elements e, f € B such that
f is not congruent modulo 6 to g and that f(i) = g(i) for all i # mq — this contradicts the
assumption that k£ = dima (S). Thus the claim is proved. O
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Having established the claim, we immediately obtain, via Corollary VII.9, a non-trivial,
rooted computation algebra mapped by W} onto B;. Condition 7a is the consequence of
Lemma VII.2 and Corollary VII.6. Condition 7b is implicit, via Lemma VII.2, from Propo-
sition IV.3. Thus our characterization of large s.i. algebras in the variety generated by P(T)

is complete.

We present a NPSPACE algorithm deciding for a given algebra A if A ¢ HSP(P(T)),
since by | | NPSPACE=PSPACE we have also a PSPACE algorithm deciding the same
question. Since PSPACE is a deterministic class we can decide in the same class its negation.

The algorithm has as input a finite algebra A in the signature of P(T).

1. Decompose, in polynomial time, the algebra A into its subdirectly irreducible factors

using Demel’s polynomial time algorithm from | ].
2. For each factor S,

e check if S is one of a finite number of small s.i. algebras
YES proceed to next factor
NO  proceed to next step
e check if S complies with conditions 1 to 6
YES proceed to next step
NO  STOP, answer A ¢ HSP(P(T))

e construct the computation algebra for the A reduct of S (as in a proof of The-
orem VII.8) and, using non-determinicity, check whether there is a sequence of
computations that contradicts conditions 7a and 7b

YES STOP, answer A ¢ HSP(P(T))
NO  proceed to the next factor

3. The algorithm produces no answer.

To construct an algebra with a PSPACE-complete membership problem, start with a
Turing machine T that solves a PSPACE-complete problem with an input w on a bounded
tape equal to w o A" where X\ denotes an empty position on a tape, for some constants

C and n. Modify the machine T to obtain T” with following properties:

e There is a new selected letter n in the tape alphabet of the machine T’ and a new

constant C”.

e For any input, a computation of the machine T’ consists of two parts. During the

initial part, the machine starts the computation on 7, moves left until it finds next
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7, and then begins the main part of the computation which is basically a simulation
of T. The states used for the initial part cannot be used for the main part of the

computation.

e If the original machine T answers yes on input w, then the machine T, working on a

bounded tape consisting of 7o w o A¢'1*I" oy, will never reach state 0.

e If the original machine T answers no on input w, then the machine T, reaches state

0 on a bounded tape 1 ow o X¢'1*I" o .

After constructing T’, we produce an algebra P(T'). We present a reduction that translates

the question answered by T into a problem of membership for some algebra.
1. Take the input w for the machine T.
2. Produce a word now o A¢1%I" o .

3. Simulate the computation of the machine T until it reads the whole new input and

produce a computation algebra for this computation.

4. Construct an algebra complying with conditions 1 to 7 whose A reduct is the compu-

tation algebra constructed in the previous step.

It is obvious that the algebra constructed by such a procedure is in HSP(P(T")) if and only
if the machine T answers yes on w. This gives us a finite algebra that generates a variety

with PSPACE-complete membership problem.

IX A FINITE ALGEBRA WITH EXPSPACE-HARD
MEMBERSHIP PROBLEM, AND DOUBLY EXPONENTIAL (3
FUNCTION.

We are ready to begin the final construction in this paper. We construct an algebra E(T)
for a given Turing machine T working on states 0,...,l. We add to the set of states one
state—like number —1. The zero state is the halting state of machine T and state 1 is its
initial state. A set £’ is a tape alphabet of machine T, with one selected element A denoting
the blank position on tape. There is an extra letter—like symbol n and £ = £ U {n}. We fix
a machine T and denote E(T) by E.
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The universe of the algebra E is the union of three pairwise disjoin sets
Y = {YL,O YL,l YH,O YH,l YR,O YR,l}
a set
Z,a Z,a Z.a .
Xo = {L(i,b)ﬁ, Hi b R(i’b)p\ where a,b,c € L, Z € {L,H, R} and — 1 <i <[},
a copy of Xy denoted by X3
T Za r72,a HZ.a .
X = {L(i,b), HG b R(i’b)7c| where a,b,c € L, Z € {L,H,R} and —1<: <1}

and an extra element L. We define two sets X{, and X7, subsets of (respectively) X, and X
to consist of the elements of those sets for which i = —1.

We define § and v in the natural way and in accordance with Willard’s construction. We
define a function 7 to return the first element of the superscript (Z in the definition of the

sets X and X;) and use two auxiliary functions
e a map 7 from F into {0,1} U £ defined to return the second superscript, and
e a function p from X into M set to return the main symbol of the element.

The basic operations of the algebra E(T) are the following. The operations A and L
make F a flat semilattice in accordance with Condition 1. The elements of sets A4 and B we
will introduce gradually. The elements of the set C are the operations defined in Conditions 8
and 9 for the operations of A U A,. The operations J(z,y,z) and J'(z,y, z) defined in
Condition 6 are present.

We proceed to define a number of basic operations of the set A~. These operations are
responsible for generating an exponentially long tape for the computation of machine T.
The tape is generated using the techniques which were employed in Section VI to produce
exponentially growing v function. While generating elements for “tape” we use the element
n as a marker for applications of operations of certain kind. For each element a € L'\ {\} we
define two operations of E(T), F*(z,y,z) € AL and F?__ (z,y,2) € A. We define these

compl
operations on the set Ay to extend it to the whole universe of the algebra E(T) later.

e For any a € £'\ {\} and any f, g,h € A the following are equivalent:

- Fa(f’g’h>7éj_

- Fgampl(f’ga h) 7é 1
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— both of the following hold

x we have w(h) = m(f) <7(g) and h € X) and f,ge€ Y
« if m(h) = H then 7(h) = a

o if F“(YZO’iO,YZI’il,W(Zf‘)l"’ib)ﬂ) # L for some W, Zy, Z; € {L,H, R} and ig,i; € {0,1}
and b, c,d € L then it’s defined according to the following rule

H? vl if W =H and iy = 0

(-1,a),a
Fe(y#o y2in Wi, ) = QR i W =H and ip = 1
W(Z_ll’da) . else.

o if F, (Y E0io, Y2 Wi ) # 1 for some W, Zo, Zy € {L, H, R} and i, iy € {0,1}

and b, c,d € L then it’s defined according to the following rule

LA if W =H and iy = 0

(_1777)7C
a AR AR) Zoy,d - Z1,d . .
Fcompl<Y 0 07 Yy 1a W(_OLb),C) - H(_11777)’77 if W=H and 19 = 1
Z1,d
V[/(jl’n)’C else.

Each of these operations extends from Ay to E in the usual unique way. We introduce one
extra operation of A~ by putting for elements of Ag
X[V 20 N Zii 17Z0.a _ 11Z1a
G (Y oY 7H(—01,,\),,\) —H(—11,,\),,\
whenever Zy < Z; and Z; = H implies a = A, and putting all the other applications of
G*x,vy,2) to be equal to L. This operation as well uniquely extends to the whole universe
of E(T). These are the only elements of A-. We advise the reader to seek similarities between

operations just defined and the example of the algebra that was introduced in Section VI.

Closer examination of the definitions of these operations leads to the following corollary.
Corollary IX.1. The following are true in E(T)

e the only terms in A~ that are not constantly equal to L are the ones with a non-trivial

subterm appearing only as a last argument of each operation

o for two A terms r'(Z) and r"(Z) such that one is obtained from the other by substi-
tuting some of the appearances of F*(x,y, z) with F*

compl (T, Y, 2) or vice versa we have
for all f

v (f) # L if and only if 7" (f) # L,
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e moreover for any pair of such terms, and for each f such that v'(f) # L we have

m(r'(f) = =("(f)) and 7(r'(f)) = 7(r"(f))-

This corollary is to be compared with Corollary VI.1. We proceed to define further
operations of the algebra E(T). There are no operations in the set A.. The elements of
A_ are responsible for simulating computations of machine T on a tape generated by the
operations from the set A~. To define such operations we use the algebra C(T) defined
in Section VII and then for every Fer)(z,y,2) operation of this algebra we introduce an
operation F(z,y,z) of E(T) on A,.

e For any f,g,h € Ay we have F(f,g,h) # L only if there are Z € M and a € L such
that

Z,a Z.a Z.a
fig€ {L(—l,b)p? H by R(_17b)7c| where b,c € L}
and

he {L{S o Him o Rh o where bee £\ {n}, 0<i <1}

e for all the arguments complying with the previous condition we have

FWZs ke, vEe ) —

(=1,bw)scw? ~ (=1bu),cu’” (2,bv),c0
2o i f = Fory(W,U, Viip)e) 7 L
1 else.

All of these operations are uniquely extended to the whole universe of E(T) in accordance
with Condition 2 and create a set A_. We define a number of maps between certain subsets
of E and C(T). We use these maps to model a computation of machine T in certain
subalgebras of cartesian powers of E(T). For fixed Z € M and a € £ we introduce a map
from the set

XZa — {W(Z,’“ Wé&c | either i« = —1 or [b # n and ¢ # 77]} u{l}

i,b),c’
onto C(T) by putting ®%%(1) = 1 and

W ifi=—1,

(I)Z@(WZ,a ) —
Wiip)e if 1 # —1.

(4,b),c

Note that every such map is a homomorphism of a A’ reduct of X% onto C(T) and that it
is injective on X% N (Xp\ X’) and on X%*N (X;\ X’). We define a final member of the set
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A_ by defining an operation on Ay that’s once more uniquely extend to the whole universe

Wihe fo=y=2=W2, foa€Ll beel; ZWeM

Cl(xayWZ) - ’ )76
1 else.

The operation C(x,y, z) is responsible for generating a starting tape for computations of
T. This is the last operations of the set A.
In the set B there is an operation Sy(u, v, z, y, z) as defined in Condition 3 and S (v, z, y, 2)

as defined in Condition 10 for 7 given above. Moreover we introduce into B an operation
S*(v,z,y, z) defined to be

(e AY)V (@A 2) if plv) € {L, R},
S*(v,x,y,z) =
1 otherwise.

Finally we define last member of B denoted by S**(v,z,y, z) to be

o @Ay V(eAz) ifv() € {W(€:Z)7b| a,b,ce L; W, Z € M},
S (v, x,y,2) =

1 otherwise.

We leave it as an exercise for the reader to check that this algebra E(T) complies with
Conditions 1-10 with an exception for Condition 2a.

Now we are ready to characterize the variety generated by E(T). We define a special
family of terms in the language of E(T) recursively. Each term is determined by two words
of the same length: w’ over an alphabet consisting of 0 and 1 and w over £\ {\} . Terms

are defined in the following way. For the empty word £ we have
f;(x—17 Zo, y) = G)\(:U—ly Lo, y)
and for w,w’ of length n

fo(r g, xp,y) =

Fw(n—l) (xnfla xna f’lzuf[nil]] (33'717 R 7xﬂ*17 y)) lf w'(n - 1) - O’
o n—1
F(zf)I(ITlLIgl)(xn—la L, f;U/[n—l] (37_17 sy Tp—1, y)) lf w/(n B 1) - 1

[n—1]

We define another family of terms by putting for every word w of length n over the alphabet
LN\ AN} f(z,y) = fé(Z,y). We list a number of results about the structure of terms of

E(T) and it’s correlations with computations of machine T.
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Proposition IX.2. For any word w in L'\ {\} and for any two words w',w” in {0,1}
such that |w| = |W'| = [W"| = n and for any a_q, ... a,,b € E the following conditions are

equivalent
o fU(a—1,...,an,b) # L,
o f¥ (a_1,...,an,b) # L and
e all of the following are true

- T(a_l) = 1,

—a; €Y for any i, and

be {H(Z;CL/\M, FI(Z;?A%“ for some Z € M and a € L},
— 7w(b) =m(a1) < -+ < 7w(a,) and if m(a;) = H for i < n then either i = —1 and
7(b) =X ori >0 and 7(b) = w(i).

Proof. The equivalence of the first two conditions is trivial by Corollary [X.1. It is also easy to
see that a violation of any subcondition in the third condition leads to f% (a_1,...,a,,b) = L.
It remains to prove that if the third condition holds then so do the other two. We prove
this fact by induction on n. For n = 0 we have GA(YZOJ,YZLi,H(Z_Of)\M) # 1 (for some
Zy <= Z1 € M and a € L) or similarly with a last argument in X;. Assume now that the
implication holds for n — 1 and proceed to prove it for n. For simplicity we consider a case
with w'(n — 1) = 0, then

fg’(aflv <e ey Up, b) = F’w(nil) (anfb Qp, f;vf[::ll]] (0’717 <oy Qn—1, b))

By inductive assumption f.," "(a_y,...,a,_1,b) # L and this implies that we have
1)
Wiy,
Tl amss o e, b) = lan),

By parts of the third condition a,, € Y, a,—1 < a,, and if 7(a,,—1) = H then 7(b) = w(n —1).
The proposition is proved by the remark that

() =7(f," a-1,...,an-1,b)). O

Win—1)

Note that this proposition implies that for any two words w in £\ {\} and «’ in {0, 1},

any sequentiable sequence of elements of M of length n + 2 and for any element ¢ € {0,1}"
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we can find a_1,...,a,,b € E such that f%(a_1,...,a,,b) # L and the 7 images of the
elements a_q,...,a, are equal to the given sequence and such that 7(a;) = ¢(i) for any
0<i<n.

Proposition I1X.3. For any w € L™ and w' € {0,1}" and for any a_1,...,a,,b € E we
denote by w" the word T(ag)---T(an—1) and let m denote the size of a mazximal common
prefiz of w' and w”. If

farla—1,...,an,b) # L

then
L ifm<nandw'(m)=1,
p(far(az,....an,b)) = ¢ H ifm=n,
R ifm <n and w'(m)=0.
Moreover,

v(fu(a_yi,...,an,b)) =

W(Z_’CIL’C)V)\ me — 07
W(Z,’icm(mfl) ifm#0 and w'(m—1) =0,
W(Z_"fc)n ifm#0 and w'(m—1) =1,

for some W, Z € M and a,c € L.

Note that in the convention introduced in Section II one can restate the results of the

proposition in the following way:

L ifw” <,
p(f;j’,(a,l, ey Ay, b)) =< H ifvw = w,7
R ifw” >w'.

and, this implies that if w’ 4+ 1 denotes the successor of w’ in the order <, we have

p(fur(a—i,...;an,0)) = p(furir(a1,... an-1,b))
whenever f¥(a_1,...,an,b) # L.

Proof. We prove the first claim of the proposition by induction on n. Note that by the
definition of G*(z,y, ) the case of n = 0 is trivial. Assume that the proposition holds for
n—1, and fix a_1,...,a,,0 € E and words w and w’ such that f%(a_1,...,a,,b) # L. Let

w
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w” denotes the word 7(ag) - - - 7(a,—1) and m denotes the length of maximal common prefix

of w' and w”. If
p(fw/[nfl] (lel, ey A1, b)) c {L, R}

w[nfl]

then by the definition of the operations we imply that

p(fua_y,... a,,b)) = p(fzj["*” (ag, -, an_1, b))

/
[n—1]

and by inductive assumption the claim holds. If, on the other hand,

p(fw,[’“”(a_l, ey Oy, b)) = H then m >n — 2.

Yln-1]

One should consider four cases for four possible evaluations of w'(n — 1) and w”(n — 1) in

{0,1}. By symmetry without loss of generality we assume that w'(n — 1) = 0 and so

fg’(a—h ceey O, b) = Fw(n_l) (an—l) A, f;vf[::ll]](a—h ceey Qp—1, b))

If 7(an,—1) = 0 then p(f¥%(a_1,...,a,,b)) = H. On the other hand if 7(a,—1) = 1 then
p(fl(a-1,...,a,,b)) = R as claimed.

To prove the second claim of the proposition we remark that v(fZ(a_1,ag,b)) = H(Z_’i/\)y/\
for some Z € M and a € L so the base case is trivial. Assume that claim holds for n — 1
and proceed to prove it for n. Define m, w, w’ and w” as in the previous part of the proof.
If m < n then p(f¥%(a-1,...,a,,b)) € {L, R} and, by definition of the operations last lower
subscripts of f% (a_1,...,a,,b) and fZE[::]] (a_1,...,a,-1,b) are equal, so, using the induction
assumption, the claim holds. If, on the other hand, p(f¥(a_1,...,an,b)) = H then m =n
if w'(n —1) =0 then

w Z,a
V(fw/(afla ey On, b)) - H(—l,w(n—l))»w(n—l)
On the other hand if w’(n — 1) = 1 then

V(f:uu/ (a,,l, ceey Qp, b)) = H(Z—qﬂl)ﬂ? D

Having the proposition proved we list the first correspondence between defined above terms
and elements of cartesian powers of C(T) used to model computations of the machine T. We
recall that the elements 6% of C(T)* are defined in Section VII on page 23 and immediately

obtain the following corollary
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Corollary IX.4. Whenever f(a_1,...,a,,b) # L then
p(qu/(a,l, vy Qpy, b)) = (5?0?11}/)(]),

where o(T(ag) - T(an-1)) = J.

A starting tape for a computation of the machine T which we model is of special form.
With each word w we associate another word denoted by e~ which, under special circum-
stances, is a starting tape for the machine T. The word e~ is constructed in the following

way. If |{w| =n then

2”*2 277,71

e =w(n — Dwn —2whn —3)*...w0)* A

The new word e™%

is constructed in such a way that for any i € {0,1}" for j the length
of the maximal prefix of ¢ consisting only of 0 we have e " (p(i)) = w(j — 1) if j # 0 and
e (pi) =Aif 7 =0.

The following proposition defines a relation between some terms of the algebra E(T)
and computations of the machine T. Using this correspondence we are able to distinguish
configurations on which our machine reaches the halting state. Note that due to the definition

of §**(v,x,y, z) the halting state of T is recognized in the algebra E(T).

Proposition IX.5. If f¥(a_1,...,a,,b) # L for some elements a_q,...,a,,b € E and word
e (L'\{\})" then for any computation of dimension 2" of the form

(e7,0,1)<aq; -+ - <17 (L, hi, si)

and corresponding with it term t(z,y), putting o = f%(a_1,...,a,,b), and
Oy ey Oy CL(OGn, Ogn, 0gn)) = €
we have
«c#L,

o 7(c) =7(ay,),
e 7(c) =7(b), and

° @”(C)’T(C)(c) = Won (tg, hi, sk)(j) where o(1(ag) -+ T(an_1)) =7

c € Xq if and only if b € Xo and similarly for X;.

44



Proof. The last item of the proposition is trivial by the structure of considered terms. We
prove the remaining claims by induction on k. A first step is to show the claim for ¢ =
Ci(agn, i, o). By Proposition IX.3, and the definition of the operation C}(z,y, z) we get
c# L and n(c) = 7(o%) = m(an—1). It is trivial that 7(c) = 7(b). If @™ (c) = Wy g,

w

then we get d = w(n — 1) and by Proposition IX.3 and the remarks about e™* we have

e = e *(j). Finally by Corollary 1X.4 we get p(c) = 02" (j) and the base case is proved.
Next we assume that the proposition is true for computations of length k. For a compu-

tation of length k£ + 1 and corresponding to it term ¢(Z, y) we have by induction assumption

_ Ck+1 w w
c= Flk+1 (o}, 07, c)

where ®™()7()(/) = Wyn (ty,, by, 51.)(5) and

(th: by sk) <70 (gt Py Sy

By the induction assumption we get

and similarly

And since by Lemma VII.2 we have

C(T) F;::f (5i7(rli)(j)75;2’)(j>7‘1}2"<tk7hk73k>(j)) =
=Won (trq1, hes1, seq1)(J) # L

then, using Corollary [X.4 we get ¢ # L and the rest follows trivially. O

Given this proposition we can characterize some of the identities that hold in E(T).
The first group of identities consists of equalities between computation terms (as defined in
Section VII on page 25) with the same terminal configurations and with initial configurations
of special form. Let 7¢(Z,y) and r1(Z,y) be computation terms for two computations of
dimension 2" such that for some w of length n we have

i

% cy.. . . .
<6_w7071><12'”<]lzl_< ;Ci’ 7];31‘78;%)
1
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for r;(Z,y) and that (¢} ,h ,sp) = (ti,, hi,> sk, ). Note that by Proposition IX.5 we have

E(T) }: TO(f(%('f?y% . '7flu’)b(j7y)7Ol(f(q]%(:f?y)vf(;el(:fvy%f(;%(jvy))) ~
z7”1(f(;1711(j7y)7 e 7fﬂ(i’7y)7Ol(f(;gl(jay>af(1)€1(fay)af(%(f7y)))

since the result is uniquely determined by 7(x,,), 7(y), the last configuration of a computation
and a membership of b in X,. We denote the set consisting of all such identities by X’. To

define one more set of identities on E(T) we put

S=YU{rAr=~z J(r,1,y) ~x,J(z,0,7) ~ x}U
U{Ti(x,x,y,2) =~ F(x,y,2) = Ty(y, z,y, z) | for corresponding F' € A_}.

We proceed to define a subalgebra of E(T)?", which, under certain conditions will allow us
to generate subdirectly irreducible algebras in the variety HSP(E(T)). Such an algebra is
constructed for any word over an alphabet £\ {\}. For any word w in £"\ {\} of length n
we define an algebra B(w) in the following way. We put w € E*",

A . .
H(Iiu)y)\ if (i) =0
w(i) = S HEYE™D i 0 < (i) <n
Law(n—1 . .
H(q,&),x) if n < (i),

and define elements A_q,...,\, € Y?" such that

R ifj+1> (),
m(Aj(@) = §H if j+1 = (i),
L ifj+1< ()

and such that
1 ifj=—lorj=n

T(A(2) =

i(j) else.

We denote by B(w) the subalgebra of E(T)?" generated by w and \;’s. We need to char-
acterize some elements of B(w). Note that m(w) = m(A_1) < -+ < w(\,), and moreover by

Proposition [X.2 we have

supp(for™ Aty oy Ay w)) = 27

46



[m]

and we denote these elements by o,,”. We list a number of easy facts about these elements.

Corollary IX.6. The following are true in B(w)
e we have T(0,") = T(o,5") for any k,m < n and w',w" such that |w'| = k and

I/| _

w"| = m,

e we have
m(o ) = w(ou) if and only if k = m,

w

//| _

for any w',w” such that |w'| = k and |w m,

e we have
L if i[m] <,
ploy (@) = H  if i = w
R if i[m] > w'

in particular
p(0,") = ployiy) and (o) (i) = 55w (#(ipm)),

e we have o [m]( ) = W(Z‘llb o and if j denotes the length of mazimal common prefix of

1 and w' then

A if 5 =0,
c={n  jA0andw(j-1) =1,
w(j) ifj#0and w'(j—1)=0.

o if r'(z,y) is equal to
r(for” (@), fin™ (2,), Cufon™ (@,9), for™ (2,9), for™ (2,9))
where (v, z) is a computation term for some computation
(e7m, 0, 1)<aq) - - - <P (th, Py Sk)
of dimension 2™ then putting ¢ = r'(A_1, ..., Am,w) we have

OO (¢ (3)) = Wy (ty, by 51) (9 (ipmy)).

Proof. The first two statements are obvious from the definition of the operations of the set
A_. The third and fourth statements are implied by Proposition 1X.3 and the fact that

47



7(A;(7)) = i(j). The fifth statement is a straightforward consequence of Proposition IX.5,
and the definitions of the A;’s. O

We proceed to a proof of the main proposition in this section. This proposition directly
connects computations of the Turing machine T starting from the configuration (¢=*,0,1)
with the elements of full support in the algebra B(w). We define a notion of degree of a
term. We put the degree of a term equal to the depth of the term tree of the term.

Proposition IX.7. For any term t(z,y) in the language of E(T) if
supp(t(A_1,..., \p,w)) =27,

then either there is a subterm of t(Z,y) of the form

S**(so(Z,y), 51(Z, y), s2(Z,y), s3(Z,y))
such that supp(so(A_1,..., Ay, w)) = 2" or there is a term t'(Z,y) such that
o deg(t/(z,y)) < deg(t(z, 1)),
o X (Z,y) ~tT,y),
o the term t'(z,y) is equal to one of the following

1. x; for some 1

2.y or f;f,[’"] (1, oy T, y) for some m < n and w' of length m
3. the term
r(for (Z,9), s Fi (@), Cr(for™ (2,9), for™ (2, y), for™ (2,)))

where r(U, z) is a computation term for some computation of dimension 2™ start-
ing at (e7"m 0,1).

Proof. Note first, that the image of A_1,...,\,,w under the elements of first class are in
V2" elements of the second one in (X’)*" and the elements of the third one in (X \ X")*".
This allows us to recognize the structure of operations by domain—range considerations.
We suppose, for a contradiction, that the proposition fails and find a term ¢(z,y) such
that it satisfies the assumption of the proposition and fails to comply with the statements,
and is of minimal depth among such. We consider cases with respect to the structure of
t(Z,y). Note that if t(z,y) = F({(Z,y)) and one of the t;(Z,y) has a subterm of the form
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S**<80(ja y)7 31(f7 y)a 32(5:7 y)7 83(‘%7 y)) such that Supp(30<)‘—17 SR >‘n7 W)) = 2" then so does
t(z,y). Since we assumed that ¢(Z,y) is a counterexample to the proposition such a behavior
is impossible. Thus #(Z,y) cannot be such, and it suffices to consider cases such that for

every proper subterm s(z,y) of ¢(z,y) if
supp(s(A_1,..., A\p,w)) = 2"

then s(Z,y) has a corresponding primed term.

If t(z,y) = to(z,y) N t1(Z,y) for some terms to(Z,y) and t1(Z,y), then those terms are
of smaller depth. They comply with the assumptions and so there are t;(z,y) and t|(Z,y)
complying with statements. Since supp(t(\,w)) = 2" we have supp(t)(A, w) At} (\,w)) = 2"
as well. This implies that the terms are of the same kind, and in the case of two first kinds
it is easy to see, via Corollary 1X.6, that t(z,y) = t}(Z,y). If the two terms are of third
kind, then by Corollary 1X.6 we imply that the final configurations of their computations

are identical and so 3’ F t(Z,y) =~ t1(Z,y). Thus in all of the cases we have
S EHE,y) = (T, y) AT, y) = 1 (T, y)

which is a contradiction.

Ift(z,y) = F(to(z,y), t1(Z,y), t2(Z,y)) for some F' € A then reasoning as in the previous
case, and considering the ranges of subsets we get t((Z,y) = z;, t|(Z,y) = x and t5(Z,y) is
of the second kind. By Corollary [X.6 we immediately imply that £ = j + 1 and t,(z,y) =
foll(z_y,...,x5y) if § > 0oryif j = —1. We know that w(\;(i)) = H if and only if
Jj+1=(i). Then 7(w(i)) = w(p(i) — 1) if p(i) > 1 and 7(w(0)) = A. We infer that for
j >0 we have F(z,y,2) € {F*O(z,y,2), F*Y) (2,y,2)} and so

» = compl

S EtT,y) = fol T e, T, y),
for some a € {0, 1} which is a contradiction to the choice of t(Z,y). For j = —1 the reasoning
is simpler and we leave it for the reader.

If t(z,y) = Ci(to(Z,y),t:1(Z,y),t2(Z,y)) then by a definition of the operation and the

range consideration we have that

w

to(z,y) =t (z,y) = t4(Z,y) = fw,[m] (1, ey Ty ).

If w" # 0™ then, via Corollary 1X.6, there is a coordinate on which the last subscript of

fg,[m]()\_l, .oy Am,w) is equal to . In such a case t(A_q,..., A\, w) is not of full support — a
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contradiction. If, on the other hand, w’ = 0™ then, modulo X, the term ¢(Z,y) is equal to

Cl(f(’)wﬂgm] (le',l, s 7xm7y)7 f(;ﬂﬂEM] (:Ufla s 7xm7y)7 f(;”"[:n] (.CL',l, s 7xm7y))7

and this implies that, modulo X, we have ¢(z,y) as a computation term for computation of
length 0 — a contradiction to our choice of ¢(z,y).

If t(z,y) = Ff(to(Z,y),t1(Z,y),t2(Z,y)) for some operation I of the Turing machine T
W]

’Ll),

t(z,y) = fol(x_y, ..., &m,y) are of the second kind and #)(Z, y) is of the third kind for a

w

and letter ¢, by domain considerations we imply that t,(z,y) = (x_1,...,ZTm,y) and
common dimension m . We denote the final configuration of a computation corresponding
to th(z,y) by (t,h,s) and then via Corollary IX.6 and Corollary 1X.4 we get

C(T)*" = supp (F (9w O Wam (t: 1y 8))) = 27,

and by Lemma VII.2 together with the definition of the operations of A_ we infer that
modulo ¥ we have #(Z,y) equal to a computation term for a computation one step longer
then a computation for t5(Z,y) — a contradiction.

The top most operation of the term ¢(z,y) cannot be from the set B\ {S** (v, x,y, 2)}.
It cannot be equal to Ss(u,v,x,y, 2) since no primed term applied to A_q,...,\,,w has a
barred element in range. It cannot be equal to S;(v,z,y, z) since, via Corollary 1X.4, we
have that for any image of A_1,..., \,,w via a primed term we have a coordinate that is
mapped by 7 to H. For the same reasons we have (possibly different) coordinate mapped to

H by p and so the top most operation cannot be equal to S*(v, z,y, z). If on the other hand

t(j’ y) = S**(‘gO(fv y), Sl(ﬁ Z/), 32(53’ y)> 53(*@) y))

then we immediately obtain supp(sg(A_1,. .., Ay, w)) = 2™ which gives a contradiction to the
choice of t(z,y).

For t(z,y) = Ti(to(Z,y), t1(Z,y), t2(Z,y), t3(Z, y)), by range considerations we have that
to(Z,y), t1(Z,y), th(Z,y) are of first kind and by the definition of \; we get that ty(z,y) =
t)(z,y), thus we get

Y t(z,y) = F(t(z,y), t5(z, v), t5(z,y)),

for appropriate F'(x,y, z) and we have reduced this case to the case of the operations from
A~ which gives us a contradiction. The reasoning for the operations Ty(v,z,y, 2) is an
alphabetical variant of this one.

If t(z,y) = J(to(Z,y),t:1(Z,y),t2(Z,y)) then since there are no barred elements in the

ranges of the operations ¢((Z,y) and t|(Z,y) we have that t{(\,w) = ¢} (\,w) and reasoning
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as in a case of the operation A we obtain 3 - t((Z,y) ~ t|(Z,y) and so we got

X t(z,y) = J(to(Z,y) to(T,y), t2(T, y)) = to(T,y)

which is a contradiction. We finish our proof of the proposition with a remark that the case

of the operation J'(z,y, z) is very similar. ]

We are ready to define a special class of subdirectly irreducible algebras. We construct
an algebra for each word in the alphabet £\ {A\}. The membership of such an algebra in
the variety HSP(E(T)) implies certain conditions on the computations of the machine T on
appropriate inputs. We construct the algebras in such a way that ¥ holds for every one of
them. For each word w of length n in £\ {\} we define an algebra in the language of E(T),
denoted by S,. The universe of this algebra consist of the elements Q and A_4,...,A,,
30, ..., 2, and the bottom element denoted by L. The operations of the algebra S,, are the
following. The operation L is evaluated as itself, and A makes S,, a flat semilattice with

bottom equal to L. For the operations of A_ we have

GMA_1, M, Q) =3
Fw(i)(Ai;Ai-i-l’ ZZ) = Ei—l—l fOI' 0 S Z < n,

and all other applications of the operations from A_ are equal to L. All the operations of
sets A_ and B are constantly equal to L. Each T'(v,z,y, 2) = t(v, z,y, z) and in the algebra

S., we also have

Sw E J(z,y,2) =z Ay and
Sw EJ (z,y,2) mx Ay A z.

The following theorem is the main element of our reasoning.

Theorem IX.8. The algebra S,, is not in HSP(E(T)) if and only if the machine T halts

on some configuration (=", 0,1) for some prefix wyy, of w of length m.

First we show that if the machine T does not halt on any (e”= 0, 1) then S,, is in the
variety generated by E(T). To do so we fix an arbitrary such w of length n and construct for
it B(w) generated by A_1,...,\,,w in the way described above. Note that Corollary 1X.6
and Proposition [X.7 fully describe all the elements of full support of B(w) generated by
the operations of E(T) take away S*™*(v,z,y, 2). On the other hand S**(v,z,y, z) does not

generate any elements of full support in B(w) since by the fact that the machine T does

51



not halt on (e™"m,0,1) we infer that every term of the third kind (in Proposition 1X.7)
corresponds to a computation with terminal configuration for a state of a machine different
then the halting state.

We define a subset of B(w) by putting

B ={\_1,..., \,w}U{ogi™| for m < n}

and claim that the set B(w) \ By is absorbing for all the operations of the algebra B except
for possibly J(z,y, z).

This set is certainly absorbing for A and L. For F(z,y,z2) € A if F(a,b,c) € B; then
p(c) € {R, H}*" and by range considerations we get ¢ € B; by Corollary 1X.6. It trivially
is absorbing for all the operations of A_ and B since their ranges are disjoint with By. The
case of the operations from the set C reduces to the one of the operations from the set A in
the same way as in the proof of Proposition IX.7. If J'(a,b,c) € By then a € By and then
b € By so eventually a = b= c € B;.

We proceed to the definition of a congruence on B(w). We define a congruence 6 by
putting afb if and only if a = b or {a,b} N By = (). To see that # is a congruence we note
that for all the basic operations of the algebra E(T) except for J(z,y, 2) the set B(w) \ By
is absorbing. For J(z,y,z) and a,b,c to get J(a,b,c) € B; we need a = b € By but then
J(a,a,c) = a for any c. This implies that 6 is a congruence and we leave it for the reader
to verify that B(w)/6 is the required algebra S,,. Thus we proved that such defined S,, is in
the variety generated by E(T).

Assume now, that for some w of length n there is a computation of dimension m such
that machine T halts on configuration (e7*t1 0,1). Let r(Z,v) denote computation term

for this computation and we put 7’'(z,y) equal to

r(for (@ y)s s i (@), Cilfod™ (@, ), o™ (2, 9), for (2, 9))).

Note that by Proposition [X.5 we get 7'(a,b) # L if f*mi(a,b) # L. Moreover by the same
proposition in such cases the results correspond to configurations with T in a halting state,

SO
E(T) = S5*(r'(z,y), fY1(Z,y), f2(Z,y), f2)(z,y)) =~ [T, y),

and this equation fails in S,, witnessing a fact that S,, ¢ HSP(E(T)). This finishes a proof
of theorem.
Next, we show that the term used to prove the theorem above is one of the smallest such

terms. We need two lemmas before we are ready to prove the theorem.
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Lemma IX.9. For any term t(z,y) such that
SwEtA 1, .. A, Q) # L

there is term t'(Z,y) such that
o deg(t'(7,y)) < deg(t(7,y)),
o X Ht(z,y) =t(z,y),
o the term t'(z,y) is equal to one of the following

1. x; for some j

2.y or f;f,[m] (T_1,.. ., Tm,y) for some m < |w| and w' of length m.

Proof. We prove this lemma by a standard for this paper reasoning. We suppose, for a
contradiction, that there is a term #(Z,y) such that the lemma fails for ¢(z,y). We can also
assume that ¢(Z,y) is of the minimal degree among such terms. We consider cases with
respect to the structure of ¢(z,y).

If t(z,y) = to(Z,y) A t1(Z,y) then to(Z,y) and t1(Z,y) comply with assumptions of the
theorem and we get appropriate t,(z,y) and t|(Z,y). By range considerations in S,, we infer
that ¢(,(z,y) = t}(Z,y) and so X - t(Z,y) ~ t((Z,y) which is a contradiction to our choice of
tH(z,y).

If t(z,y) = F(to(Z,y), t1(Z,y), t2(Z,y)) for some F(x,y,z) € A by range considerations
we instantly imply that F(x,y, 2) € A< and that ¢{(z,y) = z; and #|(Z,y) = ;1 and that

tIQ(j7y) = fw[j] (‘rflu o e 7xj7y)'

The definitions of the operations of S,, imply that F(x,y,2) = F*U)(z,y,2) if 7 > 0 or
F(x,y,2) = GMx,y, 2) if j = —1. This implies that

2 l_ t(j:ay) ~ fw[j+1] (33’,1, cee 7xj+1ay>7

which is a contradiction to our choice of #(Z,y).

All the operations of the set B are constantly equal to L, so the top operation of the
term ¢(Z, y) cannot be from the set B. If t(z,y) = T'(to(Z,y), t1(Z,v), t2(Z, y), t3(Z, y)) then by
domain considerations we get t,(Z,y) = t1(Z,y) (or t,(z,y) = t4,(Z,y)) and by the appropriate

identity from ¥ we have

S Ft(z,y) =~ F(t(2,y), th(2,9), t5(2,9))
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for corresponding F(z,y,z) € A (or similarly in second case). And we can apply the rea-

soning as for the case of operations from 4 which gives us a contradiction to the choice of

t(z,y).
Finally, if t(z,y) = J(t:1(Z,y), t2(Z,y), t3(Z,y)) then, by definition of J(x,y, z) and range

considerations we have t((Z,y) = t,(Z,y) and so a contradiction is a fact that

2 to(Z,y) = T (t(7,9), t6(T. ), 11 (Z,9)) = (T, y)-
The situation for J'(x,y, z) is similar and this finished the proof. H

A similar reasoning in E(T) gives us the following lemma. We leave the proof of this lemma

as a routine exercise for the reader.

Lemma IX.10. For any term t(Z,y) such that for some j we have

E(T) oy # L — t#.y) # L

we have
YHt(z,y) = ;.

To measure the depth of the identities that hold in E(T) and fail in certain S,, we need
one more auxiliary function. For an arbitrary word w in £\ {A} of length n let w(w)
denotes the minimal length of a computation among all halting computations staring from

(e7m 0, 1) (for any m < n) whenever such a computation exists.

Theorem IX.11. There is a constant C such that if S,, ¢ HSP(E(T)) then for any two

terms ro(v) and ri(0) such that
E(T) = ro(v) = r1(0)
and

Sw = 10(0) % 11(0)
we have deg(ro(v)) + deg(r1(v)) > w(w) — Clw.

Proof. Fix an arbitrary word w of length n and an arbitrary pair of terms as in the statement
of theorem. Assumptions imply that for one of the terms; say for ro(v) there is @ in S,, such
that r(a) # ro(a) # L. Since the algebra S, is generated by the elements A_4, ..., A,,Q,
then, by substituting variables of r¢(%) and (%) with appropriate terms we obtain to(Z,y)
and t1(Z,y) such that:
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L4 t0<A—17 cee aA’rw Q) - 7’0(&),

o t1(Aq,..., A, Q) =1r(a) and

E(T) E to(z,y) ~ t1(Z,y) and such that
o deg(t;(z,y)) < deg(r;i(v)) + n + 1.

Having such defined ¢¢(Z, y) we obtain via Lemma IX.9 the term ¢,(z,y). Since E(T) |=
3 and S, | X the term ty(z,y) satisfies the same identities as to(Z,y) in both alge-
bras. By Lemma [X.10 we infer that the term t{(Z,y) cannot be equal to one of its
variables (since it would contradict the inequality in S,,). So for some m < n we have
t'(z,y) = fYN(x_1,...,Tm,y). The fact that

E(T) | fY(z_1,...,Tm,y) = t1(Z,y)

implies that the term ¢(Z,y) complies with the assumptions of Proposition 1X.7 for the
algebra B(w). If, by the Proposition IX.7 we obtain a primed term corresponding to ¢;(z, y)
then, by domain considerations in E(T) it cannot be of first, or third kind. If it is of the
second kind then, by Corollary 1X.6 we have #{(Z,y) = f“m(x_1,...,Zn,y) and this is a
contradiction with the inequality of terms in S,,.

Thus the operation S**(v, x,y, z) appears in the term t;(Z,y) in such a way that

S**(So(f, y), 50(f, y), SO(:E; y)? 50(;%7 y))

is a subterm of ¢, (Z,y) and that so(Z,y) complies with assumptions of the same proposition.
Choosing a minimal such so(z,y), we obtain s{(z,y) which have to be of the one of three
kinds and — by domain range consideration we imply that it is of the third kind for some
halting computation of T. Thus the term s{,(Z,y) is of depth not smaller then w(w) and the

theorem is proved. O

To produce an example of a finite algebra generating a variety with EXPSPACE-hard
membership problem one has to modify a Turing machine solving EXPSPACE-complete
problem in exponential space to a machine that answers the same questions on the words
e~ ™. It is easy to construct such a machine and we leave for the reader.

It is an easy exercise to produce a Turing machines that on some configurations (¢=*, 0, 1)
for w of arbitrary length n require 22" steps to halt in state 0. The Pe(r) function of E(T)

for such a machine grows doubly exponentially.
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