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Chapter 1

Introduction

In this dissertation, we present new results in the area of graph minors. In particular, we focus

on characterizing families of graphs that avoid certain small minors. We begin in Chapter 1 by

providing some definitions and presenting some known results. In Chapter 2, further definitions

and known results are presented. The technical details of many of these results are used in later

chapters. Chapter 3 focuses on the family of 3-connected K2,5-minor-free graphs. We define a

family of graphs and show they are 3-connected, K2,5-minor-free graphs, prove a new result on

fan expansions with general applications, and present a program for characterizing the family of 3-

connected, K2,5-minor-free graphs. In Chapter 4, we present a detailed description of the families

of 3- and 4-connected K2,t-minor-free graphs for general, fixed t. Finally, in Chapter 5, possible

future directions for related research are presented. All of the new results in Chapters 3 and 4 are

joint work with my advisor Mark Ellingham.

1.1 Definitions and notation

We will first lay the ground work with some definitions. For any definitions not stated here, we

direct the reader to [32] for more details. Unless stated otherwise, all graphs we discuss here are

finite and simple, meaning there are no loops or multiple edges. Given a graph G, we denote the

set of vertices of G by V (G) and the set of edges of G by E(G). A graph H is a subgraph of G if

V (H) ⊆ V (G) and E(H) ⊆ E(G). If H is a subgraph of G, it is said to be induced if vw ∈ E(G)

and v, w ∈ V (H) implies vw ∈ E(H), i.e., all edges on V (H) in G are included in H . For a given

vertex in a graph G the neighborhood of v in G, denoted NG(v), is the set of all vertices adjacent

to v in G. The closed neighborhood of v in G, denoted NG[v], is defined to be NG(v) ∪ {v}, i.e.,

all vertices adjacent to v and v itself. We will simply write N(v) or N [v] when the graph is clear

from context.
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A path of a graph G is a sequence of distinct vertices v0, v1, . . . vk such that vivi+1 ∈ E(G) for

0 ≤ i ≤ k− 1. A cycle is a sequence of vertices v0v1 . . . vk such that v0 = vk, no other vertices are

repeated, and vivi+1 ∈ E(G) for 0 ≤ i ≤ k − 1.

We will now define and provide notation for a few specific graphs. The graph Cn is the cycle

on n vertices, and Pn is the path on n vertices. The complete graph on n vertices, denoted Kn,

is the graph on the vertices {v1, v2, . . . vn} with edge set E = {vivj|1 ≤ i, j,≤ n, i 6= j}, i.e.,

all possible edges. A t-clique in a graph G is a subgraph isomorphic to Kt in G. The complete

bipartite graph, denoted Kr,s, is the graph on the vertices {x1, x2, . . . xr, y1, y2, . . . ys} with edge

set E = {xiyj|1 ≤ r, 1 ≤ s}. In other words, the vertices are partitioned into sets X and Y ,

with |X| = r and |S| = s, only edges between the sets X and Y are allowed, and all such edges

are included. A generalization of the complete bipartite graph is the complete multipartite graph,

Kr1,r2,...rk , with vertex set V = V1 ∪ V2 ∪ · · · ∪ Vk, where V1, V2, . . . Vk are pairwise disjoint and

edge set E = {xy|x ∈ Vi, y ∈ Vj, i 6= j}. The wheel graph, Wn consists of a cycle on n − 1

vertices and one additional vertex adjacent to all vertices of the cycle. The edges of this cycle in

Wn are called rim edges and all other edges are called spoke edges. Examples of these graphs

specifically, K5, K3,3, and W9 are shown in Figure 1.1

(a) (b) (c)

Figure 1.1: Examples of various graphs: (a) the complete graph K5, (b) the complete bipartite
graph K3,3, (c) The wheel on 9 vertices W9.

We now present a definition of an operation that forms a new graph by combining two graphs.

Definition 1.1. Given two disjoint graphs G1 and G2, let {v1, v2, . . . vk} and {w1, w2, . . . wk} be

the vertices of k-cliques in G1 and G2. Then a k-clique-sum or simply a k-sum of G1 and G2 is
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formed by identifying the vertices {vi, wi} for each 1 ≤ i ≤ k, and then deleting any number of

edges from the resulting k-clique on the identified vertices.

Another definition that builds a graph from two other graphs is presented below.

Definition 1.2. The lexicographic product of two graphs G and H , denoted G[H] is the graph

with vertex set V (G) × V (H), where there is an edge between (g1, h1) and (g2, h2) if and only if

g1g2 ∈ E(G) or g1 = g2 and h1h2 ∈ E(H).

The graphs Cn[K2] and Pn[K2] will be of particular interest to us.

1.2 Connectivity and relative connectivity

A graph G is connected if for every pair of vertices of G, there is a path in G between those

vertices. A cutset of G is a set of vertices S of G such that G − S is not connected. A cutset of

size k is called a k-cut. A graph G is called k-connected if G has at least k + 1 vertices and every

cutset of G has size at least k. The connectivity κ(G) of a graph G is the largest k such that G is

k-connected. A component of a graph is a maximal connected subgraph.

Connectivity is way of measuring how hard it is to disconnect a graph; the larger the connec-

tivity, the harder it is to disconnect. Often, adding a connectivity condition to a family makes the

family easier to work with or describe, and so many results presented here include a connectivity

condition.

Given a subgraph H of a graph G, an H-bridge or a bridge of H in G is a component C of

G−V (H) together with all edges with one endpoint in C and the other endpoint in H , or else it is

an edge of E(G)− E(H) with both ends in H .

Relative connectivity is a recently introduced weakening of k-connectivity that will be useful

to us in Chapter 4. Given a graph G and a non-empty set S ⊆ V (G), G is said to be k-connected

relative to S or (k, S)-connected if for every set T ⊆ V (G) with |T | < k every component of

G−T contains at least one vertex of S. This is a weaker condition than k-connectivity, since there

are allowed to be cutsets with size less than k. This definition was introduced in [3], but similar

concepts were explored elsewhere such as in [27] and [33].
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Lemma 2.1 in [3] states a number of useful results for (k, S)-connectivity. Here we present

only the parts of the lemma that we will use later in this document. Part (1) gives an alternative

and perhaps more intuitive definition of being (k, S)-connected.

Lemma 1.3.

(1) A graphG is (k, S)-connected if and only if for every vertex v /∈ S, there are k-disjoint paths

from v to S in G.

(2) Let G be a (k, S)-connected graph with a subgraph H with S ⊆ V (H). If H is k′-connected

for 0 ≤ k′ ≤ k, then G is k′-connected. Furthermore, if H ∼= Kk, then G is k-connected.

(3) Suppose G is k-connected and S ⊆ V (G) with |S| ≥ k. Let H be the union of zero or more

S-bridge in G along with any number of edges with both ends in S (not necessarily edges of

G. Then H is (k, S)-connected.

1.3 Graph minors

This dissertation focuses on results that characterize families of graph that avoid certain small

minors, often with connectivity restrictions. We begin this section by presenting two equivalent

definitions of a graph minor and then several known results.

Given an edge e = v1v2 of a graph G, contracting the edge v1v2 results in a new graph G′,

obtained by deleting v1 and v2, and then adding a new vertex v with neighborhood N(v) =

N(v1) ∪ N(v2). We denote this new vertex of G′ by [e] or [v1v2]. Denote the graph obtained

from contracting the edge e in G by G/e, and denote the graph obtained by deleting the edge e

from G by G\e. A graph H is a minor of G, if a graph isomorphic to H can be obtained from

G by a sequence of edge deletions, edge contractions, and vertex deletions. Note that if v1 and

v2 have a common neighbor x, the edge v1x and v2x correspond to only one edge in the graph G′

obtained from contracting v1v2, since we are working only with simple graphs. Some define edge

contraction, and therefore minors, in a context that allows for multiple edges, which results in a

slightly altered definition. For us though, our graphs are simple and multiple edges are ignored.

At times, it will be useful to consider the inverse operation to contracting an edge. Given a
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vertex v of G, splitting v is the operation that forms a new graph G′ by deleting v and adding two

new adjacent vertex v1 and v2 such that N(v1) ∪ N(v2) = N(v) ∪ {v1, v2}. For a given vertex,

this operation is not usually uniquely defined as it depends on the choice of neighborhoods for v1

and v2. A graph G can be obtained from a graph G′ by contracting an edge if and only if G′ can be

obtained from G splitting a vertex. In this sense, edge contraction and vertex splitting are inverse

operations.

An equivalent way to define that a graph H is a minor of a graph G follows. For each vertex v

ofH , let Sv be a corresponding subset of V (G). This collection {Sv}v∈V (H) forms a model ofH in

G if the following conditions hold. The sets are pairwise disjoint, each set Sv induces a connected

subgraph of G, and for every edge v1v2 in H , there is an edge x1x2 in G where x1 ∈ Sv1 and

x2 ∈ Sv2 . We say that H is a minor of G if there is a model of G in H . The set Sv is called the

branch set of v in the given model. A graph G is called H-minor-free if it does not have H as a

minor.

The following well-known lemma will prove useful for working with k-connected graphs that

avoid a particular H-minor.

Lemma 1.4. Suppose G′ is obtained from a k-connected graph G by splitting a vertex v of G into

v1 and v2 in G′, such that v1 and v2 both have degree at least k. Then G′ is k-connected.

Proof. Suppose that there exists a cutset S in G′ such that |S| < k. We consider the cases when

zero, one, or both of v1 and v2 are in S, and in each case find a cutset of size at most k − 1 in G,

which provides a contradiction.

If neither v1 nor v2 is in S, v1 and v2 are in the same component of G′ − S, since they are

adjacent. Thus, S is still a cutset of G.

If both v1 and v2 are in S and v = [v1v2], let S ′ = S\{v1, v2} ∪ {v}. Then G− S ′ is the same

graph as G′ − S, so S ′ is a cutset of G with |S ′| < |S| < k.

Suppose that exactly one of v1 and v2 is in S. Without loss of generality, v1 ∈ S and v2 /∈ S.

Now G′ − S is disconnected, so it has at least two components C1 and C2; suppose v2 ∈ C2.

Then v2 has degree at least k in G′, and so v2 has a neighbor outside of S. Thus, C2 contains a
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vertex other than v2, and S ′ = S\{v1, v2} ∪ {v} separates that vertex from C1 in G. G. Again

|S ′| < |S| < k.

So in all cases, if G′ has such a cutset, so does G. Since G is k-connected, G′ is k-connected.

The following lemma presents another condition under which k-connectedness is preserved.

Lemma 1.5 (See West, [32] pg. 145). Suppose G′ is obtained from a k-connected graph G by

adding a vertex v and edges to v such that the degree of v in G′ is at least k. Then G′ is k-

connected.

In a k-connected graph G, an edge e of G is said to be k-contractible if G/e is k-connected.

The following well-known result of Tutte discusses the existence of a 3-contractible edge in 3-

connected graphs.

Lemma 1.6 (Tutte, [29]). Every 3-connected graph other than K4 has a 3-contractible edge.

We now present another lemma that will prove useful. As stated this lemma appeared in [10],

but it was originally proven simultaneously by Seymour in [25] in the context of matroids and by

Negami in [18] in the context of multigraphs. These versions of the lemma are often referred to as

Seymour’s Splitter Theorem.

Lemma 1.7. Given a 3-connected graph G with a 3-connected minor H , there is a sequence of

graphs H = G0, G1 . . . Gj−1, Gj = G such that each Gi is 3-connected and is obtained from Gi+1

by contracting or deleting a single edge.

The statements of this lemma in [25] and [18] require that H is either not a wheel or H is the

largest wheel that is a minor of G. This is because in these contexts, edge contraction is allowed

to create multiple edges. In particular, consider Wn−1 as a minor of Wn. When multiple edges are

allowed, Wn−1 is obtained from Wn by contracting a rim edge e of Wn, which results in a multiple

edge, and the deleting one of the multiple edges. The graph Wn/e is not 3-connected, however,

due to the multiple edge and their definition of 3-connectivity. In our context, which does not allow
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multiple edges, contracting any rim edge of Wn gives Wn−1 directly. For this reason, we do not

need to include the condition that H is not a wheel in our statement of this lemma. More details of

this can be found in [10].

Graph minors are graph substructures that are more general than subgraphs. They have con-

nections to many areas within graph theory including graph embedding and graph coloring.

A graph G is called planar if it can be embedded in the plane, that is drawn in the plane so that

edges do not cross. The following characterizes planar graphs in terms of excluded minors.

Theorem 1.8 (Wagner, [30]). A graph G is planar if and only if it is K5-minor-free and K3,3-

minor-free.

In the case when the graph is 3-connected, the characterization simplifies to the following.

Theorem 1.9 (Wagner, [30]). For any 3-connected graph G other than K5, G is planar if and only

if it is K3,3-minor-free.

These well-known results are an early instance of characterizing useful families of graphs by

excluding certain minors. These results are very specific instances of a much more general result,

formally known as Wagner’s Conjecture. A family of graphs G is called minor closed if G ∈ G

implies H ∈ G for any minor H of G, i.e., it is closed under the operation of taking minors.

Conjecture 1.10 (Wagner, [31]). Every minor-closed family of graphs can be characterized by

excluding a finite set of minors.

Note that the planar graphs, and in fact the family of graphs that are embeddable on any given

surface, is minor closed. In this way, Wagner’s Theorem is one specific case of this conjecture.

More recently, this conjecture was proven true by the Robertson-Seymour Graph Minors Project,

a massive project spanning around twenty publications. To state their main result in full, we need

a few definitions.

A quasi-ordering, also called a preordering, of a set S is a binary relation ≤ such that x ≤

x∀x ∈ X (≤ is reflexive), and x ≤ y and y ≤ z implies x ≤ z (≤ is transitive). A quasi-

ordering is a weaker notion then a partial order, as it drops the condition of antisymmetry, that is
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the condition that for no two distinct elements x and y of S do we have x ≤ y and y ≤ x. A

quasi-ordering on S is called a well-quasi-ordering if for every infinite sequence of elements of

S, x1, x2, . . . , there exist a pair of elements xi and xj with i < j such that xi ≤ xj . With this

definition we can state the Robertson-Seymour Graph Minors Theorem.

Theorem 1.11 (Robertson and Seymour, [24]). The minor relation is a well-quasi-ordering on

every minor-closed class of graphs.

A well-quasi-ordering contains no infinite antichains (a set of incomparable elements). If a

family of graphs cannot be characterized by excluding a finite set of minors, then the set of minor-

minimal graphs not in the family must be an infinite antichain under the minor relation. Thus,

Wagner’s Conjecture follows immediately from Theorem 1.11.

As part of their Graph Minors Project, Robertson and Seymour describe families of graph that

avoid a planar graph as a minor. The graph K2,t is planar, and so this is particularly relevant to the

work presented here. The following definition is needed to state their result.

Definition 1.12. The treewidth of a graph G is the smallest k such that G is obtained from graphs

G1, G2, . . . Gm each on at most k vertices by clique-sums.

The treewidth of a graph quantifies how treelike a graph is. The following theorem shows how

avoiding a planar graph as a minor relates to treewidth.

Theorem 1.13 (Robertson and Seymour [22]). A minor-closed family of graphs has bounded

treewidth if and only if it excludes a planar graph as a minor.

In particular, this shows that the family of graphs that avoid K2,t as a minor for a given t has

bounded treewidth.

1.4 Graph coloring and Hadwiger’s Conjecture

In this section, we will introduce the notion of graph coloring, and discuss briefly how it relates

to graph minors. A k-coloring (also called a k-vertex-coloring) of a graph G is a function φ :
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V (G)→ {1, 2, . . . k} such that φ(x) 6= φ(y) if xy ∈ E(G). In other words, it assigns each vertex

of G one of k colors such that adjacent vertices receive different colors. A graph G is k-colorable

if it has a k-coloring. The chromatic number of G, χ(G) is the smallest number k such that G has

a k-coloring. Graph coloring is a challenging and well-studied area of graph theory. Determining

if a graph is k-colorable, and in particular finding the chromatic number, is computationally hard;

determining whether a graph is k-colorable is NP-complete for each fixed k ≥ 3 [15]. (For more

on NP-completeness see [26]). Thus, finding bounds on the chromatic number of a class of graphs

is of interest. One of the best-known results in graph theory is the Four Color Theorem, which

relates graph coloring to planarity.

Theorem 1.14 (Appel and Haken, [1]). Every planar graph is 4-colorable.

As demonstrated by the Four Color Theorem there is a deep connection between the topological

properties of a graph and its chromatic number. Earlier we discussed how Wagner’s Theorem

(Theorem 1.8), connects graph minors to graph embeddings. One might expect then, that there is

a direct connection between graph minors and graph coloring. The following conjecture addresses

exactly this.

Conjecture 1.15 (Hadwiger’s Conjecture). If G does not have a t-coloring, then G has a Kt+1

minor.

It was conjectured in 1943 by Hadwiger, and in the paper where it was introduced, he proved

it for the case when t = 3 [14]. The case when t = 4 states that if G has no 4-coloring, it has

a K5-minor, so it particular it is not planar. Thus, this particular case of the conjecture is more

general than the Four Color Theorem, and the overall conjecture is a far-reaching generalization of

the Four Color Theorem. Wagner proved that the case when t = 4 is in fact equivalent to the Four

Color Theorem [30], so we know now with the proof of that theorem that it holds. No additional

progress was made on this conjecture until 1993 when Robertson, Seymour, and Thomas proved

that it holds for t = 5 [21]. In particular, they showed that the case t = 5 follows from the Four

Color Theorem.
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a) b)

Figure 1.2: Examples of complete bipartite graphs: (a) K2,5 and (b) K2,7.

1.5 Complete multipartite minors and Hamiltonicity

For most graphs H , the family that arises from avoiding H as a minor is not well understood.

An exact characterization of that family would be the ultimate goal, but for most H , this is not

known. The complete bipartite graphs are a natural choice for graphs to avoid as minors. As

observed in Theorem 1.9, graphs with high enough connectivity that avoid K3,3 as a minor are all

planar. As we will discuss later, avoiding K2,t minors has implications for Hamiltonicity, which

makes this a particularly interesting property.

Before discussing K2,t minors and Hamiltonicity, we will discuss K1,t-minor free graphs. Be-

fore we can state a result on these families, we need the following definition. Subdivision of an

edge e = uv in a graph G is the operation that replaces the edge e with two new edges ux and xv,

where x is a new vertex. A subdivision of a graph G is a graph obtained from G by subdividing

edges. A subdivision can be thought of as a restricted type of vertex split.

Theorem 1.16 (Robertson and Seymour, [23]). Given a positive integer t there exists a positive

integer Nt, such that every component of a K1,t-minor-free graph is a subdivision of a graph on at

most Nt vertices.

Since subdividing an edge results in a degree 2 vertex, a corollary of this result is that there are

finitely many 3-connected, K1,t-minor-free graphs for any given t.

We now turn our attention to K2,t-minor-free graphs. In the rest of this chapter, we present
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several known results for K2,t-minor-free graphs. The new results presented in Chapters 3 and 4

focus on K2,t-minor-free graphs.

A cycle that contains all vertices of G is called a Hamilton cycle. A graph that has a Hamilton

cycle is Hamiltonian. A slightly weaker structure that is often of interest is a Hamilton path, a

path containing every vertex of a graph. Determining if a graph has a Hamilton cycle is an NP-

complete problem, as is determining if a graph has a Hamilton path [15]. It is of interest then to

find classes of graph that are Hamiltonian, i.e., sufficient conditions for the existence of a Hamilton

cycle. As mentioned, Hamiltonicity can be connected to avoiding certain complete bipartite graphs

as minors.

We will first consider graphs without K2,3 minors. A graph G is called outerplanar if it can be

embedded in the plane such that there is one face that contains all the vertices of G.

Theorem 1.17. A graph is outerplanar if and only if it is K2,3- and K4-minor-free.

This result follows from Theorem 1.8. Analogously to the planar case and Theorem 1.9, for

graphs with sufficient connectivity, essentially only K2,3 needs to be avoided.

Theorem 1.18. A 2-connected graphG other thanK4 is outerplanar if and only if it isK2,3-minor-

free.

A corollary to this fact is that all 2-connected, K2,3-minor-free graphs are Hamiltonian.

We need to make one note before we continue. Let H be a graph with a minor H ′. Then

any graph that has an H-minor has an H ′-minor, and therefore, any graph that is H ′-minor-free

is H-minor-free. Thus, the class of graphs that are K2,t−1-minor-free is a subset of the class of

graphs that are K2,t-minor-free. Contracting any edge of K2,t gives the graph K1,1,t−1, which

can also be obtained by adding an edge to K2,t−1. The K2,t−1-minor-free graphs are a subset of

the K1,1,t−1-minor-free graphs, which in turn are a subset of the K2,t-minor-free graphs. For this

reason, K1,1,t-minor-free graphs are closely related toK2,t-minor-free graphs, and so results of this

form are included in this section as well.
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Avoiding complete bipartite minors is closely related to Hamiltonicity and the existence of

other spanning substructures. The following theorem connectsK2,t-minor-freeness to the existence

of a large cycle.

Theorem 1.19 (Chen et al., [4]). Every 2-connected, K2,t-minor free graph on n vertices contains

a cycle of length at least
n

t− 1
.

Since all 2-connected, K2,3-minor-free graphs are Hamiltonian, it is natural to consider the

Hamiltonicity of the K2,4-minor-free graphs. To this end, a full characterization of the K2,4-minor-

free graphs was presented in [11].

Definition 1.20. For n ≥ 3, and 0 ≤ r, s ≤ n−3, let Gn,r,s be the graph with vertices v1, v2, . . . vn

with edges vivi+1 for 1 ≤ i ≤ n− 1, v1vn−i for 1 ≤ i ≤ r and vnv1+j for 1 ≤ j ≤ s. Define G+
n,r,s

to be Gn,r,s with the additional edge v1vn.

Let G be the class of graphs isomorphic to one of the graphs in the following set.

{G+
n,1,n−3, G

+
n,n−3,1|n ≥ 4} ∪ {G+

n,r,s, Gn,r,s|n ≥ 5, 2 ≤ r, s ≤ n− 3, r + s = n− 1 or n− 2}

An example of a graph in G is presented in Figure 1.3.

Figure 1.3: The graph G10,5,3.

Theorem 1.21. For a 3-connected graph G, G is K2,4-minor-free if and only if G ∈ G or G is

isomorphic to one of nine exceptional graphs on at most eight vertices.
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From this characterization, they were able to show the following Hamiltonicity result.

Theorem 1.22 (Ellingham et al., [10]). Every 3-connected K2,4-minor-free graph is Hamiltonian.

Furthermore, every 2-connected K2,4-minor-free graph has a Hamilton path.

Avoiding aK2,5-minor is not sufficient to be Hamiltonian, even with a 3-connectivity condition.

Adding a planarity condition as well suffices though.

Theorem 1.23 (Ellingham et al., [11]). Every 3-connected, planar,K2,5-minor-free graph is Hamil-

tonian.

Note that the planarity condition cannot be dropped in this theorem, i.e., there exist 3-connected,

non-planar, non-Hamiltonian, K2,5-minor-free graphs. Theorem 1.22 can be expanded to K1,1,5-

minor-free graphs with one exception, the Herschel graph, depicted in Figure 1.4.

Figure 1.4: The Herschel graph, which is not Hamiltonian

Theorem 1.24 (Ellingham, Gaslowitz, O’Connell, and Royle, see [19]). Every 3-connected, pla-

nar, K1,1,5-minor-free graph is Hamiltonian, except the Herschel graph.

As discussed earlier, the K1,1,5-minor-free graphs are a superset of the K2,5-minor-free graphs,

so this is a generalization of the previous result. There is an infinite family of 3-connected, planar,

K2,6-minor-free graphs that are not Hamiltonian described in [19]. A conjecture due to Ellingham,

Marshall, and Royle is that all 3-connected, planar K2,6-minor-free graphs on sufficiently many
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vertices (at least 16) are Hamiltonian except the graphs of this small family, with only 40 members

on any given number of vertices.

Families of K2,t-minor-free graphs have been studied in contexts other than Hamiltonicity as

well. Chudnovsky, Reed, and Seymour studied the edge density of Kt,2-minor-free graphs, and

proved the following bound.

Theorem 1.25 (Chudnovsky, Reed, and Seymour [6]). For a given t ≥ 2 and a K2,t-minor-free

graph G, the following holds:

|E(G)| ≤ 1

2
(t+ 1)(|V (G)| − 1)

This result is an improvement of an earlier result by Myers [17], which proved the same result

but requiring t > 1029.

There has also been some work on Hamiltonicity and the existence of spanning substructures

in K3,t-minor-free graphs. One early result along these lines is Tutte’s result that the 4-connected,

planar graphs are Hamiltonian; since K5 is also Hamiltonian it follows that all 4-connected, K3,3-

minor-free graphs are Hamiltonian [28]. Another more recent such result is the following.

Theorem 1.26 (Chen, Yu, and Zang, [5]). There exists a function α(t) and constant β that does

not depend on t, such that every 3-connected, K3,t-minor-free graph on n vertices has a cycle of

length at least α(t)nβ .

A spanning tree of G is a tree subgraph of G that contains every vertex of G. A Hamilton path

is a spanning tree with maximum degree 2. The existence of spanning trees with low degree is

related to but weaker than the existence of Hamilton paths. Ota and Ozeki showed in [20] that for

t ≥ 4 every 3-connected, K3,t-minor free graph contains a spanning tree with maximum degree at

most (t − 1) when t is even, and at most t when t is odd, and these bounds are sharp. This also

holds for t = 3 due to a result of Barnette, which is stated in terms of planar graphs [2].
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Chapter 2

Fans and strips

In this chapter, we first examine several known results on characterizingK2,t-minor-free graphs

for small t. Then we will consider a general result that provides a rough description of every K2,t-

minor-free graphs for any given t. These results are closely related to the new work presented in

this dissertation, and several technical definitions and lemmas presented here will be used through-

out the document. In particular, the definitions of fans are strips will be important to us.

Throughout this dissertation we will assume that a model of K2,t in a graph has a particular

type of structure. Label the vertices of K2,t with r1, r2, x1, x2, . . . xt, where each ri has degree t

and each xi has degree 2. Let (R1, R2, T1, T2, . . . Tt), be a model of K2,t in a graph G, where the

set Ri corresponds to ri and the set Ti corresponds to the vertex xi. We may assume that each Ti

contains a single vertex for each 1 ≤ i ≤ t by the well-known following observation.

Observation 2.1. Suppose H is a minor of a graph G. Suppose X is an independent set of

vertices in G with maximum degree 2. Then there is a model of H in G such that the branch

set corresponding to each xi ∈ X consists of a single vertex.

Proof. Suppose we have a graph G with a minor of H . Fix some model of H in G. Let Sv be

the branch set for the vertex v in the model of H in G. Now suppose Sx contains more than one

vertex for some x ∈ X . If x has degree 0 or 1 in H , we can clearly take Sx to contain only a

single vertex without changing any other branch set. Suppose then that dH(x) = 2. Let y1 and

y2 be the neighbors of x in H . Note that y1, y2 /∈ X , since X is an independent set. In G there

is a vertex x1 ∈ Sx adjacent to a vertex of Sy1 and a vertex x2 ∈ Sx adjacent to a vertex of Sy2 .

The branch set Sx is connected, so there is a path P from x1 to x2 in Sx. Take S ′x = {x1} and

S ′y2 = Sy2 ∪ P (x1, x2]. Then {x1} is adjacent to a vertex of both Sy1 and S ′y2 , and S ′x and S ′y2 are

connected. Thus, if we let S ′v = Sv for v 6= y2, x, then {S ′v|v ∈ V (H)} is a model for H in G
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with |S ′x| = 1. Since y2 /∈ X , the branch sets for all other vertices of X are unchanged. Thus, we

can find a model for H in G such that for the branch set for every vertex of X consist of a single

vertex.

In fact this observation holds when the vertices of X have degree at most 3 in G, but the

observation as stated is sufficient here. Thus, throughout this document, when we consider a

model of a K2,t minor, (R1, R2, T1, T2, . . . Tt), we will assume each Ti contains a single vertex and

let T = T1 ∪ T2 ∪ · · · ∪ Tt. We use the notation (R1, R2;T ) to refer to such a K2.t model.

2.1 Fans and characterizing K1,1,4-minor-free graphs

With Theorem 1.21, we saw a characterization of all K2,4-minor-free graphs. O’Connell gave

a complete characterization of the 3-connected K1,1,4-minor-free graphs in [19]. Much of the work

done there involves particular induced subgraphs called fans. We present the definition of a fan,

some related definitions, and a few results before stating her main result.

Definition 2.2. An induced subgraph F of G on the vertices r, v1, v2, . . . vk with edge set E(F ) =

{rvi|1 ≤ i ≤ k} ∪ {vivi+1|1 ≤ i ≤ k − 1} such that dG(vi) = 3 for 1 ≤ i ≤ k, and dG(r) ≥ 4 is

called a k-fan. We call r the rivet vertex of F , and each vi is called an rim vertex of F . The vivi+1

edges are called rim edges and the vir edges are called spoke edges. The path v1v2 . . . vk is called

the rim path of F . The vertices v1 and vk each have exactly one neighbor outside of F . The path

v0v1v2 . . . vkvk+1 is called the extended rim of F , where v0 and vk+1 are the neighbors of v1 and vk

outside of F .

We will use the term k+-fan to refer to a k′-fan for any k′ ≥ k. For a graph G with fan F ,

contracting any rim edge of F is called collapsing the fan. Note that graph obtained from G by

contracting any edge of F is independent of the choice of edge, up to isomorphism. In particular, if

F is a k-fan with k ≥ 2, the result is the graph obtained from G by replacing F with a (k − 1)-fan

(assuming the degree of the rivet vertex remains at least 4). Thus, the operation of collapsing a fan

is well defined.
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Given a fan F in a graph G, the operation of expanding F is the split of any rim vertex vi of F

subject to the following conditions. We know that vi is adjacent to the rivet r of F and vi−1 and vi+1.

If v′i and v′′i are the vertices vi splits into, then N(v′i) = {vi−1, r, v′′i } and N(v′′i ) = {vi+1, r, v
′′
i }.

Note that expanding a k-fan F in G results in a graph obtained from G by replacing F with

a (k + 1)-fan. The resulting graph does not depend on the choice of rim vertex to split, up to

isomorphism. Thus, the fan expansion operation is well defined.

The following lemma implies that collapsing a 2+-fan preserves 3-connectivity.

Lemma 2.3 (see O’Connell, [19]). Given a 3-connected graph G with a fan F , then every rim

edge of F is a 3-contractible edge of G.

The following observation states that fan expansions preserve 3-connectivity. It follows from

Lemma 1.4.

Observation 2.4. If G′ is obtained from a 3-connected graph G by expanding a fan F , then G′ is

3-connected as well.

The next lemma states that expanding a fan F preserves the property of being M -minor-free

for certain graphs M when F is large enough.

Lemma 2.5 (O’Connell, [19]). Let G be a graph with 5+-fan F , and let M be a complete multi-

partite graph on at least six vertices with no degree 1 vertices (i.e., M is not K1,t for any t). Then

if G has an M minor, the graph obtained from G by collapsing F also has an M minor.

We in fact need a slightly stronger result, which we state here. This proof is adapted from

a proof of this claim in a more specific scenario (expanding 3+-fans in specific graphs, and with

t = 6), found in [10].

Lemma 2.6. Let G be a K2,t-minor-free graph for some t ≥ 4 with a 3+-fan F . Then the graph

G′ obtained by expanding the fan F to a fan F ′ is K2,t-minor-free as well.

Proof. It suffices to prove the result when F is a (k− 1)-fan and F ′ is a k-fan, for some k ≥ 4; the

result then follows by induction.
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Suppose G′ has a K2,t-minor with model (R1, R2;T ). Let P = v1v2 . . . vk be the rim path

of F ′, let v0v1v2 . . . vkvk+1 be its extended rim path, and let r be its rivet vertex. We cannot have

Rj ⊆ V (P ) for j = 1 or 2, since each connected subgraph of P is adjacent to at most three vertices

in G′, and t ≥ 4. Then for each vi ∈ Rj ∪ T , there exists a path Pj(vi) from vi to a vertex of Rj ,

all of whose internal vertices are in Rj ∩ V (P ), and where the other end is v0, vk+1 or r.

Suppose there is some vi /∈ R1 ∪ R2 ∪ T , 1 ≤ i ≤ k. Then there is an edge e of P with one

end in R1 ∪R2 ∪ T . Contracting e gives a graph isomorphic to G, and preserves the existence of a

K2,t-minor, which is a contradiction. So we have V (P ) ⊆ R1 ∪R2 ∪ T .

Suppose vi and vi+1 are both in Rj , for some 1 ≤ i ≤ k − 1. Then contracting vivi+1 gives

a graph isomorphic to G and preserves the existence of a K2,t-minor. Thus, there are no two

consecutive vertices of P that belong to the same Rj .

First, we consider the case when r /∈ R1∪R2. If there is va ∈ T , then Pj(va) = vava−1 . . . v1v0,

and P3−j(va) = vava+1 . . . vkvk+1 for j = 1 or 2. If a > 2, there are two consecutive Rj vertices in

P , and if a < k−1, there are two consecutiveR3−j vertices in P . Since k ≥ 4, at least one of a > 2

or a < k − 1 holds, so there are either two consecutive Rj vertices in P or two consecutive R3−j

vertices in P , which is a contradiction. If there is no vertex of T in P , then every vertex of P is in

Rj for some j. There are no two consecutive vertices of P in the same Rj , so v1 ∈ Rj, v2 ∈ R3−j ,

and v3 ∈ Rj . However, now there is no path from v2 to v0 or vk+1 all of whose internal vertices are

in R3−j ∩ V (P ). This is a contradiction.

Thus, we may assume without loss of generality that r ∈ R1. Suppose there is a vertex vi ∈ R1

for some 2 ≤ i ≤ k − 1. The vertex vi is adjacent to no vertices outside of F ′, and all vertices of

T in F ′ are adjacent to r. Thus, (R1 − {vi}, R2;T ) is a model of K2,t such that vi ∈ V (P ) is not

in R1 ∪R2 ∪T , which is a contradiction. Thus, we may assume vi /∈ R1 for all 2 ≤ i ≤ k− 1. We

now will consider cases based on the number of vertices in |T ∩ V (P )|.

Suppose |T ∩ V (P )| ≥ 2. Let vi be the first vertex of P in T and let vj be the last vertex of P

in T . The path P2(vi) must be v0v1v2 . . . vi and the path P2(vj) must be vjvj+1 . . . vkvk+1. There

are no two consecutive R2 vertices, so i ≤ 2 and j ≥ k − 1 ≥ 3. If v1 ∈ R2 then v0 ∈ R1, and
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(R1, R2 − {v1}; (T − {v2}) ∪ {v1}) is a model of K2,t in G′ where v2 /∈ R1 ∪ R2 ∪ T , which

is a contradiction. Therefore, we may assume v1 ∈ T and i = 1. But now since v2 /∈ R1 from

above, we have v2 ∈ R2 ∪ T . Since v1 ∈ T and vj ∈ T with j ≥ 3, there is no path P2(v2), a

contradiction.

Suppose |T ∩ V (P )| = 1. Let vi be the vertex in T . Without loss of generality P2(vi) =

v0v1 . . . vi. There are no two consecutive vertices of R2 in P . Thus, i ≤ 2. Consider vertex v3. It

is not in T , and not in R1, so it must be in R2. Then P2(v3) = v3v4 . . . vk+1. However, then there

are two consecutive vertices in R2, a contradiction.

Suppose |T ∩ V (P )| = 0. There are no consecutive vertices of P in R2, and all vertices of P

must be in R1 or R2. Thus, there must be a sequence of vertices vi ∈ R1, vi+1 ∈ R2, vi+2 ∈ R1

for some 1 ≤ i ≤ k − 2. However, this give a vertex vi ∈ R1 for some i between 2 and k − 1, a

contradiction.

Using computer results and the previously-stated facts about fans, O’Connell proves the fol-

lowing characterization of the 3-connected, K1,1,4-minor-free graphs.

Theorem 2.7 (O’Connell, [19]). There exists a set of base graphs B on at most 10 vertices such

that a graph on at least 13 vertices is 3-connected andK1,1,4-minor-free if and only if it is obtained

from a graph in B by fan expansions.

In fact, O’Connell gives an exact description of the base graphs in B, but we omit those details

here. This characterization allows her to prove the following counting result.

Theorem 2.8 (O’Connell, [19]). For n ≥ 13, there are exactly
⌊

23n

2

⌋
− 39 non-isomorphic,

3-connected, K1,1,4-minor-free graphs on n vertices.

2.2 Q-sequences and characterizing 4-connected, K2,5-minor-free graphs

We now turn our attention to 4-connected K2,5-minor-free graphs. Ellingham and Gaslowitz

gave a complete characterization of these graphs, which is presented in [13]. They characterize
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them in terms of Q-sequences, which provide a way of constructing ring-like graphs out of small

pieces.

Define an X-, I-, ∆+-, ∆−, or Q-piece to be a copy of the corresponding graph in Figure 2.1.

a2

a1

b2

b1

X

a2,b2

a1,b1

I

a2 b2

a1,b1

∆−

a1 b1

a2,b2

∆+

a1 b1

a2 b2

Q

Figure 2.1: The five types of pieces that are used to build Q-sequence graphs.

Definition 2.9. A Q-sequence is a cyclic sequence of X-, I-, ∆+-, ∆−-, and Q-pieces such that:

(1) Each I- or Q-piece appears between two X-pieces.

(2) There are no two consecutive ∆+-pieces and no two consecutive ∆−-pieces.

Given a cyclic sequence of pieces (P0, P1, . . . Pm−1), refer to each vertex ai or bi in piece Pj

as aji . The index of a piece will always be considered only up to congruence modulo m. A Q-

sequence graph is a graph that can be built from a Q-sequence in the following way. For each j,

with 0 ≤ j ≤ m− 2, identify bj1 with aj+1
1 and bj2 with aj+1

2 . Then either identify bm−11 with a01 and

bm−12 with a02, or identify bm−11 with a02 and bm−11 with a02. If the last and first pieces are ∆+ and ∆−

(in either order) then we must identify bm−11 with a01 and bm−12 with a02; if the last and first pieces

are both ∆+ or both ∆− then we must identify bm−11 with a02 and bm−12 with a01.

It is worth noting that the definitions ofQ-sequences andQ-sequence graphs presented here are

equivalent to but differ slightly from the ones presented in [13]. In particular, there they consider

∆+ and ∆− both as a single ∆ piece, and allow for attaching pieces in different orientations. The

definition as presented here is more analogous to the one we present for A-sequences in Chapter

3. Also, with this definition, it is clear thatQ-sequence graph are built from (2,2)-terminal graphs,
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a concept introduced in Chapter 3.

The following theorem provides a characterization of the 4-connected K2,5-minor-free graphs.

Theorem 2.10 (Ellingham and Gaslowitz, see [13]). For a graph G on at least 9 vertices, the

following are equivalent:

(1) G is 4-connected and K2,5-minor-free.

(2) G is a Q-sequence graph.

(3) G is a 4-connected minor of Cn[K2] for some n.

As part of the proof of this result, they also prove the following, which will be useful to us

throughout this document. This result also appears without proof in [6].

Lemma 2.11 (see [13]). Cn[K2] is K2,5-minor-free.

The characterization described in Theorem 2.10 also provides exact and asymptotic counting

results on the number of these graphs.

In Chapter 3, we present results towards a characterization of the family of 3-connected K2,5-

minor-free graphs. This family contains both the 4-connected K2,5-minor-free graphs and the

3-connected K1,1,4-minor-free graphs.

2.3 Strips and a rough description of K2,t-minor-free graphs

Most of the families of graphs considered thus far in this chapter avoided K2,t minors for some

small, specific t (3 ≤ t ≤ 5). We will now discuss a rough description of the K2,t-minor-free

graphs for any given t proven by Guoli Ding in [8]. The results in Chapter 4 refine these results in

order to give a characterization of the K2,t-minor-free graphs for any given t.

The characterizations of theK2,4-minor-free graphs, the 3-connected,K1,1,4-minor-free graphs,

and the 4-connected K2,5-minor-free graphs presented earlier can be thought of as refinements of

Ding’s result for particular small t. Before we can state the result, a few definitions are needed.

LetG be a graph with a Hamilton cycle C, which we call the reference cycle ofG. Any edge of

G not in C is a chord. Two chords ab and cd with distinct endpoints cross if the endpoints appear
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in the order a, c, b, d in C. A graph G is said to be a type-I graph if every chord crosses at most one

other chord and for any two crossing chords ab and cd, either ac and bd are both edges of C or ad

and bc are both edges of C.

Let H be a type-I graph with reference cycle C. Suppose there exist edges ab, cd ∈ E(C)

such that all chords of G go between the two paths of C − {ab, cd}. If ab and cd do not share

an endpoint, the H − {ab, cd} is called a strip with corners a, b, c, and d. If ab and cd do share a

vertex, say b = c, then the graph H − {ab, cd} is called a weak fan with corners a, b, and d and

center or rivet b.

It is worth noting that for a weak fan F , if we demand that each vertex other than the corners

has degree at least 3 and that the rivet vertex has degree at least 4 (perhaps when considered as part

of a larger graph containing F ), then F is in fact a fan along with its extended rim in terms of our

earlier definition of a fan.

Observation 2.12. Every strip is a minor of Pn[K2]. Moreover, given a strip S with corners a, b, c,

and d obtained from a graph H by deleting edges of the reference cycle ab and cd, then there are

disjoint paths‘ from a to c and from b to d or from a to d and from b to c.

For a graph G, the operation of adding a weak fan or strip to G identifies the corners of a fan or

a strip to distinct vertices of G. If more than one weak fan or strip is added to G, then any two of

the corners of added weak fans and strips are identified with distinct vertices unless one of them is

the center of a weak fan and the other is either the center of another weak fan or a corner of a strip.

Figure 2.2: Examples of a weak fan (on the left) and a strip (on the right).
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Ding defines a slight variation of the 2-sum, which we call the modified 2-sum. Given two

graphs G1 and G2, let zi be a vertex of Gi that is incident with exactly two edges xizi and yizi..

Let G′i = Gi − zi. Then the modified 2-sum of G1 and G2 is obtained by identifying x1 with x2

and y1 with y2 in G′1 ∪G′2. Note that this is similar to the usual 2-sum, as two vertices from G1 are

identified with two vertices of G2.

Theorem 2.13. For a given t, there exists a finite set of base graphs Bt, such that every 2-

connected, K2,t-minor-free graph G is obtained by a sequence of zero or more modified 2-sum

operations from graphs G1, G2, . . . Gk, where each Gi is obtained from a graph Bi ∈ Bt by adding

strips and weak fans.

Note that if G is obtained from a modified 2-sum of two graphs, it contains a 2-cut, and so is

not 3-connected. Any graph G with a fan has a degree 3 vertex and so is not 4-connected. The

corners of a strip form a 4-cut, so any graph with a strip with at least one non-corner vertex is not

5-connected. With this in mind, Theorem 2.13 gives the following descriptions when G is 3-, 4-,

or 5-connected.

Corollary 2.14. For a given t, there exists a finite set of base graphs Bt such that for every K2,t-

minor-free graph G:

• When G is 3-connected, G is obtained by adding fans and strips to a graph B ∈ Bt.

• When G is 4-connected, G is obtained by adding strips to a graph B ∈ Bt.

• When G is 5-connected, G ∈ Bt.

It is worth noting that this description is not a characterization. It provides necessary condi-

tions for a graph to be k-connected and K2,t-minor-free, but does not show that they are sufficient

conditions as well. In Chapter 4, we provide a refinement of these descriptions for the 3- and

4-connected cases. This then gives a characterization of the 3- or 4-connected, K2,t-minor-free

graphs for any given t up to a specific set of base graphs.
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Chapter 3

Towards a characterization of the 3-connected K2,5-minor-free graphs

In this chapter, we present a number of new results that move towards a characterization of

the 3-connected, K2,5-minor-free graphs, and the planar, 3-connected, K2,5-minor-free graphs. We

conjecture that a graph is 3-connected and K2,5-minor-free if and only if it is obtained from one

of a finite set of base graphs by expanding fans, or is an A-sequence graph, which will be defined

later, and have a similar conjecture for the planar case. We begin by defining and proving some

results on these A-sequence graphs. In particular, we show that they are 3-connected and K2,5-

minor-free. Several of the definitions and results here are critical for our work in Chapter 4 on

general K2,t-minor-free graphs. Then we prove a new result on the topic of fan expansions. This

result, Proposition 3.17, provides a strategy for proving a characterization of the 3-connected,

K2,5-minor-free graphs. Also, it has applications outside of characterizing this particular family;

it applies when attempting to show that any family of 3-connected graphs defined by excluded

minors is obtained by fan expansions. This chapter concludes with a discussion of the conjectured

characterizations of these families, the computational evidence for them, and what further work

might be used to give complete characterizations.

3.1 (2,2)-terminal graphs and A-sequence graphs

We begin this section by defining a set of partially labelled graphs and a concatenation opera-

tion on them that gives a monoid structure. Recall that a semigroup is a set along with an associative

binary operation, and a monoid is a semigroup with an identity. Let a (2,2)-terminal graph be an

unlabelled graph except for (not necessarily distinct) vertices identified as a1(G), a2(G), b1(G),

and b2(G). When it is clear from context we may denote these vertices as simply a1, a2, b1 and b2

and indicate which vertex is a1(G) by labelling it a1, and so on. Given (2,2)-terminal graphs G1

and G2 let the concatenation G1G2 be the graph obtained by identifying b1(G1) with a1(G2) and
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b2(G1) with a2(G2), and setting a1(G1G2) = a1(G1), a2(G1G2) = a2(G1), b1(G1G2) = b1(G2),

and b2(G1G2) = b2(G2). This gives us a new (2,2)-terminal graph. This concatenation operation

is shown in Figure 3.1

a1

a2

b1

b2

(a)

a1

a2

b1

b2

(b)

a1

a2

b1

b2

(c)

Figure 3.1: An example of concatenation of (2,2)-terminal graphs: (a) G1 (b) G2 (c) G1G2.

The operation of concatenation is associative, so the (2,2)-terminal graphs up to label-preserving

isomorphism along with this concatenation operation form a semigroup. Let E be the (2,2)-

terminal graph consisting of two vertices, one labelled a1 and b1 and the other labelled a2 and

b2, and no edges. For any (2,2)-terminal graph G, EG = GE = G, so E is the identity of

the semigroup. Thus, the (2,2)-terminal graphs along with the operation of concatenation form a

monoid. The concept of (2,2)-terminal graphs will be used extensively in Chapter 4. It will also be

used here to define A-sequence graphs.

We now present a family of graphs, the A-sequence graphs, and then show that this family is

3-connected and K2,5-minor-free.

Define an X-, I-, A+-, A−-, A∗-, Y0,0-, Z0,0-, and T -piece to be a copy of the (2,2)-terminal

graph pictured in Figure 3.2. Certain vertices of Y0.0 and Z0,0 in this figure are marked as p1 and

p2 to assist in the definition of Yi,j and Zi,j for general i and j below; these are not formal labels.

An A-type piece is either an A+-, A−-, or A∗-piece.

Define a Yi,0-piece (or Zi,0-piece) for i > 0 to be the graph obtained by adding vertices

v1, v2, . . . vi to the (2,2)-terminal graph Y0,0 (respectively Z0,0) so that a1v1v2 . . . via2 is a path,

each vk for 1 ≤ k ≤ i is adjacent to p1 (as marked in Figure 3.2), and there are no additional edges.

Define a Yi,j-piece (or Zi,j-piece) for j > 0 to be the graph obtained by adding the vertices
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Figure 3.2: Some of the pieces that are used to build A-sequence graphs.

w1, w2, . . . wk to the (2,2)-terminal graph Yi,0 (respectively Zi,0) so that b1w1w2 . . . wjb2 is a path,

each wk for 1 ≤ k ≤ j is adjacent to p2 (as marked in Figure 3.2), and there are no additional

edges. Examples of Yi,j and Zi,j are shown in Figure 3.3.

Definition 3.1. AnA-sequence is a cyclic sequence ofX-, I-, A+-, A−-, A∗-, Yi,j-, and Zi,j-pieces

(P0, P1, . . . Pm−1),m ≥ 1 with the following properties.

(1) There are no two consecutive A-pieces.

(2) NoA-type piece immediately precedes a Y0,j or Z0,j-piece, and noA-type piece immediately

follows a Yi,0- or Zi,0-piece.

(3) There is at most one total Yi,j- or Zi,j-piece.

(4) There are no two consecutive I-pieces.

(5) There is at most one T -piece, and it occurs next to an I-piece, but not between two I-pieces.

Given aA-sequence (P0, P1, . . . Pm−1), we will consider the index of a piece up to congruence

modulo m, unless otherwise noted. We will use the notation aji and bji to represent ai or bj in the

piece Pj . Given a (2,2)-terminal graph G, let γ(G) be the graph obtained by identifying a1(G)

with b1(G) and a2(G) with b2(G) in G and dropping the labelling. We say that a graph G is an
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Figure 3.3: Some examples of Yi,j and Zi,j for various i and j: (a) Y3,0, (b) Z0,2, (c) Y1,2, and (d)
Z2,3.

A-sequence graph if it is equal to γ(P0P1P2 . . . Pm−1) where P0, P1, . . . Pm−1 is an A-sequence.

This gives a unique graph for each A-sequence.

We can also describe how to create this graph from a A-sequence without using the language

of (2,2)-terminal graphs. Start with the piece P0. Then for each piece Pj , with 1 ≤ j ≤ m− 1 add

the piece Pj to the graph by identifying aj1 with bj−11 and aj2 with bj−12 . Then after adding the final

piece, Pm−1 identify bm−11 and bm−12 with a01 and a02.

The definition of A-sequences above is analogous to the definition of Q-sequence graphs.

While this notion of (2,2)-terminal graphs was not used in that definition, it could have been.

The conditions (1)-(6) in the definition of anA-sequence either prevent the inclusion of redun-

dant edges or help to ensure that the resulting graph is 3-connected.

The following identities are useful when working with A-sequence graphs. We state them

using the terminology of (2,2)-terminal graphs.
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Observation 3.2. The following equalities hold in the monoid of (2,2)-terminal graphs.

(1) I2 = II = I .

(2) A+A− = A−A+ = A∗.

The piece T is somewhat strange, as it does not add any edges to the graph. However, it

switches the ‘top’ and ‘bottom’ of the graph, effectively adding a twist to the strip-like structure

of the graph, hence the name T -piece. For a (2,2)-terminal graph G, let G̃ be the (2,2)-terminal

graph obtained from G by swapping labels a1 and a2 and also swapping labels b1 and b2. If we

join the pieces in a horizontal sequence, G̃ can be thought of as a vertical reflection of G. For any

(2,2)-terminal graph, G̃ = TGT . Note also that TT = E. These two facts give rules that allows

us to move a T -piece past other pieces. In particular, TG = G̃T and GT = TG̃. The effects of T

on the pieces used in A-sequence graphs are summarized in the following observation.

Observation 3.3. The following equalities hold in the monoid of (2,2)-terminal graphs.

(1) T 2 = TT = E.

(2) TG = G̃T and GT = TG̃. In particular cases this gives the following:

(a) TA+ = A−T .

(b) TA− = A+T .

(c) TA∗ = A∗T .

(d) TI = IT .

(e) TX = XT = X .

(f) TYi,j = Yi.jT .

(g) TZi,j = Zi,jT .

For two (2,2)-terminal graphs S1 and S2, we will say S1 ∼ S2 if γ(S1) ∼= γ(S2). With this

notation, we can write a few more simplifying rules.

Observation 3.4. (1) P0P1 . . . Pm−1 ∼ P1P2 . . . Pm−1P0, i.e., cyclic shifts of sequences give

isomorphic graphs.
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(2) P0P1 . . . Pm−1 ∼ TP0P1 . . . Pm−1T = TP0TTP1T . . . TPm−1T = P̃0P̃1 . . . P̃m−1, i.e., ver-

tical reflections of sequences give isomorphic graphs.

We now show that the A-sequence graphs are K2,5-minor-free.

Lemma 3.5. Every A-sequence graph is K2,5-minor-free.

Proof. Let G be anA-sequence graph withA-sequence (P0, P1, . . . Pm−1). Without loss of gener-

ality, we will take Pm−1 to be the Yi,j- or Zi,j-piece if there is one, and i ≥ j.

Assume first that if (P0, P1, . . . Pm−1) contains a Yi,j- or Zi,j-piece, then i, j ≤ 1. Every A-

sequence graph G with a Y0,0- Y1,0-, Y1,1-, Z0,0-, or Z1,0-piece can have that piece replaced by Z1,1

to get G′. Then G′ is a validA-sequence graph and G is a minor of G′, so if G′ is K2,5-minor-free,

so is G.

So assume that if G contains an Yi,j- or Zi,j-piece it is Z1,1. To show that such a G is K2,5-

minor-free, we will show that every G is a minor of Cn[K2] for some n. For any n, Cn[K2] is

K2,5-minor-free by Lemma 2.11, so this suffices. We will then show that every A-sequence graph

is a minor of a graph obtained from such a G by expanding 3+-fans, which preserves K2,5-minor-

freeness by Lemma 2.6.

Let k = 2 if Pm−1 = Z1,1, and let k = 0 otherwise. We will show that G is a minor of

C2m+k[K2]. Label the vertices of C2m+k[K2], such that one copy of C2m+k has vertices labelled

c0, c1, . . . c2m+k−1 and the other is labelled d0, d1, . . . d2m+k−1. Then for each piece Pi, perform the

following operations depending on the type of piece.

If Pi is an X-piece: Delete edges c2id2i and c2i+1d2i+1.

If Pi is an A∗-piece: Delete edges c2id2i, c2i+1d2i, c2id2i+1, and c2i+1d2i+1.

If Pi is an A+-piece: Delete edges c2id2i, c2i+1d2i, c2id2i+1, and c2i+1d2i+1. Contract edge

d2id2i+1.

If Pi is an A−-piece: Delete edges c2id2i, c2i+1d2i, c2id2i+1, and c2i+1d2i+1. Contract edge

c2ic2i+1.

If Pi is an I-piece: Contract edges c2ic2i+1 and d2id2i+1.
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If Pi is a T -piece: Delete edges c2id2i, c2i+1d2i+1, c2ic2i+1, and d2id2i+1. Contract edges c2id2i+1

and c2i+1d2i.

If Pi is a Z1,1-piece: Note that i = m − 1 and k = 2 here. Delete edges c2id2i, c2i+1c2i+2,

c2i+1d2i+2, c2i+2d2i+1, and c2i+3d2i+3.

Then for each i between 0 and m − 2, delete edges c2i+1d2i+2 and c2i+2d2i+1 and contract

edges c2i+1c2i+2 and d2i+1d2i+2. Then delete edges c2m+k−1d0 and c0d2m+k−1 and contract edges

c2m+k−1c0 and d2m+k−1d0.

The resulting graph is G, so G is a minor of Cn[K2] for some n. Thus, G is K2,5-minor-free.

Now it remains to be shown that G is K2,5-minor-free if it contains a Yi,j- or Zi,j-piece with

i, j, or both greater than or equal to 2. Suppose that Pm−1 = Yi,0 for i ≥ 2. Consider the graph

γ(P0P1P2 . . . Pm−2A
∗Y1,0). The vertices a1 and a2 in the Y1,0 piece have degree 3, so a1v1a2

is the rim path of a 3-fan with rivet vertex p1 = p2, where p1 = p2 and v1 are as defined in

the definition of the Y1,0-piece. Call this fan F . The graph γ(P0P1 . . . Pm−2A
∗Yi,0) is obtained

from γ(P0P1 . . . Pm−2A
∗Y1,0) by expanding F . By the above reasoning, γ(P0P1 . . . Pm−2A

∗Y1,0)

is K2,5-minor-free, so by Lemma 2.6, γ(P0P1 . . . Pm−2A
∗Yi,0) is K2,5-minor-free as well. The

graph G is a minor of the graph γ(P0P1 . . . Pm−2A
∗Yi,0), so G is K2,5-minor-free. Similar rea-

soning covers the cases Pm−1 = Yi,j with i, j ≥ 1 and i ≥ 2, and Pm−1 = Zi,j by consider-

ing fan expansions in the following graphs: γ(P0P1 . . . Pm−2A
∗Y1,1A

∗), γ(P0P1 . . . Pm−2A
∗Z1,0),

γ(P0P1 . . . Pm−2A
∗Z1,1A

∗), and .

It will be useful to restrict our attention to A-sequence graphs without large fans. Given an

A-sequence graph G with a given A-sequence representation, let the reduction of G, denoted G,

be the A-sequence graph where each IA+IA+I sequence is replaced with IA+I , each IA−IA−I

sequence is replaced with IA−I , and every Yi,j or Zi,j piece is replaced with a Yi′,j′ or Zi′,j′-piece

where i′ = 1 if i ≥ 1, and i′ = 0 if i′ = 0 and j′ = 1 if j ≥ 1 and j′ = 0 if j = 0. Then the

reduction size of G, denoted r(G), is |V (G)|. If G = G we say that G is reduced.

Lemma 3.6. Every A-sequence graph with reduction size at least 7 is 3-connected.
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Proof. We will proceed by induction on r(G). Note that if G is 3-connected, G is as well, by

Observation 2.4, since G is obtained from G by expanding fans.

Thus, it suffices to prove the statement for all reduced graphs on n ≥ 7 vertices. The cases

of n = 7, 8, 9, 10, and 11 were checked via computer. Take as the base cases for the induction

n = 10, 11. Every reduced A-sequence graph with |V (G)| ≥ 12 has minimum degree 3. This

claim was checked by checking all possible sequences of pieces to which an individual vertex in

such a graph could belong by hand. Thus, it suffices to show that G is obtained from a 3-connected

graph by a vertex split by Lemma 1.4.

We claim that for a reduced A-sequence graph G on at least 12 vertices there is a rail edge e

such that G/e is an A-sequence graph and r(G/e) ≥ |V (G)| − 2. Proving this claim is sufficient

to complete the proof because then G has minimum degree at least 3 and is obtained by a vertex

split from the graph G/e, which is 3-connected by induction.

Let G = γ(G1G2 . . . Gm). The sequence G1, G2, . . . Gm must contain an X , IA∗I , IA+I , or

IA−I subsequence, by the following reasoning. Suppose we have a A-sequence without any of

the subsequences X , IA∗I , IA+I , or IA−I . Then every IA∗, IA+, or IA− sequence is followed

by a Yi,j- or a Zi,j-piece, and everyA∗I , A+I , orA−I sequence is preceded by a Yi,j- or Zi,j-piece.

Every A-type piece is followed and preceded by an I-, Yi,j-, or Zi,j-piece, since there are no X-

pieces. Thus, the sequence consists of at most two A-type pieces, at most one Yi,j- or Zi,j-piece,

and some number of I-pieces that do not contribute vertices. Therefore, the graph corresponding

to such a sequence has at most 10 vertices, but |V (G)| ≥ 12.

Suppose that G has an X-piece Gi or G has an IA∗I subsequence, where Gi = A∗ in that

sequence. Then taking e = ai2b
i
2, we have that G/e = γ(G1G2 . . . Gi−jIA

+IGi+j . . . Gm), where

j = 1 if Gi = X and j = 2 if Gi = A∗. After replacing any occurrences of II with I in this

sequence, we have an A-sequence representation for G/e. If G/e has reduction size less than

|V (G)|− 2, Gi is both preceded by IA+I or IA+ and followed by IA+I or A+I . In any event, we

can instead chose e = ai1b
i
1, and obtain r(G/e) = |V (G)| − 1.

Suppose then that G has an IA+I or IA−I subsequence. Without loss of generality, as-
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sume a IA+I subsequence, and let Gi = A+ in that sequence. Then let e = ai1b
i
1. Then

γ(G1G2 . . . Gi−2IGi+2 . . . Gm) is an A-sequence for G/e. We have r(G/e) ≥ |V (G)| − 2, since

in the worst case, Gi may be both preceded by an IA−I and followed by an IA−I subsequence,

but this gives r(G/e) = |V (G/e)| − 1 = |V (G)| − 2.

This result is sharp in that there is an infinite family of A-sequence graphs with reduction size

6 that are not 3-connected. The graph G0 = γ(IA+IA∗IA−IA∗) has a 2-cut, and every graph G

such that G = G0 has a 2-cut as well. An example of such a G is depicted in Figure 3.4.

Figure 3.4: An A-sequence graph with reduction size 6 and a 2-cut.

3.2 Expanding fans

In this section we present a number of results on fans in graphs, leading to a proof of Proposition

3.17. This new result gives a condition on the number of fan edges in a graph G, such that if G/e

has this property for every 3-contractible edge e, then G has this property as well. We know that

expanding 3+-fans does not introduce a K2,t-minor for any t ≥ 4 by Lemma 2.6. Proposition 3.17

gives a condition under which we can verify that only fan expansions occur, giving us a way to

characterize the 3-connected, K2,5-minor-free graphs.

This result has potential additional applications. By Lemma 2.5, expanding 4+-fans in M -

minor-free graphs for complete multipartite graphs M such as K1,1,t preserves M -minor-freeness.

It may be true that expanding 3+-fans in M -minor-free graphs for such M does not introduce M
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minors as well. Since Proposition 3.17 does not depend on the specific minor we avoid, it may

apply for K1,1,t minors or other complete multipartite minors.

The literature contains other instances where fans must be dealt with when considering minors

in 3-connected graphs. For instance, in [9], Ding and Liu use 3+-connected graphs that exclude two

configurations, one of which is a 3-fan, as part of characterizing 3-connected, (Cube/e)-minor-free

graphs. Our Proposition 3.17 can be restated in language similar to their key result, [9, Theorem

1.2]. In some results of Costalonga [7], generalized versions of fans play an important role in

finding forests or even spanning trees consisting of 3-contractible edges.

Throughout this section, we will be concerned about how edge contraction can change the

degree of a vertex. This observation will be helpful to us.

Observation 3.7. Contracting an edge e = ab has the following effects on the degrees of vertices.

(1) dG/e([ab]) = dG(a) + dG(b)− 2− |N(a)∩N(b)|, so [ab] has lower degree than a only if the

neighborhood of b is a subset of the closed neighborhood of a.

(2) Any vertex v which is adjacent to both a and b in G has its degree decrease by 1 when e is

contracted: dG/e(v) = dG(v)− 1.

(3) All other vertices have the same degree in G and G/e.

The following notes a few basic facts about fans.

Observation 3.8. Let G be a 3-connected graph, and let F be a fan in G with vertices labelled as

in Definition 2.2.

(1) Of the rim vertices v1 and vk are the only ones which have any neighbors outside of F .

Furthermore, if G is not a wheel, those neighbors must be distinct, i.e., v0 6= vk+1 to have

3-connectivity,

(2) If G is not a wheel, the rivet vertex must have a neighbor outside of the extended rim,

v0v1, . . . vkvk+1, otherwise {v0, vk+1} is a 2-cut.

(3) No two adjacent rim vertices have a common neighbor other than r.

The following is a convenient way to check if a vertex split is a fan expansion.
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Observation 3.9. Suppose G′ is obtained from G by splitting a rim vertex vi of a fan with rivet r

into v′i and v′′i . Then if v′i and v′′i each have degree 3 in G′ and each is adjacent to r in G′, G′ is

obtained from G by a fan expansion.

We now define a natural notion for a fan to be maximal in a graph G.

Definition 3.10. We say that a fan F is maximal if it is not a subgraph of any other fan of G.

With this definition in place, we can make the following observation about maximal fans.

Observation 3.11. In a 3-connected graph that is not a wheel, given a rivet vertex, r and rim

vertex v of a fan, there is a unique maximal fan F containing both of these vertices.

Proof. Consider the largest connected subgraph P of G containing v that consists of degree 3

vertices adjacent to r. This is uniquely defined and each vertex of P has at degree at most 2 in

P , since r is not in P . Thus, P is either a path or cycle. However, if P is a cycle, there are no

neighbors of P other than r, so r is a 1-cut of G, unless r and P are all of G, i.e., we have a wheel.

So we may assume P is a path. Thus, P along with r and all edges from r to the vertices of P

forms a fan F . Furthermore, for any rim vertex v′ in any fan containing both v and r, there is a path

of degree 3 vertices adjacent to r from v to v′. Thus, v′ must be in P . So F contains all possible

rim vertices, and so is the unique maximal fan.

The wheel Wn has overlapping maximal fans, since the subgraph P described in the proof

above is in fact a cycle for any fan in Wn; it is the rim cycle of Wn. Any path on n− 2 vertices that

is a subgraph of that cycle is the rim path of a maximal fan in Wn. Wheels are also exceptions for

several of the following results.

Definition 3.12. A contractible triangle of a graph G is a K3 subgraph of G such that each vertex

has degree 3 in G.

These subgraphs are called contractible triangles because if G is 3-connected with a con-

tractible triangle T , the graph obtained from G by replacing T with a single vertex x adjacent
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to the neighbors of the vertices of T outside of T , i.e., by contracting T to a single vertex, is a

3-connected graph.

Now we state a result on how maximal fans and contractible triangles must be disjoint.

Lemma 3.13. For a 3-connected graph G that is not a wheel, each contractible triangle and each

maximal fan of G is edge-disjoint from every other contractible triangle and every other maximal

fan.

Furthermore, each contractible triangle is vertex-disjoint from every maximal 2+-fan and every

other contractible triangle, and if two maximal 2+-fans share a vertex, that vertex is the rivet of

each of the fans.

Proof. Suppose there are two distinct subgraphs F1 and F2 that share an edge e = xy such that

each of F1 and F2 is either a maximal fan or a contractible triangle.

Suppose first that x and y each have degree 3 in G. Then consider the set {r1, r2} where ri is

either the rivet vertex or third vertex of Fi depending on whether Fi is a fan or contractible triangle.

The vertices r1 and r2 are common neighbors of x and y. We claim that r1 6= r2. If F1 and F2 are

both contractible triangles then r1 = r2 means F1 = F2. If F1 and F2 are both maximal fans, then

x (and y as well) must be a rim vertex of both fans, and so r1 = r2 implies F1 = F2 by Observation

3.11. Otherwise, without loss of generality, F1 is a maximal fan and F2 is a contractible triangle.

This means, dG(r1) ≥ 4 and dG(r2) = 3, so r1 6= r2. Thus, r1 and r2 are distinct vertices. Since

x and y each have degree 3, they are only adjacent to each other and r1 and r2. Since dG(r1) ≥ 4,

there is at least one vertex outside of F1 ∪ F2. Therefore, {r1, r2} is a 2-cut of G, which is a

contradiction.

Thus, without loss of generality, dG(y) ≥ 4. Thus, F1 and F2 are both fans, x is a rim vertex

of each of them, and y is the rivet of each of them. However, by Observation 3.11, this means

F1 = F2.

Thus, no two distinct such subgraphs share an edge.

If a contractible triangle with vertices a, b, c shared vertex a with either a maximal 2+-fan or

another contractible triangle, then either edge ab or ac must be an edge of that fan or contractible
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triangle. So this cannot occur.

Suppose two maximal 2+-fans F1 and F2 share a vertex v. If v is a rim vertex of F1 it is a

rim vertex of F2. The vertex v has at most one incident edge outside of F1, and F1 and F2 are

edge-disjoint. Thus, v has at most one incident edge in F2, which is a contradiction. Thus, v must

be the rivet vertex of both v1 and v2.

The following result states loosely that contracting a rim edge of a fan preserves the contractible

triangles and maximal fans of a graph.

Lemma 3.14. For a 3-connected graph G that is not a wheel, let F1, F2, . . . Fk be the set of maxi-

mal 2+-fans of G, let T1, T2, . . . Tl be the set of contractible triangles of G and let e be a rim edge

of a 3+-fan Fi. Then the set of maximal 2+-fans ofG/e is exactly F1, . . . , Fi−1, Fi+1, . . . Fk and the

set of contractible triangles of G/e is exactly T1, . . . , Tl, excepting Fi/e which is either a maximal

2+-fan or a contractible triangle of G/e.

Proof. First, note that Fi/e is either a 2+-fan or a contractible triangle in G/e. The rivet of Fi,

which we call ri, had its degree reduced by 1, so if it had degree at least 5 in G, then Fi/e remains

a fan in G/e. It is still a maximal fan, since the endpoints of e had no common neighbors, and so

there are no new degree 3 vertices other than [e] in G/e. Otherwise, ri has degree 4 in G, and thus

degree 3 in G/e. The subgraph Fi/e consists of ri and its two adjacent degree three neighbors,

so Fi/e is a contractible triangle. Thus, Fi/e is either a fan or contractible triangle. For each

contractible triangle Tj in G, all three vertices remain degree 3, and all remain adjacent to each

other, so Tj remains a contractible triangle in G/e.

Now consider a maximal 2+-fan Fj of G where j 6= i. Let rj be its rivet vertex. We want to

show first that it is a maximal fan in G/e. Each rim vertex of Fj remains degree 3, adjacent to the

rivet of Fj , and adjacent to its two rim neighbors. The rivet of Fj has its degree unchanged unless

it is equal to ri. If ri is a rivet of another fan Fj , then it has degree at least 5 in G, and so has degree

at least 4 in G/e. Thus, Fj remains a 2+-fan in G/e. Now we want to show that this fan is still

maximal in G/e. If Fj is not maximal then, there is some degree 3 vertex s adjacent to rj and a rim
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vertex v of Fj in G/e, but in G, the vertex s either is not degree 3 in G or not adjacent to v and rj

in G. However, r and v have no new neighbors in G/e. The only possible degree 3 vertex of G/e

that does not have degree 3 in G is ri. However, if ri has degree 3 in G/e then as discussed earlier,

Fi/e is a contractible triangle. Every contractible triangle is vertex-disjoint from each 2+-fan by

Lemma 3.13, so ri is not s, and s does not exist. Thus, Fj is a maximal fan of G/e.

Now, suppose J is a maximal 2+-fan or contractible triangle that is distinct from F1, . . . , Fi/e,

Fi+1, . . . Fk and T1, T2, . . . Tl. Then J is edge-disjoint from each Fj and each Tj by Lemma 3.13.

The subgraph J cannot contain [e] by Lemma 3.13 since [e] has degree 3, Fi/e contains [e], and

Fi/e is a contractible triangle or a maximal 2+-fan.

The following observation enumerates the possible ways that contracting an edge can create a

new 3+-fan.

Observation 3.15. Suppose G is a 3-connected graph with no 3+-fan and a contractible edge

e = ab. Then if G/e has a 3+-fan F with extended rim path v0v1 . . . vkvk+1, and rivet r, one of the

following holds:

(1) [e] /∈ V (F ). Then [e] is either v0 or vk+1. Furthermore, v1 or vk, the neighbor of [e] in F ,

has degree 4 in G and is adjacent to both a and b in G.

(2) [e] is the rivet of F .

(3) [e] is a rim vertex of F .

Proof. The vertex [e] must be either in F or adjacent to a vertex in F , since otherwise F would still

be a fan in G. Suppose [e] is not in F , and the conditions of (1) above do not hold. Then all rim

vertices of F must have degree 3 in G. The rivet of F has degree at least 4 in G/e so it must have

degree at least 4 in G. The edges between the vertices of F are unaffected, so G contains a 3+-fan.

Thus, either [e] is not in F and (1) holds, or [e] is in F and is either a rivet or rim vertex.

We need one additional lemma before we can prove Proposition 3.17. If e = ab is an edge in a

graph G, we say that an edge f ′ = xy in G corresponds to an edge f in G/e if x and y are distinct

from the endpoints of [e] and f ′ = f , or x = a and f = [e]y.
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Lemma 3.16. Given a 3-connected graph G and a 3-contractible edge e, the following two state-

ments hold:

(1) For any 3+-fan F of G/e there exists an edge f ′ of G corresponding to some rim edge f of

F , such that G/f ′ is 3-connected.

(2) Furthermore, if [e] is not the rivet of F and f1 is a rim edge of F not having [e] as an

endpoint, then we may take f ′ = f = f1.

Proof. Suppose G is a wheel. Then e must be a rim edge of G, and G/e is a wheel as well. Since

f is a rim edge of a fan in G/e, f is a rim edge of the wheel G/e. Every edge of G corresponding

to a rim edge of G/e is a rim edge of the wheel G. Each of those edges is 3-contractible in G, so

we are finished.

Let e = ab. Let F be an arbitrary 3+-fan of G/e, and let f1 be an arbitrary rim edge of F . Let

the rim path of F be v1v2 . . . vk and let r be the rivet of F . Let f1 = vivi+1. For every edge f ′ of G

corresponding to a fan edge f of F , G/f ′ is a split of [e] in G/e/f . Now G/e/f is 3-connected,

so G/f ′ is 3-connected as long as a and b (or the vertices that correspond to them) have degree 3

in G/f ′ . We will consider two cases, when [e] is not an endpoint of f1 and when [e] is.

Suppose first that [e] is not an endpoint of f1. Then there is a unique edge in G corresponding

to f1, so we can simply call it f1. Suppose G/f1 is not 3-connected, then one of a or b has degree

less than 3 in G/f1. Without lose of generality take it to be a. Then a is adjacent to [f1] = [vivi+1]

in G/f1, adjacent to both vi, vi+1 in G, and has degree 3 in G. In G/e, f1 is a rim edge of F . Both

vi and vi+1 are adjacent to [e] so [e] is the rivet of F . Thus, at this point we have proved (2): if [e]

is not the rivet of F , then G/f1 is 3-connected.

Now G/f1 is not 3-connected, and [e] is the rivet of F . Since F is a 3+-fan, it has another fan

edge f2 6= f1. Since [e] is the rivet of F , [e] is not an endpoint of f2, so by the same reasoning,

one of a and b must have degree 3 in G and be adjacent to both endpoints of f2. Now a is adjacent

to vi, vi+1, and b in G and f2 includes at least one vertex distinct from these. Therefore b must be

adjacent to both endpoints of f2 and have degree 3 in G. However, then [e] is only adjacent to rim

vertices of F in G/e, which gives a 2-cut {v1, vk} and a contradiction to the 3-connectedness of
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G/e.

Now consider the case when [e] is an endpoint of f1. Without loss of generality let [e] = [ab] =

vi+1, so vi is the other endpoint of f1. Consider a, b, and vi as vertices of G. Note that the edges

avi and bvi (if they are edges of G) both correspond to the fan edge f , so both are candidates for

f ′. If one of a and b, say b, is not adjacent to vi in G or has degree at least 4 in G, then let f ′ = avi.

Then b has degree at least 3 in G/f ′. The neighbors of vi in G/e are r, [e], and another vertex vi−1

that may or may not be a rim vertex of F . In G, vi is adjacent to both r and vi−1, so in G/f ′ [avi]

is adjacent to b, r, and vi−1 in G/f ′, and has degree at least 3. Thus, G/f ′ is 3-connected.

So we may assume a and b both are adjacent to vi in G and have degree 3 in G. The fan F is a

3+-fan of G so it has another fan edge f2. If [e] is not an endpoint of f2, then G/f2 is 3-connected

by statement (2). So [e] is an endpoint of f2, which must be vi+1vi+2. If a and b are not both

adjacent to vi+2, we are finished by the above reasoning. So a and b each have degree 3 in G and

are adjacent to exactly vi, vi+2 and each other. This means that vi+1 = [ab] has degree 2 in G/e,

contradicting 3-connectedness of G/e.

Thus, there is an edge f ′ in G, corresponding to a fan edge f of F , such that G/f ′ is 3-

connected, and (1) holds.

We can now state and prove the main result of this section.

Proposition 3.17. Suppose G is 3-connected and that for every 3-contractible edge e of G, G/e

has at least three rim edges of 3+-fans. Then G has at least three rim edges of 3+-fans.

Proof. Suppose G is a wheel, Wn. Then G/e is a wheel as well, specifically Wn−1. If G/e has at

least three rim edges in 3+-fans, n− 1 ≥ 4. Thus, G = Wn for n ≥ 5 has at least three rim edges

of 3+-fans. So we may assume G is not a wheel.

All fans referred to in this proof are taken to be maximal fans.

Suppose G is not a wheel, G/e has a least three rim edges of 3+-fans for each 3-contractible

edge e of G, and that G does not have at least three rim edges in 3+-fans. The graph G cannot

have a 3+-fan since if f is a rim edge of a 3+-fan of G, then G/f will have at least 3 rim edges
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of 3+-fans by assumption. By Lemma 3.14, each rim edge of a 3+-fan of G/f is a rim edge of a

3+-fan in G. So we may assume G has no 3+-fan.

By Lemma 1.6, G has a 3-contractible edge e = ab. By assumption G/e has a 3+-fan F . By

Lemma 3.16, there is a rim edge f of F , and an edge f ′ corresponding to f in G such that G/f ′ is

3-connected.

By assumption, G/f ′ has a 3+-fan K. Let v0v1v2 . . . vkvk+1 be the extended rim path of F , and

let r be the rivet vertex. Similarly, let w0w1w2 . . . wlwl+1 be the extended rim path of K, and let s

be the rivet vertex. The edge f = vivi+1 for some i with 1 ≤ i ≤ k − 1. The graph G contains no

3+-fan, but both G/e and G/f ′ do, so we will consider the cases from Observation 3.15. There are

three possible positions of [ab] relative to F , and for each of those cases, there are three possible

positions of [vivi+1] relative to K. Note that since f is a rim edge of F , the only time [ab] could be

an endpoint of f is if [ab] is a rim vertex of F . We discuss this possibility in Case 3. For Cases 1

and 2, when [ab] is not an endpoint of f , there is a unique edge f ′ in G corresponding to f , which

we just regard as f .

Case 1: Suppose [ab] is not in F . By Observation 3.15(1), we may assume [ab] = v0. Furthermore,

in G, v1 is adjacent to both a and b and v1 has degree 4 in G.

By Lemma 3.16(2), we may take f to be any rim edge of F . In particular we chose f to be

the rim edge v1v2 of F . Since F is a 3+-fan v3 is another rim neighbor of v2. Note that [v1v2] has

degree 4 in G/f , since it is adjacent to exactly a, b, r, and v3.

Case 1.1: Suppose [v1v2] is not in K, then by Observation 3.15(1), we may assume [v1v2] = w0.

Furthermore, in G, w1 is adjacent to both v1 and v2 and w1 has degree 4 in G.

The vertex v2 is not adjacent to [ab] in G/e, so v2 is adjacent to neither a nor b. Thus, r must

be w1, since no other vertex is adjacent to both v1 and v2 in G. Thus, r is a rim vertex of K in

G/v1v2. The vertex w1 has neighbors [v1v2] = w0, w2, and s in G/f . The vertex v3 is adjacent to

r = w1 in G/f , so it must be either w2 or s. Moreover, v3 has degree 3 in G/e, and is not adjacent

to [ab], so it has degree 3 in G. It still has degree 3 in G/f . However, it cannot be s since it has

degree 3. In G/f , w2 is not adjacent to [v1v2], but v3 is, so w2 6= v3. This is a contradiction.
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Case 1.2: The vertex [v1v2] is the rivet of K.

The vertex [v1v2] has degree at least 4 in G/f , so its neighbors must be exactly v3, r, a, and b.

The rim path has at least three vertices, since K is a 3+-fan, so at most one of v3, r, a, and b is not

in the rim of K. The vertex v3 is adjacent to r, and a is adjacent to b in G/f , so all of v3, r, a, and

b are either rim vertices or adjacent to a rim vertex. Since none of them are the rivet, that means

all of them are in the extended rim path. However, by Observation 3.8(2), [v1v2] has a neighbor

outside of the extended rim path of K in G/f , so this is a contradiction.

Case 1.3: The vertex [v1v2] is a rim vertex of K.

The vertex [v1v2] has degree 4 in G/f . Thus, it cannot be a rim vertex of K.

Case 2: The vertex [ab] is the rivet of F .

If there is another 3+-fan F ′ inG/e, then either [ab] is not in F ′ and we can apply Case 1 above,

or [ab] is the rivet of F ′, since maximal fans can only share rivet vertices by Lemma 3.13. If [ab] is

the rivet of F ′, since F and F ′ are edge-disjoint by Lemma 3.13, [ab] has degree at least 6 in G/e.

Thus, we may assume that either F is a 4+-fan or there are two 3+-fans with rivet [ab]; in either

case [ab] has degree at least 5 in G/e.

Case 2.1: Suppose [vivi+1] is not in K, then by Observation 3.15, we can assume that [vivi+1] =

w0. Furthermore, in G, w1 is adjacent to both vi and vi+1 and w1 has degree 4 in G.

The vertex w1 must be either a or b, since vi and vi+1 have only [ab] as a common neighbor

in G/e. Without loss of generality, take w1 to be a, and so a is a rim vertex of K. The vertex

a = w1 has neighbors [vivi+1], w2, and s in G/f . Thus, b is either s or w2 in G/f . If b is s, then

e = ab is a spoke edge of K, and G/f/e is not 3-connected. However, G/f/e = G/e/f which is

3-connected, so this is a contradiction.

Suppose, on the other hand, that b = w2. Then b is adjacent to exactly a, w3, and s. Then, in

G/e, [ab] is adjacent to exactly vi, vi+1, s, and w3. This contradicts the fact that [ab] has degree at

least 5 in G/e.

Case 2.2: The vertex [vivi+1] is the rivet of K, i.e., [vivi+1] = s.

In G/[vivi+1], [vivi+1] has degree exactly 4, since the only possible neighbors are a, b, vi−1, and
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vi+1. Thus, at least one of a or b is a rim vertex of K and has degree 3 in G/f . In fact, both a and

b must be rim vertices of K, since otherwise [vivi+1] would have no neighbor outside the extended

rim path of K. Therefore [ab] has degree exactly 4 in G/e, which contradicts the fact that [ab] has

degree at least 5 in G/e.

Case 2.3: The vertex [vivi+1] is a rim vertex of K.

Each rim vertex of K including [vivi+1] is adjacent to at most one of a and b in G/f , since

otherwise they would have degree 2 in G/f/e. Without loss of generality, assume that [vivi+1] is

not adjacent to b. Then, since vi and vi+1 have degree 3 in G/e and neither is adjacent to b, they

must each have degree 3 in G as well. The vertices vi and vi+1 are both adjacent to a in G, so if

a is the rivet of K, the split of [vivi+1] is a fan expansion by Observation 3.9, and G has a 3+-fan.

Therefore, we may assume a is not the rivet of K.

The vertex [vivi+1] has neighbors vi−1, vi+2, and a in G/f . By Observation 3.8, vi−1 is not

adjacent to vi+2 in G/e, so they are not adjacent in G/f . One of vi−1 and vi+2 is the rivet s of K,

since a is not, and it is adjacent to a rim neighbor of [vivi+1]. Without loss of generality, assume

s = vi−1.Thus, a is a rim vertex of K, vi−1 is the rivet vertex of K, and vi+2 is not a vertex of K.

The vertex b is not the rivet of K, so the neighbors of a in G/f are b, [vivi+1] and s. Therefore, b is

not a rim vertex ofK, since otherwise [ab] would have degree at most 4 inG/e, but this contradicts

the fact that [ab] has degree at least 5 in G/e.

Case 3: The vertex [ab] is a rim vertex of F .

Suppose [ab] is an endpoint of f . The graph G/e has either at least two 3+-fans or F is a

4+-fan. If F is a 4+-fan, than there is a rim edge of F that is not incident with [ab]. In that case,

take f to be that edge; by Lemma 3.16(2) f = f ′ is 3-contractible in G, . Suppose that F is not a

4+-fan. Then there is another 3+-fan F ′ in G/e. Then, [ab] has degree 3 in G/e, since it is a rim

vertex of F , so it is not the rivet of F ′. It is not a rim vertex of F ′, either. Thus, we can apply Case

1 above, taking f to be some fan edge of F ′. Thus, we may assume that [ab] is not an endpoint of

f in G/e, and we may assume F is a 4+-fan. By Lemma 3.16(2), we can choose f such that [ab]

is one of vi−1 or vi+2. So without loss of generality [ab]vivi+1 is part of the rim path of F .
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Now [ab] is not an endpoint of f , so there is a unique edge f ′ corresponding to f in G. We will

just denote this edge as f .

Case 3.1: Suppose [vivi+1] is not in K; then we may assume that [vivi+1] = w0. Furthermore, in

G, w1 is adjacent to both vi and vi+1 and w1 has degree 4 in G.

The fan K has at least three rim vertices, so w1w2w3 is part of the rim path of K.

Since [ab] is distinct from both vi and vi+1, w1 is adjacent to both vi and vi+1 in G/e. Thus,

w1 must be r, the rivet vertex of F . Since [ab] is a rim vertex of F , w1 6= [ab]. The vertex w1 has

degree 4 in G, and so has degree at most 4 in G/e. However, we assumed F is a 4+-fan, so w1 by

Observation 3.8(2) has degree at least 5 in G/e, which is a contradiction.

Case 3.2: Suppose [vivi+1] is the rivet of K.

Since we assumed that [ab]vivi+1 is part of the rim path of F , we have that vi+1 is adjacent to

neither a nor b in G. In G/e, vi+1 is adjacent to exactly r, vi, and vi+2, and vi is adjacent to exactly

vi+1, r, and [ab]. Since [vivi+1] is the rivet of K, it must have degree at least 4 in G/f . Thus,

[vivi+1] is adjacent to exactly r, vi+2, a, and b in G/e. Therefore, [vivi+1] is adjacent to a vertex x

outside the extended rim path of K. Since K is exactly a 3-fan, all neighbors of [vivi+1] other than

x are rim vertices of K. The vertex r is adjacent to either a or b, since r is adjacent to [ab]. Thus,

r is a rim vertex of K. Vertices a, b are not adjacent to vi+2 in G/f or G since [ab] is not adjacent

to vi+2 in G/e, but three of the vertices form the rim path of K, so they must be a, b, r and r is a

rim vertex of K. However, r is the rivet of the 4+-fan F in G/e, so it has degree at least 5 in G/e

by Observation 3.8(2). In G, r has degree at least 5, so r has degree at least 4 in G/f . Thus, it is

not a rim vertex of K, which is a contradiction.

Case 3.3: Suppose [vivi+1] is a rim vertex of K.

The neighbors of [vivi+1] in G/f include r and vi+2 and exactly one of a and b, since [vivi+1]

has degree 3 in G/f . Without loss of generality, take [vivi+1] to be adjacent to a and not b in G/f

and thus in G as well. Therefore, a = vi−1 and vi is adjacent to a in G while vi+1 is not. Thus,

one of a, r, and vi+2 is s, the rivet of K. We will show that this is r, i.e., F and K have the same

rivet vertex. By Observation 3.8(2), r has degree at least 5 in G/e, since F is a 4+-fan. Thus, r
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has degree at least 5 in G/e, degree at least 5 in G, and thus degree at least 4 in G/f . Therefore,

it is not a rim vertex of K. If one of vi+2 or a is the rivet vertex of K, then the other must be a

rim neighbor of [vivi+1], since [vivi+1] has a least one rim neighbor. However, vi+2 and [ab] are not

adjacent in G/e, so vi+2 and a are not adjacent in G or G/f . Thus, neither a nor vi+2 is the rivet

of K, since the rivet of K is adjacent to the rim vertices of K. Thus, r = s.

Now we will show that G has a 3+-fan. In G/e, vi and vi+1 have degree 3. The vertex vi+1

is not adjacent to [ab], so it has degree 3 in G as well. The vertex [vivi+1] is not adjacent to b in

G/f , so vi is not adjacent to b in G. Thus, vi has degree 3 in G. The vertices vi and vi+1 are both

adjacent to r = s in G. Thus, by Observation 3.9 applied to K and [vivi+1] the split of [vivi+1]

that creates G is a fan expansion. Therefore, G has a 3+-fan (in fact, even a 4+-fan), which is a

contradiction.

3.3 Conjectures and computational evidence

In this section we state some conjectures regarding the structure of general and planar 3-

connected, K2,5-minor-free graphs. We discuss computational evidence for these and computa-

tional strategies for proving them. Proposition 3.17 plays an important role in these strategies.

Conjecture 3.18. There exist positive integers c1, c2 and a finite set of base graphs B such that

a graph G on at least c1 vertices is 3-connected and K2,5-minor-free if and only if it is either a

A-sequence graph with r(G) ≥ c2 or is obtained from a graph in B by expanding 3+-fans.

The conjecture for the planar case is analogous except that only planar A-sequence graphs

are included. The planar A-sequence graphs are those with A-sequence representations without

X-pieces.

Conjecture 3.19. There exist positive integers d1, d2 and a finite set of base graphs C such that

a graph G on at least d1 vertices is planar, 3-connected, and K2,5-minor-free if and only if it is

either a planar A-sequence graph with r(G) ≥ d2 or is obtained from a graph in C by expanding

3+-fans.
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Although we have not been able to prove these conjectures, there is some computational evi-

dence that they are true, and the results presented in this chapter form part of a possible strategy

for proving them.

Let Gn be the set of 3-connected, K2,5-minor-free graphs on n vertices, and letHn be the set of

planar, 3-connected, K2,5-minor-free graphs on n vertices.

The family of graphs in Gn were generated by Zachary Gaslowitz from the family Gn−1 in

the following way, up to n = 16. Consider a graph G ∈ Gn. Every 3-connected graph has a 3-

contractible edge by Lemma 1.6, so G has a 3-contractible edge e. The graph G/e is 3-connected

and K2,5-minor-free, so G/e ∈ Gn−1. Thus, every graph in Gn was obtained from a graph in Gn−1

by a vertex split.

Let Sn be the set of all graphs obtained from a graph in Gn−1 by splitting a vertex v into v1 and

v2 such that v1 and v2 have degree at least 3. The set Sn certainly contains all 3-connected splits

of graphs in Gn−1, since v1 and v2 must have degree at least 3 for the split to be 3-connected. By

Lemma 1.4, every graph in Sn is 3-connected. Thus, Sn is exactly the set of all 3-connected splits

of graphs in Gn−1. Isomorphic copies of graphs were removed using Brendan McKay’s nauty,

a framework that can put graphs in a canonical form, and thus filter out isomorphic copies [16].

Then Gn is obtained from Sn by filtering out all graphs that have K2,5 as a minor using Zachary

Gaslowitz’s minor checker, canary [12].

In fact, when generating all splits of graphs in Gn−1, we need only consider splits where v1 and

v2 share at most four neighbors, since otherwise, v1, v2 and five of their shared neighbors give K2,5

as a subgraph.

Gaslowitz also generated all planar, 3-connected, K2,5-minor-free graphs on n vertices for n

up to 18, in a similar fashion, but at each step also filtered out the non-planar graphs by using

canary to check for a K3,3 minor. Since planarity is closed under taking minors, we need only

consider splits of graphs inHn−1 to obtain the graphs inH.

We generated all A-sequence graphs on up to 16 vertices, and the planar A-sequence graphs

on up to 18 vertices, using planarg from the nauty package to check for planarity [16]. Then
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we used this to analyze the graphs in Gn andHn in more detail.

Our computer results gave the following findings for the general 3-connected, K2,5-minor-free

graphs. Every graph in G15 and G16 that is not anA-sequence graph is obtained from a graph in G14

by expanding fans (potentially only 1-fans). What this suggests is that all base graphs are obtained

by expanding small fans to 3+-fans in graphs on at most 14 vertices.

We expect that for sufficiently large reduction size, all splits of A-sequence graphs are A-

sequence graphs. Computational results show that this holds for all planar A-sequence graphs G

with r(G) = n and |V (G)| = n for n = 13, 14, 15, 16, 17, 18. It does not however hold for n = 12.

Proving such a result holds for all planarA-sequence graphs G with r(G) ≥ 13 appears to be quite

feasible, using an analytical proof for r(G) ≥ n0 and computer results for 13 ≤ r(G) < n0, where

n0 is probably about 19. Suppose we also had a computational result showing that for some n

all graph G ∈ Hn either are A-sequence graphs with r(G) ≥ 13 or have at least three edges in

3+-fans. Through the use of Proposition 3.17, these two ingredients would allow us to provide a

characterization of the planar, 3-connected, K2,5-minor-free graphs and verify Conjecture 3.19.

Unfortunately, this does not seem to be possible in a direct way. There are planar A-sequence

graphs of reduction size less than 13, without at least three edges in 3+-fans, on up to 37 ver-

tices. For example, γ((IA+IA+IA+IA−IA−IA−IA−)6IA−) has this property. Checking all

3-connected planar K2,5-minor-free graphs on up to 37 vertices is well beyond what is computa-

tionally possible.

For the planar case, there are only 137 graphs in H18 that are not A-sequence graphs and do

not have at least three edges in 3+-fans, out of 1,308,508 total graphs in H18. We suspect that for

some n about 21, Hn contains no graphs that are not A-sequence graphs and do not have at least

three edges in 3+-fans.

A strategy that may solve this issue is by further analyzing the A-sequence graphs with reduc-

tion size less than 13 in more detail, and describing the splits that can give non-A-sequence graphs.

If we could do this, the size of the graphs that must be examined computationally could be brought

down to something more manageable, perhaps about 19 or 22.
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Chapter 4

Refining the description of K2,t-minor-free graphs

As discussed in Chapter 1, Guoli Ding gave a rough description of all 2-connected K2,t-minor-

free graphs. Here in this section we look to refine that description and give a characterization for

the 3- and 4-connected cases. Recall that every 3-connected, K2,t-minor-free graph is obtained

by attaching strips and fans to a finite set of base graphs. Furthermore, every 4-connected K2,t-

minor-free graph is obtained by attaching strips to a finite set of base graphs. First, we present a

few definitions relevant to the fine structure of these strips in the 3- and 4-connected cases. In fact,

the strips are closely related to the Q-sequence and A-sequence graphs. We then show that the

fine structure we define exactly describes the strips in 3- and 4-connected graphs. We discussed

in Chapter 1 that expanding 3+-fans preserves 3-connectedness and K2,t-minor-freeness. Towards

the end of this chapter, we will prove similar results for strips. These results then will give us a

characterization for the 3- and 4-connected K2,t-minor-free graphs.

4.1 Fine structure of strips

We want to discuss the fine structure of strips in 3- and 4-connected graphs. We will consider

strips as (2,2)-terminal graphs. Given a strip S with corners a, b, c, and d, where the corners occur

in the order a, b, c, d in the reference cycle C, and edges ab and cd were deleted in C to form S, let

a1 = a, a2 = b, b1 = d, and b2 = c. We call the paths from a1 to b1 and from a2 to b2 in C that

remain in S the rail paths of S.

Lemma 4.1. For every strip or weak fan G, G ∼= G1G2 . . . Gm where Gi = I, A+, A−, or X .

Proof. Let G be a strip with rail paths P from a1 to b1 and Q from a2 to b2. We will proceed by

induction on the number of chords of G.

For the initial step, suppose that G has no chords. Then G consists only of P and Q. Thus,

G = (A+)k(A−)l, where k is the length of P and l is the length of Q.
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Suppose G has a chord e = xy that does not cross any other chord of G, with x ∈ V (P ) and

y ∈ V (Q). Let P1 = P [a1, x], Q1 = Q[a2, y], P2 = P [x, b1], and Q2 = Q[y, b2]. Then the graph

G − {e} is equal to G1 ∪ G2, where G1 is the graph induced on the vertices V (P1) ∪ V (Q1) and

G2 is the graph induced on the vertices V (P2)∪ V (Q2). Note that the edge a1a2 is not in G by the

definition of a strip, so it is not the case that x = a1 and y = a2. The edges a1a2 and xy are not

in G1, and the cycle C1 consisting of P1 followed by xy, followed by Q1 traversed from y to b1

followed by a1b1 is a Hamilton cycle in H1 = G1 ∪{a1b1, xy}. Consider C1 as the reference cycle

of H1. No chord of H1 crosses two other chords of H1, since such a chord would cross two chords

in G as well. Furthermore, for any two crossing chords of H1, f1 = v1w1 and f2 = v2w2 without

loss of generality, v1v2, w1w2 ∈ C1. Thus, H1 is a type-I graph. By symmetric reasoning, H2 is a

type-I graph as well. Thus, G1 and G2 are strips or weak fans, and so by the inductive hypothesis,

can be written as a sequence of I, A+, A−, orX . Furthermore, G = G1IG2, so the statement holds

for G as well.

We now assume that every chord ofG crosses another chord. Suppose there is a pair of crossing

chords e1 = x1y2 and e2 = x2y1, where x1, x2 occur in that order on P , and y1, y2 occur in that

order on Q. Then by the definition of a strip, without loss of generality, x1 and x2 are adjacent

in P and y1 and y2 are adjacent in Q. Let P1 = P [a1, x1], Q1 = Q[a2, y1], P2 = P [x2, b1], and

Q2 = Q[y2, b2]. There are no other edges of G that cross e1 or e2, so G − {e1, e2, x1x2, y1y2},

is equal to G1 ∪ G2 where G1 is the graph induced on the vertices V (P1) ∪ V (Q1) and G2 is

the subgraph induced by the vertices V (P2) ∪ V (Q2). Note that neither x1y1 nor x2y2 is an edge

of G, since otherwise that edge would cross no other chords of G, which contradicts our earlier

assumption. If x1 = a1 and y1 = a2, thenG1 = E. Recall thatE is simply the (2,2)-terminal graph

on two vertices with no edges. Similarly, if x2 = a2 and y2 = b2, then G2 = E. By analogous

reasoning to the above case, G1 and G2 are each either a strip, a weak fan, or simply E. Thus, by

the inductive hypothesis, G1 and G2 are either are E or can be written as a sequence of I-,A+-,

A−-, or X-pieces. Furthermore, G = G1XG2, and so the statement holds for G as well.

We now refine this structure for the 3-connected case.
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Definition 4.2. A linear A-sequence is a (non-cyclic) sequence P1, P2, . . . Pm of I, A+, A−, A∗

and X-pieces such that the following hold:

(1) There are no two consecutive A-type pieces.

(2) There are no two consecutive I-pieces.

A strip that is generated from a linear A-sequence is called an A-sequence strip.

Note that we requireA-sequence strips to be strips themselves. For anA-sequence strip S, this

in particular means that the edges a1a2 and b1b2 are not in S, and so the linear A-sequence for S

does not start or end with an I . Furthermore, the vertices a1, a2, b1, and b2 must be distinct, and so

the sequence for S cannot consist of only A+ and I or only of A− and I . These are the only times

when a linear A-sequence does not create a valid strip.

A linearA-sequence is essentially just a non-cyclicA-sequence with no T -, Y -type, or Z-type

pieces. In a 3-connected graph, every strip is in fact anA-sequence strip, as shown by the following

result.

Lemma 4.3. If S is a strip such that each non-corner piece has degree at least 3, then S is an

A-sequence strip.

Proof. Let S be such a strip. Then by Lemma 4.1, there exist G1, G2, . . . Gm such that S =

G1G2 . . . Gm, Gi = I, A+, A−, or X . As we noted in Observation 3.2, II = I and A+A− =

A−A+ = A∗. So replace each II subsequence with I and each A+A− or A−A+ subsequence with

A∗.

So we may assume S = G1G2 . . . Gm, where Gi = I, A+, A−, A∗, or X and there are no two

consecutive I-pieces and no A+A− or A−A+ subsequence. Any A+A+, A+A∗, A−A−, A−A∗,

A∗A+, A∗A− or A∗A− subsequence results in a vertex that is only in those two pieces, and with

degree 2 overall. Thus, there are no consecutive A-type pieces. Thus, G1, G2, . . .Gm is a linear

A-sequence and S is an A-sequence strip.

Given a 3-connected graph G, G has minimum degree 3. If S is a strip in G, then dG(v) =

dS(v) for every non-corner vertex v. Thus, every non-corner vertex of S has minimum degree 3 in
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G, and soGmust be anA-sequence strip. As we defined forA-sequence graph in Chapter 3, it will

be useful to have a notion of the size of an A-sequence strip that ignores large fans. Given an A-

sequence strip S = G1G2 . . . Gm, define the reduction of S, denoted S, to be the A-sequence strip

S = H1H2 . . . Hm′ , where every IA+IA+I in G1G2 . . . Gm is replaced with IA+I and IA−IA−I

in G1G2 . . . Gm is replaced with IA−I . Then define the reduction size of S, denoted r(S), to be

the number of vertices in the reduction of S. Note that this completely analogous to the definition

of reduction size for A-sequence graphs.

We now further refine the structure of strips for the 4-connected case.

Definition 4.4. A linearQ-sequence is a (non-cyclic) sequence P1, P2, . . . Pm of I-, ∆+-, ∆−-, Q-

and X-pieces such that the following hold:

(1) If Pi = I , then Gi−1 = X if i > 1 and Gi+1 = X if i < m. In other words, any piece

consecutive with an I-piece is an X-piece.

(2) If Pi = Q, then Gi−1 = X if i > 1 and Gi+1 = X if i < m. In other words, any piece

consecutive with a Q-piece is an X-piece.

(3) There are no two consecutive ∆+-pieces.

(4) There are no two consecutive ∆−-pieces.

If a stripG′ can be obtained fromG = P1P2 . . . Pm where P1, P2, . . . Pm is a linearQ-sequence

by removing the edges a11a
1
2 or bm1 b

m
2 if they are in G, then G′ is called a Q-sequence strip.

Note that as for A-sequence strips above, we require that Q-sequence strips are strips them-

selves. Since the edges a1a2 and b1b2 are always deleted, that is not a concern in this case. We do

require that a1, a2, b1, and b2 must be distinct. Thus, the sequences consisting of a single I-, ∆+-,

or ∆−-piece do not give valid Q-sequence strips. All other sequences do, however.

Q-sequence strips are essentially just graphs built from non-cyclic Q-sequences with possibly

some alterations to the first and last piece. We will now show that in a 4-connected graph, every

strip is in fact a Q-sequence strip.

Lemma 4.5. If S is a strip such that each non-corner piece has minimum degree 4, then S is a

Q-sequence strip.
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Proof. Let S be such a strip. By Lemma 4.3, S is an A-sequence strip. Thus, S = G1G2 . . . Gm,

whereGi = I, A+, A−, A∗ orX , and there are no two consecutive I-pieces and no two consecutive

A-type pieces.

If Gi is an A-type piece and i 6= 1 then ai1a
i
2 ∈ E(S), since otherwise ai1 or ai2 will have degree

less than 4 in S. Similarly, if Gi is an A-type piece and i 6= m, then bi1b
i
2 ∈ E(G). Thus, if we

replace each A+ with ∆+, each A− with ∆−, and each A∗ with Q and let G′1, G
′
2, . . . , G

′
m′ be the

resulting sequence, S differs from G′1G
′
2 . . . G

′
m′ only by the possible removal of the edges a11a

1
2 or

bm
′

1 bm
′

2 .

We have G′iI = IG′i = G′i when G′i is any ∆-type piece or Q-piece, so we may assume every

piece consecutive with an I is an X . Each of the sequences QQ, Q∆+, Q∆−, ∆+Q, ∆+∆+,

∆−Q, and ∆−∆− results in a non-corner vertex in only those two pieces and with degree 3 in G.

Thus, every piece consecutive with a Q is an X , and there is no ∆+∆+ or ∆−∆− subsequence.

Thus, there is a linear Q-sequence G1, G2, . . . Gm such that S differs from G1G2 . . . Gm only by

the possible removal of the edges a11a
1
2 or bm1 b

m
2 . Therefore, S is a Q-sequence strip.

4.2 Crossed and uncrossed strips

Given a K2,t-minor-free graph with a sufficiently long strip S, we want to show now that

G′, the graph obtained by replacing S with any strip, is K2,t-minor-free. Ding’s result gives a

necessary condition for a graph to be 3-connected and K2,t-minor-free; we will give a necessary

and sufficient condition. However, we need to make a distinction between strips with an X-piece

and strips without one.

Definition 4.6. Given a strip S, we can let S = G1G2 . . . Gm where each Gi is a A+, A−, I , or X ,

from the decomposition in Lemma 4.1. We say S is crossed if least one Gi = X . Otherwise, we

say that the strip is uncrossed .

A strip is crossed exactly when it has a pair of crossing chords.

We will construct graphs that show that in general you cannot replace an uncrossed strip with

a crossed strip without introducing a K2,t-minor. Lemma 4.7 gives a construction that shows for
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that for any sufficiently large t replacing an uncrossed strip with a crossed strip does not in general

preserve K2,t-minor-freeness. Figure 4.1 shows an example of this construction. Lemma 4.8 gives

a construction for 4-connected graphs as well. The proofs of these lemmas are postponed until

after the proof of Proposition 4.31, as many lemmas used for that theorem will be used in the

construction of these graphs.

Lemma 4.7. For any t ≥ 16, there exists a graph G that is K2,t-minor-free and has an uncrossed

strip S, but the graph G′ obtained by replacing S by any crossed strip S ′ has a K2,t-minor.

While Lemma 4.7 shows that replacing an uncrossed strip with a crossed one cannot be done

in general, the examples presented are only 2-connected. Perhaps then, in the higher connectivity

cases we are considering, there are no such examples. The following result shows that in fact there

are examples that are 4-connected.

Lemma 4.8. For any t ≥ 420, there exists a 4-connected, K2,t-minor-free graph G such that G

contains an uncrossed strip S, but the graph G′ obtained by replacing S with a crossed strip S ′

has a K2,t-minor.

Since there are 4-connected examples, there are certainly 3-connected examples as well. It is

worth noting that there do exist 3-connected examples that are not 4-connected, but the construction

is not presented here. They are of a similar form, and do not require t to be as large.

4.3 Expanding strips preserves K2,t-minor-freeness

Now that the importance of the distinction between uncrossed and crossed strips is clear, we

want to show that if G is a K2,t-minor-free graph with a sufficiently large crossed strip S, then

G′ obtained from G by replacing S with any strip S ′ is also K2,t-minor-free. Furthermore, if G is

K2,t-minor-free with a sufficiently large uncrossed strip S, then G′ obtained from G by replacing

S with any uncrossed strip S ′ is also K2,t-minor-free. In all the following, we will suppose that

G′ is a graph with a strip S ′ and a K2,t-minor with model (R′1, R
′
2;T

′). We aim to show then, that

every graph G obtained by replacing S ′ with any strip S (or any crossed strip if S ′ is crossed) with

sufficient reduction size has a K2,t-minor.
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Figure 4.1: A graph that is K2,16-minor-free, but when an X is added it has a K2,16-minor.
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We will now consider G′ and S ′ as in the above framework, but to simplify notation we will

temporarily replace G′, S ′, R′1, R
′
2, and T ′ by G, S, R1, R2, and T respectively. The reader should

note that when used in the proof of Proposition 4.31,G and S in Lemmas 4.9 through 4.17 will play

the role of G′ and S ′. In order to analyze a K2,t-minor in G′ and construct a corresponding minor

in G, we will abstract out the properties that a strip S contributes to the K2,t-minor. In particular,

we will consider the following four properties for S: (1) whether S is uncrossed or crossed, (2) for

each corner, whether it is in R1, R2, or neither, (3) if two corners x, y are both in Ri, whether there

is a path between them in Ri ∩ S, and (4) the number of vertices x in V (S)∩ T such that there are

edges r1x and r2x in S where r1 ∈ R1 and r2 ∈ R2. We denote the set of vertices x in V (S) ∩ T

such that there are edges r1x and r2x in S by τ(S), and so this last value is denoted by |τ(S)|.

In a series of lemmas, we will prove an upper bound on |τ(S)| for each possible configuration

of (1), (2) and (3). Then we will provide constructions that show that these bounds can be achieved

for any strip S of sufficient length. This will then give us a K2,t-minor in G as desired.

For Lemmas 4.9 through 4.17, we take S to be a strip (not necessarily an A-sequence strip) in

a graph G that has a K2,t model (R1, R2;T ). We will treat S as a (2,2)-terminal graph with corners

labelled a1, a2, b1, b2. We will also take S = G1G2 . . . Gm, where each Gi is X , A+, A−, or I ,

using the decomposition from Lemma 4.1, throughout without explicit mention. We remind the

reader that a strip contains neither a1a2 nor b1b2 as an edge.

Lemma 4.9. Let G be a graph with a model of a K2,t minor (R1, R2;T ). For any strip S in G,

|T ∩ V (S)| ≤ 4.

Proof. Every strip S is a minor of Pn[K2], and so the graph H obtained by adding the edges of a

K4 to the corners of S is a minor of Cn[K2]. By Lemma 2.11, Cn[K2] is K2,5-minor-free, so H is

K2,5-minor-free as well. While R1 and R2 are connected in G, the sets R1 ∩ V (S) and R2 ∩ V (S)

may not be connected in S. However, only the corner vertices of S have neighbors outside of S

in G, so the sets R1 ∩ V (H) = R1 ∩ V (S) and R2 ∩ V (H) = R2 ∩ V (S) are connected in H .

Suppose then that S contains 5 or more vertices of T , then (R1 ∩ V (H), R2 ∩ V (H);T ∩ V (H))

is a model of a K2,t-minor in H for t ≥ 5. Thus, |T ∩ V (S)| ≤ 4.
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Lemma 4.10. If |τ(S)| > 0, there is at least one corner of S in each of R1 and R2; moreover,

every component of S[R1] or S[R2] contains a corner of S.

Proof. Suppose there is a vertex x ∈ τ(S). Suppose for a contradiction, that no corner vertex of

S is in R1. There is some neighbor r1 ∈ R1 of x in S. Thus, R1 is contained in S. There are no

corner vertices in R1, and all non-corners of S have all their incident edges in S. Thus, T ⊆ V (S)

and |T ∩V (S)| = t. However, by Lemma 4.9, |T ∩V (S)| ≤ 4, and t ≥ 5, which is a contradiction.

Therefore, a corner vertex of S is in R1, and by the same reasoning, there is a corner vertex of S

in R2. The branch sets R1 and R2 are connected in G, and only the corner vertices have edges not

in S. Thus, every component of S[R1] or S[R2] contains a corner of S.

The next lemma will be used extensively in the proofs of the upper bounds on τ(S). It describes

the structure of the graph obtained after removing a path between two corners on opposite sides

of a strip. The resulting subgraph is a union of disjoint paths and every corner occurring in this

subgraph is an end of one of the paths, so we may add edges (which are not necessarily edges of

G) to join these paths into a single path between the other two corners. In order to emphasize that

the edges of this path may not be in G we refer to this path as a virtual path.

Lemma 4.11. Suppose G is a strip. Then if P is a path in G from ai to bj , where i, j ∈ {1, 2}, then

G− V (P ) is a (possibly empty) subgraph of a virtual path from a3−i to b3−j .

Proof. Let S = G1G2 . . . Gm be the decomposition of G into pieces as in Lemma 4.1.

For each Gk, ak1 or ak2 ∈ V (P ) and bk1 or bk2 ∈ V (P ) since deleting {ak1, ak2} destroys all paths

that go from {a1, a2} to {b1, b2}, as does deleting {bk1, bk2}. Let x1 = a3−i, choose xk to be some

akl such that ak3−l is in V (P ) for 2 ≤ k ≤ m, and let xm+1 = b3−j . The choice of xk is not unique

if both ak1, a
k
2 ∈ V (P ). Also, the vertices xk and xk+1 may not be distinct. The set of xk vertices

contains the set of vertices of G− V (P ).

For 1 ≤ k ≤ m, let Qk be the edge xkxk+1 if xk 6= xk+1, and the single vertex xk = xk+1

otherwise. Each Gk − V (P ) is a subgraph of Qk (they may not be equal since xk or xk+1 may be

in V (P ) and the edge xkxk+1 may not be in Gk). Each edge of G is in some Gk, so each edge of
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G− V (P ) is in some Qk. Let Q = Q1 ∪Q2 ∪Qm. The graph G− V (P ) is a subgraph of Q, and

the graph Q is a virtual path from a3−i to b3−j .

For i ∈ {R1, R2}, we define a Ri-path to be a path all of whose vertices belong to Ri. A long

Ri-path in S is a Ri-path in S from aj to bk where j, k ∈ {1, 2}.

Lemma 4.12. If S has a long R1-path and a long R2-path, then |T ∩ V (S)| = 0 and |τ(S)| = 0.

Proof. Let P1 be the long R1-path, without loss of generality from a1 to bi. Let P2 be the long

R2-path. Then by Lemma 4.11, P2 ⊆ S − V (P1) ⊆ Q2 where Q2 is a virtual path from a2 to b3−i.

Thus, P2 = Q2 and V (S) − V (P1) = V (P2). Thus, V (S) = V (P1) ∪ V (P2) ⊆ R1 ∪ R2, and

T ∩ V (S) = ∅.

Lemma 4.13. If there is a long R1-path in S, then |τ(S)| ≤ 2.

Proof. Let P1 be the long R1-path, without loss of generality from a1 to bi. By Lemma 4.11,

S − V (P1) is a subgraph of a virtual path Q2 from a2 to b3−i. Each component of S[R2] is a

subpath of Q2 containing a2 or b3−i. There are at most two such components, and each component

is adjacent to at most one vertex of τ(S). Thus, |τ(S)| ≤ 2.

Lemma 4.14. If there is a long R1-path in S, and a1, a2 /∈ R2, then |τ(S)| ≤ 1.

Proof. Let P1 be the long R1-path, without loss of generality from a1 to bi. Then S − V (P1) is

a subgraph of a virtual path Q2 from a1 or a2 to b3−i. Since a1, a2 /∈ R2, the subgraph S[R2] has

at most one component, and this component can be adjacent to at most one vertex of τ(S). Thus,

there is at most one vertex of τ(S) in Q2, and |τ(S)| ≤ 1.

Lemma 4.15. If b1, b2 /∈ R1 and a1, a2 /∈ R2, then |τ(S)| ≤ 2.

Proof. Suppose |τ(S)| ≥ 3. Then by Lemma 4.10, ai ∈ R1 and bj ∈ R2.

We have S = G1G2 . . . Gm. Let H be the graph γ(G1G2 . . . GmIXIXIXIXI). Call these

new pieces Hm+1, Hm+2, . . . Hm+8, Hm+9. This graph is a minor of Cn[K2], so by Lemma 2.11,

H is K2,5-minor-free. Let R′1 = (R1 ∩ V (S)) ∪ V (Hm+3), let T ′ = τ(S) ∪ V (Hm+5), and let
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R′2 = (R2 ∩ V (S)) ∪ V (Hm+7). Then (R′1, R
′
2;T

′) is a model of a K2,t minor in H for t ≥ 5,

which is a contradiction.

Lemma 4.16. If b1, b2 /∈ R1, R2, then |τ(S)| ≤ 2. Furthermore, if S is an uncrossed strip |τ(S)| ≤

1.

Proof. Without loss of generality, we may assume a1 ∈ R1 and a2 ∈ R2, since otherwise by

Lemma 4.10, |τ(S)| = 0. Let x be a vertex of τ(S), and let Gi be the first piece containing x. Take

x to be the the vertex of τ(S) such that this value i is maximized. Then every vertex of τ(S) occurs

in G1G2 . . . Gi. Moreover, x must be bi1 or bi2, and must not be one of ai1 or ai2, since otherwise it

would occur in Gi−1 as well. For each piece Gi′ , i
′ < i, one of ai′1 , a

i′
2 ∈ R1 and the other is in R2.

Similarly, one of bi′1 , b
i′
2 ∈ R1 and the other is in R2. Furthermore, in piece Gi, one of ai1, a

i
2 is in

R1 and the other is in R2. Thus, there is no T vertex in Gi′ for i′ < i, and at most two T vertices

in Gi. Therefore, |τ(S)| ≤ 2. Furthermore, if there are two T vertices in Gi, ai1 and ai2 are each

adjacent to bi1 and bi2, and so Gi = X and S is crossed. Thus, if S is uncrossed |τ(S)| ≤ 1.

Lemma 4.17. If b1, b2 /∈ R1, then |τ(S)| ≤ 3.

Proof. One of b1 or b2 is in R2, since otherwise |τ(S)| ≤ 2 by Claim 4.16. Let i be the smallest

value such that Gi contains a vertex of τ(S). There are at most two vertices of T in Gi, since at

most two new vertices first appear in any given piece. Suppose Gi contains two vertices of τ(S).

Then bi1, b
i
2 ∈ T . Then let H be the strip Gi+1Gi+2 . . . Gm. In H , a1, a2, b1, b2 /∈ R1, so by Claim

4.10, |τ(H)| = 0. Thus, |τ(S)| ≤ 2.

So assume instead that Gi contains only one vertex of T . Again consider the strip H =

Gi+1Gi+2 . . . Gm. One corner of a1, a2 ofH is in T . If the other is inR2, then again by Claim 4.10,

τ(H) = 0. Thus, we may assume a1 and a2 of H are not in R2. Thus, by Claim 4.15, |τ(H)| ≤ 2,

and |τ(S)| ≤ 3.

Lemma 4.18. Suppose a1, b2 ∈ R1 and a2, b1 ∈ R2 and S is an uncrossed strip. Then there is not

both a long R1-path and long R2-path in S.
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Proof. Suppose that there exist such paths. One of ai1 or ai2 must be in R1 for each i and the other

must be in R2. Similarly, one of bi1 or bi2 must be in R1 for each i and the other must be in R2.

Let i be the smallest value such that bi2 is in R1. Such an i exists since b2 = bm2 ∈ R1. Then

ai1 = bi−11 ∈ R1 by minimality of i, since otherwise bi−12 ∈ R1. So ai2 ∈ R2, bi1 ∈ R2, and edges

ai2b
i
1 and ai1b

i
2 are in Gi. Thus, Gi = X and S is crossed.

We will show now that bounds given in Lemmas 4.9 - 4.18 can be achieved in general. Define

a partial model (R1, R2;T ) in a strip S to be a model of K2,|T | in S, except that R1 and R2 are not

required to be connected, but every component of S[Ri] contains a corner of S. Given a sufficiently

large strip S and whether a1, a2, b1, b2 are in R1, R2, we look to provide a construction of a partial

model (R1, R2;T ) in S. Furthermore, we may require the existence of other paths within S[R1] and

S[R2]. In the following lemmas, when we specify branch sets, we sometimes give subgraphs rather

than simply vertex sets for ease of notation. If we state that a branch set is equal to a subgraph H ,

we mean that the branch set is V (H). The first lemma provides the construction for when there are

two long paths in S.

Lemma 4.19. For any strip S, given a1, b1 ∈ R1 and a2, b2 ∈ R2, we can construct a partial model

(R1, R2;T ) in S such that there is a long R1-path and long R2-path in S. If S is a crossed strip,

then given a1, b2 ∈ R1 and a2, b1 ∈ R2, we can construct a partial model (R1, R2;T ) in S such

that there is a long R1-path and long R2-path in S.

Proof. By Observation 2.12, there exist disjoint paths P1 and P2 from a1 to b1 and from a2 to b2.

Let R1 = P1, R2 = P2, and T = ∅. See Figure 4.2(a).

If S is crossed, let Gi be an X-piece in S. Let R1 be the rail path from a1 to ai1 along with the

rail path from bi2 to b2. Let R2 be the rail path from a2 to ai2 along with the rail path from bi1 to b1.

See Figure 4.2(b).

The following lemmas give information on A-sequence strips with sufficient reduction size.

Recall that for anA-sequence strip S, the reduction size of S is the number of vertices in the graph

generated by the linearA-sequence obtained from theA-sequence of S by replacing all IA+IA+I
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

(k)

Figure 4.2: The constructions given in Lemmas: (a) and (b) 4.19, (c) 4.22, (d) 4.23, (e) 4.24, (f)
4.25, (g) 4.26, (h) 4.27, (i) 4.28, (j) 4.29, (k) 4.30.
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subsequences with IA+I and all IA−IA−I subsequences with IA−I . The reduction size of S is

denoted r(S).

Lemma 4.20. (1) Let S = G1G2 . . . Gm be a graph represented by the linear A-sequence

G1, G2, . . . Gm. If r(S) ≥ 7, there exists an i such that bi1 and bi2 are both distinct from

a1 and a2. Furthermore, if we let i be the smallest value such that bi1 and bi2 are distinct from

a1 and a2, then r(G1G2 . . . Gi) ≤ 7.

(2) Let S = G1G2 . . . Gm be a graph represented by the linear A-sequence G1, G2, . . . Gm. If

r(S) ≥ 8, there exists an i such that there is a non-rail edge e = xy in Gi where x and y

are both distinct from a1 and a2. Furthermore, if we let i be the smallest value such that

there is a non-rail edge e = xy in Gi where x and y are both distinct from a1 and a2, then

r(G1G2 . . . Gi) ≤ 8.

(3) Let S = G1G2 . . . GmH1H2 . . . Hk, be a graph represented by the linear A-sequence

G1, G2, . . . , Gm, H1, H2, . . . Hk. If we let S1 = G1G2 . . . Gm and S2 = H1H2 . . . Hk, then

r(S) = r(S1S2) ≤ r(S1) + r(S2)− 2.

Proof. For the proofs of (1) and (2), let S = L1L2 . . . Lk. If we can find a j such that bj1 and bj2

are both distinct from a1 and a2 in H with V (L1L2 . . . Lj) ≤ 6, there is a corresponding value i

such that bi1 and bi2 are both distinct from a1 and a2 in G and G1G2 . . . Gi = L1L2 . . . Lj . Thus, it

suffices to find such a j in S to prove (1). Similarly, to prove (2) it suffices to find a j in S such

that there is a non-rail edge e = xy in Lj where x and y are both distinct from a1 and a2, and

|V (L1L2 . . . Lj)| ≤ 8.

If there is a subsequence L1L2 . . . La with fewer vertices than S, then a < k, that is, there is at

least one more piece after La. We will use this fact without explicit mention throughout the proofs

of (1) and (2).

Proof of (1). If L1 = X or A∗, then j = 1, and |V (L1)| ≤ 4, as required.

Suppose then L1 = A+ or A−; without loss of generality take L1 = A+. If the sequence

L1L2 . . . Lm starts with A+IX , A+IA−, A+IA∗ or A+X , then j ≤ 3, and |V (L1 . . . Lj)| ≤ 5,

as required. The only remaining possibility is that sequence begins A+IA+. If this sequence is
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followed by one of the subsequence IX , X , IA−, or IA∗, each of the sequences A+IA+IX ,

A+IA+X , A+IA+IA−, A+IA+IA∗, give |V (L1L2 . . . Lj)| ≤ 6 as required. Otherwise we have

the sequence A+IA+IA+ which must be followed by X . Thus, j = 6, and |V (L1L2 . . . L6)| ≤ 7

as required.

If L1 = I , then apply the above reasoning to L2L3 . . . Lk, to obtain the required result, since

|V (L1L2 . . . Lj)| = |V (L2L3 . . . Lj)|.

Proof of (2). As in the proof for (1) above, we can assume L1 6= I , since the I-piece does not add

any vertices.

Suppose L1 = A∗. Then L2 = I or X , and |V (L1L2 . . . Lj)| ≤ 6

Suppose L1 = X . If L2 = I or X , then j = 2, and |V (L1L2)| ≤ 6, as required. If L2 =

A+, A−, or A∗, then L3 must be an I or X piece, j = 3, and |V (L1L2L3)| ≤ 8.

Now, without loss of generality, we may assume that L1 = A+. It must be followed by an X

or I . If L2 = X , then j = 2, and |V (L1L2)| ≤ 5, and we are done. Thus, we may assume L2 = I .

If L3 = X , then j = 3, and |V (L1L2L3)| ≤ 5, as required. If L3 = A+ or A∗, then L4 is either

an X- or I-piece. In either case, if L3 = A∗ then j = 4 and |V (L1L2L3L4)| ≤ 7. Thus, we may

assume L3 = A+. If L4 = X , then j = 4, and |V (L1L2L3L4)| ≤ 6. Therefore we can assume

L4 = I . If L5 = X , then j = 5, and |V (L1L2L3L4L5)| ≤ 6. If L5 = A∗ or A−, then L6 = X

or I , and we have j = 6, and |V (L1L2 . . . L6)| ≤ 8. If L5 = A+, then L6 = X , j = 6, and

|V (L1L2 . . . L6)| ≤ 7.

Proof of (3). If there is a subsequence IA+IA+I or IA−IA−I in G1G2 . . . Gm or H1H2 . . . Hk,

that subsequence appears in the sequence G1G2 . . . GmH1H2 . . . Hk as well. Thus, S̄1S̄2 has no

more vertices then S1S2. There are |V (S1)| + |V (S2)| − 2 = r(S1) + r(S2)− 2 vertices in S̄1S̄2,

so r(S1S2) ≤ r(S1) + r(S2)− 2.

From these lemmas we can give a sufficient reduction size on a strip S, such that every such

strip contains five vertex-disjoint non-rail edges with endpoints that are also disjoint from the

corners.
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Lemma 4.21. Given an A-sequence strip S with r(S) ≥ 37, there exist five vertex-disjoint edges

with endpoints that are disjoint from the corners of S. Furthermore, we can take these five edges

e1 = x1y1, e2 = x2y2, e3 = x3y3, e4 = x4y4, and e5 = x5y5, such that x1, x2, x3, x4, x5 occur in

that order in one rail path of S, and y1, y2, y3, y4, y5 occur in that order in the other rail path of S.

Proof. Let S be such a strip. Let i be the smallest positive integer such that Gi contains an edge

e1 = x1y1 such that x1 and y1 are both distinct from a1 and a2. Then r(G1G2 . . . Gi) ≤ 8 by

Lemma 4.20(2). Then by Lemma 4.20(3), we have r(Gi+1Gi+2 . . . Gm) ≥ r(S)−r(G1G2 . . . Gi)+

2 ≥ 31. Let j be the smallest positive integer greater than i such that Gj contains a non-rail edge,

e2 = x2y2, where x2 and y2 are both distinct from x1 and y1. Then r(Gi+1Gi+2 . . . Gj) ≤ 8 by

Lemma 4.20(2), and r(GjGj+1 . . . Gm) ≥ 25.

By repeated use of this reasoning we can find such edges e3, e4, and e5, such that the reduction

size of the remaining graph is at least 19, 13, and 7 respectively. The endpoints of e5 must be

distinct from the corners b1 and b2, by Lemma 4.20(1).

The bound on r(S) in the above lemma may not be best possible, but improving that bound

would not meaningfully change the final conclusions of this chapter.

For most of the remaining constructions, Lemmas 4.22 - 4.29, we will use the existence of these

five edges e1 = x1y1, e2 = x2y2, e3 = x3y3, e4 = x4y4, and e5 = x5y5, given by Lemma 4.21. In

order to apply Lemma 4.21, we will assume r(S) ≥ 37. We do not always require all five of those

edges, and so in fact this bound could be reduced in some cases, but for simplicity, we assume

r(S) ≥ 37 for those lemmas. Furthermore, throughout those proofs, we will let P = p1p2 . . . pk

and Q = q1q2 . . . ql be the rail paths of S, where a1 = p1, b1 = pk, a2 = q1, and b2 = ql, each

xi ∈ P and each yi ∈ Q. The next three lemmas provide the constructions for when there is one

long path in S.

Lemma 4.22. For any A-sequence strip S with r(S) ≥ 37, given a1, b1 ∈ R1 and a2, b2 ∈ R2,

there exists a partial model (R1, R2;T ) such that |τ(S)| = 2 and there is a long R1-path in S.

Proof. Let R1 = P , let T = {y1, y2}, and let R2 = Q[q1, y1)∪Q(y2, ql]. The vertices of T , y1 and
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y2, each have a neighbor in R1 and R2. See Figure 4.2(c).

Lemma 4.23. For any A-sequence strip S with r(S) ≥ 37, given a1, b2 ∈ R1 and a2, b1 ∈ R2,

there exists a partial model (R1, R2;T ), such that |τ(S)| = 2 and there is a long R1-path in S.

Proof. Let T = {x3, y1}, R1 = P [p1, x2] ∪ Q[y2, ql], and R2 = Q[q1, y1) ∪ P (x3, pk]. See Figure

4.2(d).

Lemma 4.24. For any A-sequence strip S with r(S) ≥ 37, given a1 and/or a2 is in R1, b1 ∈ R1,

and b2 ∈ R2, there exists a partial model (R1, R2;T ) in S such that |τ(S)| = 1 and there exist

paths in S[R1] between each element of {a1, a2} ∩R1 and b1.

Proof. Let T = y2. Let R2 = Q(y2, ql]. Let P [x1, pk] ∪ Q[y1, y2) ⊆ R1. Then if a1 ∈ R1, add

P [p1, x1] to R1, and if a2 ∈ R1, add Q[q1, y1] to R1. The necessary paths in R1 exist. The vertex

y2 has neighbors in R1 and in R2. See Figure 4.2(e).

The following six lemmas give the constructions for when there are no long paths in S. They

are presented mostly in decreasing order of τ(S).

Lemma 4.25. For any A-sequence strip S with r(S) ≥ 37, given a1, b1 ∈ R1 and a2, b2 ∈ R2,

there exists a partial model of (R1, R2;T ) in S such that |τ(S)| = 4.

Proof. Let T = {y1, y2, x3, x4}. LetR1 = P [x1, x3)∪P (x4, pk], and letR2 = Q[q1, y1)∪Q(y2, ql].

Each vertex of T has a neighbor in R1 and in R2. See Figure 4.2(f).

Note that the following lemma is where all five of x1, x2, x3, x4, and x5 are used.

Lemma 4.26. For any A-sequence strip S with r(S) ≥ 37, given a1, b2 ∈ R1 and a2, b1 ∈ R2,

there exists a partial model of (R1, R2;T ) in S such that |τ(S)| = 4.

Proof. Let T = {x1, x3, x5, y3}, letR1 = P [p1, x1)∪P (x3, x5)∪Q(y3, ql], and letR2 = Q[q1, y3)∪

P (x1, x3) ∪ P (x5, pk]. Then each T vertex has a neighbor in R1 and R2. See Figure 4.2(g).
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Lemma 4.27. For any A-sequence strip S with r(S) ≥ 37, given a1 and/or a2 is in R1, b1 ∈ R1,

and b2 ∈ R2, there exists a partial model (R1, R2;T ) in S such that |τ(S)| = 3. Furthermore, this

construction includes a path from a1 to a2 in S[R1] if both are in R1.

Proof. Let T = {x2, y2, x4}, and let R2 = P (x2, x4) ∪ Q(y2, ql]. Let P [x1, x2) ∪ Q[y1, y2) ∪

P (x4, pk] ⊆ R1. Then if a1 ∈ R1 add P [a1, x1] to R1, and if a2 ∈ R2 add Q[a2, y1] to R1. Then

each vertex of T has a neighbor in R1 and R2. See Figure 4.2(h).

Lemma 4.28. For any A-sequence strip S with r(S) ≥ 37, given a1 and/or a2 is in R1 and b1

and/or b2 is inR2, there exists a partial model (R1, R2;T ) in S such that |τ(S)| = 2. Furthermore,

if a1 and a2 are in R1, then the construction includes a path from a1 to a2 in S[R1]. Similarly, if b1

and b2 are both in R2, the construction includes a path from b1 to b2 in S[R2].

Proof. Let T = {x2, y2}. Let P [x1, x2)∪Q[y1, y2) ⊆ R1 and let P (x2, x3]∪Q(y2, y3] ⊆ R2. Then

if a1 ∈ R1 add P [p1, x1] to R1 and if a2 ∈ R1 add Q[q1, y1] to R1. Similarly for R2, if b1 ∈ R2 add

P [x3, pk] to R2, and if b2 ∈ R2 add Q[y3, ql] to R2. Each vertex of T has a neighbor in R1 and R2,

and the required paths exist. See Figure 4.2(i).

Lemma 4.29. For any A-sequence strip S with r(S) ≥ 37, given a1 ∈ R1 and a2 ∈ R2, there

exists a partial model (R1, R2;T ) in S such that |τ(S)| = 1.

Proof. Let {qj} = T , let R1 = P [p1, x1], and let R2 = Q[q1, y1). Then qj has neighbors in R1 and

R2. See Figure 4.2(j).

It is worth noting that the following lemma requires an additional condition that none of the

other construction lemmas require, namely that there is an X-piece that does not include b1 or b2.

In the case when the only X-piece includes one of those corners, there can be difficulties if one or

both of those vertices are in T . We will be careful to consider this possibility when this lemma is

applied in the proof of Proposition 4.31.

Lemma 4.30. Let S be a crossedA-sequence strip S = G1G2 . . . Gm, such that Gi = X for some

i where bi1 6= b1, b2 and bi2 6= b1, b2. Then given a1 ∈ R1 and a2 ∈ R2, there exists a partial

64



model (R1, R2;T ) in S such that |τ(S)| = 2. When the only X-piece in S contains b1 or b2, the

construction still exists except that b1 or b2 or both may be assigned to τ(S).

Proof. We have Gi = X and bi1 6= b1, b2 and bi2 6= b1, b2. Let T = {bi1, bi2}. Let R1 = P [p1, a
i
1] and

R2 = Q[q1, a
i
2]. Then each vertex of T is adjacent to ai1 ∈ R1 and ai2 ∈ R2. See Figure 4.2(k).

We can now prove the result on replacing strips and K2,t-minor-freeness. Note that Lemmas

4.9 through 4.17 do not require S to be A-sequence strips. This allows the replacing strip, S ′

below, to not necessarily be anA-sequence strip. Lemmas 4.19 - 4.30 do generally require S to be

an A-sequence strip, so the replaced strip, S below, must be an A-sequence strip.

Proposition 4.31. Fix t ≥ 5, and let G be a K2,t-minor-free graph with an A-sequence strip S

having reduction size at least 37. If S is crossed then every graph G′ obtained by replacing S with

any strip is K2,t-minor-free. If S is uncrossed then every graph G′ obtained by replacing S with

any uncrossed strip is K2,t-minor-free.

Proof. Suppose G is a K2,t-minor-free graph with an A-sequence strip S having reduction size at

least 37. Let G′ be the graph obtained from G by replacing S with a strip S ′. Assume S is crossed

if S ′ is crossed.

Suppose G′ has a K2,t minor with model (R′1, R
′
2;T

′). Let C = {a1, a2, b1, b2} be the set of

corners of S ′ and S. Let G0 = (G − (V (S) − C)) = (G′ − (V (S ′) − C)), i.e., G minus the

non-corner vertices of S. We will provide a model (R1, R2;T ) of K2,t in G. This model will be

the same as R′1, R
′
2, T

′ outside of S. For the most part, it will also be unchanged on the corners

of S as well, with exception of vertices of T ′ that neither have edges to both R′1 and R′2 in S ′ nor

edges to both R′1 and R′2 outside of S ′. Each such vertex x will essentially be moved to the interior

of S, and the corresponding corner will be moved to Ri where Ri is the set R1 or R2 such that x

has an edge to Ri outside of S. To do this, we slightly modify G′, S ′ and the model (R′1, R
′
2;T

′) to

obtain G′′, S ′′, and (R′′1, R
′′
2;T ′′). The details of this follow.

Let B be the set of vertices x such that x ∈ T ′ ∩ C, and the only edges from x to Ri(x) are not

in S ′ and the only edges from x to R3−i(x) are in S ′, where i(x) ∈ {1, 2}. Consider the strip S ′′
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obtained from S ′ in the following way. For each x ∈ B, add a new vertex zx that is adjacent to x

and all neighbors of x in S ′. Then delete all edges xv ∈ E(S ′), so that x is adjacent only to zx in S ′′.

The graph S ′′ may not be anA-sequence strip (S ′ was not even require to be such a strip), but it is a

strip. Let G′′ be the graph obtained from G′ by replacing S ′ with S ′′. Let X1 = {x ∈ B|i(x) = 1}

and X2 = {x ∈ B|i(x) = 2}. Then let R′′1 = R′1 ∪ X1 and R′′2 = R′2 ∪ X2, and T ′′ = T ′. Then

(R′′1, R
′′
2;T ′′) is a model of K2,t in G′′. For every vertex x ∈ T ′′ ∩ V (S ′′) such that the only edges

from x to Ri are in S ′′ for at least one of i = 1 or i = 2, we have x ∈ τ(S ′′).

It suffices now to find a partial model (R∗1, R
∗
2;T

∗) in S such that the vertices of C are assigned

as in G′′, except perhaps a vertex of τ(S ′′) ∩ C may not appear in T ∗, such that if there is a

path between two corners of C in S ′′[Ri] then there is a path between those corners in S[R∗i ], and

such that |τ(S)| = |τ(S ′′)|. Such a partial model gives a model (R1, R2;T ) of K2,t in G, where

R1 = R∗1 ∪ (R′′1 ∩ V (G0)), R2 = R∗2 ∪ (R′′2 ∩ V (G0)), and T = (T ′′ − τ(S ′′)) ∪ T ∗.

We will consider cases based first on |R′′2∩C| and then on |R′′1∩C|, where we assume |R′′1∩C| ≥

|R′′2 ∩ C|.

Case 1: |R′′2 ∩ C| = 0.

Then τ(S ′′) = ∅ by Lemma 4.10. If R′′1 ∩ C is non-empty, assigning all non-corner vertices of

S to R1 gives a partial model (R∗1, R
∗
2;T

∗) in S as required. When |R′′1 ∩ C| = 0, taking R∗1, R
∗
2,

and T ∗ to not include any non-corner vertices of S gives a partial model in S.

Case 2: |R′′2 ∩ C| = 1.

Then |R′′1 ∩ C| = 1, 2, or 3.

Case 2.1: |R′′1 ∩ C| = 1.

Suppose first that one of a1 or a2 is in R′′1 or R′′2 , and one of b1 or b2 is in R′′1 or R′′2 , that is there

is a corner of R′′1 or R′′2 on each side. Then by Lemma 4.15, |τ(S ′′)| ≤ 2. By Lemma 4.28, there

exists a partial model (R∗1, R
∗
2, T

∗) in S such that |τ(S)| = 2.

Thus, we may assume that one of a1 and a2 is in R′′1 or R′′2 and the other of a1 and a2 is in

the other of R′′1 and R′′2 . Without loss of generality, a1 ∈ R′′1 and a2 ∈ R′′2 . By Lemma 4.16,

|τ(S ′′)| ≤ 2. If τ(S ′′) ≤ 1, there exists a partial model (R∗1, R
∗
2, T

∗) in S such that |τ(S)| = 1 by
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Lemma 4.29.

If |τ(S ′′)| = 2, then S ′′ must be crossed by Lemma 4.16. Thus, S is crossed as well. If there is

an X in S that does not include b1 or b2, then by Lemma 4.30, there is a partial model (R∗1, R
∗
2;T

∗)

in S with |τ(S)| = 2. If b1, b2 /∈ T ′′ − τ(S ′′), then by Lemma 4.30, there is a partial model

(R∗1, R
∗
2;T

∗) in S with |τ(S)| = 2 but that may assign b1 or b2 or both to T . Since b1, b2 /∈ R′′1, R′′2

and b1, b2 /∈ T ′′ = τ(S ′′), we can put them in T ∗ and still have a K2,t-minor in G.

If one of b1 or b2, say bi, is in T ′′ − τ(S ′′), then it must have edges to R′′1 and R′′2 in G0. Then

assign bi to R∗1, and by Lemma 4.27, we can construct a partial model (R∗1, R
∗
2;T

∗) in S such that

|τ(S)| = 3, giving a K2,t-minor in G. If both b1 and b2 are in T ′′ − τ(S ′′), then each of b1 and

b2 has an edge to R′′1 and R′′2 in G0. Assign b1 to R∗1 and b2 to R∗2 in S. Then by Lemma 4.25 or

Lemma 4.26, there is a partial model (R∗1, R
∗
2;T

∗) in S such that τ(S) = 4, giving a K2,t-minor in

G.

Case 2.2: |R′′1 ∩ C| ≥ 2.

Then if |R′′1 ∩ C| = 2 and a1, a2 ∈ R′′1 or b1, b2 ∈ R′′1 , i.e., both R′′1 corners are on the same

side, |τ(S ′′)| ≤ 2 by Lemma 4.15. Then by Lemma 4.28, there exists a partial model (R∗1, R
∗
2;T

∗)

in S such that |τ(S)| = 2, and such that there is a path between the two R∗1 corners in S[R∗1].

Thus, we may assume a1 ∈ R′′1, a2 ∈ R′′2 . If there is no long R′′1-path in S ′′, then |τ(S ′′)| ≤ 3

by Lemma 4.17, and by Lemma 4.27, there exists a partial model (R∗1, R
∗
2;T

∗) in S such that

|τ(S)| = 3. If there is a long R′′1-path in S ′′, |τ(S ′′)| ≤ 1 by Lemma 4.14, and by Lemma 4.24,

there exists a partial model (R∗1, R
∗
2;T

∗) in S such that |τ(S)| = 1 and any paths between the

corners in S ′′[R′′1] correspond to paths between those corners in S[R∗1].

Case 3: |R′′2 ∩ C| = 2.

Then |R′′1 ∩ C| = 2 as well. If a1 and a2 are both in R′′1 or both in R′′2 , then |τ(S ′′)| ≤ 2

by Lemma 4.15, and by Lemma 4.28, there exists a partial model (R∗1, R
∗
2;T

∗) in S such that

|τ(S)| = 2, and there are paths between the corners of R∗1 in S[R∗1] and between the corners of R∗2

in S[R∗2]. Thus, we may assume that one of a1, a2 ∈ R′′1 and the other is in R′′2 , and the same for b1

and b2. Without loss of generality a1 ∈ R′′1 and a2 ∈ R′′2 .
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We will now consider cases based on the number of long paths in S ′′.

Case 3.1: There are a long R′′1-path and a long R′′2-path in S ′′.

Then by Lemma 4.12, τ(S ′′) = 0.

Suppose b1 ∈ R′′2 and b2 ∈ R′′1 . Then by Lemma 4.18, S ′′ is crossed, so S is crossed as well by

assumption. Then by Lemma 4.19, there exists a partial model of (R∗1, R
∗
2;T

∗) in S such that there

exist an long R∗1-path and long R∗2-path in S.

Otherwise, we have b1 ∈ R′′1 and b2 ∈ R′′2 . Then by Lemma 4.19, there exists a partial model

(R∗1, R
∗
2;T

∗) in S such that there is a long R∗1-path and long R∗2-path in S.

Case 3.2: There is one long R′′i -path in S ′′.

By Lemma 4.13, |τ(S ′′)| ≤ 2. By Lemmas 4.22 and 4.23, there exists a partial model

(R∗1, R
∗
2;T

∗) in S such that there is the required long path in S, and |τ(S)| = 2.

Case 3.3: There is no long R′′1-path or long R′′2-path in S ′′.

By Lemma 4.9, |τ(S ′′)| ≤ 4. By Lemmas 4.25 and Lemmas 4.26, there there exists a partial

model (R∗1, R
∗
2;T

∗) in S such that |τ(S)| = 4.

4.4 Replacing strips and connectivity

Now that we have shown that replacing strips does not create a K2,t-minor, we want to show

that, as long as we are careful about the type of strip we are replacing with, replacing strips pre-

serves 3- or 4-connectivity.

In the following proof we use the notion of a modified Q-sequence representation for Q-

sequence strips; since we do not have edges a1a2, b1b2 we are allowed to use Q0,∆
+
0 ,∆

−
0 as the

first piece and Q1,∆
+
1 ,∆

−
1 as the last piece, where P0 = P − a1a2 and P1 = P − b1b2 for

P = Q,∆+,∆−. The same adjacency rules for P apply to P0 and P1.

The following observation is required.

Observation 4.32. Let S be a strip, regarded as a (2,2)-terminal graph in the usual way and

decomposed into one of more I , A+, A−, X-pieces as in Lemma 4.3. If the first piece is X , both

a1 and a2 have degree 2 in S, and otherwise at least one of a1 or a2 has degree 1 in S. A similar
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observation applies to the last piece and b1, b2.

Proof. If the first piece is not X , it is A+, A−, or A∗ and gives a degree 1 vertex.

Lemma 4.33. Let k = 3 or 4, and let G be k-connected with a strip S with r(S) ≥ 9. Let S ′ be a

Q-sequence strip with at least 9 vertices if k = 4, and let S ′ be anA-sequence strip with r(S ′) ≥ 7

if k = 3. Let G′ be the graph obtained from G by replacing S with S ′, possibly with a twist (i.e.,

replacing S by S ′T ). Then if each corner of S ′ has degree at least k in G′, G′ is k-connected.

Proof. Let C be the set of corners of S ′, let int(S) be V (S)−C, and let int(S ′) be V (S ′)−C. Let

H = G′ − int(S ′) = G − int(S), and let int(H) = V (H) − C. The graph H is the union of zero

or more C-bridges of G, so H is (k, C)-connected by Lemma 1.3. Adding the edges of a K4 to C

in S ′ gives a k-connected graph by Theorem 2.10 and Lemma 3.6. Thus, S ′ is (k, C)-connected as

well.

We will use a1, a2, b1, b2 to refer to the corners of S ′ in the usual way. Note that this does not

agree with the labelling in S if S ′ is added with a twist. We will also considerH as a (2,2)-terminal

graph with vertices labelled in the same way as in S ′, but for some purposes we will need to swap

labels a1 with b1 and a2 with b2; we write HR for this modified version of H . We use Pi to denote

the rail path in S ′ from ai to bi.

Assume for a contradiction that G′ is not k-connected. Let K be a cutset of G′ with |K| < k.

Both S ′ −K and H −K must be disconnected, since if either is connected, all vertices of C −K

lie in the same component, and every component of the other contains a vertex of C −K since it

is (k, C)-connected. For any Q-sequence strip or A-sequence strip, removing any number of the

corners does not disconnect the strip. Thus, at least one vertex of K belongs to int(S ′).

Now we prove some facts about the structure of H .

Claim 4.34. There are k − 2 disjoint paths in H from {a1, a2} to {b1, b2}.

Proof. Since r(S) ≥ 9, there is a 2-cut {u, v} which separates {a1, a2} from {b1, b2} and also

separates two non-corner vertices y, z. This fact was confirmed by checking all small cases by
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hand. There are still k − 2 internally disjoint paths from y to z in G′ − {u, v}, which shows that

there are k − 2 vertex-disjoint paths in H from {a1, a2} to {b1, b2}.

Claim 4.35. If k = 3 then either (1) H is connected, or (2) there exists a c ∈ C such that H has

two components c and H − c, where H − c is (3, C − {c})-connected.

Proof. Suppose that |V (H)| = 4. Then applying Observation 4.32, there are at least two edges of

H with at least one end in {a1, a2}. Thus, H has at least two edges, so it is one of (1) connected,

(2) a 3-vertex component and an isolated vertex, or (3) a 2-edge matching. In cases (a) and (b)

the claim holds, so assume we have (3). By Claim 4.34 we know that H has at least one edge

from {a1, a2} to {b1, b2}, so H must consist of two edges a1bi and a2b3−i. But then H is just A∗

or A∗T , so HR is A∗ or TA∗. Let S ′ = L1L2 . . . Lm be the A-sequence representation of S ′. By

Observation 4.32, L1 = Lm = X . Thus, G′ = γ(HRL1L2 . . . Lm) is an A-sequence graph. The

reduction size of G′ as an A-sequence graph is equal to the reduction size of S ′ as an A-sequence

strip. Thus, r(G′) ≥ 7 and G′ is 3-connected, contradicting our assumption by Lemma 3.6.

Suppose then that |V (H)| ≥ 5. Since H is (3, C)-connected, from every v ∈ V (H)− C there

are paths in H to a set of corners Cv ⊆ C with |Cv| ≥ 3. If H is not connected then for some

c ∈ C we must have Cv = C − {c} for all v ∈ V (H)− C. The result follows.

Claim 4.36. If k = 4 then |V (H)| ≥ 5 and H is connected.

Proof. Suppose that |V (H)| = 4. Applying Observation 4.32, there are at least three edges of H

with at least one end in {a1, a2}. By Claim 4.34 there are two independent edges from {a1, a2}

to {b1, b2}. Suppose some vertex has degree 1 in H , say dH(a1) = 1. Then dH(a2) ≤ 2.

So dS′(a1) ≥ 3 and dS′(a2) ≥ 2, which contradicts Observation 4.32. Thus, every vertex of

H has degree at least 2 and H has a perfect matching, a1bi, a2b3−i. This means that H =

X, IX,XI, IXI,Q,QT,∆+∆−,∆+∆−T,∆−∆+, or ∆−∆+T . Thus,HR = X,XI, IX, IXI,Q, TQ,∆−∆+, T∆−∆+,∆+∆−,

or T∆+∆−. Let S ′ = L1L2 . . . Lm be the modified Q-sequence representation of S ′. If HR is Q

or TQ then, by Observation 4.32, L1 = Lm = X . In the case where HR contains ∆+ and ∆−,

then by Observation 4.32, L1 6= Q0. Possibly L1 = X . Otherwise, L1 = ∆+
0 or ∆−0 , and then L1
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and the last piece of HR must be aligned when they are joined so that a1, a2 have degree at least 4.

To make this alignment we can use Tα where α ∈ {0, 1}. A similar alignment may be necessary

after Lm. In any case, we have G′ = γ(HRTαL1L2 . . . LmT
β) for some α, β ∈ {0, 1}. It is not

hard to verify that this graph G′ is a Q-sequence graph on at least 9 vertices, and thus by Theorem

2.10, G′ is 4-connected, contradicting our assumption.

So |V (H)| ≥ 5, and since H is (4, C)-connected, from every v ∈ V (H)−C there are paths in

H to all four corners, so H is connected.

We will now consider several cases based on the position of the vertices of K. We know that

|int(S ′)∩K| ≥ 1 for every cutsetK with |K| < k, and that |int(S ′)∩K|+|C∩K|+|int(H)∩K| ≤

k − 1.

Case 1: Suppose first that int(S ′) ∩K = {x}.

Case 1.1: Suppose that |C ∩ K| = 0. Then S ′ − x is disconnected, and x must be the only

neighbor of some corner vertex, without loss of generality a1, and S ′−{x, a1} is connected. Since

a1 has degree at least k in G′, there must be another vertex in the same component as a1. Thus,

K ′ = (K − {x}) ∪ {a1} is a cutset of G′, which contradicts |int(S ′) ∩K ′| ≥ 1.

Case 1.2: Suppose that |C ∩K| = 1, say C ∩K = {a1}.

If x ∈ P1, then P2 − K = P2 is connected. If every vertex in P1 − K has a neighbor in P2,

then S ′ − K is connected, which is a contradiciton. The only situation in which every vertex of

P1−K does not have a neighbor in P2 is when b1 is a degree 1 vertex of S ′; even then, S ′−K will

be connected unless x is the rail neighbor of b1. In that case, since b1 has degree at least k there is

another vertex in the same component of G′ −K as b1, and so K ′ = (K − {x}) ∪ {b1} is a cutset

of G′, which contradicts |int(S ′) ∩K ′| ≥ 1.

Thus, we may assume x ∈ P2. Consider the path P2[a2, x). Each vertex of this path must have

only a1 as its neighbor in P1, since otherwise S ′ −K is connected. Thus, if x′ is the rail neighbor

of a2, K ′ = (K − {x}) ∪ {x′} remains a cutset for G′. The vertex a2 has degree at least k, so

there is another vertex in the same component of G′ − K ′ as a2. S ′ − K ′ − a2 is connected, so

K ′′ = (K ′ − {x′}) ∪ {a2} is a cutset for G, which is a contradicts |int(S ′) ∩K ′′| ≥ 1.
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Case 1.3: Suppose that |C ∩K| = 2. Then we must have k = 4. By Claim 4.36, |V (H)| ≥ 5, so

there are vertices in V (H) − C. Since H is (4, C)-connected, each such vertex has paths in H to

both elements of C −K, so H −K is connected, a contradiction.

Case 2: Suppose that |int(S ′) ∩K| = 2.

Case 2.1: Suppose that |V (H) ∩K| = 0, so that K = int(S ′) ∩K.

Since H−K must be disconnected, by Claims 4.35 and 4.36 we see that k = 3 and H consists

of two components, namely some c ∈ C and H0 = H − c, which (3, C0)-connected, where

C0 = C −{c}. Then G′ = H0 ∪S ′. Suppose without loss of generality that c = a1. We must have

dS′(a1) ≥ 3, so by Observation 4.32 we get dS′(a2) = 1. Let y be the rail neighbor of a2 in S ′.

If y ∈ K then because dG′(a2) ≥ k, K ′ = (K − {y}) ∪ {a2} is still a cutset in G′ to which we

may apply Case 1 to obtain a contradiction. So we assume y /∈ K.

Let U be the (2,2)-terminal graph that is isomorphic to the path v1v2v3v4, with a1(U) =

v1, a2(U) = v2, b1(U) = v4, and b2(U) = v3. Note that A−UA− = Z0,0, XUA− = Z1,0,

A−UX = Z0,1, and XUX = Z1,1.

Let S ′ = L1L2 . . . Lm be the A-sequence representation of S ′, then we must have L1 = A−

and L2 = I . We also know that Lm 6= I and by Observation 4.32, some bj has degree dS′(bj) ≥ 2.

If j = 1, let G∗ = γ(UL3L4 . . . Lm), and if j = 2, let G∗ = γ(UL3L4 . . . LmT ); then G∗ is

an A-sequence graph with r(G∗) = r(S ′) ≥ 7. Thus, it is 3-connected by Lemma 3.6. Now

S ′ − a2 is a union of {b1, b2, y}-bridges of G∗, and hence is (3, {b1, b2, y})-connected. For each

v ∈ V (S ′−a2)−{b1, b2, y} we can find three paths in S2 disjoint except at v from v to {b1, b2, a2}

(extending each path to y using ya2), and for v = y we can also find three such paths (using ya2,

P2[y, b2], and ya1 ∪ P1). Thus, S ′ is (3, {a2, b1, b2})-connected, i.e., (3, C0)-connected.

Now G′ = H0 ∪ S ′ where H0 is connected and, since S ′ is (3, C0)-connected and |K| = 2,

each vertex of S ′−K has a path in S ′−K to a vertex of C0 ⊆ V (H0). Thus, G′−K is connected,

which is a contradiction.

Case 2.2: Suppose that |V (H) ∩K| = 1. Then K = (int(S ′) ∩K) ∪ {z}, where z ∈ V (H) and

k = 4.
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Suppose that z ∈ C ∩K. By Claim 4.36, H is connected and |V (H)| ≥ 5. Since H is (4, C)-

connected, every v ∈ V (H)− C 6= ∅ has paths in H −K = H − z to all vertices of C − {z}, so

H −K is connected, which is a contradiction.

Therefore, z ∈ int(H) ∩ K. Let G1 = G − z, which is 3-connected, and let G′1 = G′ − z,

which is obtained by replacing S in G1 by S ′ or S ′T . Let K1 = K − {z}. Then since G′1 −K1 =

G′ −K, K1 is a 2-cut in G1, and we may apply Case 2.1 above to G1, S, S
′, G′1, and K1 to obtain

a contradiction.

Case 3: Suppose that |int(S ′)∩K| = 3. Then we must have k = 4 and V (H)∩K = ∅. By Claim

4.36, H −K = H is connected, which is a contradiction.

4.5 Proofs of Lemmas 4.7 and 4.8

We can now prove Lemmas 4.7 and 4.8. Those lemmas are restated here for convenience.

Lemma 4.7. For any t ≥ 16, there exists a graph G that is K2,t-minor-free and has an uncrossed

strip S, but the graph G′ obtained by replacing S by any crossed strip S ′ has a K2,t-minor.

Proof. We construct such a G. Let S be a crossed strip with corners a, b, c, d, where they occur in

the order a, b, c, d in the reference cycle of S and the edges ab and cd are deleted in the reference

cycle to form S. Then let Vab, Vbc, Vcd, and Vad be sets of vertices that are pairwise disjoint and

disjoint from S. For each vertex v ∈ Vab, let N(v) = {a, b}. For each vertex in Vbc, Vcd, or Vad,

define their neighborhoods analogously. Furthermore, we require that |Vab|, |Vbc|, |Vcd|, |Vad| ≥ 4.

Let t = |Vab ∪ Vbc ∪ Vcd ∪ Vad|. Then we claim any G with this structure is K2,t-minor-free.

Suppose for a contradiction that G has a K2,t-minor with model (R1, R2;T ). By Lemma 4.9, S

contains at most 4 vertices of T .

There must be at least t−4 vertices of T in Vab∪Vbc∪Vcd∪Vad. Since t = |Vab∪Vbc∪Vcd∪Vad|,

there are at most 4 vertices of Vab ∪ Vbc ∪ Vcd ∪ Vad not in T . At least three of Vab, Vbc ,Vcd, and

Vad contain a vertex of T , since each Vxy contains at least 4 vertices. Each vertex of Vxy is only

adjacent to x and y. Thus, for at least 3 of the pairs {a, b}, {b, c}, {c, d}, and {a, d}, at least one

vertex is in R1 and the other is in R2. Without loss of generality, we may assume that a, c ∈ R1
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and b, d ∈ R2. Thus, there must be a path from a to c in S[R1] and a path from b to d in S[R2].

However, this is not possible by Lemma 4.18 since S is uncrossed.

Now we want to show that the graph G′ obtained by replacing S with any crossed strip S ′ has

a K2,t-minor. Let T = Vab ∪ Vbc ∪ Vcd ∪ Vad. There exist disjoint paths P1, P2 from a to c and

from b to d in S by Lemma 4.19, since S is crossed. Let R1 = P1 and R2 = P2. Then R1 and R2

are connected, and each vertex of T is adjacent to a vertex of R1 and of R2. Thus, G′ contains a

K2,t-minor.

The examples presented below are effectively the same as the examples in Lemma 4.7 but

adapted to be 4-connected. The construction below requires t ≥ 636, but this could perhaps be

reduced.

Lemma 4.8. For any t ≥ 636, there exists a 4-connected, K2,t-minor-free graph G such that G

contains an uncrossed strip S, but the graph G′ obtained by replacing S with a crossed strip S ′

has a K2,t-minor.

Proof. We will construct G having the following general structure. Each vertex of G will be

in one of the sets W , X , Y , Z, WX , XY , Y Z, or WZ, which we describe in the following.

Take four K3’s with vertex sets W = {w1, w2, w3}, X = {x1, x2, x3}, Y = {y1, y2, y3}, and

Z = {z1, z2, z3}. Take S0 to be the uncrossed Q-sequence strip S0 = (A−IA+I)3A−IA+ with

corners w1, x1, y1, and z1 such that a1 = w1, a2 = x1, b1 = y1 and b2 = z1; the rail paths go from

w1 to z1 and x1 to y1. Let WX be a non-empty set of vertices such that each v ∈ WX has degree

at least four and all neighbors of v are in either W or X . Note that v has at least one neighbor in

W and X . Define sets XY , Y Z, and WZ analogously, and let t = |WX|+ |XY |+ |Y Z|+ |WZ|.

If we replace S0 with any crossed Q-sequence strip S ′ to obtain a graph G′, G′ contains a

K2,t-minor. Take T = WX ∪XY ∪ Y Z ∪WZ, take R1 to be W , Y , the top rail of S ′ before the

X-piece, and the bottom rail of S ′ after the X-piece, and take R2 to be X , Z and the bottom rail of

S ′ before the X-piece, and the top rail of S ′ after the X-piece. Since R1 and R2 are connected and

each vertex of T is adjacent to a vertex ofW orX and a vertex of Y or Z, we have (R1, R2;T ) as a
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model of K2,t in G′. Moreover, if S ′ is a Q-sequence strip on at least 9 vertices, G′ is 4-connected

if G is 4-connected by Lemma 4.33.

Now we will describe some further conditions on WX , XY , Y Z, and WZ and show that they

guarantee G is 4-connected and prevent G from having a K2,t-minor. For each A, B, A 6= B de-

noting W , X , Y , or Z, let XiY (or Y Xi) denote the set of vertices v in G with N(v) = {xi} ∪ Y .

Then we require that |WiX|, |WXi|, |XiY |, |XYi|, |YiZ|, |Y Zi|, |WiZ|, |WZi| ≥ 13, for all i ∈

{1, 2, 3}. Similarly, for eachA,B, A 6= B denotingW , X , Y , or Z, we letAijBkl denote the set of

vertices v inGwithN(v) = {ai, aj, bk, bl}. We require that |WijXkl|, |XijYkl|, |YijZkl|, |WijZkl| ≥

9 for i, j, k, l ∈ {1, 2, 3} with i 6= j and l 6= k.

We assume that G has no vertices other than those already described. Therefore, the smallest

value of t for our construction is t = 8× 3× 13 + 4× 3× 3× 9 = 636.

We want to show that such a graph G as described above is 4-connected. To do so, we define

a graph G0, as follows. Let G0, be as G above, except in G0 the sets WX,XY, Y Z, and WZ are

as follows. Let WX = WX1 ∪WX2 ∪WX3 ∪W1X ∪W2X ∪W3X and |WXi| = |WiX| = 1

for i ∈ {1, 2, 3}. In other words, WX consists of exactly 6 vertices three of which are adjacent

to all vertices of W and one xi, and the other three of which are adjacent to all vertices of X and

one of wi. Let XY , Y Z, and WY be defined analogously. This single graph G0 was checked to

be 4-connected by computer. Every graph G as described above is obtained from G0 by adding

vertices of degree at least 4 to G. Thus, by Lemma 1.5, G is 4-connected.

Now we will show these conditions prevent a K2,t-minor in G. Suppose for a contradiction,

that G has a K2,t-minor with model (R1, R2;T ). By Lemma 4.9, there are at most 4 vertices of T

in S0. There are 8 vertices of T in (W ∪X ∪ Y ∪ Z)− V (S0), so at most 12 vertices of T are in

W ∪X ∪Y ∪Z ∪V (S0). Therefore, there are at most 12 vertices in WX ∪XY ∪Y Z ∪WZ that

are not in T .

Since |WiX| ≥ 13, there is at least one vertex in WiX ∩ T . This holds for each of the sets

WiX,WXi, XiY,XYi, YiZ, Y Zi,WiZ, and WZi for i ∈ {1, 2, 3}.

Suppose that W ⊆ R1. Since WXi ∩ T is not empty, xi ∈ R2. Thus, X ⊆ R2. By analogous
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reasoning Y ⊆ R1 and Z ⊆ R2. Thus, R1 must contain a path from w1 to y1, and the only such

paths that do not intersect X and Z are contained in S0. Therefore, S0 contains a long R1-path

from w1 = a1 to y1 = b2, and by analogous reasoning, a long R2-path from x1 = a2 to z1 = b1.

However, by Lemma 4.18 two such long paths do not exist, since S0 is uncrossed.

Therefore, we may assume there is a vertex wi ∈ W not in R1. Then R1 must contain at least

one vertex of X since |WiX ∩ T | ≥ 1. Moreover, A ∩ Ri 6= ∅ for A = W,X, Y, Z and i ∈ {1, 2}

by symmetry.

Thus, there are at most 4 vertices of T in W,X, Y, or Z, so at most 8 vertices of T are in

W,X, Y, Z, or S0, and all but at most 8 vertices of WX,XY, Y Z, and WZ are in T . Since

|WijXkl| ≥ 9, there must be a vertex of T in WijXkl for i, j, k, l ∈ {1, 2, 3} with i 6= j and l 6= k.

This holds for XijYkl, YijZkl, and WijZkl as well for i, j, k, l ∈ {1, 2, 3} with i 6= j and l 6= k.

Suppose there is a vertex wi ∈ W ∩ T . From the above we also have wj ∈ W ∩ R1 and

wh ∈ W ∩ R2. We must have |Rs ∩ X| ≤ 1 for either s = 1 or s = 2, say |R1 ∩ X| ≤ 1. Then

there are xk, xl /∈ R1 with k 6= l. However, this contradicts the fact that WijXkl contains a vertex

of T .

Thus, we may assume there is no vertex of T in W,X, Y , or Z. In particular, no corner of S0

is in T . Therefore, there are at most 4 vertices of WX,XY, Y Z, and WZ not in T . Since each

of W,X, Y, and Z contain a vertex of R1, there exist paths P1, P2 and P3 in G[R1] between three

of the distinct pairs from among W,X, Y , and Z, each of which intersects W ∪X ∪ Y ∪ Z only

at its ends. Each such path that uses a vertex of WX must have the form wivxj , where v ∈ WX

belongs to no other such path; similar statements hold for XY , Y Z, and WZ. Let Q1, Q2, and

Q3 be similar such paths for R2. Suppose that the path P1 is not contained in S0. Then P1 must

contain a vertex of WX,XY, Y Z, or WZ. The same is true of each path Pi and Qi. Thus, at least

two of P1, P2, P3, Q1, Q2, Q3 are contained in S0.

Suppose exactly two of those paths are contained in S0. Then four of those paths contain

distinct vertices of WX,XY, Y Z or WZ, and so S0 must contain at least four vertices of T . Since

the corners of S0 are not in T , |τ(S0)| ≥ 4. If there is a long R1-path in S0, |τ(S0)| ≤ 2 by Lemma
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4.13, which is a contradiction. Thus, we may assume there is no long Ri-path for i = 1, 2. Without

loss of generality, w1, x1 ∈ R1, and y1, z1 /∈ R1. Therefore by Lemma 4.17, |τ(S0)| ≤ 2, which is

again a contradiction.

Suppose then that three or more of P1, P2, P3, Q1, Q2, Q3 are contained in S0. Then without

loss of generality, P1 and P2 are contained in S0. Thus, at least three corners of S0 are in R1,

and Q1, Q2, Q3 are not contained in S0. Each of Q1, Q2, and Q3 contain distinct vertices of

WX∩XY ∩Y Z∩WZ , which are thus not in T . Therefore, S0 must contain at least three vertices

of T . However, since three of the given paths are contained in S0, P3 must be contained in S0 as

well, and all corners of S0 are in R1. By Lemma 4.10, |τ(S0)| = 0, which is a contradiction.

Given a graph G as constructed in the above proof, replacing S0 with any uncrossed Q-

sequence strip S on at least 9 vertices gives us another such example. Let H be such a graph.

By Lemma 4.33, H remains 4-connected. The above reasoning that showed G is K2,t-minor-free

also applies to H , since S is uncrossed as well; the particular structure of S0 was not used. As

noted earlier, we can also construct 3-connected examples, with a smaller value of t than required

for the 4-connected examples.

The examples constructed above also show that replacing an uncrossed strip with a twisted

uncrossed strip, i.e. S ′T for some uncrossed strip S ′, can introduce a K2,t minor.

4.6 Characterizing 3- and 4-connected K2,t-minor-free graphs

Define the operation of expanding anA-sequence strip S in G to be the operation that replaces

S with an A-sequence strip S ′ such that r(S ′) ≥ r(S), |V (S ′) > |V (S)|, and S ′ is uncrossed if

S is uncrossed. Similarly, define the operation of expanding an Q-sequence strip S in G to be the

operation that replaces S with a Q-sequence strip S ′ such that r(S ′) ≥ r(S), |V (S ′)| > |V (S)|,

and S ′ is uncrossed if S is uncrossed.

Theorem 4.37. For a given t, there exists Nt and a finite set of graphs Bt, such that a graph G on

at least Nt vertices is 3-connected and K2,t-minor-free if and only if it is obtained from a graph in

Bt by expanding 3+-fans and expanding A-sequence strips with reduction size at least 37.
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Proof. Let Nt be the smallest integer such that every 3-connected, K2,t-minor-free graph on Nt

or more vertices contains a 4+-fan or a strip S with r(S) ≥ 38. Such an Nt exists by Corollary

2.14, since each 3-connected, K2,t-minor-free graph is obtained from one of a finite number of

base graphs by attaching strips and fans. The base graphs are of finite size, so each such graph

contains a finite number of fans and strips. Every sufficiently large A-sequence strip S either has

r(S) ≥ 38 or a 4+-fan. Let Bt be the set of all 3-connected, K2,t-minor-free graphs on fewer than

Nt vertices that contain a 3+-fan or an A-sequence strip S with r(S) ≥ 37.

Let S be the set of all graphs obtained from a graph in Bt by expanding 3+-fans andA-sequence

strips with r(S) ≥ 37. We want to show that S is exactly the set of 3-connected, K2,t-minor-free

graphs on at least Nt vertices. By Observation 2.4 and Lemma 2.6, expanding 3+-fans preserves

3-connectivity and the property of being K2,t-minor-free. Expanding A-sequence strips preserves

3-connectivity and the property of being K2,t-minor-free by Proposition 4.31 and Lemma 4.33.

Thus, every graph in S is 3-connected and K2,t-minor-free.

We will now show the following claim by induction on n: if G is an n-vertex, 3-connected,

K2,t-minor-free graph and n ≥ Nt then G ∈ S. Take the base case to be n ≤ Nt − 1, for which

the statement is vacuously true. Suppose then that G is a 3-connected, K2,t-minor-free graph

on n ≥ Nt vertices. The graph G must contain either a 4+-fan or an A-sequence strip S with

r(S) ≥ 38, by the definition of Nt. Suppose G contains a 4+-fan F . Then the graph G′ obtained

by collapsing the fan F to a fan F ′ is 3-connected and K2,t-minor-free by Lemmas 2.3 and 2.6.

Note that F ′ is a 3+-fan. By the inductive hypothesis G′ is either in S or Bt. Thus, G is obtained

from a graph in either S or Bt by a 3+-fan expansion, so it is itself in S . Suppose then that G has

no 4+-fan, so G has an A-sequence strip S with r(S) ≥ 38. Consider the graph G′ obtained by

replacing S with a strip S ′ such that r(S ′) ≥ 37, |V (S ′)| < |V (S)|, and S ′ is uncrossed if S is.

Such an S ′ always exists; we can just take the sequence A+I(A−IA+I)12A−, By Proposition 4.31

and Lemma 4.33, G′ is 3-connected and K2,t-minor-free. Furthermore, |V (G′)| < |V (G)| so by

the inductive hypothesis either G′ ∈ S or G′ ∈ Bt. Thus, G is obtained from a graph in either S or

Bt by expanding an A-sequence strip with r(S) ≥ 37, so it is itself in S.
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Theorem 4.38. For a given t, there exists Mt and a finite set of graphs Ct, such that a graph G on

at least Mt vertices is 4-connected and K2,t-minor-free if and only if it is obtained from a graph in

Ct by expanding Q-sequence strips on at least 37 vertices.

Proof. For a given t, let Mt = Nt and let Ct be the set of all 4-connected graphs in Bt, from

Theorem 4.37 above. Let S be the set of all graphs obtained from a graph in Ct by expanding

Q-sequence strips on at least 37 vertices. We want to show that S is exactly the set of 4-connected,

K2,t-minor-free graphs on at least Mt vertices.

By Proposition 4.31 and Lemma 4.33, every graph in S is 4-connected and K2,t-minor-free.

Thus, it remains to be shown that S contains all 4-connected K2,t-minor-free graphs on at least Mt

vertices

Suppose G is a 4-connected and K2,t-minor-free graph on n ≥Mt vertices not in S and take G

to be minimal in n. Then by the definition ofNt,G contains a 4+-fan or anA-sequence strip S with

r(S) ≥ 38. SinceG is 4-connected, it does not contain a fan. Thus, it contains anA-sequence strip

S with r(S) ≥ 38. By Lemma 4.5, S is in fact a Q-sequence strip. Since r(S) = |V (S)| for Q-

sequence strips, |V (S)| ≥ 38. Consider the graph G′ obtained by replacing S with a Q-sequence

strip S ′, such that |V (S ′)| ≥ 37, |V (S) < |V (S)|, and S ′ is uncrossed if S is. By Proposition 4.31

and Lemma 4.33, G′ is 4-connected and K2,t-minor-free. Furthermore, |V (G′)| < |V (G)|, so by

minimality, G′ ∈ S or G′ ∈ Ct. Thus, G is obtained from a graph in either S or Ct by expanding a

Q-sequence strip with |V (S)| ≥ 37. Thus, G is in S.
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Chapter 5

Future work

In this chapter, we will consider a number of problems related to the new results presented in

this document.

Ellingham and Gaslowitz [13] gave a generating function for the non-isomorphic n-vertex Q-

sequence graphs, and showed that the number is asymptotic to αn4/(2n), where α4 is the largest

root of f(x) = 1 − x + x2 − 2x3 − x4 + x5 and α4 ≈ 1.86. We have worked out the generating

functions for the number Q-sequence strips, which is asymptotic to c4α
n
4 for some constant c4

and the number of A-sequence strips, which is asymptotic to c3αn3 for some constant c3, where

α3 ≈ 2.8. We expect that the variability in 3- and 4-connected, K2,t-minor-free graphs will come

mainly from their strips because there are very few non-isomorphic ways to expand fans. Based

on the counting results for Q- and A-sequence strips, we can make some conjectures.

Conjecture 5.1. For each t there exist γ4,t and β4,t such that there are asymptotically γ4,tnβ4,tαn4

non-isomorphic 4-connected K2,t-minor-free graphs on n vertices, where α4 ≈ 1.86. Similarly,

for each t there exist γ3,t and β3,t such that there are asymptotically γ3,tnβ3,tαn3 non-isomorphic

3-connected K2,t-minor-free graphs on n vertices, where α3 ≈ 2.8.

The value of γk,t depends on the specifics of the base graphs, so we do not expect to be able

to describe this precisely. The value βk,t is related to the maximum number of strips in a 3- or

4-connected K2,t-minor-free graph. Bounds on the number of strips already exist, as we discuss

below, but we would hope to find significantly improved bounds.

Guoli Ding’s description of theK2,t-minor-free graphs does give an upper bound on the number

of strips in these graphs. Since the base graphs are finite, there must be some finite number of

strips for any given t. However, the bounds obtainable from Ding’s results come from Ramsey-

type results and thus are unwieldily large. We expect that the actual value for the number of strips

80



in these graphs is much smaller, and that is why we hope to find such an improved bound.

Problem 5.2. Find explicit improved upper and lower bounds, depending on t, on the number of

strips, or the number of crossed strips, in a 3- or 4-connected, K2,t-minor-free graph.

As discussed in Chapter 1, the class ofK2,t-minor-free graphs is a subset of the class ofK2,t+1-

minor-free graphs. Furthermore, the class of K1,1,t-minor-free graphs lies between those two fam-

ilies; that is the class of K2,t-minor-free graphs is a subset of the class of K1,1,t-minor-free graph,

which is a subset of the class of K2,t+1-minor-free graphs. It would interesting to investigate the

families of K1,1,t-minor-free graphs and how they relate to the K2,t-minor-free graphs. A num-

ber of the lemmas presented in Chapter 4 either apply to K1,1,t minors as well or could be easily

adapted to that case.

Assuming that β3,t+1 > β3,t, which seems reasonable to expect, the number of 3-connected

K2,t+1-minor-free graphs that are not K2,t-minor-free on n vertices grows exponentially with n. In

other words, there is an exponential increase when going from K2,t-minor-free to K2,t+1-minor-

free. O’Connell [19] has some results that allow us to compare number of K2,t-minor-free and

K1,1,t-minor-free graphs for small t. For t = 4, the number of n-vertex, 3-connected, K1,1,t-minor-

free graphs that are not K2,t-minor-free only grows polynomially with n. And the proportion of

n-vertex, planar, 3-connected, K1,1,5-minor-free graphs that are not K2,5-minor-free goes to 0 as

n→∞. This leads us to the following conjecture.

Conjecture 5.3. The number of 3-connected K1,1,t-minor-free graphs on n vertices, bt(n), is

asymptotically equal to the number of 3-connected, K2,t-minor-free graphs on n vertices, at(n).

If this conjecture is true, a further problem would be to describe the difference between these

two numbers by estimating (bt(n)− at(n))/at(n).

One clear area of future work is to finish the characterization of the 3-connected, K2,5-minor-

free graphs, or the planar, 3-connected, K2,5-minor-free graphs, as discussed at the end of Chapter

3; recall the conjectures stated there.
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Conjecture 3.18. There exist positive integers c1, c2 and a finite set of base graphs B such that

a graph G on at least c1 vertices is 3-connected and K2,5-minor-free if and only if it is either a

A-sequence graph with r(G) ≥ c2 or is obtained from a graph in B by expanding 3+-fans.

Conjecture 3.19. There exist positive integers d1, d2 and a finite set of base graphs C such that

a graph G on at least d1 vertices is planar, 3-connected, and K2,5-minor-free if and only if it is

either a planar A-sequence graph with r(G) ≥ d2 or is obtained from a graph in C by expanding

3+-fans.

Assuming the characterization can be completed in the general case, it would be interesting to

examine a slightly larger family of graphs.

Problem 5.4. Characterize the 3- or 4-connected, K1,1,5-minor-free graphs.

This problem, in particular in the 3-connected case, may prove challenging, since the 3-

connected K2,5-minor-free graphs have themselves been complex and computationally difficult.

For this reason, it may be more manageable to add a planarity condition to these graphs.

Problem 5.5. Characterize the planar, 3- or 4-connected K1,1,5-minor-free graphs.

This family of graphs should be easier to handle, and therefore may be a more reasonable place

to start.

Another related area of work that would be interesting to pursue is examining how Hamiltonic-

ity relates to K2,t-minor-freeness. In particular, examining the planar graphs that are K2,6-minor-

free but not Hamiltonian could be of interest. As discussed in Chapter 1, there is a conjecture on

the characterization of all 3-connected, planar K2,6-minor-free graphs that are not Hamiltonian.
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