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CHAPTER 1

INTRODUCTION

1.1 Overview

The behavior of a complex engineering system is frequently described by a computational
model that is designed to replicate reality as closely as possible. From these models, analysts
make decisions about the design and operation of the system, most commonly with respect to a
set of decision variables (e.g. material and system configuration/properties in the design phase or
the inspection/maintenance interval in the operational phase). However, these decisions are
complex because engineering systems are designed and operated under a wide range of
uncertainty sources. In the presence of uncertainty, systems are never perfectly reliable, so there
is a nonzero probability of system failure for any decision. Each failure event has a
corresponding risk that depends on the consequence of the failure. The risk has classically been
addressed by applying safety factors based on empirical knowledge, but this practice often makes
the mitigation strategy economically inefficient and is difficult to apply to new systems with no
experience. The proposed research seeks instead to address risk systematically by properly
accounting for all known sources of uncertainty and then reducing them when it is possible and
economically feasible to do so.

In the reliability analysis literature, the sources of uncertainty have commonly been grouped
into two basic categories: aleatory uncertainty (i.e. natural variability) and epistemic uncertainty
(i.e. lack of knowledge) [36, 50, 64, 72, 74]. For aleatory sources, probabilistic methods for

characterizing and propagating uncertainty are well-developed [32]. Since this uncertainty source



is considered irreducible, engineering system designs must account for it properly, but its
contributions cannot be eliminated by any design decision. On the other hand, risk mitigation
may be achieved through epistemic uncertainty reduction, by collecting information and
improving the understanding of the system. The two main classes of epistemic uncertainty that
are considered in this dissertation are data uncertainty and model uncertainty. Data uncertainty
arises because economic factors prevent analysts from collecting as much empirical data as is
needed (i.e. sparse data) and because human error and instrumentation limitations lead to
inaccurate and/or imprecise measurements. Model uncertainty exists because models can always
be improved (according to decisions made by the developers), but they are never perfect. The
underlying governing equation does not describe the physics of reality completely, and in many
cases, the governing equation cannot be solved exactly.

Furthermore, even for a given computational model, many of its inputs are uncertain, and
they cannot be measured directly in an experiment. These inputs parameterize the model, and
they must be inferred by an inverse problem [3] in which outputs of interest are observed in an
experiment. In this dissertation, Bayesian methods [89] are used to handle this inference
problem, but the presence of data uncertainty leads to an epistemic probability distribution for
these uncertain parameters even when they are deterministic quantities in reality. This parameter
uncertainty is critical to system risk assessment and management, especially when the
parameters (e.g. material properties) that are calibrated in a simplified domain are common to the
usage condition of the model where a prediction is made. Understanding these parameters well
can greatly improve the quantification of uncertainty in the system prediction, and the only way
to improve understanding is to collect better experimental output data (i.e. larger quantity of data

points and/or greater measurement precision). Improving measurement precision may not always



be possible, but collecting a larger quantity of data is a feasible option though it will be subject to
some economic constraints.

Within this context, the topic of interest in this dissertation is how to perform these activities
efficiently by effectively allocating resources to the various uncertainty quantification (UQ)
tasks. A comprehensive framework for UQ that includes model calibration, model validation,
and uncertainty propagation is proposed. Then, activities such as model selection and test
selection are explored in order to improve the accuracy of the computation and minimize the

uncertainty in a prediction of interest.
1.2 Research objectives

This work explores resource allocation with the fundamental objective of quantifying and
reducing prediction uncertainty in order to enable credible reliability analysis and risk
assessment. For each of the two primary epistemic sources that were previously mentioned (data
uncertainty and model uncertainty), there is a tradeoff decision of cost vs. value. Data
uncertainty reduction requires the tangible expense of performing additional experiments or
using more expensive methods and instruments to increase measurement precision. Model
uncertainty reduction typically requires additional time and effort for the development of more
sophisticated models and/or evaluation of more expensive simulations with higher fidelity and
resolution.

This dissertation systematically addresses these tradeoff decisions through several key
objectives. To address the evaluation time of expensive simulations, the objective of model
selection for uncertainty propagation is considered because efficient uncertainty propagation is

needed for both model validation and prediction. Then, to address data uncertainty, test selection



for prediction uncertainty reduction is considered. However, to perform this objective for both
calibration and validation tests, a more formal understanding of how the model validation results
affect the prediction is needed; therefore, the connection of model validation to prediction is
considered first. Finally, the overall UQ framework must be connected to risk assessment in
order to consider the economic efficiency of the entire approach. These objectives are

summarized as follows:

(1) Model selection for uncertainty propagation
(2) Connecting model validation to prediction
(3) Test selection for prediction uncertainty reduction

(4) Risk-based resource allocation

To address the first objective, a methodology to select among available modeling options in
order to maximize prediction accuracy within a limited computational budget is proposed. The
proposed approach takes advantage of sparse and imprecise information about the prediction
quantity to improve the decision-making. The second objective explores the effect of epistemic
uncertainty on model validation and examines how different types of validation data impact the
prediction of interest. The proposed approach accomplishes this objective by separating the
contributions of aleatory and epistemic uncertainty sources and then quantifying the relevance to
prediction of different validation tests. The third objective takes advantage of these results to
address the test selection problem from the perspective of prediction uncertainty reduction. The
proposed method expands test selection methods for model calibration to also include validation
experiments in a joint framework. The fourth and final objective explores how the combination

of data uncertainty and model uncertainty affects risk assessment. This objective provides



insights about how the cost/benefit analysis of the entire resource allocation framework proposed

in this dissertation can be used for decision-making.
1.3 Organization of the dissertation

The subsequent chapters of this dissertation are organized to address the research objectives
described in Section 1.2. Chapter 2 provides some useful background information about existing
UQ frameworks and provides fundamental details of model calibration, model validation, and
uncertainty propagation. Chapter 3 proposes a model selection approach for efficient uncertainty
propagation in the context of scalar-input systems as well as spatially and temporally varying
problems. Chapter 4 explores the separation of uncertainty sources in model validation and
proposes an approach to explicitly connect the model validation input conditions to the
prediction of interest. Chapter 5 explores the effect of data uncertainty on prediction and
proposes an optimization approach to select among available testing options and/or input
conditions for calibration and validation. Chapter 6 approaches the resource allocation problem
from the perspective of risk and proposes formulations for optimization problems that select an
appropriate budget for the UQ problem. Chapter 7 concludes the dissertation and suggests

opportunities for future work.



CHAPTER 2

BACKGROUND

This chapter describes some fundamental aspects of a comprehensive UQ framework.
Existing frameworks in the UQ literature [39, 92, 95, 98, 107] make predictions on stochastic
outputs of interest by performing several key activities: (1) characterization of input uncertainty,
(2) model verification, (3) model calibration, (4) model validation, and (5) uncertainty
propagation (i.e. prediction). Input uncertainty is typically quantified by repeated tests to explore
natural variability, and it can then be characterized by well-established methods of constructing
probability distributions. This step provides the input ranges over which existing models should
be verified by benchmarking against analytical solutions, and errors pertaining to the numerical
solution process can be quantified. Since some additional model parameters cannot be measured
directly, they must be inferred from experimental data obtained for measureable output quantities
in the calibration process. Since data is sparse and/or imprecise, correct deterministic parameter
estimates cannot be obtained confidently, so these model parameters are instead described with
uncertainty stemming from lack of knowledge about their values. Calibrated models are then
compared with an independent set of experimental data in order to assess the predictive
capability of the models. The result of this process, known as model validation, indicates
whether the model should be taken forward and used for prediction. If the model is deemed
valid, input and parameter uncertainty can be propagated through it to make a prediction for a
quantity of interest in the form of a probability distribution.

There are two basic types of model inputs: (1) those which can be measured directly in an

experiment, as either a deterministic value or a known aleatory distribution, henceforth denoted
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by X and referred to simply as inputs and (2) those which are not measureable and must be
inferred from observed outputs, henceforth denoted by ® and referred to as parameters. For the
remainder of this dissertation, note that upper case variables denote random variables while
lower case variables represent particular samples from their distributions. Bolded variables are
vectors, matrices, or jointly distributed sets of random variables, and variables in plain text are
scalar quantities or single random variables.

This chapter explains how these two classes of inputs are treated in model calibration
(Section 2.1) and model validation (Section 2.2). Since uncertainty propagation (Section 2.3) is
required when performing model validation with stochastic quantities, and model calibration
requires solving an inverse problem, both of these activities require a large number of model
evaluations. Surrogate models are often needed in order to improve efficiency; therefore, one

surrogate modeling approach (Gaussian process modeling) is described in Section 2.4.
2.1 Bayesian model calibration

Bayesian calibration [7, 39, 47, 63, 98] is an approach for inferring unmeasured parameters @
by observing particular values of the outputs y,; and corresponding inputs x. As opposed to
deterministic parameter estimation, which results in only a single value for the parameters,
Bayesian calibration results in a posterior probability distribution that represents the subjective
probability of each value in the domain. Note that the assumption implicit to this approach is that
the parameter values are deterministic in reality, but the values cannot be inferred precisely due
to data uncertainty in the observations as well as model errors that may bias the results.

Therefore, the posterior distribution represents epistemic uncertainty, not aleatory uncertainty.



The posterior is obtained by applying Bayes’ theorem, which states that the posterior
probability of the parameters fg(0|y4) is proportional to the product of the likelihood function
L(0) (i.e. the probability of observing the data y,; given a particular parameter set @) and the

prior density fg(0).

_  LB)fe(0)
fo(Blyq) = TL(0)/o(8)20 (2.1)

To construct the likelihood function, it is typically assumed that the difference between a
particular observation y,, and the prediction y,, at input x is due to measurement noise in the
observation ey;. This noise is typically assumed to be zero-mean Gaussian white noise, and the

standard deviation of the error a; may either be computed from the observed data or calibrated

along with ® when the observation data is sparse.
ym(x' 0) = ydi + edi (22)
Ed ~ N(O, O-d) (23)

The likelihood function is constructed jointly across all observations. It is commonly assumed
that the measurement errors associated with the set of observations are independent. In this
scenario, the likelihood values for the set of observations can be combined by a product. If there

are n; observations at m different input conditions (each denoted x;), the likelihood function is

given by

o (2.4)

2
nj 1 [Ym'(xi'o)_y‘ii']
L(8) = ﬁlﬂiilmeXp{— : : }



The likelihood function in Eqg. (2.4) includes all of the calibration data from all of the
measured input conditions. Since the posterior distribution of ® obtained from Eq. (2.1) cannot
be normalized and inverted easily, it is difficult to draw samples from the posterior distribution
using traditional Monte Carlo Simulation (MCS) [32]. Therefore, samples are typically drawn
from the posterior distribution using a function that is proportional to the posterior density. This
problem has been solved by applying Markov chain Monte Carlo (MCMC) sampling methods
[27, 35, 66, 71], which do not require inversion of the CDF of the posterior distribution.

Note that the relationship given in Eq. (2.2) does not account for model inadequacy. Since
model inadequacy is often a leading source of the difference between prediction and observation,
many researchers [13, 38, 54] add a stochastic, input-dependent model discrepancy term to the
model prediction. The goal of this approach, commonly referred to as the Kennedy-O’Hagan
framework [47], is to reduce the bias in the parameter estimates; bias is introduced when
parameters are used to fit an inadequate model form to the observed data. However, since the
mathematical form of the model inadequacy is always unknown, an additional set of parameters
must be introduced to define a stochastic model inadequacy function, and these parameters must
be inferred jointly with @. This expansion of the calibration problem leads to some additional
difficulties, including selection of a proper discrepancy formulation [58] and unique
identifiability of the expanded parameter set [7, 58, 88]. Therefore, in this dissertation, no model
discrepancy term is included in the proposed methods, and the potential model inadequacy is
accounted for through model validation within the prediction framework that will be described in

Chapter 5.



2.2 Model validation methods

After the parameters are calibrated, the resulting distributions are propagated through the
model, and the output is compared against the validation data in order to assess the predictive
capability of the model. The validation data should be independent of the calibration data, and if
possible should be data collected in a regime outside the calibration domain. Since this is not
practically possible in all cases, data in one regime is sometimes partitioned for calibration and
validation. In the presence of both aleatory and epistemic uncertainty, the validation assessment
is performed in the probability space by comparing the model prediction (stochastic due to
parameter uncertainty) and the observation data (stochastic due to measurement uncertainty).
Several methods for performing a stochastic assessment can be found in the literature [57, 59];
available methods include classical hypothesis testing [25, 34, 41], Bayesian hypothesis testing
[73, 86, 87, 108], the area metric [22, 23, 95], and the model reliability metric [85, 97]. In
particular, the area metric and the model reliability metric are explored in detail in Chapter 4.
Brief explanations of these two approaches are provided in Section 2.2.1 and Section 2.2.2

respectively.
2.2.1 Area validation metric

The area metric [22, 23] measures the difference between the cumulative distribution

functions (CDF) of model output and experimental data, and is defined as

d(Fy,,Sy,) = [ |Fy, @) — Sy,()|dy 2.5)
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Here, Fy (y) is the CDF of the model output, and Sy (y) is the empirical CDF of the
experimental data. This metric is inherently designed for a stochastic prediction and observation,
but it can also be applied when the model prediction Y,,, is deterministic. In this scenario, the
model prediction CDF is a step function such that F, (y) = 0 for y <y, and F, _(y) =1 for
vy > y,. One useful feature of the area metric is that the physical unit of d is the same as the unit
of Y. Therefore, the area metric value has a direct interpretation that is physically meaningful.
The result is nonnegative, but unbounded, since the difference between two cumulative
distribution functions can be arbitrarily large.

Since validation tests may be conducted for many different input conditions (i.e. input
vectors x;), an important property of a validation metric is how it combines information from
different points in the domain. The area metric incorporates different input conditions by
applying a “u-pooling” procedure (i.e. a transformation from physical space to probability
space). This approach is particularly useful for validating models with sparse data on multiple
experimental combinations [59]. For a particular input condition x;, let Fyml_ be the CDF of the
model output Y;,,, and let y,. be the corresponding observation. Then, a u-value, u; = Fymi Va,)s
can be computed for each input condition. Based on the probability integral transform theorem
[6], the u-values would follow the standard uniform distribution, U[O0, 1], if the observations v,
were random samples from the probability distribution of Y, . Therefore, if the distributions of
the model output and the observation are equal to each other at each input condition, the
empirical CDF of the collection of u-values should match the CDF of the standard uniform

random variable. Thus, the difference between the two empirical CDF curves can be thought of

as the disparity between model outputs and experimental observations across the entire domain

11



of the inputs. Further, the area metric in the transformed space [23] follows similarly from Eq.

(2.5) as
d(F, S = [y 1R = Suldu (2.6)

where F, is the empirical CDF obtained from the u-values and S, is the standard uniform CDF.
As in Eq. (2.5), small values of d represent good agreement between prediction and observation,
and large values represent disagreement. However, in the probability space the metric is no
longer unbounded,; in fact, it is bounded on the interval [0, 0.5]. Therefore, the metric value can
no longer be interpreted in terms of the physical unit of the output quantity.

To address this issue, the area metric computed by Eq. (2.6) can be transformed back to
physical space to retrieve its physical interpretation. Using the CDF of the model output G, at
some particular input condition, the u-values can be transformed back by inverting the CDF,
y: = Gy '(u;). The empirical CDF values y; can be used to construct an empirical CDF that can
then be compared to G, as in Eq. (2.5). The result of this computation will again have the same
physical unit as Y. Thus, transforming back to the physical space makes it easier to set a
tolerance threshold for the acceptance of the model. However, it should be noted that the value of
the area metric that is obtained after the transformation depends on which value of y is selected

for performing the back-transformation.
2.2.2 Model reliability metric

The model reliability metric r [85] is a direct measure of model prediction quality, computed

by assessing the distribution of particular values of the difference between a stochastic prediction

12



and observation. It is defined as the probability of the difference (A) between observed data (Y;)

and model prediction (Y,,,) being less than a given tolerance limit €
r=Pr(—e<A<e), A=Y;—-Y, (2.7)

Note that the model reliability is computed separately for each input condition, and Y; and Y,,
are both functions of x. This fact will be discussed in detail in Chapter 4, but it is mentioned here
to point out that all the stochasticity in Y,, is attributed to uncertainty in @ at a particular input
condition. Therefore, in Eq. (2.7), experimental observation is treated as a random variable due
to measurement error, and the model output is a distribution resulting from the propagation of
posterior parameter uncertainty from calibration. Since it is the difference between two random
variables, A is also a random variable, and the probability distribution of A can be obtained from
the probability distributions of Y; and Y,,. Then, the model reliability metric is computed by

integration of the distribution of A.
r=[°_fa(@)dw = Fx(€) — Fo(—€) (2.8)

For instance, if the model prediction, Y,,,~N(uy,,, a,?m), and the corresponding observation,

Yq~N (uy,, o-,?d), are independent, the distribution of the difference can be computed analytically,

A~N(uy, — py,,, 0v, + oy, ). For the sake of simplicity, let o, = /ayzd +oy,_. In this scenario,

the model reliability metric r can be computed by evaluating the standard normal CDF @ as

r=® lMl — o lMl (2.9)
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Since the result of this computation is a probability, the model reliability is considered to be a
probabilistic validation metric. Note that Bayesian hypothesis testing generally leads to a single
scalar result known as the Bayes factor [46, 73, 76], but the Bayes factor may also be converted
to a probability measure. Thus, the methods that are developed in this dissertation for
probabilistic validation metrics are also applicable to Bayesian hypothesis testing although they
are only illustrated for the model reliability metric.

As mentioned, separate computations of model reliability are performed at each input
condition since the distributions of Y; and Y,,, are dependent on where validation experiments are
conducted. The set of reliability values at different x; provides information about the predictive
capability of the model as a function of location in the input domain. The suitability of any
model for prediction depends on the prediction scenario of interest. Models are often useful in
some regions of the domain, but not in others. This fact is used to develop the model selection
methodology in Chapter 3, and in Chapter 4, an approach for connecting the validation input

conditions to the prediction of interest is proposed.
2.3 Uncertainty propagation techniques

When solving an inverse problem by applying MCMC methods as described in Section 2.1, a
large number of function evaluations are needed to solve the parameter estimation problem, and
then the resulting posterior distribution must be propagated back through the model for
prediction. In addition, stochastic approaches to model validation, as described in Section 2.2,
require the propagation of parameter uncertainty through the model at each validation input

condition. This propagation is typically performed via MCS, which again requires a large
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number of model evaluations. When the computational model is expensive, it is often
unaffordable to use the computational model for every function evaluation.

There are two basic classes of approaches available to manage computationally intractable
UQ problems; either the number of samples required can be reduced in an intelligent way, or the
model being evaluated can be simplified so that less time is needed for each sample. Methods of
efficient stochastic simulation with respect to the number of samples have been explored in
studies on reliability analysis and design optimization. One inexpensive way of propagating
input variability and/or parameter uncertainty through a system model is a first-order Taylor
series expansion, which requires only n 4+ 1 function evaluations for n uncertain variables. This
method is referred to as a first-order second moment (FOSM) approach in the reliability analysis
literature [32]. Other reliability analysis approaches take advantage of the idea that sometimes
only a particular point on the distribution of the output quantity of interest (Qol) is needed for the
computation (e.g. probability that stress or deformation exceeds a particular value). This type of
analysis typically uses Newton-like optimization methods to search in an equivalent uncorrelated
standard normal space for the most probable point (MPP) on a limit state related to the Qol [82,
93]. The failure probability is then approximated via the first-order reliability method (FORM) or
the second-order reliability method (SORM) [32].

Alternatively, within the context of MCS for reliability analysis, methods such as importance
sampling modify the sampling distribution to ensure that more samples fall within a region of
interest, thereby reducing the total number of samples needed for the analysis. For example,
Harbitz’s importance sampling approach [33] creates a sampling distribution centered at the
MPP; adaptive methods are also available to update the importance sampling distribution after

ever few samples [17, 110]. Because each of the aforementioned approaches searches only in a
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region of interest, they can be restrictive if the goal of the analysis is to determine the entire
distribution of the Qol. To calculate the entire distribution, these methods may be applied at
several regions of interest and interpolated (note: interpolation introduces additional error and
uncertainty), or the analyst must revert to a full MCS.

If a full MCS is to be performed, it may be infeasible to evaluate a high-fidelity physics
model (e.g. nonlinear finite element analysis with a very fine mesh) for every Monte Carlo
sample, so the class of approaches aimed at reducing computation time per sample is utilized
instead. Cheaper models (in terms of CPU time per evaluation) which may be in the form of
mathematical surrogate models (also referred to as response surfaces or meta-models), reduced
order models, or reduced physics models have been pursued in this regard. Common surrogate
models include simple regression models, Gaussian process (GP) or Kriging models [16, 96],
polynomial chaos expansion models [111], support vector machines [78], and neural networks
[62]. Since additional error is introduced to the system prediction by these surrogates, the
uncertainty associated with surrogate modeling is considered in subsequent chapters of this
dissertation. In particular, GP surrogate models are used for efficiency throughout the proposed

UQ framework. Therefore, the GP modeling approach is described in detail in Section 2.4.
2.4 Gaussian process surrogate modeling

Because of the computational challenges described in Section 2.3, the computational model
is commonly replaced by a surrogate model to improve the efficiency of both the calibration and
uncertainty propagation activities. GP surrogate models [84] are used in this dissertation because

they provide a natural way of quantifying the uncertainty due to the discrepancy between the
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surrogate and the original computational model. The contribution of this uncertainty can then be
incorporated into the validation assessment and the prediction, as will be described in Chapter 4.
Suppose that a GP surrogate model will be used to replace a computational model y = g(x).
By evaluating the computational model at an arbitrary number of input points x;, a matrix of
training points xr and training values y; can be generated. Then, the GP model will be used to
predict at a new set of input points xp within the same domain of interest. The GP model has two
basic parts: a mean function, which typically isolates a simple polynomial trend relationship
between input and output, and a Gaussian process which describes the random variability over
the input space. It is assumed that the combination of these two components describes the true
response function g [16] as shown in Eq. (2.10). The mean function is represented by m(x) and

the GP by z(*).
g(x) = m(x) + z(x) (2.10)

The mean function can usually be a simple low-order polynomial, and even a constant value
over the entire input space may be sufficient [96]. The GP is typically assumed to be stationary
with zero mean, which implies that the correlation between prediction point and training point is
only a function of the distance between them. The choice of the correlation function may be
problem specific, and there are many available options depending on the desired properties of the
correlation structure. One form that is frequently chosen is the squared-exponential function,

which represents the correlation between two input points in the domain as in Eq. (2.11).

a  (Xi-xH?

(X1, x2) = exp[— Xizq L ] (2.11)
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The dimension of the input space is given by d, and each [; defines the length scale in the
corresponding dimension. Each length scale represents the rate of decay of correlation when
moving in the corresponding spatial dimension. The covariance between input points is given by

a product of the correlation function and process variance o2 as in Eq. (2.12).

COU(xl,xz) = O'ZZT'(xl,xz) (212)

The combination of Eq. (2.11) and (2.12) is used to compute the covariance between each pair of
input points in x; to obtain the covariance matrix Zpr. It can also be applied to obtain the
covariance matrix between training and prediction points.

The mean function coefficients may be estimated along with the parameters of the covariance
function; however, when the mean function is taken as a constant, it is typically chosen to equal
the mean of the training values across the available training points. In this situation, there are
then d + 1 parameters of the GP remaining to estimate: one length scale for each dimension and
the process variance. Either Bayesian inference or maximum likelihood estimation (MLE) may
be used to compute the parameters. In this dissertation, only single deterministic estimates of the
GP parameters are used, as obtained from MLE. To obtain the MLE values, a global
optimization problem must be solved, and the shape and smoothness of the likelihood function
often make gradient-based approaches ineffective. Therefore, the problem is typically solved
using the DIRECT algorithm [24] or the simulated annealing algorithm [49]. Since inversion of
the covariance matrix Xy is required when computing the likelihood, numerical instabilities may
arise, and the search algorithms may be costly when the size of X4 is large (corresponding to a
large number of training points). Some improvements to the efficiency and numerical stability of

the estimation process can be found in the literature [31, 63, 81].
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Once the parameters are determined, the resulting GP model is used to make predictions at a
new set of input points within the space. An important property of the model is that it gives an
estimate of uncertainty in addition to the mean prediction at particular input point. In particular,
the set of prediction values yp at prediction points xp are jointly Gaussian distributed according

to the following set of equations:
Yelxp, X1, yr ~ N(I‘lyp' )
iy, = m(xp) + ZprZef [yr — m(xp)]

2y, = Zpp — ZprErfipr (2.13)

Here, u,,, is the mean vector of prediction values, Z,, is the covariance matrix of the prediction

values, Xpp is the covariance matrix of prediction points, and Xpr is the covariance matrix
between training and prediction points.

The uncertainty in the prediction values is zero at the training points, and it increases as the
distance from the training points increases. As the variance increases, the GP surrogate model
becomes a less suitable replacement for the underlying computational model. The prediction
variance can typically be reduced by adding more training points and reconstructing the
surrogate. If the underlying function is smooth and well-behaved, the prediction variance is a
good predictor of the observed bias, and training points should be added in the regions of the
domain with maximum prediction variance. However, when modeling more challenging

functional behaviors, an adaptive approach to bias minimization may be implemented [42].
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2.5 Summary

This chapter describes some of the fundamental components of a UQ methodology for
prediction (Bayesian calibration, probabilistic model validation, and uncertainty propagation)
that are widely used across engineering applications. Additional features of a comprehensive UQ
framework are developed in subsequent chapters; in particular, the effect of model uncertainty
and data uncertainty on these activities is considered. The proposed methods of this dissertation
use the UQ framework to perform forward propagation of uncertainty. Efficient uncertainty
propagation techniques (Chapter 3) are needed to perform model validation in the context of
prediction (Chapter 4). Then, based on the solution approaches for the forward problem, the
inverse problem of test selection in Chapter 5 can be developed, and risk-based resource

allocation can be explored (Chapter 6).
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CHAPTER 3

MODEL SELECTION FOR UNCERTAINTY PROPAGATION

3.1 Introduction

This chapter proposes an efficient approach to uncertainty propagation since it is often
prohibitively expensive to evaluate computational models repeatedly. Uncertainty propagation is
required in order to obtain the distributions of model output that are needed in both model
validation and prediction. This propagation is performed by stochastic simulation that includes
both aleatory and epistemic uncertainty in the prediction of an output quantity of interest (Qol).
Often, the computational models are hierarchically composed, such that some aspects of the
physics are modeled separately from others (leading to individual outputs of each component
that are inputs to the prediction of interest). These component models are combined together to
make an overall prediction that properly accounts for contributions from the sources of
uncertainty that are present in each of the individual component models.

As described in Section 2.3, standard uncertainty propagation techniques, such as MCS, are
available to propagate aleatory uncertainty in the model inputs. The presence of epistemic
uncertainty sources that are considered in this dissertation makes the simulation procedure more
challenging. Data uncertainty arises from sparse, imprecise, missing, subjective, or qualitative
data, and also from measurement and data processing errors. Model uncertainty may arise due to
model form assumptions, model parameters, and solution approximations. As described in
Section 2.1, data uncertainty also affects the estimation of model parameters. If the various types

of epistemic uncertainty are represented in a probabilistic format, the model prediction is
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stochastic at a particular input condition. The additional sources of uncertainty increase the
number of model evaluations that are needed for accurate propagation, which likely makes it
infeasible to include the full physics fidelity of the computational model in every simulation.

The situation explored in this chapter is one in which a stochastic simulation is performed for
UQ and reliability analysis. A comprehensive analysis should accurately predict the full
distribution of the output Qol by including all the sources of uncertainty. It is assumed that a
high fidelity computational model already exists, but it is too expensive to evaluate at every
sample point. Once cheaper models are developed (with respect to spatial resolution and/or
physics complexity), the high fidelity model is still available, but the analyst must decide when
to use it in order to obtain results of desired accuracy within an allowable amount of time. With
this goal in mind, this chapter proposes a multi-fidelity model selection methodology that
combines the use of both efficient simulation and surrogate modeling. The proposed framework
uses surrogate models to inform the model selection decision at each random sample of the MCS
(or each spatial location or time step, depending on the problem) and then executes a single
selected model combination at this input. In this way, the framework can account for the
possibility that different models may be adequate in different domains (including cheaper vs.
expensive models, and even models with competing physical hypotheses). The proposed
methodology accommodates different types of information about the Qol (such as actual
observations, expert opinion etc.).

To develop a methodology for model selection, it must first be clear whether the ranking of
fidelities among candidate models is consistent over the entire domain or whether it may change
as a function of the inputs. In some situations, such as the comparison of a mathematical

surrogate model with a physics-based computational model, it is obvious that the physics-based
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model is of higher fidelity. On the other hand, there are also instances in which multiple
competing physics-based models are available for the same prediction, but it is not obvious
which of them represents reality more accurately for the application of interest. For example, one
physical phenomenon may be more dominant in one region of the input space than another. This
situation has been addressed by quantifying the discrepancy between the model prediction and
some performance benchmark [43]. Since it is not clear which model is providing the better
estimate of reality, this benchmark must come from an additional piece of information, most
commonly a physical observation, known exact solution, or expert opinion. After a benchmark is
selected, the decision is a tradeoff of accuracy vs. computational expense.

Once the appropriate ranking of the fidelities among the candidate models is considered, the
goal is to select among available models in an intelligent and efficient manner. Given these
various scenarios, the general model selection problem can be posed as a decision based on one
or more of the following criteria: (1) parsimony vs. accuracy in regression, (2) discrepancy
compared to a benchmark, and (3) computational expense. The problem of selecting among
multiple regression models has frequently been addressed by considering the first of these
criteria. In several existing metrics based on information theory, accuracy is indicated by the sum
of squares of residuals or the maximum likelihood with respect to training data, and parsimony is
indicated by the number of terms in the model. Both of these components are included within
Mallows’ C, statistic [61], the Akaike information criterion [1] based on information entropy
[14], the Bayesian information criterion [102], and the minimum description length [28]. Each of
these is addressing the tradeoff between bias and variance in available models, since additional

complexity will reduce the residuals (i.e. variance) but also risks “overfitting,” which may
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increase bias. Typically, the outcome of this problem is the choice of a single model from a set,
or possibly a new model which averages a set of available models.

When the models are not statistical regression models, but rather physics-based models, these
metrics, based on the accuracy vs. parsimony criterion, can be difficult and inappropriate to
employ for a couple of reasons. First, the forms of these models may be complex and in some
cases impossible to write in an analytical form, so it will be difficult to define the parsimony of
the model. Second, different physical hypotheses may attribute different physical mechanisms as
causes for the observed behavior, which makes the associated models difficult to compare with
respect to parsimony, and they cannot be combined in a natural way. Therefore, it is more
appropriate to look only at model discrepancy and computational expense when addressing this
selection scenario.

The tradeoff between accuracy (w.r.t. a benchmark) and computational effort in physics-
based models has been addressed in the system design literature. It is possible to develop a more
accurate model by introducing additional phenomenological features (i.e. improve the model
form) and/or by improving the quality of the numerical approximation to the solution (e.g.
discretization refinement). Available methods [65, 83, 90] assign utilities to the candidate models
based on expected performance and explore the tradeoff between utility and the associated costs
(both model building cost and execution cost). The use of multiple models with varying degrees
of fidelity is also studied in the design optimization literature; this is referred to as model
management [2]. Lower fidelity models to evaluate the objective and constraints include
surrogate models or reduced-order models [4, 80].

Within this context, this chapter develops a model management framework for UQ, based on

model discrepancy and computational effort, in the presence of both aleatory and epistemic
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uncertainty. Model discrepancy is probabilistically quantified for different model choices and
traded off against computational effort to develop an optimization-based model selection
criterion (instead of information theoretic metrics). Note that model choice is different for
different samples of the input (or spatial location or time step), thus taking advantage of all the
available models selectively at each point rather than making a single decision for all points in
the input domain.

A simple mathematical example is first implemented to demonstrate a situation in which no
prior information is available about the appropriate ranking of fidelities among candidate
models. In such a case, additional information about the Qol is needed in order to define the
relative accuracies in terms of a discrepancy. Otherwise, an informed decision cannot be made
based on computational effort alone. Next, a richer engineering example is used to demonstrate
the proposed methods for a more complicated simulation where inputs vary both spatially and
temporally. Additionally, this second example establishes the model selection approach for a

case where the ranking of fidelities among the candidate models is known a priori.
3.2 Model selection methodology

Consider a problem of the form given in Figure 3.1. A total of v subsystem models are
needed, where each describes a physical phenomenon that produces an output that feeds into a
full system model. For each subsystem i, a total of w; competing models are available; these

competing models are denoted g;; (j denotes a model choice; j = 1 to w;); they take the same
inputs X; but require a different set of parameters 6;;. Each subsystem model produces the same

intermediate output quantity of interest Y; and the system-level Qol Z is a function of these
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subsystem outputs. These general relationships (for an example case where v =2 and w; =

w, = 2) are summarized by Eqg. (3.1) to (3.3) below.

Y; = 911(X1,011) O Y; = g12(X1,012) (3.1)
Y, = 921(X2,021) or Y, = g,,(X3,03;) (3.2)
Z=h,Y,) (3.3)
Data Data
Y1 2
\‘ ‘/ Full
Z > Fidelity
Data Z

Figure 3.1: Example problem structure given by Eq. (3.1) - (3.3)

The possible model choices in this problem result in four model combinations to be

considered, as shown in Figure 3.1:

g! - model g, for Y; and model g,, for Y,

g? . model g,, for ¥; and model g,, for Y,

g3 - model g,, for ¥; and model g,, for Y,

g* - model g,, for ¥; and model g,, for Y,
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In this chapter, a superscript k denotes a particular model combination that propagates a total
of v input vectors Xy, ..., X, through the corresponding subsystems to obtain Vi, ...,Y,. All
subsystem outputs are then propagated through the system model h to obtain Z. For w; possible
model choices for the respective subsystems, the total number of possible model combinations is

denoted by p, where p = []7-; w;.

3.2.1 Model selection within Monte Carlo simulation

Experimental data may be available at various levels of the system hierarchy. However, one
underlying assumption of this work is that data at the subsystem level is cheaper to procure and
therefore more abundantly available than at the full system level. As such, data on the subsystem
outputs Y; is treated in a different manner from data on system output Z in this work. Subsystem
level data is utilized in Bayesian calibration (described in Section 2.1) to provide updated
distributions of each parameter set 8;;. Each competing model within a subsystem can be
calibrated from the same subsystem output data Y;, but a separate calibration must be performed
for each model option for each subsystem, requiring at total of, };7_; w;, Bayesian calibrations.
Depending on the computational expense of each subsystem model, surrogate models may be
necessary for each of them to improve the efficiency of the calibration.

Since the goal of the model selection procedure is to efficiently approximate the distribution
of Z as closely as possible without direct regard for accuracy in each Y;, available data on Z is
used to inform system-level surrogate models that predict errors and uncertainties in Z as a
function of x. These surrogates are then used for online decision making at each sample of the
input uncertainty. The surrogate model evaluations represent a trivial increase in the
computational expense of the MCS. In particular, the GP surrogate models (described in Section
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2.4) can be evaluated in a time on the order of 10™* to 1072 seconds depending on the number
of training points and the number of prediction points. This evaluation time is negligible
compared to any realistic engineering simulation where high-fidelity MCS is intractable. The
system-level data that is used in surrogate model training and decision-making may be sparse,
imprecise, or in some cases completely unavailable; these three situations are individually

addressed below.

3.2.2 Case 1: Available sparse system-level data

If data can be obtained on the Qol, either by experiment or by some maximum fidelity
(reliable) simulation, this data can be used to train error quantification models for the existing
model combinations. In this chapter, GP surrogate models are constructed and used for decision
making. Since the available output data is assumed to be well-characterized, i.e. measured values
of the corresponding inputs are also available, all possible model combinations can be evaluated
at these input values and compared with the given output data. However, since the parameters of
each model are calibrated using a Bayesian method, posterior PDFs for the model parameters are
available, and each model prediction is stochastic for a given set of input values. Therefore, an
uncertainty propagation procedure is needed to account for parameter uncertainty in the
surrogate model training. Because it requires a small number of model evaluations, a first order
second moment (FOSM) approach is selected in this illustration to compute an approximate
mean prediction for each model combination at each input value. The FOSM approach utilizes a
first-order Taylor series expansion to calculate this mean value, and only one evaluation (at the
parameter means) of each model combination is required to perform this calculation as in Eq.

(3.4).
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7k = g*(xq, ..., x,, 6%)
E(ZF) = g*(x1, .., Xpy pgr), fork =1, ...,p (3.4)

The calculated mean prediction is subtracted from the experimental value at the
corresponding input to give a mean error associated with each model combination. The
computed mean errors and corresponding input values are used to train p GP surrogate models,
each predicting a mean error in Z as a function of v input vectors xq, ..., x,,.

This surrogate model structure is important because it provides a direct mapping from the
input space to the Qol. Since the decision is based on information predicted at the system level, it
implicitly accounts for two important factors: (1) the amount of error associated with each model
combination at the inputs of interest and (2) the sensitivity of the Qol to errors made in each
subsystem-level prediction. Once training of these models is complete, suppose a full MCS over
the input space is to be conducted to approximate the corresponding distribution of the Qol. A
model combination is selected at each input sample that minimizes two objectives: cost and
mean error. In the context of the model selection problem, the cost is the amount of computer
time t required to evaluate the selected model combination at the particular input. The available
budget is the amount of time available for the entire MCS. In this illustration, the error and time
objectives are combined by a simple product of the two because a product formulation attributes
equal weighting to both objectives regardless of the scaling of the quantities. For example, a 10
percent reduction in expected error will have the same impact on the combined objective as a 10
percent reduction in computation time. Other complicated bi-objective formulations can also be

explored if there is a reason to attribute more weight to one objective than to the other.
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For each iteration of the MCS, a sample of the inputs is taken, and the mean error of each
model combination is predicted via an evaluation of the corresponding GP at that input sample.
The model combination ¢ with the minimum product of mean error e* and computation time t*
is selected and executed to calculate a sample of Z. Figure 3.2 gives the pseudo-code for the

procedure in Case 1:

i=0

cost=0

while cost < budget
i=i+1
generate samples x}
fork=1:p

et = GPR(xi, ..., xL)

end
¢ = argming e
zt =" (xl, ..., xL, 09
cost = cost + t¥

end

ik 4 ¢k

Figure 3.2: Algorithm 1 for model combination selection

3.2.3 Case 2: Available imprecise system-level data

Frequently, system-level data cannot be collected directly, but some imprecise data may be
available in the form of an interval (range of values) for Z, such as from expert opinion. In such a
case, it is not possible to build error models for the particular model combinations. Instead, the
FOSM procedure is again utilized, but two GP models can be trained for each model
combination: one for the mean prediction and one for the variance of the prediction. Since no
particular input values are known, they must now be generated in a way that covers the input

space in order to effectively train the surrogates. For this purpose, a Latin hypercube sampling
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technique can be employed. Since the number of samples selected consumes a specified
percentage of the total allowable simulation budget, further improvements to the training
procedure may be made by utilizing more advanced approaches such as optimal symmetric Latin
hypercube sampling, bias-minimizing training techniques [42], and expected improvement
functions [11]. The FOSM training procedure now requires n + 1 evaluations of each model
combination at each input point where n is the number of parameters associated with the
particular model for which the surrogate is being trained. The additional n evaluations give
gradient information at the mean values which is used to calculate the first-order variance in Eq.

(3.5) in conjunction with Eq. (3.4).

2
0 d d
Var(z¥) = it (75) Var(08) + i X (5) (52 Coveol oy forke = 1,0 35

Once the mean and variance GP models are trained for each model combination, the
procedure is similar to that in Case 1. At each MCS sample, the mean and variance GP models
are evaluated for all model combinations. For example, suppose the distribution of the prediction
for each model combination is assumed to be normal with mean and variance predicted by the
GP. From this distribution, the probabilities of the prediction falling inside and outside the expert
opinion interval [EL, EV] can be calculated. The procedure continues as in Case 1, except that the
“error” to be minimized is now defined by the probability of the prediction falling outside the
expert interval, and the objective is again to minimize the product of computation time and
“error”. With this objective in mind, MCS samples are taken, and the optimal model combination
is chosen at each sample until the computation budget is expended as demonstrated in the

pseudo-code in Figure 3.3.
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i=0
cost=0
while cost < budget
i=i+1
generate samples x%, ..., x },
fork=1:p
:uék - ka(xil' ' 'xiii)
olf = GPF(xE, ..., xb)

EU
k=1 —f normpdf (uy, ol
EL

end
¢ = argming e
=gt (L x, 09)
cost = cost + t¥
end

ik 4 ¢k

Figure 3.3: Algorithm 2 for model combination selection

3.2.4 Case 3: No system-level data available

The decisions in Case 3 are the most difficult since no information about the Qol is available.
Therefore, there is no available measure of error, and it is difficult to quantify. Furthermore,
when no model combination is clearly superior to the others based on physical intuition, there is
no obvious benchmark for accuracy. In this case, the proposed procedure begins exactly as it did
in Case 2 with the construction of mean and variance GP models for each model combination
over a Latin hypercube input sample. The assumption of a normal distribution of the prediction is
again made at each MCS sample point. To select among the p possible model combinations, an
average distribution is created by taking a simple arithmetic mean of the GP predictions
corresponding to each combination. The underlying assumption of the proposed approach for

this situation is that the consensus prediction of all possible model combinations is the best
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indication of the true Qol when no data is directly available. This model averaging approach may
not be appropriate in some situations, and it is particularly dangerous when there is substantial
difference among the available model predictions. If averaging is not appropriate, the analyst
must insist upon additional information on the Qol or some assertion about the ranking of
fidelities of the candidate models. Additional information about the Qol would allow admit the
proposed methods of Case 1 or Case 2 of this section, or an assertion about the ranking of
fidelities would admit the approach presented in Section 3.4.

For cases where an averaging approach is reasonable, an “error” measure can be based on
information theory via the Kullback-Leibler (KL) divergence [55] (Eg. (3.6) below), which is
calculated between the average distribution and the distribution predicted by each individual
model combination. If there is reason to give preference to one or more model combinations over
the entire domain, the average distribution can be a weighted average rather than a simple

arithmetic average.

D(g.h) = [ gO)In[ES]dy (3:6)

The KL divergence is not symmetric, so the distance from the average distribution to the
particular distribution of a given model combination, is used here as the error measure. The
objective function for this case is a product of the computation time and this new error measure.

The MCS again continues until the budget is reached as shown in the pseudo-code in Figure 3.4.
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i=0
cost=0
while cost < budget
i=i+1
generate samples x%, ..., x%,
fork=1:p
,u%k = GPuk(x‘!, ...,x{,)
ol = GPF(xL, ..., xb)
end o
avg_dist = Zzﬂ”"rmzdf (kg0
fork=1:p
e'* = KL distance from avg_dist to pdf k (Eq. (3.6))

end
¢ = argming e
zl =g° (), ..., xL, 09
cost = cost + ¥

end

ik 4 ¢k

Figure 3.4: Algorithm 3 for model combination selection

The proposed methods make several simplifying approximations, which are summarized
here. First, the mapping from inputs x4, ..., x,, to the system-level Qol Z is described by a GP
model. Obviously, models of different types of physical phenomena will behave differently, but
GP models have been shown to provide a robust and flexible tool for representing a wide range
of processes. In most applications, these surrogates will provide a good approximation so that an
appropriate model selection can be made. Second, the propagation of parameter uncertainty,
which is necessary to train these surrogates, is performed by the FOSM method. The first-order
Taylor series approximation may not be sufficient for complex parameter relationships, and a
higher order approximation may be necessary. Finally, in the model selection step, the output

Qol Z is assumed to have a normal distribution (whose mean and variance are predicted by the
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corresponding GP models), only in order to compute error measures. This assumption is
primarily made for illustration, since in general other distributions could be chosen to suit a
given problem if more information about Z is available. Note that this assumption is only for the
sake of model selection; the predicted distribution of Z after the simulation could be of any form;

only numerical kernel density fits are in fact reported.
3.3 lllustrative example

To demonstrate the proposed model selection methodology, an illustrative problem of the
form given in Figure 3.1 with simple analytical models and a known “reality” to generate data is
utilized. Both X; and X, are assumed to follow a uniform distribution over the interval [—1, 1].
The “reality” is the cubic model in Eq. (3.7) which connects X; to Y; and the cubic model in Eq.
(3.8) which connects X, to Y,. The outputs ¥; and Y, are used in the system model given by Eq.

(3.9) to predict the system-level Qol Z.

Y, =1+ 2X, +3X,% +4%,3 (3.7)
Y, =4+ 3X, + 2X,° + X, (3.8)

Now, assume that the actual functions in Egs. (3.7) and (3.8) are not known. Instead, for each
subsystem, a linear and a quadratic model are available. The two models for Y; have the forms of

Eq. (3.10) and (3.11) respectively and are calibrated to available subsystem data.
g1t h= 91(1) + Hl(i)X1 (3.10)
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G2 Y1 =00 +0Px, +6x,2 (3.11)

Similarly, two available computational models for Y, are calibrated to a subsystem level data
set. For such simplistic analytical models, the computation time needed to evaluate them is
obviously negligible on modern machines, but to exercise the methodology the models were
assigned costs based on the number of floating point operations required (two for the linear and
five for the quadratic models). Therefore, four model combinations are available with

computational times 4, 7, 7, and 10 units respectively.
331 Casel

Noisy system-level data generated from the “reality” (Egs. (3.7) and (3.8)) was utilized to
construct the GP error models for Case 1. The analysis proceeded in four steps: (1) generate an
input sample x; and x,, (2) select a model combination using the surrogate error models; (3)
sample a realization of vector 8% from the corresponding calibrated joint parameter distribution
to account for parameter uncertainty in the selected model combination; and (4) calculate the
output z. These four steps are repeated multiple times (as allowed by the computational budget)
to construct the predicted distribution of the Qol Z. The “true” distribution of Z (computed from
exhaustive sampling of the known “reality”) is computed, and shown along with the predicted
distribution (based on the proposed model selection strategy) in Figure 3.5. Three results of
model selection are shown for budgets of 1000, 10000, and 100000 units of computational time
are shown. (Note that the selected model combination is different for each Monte Carlo sample

of the input and is chosen using Algorithm 1 in Figure 3.2).

36



0.05 0.05 — - - -
—True Distribution —True Distribution

0.04 —Model Prediction 0.04 —Model Prediction
0.03 0.03
0.02 0.02
0.01 0.01
%20 40 e 8o %20 40 60 &0
(a) 1,000 units of computational time (b) 10,000 units of computational time
0.05
—True Distribution
0.04 —Model Prediction ||
0.03
0.02
0.01
0

0 20 40 60 80
(c) 100,000 units of computational time

Figure 3.5: Improvement in accuracy with computational budget

As the allowable budget for the computation increases, the predicted distribution converges
toward the true distribution. With a budget of 100,000 computational units, the prediction
demonstrates good agreement with the unknown truth. When compared to just blindly evaluating
the same model combinations everywhere, the method gives a good prediction much more
quickly. For example, suppose 50,000 MCS samples are used. If only the linear model was
selected for both Y; and Y, for all of the 50,000 MCS samples (corresponding budget = 200,000
units, the least expensive option), the resulting model prediction is given in Figure 3.6a. If
instead the quadratic model was selected for both Y; and Y, for all of the 50,000 MCS samples
(corresponding budget = 500,000 units, the most expensive option), the resulting model
prediction is given in Figure 3.6b. The quadratic models are able to describe the population from
the cubic model fairly well after a large number of samples, whereas the linear model
combination is not sophisticated enough to capture the behavior of the true system for any
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number of samples since a linear transformation of a uniform input distribution still behaves like
a uniform distribution. However, the linear model may be adequate in some regions where the
actual system behavior is not too non-linear. The proposed method is able to exploit this
property, i.e., linear models are adequate for both subsystems in some regions, quadratic models
are necessary for both subsystems in some regions, and linear model for one subsystem and
quadratic model for another subsystem are adequate in some regions. Of course, GP surrogate
models are used to make this selection; therefore the accuracy of the prediction is also dependent

on the accuracy of the GP models.

0.05- - —— - 0.06 , ;
—True Distribution —True Distribution
0.04 | — Model Prediction || | — Model Prediction |
0.03 i 0.04
0.02 | i
0.01 ‘
0 0
0 20 40 60 80 0 20 40 60 80
(a) Linear models only (b) Quadratic models only
Figure 3.6: Effect of fixed model choices for all samples
3.3.2 Case?2

In this case, an expert opinion interval is assumed to be available in order to demonstrate the
impact of the quality of the expert opinion given. No data from the reality is assumed to be
available to guide the model selection. A Latin hypercube sample is taken over the input space in
order to train mean and variance GP models for each model combination. The FOSM procedure
is utilized at each sample point to propagate parameter uncertainty and obtain first-order mean
and variances, which correspond to GP training values. When the MCS is conducted, the mean

and variance are predicted at each sample using the GP models, and the assumption of a normal
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distribution enables a simple calculat

The model combination that minim

ion of the probability of falling outside the expert’s interval.

izes the product of this probability and the computational

time is chosen at each input sample. The results for three different expert intervals for Z are

given in Figure 3.7. In each case, a budget of 10,000 units was expended.
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Figure 3.7

The results demonstrate that the

) Expert’s range 10 to 60

: Impact of expert opinion quality

range given by an expert will impact the model selection

algorithm, and poor information may cause the algorithm to select a model with insufficient

fidelity outside the range. As the interval becomes wider, the probability of falling outside of it

may be correspondingly smaller for all possible model combinations. If the integrals of the

distributions predicted by all the models are close to unity over the range given by the expert,

then the cheapest model is always se

begin to discriminate between the

lected. Only on the edges of the interval does the algorithm

model combinations well. As shown in Figure 3.7a, the
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optimized solution describes the true solution well in the small interval that was selected [10, 25]
and will choose the cheaper model when both model predictions are likely to fall outside the

interval.

3.3.3 Case3

For Case 3, no observation data or expert opinion is available. Since no a priori information
about the quality of the model options is available, the model combinations are all given equal
weights. For the sake of illustration, it is assumed that the model predictions can be logically
combined into an averaged form. The consensus prediction of the four model combinations is
treated as the best idea of the true behavior, and the KL distance metric to the average
distribution (weighted by computational expense) becomes the selection criterion. If some
information about the quality of the models were available upfront, benchmarking off the best
available model or assigning unequal weights to the distributions would also be viable alternative
methods. Results for the equally weighted case with budgets of 1,000 units, 10,000 units, and

100,000 units are shown in Figure 3.8.
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Figure 3.8: Effect of increasing budget with unknown reality

The results for Case 3 converge reasonably well toward the true distribution in some regions
of the distribution. The model selection algorithm has no knowledge of the underlying truth at all
except via the subsystem data used to calibrate the subsystem model parameters. Treating the
linear and quadratic models as equally valid in the weighting process did not skew the result in
regions of the domain where the discrepancy was large, but it is clear from Figure 3.6 that
choosing both quadratic models is most accurate over the entire domain. Therefore, even when
there are small discrepancies between the linear choices and the consensus prediction, it is not
optimal to select the linear models, and this selection will cause some prediction errors. Some
prior information on the ranking of the fidelities of the models would help to solve this problem

by helping to select appropriate weights.
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3.4 Simulation over time

The previously described methodology considers a problem where each random input sample
of a MCS requires only evaluating a model combination once to predict the Qol. In contrast,
many problems vary over space and time and may require repeated calls to a model even for a
single input sample. In this case, some input samples may correspond to realizations of random
process or random field quantities in the system. For example, a particular input may define a
random process cyclic loading on a system, and the output of one cycle becomes an input to the
next cycle of the simulation. In such a case, potential frameworks may (1) select a model
combination at each cycle of the simulation, (2) perform temporal discretization of the load
process and select a model combination for each discrete block load, or (3) select a model
combination for the entire load history. The second case is considered here (model selection for
each load block). Consider a realization of the input random process X and cyclic output

response history Y related at cycle i by

Yi =Y 1 =9, Yi-1,0) (3.12)

Note that this will require an initial value Y, in order to evaluate the first input. This initial
value is itself a random input to the system. If the entire realization x and the initial value y, are
sampled, x is discretized into blocks of n cycles, and the system can be approximated by Eqg.

(3.13).

Yien-1 =Yg =nx*xg(X;,Y1,0) (3.13)
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For this situation, the temporal discretization becomes an additional decision variable, and
the problem can be posed in two different contexts: (1) optimize cost and discrepancy jointly
(Section 3.4.1) or (2) specify an allowable computational budget and minimize the uncertainty in

the prediction within that budget (Section 3.4.2).
3.4.1 Minimizing the product of cost and error

Suppose k (k = 1, ..., p) is a possible model combination that predicts the output for a single
cycle of a given input. The FOSM procedure (as in Section 3.2) can be applied to account for the
uncertainty in 8% by taking a Latin hypercube sample of x; and y;_, values and propagating the
distribution of @* through all possible model combinations at each pair (x;,v;_;). A GP
surrogate model is trained for the mean prediction and the variance of the prediction over the
input space for each model combination. One advantage of the GP is that its efficiency allows
the model to be evaluated on a cycle-by-cycle basis without discretizing into blocks as is
necessary for the higher fidelity models. Thus, starting from cycle i, the mean output after m

cycles can be approximated for each of the model combinations as
byky o = SETLIGRR (xf ¥y fork=1,..,p (3.14)

The variance for each model combination can also be accumulated under the normality
assumption. Therefore, the standard deviation of Y after m cycles have passed starting from

cycle i can be approximated for each of the model combinations as

Ovirm =J I [GPE(xf ¥y fork=1,..,p (3.15)
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Frequently, there may be reason to assume that a particular model combination is more
accurate than the others if, for example, it uses a finer spatial resolution or a more sophisticated
physics model. In Sections 3.2 and 3.3, no such assumption was made (though it could be
included by introducing weights as was previously mentioned), and hence all models were given
equal weights in constructing the average distribution. A similar approach could be utilized in
the time-dependent problem if no information were available about the ranking of fidelities
among the candidate models. However, in some cases, it might be obvious that one model should
be trusted more than the others because this maximum fidelity model includes all of the physics
described by its competitors in addition to incorporating additional physical complexity or
providing higher resolution. Even so, it might not be necessary to use the maximum fidelity
model for every realization or for every instant and location in order to meet a given accuracy
target. Since this scenario poses a tradeoff decision between accuracy and complexity, the
methodology that follows here is a technique for selecting the model (among several cheaper
models and the highest fidelity model) to evaluate over each block discretization of the input by
considering the expense of a model and its discrepancy from the highest fidelity choice. A
normal distribution can be constructed for the output of each model combination with the mean
and standard deviation estimated by Eqg. (3.14) and (3.15). The highest fidelity model
combination b (among the possible candidates k) is assumed to be the maximum fidelity model
for each subsystem.

Given that the most accurate (and expensive) model is known, the analyst must decide how
much deviation from this model is acceptable. From a decision maker’s perspective, it is often
possible to establish some acceptable error bars on the prediction (e.g. based on the precision of

experimental instrumentation or the width of the maximum fidelity model’s uncertainty).
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Therefore, a tolerance e for the discrepancy between the most accurate (and expensive)
combination and the other combinations is introduced. Given that the computation time t
associated with each model combination is known, the optimal model combination ¢ can then be
selected by taking the model combination with the lowest product of computational time and

probability of discrepancy greater than the specified tolerance as shown in Eq. (3.16) and (3.17).
el = P[(Y* —YP) > €] (3.16)
¢ = argmin,, e* t* (3.17)

The implication of this treatment is that a less expensive model combination will be selected
when its mean prediction agrees strongly with the mean prediction of the highest fidelity model
and the variance of the prediction is small. Once a model combination is selected, it cannot be
evaluated cycle-by-cycle as the GP was, so only one input value x; can be chosen for the entire
duration of the block n;. Since the GP corresponding to the selected combination has already

been evaluated at all x between x; and x;,,,, EQ. (3.13) can be applied to guide the selection
decision. In particular, the discrete input point x¥ from that range with mean GP prediction, i.e.
Viin, = i * GBE(xf, y{), closest to the accumulated mean GP prediction for the maximum
fidelity model combination, yl-b+nk should be selected.

This selection procedure continues until the number of cycles that have been discretized and
analyzed is equal to the desired total simulation length N. This procedure can then be repeated
for many realizations of the input x and initial output values y,. From these samples, the

distribution of interest will describe Yy, the final value of the output for each realization.
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3.4.2 Variance minimization for a fixed simulation time

If instead of simultaneously considering time and discrepancy there is a fixed time to perform
a simulation of a given number of realizations, the corresponding time for a single realization of
the random process can be specified. The temporal discretizations required to achieve the desired
simulation time follow directly from the time required for one cycle of each model combination.
Model combinations with more computational expense must be discretized more coarsely in
order for them to run within the specified budget. Once all model combinations are forced to take
the same amount of time, they can be compared on the basis of error alone. Given a number of
cycles n; to simulate over total time t; and a vector t of computational times for one evaluation
of each model combination k, a vector n of the temporal discretization for each combination can

be computed with Eq. (3.18), and m is calculated as the largest value of n as in Eq. (3.19).

n="C (3.18)
tr
m = max(n) (3.19)

Then, starting from cycle i, the mean output after m cycles can be approximated for each of
the model combinations as in Eq. (3.14). However, the variance for each model combination is
only accumulated for the number of cycles for the particular temporal discretization required.
Therefore, the standard deviation of Y at m cycles after cycle i can be approximated for each of

the model combinations as

oy = \/Z;J:;’il[GPf(x;f,yik)] fork=1,..,p (3.20)
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The result of this treatment is that the standard deviations of the predictions of the faster
(cheaper) models are smaller than their more expensive counterparts because of the finer
temporal discretization. Since time is no longer a consideration (all models are allotted equal
computational time), only the discrepancy needs to be considered in the decision, and the optimal

combination c can be selected in a similar manner to Section 3.4.1 as
¢ = argmax; P[(Y} — ) < €] (3.21)

If none of the alternative model combinations can meet this tolerance criterion with a high
confidence (e.g. 95%), then the benchmark model combination itself should be executed. The

simulation then proceeds exactly as shown in the previous section.
3.5 Numerical example

To demonstrate the methodology developed in Section 3.4 for time-dependent analysis, an
engineering example problem is developed here. The problem under consideration is a cantilever
beam with a planar fatigue crack at a small distance from the fixed support. The randomness in
the beam’s elastic modulus (E) is described by a random field along the length of the beam. A
random process cyclic loading P is applied to the free end of the beam for a period n; equal to
100,000 cycles. Random process and random field variation have been accounted for by several
available approaches in the literature such as ARMA methods [67], spectral representation
methods [103], Karhunen - Loeve (K-L) expansion [26], and wavelet representations [29]. The
K-L expansion approach is utilized here for the sake of illustration, and as a result, the random
process P and random field E are represented by a small number of random variables to be

sampled within MCS. The beam model and a single realization of the load process are illustrated
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in Figure 3.9. The structure is analyzed by the commercial finite element method (FEM) solver

ANSYS.

Crack

—_
o

P(k)

W
S o

/
g

a b
o O

Applied Load P (kips)

2
(@)

5 10
Cycle Number k o 104

Figure 3.9: Example problem structure

The goal of the problem is to determine the predicted distribution of the final crack size Ay at
the end of 100,000 cycles. This distribution could then be utilized within a reliability framework
to easily estimate the probability of the beam deflection exceeding an allowable deformation. To
solve a problem of this form, the stochastic simulation has to be performed at two levels: (1) an
outer loop in which the problem inputs and parameters common to an entire load process are
sampled and (2) inner loop cyclic simulations in which the model combinations are selected and
the uncertain crack growth parameters needed for each load block are sampled. The main
distinction between these two sources of uncertainty is that the outer loop captures aleatory
variability in the uncertain inputs to the system while the inner loop captures epistemic
uncertainty about the precise value of the crack growth parameters, which are in reality
deterministic for a given material specimen. The outer loop variables are the random variables
that define the random load process P, the material properties of the beam, and the initial crack
size A?. The inner loop samples of the model parameters C and m define the Paris law [75], a

simple power law commonly used for fatigue crack growth as shown in Eq. (3.22), based on
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linear elastic fracture mechanics. The stress intensity factor AK is a function of the current crack
geometry and applied load, and it is used to predict the rate of crack growth during the cycle (;—;)

as

22 _ caK)™ (3.22)

dN

Data is assumed to be available at two subsystem levels: (1) an axial test used to calibrate the
parameters of the random field E and (2) a simple mode | fracture test used to calibrate C and m.
Two potential modeling choices are made within the context of this example: (1) linear vs.
nonlinear material behavior and (2) coarse vs. fine mesh around the crack tip. The linear material
model requires only the random field elastic modulus E. The nonlinear material model assumes
bilinear isotropic hardening which requires E in addition to the yield stress o,, and the tangent
modulus T which defines the stress-strain relationship above the yield stress. Two mesh
refinements around the crack tip h; and h, are considered for each of these material models

leading to four possible model combinations that may be selected:

e g' — linear model with coarse mesh
e g% linear model with fine mesh
e g3 —nonlinear model with coarse mesh

e g*—nonlinear model with fine mesh

A diagram of the test problem structure is provided in Figure 3.10.
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Figure 3.10: Crack growth test and simulation system diagram

Parameter uncertainty in C and m is propagated using FOSM over a Latin hypercube sample
of the inputs for all available competing models. Here x; is equal to p; and y;_; is equal to a;_,
in Eq. (3.12). The first order means and variances of each model combination prediction at each
input sample are used to train GP surrogate models that predict crack growth in a single cycle
given a current load step and geometry. The MCS begins by sampling a realization of the
random field E, random process P, and initial crack size a? (uniform distribution between 0.36

and 0.42 inches).

3.5.1 Stochastic simulation results considering both cost and time
simultaneously

A simulation for ny = 100,000 cycles is to be performed for each of 1,000 input realizations.
The computational time vector t (here [0.7703, 0.8251, 1.0804, 1.0720] seconds for the four
aforementioned model combinations) is calculated by the average times required for evaluations
of each model combination during training. A block size of 4,000 cycles was fixed for this

portion of the study, so 25 blocks were required for each realization. Utilizing Eq. (3.14) and
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(3.15), the mean and variance is predicted for each model combination for each load block of
each realization. Using model combination 4 as the benchmark, the probability of agreement
within the tolerance is determined and weighted by the computation time as in (3.16) and (3.17)
to select an appropriate model combination for each block. Alternative models will only be
selected when they provide a significant time savings and agree well with the benchmark. Since
the times for all the model combinations are very close to one another in this example (causing
the benchmark itself to be predominantly selected), the effectiveness of the proposed procedure
is illustrated by artificially increasing the expense of the benchmark model (combination 4) to
five times and ten times its actual duration. A comparison of the results for these two cases and

the unscaled case is shown in Figure 3.11.

Distributions of Final Crack Sizes

1
True High Fidelity Duration
/

84 05 06 o7 08
Final Crack Size (in)

Five Times Duration

— Ten Times Duration

PDF

Figure 3.11: Effect of full fidelity model expense

Table 3.1 demonstrates the amount of utilization of each model combination as a function of
the relative expense of the high-fidelity model combination. Each simulation requires a total of
25,000 model decisions (25 blocks for each of 1,000 realizations). Table 3.2 compares the total

simulation times for each of these three levels of high-fidelity model expense.
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Table 3.1: Model combination utilization for three levels of high-fidelity model expense

0 0
Model Material % of Calls Y% of Calls % of Calls

Comb. Model Refinement Unscaled Time Five Times Ten Times
Scaled Scaled
1 Linear Coarse 0.30 0.88 0.92
2 Linear Fine 15.51 57.92 69.00
3 Nonlinear Coarse 0.26 0.50 0.46
4 Nonlinear Fine 83.92 40.70 29.62

Table 3.2: Total simulation times for three levels of high-fidelity model expense

High-Fidelity Time Per Evaluation % of Calls to High Total Simulation Time
(sec) Fidelity (hr)
1.07 (unscaled) 83.92 14.28
5.35 (5 times scaled) 40.70 18.47
10.7 (10 times scaled) 29.62 25.97

*Note: The simulation times for the scaled cases were calculated from the assumed run times.

These results demonstrate that the efficiency of the proposed methodology is closely tied to
the expense of the high-fidelity model. The time savings is substantially improved when the
benchmark model is substantially more costly to evaluate than its alternatives (a common
situation in engineering problems). For example, when the high-fidelity model expense increases
by a factor of 10 (i.e. 1000%), the total simulation time only increases by about 80%. As shown
in Figure 3.11, the effect on the overall accuracy of the distribution of the Qol is minimal since
the algorithm does not allow for an alternative model to be selected when it deviates strongly
from the benchmark. If the demand on accuracy is even more stringent, the proposed
methodology allows the analyst to make a tradeoff decision by adjusting the tolerance in Eq.
(3.21). A tighter tolerance will cause the simulation to run slower but with greater accuracy and

vice versa.
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3.5.2 Stochastic simulation results for fixed time

The desired time t; for a single realization is selected to be 50 seconds for n; = 100,000
cycles. The computational time vector t (as in Section 3.5.1) is used in Eq. (3.18) to compute the
vector n (here [1541, 1650, 2161, 2144] cycles) of discretizations required for each model
combination. For the first temporal discretization block, the mean predicted crack growth is
calculated for m (here 2161, given by Eq. (3.19)) cycles. This is done for each model
combination using the mean GP models as in Eq. (3.14), and the corresponding variance of the
predicted crack growth is calculated for n;, cycles using the variance GP models as in Eq. (3.20).
The criterion in Eq. (3.21) is utilized to select the optimal model combination for the load block,
and the selected model is evaluated at a;_; with P; selected to match the highest fidelity model
most closely at cycle i + m. This process is again repeated until i equal to n is obtained, and
the final value ay is determined for each realization. The distribution of A¢ shown in Figure 3.12
is again obtained for 1,000 realizations of the inputs. Table 3.3 gives the number of calls to each
of the four model combinations during the full simulation (100,000 cycles x 1,000 realizations).
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Table 3.3: Comparison of calls for various model combinations

Model Material Model Mesh Number of % of
Combination Refinement Calls Total
1 Linear Coarse 662 1.20

2 Linear Fine 43728 79.42

3 Nonlinear Coarse 237 0.43

4 Nonlinear Fine 10430 18.94

3.5.3 Discussion

Both of the treatments explored here (Sections 3.5.1 and 3.5.2) show that model combination
2 (linear model, fine mesh) was selected most frequently by the algorithm. The physical
interpretation of this is that there was not much nonlinear behavior in a large portion of the input
domain being considered, so the mesh refinement was a much more critical factor. Exploiting
this type of information is the main objective of the methods in this chapter, and the proposed
strategy is seen to satisfy this objective by selecting cheaper simulation options where they are
adequate. The discretization error can have a large effect on the numerical calculation of the
stress intensity factor (and therefore the crack growth), so this result is reasonable. As the load
grows, the nonlinear effect on the result becomes more pronounced, so it is important to use the
nonlinear model for some cycles. For such cycles, model combination 4 was typically selected
because none of the other three could closely replicate this behavior. The result of the simulation
is a synthesis of all the modeling options used selectively throughout the domain. This treatment
improves efficiency, and it is protected from deviating significantly from the physics of the
highest fidelity model by the tolerance choice in Eq. (3.16). A tighter tolerance can be chosen to

ensure a close match with the high-fidelity model at the cost of spending more computation time.
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Only 25 function calls (i.e. load blocks) were used for each realization of the load process in
Section 3.5.1, and an average of 55 blocks were needed for the analysis in Sec. 3.5.2. The
amount of computational time saved through temporal discretization is obviously enormous. The
entire simulation of 1,000 realizations ranged from 15 to 35 hours to perform on a single
processor of a PC while a cycle by cycle simulation of the highest fidelity combination would
require about 70,000 hours (clearly intractable). Both proposed approaches select the model
combination that minimizes the prediction variance (when mean predictions agree well), and it
may therefore lead to only a negligible error with respect to the cycle by cycle case as is shown
in the verification example that follows. It is clear that the proposed approach is most efficient
when there is a substantial difference in the runtimes associated with the candidate models (in
particular when the highest fidelity model is prohibitively expensive).

The proposed decision-making strategy provides this reduction in the computational expense
of the simulation with only a minimal increase in expense coming from the model selection
method itself. Some additional evaluations of the computational models are needed to train the
GP surrogates; in this example, those calls represent less than 1% of the total evaluations.
However, once the surrogates are built, the GP surrogate-based selection process is very fast
(less than 0.1% of the expense of an evaluation of the computational models). The only
substantial addition to the computational cost comes from the overhead in communicating with a
driver program that makes the decisions and calls the computational models. In particular, the
example crack growth analysis is performed by ANSYS FEM models that were driven by
MATLAB scripts. The overhead associated with these two programs did increase the expense by
as much as 50% in some cases. However, that increase seems large because the models in this

example are substantially faster than would be expected in most applications; thus, the overhead
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represents a larger portion of the total expense. The benefit of the proposed approach would be
much more dramatic for more expensive simulations since the overhead is only related to
communication time between MATLAB and ANSYS and is independent of how long the
ANSYS code takes to run. Furthermore, if the amount of overhead is significant, the model can
be implemented in a generic programming language where the driver scripts are also
implemented, and the overhead expense can be avoided altogether.

The proposed selection approach is intended to be non-invasive (i.e. the models can be
treated as black boxes). This method is applicable to the crack growth example presented here
because this problem is solved by a series of static analyses. At any cycle, only the output
information from the previous cycle is necessary, not the details of the analysis in the previous
cycle. The choice of linear vs. nonlinear model, or coarse vs. fine mesh, is based on load value
and current crack size in any cycle. The error incurred by the low-fidelity model grows as the
stress intensity factor grows larger, and the large stress intensity factor could be due to either a
large load value or a large crack size. Since each cycle actually has a separate analysis, the
selections can be made independently without causing any physical inconsistencies among the
available models.

Since some expert judgment is needed to make decisions about how to define the parameters
of the formulation (e.g. €), there is no analytical proof that the proposed approach is “optimal.”
However, the proposed method provides a systematic way of dealing with practical simulation
constraints. This approach will never be slower than the brute force approach of calling the
highest fidelity model every time, and it will be much faster when the lower-fidelity alternatives
offer acceptable accuracy (i.e. the expected differences between high fidelity and low fidelity are

small). In fact, the frequency with which lower fidelity models are called gives a clear indication
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of the quality of the lower fidelity options. Furthermore, the tolerance parameter gives an upper
bound on how much error could be admitted into the problem by model selection decisions that

are forced by computational time constraints.

3.5.4 Verification example

To demonstrate the efficiency of the proposed approach, a cycle-by-cycle simulation of a
single set of input realizations was performed using the maximum fidelity model choice
(combination 4). The initial crack size was sampled from the given distribution as 0.4122 inch,
and crack growth was simulated for 25,000 cycles (because of time constraints). In this period
the high fidelity model evaluated cycle-by-cycle predicted a final crack length of 0.4438 inch.
Using the same initial crack size as well as the same load random process and material random
field realization, the proposed approach predicted a final crack length after 25,000 cycles of
0.4428 inch. Thus, the error produced is only 0.23% while the computation time is reduced from
15 hours to 30 seconds. Note that in this problem, the computation time reduction is primarily
due to the load block discretization since all the competing models have similar computational

expense.

3.6 Conclusion

In the literature, model selection decisions are typically made only once at the beginning of
the simulation and the choice is fixed for the rest of the simulation. This chapter proposes that
this practice can be improved by taking advantage of local information about the system.
Surrogate models that map the input space to the Qol are very useful as a decision making tool

since they can serve to help the analyst understand how errors in subsystem level model
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predictions impact the system level Qol. Considering these factors serves to reduce the
computational expense required to perform large-scale simulations with only a marginal loss in
accuracy, and the decision-making method itself represents a very small component of the total
simulation expense. In addition, tracking which sample points lead to which model selection
decisions may provide useful information to isolate physics-based deficiencies in low-fidelity
models.

This work considers two basic situations: (1) the ranking of model fidelities is known for the
entire domain because of expert opinion from model developers and (2) competing models
(representing different physical hypotheses) may have a different (unknown) ranking of fidelity
in different regions of the domain. These two scenarios are handled in two different ways; the
second case is demonstrated by the illustrative example in Section 3.3 while the first is
investigated in Section 3.5. In the second case, selecting models appropriately during the
simulation is difficult if no information on the Qol is available, so whenever possible,
independent data should be collected to validate the results and improve the decision-making
tools.

Within this framework, model decisions can be fully automated and thus more easily applied
to problems with highly sophisticated computational architectures. Further work is needed to
integrate this approach with a dynamic computing resource allocation methodology, and with
decisions about future model improvements and data collection. A complete orchestration of the
UQ process for complicated problems with many component simulations will need algorithms to
schedule the selected simulations and take advantage of parallelization in order to further reduce

the computational effort while achieving the desired accuracy and precision.
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The proposed methods of this chapter are important to a comprehensive framework for UQ.
Efficient uncertainty propagation is important to both model validation and prediction activities
since both aleatory and epistemic uncertainty are typically accounted for via MCS. Specifically,
uncertainty propagation produces the probability distribution of a stochastic output of interest.
Such a distribution is needed when performing quantitative model validation by comparing
against observed data, and obtaining the distribution itself accurately is the singular goal of the
prediction phase. The predicted distribution can then be used to perform reliability analysis and
risk assessment by considering failure thresholds and failure consequences respectively. Each of

these activities is discussed subsequently in this dissertation.
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CHAPTER 4

CONNECTING MODEL VALIDATION TO PREDICTION

4.1 Introduction

This chapter demonstrates how models are validated in the presence of uncertainty that is
propagated through computational models as described in Chapter 3. Model validation can be
defined as the process of assessing the adequacy of a computational model for an intended
prediction application. As described in Section 2.1, computational models are calibrated by
updating parameter distributions to match the model output with observation data. However, a
calibrated model should not be trusted for prediction without evidence that it is a good
representation of reality in other input scenarios, both in terms of the inferred parameters and the
underlying form of the model. This evidence should come from additional independent
observations, preferably in a different input domain that is closer to the application of interest.
The new experimental data that is used for model validation is inherently stochastic in the
presence of measurement uncertainty. Since the model prediction is also stochastic once input
and parameter uncertainty are propagated through it, quantitative model validation requires the
comparison of probability distributions for prediction and observation.

As mentioned in Section 2.2, most recent quantitative validation methods are designed
precisely for this purpose. Validation methods that have been developed in the literature include
classical hypothesis testing [25, 34, 41], Bayesian hypothesis testing [73, 86, 87, 108], the area
metric [22, 23, 95], and the model reliability metric [85, 97]. The connections between these

various metrics as well as their strengths and weaknesses have also been explored [57, 59]. Each
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of these existing approaches assesses the agreement between model prediction and validation
observation, but they differ in how they are applied. One view, as is usually taken with the area
metric (see Section 2.2.1), is to look at the set of validation observations collectively and
compare the distribution of the prediction over the entire input domain against the distribution of
the observation data. When the input and corresponding output are measured for each validation
experiment (with corresponding stochastic predictions for each input), a synthesis across the
domain is accomplished via the “u-pooling™ approach defined earlier in Eq. (2.6). An alternate
view, as taken with the model reliability metric (see Section 2.2.2), is to perform a series of point
comparisons, one for each validation input condition, and assess the predictive capability of the
model as a function of the location in the input domain. Both classical and Bayesian hypothesis
testing may be cast in a way that is consistent with either of these views by choosing different
hypotheses. The proper interpretation depends largely on the type of data that is available to the
analyst. This chapter investigates different validation scenarios where one of these two views
(ensemble validation vs. point-by-point validation) is more suitable.

A further distinction between these methods is in the interpretation of the results.
Conventionally, model validation has resulted in a single positive or negative result that indicates
whether the model should be used in prediction or not. By choosing thresholds for the
quantitative results, any of the previously mentioned methods could be interpreted in this
manner. Alternatively, Bayesian hypothesis testing and the model reliability metric enable the
result to be interpreted as a probability of agreement between prediction and observation. Thus,
the result is not a single pass/fail decision, but a degree of validity. This dissertation focuses

primarily on these probabilistic approaches because they enable other ongoing research efforts
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that are aimed at including the validation result in the subsequent prediction of a quantity of
interest in the usage condition [40, 92, 98].

An important aspect of this discussion is the distinction between aleatory and epistemic
uncertainty sources as introduced in Section 1.1. Aleatory uncertainty is unavoidable and must
be accounted for in prediction models; however, it is not directly pertinent to decisions about risk
and uncertainty reduction because its contribution cannot be eliminated. The primary focus of
this dissertation is epistemic uncertainty since resource allocation decisions are aimed at
reducing its contributions to the prediction. In the literature, epistemic uncertainty has been
modeled in a number of different ways, including Bayesian probability [74], interval analysis
[45], evidence theory [101], possibility theory [19], fuzzy logic [94], and generalized information
theory [51]. Regardless of the approach to epistemic uncertainty characterization, researchers
have become increasingly aware of the importance of separating aleatory and epistemic
uncertainty sources [36, 50, 72]. Therefore, the focus of this chapter is the impact of epistemic
uncertainty on model validation. The proposed methods demonstrate how to separate the
contributions of aleatory and epistemic uncertainty when the available data permits.

Within this context, this chapter aims to address three issues that impact the validation
assessment: (1) the type of input-output measurements that are made in validation experiments,
(2) the “proximity"” of the validation tests to the prediction regime of interest, and (3) the use of
surrogate models for uncertainty propagation. The first issue is addressed in Section 4.2 where
three different types of validation data scenarios are explored, and appropriate validation
approaches are identified. The second issue is addressed in Section 4.3, where a method for
weighting validation results by the relevance to the prediction is proposed. The third issue is

addressed in Section 4.4, which quantifies the effect of surrogate model uncertainty on the
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validation result. The proposed methods are demonstrated with a numerical example of a

microelectromechanical system (MEMS) device in Section 4.5.
4.2 Aleatory and epistemic uncertainty in model validation

In a probabilistic framework, both prediction and observation are treated as stochastic
variables that are described by probability distributions. These distributions, which represent
aleatory and/or epistemic uncertainty sources, may be compared by comparing the moments, the
shapes, or the samples of the distributions. In the area metric and KL divergence [55]
comparison approaches, the shapes of the distributions themselves are compared directly. In the
model reliability metric approach, the distance between sampled realizations of prediction and
observation is evaluated. Hypothesis testing methods (i.e. classical hypothesis testing and
Bayesian hypothesis testing) may be cast in different ways by choosing different hypotheses (e.g.
equality of moments or distribution parameters, equality of prediction and observation samples,
or allowable distance between prediction and observation samples).

A key factor in the choice of comparison is the stochastic dependence between the prediction
and observation. As noted in [22], samples cannot be uniquely generated without some
knowledge of the dependence, so it is only possible to compare samples if the dependence
information (i.e. the correlation structure) is known. In such a scenario, a comparison of sampled
differences can make a stronger statement about the agreement between prediction and
observation. For example, positive correlation between prediction and observation may suggest
better predictive capability than negative correlation. This section discusses how the separation
of uncertainty sources in point-by-point validation enables dependence information to be

isolated, such that independent samples can be drawn. However, this separation may not always

63



be possible, and when no such dependence information is known, a shape-based comparison can
be performed in order to bypass this requirement. The result can then be bounded for different
possible dependence structures [22].

The focus of this chapter is the area metric and the model reliability metric comparison
approaches, which were previously described in detail in Section 2.2. The applicability of these

approaches depends on the type of information that is available to the analyst.

4.2.1 Validation with fully, partially, or uncharacterized experimental data

Validation observations always include data on output quantities of interest, but the
corresponding inputs are not always measured precisely (or at all). Three possible scenarios exist
with respect to input measurements: (1) fully characterized (i.e., all the input variables of
individual experiments and corresponding outputs are measured and reported as point values),
(2) partially characterized (i.e., some inputs and/or outputs of individual experiments are not
measured or are reported as intervals), or (3) uncharacterized (i.e., experiments are performed on
multiple input combinations, but these input combinations are not measured or are reported as a
single interval). In the cases of partially characterized or uncharacterized validation data, the
input X is treated as a random vector due to the lack of measurements or the imprecision of the
measurements. The reported intervals and expert opinion (if available) are needed to construct a
probability distribution of X. Note that in the Bayesian approach, the lack of knowledge
(epistemic uncertainty) is represented through a probability distribution (subjective probability).
This point is critical to the discussion that follows later in this section; the implication is that the
“true™ output of a single experiment is not a probability distribution, but a single value that

cannot be precisely observed. Likewise, the corresponding model prediction would also be a
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single deterministic value for each experiment if all inputs and parameters were precisely known.
The non-probabilistic approaches that were mentioned in Section 4.1 have also been proposed to

handle the epistemic uncertainty; this dissertation focuses only on probabilistic methods.

Table 4.1: Input-output data for three different types of validation experiments

. Input X1 X3 Xn
Fully Characterized
Output Ya, Ya, Yd,
Input X X X
Partially Characterized P Jx, () fx. () fa )
Output Vd, Yd, Ya,
Input X
Uncharacterized P Jx(%)
Output Vd, Yd, Ya,

For partially characterized validation data, input distributions are assigned to different
experiments separately, and these distributions fx,(x) (i =1,..,n for n validation input
conditions) represent input data uncertainty in each individual experiment. For example, suppose
experiments were conducted at n different nominal load values, but each of the load values is
only known up to an interval [x; — €, x; + €]. For uncharacterized validation data, a single
distribution is assigned to the variable over multiple experiments, and this distribution fyx(x)
represents the uncertainty due to both natural variability and input data uncertainty. For example,
suppose the same n experimental outputs are available; however, there is not a nominal load
value for each individual experiment, but rather a single interval that encompasses the load
values for all experiments [x;,x,]. Table 4.1 shows a typical format of input-output data
collected from the three types of experiments. Fully characterized data is preferred for the
purpose of model validation; however, partially characterized and/or uncharacterized data may

still be used when no fully characterized data is available.
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4.2.2 Ensemble vs. point-by-point validation

As mentioned in Section 4.1, there are two possible views of validation. The data can be
viewed collectively and compared against the overall distribution of the model prediction across
the input domain, or the data can be viewed individually and compared against a separate
stochastic prediction at each input condition. If the validation assessment is performed only once
over the collection of data (i.e. ensemble validation), it is difficult to separate the contributions of
aleatory and epistemic uncertainty sources to the validation result. Once the model prediction has
been corrected for solution approximation errors and/or calibrated for bias (often referred to as
model discrepancy [47]), the distributions of both the prediction and observation are a result of
aleatory uncertainty (input variations) and epistemic uncertainty (parameter uncertainty in the
prediction and measurement uncertainty in the observation).

There is no reasonable expectation that the epistemic uncertainty contributions to the total
uncertainty in the prediction and observation should be similar to each other because the two
sources are independent. In particular, parameter uncertainty is related to the quantity and quality
of available calibration data. As more calibration data is collected, parameter uncertainty can be
reduced via Bayesian updating. Since the validation data set should be separate from the
calibration data in order to make a proper assessment of the model's predictive capability, the
measurement uncertainty in the validation data is generally different from the calibration
measurement uncertainty. Furthermore, even if the distributions of the measurement errors in the
calibration data and the validation data are similar, there is still no reason to expect correlation
between particular samples of measurement error. Therefore, the only uncertainty contribution

that is common to both the prediction and observation is the aleatory uncertainty in the input.
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In the collective view of validation, one option for separating the aleatory and epistemic
contributions is the p-box approach [95]. In this treatment, epistemic uncertainty is expressed as
an interval while aleatory uncertainty is expressed with probability distributions. Such a
treatment is particularly suitable for uncharacterized data because the data quality does not
enable point-by-point separation. However, when the dominant effect is epistemic uncertainty,
rather than aleatory uncertainty, comparing observations to a p-box may not be very informative
since the epistemic uncertainty gives a wide window of acceptance for the model [22, 95].

In many problems, the epistemic contributions are, in fact, large since economic constraints
in realistic applications often lead to very sparse/imprecise data. For this reason, the model
reliability approach is aimed at epistemic uncertainty in both the observation and the prediction.
Note again that parameter uncertainty in this dissertation refers to the subjective probability
description of a deterministic parameter value, not aleatory uncertainty. It is possible that
parameters may also be affected by aleatory variability across experiments, but this issue is
addressed in this chapter by localizing calibration to particular experimental configurations. The
parameter uncertainty is expressed by a subjective probability distribution separately for each
test, and it is then reduced via Bayesian updating with replicate testing as seen in the example in
Section 4.5. Aiming the assessment at epistemic uncertainty leads directly to decisions about
what improvements are most necessary (either in the data or the model) in order to improve the
predictive quality of the model.

Therefore, when information is available about the particular input condition associated with
each data point (either fully or partially characterized data), the use of individual comparisons at
each location with the model reliability metric is proposed. The metric is computed for a

stochastic prediction and an uncertain observation, but the metric is not maximized when the
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spreads in the two distributions are the same. This behavior occurs because the metric is not a
shape-based comparison; it comes from sampling the distributions to compute the distribution of
the difference A (see Section 2.2.2).

As mentioned in the opening of this section, the distribution of A can only be obtained if the
stochastic dependence between prediction and observation is known. However, the correlation
between these two variables only occurs through aleatory uncertainty that is common to both,
and the epistemic uncertainty sources are independent. Therefore, at a particular input condition,
since the stochastic prediction and observation are only sampled over epistemic uncertainty
sources, the samples are conditionally independent. Since A is simply the distribution of bias
between deterministic samples of prediction and observation, the maximum reliability metric
occurs when the distributions of prediction and observation are unbiased from each other, and
each has minimum uncertainty (see Figure 4.1). This behavior agrees with our intuition about
how to improve the result if the validation agreement is poor. By reducing measurement
uncertainty or reducing parameter uncertainty, the validation result at each input can be
improved. For the shapes of the distributions to agree, both the measurement uncertainty and the
parameter uncertainty must be reduced in order to improve the agreement. It is an unnecessary
requirement that the shapes agree since they are representing only independent epistemic
uncertainty sources. Both collecting more calibration data (to reduce parameter uncertainty) and
collecting more precise data (to reduce data uncertainty) should individually improve confidence

in the model if the model is actually predicting well.
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Figure 4.1: Decreasing measurement uncertainty for the same stochastic prediction improves the
confidence in the model if the observation is unbiased

For these reasons, shape-based comparisons are not intended for purely epistemic
uncertainty-based comparisons. They should not be used for this purpose because it is possible
for the contributions of one or both of the uncertainty sources to increase and improve the
comparison. For example, the point comparison shown in Figure 4.1 poses two scenarios, both
with the same stochastic prediction. Figure 4.1(b) gives an idealized scenario where the
observation data is “perfect” (i.e. no measurement uncertainty). In this scenario, clearly the
shapes of the two distributions are not the same, and the distributions will actually match more
closely (improving a shape-based measure) by injecting more uncertainty into the observation as
in Figure 4.1(a). This result does not occur with the model reliability approach because the
metric is lower for larger uncertainty in the observation (i.e. there is less confidence in the
assessment because the observation data is not adequate). Since, at a single known input point
(fully or partially characterized), the uncertainty sources are completely epistemic, both the

prediction and observation would be deterministic values if no epistemic uncertainty existed.
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Thus, the scenario shown in Figure 4.1(b) (where ideal quality observation data is available) is
actually preferable because there is a higher probability that the deterministic prediction and
observation would agree if both were known precisely.

An additional advantage of point-by-point comparison is that it demonstrates the quality of
the model as a function of input condition. This information may be very useful in determining
whether the model will be appropriate in its intended use, and it may also help isolate potential
systematic errors arising from model form inadequacy. For example, if the model is consistently
performing poorly for large values of some input (e.g. loading), this may be evidence that the
model does not capture some higher order physical behavior (e.g. nonlinearity) that is activated
by extreme conditions. Additionally, if different values of model reliability are computed at
different inputs, the weighting approach that is presented in Section 4.3 becomes possible, and
preferences for particularly important regions of the input domain based on the intended
application can be incorporated.

In summary, this section concludes that ensemble validation is best suited for
uncharacterized data scenarios, and point-by-point validation is preferable when information is
known about the corresponding input conditions (partially or fully characterized validation data
scenarios) for the following reasons: 1) distributions of prediction and observation can only be
expected to agree when the dominant uncertainty source is aleatory variability that is common to
both distributions; 2) point-by-point comparisons with the model reliability metric separate
aleatory and epistemic uncertainty and penalize large epistemic uncertainty (from any source) by
returning a lower validation result; 3) point-by-point comparisons allow systematic error trends
to be isolated in the model; and 4) a set of point-by-point comparisons can be weighted based on

relevance to the intended use of the model.
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4.3 Integration of model validation results from multiple input
conditions

By utilizing the model reliability approach, a value for the validation metric can be computed
for each validation input condition. This information is itself useful for decision making about
the model adequacy since developers can look at regions of the input domain that perform poorly
in validation and investigate potential model improvements. However, the ultimate goal of the
validation activity is to assess the current model's prediction capability, and recent research [40,
92, 98] has the additional goal of performing this assessment quantitatively so that it may be
included in the prediction. In some applications, including the validation result in a prediction
framework may require a single overall measure of the model quality across the entire domain of
interest. This measure should be representative of the quality of the model in its intended
application condition where the prediction will be made. Thus, the method given by Eq. (4.1) is

proposed.

Voverall = fv(x)n(x)dx (4.1)

Here, v(x) is the value of the validation metric at a particular point in the validation domain,
represented by the n-dimensional input vector x and m(x) is the n-dimensional joint probability
density of the point x in the prediction domain. This distribution comes from the best available
knowledge of the input conditions that will be encountered in the intended application of the
model; the distribution may describe both aleatory and epistemic uncertainty. Effectively, the
joint density becomes a weighting function for the importance of each validation result according

to how likely that input condition is in the prediction scenario. In evaluating the integral in Eq.
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(4.1), note that v(x) is only available at some discrete values of x. Therefore, the integral may be

approximated by a weighted sum taken over a set of m validation tests as

_ Z.{r:ll v(x)w; (42)

v =
overall Z?:ll w;

The computation of the weight w; is straightforward for fully characterized validation data; it
is obtained by computing m(x;), which is a single value for each validation experiment. When
input measurement uncertainty exists, the validation data is considered to be partially
characterized, and X; is not a point value, but rather a random variable. In this scenario, the
weighting for the intended application can be obtained for each validation test by taking the

expected value over the distribution of the corresponding input measurement uncertainty fy, (x).

w; = [ () fx, (x)dx (4.3)

Once all the weights are computed, Eq. (4.2) results in a single deterministic measure of the
probabilistic performance of the model over the expected prediction domain. It is an
approximation since the set of validation input conditions generally does not cover the full
prediction domain of interest; therefore, the summation must be normalized in order to obtain a
valid probability. In fact, in some cases the prediction scenario may be for values of x that are
not close to the validation domain. In this situation, the validation input conditions fall in the tail
of the distribution for the intended application, and m(x;) is small for all the validation points.
This would imply that none of the validation experiments are in the regime that is most relevant
to the intended application, and the prediction represents a significant extrapolation of the model.
Such extrapolation scenarios can be dangerous applications of the model, but they are often

unavoidable in practice. Additional conservatism is needed for this situation, and the analyst
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should be especially aware of any trends in the point-by-point validation results that suggest that
model inadequacy will be magnified in the prediction regime. Ongoing research efforts are
exploring quantitative methods of setting boundaries for the extrapolation of the model and
applying additional conservatism to the extrapolation scenarios when they are practically
necessary [40, 44, 92, 95, 98].

The proposed integration approach has been described for situations where a single
probabilistic value can be obtained from the model reliability metric at each input condition.
When additional epistemic uncertainties exist, the validation metric uncertainty can be described
by a probability distribution at each validation input, and the overall metric will also be a
probability distribution accounting for these additional uncertainties. One example is a stochastic
model discrepancy term as in the Kennedy-O'Hagan approach to model calibration [47]. If the
discrepancy term is used as a correction for the model prediction, different realizations of the
stochastic discrepancy yield different validation results. As another example, when surrogate
models are used to generate the distribution of the model output that is used in the validation
assessment, different realizations of the surrogate model prediction also lead to different
validation results. A final example is model validation in the presence of sparse data, leading to
uncertainty about the distribution of Y;. These additional uncertainty sources should also be
accounted for. Thus, the surrogate model scenario is explored in Section 4.4, and the sparse
validation data scenario is explored later in Section 5.2. Though it is not explored in this
dissertation, note that the mathematics of treating stochastic model discrepancy would follow

similarly to the other two examples that are demonstrated.
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4.4 Inclusion of surrogate model uncertainty in validation

Probabilistic approaches to model validation, as described in Section 2.2, require the
propagation of parameter uncertainty through the model at each validation input condition. This
propagation is typically performed via Monte Carlo sampling, which requires a large number of
model evaluations. When the computational model is expensive, it is often replaced by a
surrogate model to improve the efficiency of the propagation. Ultimately, the goal of the
validation assessment is to make a statement about the adequacy of the physics-based, original
computational model and not the surrogate, since the former will be used for prediction. Since
the surrogate model is not a perfect representation of the original computational model,
additional uncertainty is added to the validation result. In this dissertation, GP surrogate models
as described in Section 2.4 are used for this purpose because they provide a natural way of
quantifying the uncertainty due to the discrepancy between the surrogate and the original
computational model. This uncertainty then propagates to uncertainty in the validation
assessment.

When GP surrogate models are available, they can be used for affordable uncertainty
propagation. The issue with this approach is that it creates an additional source of uncertainty in
validation. The validation result must apply to the physics-based computational model (not the
surrogate model) since it will be used in the prediction domain. To make this assessment, the
additional uncertainty stemming from the uncertain fit of the surrogate to the computational
model must be accounted for. Using a GP model, denoted here as f, to replace the underlying

physics model as a function of input x and parameters @ provides a Gaussian distribution at a

prediction point arising from surrogate uncertainty as szf(x,0)~N(uym,aym). This
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represents a family of distributions for different values of 8. This family of distributions may be
collapsed by employing the auxiliary variable approach [99] in which the dependence on the

distribution parameters u, and oy can be mapped to a dependence on only the CDF value of

the distribution u as in Eq. (4.4).

u= FYm(}’mlﬂYm»UYm) = ffzfym(“)lliym’aym)dw (4.4)

Since this auxiliary variable represents a CDF value, U ~ Uniform|0,1], the model
reliability R becomes a random variable itself and can be written as a function of the random
variables X, U, and @. As shown in Eq. (4.5), the model reliability metric at input x can be
computed for any u by integrating over the distribution of ® as in Eq. (2.8). Then, the model
reliability at any x is weighted by the pdf of x in the prediction domain (as in Eq. 4.1) to obtain
the overall distribution of the metric as a function of the surrogate model uncertainty as shown in

Eq. (4.6).

r'(x, u) = [ym (x, 0! u) —Va (X)]fe (e)de (45)

f')’m‘)’d|<6

Toverau(W) = fr(x: wn(x)dx (4.6)

The resulting distribution of the validation metric can be computed by sampling the auxiliary
variable to demonstrate the contribution of the GP uncertainty to the validation result. The spread
in this distribution is the cost of using the surrogate model for propagation. This uncertainty may

be reducible by improving the surrogate model by adding additional training points.
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The proposed approach formalizes the validation assessment when using surrogate models
for uncertainty propagation. When possible, it is preferable to use the original computational
model directly, but constraints on computational effort often make such an approach
unaffordable. When surrogates are necessary, the additional uncertainty can be included via the
method described above. An alternative approach is to apply the uncertainty propagation
approach proposed in Chapter 3 to select between the GP and the original computational model
across the domain. The need to use the original computational model in some portions of the
domain will then depend on the quality of the GP surrogate, which is dependent upon the amount

of training data as well as the smoothness of the original computational model’s response.

4.5 Numerical example

45.1 Validation of MEMS device simulation

To demonstrate the proposed validation methodology, a microelectromechanical system
(MEMS) example is introduced. The radio frequency (RF) MEMS switch, shown in the
conceptual diagram in Figure 4.2, is subjected to electrostatic loading that causes the membrane
to deform. The mechanical properties of the membrane resist the deformation, but at some
voltage, known as the pull-in voltage, the electrostatic force pulls the membrane into contact
with the substrate. At a voltage level known as the pull-out voltage, the membrane can then be
released from contact with the substrate. The pull-in and pull-out voltages are predicted by
device simulation, and they are also measured in validation experiments (20 replicate tests on

each of six devices).
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Figure 4.2: RF MEMS switch

Five variables, membrane thickness h, gap between one end of the membrane and the
substrate g,, gap between the other end of the membrane and the substrate g,, Young's modulus
E, and contact height d. are identified as inputs to the model and experiments. Due to the
imprecision of the measurement techniques, the geometry parameters g, and g, are described by
distributions that represent input measurment uncertainty for each of the six devices. Direct
measurements of E and d. are not available, but the ranges of these two variables are obtained
via multi-scale simulation [48, 53]. The thickness of the membrane h cannot be measured
accurately, so it is treated as a calibration parameter. Using the pull-in voltage measurements, the
membrane thickness is estimated separately for each device via Bayesian inference. Then, the
predictive simulation is validated using the pull-out voltage measurements. The measurement for
each device corresponds to a combination of the input set [h, g4, g2, E, d.], each with associated
uncertainty. Thus, the validation measurements are partially characterized.

In a partially characterized data scenario, input measurement uncertainty can be treated in the
same manner as parameter uncertainty when performing the validation assessment. For a single
device, each of these inputs has a single value in reality, but it cannot be measured precisely.
Aleatory uncertainty is only present in the form of device-to-device variation. Therefore, the
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source of the uncertainty in the prediction for a particular device (i.e. a particular input
condition) is completely epistemic. The uncertainty in the observation is attributed to output
measurement uncertainty, which is also epistemic. Therefore, a point-by-point comparison for

each device using the model reliability metric can be performed.

Pull-out Voltage Prediction

0.4 Model Reliability Computation {r = 0.74)
= Prediction I I
03k ——(Observations ] 0.15¢
0 0.2 w4 0.1y
0.1 0.05}
0 ' ' Q
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Pull-out Voltage A

(@) Comparison of model prediction and
observation with associated epistemic
uncertainty.

(b) Computation of model reliability using
the difference between prediction and
observation. For € = 5, the difference A is

integrated over the interval (-5, 5) as
shown

Figure 4.3: Computation of model reliability for partially characterized validation data

For example, Figure 4.3 demonstrates the model reliability metric computation for one of the
six devices. The tolerance € is set to 5 volts, and the distribution of the difference between
prediction and observation A is integrated over the interval (-5, 5) to obtain a model reliability of
0.74. The prediction distribution shown in Figure 4.3(a) is generated by propagating input
measurement uncertainty through the prediction model. Since the computational model that
predicts the pull-out voltage is expensive (approximately 6 hours per evaluation) and a large
number of Monte Carlo samples of the input measurement uncertainty are needed in order to

converge the output distribution (10,000 were used in this illustration), using the computational
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model for propagation is unaffordable. Therefore, GP surrogate models are constructed to
improve the efficiency of the computation. For illustration, the surrogate uncertainty is not
included in the result shown in Figure 4.3; only the mean prediction from the GP model is used.
If the computational model were not expensive, the uncertainty propagation could be performed
without constructing a surrogate model, and the computation of the model reliability would
proceed exactly as shown, resulting in a single value of the model reliability for each device.
However, as mentioned, a surrogate model is needed for this example, and this uncertainty must
also be included in the assessment. As a result, the model reliability is instead described by a

distribution for each device. This consideration is demonstrated in Section 4.5.2.

4.5.2 Inclusion of surrogate uncertainty

The framework in Section 4.4 is applied to the validation assessment for each of the six
devices. For each device, the model prediction is made for a set of samples of the input
uncertainty. By sampling the auxiliary variable, many realizations of the GP model are taken;
each of these is a candidate prediction of the underlying computational model. The set of
realizations produces a family of predictions that represents the possible outcomes for the
validation assessment that could be obtained if the computational model were used directly. Note
that these realizations are obtained by sampling the auxiliary variable and using the covariance
function of the GP model, so the outputs at different samples of the input uncertainty are highly
correlated. This correlation may result in a family of predictions with greater uncertainty than the
standard deviation at a single prediction point would indicate. For each candidate model

prediction, Eq. (4.5) is applied to obtain a value for the model reliability metric. This set of

79



values for the model reliability is used to construct a histogram for the validation result for each

device. The histograms are normalized to obtain the frequency diagrams shown in Figure 4.4.
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Figure 4.4: Frequency diagrams of model reliability for each of 6 devices

For several of the devices, the mean model reliability is very low because the mean
prediction and mean observation were substantially biased from each other. This result may
occur due to inadequacies in the model and/or inconsistencies in the observed data. As described
in Section 4.2, both input and output measurement uncertainty may also contribute to the poor
performance of the model (input measurement uncertainty increases the spread in the prediction
while output measurement uncertainty increases the spread in the observation). Additionally, the
spread in the potential outcomes of the model reliability indicates that the GP uncertainty is
significant. By obtaining more training data, this particular source of epistemic uncertainty can
be reduced, and the model reliability would be expected to converge toward the single value that

would be obtained by performing the propagation with the computational model directly.
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For most applications, the validation results shown in Figure 4.4 would not provide sufficient
confidence to use the model going forward in prediction. Either the model form should be
improved, or the quality of the observation data should be thoroughly evaluated, and if necessary
additional validation data should be collected. However, for illustration, the approach for
integrating these results from different devices into a single result is demonstrated in Section

4.5.3 below.

4.5.3 Integration of validation results from multiple devices

Once individual validation results have been obtained for several different devices, it is
useful to determine which of the results is most relevant to the prediction of interest. For
example, if the beam thickness h is an input of particular interest, it is helpful to assess to the
predictive capability of the model as a function of what thickness will be encountered. The
validation tests that were conducted for thicknesses similar to those in the prediction scenario are
most relevant. The calibrated thickness distributions for each of the six devices are shown in

Figure 4.5.
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Figure 4.5: Input uncertainty for the thickness of the 6 devices

Table 4.2: Weights for two different prediction scenarios

Devicel Device2 Device3 Deviced Deviceb Deviceb6

m(x) ~N(1.2,0.1) 1.18e-4 0.114 1.11e-4 0.244 0.642 1.57e-5

m(x) ~N(1.7,0.1) 0.328 4.08e-10 0.323 9.56e-3 2.71e-5 0.339

Suppose the model will be used for two different prediction scenarios in which the
thicknesses will be N(1.2,0.1) and N(1.7,0.1) respectively. By applying Eq. (4.3) and
normalizing the weights, the weights for the 6 devices are shown for the two scenarios in Table
4.2. It is clear from this table that device 5 is most relevant to the first prediction scenario while
device 4 and device 2 are also somewhat relevant, and the other three devices are not. The
second scenario has three device tests that are of nearly equal relevance (devices 1, 3, and 5), and
the other three have negligible weight. By using these weights in Eq. (4.2), the integration in Eq.

(4.6) can be approximated to produce the distributions for R,,e.-q;; Shown in Figure 4.6.
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Figure 4.6: The model is expected to perform much better for the first scenario since device 5 is
the most relevant and also the best performer in the validation assessment.

This validation assessment has shown that there is low confidence in the model in general,
but this comparison shows that the model is much more adequate for the first prediction scenario
than the second. Since only device 5 gave reasonable prediction quality in the validation
assessment, it is reasonable to conclude that if the model is used in prediction at all, it should
only be for input scenarios that are similar to the measured inputs of device 5. Therefore, the
predictive capability of the model is very limited, which again emphasizes the need to improve

both the model and the observation data.

4.6 Conclusion

This chapter presents a model validation methodology for handling different data scenarios.
When validation data is uncharacterized (corresponding inputs are not measured for each
experiment), an ensemble validation approach is suitable. However, when inputs are also

measured in validation tests (either fully or partially characterized data), it is preferable to
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perform validation individually for each input scenario. This enables aleatory and epistemic
uncertainty sources to be separated from one another, which aids in decision making for
uncertainty reduction when the model performance is inadequate. Additionally, understanding
the reliability of the model as a function of the input may help to identify systematic
inadequacies in model form. The individual metric values can be integrated into a single metric
by weighting each value with the probability of observing the corresponding input in the
prediction domain (i.e. relevance to the intended application of the model). When the
computational expense of the model causes uncertainty propagation to be intractable, surrogate
models are needed to obtain the distribution of the model prediction. This approach adds
additional uncertainty into the assessment that should also be included in the analysis. With a GP
surrogate model, the surrogate uncertainty can be readily obtained from the covariance structure
of the model, and this uncertainty results in the model reliability metric itself being treated as a
random variable with epistemic uncertainty. Once the model reliability metric is obtained (either
a single value or a distribution), the metric can be interpreted probabilistically; this allows the
validation result to be incorporated into the prediction.

The model validation methodology proposed in this chapter provides the framework for
connecting the validation activity to the prediction of interest. The weighting approach
demonstrates that there may be large differences in the importance of the various validation
experiments for different prediction scenarios. This knowledge is fundamental to the test
selection methodology that is proposed in Chapter 5, and it emphasizes the importance of

understanding the intended use of the model when performing validation.
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CHAPTER 5

TEST SELECTION FOR PREDICTION UNCERTAINTY
REDUCTION

5.1 Introduction

It is often possible to collect many different types of data for both model calibration and
model validation. Options may include material, component, and subsystem tests, and it may
also be possible to conduct some or all of these types of tests at a variety of different input
conditions. When many different types of data are available, all of the information must be
integrated toward the prediction goal. The previous chapters of this dissertation have shown how
information is integrated toward prediction UQ by performing model calibration, model
validation, and uncertainty propagation. Then, in Chapter 4, a method for explicitly connecting
model validation to the prediction was demonstrated. The proposed UQ framework is used as a
foundation for making test selection decisions among many possible options.

Within this context, the experimental data that is collected for calibration and validation is
critical to the prediction quality, but not every piece of information has the same impact. For
example, in many applications the data that most closely replicates the system usage conditions
is the most valuable, but also the most expensive. Furthermore, even if the important types of
tests and associated input conditions can be identified, it is typically not sufficient to perform
only a single experiment for each test scenario; instead, replicates are needed, due to data
uncertainty. The number of replicates that are needed may vary across different test scenarios

depending on the relative magnitudes of the sources of uncertainty that are present. Therefore,
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the goal of the test selection problem posed in this chapter is to determine the number of
replicate tests that should be conducted at a discrete set of candidate testing scenarios. Since the
decision of what data to collect is closely tied to budget constraints, a constrained optimization
approach for addressing the cost vs. value tradeoff is proposed. To formulate the approach, the
value of each test is quantified in terms of prediction uncertainty reduction.

Test selection decisions are focused on two different categories of experiments (calibration
and validation) and their impact on the prediction. Model calibration is performed via Bayesian
methods (see Section 2.1), and model validation is performed with the model reliability metric
(see Section 2.2.2). The collection of calibration data is motivated by parameter uncertainty
reduction while the collection of validation data is motivated by data uncertainty reduction. Each
of these individual epistemic uncertainty reductions results in overall uncertainty reduction for
the prediction quantity of interest.

The problem of which tests to perform has been addressed in the literature in terms of
information theory [60] and decision theory [10, 68]. Design of experiment has been explored for
both classical [9, 20, 79] and Bayesian formulations [12, 79, 104, 106]. Many of these
approaches use Kullback-Leibler divergence [55] to compare the support for the various
modeling options and make selection decisions, but these decisions are typically made from the
perspective of the prior or posterior parameter distributions. Parameter uncertainty alone is not a
sufficient indicator of the resulting prediction uncertainty since the sensitivity of the prediction
quantity to the parameters must also be considered. Therefore, the proposed formulation instead
addresses the selection decision from the perspective of the prediction for the usage condition. In
addition, this chapter extends these methods which have primarily focused on calibration tests to

a joint formulation for both calibration and validation tests.
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In summary, this chapter proposes a test selection methodology that includes the following
key features: (1) integration of experimental data from multiple input conditions for both
calibration and validation toward prediction, (2) treatment of data uncertainty (sparse/imprecise
data), and (3) a joint optimization formulation for prediction uncertainty reduction that accounts
for both calibration and validation activities. The framework for the integration of sparse
experimental data toward prediction builds upon the UQ framework developed in previous
chapters. Some additional considerations that are particularly relevant to test selection are
detailed in Section 5.2. Then, Section 5.3 demonstrates how this framework is used to formulate
an optimization problem for test selection. In Section 5.4, the methodology is demonstrated for
the MEMS numerical example that was introduced in Chapter 4, and the chapter is concluded in

Section 5.5.

5.2 Prediction uncertainty quantification

The goal of the prediction methodology is to obtain the distribution of a stochastic output of
interest by incorporating both aleatory and epistemic uncertainty sources. Of the three types of
experiments described in 4.2.1, only fully characterized and partially characterized tests are
considered. Since tests are being selected and have not yet been performed, uncharacterized
experiments should be avoided. By restricting to these two types of tests, particular values x; or
test-dependent aleatory distributions X; for the inputs are known for each test, and the aleatory
uncertainty in X across different experiments does not affect calibration or validation at a
particular input condition. Therefore, the important uncertain inputs for prediction UQ are the
components of @ that are common to the calibration and validation experiments and the

prediction. Thus, the result of calibration and validation activities is carried through ©. The
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proposed methodology consists of three key activities: (1) calibrate ® from the calibration
observations , (2) validate the model and the inferred distribution of ® with additional
independent observations, and (3) modify the distribution of @ to incorporate the validation

result.

5.2.1 Model validation in the presence of data uncertainty

General methods for model calibration (Section 2.1) and model validation (Section 2.2 and
Chapter 4) have previously been described in this dissertation. The fundamentals of these
methods are not repeated here. Instead, these methods (specifically model validation methods)
are expanded to account for the existence of data uncertainty when performing the assessment.
Data uncertainty leads to a stochastic validation assessment taken over replicates at each input
condition. The separate assessments are then combined with the integration approach across
input conditions that was proposed in Section 4.3. The combined treatment is similar to the

approach proposed in Section 4.4.
5.2.1.1 Validation uncertainty for sparse observation data

Validation observations may be made at different input conditions, but there should also be
replicates at each input condition. These replicates are necessary because there is always
measurement error in any experimental observation (e.g. zero mean Gaussian white noise). For a
finite number of observations, the distribution of Y, is approximated empirically. One approach
is to construct a discrete probability mass function with equal weights attributed to each
observation and then evaluate the model reliability with discrete sampling. With this approach, it

will be shown that the expectation of the computed reliability is not sensitive to the number of
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validation points that are collected. Rather, the impact of the sparseness of the validation data is
the uncertainty about the model reliability assessment. To observe this effect, trial computations
of the model reliability are conducted for various lengths of the observation vector yp. Assuming
that the observations are coming from an unknown true value, polluted by Gaussian white noise,
the model reliability is computed for 1,000 trials of six different lengths of the observation vector
(1, 10, 100, 1000, 10000, and 100000) to demonstrate the uncertainty in the assessment (see
Figure 5.1). In all cases, the mean model reliability taken over the 1,000 trials is equal, but it is
clear that the uncertainty in the computation due to the noise in the data is much more severe for

sparser sample sets.
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Figure 5.1: Uncertainty in model reliability computation for sparse validation data sets
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In order for test selection decisions to properly account for the importance of replicate
validation tests, the validation assessment must account for the uncertainty arising from data
sparseness. If only a single deterministic computation is performed, the computed value may
significantly underestimate or overestimate the actual model reliability. In reality, the model
reliability is a single deterministic value (i.e. the converged result from many observations as in
Figure 5.1f), but this value can only be obtained confidently with a large number of replicate
tests. Furthermore, since the expected value of the computation is the same for all sample sizes,
a deterministic calculation provides no evidence that the computed result may actually be biased
from the true value. Therefore, a stochastic assessment that directly incorporates this uncertainty

is needed.

5.2.1.2  Stochastic assessment of model reliability

Since it is obviously not possible to conduct many trials of a fixed number of validation tests
(as in the numerical demonstration of Figure 5.1) in realistic problems, a stochastic assessment
approach that gives an estimate of the uncertainty in the computation for only a single set of
observations is desirable. Note that only the converged deterministic value of the model
reliability is of interest for prediction purposes. If there were no measurement error, only a single
observation would be needed to obtain this value. In the presence of measurement error, the
mean observation corresponds to the desired reliability value as long as the measurement error
has zero mean. Therefore, the collection of replicate data can be viewed as a way to estimate the
mean observation (i.e. the true observation that is not polluted by noise) accurately.

This goal motivates the use of Student’s t-distribution [105] to describe the mean observation

in the presence of sparse data. By definition, the t-distribution is used to describe the uncertainty
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in the mean of an underlying normally distributed population. Since the measurement error is

typically assumed to be zero-mean and normally distributed, the observation mean can often be

described by a t-distribution exactly. In order to construct the t-distribution, three pieces of

information are needed: 1) sample mean, 2) sample variance, and 3) degrees of freedom. From

the set of validation observations, a sample mean X and sample standard deviation s can be

computed as long as there are at least two observations at a particular input condition. The

number of degrees of freedom v is simply the number of observations minus one. Given these

pieces of information, the t-value for the unknown mean u is obtained as

and the probability density function is given by
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Figure 5.2: Student’s t-distribution of the mean observation for sparse observation sets
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The resulting distribution has diminishing uncertainty as the number of validation samples
increases. This behavior is demonstrated for different numbers of observations in Figure 5.2.
From this distribution, possible values of the mean observation can be sampled, and the model
reliability can be computed for each candidate sample. Taken together, these computed reliability
values represent the uncertainty in the validation assessment that results from sparse validation
observations. The distribution of the model reliability R may have any form depending on the
shape of the distribution of Y,,,. This t-distribution approach is applied to each validation input
condition where replicate samples are available. By sampling the mean observation at each input
condition a distribution of the model reliability R; is obtained for each x; or X;. Collecting
additional replicates at a particular input condition reduces the variance of the t-distribution,
which in turn reduces the uncertainty in R;. The distributions for different input conditions can
be combined into an overall distribution by applying the approach in Section 5.2.1.3. This overall

distribution is then used to incorporate the result into the prediction as shown in Section 5.2.2.

5.2.1.3 Combination of validation results from different input conditions

By applying the stochastic assessment approach for the model reliability, a distribution for
the reliability metric is obtained for each validation input condition. To include the validation
result in the prediction framework that will be discussed in Section 5.2.2, a single overall
measure of the model quality across the entire domain of interest is necessary. Therefore, the
integration approach proposed in Section 4.3 is applied to this situation. Since the model
reliability metric is a distribution at each input condition, the approach follows similarly from the

method proposed in Section 4.4. By drawing samples from the distributions of each R;
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corresponding to the validation input conditions, sample vectors (henceforth denoted with

superscript j) r/ are generated. Then, Eq. (4.2) is applied to obtain

mT_J

r/ = Zi=t T i (5.3)

overall — ym .
i=1 Wi

The weights are computed from Eq. (4.3), and the set of samples rj;,emu represent the
distribution of R,,¢.-q;;- This distribution is the overall measure of the probabilistic performance
of the model over the expected prediction domain. The overall measure is used to include the
result of validation in the prediction by applying weights to the prior and posterior distributions

of the parameters that were obtained during model calibration. This methodology is described in

the following section.

5.2.2 Inclusion of the validation result in prediction

In the model calibration description of Section 2.1, the model parameters were calibrated
jointly with calibration data from multiple input conditions. The posterior parameter distributions
were then propagated through the model to validate the calibrated models against some
additional data. Since the validation result is a probability, it can be used to modify the posterior
parameter distributions to add additional conservatism to the prediction and account for the
possibility that the model is not adequate. The underlying assumption of the proposed approach
is that parameters calibrated using imperfect models should not be fully trusted when they are

propagated forward to the prediction stage. Therefore, the probabilistic validation result is
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treated as a weight for the posterior distribution, and the remaining weight is given to the prior
distribution.

In general, lack of support for the posterior distribution does not imply support for the prior
distribution. However, the posterior distribution has added information and generally less
uncertainty than the prior distribution. The calibration data effectively reduces the subjective
probability of some parameter values that were considered possible in the prior distribution. By
adding weight back to the prior when the posterior distribution is invalidated, the possibility that
the posterior distribution may have been overconfident and biased is accounted for. Therefore, a
wider range of parameter values should be considered, and the method given by Eq. (5.4) is
applied to achieve this result.

Using the distribution of R,,,.,-4;; from Section 5.2.1.3, a candidate parameter distribution for

prediction is obtained for each sample of the overall model reliability as

1o (81¥5 ¥8) = 7 eraufo(B]¥S) + (1 = 1)er i) fo(0) (5.4)

Here, fo(8]yS) is the posterior distribution obtained with the full set of calibration

observations y§, fe(0) is the prior distribution, and fg(0|y§,y5) is a particular predictive
parameter distribution corresponding to a particular sample of the overall model reliability. This
predictive parameter distribution is now conditioned on the validation observations yY in
addition to the calibration observations. Each predictive distribution is obtained by discrete
sampling of the prior and posterior, weighted by the particular sample of the validation result.
Each of them is then propagated through the model at the prediction input conditions to obtain a
stochastic prediction on the output of interest. Taken together, they form a family of predictions

in which the variance across distributions is the result of the uncertainty in the distribution of
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R,verai» @and the spread in each individual prediction is the combined result of aleatory
uncertainty in the inputs and the parameter uncertainty in the particular predictive parameter
distribution. Thus, the prediction uncertainty is naturally separated into these two components.
This information is used to construct the test selection optimization formulation proposed in

Section 5.3.

5.3 Test selection optimization methodology

The primary goal of this chapter is to construct a joint optimization formulation for selecting
experiments by applying the prediction framework described in Section 5.2. The proposed
methods extend previous work [100], which focused only on calibration, to include a
combination of validation and calibration testing options. One challenging aspect of the
combined calibration/validation test selection problem is that calibration and validation
information tend to contribute to the prediction in opposing ways. The calibration information
reduces the uncertainty in the posterior distributions of the parameters, which in turn reduces the
uncertainty in the prediction. Since all models are imperfect and never perform perfectly in
validation, validation information tends to decrease the reliance on the calibrated posterior
distributions since they may be overconfident. When applying the framework described in
Section 5.2, the validation assessment results in giving more weight to the prior distributions for
the parameters, which are independent of model quality. This treatment results in an expansion
of the prediction uncertainty because of model inadequacy. Thus, the goal of calibration is to
reduce prediction uncertainty, but the goal of validation is to maintain conservatism in the

prediction (increased prediction uncertainty).
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If viewed in this way, there is not an immediately obvious way to combine these two
competing objectives. Therefore, the way the problem is viewed must be altered slightly. Rather
than trying to mathematically motivate the idea of validation itself, the proposed formulation
aims to mathematically motivate improvements to the quality of the assessment. In other words,
the objective function is not constructed to demonstrate the value of performing model validation
at all. Rather, it is constructed to demonstrate the value of performing model validation more
accurately. As was shown in Section 5.2.1, reducing validation data uncertainty reduces the
uncertainty in the assessment, which leads to higher confidence in the prediction. In this context,
calibration data can be viewed as a means to reduce the uncertainty in the prediction while

validation data can be viewed as a means to reduce the uncertainty about the prediction.
5.3.1 Objective formulation

Once the two objectives are both viewed in terms of uncertainty reduction, it is more natural
to combine them into a single objective function that can be minimized over the feasible set of
the number of tests of each type. The set of available testing options typically includes many
different possible input conditions for both calibration and validation. The methodology
described in Section 5.2 is used to motivate the test selection activities so that the value of each
available option can be quantified. By sampling over the uncertainty in the overall model
reliability metric, a different predictive parameter distribution is obtained for each sample. Then,
each distribution @ is propagated through the model g along with the aleatory uncertainty in the

prediction inputs X, to obtain a stochastic prediction VAR

7l = g(X,, &) (5.5)
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The set of distributions for Z collectively represent a family of predictions. An example of
this family of distributions in CDF form is given in Figure 5.3. The overall goal is to minimize
prediction uncertainty within budget constraints. To make decisions, this goal must be written in
the form of an objective function; therefore, variance is used to quantify the prediction
uncertainty. The variance of a family of predictions can be expressed using the law of total

variance [109], which states
Var(Y) = E[Var(Y|X)] + Var[E(Y|X)] (5.6)

for two general random variables X and Y. In the context of the prediction problem, the variance
of Z is of interest, and each prediction is conditioned on a particular sample of the overall model
reliability. Therefore, Eq. (5.6) can be applied to express the prediction variance in terms of the

validation result.

VaT(Z) = ERO,,em” [Var(ZlRoverall)] + VarRovemu [E(ZlRoverall)] (5-7)

The importance of this variance decomposition is that these two terms correspond to the
effects of calibration and validation respectively. In particular, the goal of calibration, expressed
by the Eg _ .[Var(Z|R,perqu)], is to minimize the uncertainty in a single prediction by
reducing parameter uncertainty in the posterior distribution that contributes to the predictive
parameter distribution. On the other hand, the goal of validation, expressed by the
Varg  [E(Z|Roverau)], is to reduce the uncertainty about the prediction by driving a family
of uncertain predictions toward a single prediction that is not biased by measurement errors. The
total variance should be minimized over the set of decision variables (numbers of each type of

test).
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Figure 5.3: Family of CDF predictions

To make the assessment, some synthetic data must be generated to represent expected
outcomes of the experiment. In the absence of any prior knowledge about the experiment, the
only way that these expected outcomes can be produced is by evaluating the model at the input
conditions of the experiment and then adding measurement noise to the data. The distribution of
the noise is obtained from the best available information about the instrumentation accuracy. If
some historical data is available on closely related experiments, a data-driven model can be
created independently of the physics-based model to more accurately estimate the potential
outcomes. A data-driven model could also be generated once some tests have been conducted
and then improved adaptively. With any of these approaches, the expected outcomes are
stochastic, so even at a fixed input condition, many realizations of experimental data can be
generated from the model due to the presence of the estimated measurement noise. Therefore, the
proposed formulation of the objective function takes an expectation over many realizations of
synthetic experimental data.

The decision variables in the optimization problem are the numbers of tests of each type to
conduct. In this chapter, a finite set of testing options is considered. Thus, the decision variables
are denoted as vectors n, (length m,. for m, different calibration input conditions) and ny
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(length my, for m, different validation input conditions). Once the decision variables are
selected, an arbitrary number of data realizations (limited by computational expense) are
generated with observation vector lengths equal to the values of the decision variables. Then, for
each realization of the data vector, d = [y$, y4], the entire integration procedure described in
Section 5.2 is performed, resulting in a family of predictive parameter distributions each denoted
as in Eq. (5.5). Within this context, the following formulation for the optimization problem is

proposed.
miny,.,, Ep[Var(Z|D)]

The constraint function for the decision variables is given by Eq. (5.8) where the total cost is
constrained by a total testing budget b. The row vectors he and hy of lengths m, and my,
respectively contain the costs of the calibration and validation tests at each available input
condition, and the superscript T denotes a vector transpose. The formulation of Eq. (5.8) can be
further decomposed by applying Eqg. (5.7) and taking advantage of the linearity of the expected

value operator.

Ep[Var(ZID)] = Ep{Er,,erqu[Var (Z|Roverau, DI} + Ep{Var,, . [E(Z|Roveran, D)1} (5.9)

The first term is improved by collecting calibration data since narrowing the posterior
distribution of @ will also tend to reduce the average prediction variance. The second term is
improved by collecting validation data since this data will converge the distribution of R,,erqu

toward a deterministic value at the limit (i.e. infinite data). A deterministic value of R,yerau
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implies that the Varg, . [E(Z|Ryperau, D)] is zero for any d. These two terms in Eg. (5.9) can

be expanded to
ED {ERovem” [Var(leoveralb D)]} = ff VarZ (ZlRoverall’ D)me,em” (r)fD (d) drdd (5-10)

Ep {Vaerem” [E(ZIRoverall)]} = f VarRm,em” [f (er)fZ|R(Z|r)dZ] fo(d)dd (5.11)

The goal of the optimization problem is to minimize the sum of the two integrals given in Eq.
(5.10) and (5.11). Note that weights could be applied to these two terms if there were reason to
preference one over the other. However, the weighted sum would not reflect the overall
prediction uncertainty precisely.

Each of these integrals is evaluated by Monte Carlo sampling since the density function for
Roveran 15 NOt known analytically, and the data model f,(d) may not have an analytical form
either. Since they are evaluated by sampling, the objective function value is inherently stochastic.
In addition, the decision variables are discrete quantities, and a relaxation to the continuous space
is not possible since fractional tests are meaningless. These two factors (stochasticity and
discreteness) significantly limit the available options for solving the optimization problem, which

leads to the solution strategy that follows.
5.3.2 Solution approach for the joint optimization problem

As mentioned, the stochasticity and discreteness of the formulation make the selection of an
efficient algorithm non-trivial. However, the focus of this section is not optimization methods,
but the problem formulation. The use of a simulated annealing algorithm [49] is proposed
because it is suited to handle stochastic discrete problems [55] even though it is not a particularly

efficient search algorithm. Any other algorithm that is capable of handling discrete, stochastic
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problems could be substituted. The simulated annealing algorithm starts from an initial guess and
then takes random walks in the domain in all dimensions simultaneously. In a discrete problem,
these random walks can be made with a continuous proposal density function, but the iterate
must be rounded to the nearest discrete value in all dimensions since the objective function
cannot be evaluated with numbers of tests that are not integers. Any iterate that improves (i.e.
decreases) the objective function value is accepted, and any point that increases the objective

function value is accepted with probability p given by
p = exp(— A—tf) (5.12)

Here, Af is the change in the objective function from the previous iterate, and t is the current
value of the temperature parameter that governs how tight the acceptance criterion should be.
The reason for accepting points that do not improve the objective function is to attempt to
explore the entire space and reduce the opportunity to stop at a local minimum. As the algorithm
proceeds, the threshold for acceptance becomes tighter, so only decreases and very small
increases to the objective function can be accepted. This threshold tightening is governed by a

reduction to the temperature parameter as

t=to(1- )a (5.13)

kmax

where t, is the user-defined starting temperature, k is the current iteration number, k., is the
total number of allowable iterations, and « is an exponent that determines the rate of temperature
decrease. Once the total number of allowable iterations is expended, the iterate, among all

candidate points, with the lowest objective function value is selected. Selecting a point that is
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not at or near the constraint boundary may be evidence that the search routine should be
conducted again locally to ensure that the solution is fully converged.

Applying this method to the objective formulation in Eq. (5.8) produces the optimal number
of tests to perform for calibration and validation at each available input condition for a given
budget. Once the number of tests of each type is selected, the tests can be conducted. Once some
real experimental data is available, it should be used to validate the synthetic data generation
models that were used in the optimization problem. If significant bias exists, it may be useful to
update the data models and perform the analysis again.

It is noted here that the proposed formulation may be quite computationally expensive to
solve. The stochasticity of the objective function value can only be reduced by taking a larger
number of Monte Carlo samples when performing the necessary variance and expected value
computations. The large number of model evaluations that are required for calibration and
validation is likely to make using the physics-based model unaffordable. Therefore, surrogate
models should be trained from the physics-based model in order to perform the uncertainty
propagation efficiently. In the example demonstration of Section 5.4, GP surrogate models are

used.
5.4 Numerical example

To demonstrate the proposed methodology, the RF MEMS example of Section 4.5 is
explored further. The pull-in and pull-out voltages are predicted by device simulation, and 6
different devices are available for testing. The pull-in voltage measurements will be used for
calibration, and the pull-out voltage measurements will be used for validation. Therefore, the

goal of the test selection problem is to determine how many replicate calibration and validation
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tests to perform on each device. The lengths of the vectors n, and ny are each 6, and there are a
total of 12 decision variables.

The same 5 input variables [h, gy, 92, E,d.;] as in Section 4.5 are considered. In this
illustration, the geometry parameters g,, g, and h are described by known aleatory distributions
for each of the six devices. Direct measurements of d. are not available, but an aleatory range for
the variable is obtained via multi-scale simulation [48, 53]. These simulations also provide a
prior distribution for E, but this variable is treated as the calibration parameter since the material
properties are common to all devices for the purposes of calibration, validation and prediction.
Therefore, within the framework of Section 5.2, the inputs g4, g,, h, and d. are the components
of X; for each device, and the 6 of interest is E.

In the prediction scenario of interest, no information is known about the particular values of
91, 92, and d.. However, suppose the distribution of h in the prediction scenario is expected to
be m(x) ~N(1.2,0.1), and the thickness value is known to be particularly important to the
model prediction. Therefore, the suitability of the model for prediction is judged with respect to
this expected thickness input condition, and the relevance of the available device validation input
conditions is determined according to their proximity to this condition. Note that the weights
obtained from the method of Section 4.3 are not dependent on the output observations of the
experiments. Therefore, the weights for the validation results can be obtained by applying Eq.
(4.2) when only the aleatory distributions for h for each available device are known. The
thickness distributions for the experiments are the same as those used in Section 4.5 (see Figure
4.5), and the associated weights are therefore the same as well (see Table 4.2).

Given these scenarios for calibration, validation, and prediction, the optimization problem is

formulated as in Eqg. (5.8). For this particular problem, some calibration and validation
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observations had been made prior to this analysis; these observations were used to perform the
validation assessment in Section 4.5. Obviously, this scenario would never actually exist when
applying the proposed methods because the budget has already been spent, and solving the test
selection problem after the fact is not very useful. However, for the sake of illustration, the
available measurements are used to compute a sample mean and sample variance to construct the
synthetic data generation models that are needed in the formulation. Using only the statistics of
the observations (and not the observations themselves) many data realizations can be generated
for fixed lengths of the observation vectors.

Suppose that a pull-in voltage experiment (i.e. a calibration test) requires 1 cost unit, a pull-
out voltage experiment (i.e. a validation test) requires 2 cost units, and a budget of 80 cost units
is available for testing. To bound the problem, a maximum of 10 tests of each type is allowed, so
it is possible to conduct O to 10 calibration tests on each device and 2 to 10 validation tests on
each device. (Note that a limitation of the proposed methods is that it is not possible to
stochastically assess the model reliability for O or 1 validation test.) A full grid search of this 12-
dimensional design space would require approximately 900 billion evaluations of the objective
function. Even using surrogate models, the objective function in this example still requires about
20 minutes per evaluation (this will vary greatly depending on implementation) due to the
expense of the nested Monte Carlo sampling, especially the MCMC routines for calibration.
Many of the candidate points do not satisfy the budget constraints, but even the remaining
feasible design space is clearly unaffordable to explore fully.

Therefore, the simulated annealing algorithm described in Section 5.3.2 is executed. As a
starting point for the optimization algorithm, the budget is divided equally across the 12

available testing options (i.e. 4 calibration and validation tests on each device, expending 72 cost
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units). The algorithm is allowed to run for a maximum of 200 iterations, and it is constrained
such that only feasible points are evaluated. Then, starting from the best point that is found
during the initial run, a second run of the algorithm is conducted with reduced temperature (i.e. a
stricter acceptance criterion) is allowed to run for 100 iterations. The goal of this approach is to
explore the space globally in the first run and then refine the solution locally in the second run.
After both runs have been completed, the minimum objective function value that is discovered is
assumed to be the optimum. The result for this problem is given in Table 5.1. Since the objective
function is stochastic, and the simulated annealing algorithm itself is also stochastic, there is no
theoretical guarantee that this result is the global optimum. However, the result provides some

very valuable insights about the value of the different testing options.

Table 5.1: Optimal test selection result
Device 1 Device 2 Device 3 Device 4 Device 5 Device 6
ng ny | mg nj | ng np | n¢g np | ng np | n@ np
0 2 6 6 0 2 9 9 0 10 3 2

To illustrate the methodology further, the evaluation of the objective function at the optimum
is demonstrated. For a particular realization of all the calibration data (i.e. pull-in voltage
measurements), the posterior distribution for E, shown in Figure 5.4a, is obtained by updating
the uniform prior distribution with Eq. (2.1). This posterior distribution is then propagated
through the model at each validation input condition. The particular realization of the validation
data (i.e. pull-out voltage measurements) is used to construct a t-distribution for the mean
observation for each device. Samples from this t-distribution are taken and compared against the
stochastic model output to obtain the distributions R; for each of the 6 devices. By applying the

weights in Table 4.2 in Eqg. (5.3), samples from the distributions are combined to obtain the
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distribution for R,,erqu @S Shown in Figure 5.4b. Each sample 7,41 iS Used as a weight for the
posterior distribution in Eqg. (5.4), and then the resulting predictive distribution is propagated
through Eq. (5.5) to obtain a single prediction distribution. The set of samples produces a family
of distributions; the family is shown in PDF form in Figure 5.5a and in CDF form in Figure 5.5b.
The first part of the objective function, given by Eq. (5.10), is obtained by taking the variances of
the individual distributions and averaging them. The second part, given by Eq. (5.11), is obtained
by looking at the variance across the means of the individual distributions. These two together
represent the overall prediction uncertainty, which is averaged over the data realizations to obtain

the objective function value.
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Figure 5.4: Parameter uncertainty for a particular data realization
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In this particular problem, the optimization result shows that the most valuable testing option
is validation tests on device 5. This result is not surprising since device 5 has the largest weight
in the overall model reliability. On the other hand, validation tests on devices that are not
relevant to the prediction (e.g. devices 1, 3, and 6) provide very little benefit. This fact
emphasizes that it is very important to know how a model will be used in prediction in order to
validate it efficiently. Since the weights can be computed prior to the test selection analysis if the
available validation input conditions are known, validation conditions that are not relevant to the
prediction can potentially be ignored in the analysis altogether.

Since all of the calibration tests are taken jointly within the proposed framework, it is more
important how many total tests are conducted than on which device they are conducted. The
overall magnitude of the first part of the objective function given in Eq. (5.10) is significantly
larger than the second part of the objective given in Eqg. (5.11). This result is obvious when
looking at the family of distributions in Figure 5.5. However, in this problem, the parameter
uncertainty can be reduced more rapidly than the uncertainty in the validation result. After a few

calibration tests have been performed, the majority of the parameter uncertainty reduction has
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been achieved, and additional tests give diminishing improvement. The uncertainty in the
validation result converges more slowly; therefore, there is more value in doing a larger number
of replicate validation tests than calibration tests. This result is evident in the validation result

since there are a larger number of total validation tests even though they are twice as expensive.

5.5 Conclusion

This chapter provides a test selection methodology that combines validation and calibration
activities. The proposed optimization framework employs a methodology for integrating
calibration and validation data probabilistically to make a prediction. By performing Bayesian
calibration and a stochastic validation assessment, both calibration and validation data collection
are motivated by prediction uncertainty reduction. The prediction uncertainty can be decomposed
into two components: one which is improved by adding calibration data and one which is
improved by adding validation data. Since model calibration is performed jointly over multiple
input conditions, the total number of tests may be more important than which particular test is
performed as long as the parameters that are calibrated are common to the different tests. On the
other hand, it is very important which validation tests are conducted. The proposed framework
weights the validation input conditions according to their relevance to the intended usage
condition. Therefore, the tests at the relevant input conditions provide much more value than
those at less relevant conditions. For both calibration and validation, uncertainty reduction is
fastest with the first few test samples, and then the relative improvement to the prediction
decreases as more data is collected. However, in the example shown, this diminishing
improvement occurred more rapidly for calibration than validation. The methodology in this

chapter is aimed at achieving minimum prediction uncertainty for a fixed budget. Since the value
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of the tests decreases as more tests are conducted, future work will aim to determine how many

tests are enough and what budget is appropriate.
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CHAPTER 6

RISK-BASED RESOURCE ALLOCATION

6.1 Introduction

The preceding chapters of this dissertation are aimed at predicting a stochastic output of
interest accurately and efficiently. Within the UQ framework that is established, the goal of the
proposed resource allocation methods in the previous chapters is to solve the inverse problem of
reducing the uncertainty in this prediction by collecting additional data. For a given stochastic
prediction, the probability distribution may be compared against a threshold failure criterion
(either a deterministic or stochastic value) to compute a failure probability. For example, suppose
a failure occurs if the prediction quantity of interest Z exceeds its maximum allowable value

Zmax- 1NeN, the probability of failure p is defined as

Pr = P(Z > Zmax) (6.1)

Since the prediction for Z is typically obtained via MCS methods, it is only necessary to
count the number of failures (i.e. the number of points in a set of samples that do not pass the

given threshold) ns and divide by the total number of samples n to calculate the probability of

failure py.

pr=-L (6.2)
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The complement of the failure probability is the system reliability, i.e., the reliability is defined
by r = 1 — ps. As mentioned in Section 2.3, MCS and efficient simulation techniques have been
developed from the perspective of reliability analysis (i.e. computing or approximating r) [32,
33, 82, 93]. Once the reliability estimate is computed, it is connected to risk by the consequence
of the failure event.

Risk assessment is an important extension of reliability analysis. Risk (not reliability) is
commonly the motivating factor in design and management decisions because it has a more
direct economic interpretation (e.g. expected dollars lost). Classically, the risk of an event (e.g.
system failure) has two key components: (1) the probability of the event and (2) the
consequences of the event [37]. These two components have a simple, logical relationship, in
which the risk S is a product of the consequence of an event L and the probability of the event

P(L).

S=LxP(L) (6.3)

Within this context, risk can be viewed as the expected value of the cost of a particular
failure scenario. For some systems, a relatively large failure probability does not pose a great
risk because the failure event will not result in any particularly severe consequences. Therefore,
the events of greatest concern are those that have both high probability and extreme consequence
(e.g. human life loss and major property destruction). In many applications, there are many
different potential failure modes, and the overall system risk S is the summation of all of m

discrete risk scenarios.

St =Xi= LiP(Ly) (6.4)
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In the design and management phases, the goal is to minimize the total system risk, so all of
the failure modes should be considered; multiple modes may be affected by a single decision.
System risk minimization is directly connected to reliability analysis and stochastic prediction.
Designers and decision-makers have little control over the consequences of an event, so risk
minimization is significantly enabled by minimizing prediction uncertainty while maintaining
prediction accuracy (i.e. low bias). Thus, risk minimization and prediction uncertainty reduction
are directly aligned, and the resource allocation framework developed in this dissertation could
also be motivated by risk reduction, rather than prediction uncertainty reduction. Although these
two formulations are not precisely equivalent, the analyst should reasonably expect that either
formulation would lead to a similar conclusion. However, from an economic perspective, it is not
logical to spend large resources on UQ without also considering the total benefit of the analysis.
Since risk can be directly interpreted as a cost, it provides a convenient space to analyze design

and management decisions.
6.2 Failure risk vs. development risk

Two types of risk are considered in this chapter: failure risk and development risk. While it is
obvious that system failure carries a cost, and therefore a risk, system development has not
classically been viewed as a risk in UQ analysis. In some applications it may be possible to
reduce epistemic uncertainty to an arbitrarily small value by collecting large quantities of data
(of high quality) and/or dedicating large resources to computational model improvement. In such
a scenario, it is possible to perform too much UQ analysis from an economic perspective.
Exhaustive UQ techniques may lead to very accurate model predictions, but when failure

probabilities are very low, these techniques may be more conservative than is necessary.
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Recent research has the goal of determining how far the UQ process should go. Romero [91]
refers to “model builder’s risk” as the risk associated with rejecting a valid model and compares
this risk against the “model user’s risk,” which is associated with making predictions with an
invalid model (i.e. failure risk). Decision-makers must determine how to effectively balance
these two types of risk. Development costs and other UQ expenses (i.e. development risk) are
spent with 100% probability once improvement decisions are made. On the other hand, system
failure typically has a very low probability, but a very high consequence. These types of events
have been compared in the literature by using risk matrices [15]. Failure risk is low probability
and high consequence while development risk is high probability and low consequence (i.e. the
cost of the development activities must in general be much lower than the cost of failure).
Typically, decision makers have been biased toward the system failure risk over the development
risk, which is ethically correct since the system decisions often have broader impacts that cannot

easily be quantified with a monetary value.
6.3 Economic considerations for uncertainty quantification

Within the context of these two types of risk (the development risk S; and the failure risk

S¢), the overall goal is to minimize the total risk Sy, defined in Eq. (6.5).

Sd = 1 *Ld
Sf=Dr* Ly
Sr=S4+S; (6.5)

where L, is the total cost of UQ development activities, py is the system failure probability, and

Ly is the consequence of system failure. It is assumed that L is a constant that the analyst cannot
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control, and L, is fully controlled by the analyst. Therefore, the goal of the minimization
problem is to decide how much money should be spent on UQ activities. Note that the failure

probability is a dependent variable, and it is an unknown function of L, as

pr=9gLa) (6.6)

This unknown function depends upon how the available resources are allocated to the various
UQ activities. Effectively, L, can be viewed as the budget for UQ.

In Chapter 3, a budget for uncertainty propagation was assumed, and then model selection
decisions were made to mximize prediction accuracy subject to that budget. In Chapter 5, a
testing budget was assumed, and then tests were selected among the available test scenarios in
order to minimize prediction uncertainty subject to that budget. These two sets of activities could

be decided jointly subject to total budget L.

6.3.1 Combined model selection and test selection

To solve the joint optimization problem of model selection and test selection with a total
fixed budget L, the first step is to quantify the cost of computational time. For example, suppose
the cost of each unit of computational time is a. Then, the total cost of the computational

simulations c,, is given by

Cm = at (6.7)

Recall from Chapter 5 that

Ctest = hgn(,‘ + hgnv (6-8)
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Therefore, the joint optimization problem is constrained by the combined total cost of the two
sets of activities, ¢, + cest < Lq4. Since the goal of the optimization is to minimize risk, that
goal can be simplified to a minimization of p, since the remainder of the variables in the
problem are constants. Thus, the combined test selection and model selection problem is
formulated as

min
nc,nv,k pf

s.t. hing+hlny, +a’th < L, (6.9)

Here, k is the vector of model combination selections that are made, t* is the column vector of
computational times required for the selected models, and a is the column vector of a values
repeated to match the length of t*. Recall that n, and ny define the number of replicate tests to
perform at each of the candidate calibration and validation input conditions. Note that p, is not
deterministic when there are a family of predictions as demonstrated in Chapter 5 (i.e. each
prediction yields a single p). Therefore, the p, that is used in Eq. (6.9) may be an expectation
taken over a set of predictions. In this context, the variance on the p should also be considered.
Solving this problem requires the application of the UQ framework for model calibration,
model validation, and uncertainty propagation that has been explored in this dissertation. The
problem can then be solved by a nested optimization formulation consisting of the following: (1)
an outer loop that takes the total budget L, and divides it between the test selection and model
selection activities and (2) an inner loop which solves two separate and independent optimization
formulations that have been addressed in Chapter 3 and Chapter 5 respectively. Since a nested
optimization formulation can be quite expensive to solve, the efficiency of the solution approach

can be improved by applying a single-loop decoupling strategy [112].
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6.3.2 Risk minimization

Solving the joint model selection and test selection problem repeatedly for different total UQ
spending L, provides discrete observations of the functional relationship between L, and p, that
define the relationship in Eq. (6.6). These pairs of values for L, and corresponding py could be

used to train a GP surrogate model for the relationship, which will improve the efficiency of

solving the risk minimization problem. The risk minimization problem is then formulated as

min,, Sy (6.10)

Note that this is a continuous unconstrained optimization problem. Any amount of spending from
[0, o] is possible. Of course, there may be some practical budget constraints on this spending,
but this formulation is constructed to determine what the budget itself should be.

Even without supplying any practical constraints, the solution of the problem is still bounded
because increasing L, from any starting point has both a positive and negative effect on S;. The
cost L, is equal to S, which is added to S; directly, thereby making the objective function value
increase. However, increasing Lg is also expected to reduce py, which in turn, reduces Sy and
decreases the objective function value. Thus, the formulation is a natural way of exploring the
economic tradeoff between development spending and reduction of ps. The optimal solution
depends on problem specific variables and relationships, most notably the consequence of failure
L and the unknown function g in Eq. (6.6) that defines how much p, decreases with additional

spending.
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6.4 Conclusion

Earlier chapters of this dissertation were focused entirely on prediction uncertainty
quantification and reduction. This chapter introduces the context of risk, which can be used to
motivate the general UQ framework. Optimization problems that can be used to guide resource
allocation decisions are formulated. The overall goal of any UQ framework is risk reduction, but
the framework itself should not cost more than the risk reduction that it achieves. Thus, the risk
minimization problem is solved from the perspective of how much UQ spending is economically
efficient. In order to solve the risk minimization problem, it must first be clear how the UQ
activities are reducing the system failure probability. Answering this question requires solving
another joint optimization problem for the combination of model selection and test selection for

many different spending budgets.

117



CHAPTER 7

CONCLUSION

7.1 Summary of accomplishments

This dissertation explores a comprehensive framework for UQ in the context of model
calibration, model validation, and uncertainty propagation for prediction. Some of the key
features of the forward propagation problem are first discussed, and then the UQ framework is
used to solve resource allocation problems. Methods of separating aleatory and epistemic
uncertainty sources are proposed, and then epistemic uncertainty reduction strategies are
explored and optimized. New techniques that account for data uncertainty in model validation
and connect the model validation results to the prediction are proposed. Then, resource allocation
strategies for model selection and test selection are proposed from the perspective of prediction
uncertainty quantification and reduction. Finally, the concept of risk is discussed and used to
motivate UQ and suggest how much is sufficient.

In the model selection framework of Chapter 3, the proposed approach uses GP surrogate
models for decision-making and takes advantage of local fidelity preferences by making input-
dependent selection decisions. The decision-making methods themselves are very fast to
develop, and they can significantly improve the efficiency of the underlying multi-fidelity
simulation. The tradeoff decision of accuracy vs. computational expense is considered explicitly
by introducing a tolerance on the simulation result. Two different strategies are considered

depending on whether the ranking of fidelities is constant across the domain or locally specific.
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A model validation methodology for connecting different data scenarios to the prediction of
interest is proposed in Chapter 4. Three types of experiments are considered: uncharacterized,
partially characterized and fully characterized. The proposed methods enable aleatory and
epistemic uncertainty sources to be separated from one another, which aids in decision making
for uncertainty reduction when the model performance is inadequate. The individual metric
values can be integrated into a single metric by weighting each value with the probability of
observing the corresponding input in the prediction domain (i.e. relevance to the intended
application of the model). The weighting approach demonstrates that there may be large
differences in the importance of the various validation experiments for different prediction
scenarios.

The proposed test selection methodology in Chapter 5 combines validation and calibration
activities. The proposed optimization framework employs a methodology for integrating
calibration and validation data probabilistically to make a prediction. The prediction uncertainty
can be decomposed into two components: one which is improved by adding calibration data and
one which is improved by adding validation data. The test selection methodology is then aimed
at achieving minimum prediction uncertainty for a fixed budget. The validation tests at the input
conditions that are relevant to the prediction provide much more value than those at less relevant
conditions. The value of both calibration and validation tests decreases as more tests are
conducted.

In Chapter 6, the concept of risk is introduced and used to motivate spending in the general
UQ framework. Risk minimization problems that can be used to guide resource allocation
decisions are formulated. Thus, they are solved from the perspective of how much UQ spending

is economically efficient. In order to solve the risk minimization problem, it must first be clear
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how the UQ activities are reducing the system failure probability. Answering this question
requires solving another joint optimization problem for the combination of model selection and

test selection for many different spending budgets.

7.2 Future needs

More work is needed to extend and demonstrate the proposed framework. In particular, the
impact of many of the parameters that guide the resource allocation decisions needs to be
considered carefully. For example, the model selection approach that has been proposed requires
an allowable tolerance on the prediction accuracy of lower fidelity (e.g. reduced-order, reduced-
physics, or more coarsely refined) models to be chosen. Similarly, the model validation approach
requires an acceptable threshold for the difference between prediction and observation to be
selected. Future work will explore methods for determining these parameters within the risk
reduction formulation by considering how these parameters change the system reliability.

Further work is also needed to integrate the model selection approach with a dynamic
computing resource allocation methodology, and with decisions about future model
improvements. A complete orchestration of the UQ process for complicated problems with many
component simulations will need algorithms to schedule the selected simulations and take
advantage of parallelization in order to further reduce the computational effort while achieving
the desired accuracy and precision.

In this dissertation, sparse validation data has been incorporated by applying a t-distribution
methodology. While this approach is fitting for Gaussian noise (a common scenario), more

general forms of this distribution could also be considered. Future work will explore more
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general formulations such as the Johnson distribution family that can be combined with Bayesian
updating methods for the distribution parameters.

The proposed model validation methods have only been demonstrated for the model
reliability metric since it can be interpreted probabilistically. More work is needed to
demonstrate the compatibility of the proposed methods with other validation metrics including
Bayesian hypothesis testing and the area validation metric. The importance of the probabilistic
treatment of validation is that it can be used to directly incorporate the validation result into the
prediction. In this context, future work will also explore the effect of extrapolation on the system
failure risk. The proposed integration approach incorporates the “proximity” of the validation
tests to the prediction regime, but the result is then normalized across the available conditions.
Therefore, an important issue to address is how far away from the validation regime the tests still
retain relevance.

Additional work is also needed to demonstrate the risk minimization and combined test and
model selection formulations that are proposed on a realistic example. Important issues to
address in this demonstration are robustness and efficiency of the optimization approach. In
particular, many of the optimization formulations that are proposed in this dissertation are
stochastic because they require nested sampling to propagate uncertainty each time the objective
function is evaluated. The effect of this stochasticity on the convergence of the optimization
methods should be carefully considered, and for efficiency, methods for determining how many

samples can be afforded during each uncertainty propagation step should be explored.
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