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CHAPTERII

INTRODUCTION

1.1 A historical review of statistical mechanics and its application to condensed
matter

The principal task of statistical mechanics is to start with the atomistic description
of matter and derive macroscopic laws such as the laws of thermodynamics, fluid
dynamics, elasticity, chemical kinetics, and so on.

The foundations of statistical mechanics are due to Gibbs [1], but its historical
roots go back to the development of the kinetic theory of gases [3,5]. Maxwell first
introduced the idea of statistical mechanics into the study of gases with the velocity
distribution of molecules of a gas in equilibrium. Boltzmann went further to study the
time dependence of the distribution function and its approach to equilibrium. His research
culminated in the famous Boltzmann transport equation for the velocity distribution
function. The Maxwell-Boltzmann kinetic theory, however, is successful in describing
the macroscopic properties of only perfect or near-perfect gases. With the development of
thermodynamics in the 19" century, a more general statistical method that goes beyond
the kinetics of gases and is based on the laws of mechanics was needed.

The formal structure of equilibrium statistical mechanics was laid down by Gibbs
in the 1870s [1,6]. According to Gibbs’s theory, a state of the system corresponds to a
point in phase space and the time average of an observable quantity is identical with its
phase space average (ensemble average). Gibbs’s ensemble theory is constructed on

Liouville’s equation which is purely a mechanical equation. The equilibrium theory of



statistical mechanics has achieved a satisfactory general formulation at the hands of
Gibbs and of later investigators. It provides a systematic interpretation from the atomic
standpoint of the equilibrium behavior of thermodynamic systems. (Gibbs did not pursue
detailed implementation of his formulism to describe complex solids)

There is an enormous range of phenomena, however, which are concerned with
non-equilibrium or irreversible processes. For example, the thermoelectric phenomena,
viscous flow, heat conduction, and atomic diffusion in fluids, have been known for more
than a hundred years and their phenomenological descriptions have been established from
experience. Similarly, plastic deformation of materials has been described by
phenomenological models of stress-strain relations. With the progress of statistical
mechanics, scientists tried to interpret these irreversible processes from microscopic
dynamics [20,21]. In 1931, Onsager published an important paper in which he tried to
explain such reciprocal relations as Thomson’s thermoelectric relation from the
assumption of microscopic reversibility [7, 8]. It is a milestone toward the understanding
of irreversible processes. However, his discussion is still semi-phenomenological due to
its heavy dependence on the experimentally established thermodynamic equations.
Therefore, the problem of deriving equations of irreversible thermodynamics from
statistical mechanics for general systems arises. A principal objective of non-equilibrium
statistical thermodynamics is to start with the atomistic description and derive the
macroscopic laws that govern such dynamic processes as diffusion, heat conduction, and
viscous flow in fluids and plastic deformation in solids. Moreover, it is expected that such

a theory is to achieve a generality comparable to that of equilibrium statistical mechanics.



The formulation of transport process in fluids based on statistical mechanics has
achieved great success. The transport equations, such as the Navier-Stokes equation for
viscous flow, Fourier’s law of heat conductivity and Fick’s law of diffusion can be
derived from an atomistic description. However, non-equilibrium statistical
thermodynamics is still in the process of development and is far from being completed.
The state of the art for non-equilibrium statistical mechanics for fluids and solids is as

follows:

(1) Fluids:

e The most highly developed method in the theory of irreversible processes is based on
the Kinetic equation for the distribution function, proposed by Boltzmann and
substantiated and further developed by Bogolyubov [5], Enskog, Chapman [4], and
others. This method enables us to derive the equations of non-equilibrium
thermodynamics and to calculate the kinetic coefficients explicitly; in practice this
method is very important, but it is applicable only to gases of sufficiently low density
or with sufficiently weak interaction between the particles.

e A satisfactory theory exists for transport in dilute solutions, based upon the theory of
Brownian motion, the foundations of which are due to Einstein. This theory, chiefly
developed by Green [9,10], Kirkwood [2,11,12] and Mori [13], is also known as the
correlation method. In this approach, an explicit form of the distribution function is
not required. But the evolution of the distribution function is assumed to satisfy the
Fokker-Planck equation [6], from which the transport equations are derived. The
transport coefficients are expressed in terms of the correlation functions of

equilibrium fluctuations of the appropriate dynamical quantities. The applicability of



this method is limited by the assumption of the Markovian random process for the
state variables.

In a series of papers published in the 1950s, Prigogine and coworkers developed a
systematic theory for the interpretation of irreversible process [14]. They investigated
in detail the dynamics of correlations in the irreversible process. They derived the
well known ‘master equation’ based on the perturbation assumption which is similar
to that in Quantum Mechanics. Prigogine’s theory offers a detailed fundamental
interpretation of the origin of the macroscopic irreversibility. From the master
equation, both the Boltzmann equation and the Fokker-Planck equation can be
derived. The master equation, therefore, is a more general equation that describes the
evolution of the distribution function. But in practical applications, it is the specific
forms of the master equation such as the Boltzmann’s equation or Fokker-Planck
equation that are usually used. Moreover, because it is essentially a perturbation
theory, it is only suitable for systems with weak interactions. Examples are the
phonon gas in anharmonic solids, weakly coupled gases, and hydrodynamics of
fluids.

Due to the great success of equilibrium statistical mechanics based on the equilibrium
ensemble of Gibbs, there has been a group of approaches that generalize the concept
of equilibrium ensembles to the nonequilibrium systems. The key idea is to construct
explicitly the nonequilibrium distribution function. Major contributions to the
development of such approaches are by Kirkwood [2,11,12], MaClennan [16-19],

Zubarev [15], etc.



(2) Solids:

Compared to the fruitful development of statistical mechanics in fluids, the
formulation of statistical mechanics for solids has been limited to certain topics and areas
[22-50].

e For electrons, there exists a well developed theory based on Fermi-Dirac statistical
mechanics [1, 49, 50].

e A rigorous description also exists for phonons based on the Bose-Einstein statistical
mechanics [6, 40-42, 49].

e The transport of phonons in a crystal can be formulated using the Boltzmann’s
equation [40-42]. Prigogine’s master equation also applies [11].

e In the formulation of such phenomena as the diffusion of atoms, the Boltzmann
distribution function for distinguishable particles is frequently used to estimate the
probability of success of an atom to overcome the energy barrier [44]. This estimate,
combined with the experimental transport equations such as Fick’s equation for
atomic diffusion, only gives a very simplified microscopic interpretation of diffusion
in solids.

e There are methods based on the Boltzman transport equation applied to the study of
defects. In these formulations, defects are treated like pseudo-particles [44, 89]. But
this treatment brings a problem, i.e. the interaction between the defects is not clear.
As a result, the method has to be combined with phenomenological equations [52,89]

in order to include the interactions between defects.



o Statistical models of dislocation cells, shear bands or other organized dislocation
structures have been advanced [26-30, 35-38], such as the Walgraef-Aifantis
statistical model [51].

e Other examples include the formulation of the perfect crystal elasticity from atomic

dynamics based on the assumption of homogeneous deformation [43].

We have seen that the current formulations for solids are mostly mixtures of
phenomenological relations and statistical approaches. There exists no comprehensive
theoretical framework for solids that is derived from theories of atoms, describes defect
dynamics, and links to macroscopic deformation of solids. One major reason for this is
the simultaneous existence of several distinguishable length scales coupling with each
other in complex solids [53, 54]. At the smallest scale of Angstroms, atomic dynamics
provides an underlying framework for the formation of a wide variety of defects in
mesoscales. Higher-scale defect interactions (from nanometers to many microns)
collectively operate to drive large-scale behavior. Long-range stress fields, on the other
hand, can drive the motion of existing defects or cause the nucleation of new defects at
the atomic-scale. As a result, the macroscopic behavior is a manifestation of the
interaction and organization of this collection of atoms, defects and stress fields within a
polycrystalline microstructure that may range in size from microns to millimeters. The
transport processes in solids are therefore far more complicated than in fluids. Examples
are Herring creep, the climb of dislocations, migration of grain boundaries, etc, which
may also interfere with each other. This intrinsic multi-scale nature of solids imposes a

great challenge on the theoretical formulations. Specifically, a proper treatment of defects



and deformation from an atomistic point of view are major difficulties in a successful
formulation from statistical mechanics. Some pioneering work in the general formulation
of solids based on statistical mechanics can be found in papers by L.A.Pokrovsky [45,46],

Sokrates Pantelides [47,48].

1.2 Current multiscale modeling of complex solids

The current multi-scale modeling in solids is mainly pursued by computational
means [53,54], either by passing information from calculations at one scale to another
(also known as serial or sequential linking) [55-78] or by constructing a composite
simulation with different features treated at different length scales (also termed
concurrent linking) [79-87]. The two approaches are respectively demonstrated by Figure

1.1 and Figure 1.2.
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In the serial linking methods [53-78], simulation is applied to the entire system at
one scale. The result of this calculation is used as input to the next up the length/time
scale hierarchy. Note that there is only one scale for the entire system in each calculation.
A good example of this was the formulation of the perfect crystal elasticity [43]. An
empirical potential was used to simulate atomic dynamics, from which the elastic
constant is calculated. The result of this calculation is then inserted into the macroscopic
Hook’s law to evaluate the stress-strain relationship. We can see that this approach relies
on the preliminary knowledge of dynamical laws at each length scale. In other words, the
phenomenological theories have to be first established from experiment before the inputs
of information derived from calculations at lower scales. The method is, therefore, a
mixture of the atomistic simulation and the phenomenological theories. Moreover, the
direction that the information is passed is a one-way direction, i.e. only from lower scale
to the upper scale in the hierarchy. As a result, the influence of dynamics at higher scales
on the lower scales, such as the stress induced defect motion, is excluded. This method,
therefore, is only suitable to simulate solids in which the coupling between scales is

weak.



The concurrent linking [71-78], as a comparison, is a more suitable approach in
simulating complex solids where defects and stress field interact with each other. Crack
propagation is a good example in which it is necessary to know what is happening
simultaneously in each region since one is strongly coupled to another. In this approach,
the system is divided into regions with different characteristic scales. Simulations for
regions of different scales are performed at the same time. Necessary information is
dynamically transmitted to and from simulations of other regions. For example, the
system with a dislocation may be divided into two regions. In one region where the
dislocation is located, atomistic mechanics is applied while on the other region far from
the dislocation, continuum mechanics is applied, the implementation of which is via finite
elements. One pioneering concurrent approach was the work by Abraham [53,81]. The
idea of their work was to concurrently link tight-binding, molecular dynamics, and finite
elements together in a unified approach. Other pioneering work on coupling atomistic to
finite elements has been performed by Tadmor, Ortiz and Philips [78,79-81]. The
concurrent linking approach, however, still requires a preliminary knowledge of the
constituents of the system such as the distribution of defects and the phenomenological
theories for each scale. It is essentially a one-scale calculation for each region. Different

regions connect with each other through boundary conditions.

The application of computational methods is limited by the power of computers.
Even with today’s most powerful parallel computers, the simulations of a heterogeneous

material remain beyond reach. The state-of-the-art, massively-parallel supercomputer

simulations can handle about 10° atoms, amounting to a volume of less than 1 cubic



micron. It is therefore not feasible to attain the scale at which most collective defect

process happen such as fracture, solely from atomistic simulation.

1.3 Overview

This thesis is an effort to formulate the equilibrium and non-equilibrium statistical
mechanics for a complex solid. Here we begin only with an atomistic description of a
solid, and apply the principles of statistical mechanics to derive the dynamics of defects
and ultimately describe the macroscopic behavior such as plastic deformation with
different scales naturally coupled together. In particular, we put emphasis on the
formulation to describe defects and deformation. We wish that the formulation will be in
the future combined with the computational method to give a general elegant description

of the dynamics of solids as well as predict new phenomena.
The thesis is therefore organized as follows:
Chapter 11

We present the general procedures of applying non-equilibrium statistical mechanics to
formulate the transport process in fluids. Some basic concepts in equilibrium statistical
mechanics are reviewed. We especially review two methods. Each of them represents one
of the two main lines of formulating hydrodynamic equations. The review of statistical
mechanics of fluids in this chapter will be a background for the formulation of statistical

mechanics of complex solids in following chapters.

10



Chapter 111

The current formulation capitalizes on the essential difference between a crystal and a
fluid. In Chapter II, we use a perfect crystal to introduce the most fundamental ideas
underlying the formulation of the statistical mechanics of a solid. The methods
introduced in this chapter form our basis for the following formulations of a crystal with

defects.
Chapter 1V

In this chapter, we interpret point defects based on the description of a perfect crystal in
Chapter III. The general theoretical framework is constructed for a crystal with only
vacancies, a crystal with only interstitials, and a crystal with both vacancies and

interstitials. Some complexities are also discussed.

Chapter V

In Chapter IV, we formulate the nonequilibrium statistical mechanics of a complex
crystal. Here we demonstrate that the dynamics on different intrinsic time scales can be
naturally coupled together with the statistical mechanics developed in previous chapters.
Applications include Herring creep and transport of point defects.

Chapter VI

In Chapter VI, we give a preview of future work on including dislocations into the

theory.
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CHAPTER II

FLUIDS

In this chapter, we shall demonstrate the procedures to formulate the statistical
mechanical theory of transport processes in fluids; e.g., diffusion, heat transfer, fluid flow,
etc [5-10]. We select two nonequilibrium statistical methods for the formulation. Both
methods are developed within the framework of Gibbs’ ensemble theory. The first
method, called the nonequilibrium ensemble theory, generalizes Gibbs’ equilibrium
ensembles to nonequilibrium systems with the help of time averaging [15]. We will
describe in detail the formulation of transport equations of fluids with the nonequilibrium
ensemble theory in Chapter 2.2. The second method concerns the time evolution of the
distribution function which describes how a system approaches equilibrium [16-19]. The
essence of the second method will be briefly presented in Chapter 2.3.

We shall always assume that electrons are always at their ground state that
corresponds to the instantaneous positions of the nuclei. Thus, we will not be doing
statistical mechanics of electrons, but only of the nuclei. So the electrons have been
integrated out as in the Born-Oppenheimer approximation [49]. We shall restrict
ourselves to the classical description of atomic dynamics, and we shall formulate the
transport theory within the frame of classical statistical mechanics. The

quantum-mechanical generalization will not be discussed.

12



2.1 Equilibrium statistical mechanics of fluids
For simplicity and demonstration, we consider a fluid consisting of one kind of

particle. A particle in the system is described by its coordinates I, measured from a

single origin. The canonical momentum corresponding to I, is p, . Particles interact with
each other through a potential denoted byV (r,,...r,,). The Hamiltonian H (abbreviation

forH(r,..ry; P,,..py ) ) of the fluid has the form:

pi
H =Z%+V(rl,...rN) 2-1)
The interaction energy V(I,,...r,) 1is a function of all the atomic coordinates. It can be

expressed in terms of density function theory [70, 80] or expressed as an expansion,

V(r,..n) =V +- ZZV( u) ZZ ZV( ij> fico Jk) (2-2)

i j=i i j=i k=i,j

where 1, denotes the separation between two particles 1; = ‘ri —1;|; V, is the reference

energy usually chosen to be zero; the second term is a sum over all pair interactions

\% (rij) and the third term denotes the sum of three particle interactions V( i Ik’rjk)

and so on.

The motion of the system with Hamiltonian expressed in (2-1) is classically

described by the canonical equations, namely

. oH
i=—o,
op,
aH
) = — 2-3
P ar (2-3)

13



The state of a system is then determined by the momenta and coordinates of all particles.

The phase space of the system is 6N in dimension. A state of the system is represented

by a point of {I’i, pi} in the phase space. It is then possible to introduce a distribution
function f({ri, pi}) according to Liouville’s theorem, which states that the density of
states in phase space is constant with time. With f({ri, pi}) , the average of any
microscopic quantity A({r,, p;}) is expressed as

A=[t{r.p}Adr, phdr, (2-4)
where the integration is over the phase space and dI" is the abbreviation for
dp,..dp,dr,..dr, .

If all the phase points representing the system are strictly confined to a surface of

E({ri, pi}) =E in phase space, the ensemble of phase points is called microcanonical

ensemble. If a small fluctuation in energy is allowed, the ensemble is called canonical

ensemble. According to Gibbs, the entropy is then defined as,

S=-k j f nfdT . (2-5)
The canonical distribution function f({r, p;}) is then determined by the maximization

of entropy under the constraint that the total energy is on the average constant with time,
SS(f)+AE(f)=0, (2-6)
where A is a Lagrangian parameter. This parameter is identified with #=—1/KkT , where

T is the absolute temperature and K is Boltzmann’s constant. The canonical distribution

function is found to be,

f({rn pi}):Q_ e—ﬂE({ﬁapi})’ (2_7)

14



where Q 1is the normalization constant defined by Q = Ie_ﬂ EE-PDAT . The Q is known

as the partition function. The average energy is then calculated by

E--2 g (2-8)

op
From (2-7), one can derive the thermal dynamics of equilibrium:
KT/nQ=E-TS (2-9)
The canonical distribution corresponds to a system in equilibrium with a large reservoir
characterized by a constant temperatureT . If the number of particles contained in the
system changes with time, we need to add a constraint of constant average particle
number in equation (2-6). The distribution function with this constraint is called Grand

canonical distribution,

f(r pp=Q e, (2-10)
where g 1is called the chemical potential of the particle. The system represented by
grand canonical ensembles is in contact with a large reservoir characterized by a constant

.

2.2 Statistical mechanics of fluids based on non-equilibrium ensembles

Equilibrium statistical mechanics is formulated based on invariants of motion,
such as the constant energy and particle number. This is true only if the reservoirs in
contact can be considered infinite. Otherwise, the system cannot maintain a constant state.
Moreover, the Gibbs entropy, defined in (2-5), is reversible with time and cannot increase

in time. So it is only suitable to describe a system in thermal equilibrium.
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A system in nonequilibrium state is characterized by an increase in entropy. A
system deviates from equilibrium either by contact with reservoirs, or by the change in
internal thermal parameters such as a temperature gradient that generates heat in the
system. The Gibbs’s ensemble theory needs adaptation in both cases.

There are generally two directions to formulate irreversible processes with
statistical mechanics:

The first one concentrates on the part of distribution function that is invariant with
time, i.e. the time average of distribution function. An example is the method of the
non-equilibrium ensemble proposed by D. Zubarev [15]. The process of formulating the
transport of fluids by constructing non-equilibrium ensembles is described in detail in
Chapter 2.2.

The second one, on the other hand, is focused on finding the evolution equation of
the distribution function. An example is the method proposed by MacLennan [16-19],
which derives the evolution equation of the distribution function of a system by
introducing external reservoir. The method is briefly described in Chapter 2.3.

Note that both methods are based on Gibbs’s ensemble theory.

2.2.1 Microscopic conservation laws in fine-grained space

Let X be the continuous coordinate in the space in which the particles
composing fluids move. We shall call this coordinate space as the fine-grained coordinate
space. In this coordinate space, we introduce the density of particles expressed in terms of

atomic coordinates and momenta as,

n(i)=Z5(>?—ri). (2-11)
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In a similar way, the microscopic form of momentum and energy density are expressed

by
g(f)zzpiff(f(—ﬁ), (2-12)
and
=S| P g
h(x)—Z{Zm}S(x r)

(2-13)

1
+Ez

{Zv(rij )}5(2-@%2{2 >V (rij,qk,rjk)}a(X—ri)+...

j#i i J#i k=i, j
For purpose of demonstration, we will truncate the cluster expansion of energy at the pair

interactions, so the energy density is approximated as

h(i):Z[;—r‘n+%ZV(rﬁ )}5(2—@. (2-14)

ji
This expression for energy density is used throughout the whole formulation for purpose
of demonstration.

Differentiating the densities in (2-11), (2-12) and (2-14) with time, we obtain the

following equations based on the conservation of total particle number, momentum and

energy:
argf) =-V-j(x), (2-15)
B v-x(x), (2-16)
%:-v- i (). (2-17)
in which
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0= sx-r), (2-18)

7(X) = Z{p'pw SF }é(x (2-19)

j#i

i (%)= Z{p'pw SV (K )|+ S, }-%5(2—@. (2-20)

j#i J;:l
where | denotes the unit tensor and F; represents the interacting force exerted by the

jth atom on the ith atom,

F :_av(rij):av(rij). (2-21)
! or, or.

i j
Note that (X —r,) here refers to the particle whose position is I, in the fine grained

space. The j(X),7(X), and j,(X)are respectively the microscopic atomic flux, stress

tensor, and energy flux. According to (2-19), the stress tensor is composed of two terms:
the first term arises from momentum transport while the second term arises from
interactions of particles. Equation (2-20) also shows that the energy transport is
composed of two terms: one is associated with kinetic energy transport, and the other is
associated with energy transport by intermolecular forces. In fluids, the interactions
between particles are of short distance and particles therefore typically move long
distances. Thus, the kinetic energy dominates in a particle’s energy. As a result, the

momentum transport should dominate in both the stress flux and the energy flux.
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2.2.2 Galilean transformations

We suppose that all particles in a fluid are moving with the same constant
velocityv . Let a canonical transformation be made to the reference frame X' moving
with o .This transformation is defined by

p,=p+mo, (2-22)
where the primed variable p', refers to the relative momentum in the moving frame. We
substitute equations (2-22) in equations (2-15)-(2-17) and we get: (we drop(X) in the
following equations for clarity and use the prime variables to denote quantities in the

moving frame)

n=n', (2-23)
g=g'+p'v, (2-24)
(.

h:h'+u-g'+5pu , (2-25)
j=j+n'v, (2-26)
T=7"+209 '+ pov, (2-27)
H H] ' ' 1 2 1 240 '

Jh=J,+(h'+v-g +§pu )U+Evg+r-v, (2-28)

where p is the microscopic mass density defined by p(X) = mn(X) .
We suppose that whenv =v,, the fluid is in equilibrium in the moving frame.

According to the canonical distribution function (2-7), we find the average momentum

for every particle in the moving frame to be,

<gi'>:jfgi'dF:0 (2-29)
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where the bracket ( ) refers to the statistical average. The (g') equals zero because

the canonical distribution is an even function of momenta. The average momentum

density is therefore zero, which means that there is no flux in equilibrium. The system is

homogeneous in equilibrium, and < p'> is the same everywhere. The momentum density
in the laboratory frame X is calculated by

g= <p'> Uy (2-30)
which shows that v, is just the velocity of the center of mass of the fluid. Because the

mass density is uniform in space, according to (2-30), the momentum density is also

uniform in space.

2.2.3 Coarse graining in space

A fluid is in equilibrium state is homogeneous, and if it flows, the momentum
density is the same everywhere. When there is nonuniform distribution in the system,
such as nonuniform velocity, the system is then in nonequilibrium state. In this section,
we present the formulation of hydrodynamic transport of fluids.

Because the system is not uniform now, we divide the coordinate space X
occupied by the fluid into cells, so that in each cell, the fluid can be seen as homogeneous.
We denote the coordinate of the center of mass of a cell as X. The velocity of the center

of mass is denoted by v(X). The distance between two cells isAX . It is assumed that Ax

is macroscopically small, so that it is a continuous space and we can replace Ax bydx.
But AX is microscopically large in the fine grained spaceX, so dX contains many

particles.  This coordinate space x , defined by positions of cells, is called the
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coarse-grained coordinate space. The macroscopic dynamics is assumed to be described
in the coarse-grained space. The procedure of coarse graining in space is demonstrated in

Figure2.1.

o o . . s
’ o [T o g °° o[ e © Fine-grained space X

Coarse-grained space X

Figure 2.1 Coarse graining in an inhomogeneous fluid

It is further assumed that a nonequilibrium fluid approaches equilibrium through
two states: equilibrium is first established for each cell, and then the whole system
gradually approaches a uniform state. This assumption implies that the time needed to
establish equilibrium in each cell must be much less than the time needed for the whole
system to attain equilibrium. The transport of fluids derived based on this assumption
yields the hydrodynamic equations.

Up to now all the equations given in (2-15)-(2-17) are microscopic in the sense

that all the field variables are functions of the atomic coordinates and momenta. Thus, the
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next step is to construct the distribution function f and take the ensemble-average of
variables (2-11)-(2-20). The average densities are calculated by

P, () =[P, (%) fdT, (2-31)
where P, is a general notation for microscopic form of densities, P, is the average
density in the coarse-grained space and the integration is over the phase space in the cell.
For example, when P,(X) =h(X), we obtain

h(x) = j h(x)fdT. (2-32)
The corresponding fluxes in the coarse-grained space are calculated as,

im0 =] j (0 tdr, (2-33)
where | is a general notation for microscopic form of fluxes and ] is the average flux
in the coarse-grained space. As an example, the energy flux is calculated as

00 =[ (0 fdT. (2-34)

The task ahead is then to construct the distribution function f . First we construct

for a fluid the local-equilibrium distribution function denoted by f, .

2.2.4 Local equilibrium state of fluids
Now let the nonequilibrium state be specified by a nonuniform distribution of

energy and particle number, described respectively by the energy density h(X) and

particle number density N(X) . The corresponding Fourier components are,

h, = j e **h(x)dx, (2-35)
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n, = Ie"“n(i)di . (2-36)

We assume that the correlations between neighboring cells are very small, so that
during the process in which particles in a cell approach equilibrium, the external
correlations from other cells can be ignored. As a result, each Fourier component of the

energy density and particle number density are conserved quantities. We suppose that

there is a non-equilibrium distribution function f , abbreviation for f({ri, pi}) and we
can still define the entropy by

S=—(¢nf), (2-37)
where the bracket < > indicates the statistical average over f in the phase space. Let

f, denote the distribution function that maximizes the entropy subjected to the following

constraints:
{h,)=const,
(n, ) = const, (2-38)

and the normalization condition:
j fdr =1 (2-39)
where dI' denotes the volume element in the phase space drdp,...dr,dp,. The f, is

therefore determined by the equation,

=0, (2-40)

50 fmfdr- g, [ thdl+> a, | fnkdl“j

fi

where B, and « , are the Lagrangian multipliers introduced corresponding to the

constraints (2-38).
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The resulting form for f, is therefore,

fi= Qfl exp|:_(2ﬂkhk —a Ny j:| > (2-41)
k

where

oo (g e

is the normalization constant. Going over from the Fourier components h, and n, to

the h(X)and n(X), we write the distribution function in the form,
f =Q " exp| - [{ BEON(R) - (IR} |dX (2-42)

where

Qr = [exp| [ { BEONR) —a(R)n(R)} dx jdT (2-43)

We can therefore obtain

anQy
(he), = op(x)
(n(x)), = 2?(2') (2-44)

Note that the parameters #(X) and «(X) are still not specified. Now we require that the
average local density over f, equals the value when we average the local density with

the corresponding equilibrium distribution function in the cell, i.e.

(hG0), =(h(x))
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(n(x)), = (n(x),) (2-45)

a(X)

The S(X) is then called the local temperature, and ,u(X):—m is called the local
X

chemical potential. The general expression of local-equilibrium distribution function is

f=Q" exp{—ZIﬂm(X)Pm ()?)d)?}, (2-46)
where P, (X) is a general notation for the locally conserved quantity and A, (X) is the
conjugate parameter. An example is when P, (X) =h(X) , 4,(X) = #(X).

We observe that f, is even with respect to time reversal. In contrast, except for

7'(X), all fluxes are odd. Thus, if we take the average of fluxes over f,, we get

(j"), =0, (2-47)
(i), =0. (2-48)
The local-equilibrium average of the off-diagonal elements of the tensor 7'“ also goes
to zero
(v} =0 for a=p, (2-49)

where < >| indicates the ensemble average over f,. This is because according to

(2-19), '’ is composed by two elements: the first arises from momentum transport
which is an odd function of momenta except for diagonal elements; and the second term

arises from interaction of particles whose ensemble average contains a product of

(r‘”i —rj“)(rﬂ —r/ ) with the two-particle distribution function that depends only on

‘ri - rj‘ in the local approximation and is therefore zero for all off-diagonal elements. The

vanishing of the off-diagonal elements in the stress tensor 7' suggests that the shear

25



stress is absent in the local-equilibrium fluid. The diagonal elements of 7' are generally

nonzero, and we use them to define the fluid pressure:

p= §Z<r‘“‘>l : (2-50)

Because the molecular flux, energy flux and shear stress all vanish on the average,
dissipative processes are absent in a local-equilibrium fluid, i.e., no diffusion, thermal
conduction, or viscosity. This is not surprising, because in the local equilibrium state each
cell is intrinsically in equilibrium. We especially noticed the absence of shear stress in the
local equilibrium. This is because when particles in each cell are in equilibrium, they are
also distributed homogeneously. As a result, when we exchange the positions of two
particles, there would be no change to the state of the cell. This symmetry in space
suggests that the average momentum in any direction in the cell must be zero. So there
exists no shear stress in the local equilibrium state.

The local equilibrium state is finite in time. The states of particles inside depend
on the state of associated cell. So the internal equilibrium will be perturbed when the cells

change states under the weak correlations between each other.

2.2.5 Euler’s equations

Assuming that there is now a velocity field v(X), we make a canonical

transformation to the reference frame moving with o(X).This transformation is defined
by

Py = P o, @-s1)
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where the primed variable p', refers to the relative momentum in the moving frame. We
replace the velocity v in (2-23)-(2-28) by o(X) and obtain (we drop(X) in the
following equations for clarity and use the prime variables to denote quantities in the

moving frame)

n=n', (2-52)
g=9'+p'v, (2-33)
|

h:h'+u-g'+5pu , (2-54)
j=j+n'v, (2-55)
T=7"+209 '+ pov, (2-56)
H ] ' ' 1 2 1 240 '

Jh=J,+('+v-9g +5pu )v+§ug+r-u, (2-57)

where p is the mass density defined by

p(X)=mn(x).
If we assume that the fluid is in local equilibrium in the moving frame, which

suggests,
(g'(x))=0, (2-58)

we immediately find from (2-58) that o(X) must satisfy,

<9(2)>’

O(X) = (2-59)

where the bracket < > refers to the statistical average. Equation (2-59) specializes the

prime frame to be the local center-of-mass frame, which in continuum mechanics is

known as the material frame. The transformation from the laboratory frame to the rest

27



frame is a Galilean transformation. The local equilibrium in the moving frame is
maintained by the Galilean transformation.
There are no fluxes according to (2-47)-(2-49) except the pressure specified in

(2-50). The densities and fluxes in the laboratory frame are found to be, from

(2-52)-(2-56) (we drop the bracket < > for visual clarity),

n=n', (2-60)
g=pv, (2-61)
|

h=h '+Epu , (2-62)
j=no, (2-63)
= pl+pov, (2-64)
. 1,

I ={h+§pz) }U, (2-65)

Consequently we obtain the hydrodynamic equations of fluids after taking the average of
microscopic conservation laws, with the help of the set of equations (2-60)-(2-65),

dn'

E:—n'V'U (2-66)
L v (2-67)
d

o= (2-68)

These equations are known as the Euler’s equations in continuum mechanics. Fluids that
satisfy Euler’s equations are called ideal fluids.
To summarize, the local-equilibrium state of fluids is an equilibrium state finite in

time. It corresponds to an equilibrium state in each cell. The existence of local
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equilibrium state is based on the assumption that the time needed to establish equilibrium
in each cell is much shorter than the change in the local densities. We can therefore
neglect the correlations between the motion of cells and the states of internal particles.
However, if the two time scales are comparable, then the two processes interfere with
each other. Usually in the fluid when the correlation between cells is strong and cannot be
neglected, we would have such interference. This stronger non-equilibrium process is the

topic of next section.

2.2.6 The distribution function for non-equilibrium fluids

In a non-equilibrium fluid, the A, varies with both time and space. One

possibility to construct a non-equilibrium distribution function would be to

replace 4 (X)P,(X) in (2-46) by the time-invariant part of A (X,t)P, (X,t) . Let
A, (X, 0P, (X,t) denote the invariant part of 4_(X,t)P (X,t). According to Zubarev’s

theory , the A4 (X,t)P,(X,t) is defined by

- 0

im()?,t)Pm()?,t)ng. e A (X, t+t")P, (X,t"dt", (>0 (2-69)
The resulting non-equilibrium distribution function takes the following form,

f=Q" exp{—ZI[ﬂm(i,t)Pm()?) - f e I™(X,t)- X, (X, t+t"dt '} d)?} (2-70)

where J" is called the thermodynamic flux and X, is called the thermodynamic force.

They are defined by,
.. h'+
J0=Jh'—7pg', X,=Vp. (2-71)
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[0 i[9
J, :T{a_r?'jnh I_(a_mum’ X =-fvo, (2-72)

.1
JZZJ'—EQ', X,=-Vpu. (2-73)

The Q in (2-73) is determined by the normalization of f . For visual clarity, the
distribution function f is generally written as,

f=Q'e"® (2-74)
where

A= Zj;tm(f(,t)Pm(f()di
B=-3[[ eI"(R.t)- X, (R.t+t)dwdt’ (2-75)

Assuming that J™ and X are sufficiently small, the linear approximation to f takes

the form
f=f[1-(B-(B))]. (2-76)

It follows that f reducesto f,_ when B is set equal to zero.

2.2.7 Viscosity, thermal conduction and diffusion
The transport relations of fluids are obtained by a calculation of the mean fluxes,

averaged over the nonequilibrium distribution function f approximated by (2-76),
(i"(0) = (i"(0), = 2 Lun (% X)- X, (X, D", (2-77)
where L (X,X") is called transport coefficient defined by,

LX) = [ e (,(0)(3, (%5 1) = (3,(x,0)), )) . (2-78)
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The form (2-77) exhibits a nonlocal dependence of the flux at points on conditions

throughout the surrounding medium and at earlier times. Assuming further that X, (x',t)

varies sufficiently slowly that it can be treated as constant, we obtain from (2-78),

(3n ()= (Jn (X)), + 2 Ly (0 X, (%) (2-79)
where L_ (X) isexpressed by,

L0 = e ("0, 9" (xt) ot o, (2-80)
in which (j"(%),3"(%',t)) is a simplified notation for< () (J,(X 1) = (3, (R, 1D), )>I
in (2-78). The transport relation (2-79) is Onsager’s law expressed in local form. It
shows the linear relationship between the flux and the thermodynamic force at the same
position.

The specifications of L (X) is restricted by Curie’s theorem [87], which

indicates that fluxes and thermodynamic forces of different tensor dimensions cannot be

connected with each other. As a result, only the following transport coefficients exist,

Ly, (X) = j j_le“‘( i, (%), d°(X',t'))dx " dt’ (2-81)
L0 =] I_Owe“(r(f(),Jl(f(',t'))df('dt' (2-82)
L, (0 =] j_‘;e“‘( i, (%), J3(X',t"))dx dt’ (2-83)
L0 =[] e*(§(0),3°(x " t))dx dt’ (2-84)
L,,(X) = j jioef"( (%), 3% (X" t))dx"dt " (2-85)
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For homogeneous and isotropic fluids, the coefficientsL,,, L, and L,, are reduced to

scalars,
L =L, 67 (2-86)
L% = L5 = Lyy0, (2-87)
L =L, . (2-88)

The coefficient L, for the stress tensor also takes a simplified form,

2apaffy _ 1 (2) 1 2
L =L 5{§WI§M +5aﬂ1§ﬂal —géaﬂdalﬂl } s (2-89)

where L2 =I J._Ow e” (r°(X),z°(X',t))dx'dt. For convenience, we introduce the following

coefficients for a homogeneous and isotropic fluid:

/11=—T—2, (2-90)
L

h=-22, (2-91)
L,

__Lu 2-92

$="7 (2-92)

— (2-93)
oT

i =(im)-(i"),. (2-94)
As an example, we list the diffusive fluxes in a fluid characterized by the field of

temperature, chemical potential and velocity:

= AVT + szg (2-95)
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J=AVT + LZV? (2-96)

. ov, 0v, 2
T=ns—*+——+——-—=0_V-0:+&V-00 ,. 2-97
n{axﬂ aXa 3 aff } §v aoff ( )

If x 1is hold constant in equation (2-95), one obtains the Fourier’s law of heat
conduction,

J, =AVT, (2-98)
where A, is called the thermal conductivity coefficient and is explicitly expressed in
(2-90). If T is hold constant in the diffusion equation (2-96), one recovers the Fick’s
law of diffusion,

J=A4VT (2-99)
where 4, is named the diffusion constant explicitly calculated through (2-91). The 7
and & in equation (2-97) are identified as shear and bulk viscosity coefficients.

The set of equations (2-95)-(2-97) are the constitutive equations for dissipative
fluxes. Combining them with the conservation equations, we obtain a set of equations

that describe the dissipative process in a non-equilibrium fluid,

ov, Ovy 2
t+———-—06 . V-0)+V &(V- 2-100
8X axa 3 aff U) aé:( U) ( )

opv, N
ot

Vﬂ (pUaUﬂ + p5a/3) = Vﬁﬂ(
B

%(h'—i—%pvz)+v-(h'+ p+%puz)z) =V(AVT)+2V-(n(Vv)-0)+V-(fv-(V-0)) (2-101)

%+V-nu:—V-(/12VT)—V-(L2V$) (2-102)

Equation (2-100) is known as the Navier-Stokes equation [15].
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The accuracy of formulating irreversible process with this method depends on the
transportation equations used to calculate the time average of the distribution function.
For example, Euler’s equations are used in the time average of the local equilibrium
distribution function. The equation resulting from this time average is the Navier-Stokes
equation. So if one wishes to obtain more accurate equations for the momentum density,
the Navier-Stokes equation should be inserted into the distribution function again to
smooth out more fluctuations in time. The non-equilibrium distribution function is
therefore a series of expansion in time.

The above method is based on the preliminary assumption of local equilibrium,
the distribution function of which is constructed from the maximization of local entropy.
It is from this local equilibrium state that one derives more non-equilibrium processes. In
other words, the initial state of system needs to be known in order to obtain the state in
the next stage. In the following we present another method, which directly derives the

evolution equation without requirement of preliminary knowledge about the history.

2.3 Evolution equation of the distribution function
2.3.1 Liouville equation for a system interacting with surroundings

Consider a classical system surrounded by and interacting with external reservoirs
and mechanical devices [16-19]. The system and surroundings collectively will be

referred to as the universe. The Hamiltonian of the universe is H,, which is assumed to

be decomposed into

H,=H+H_ +V, (2-103)
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where H denotes the Hamiltonian of the system dependent on variables referring only
to the system, H, denotes the Hamiltonian of the surroundings and dependends on
variables referring only to the surroundings, and V is the interaction between the system
and surroundings, which is assumed to be independent of the momentum variables.
According to Liouville’s theorem, the distribution function of the universe f, satisfies

the Liouville equation,

of
=+ f,.H,; =0, 2-104
o+ (2-104)

where the bracket { } denotes the Poisson bracket. Let f represent the distribution
function of the system defined by

f=]fdr,, (2-105)
where the integration is taken over the phase space of the surroundings I',. Similarly, we
define the distribution function for the surroundings,

9 =j f dr, (2-106)
where the integration is taken over the phase of the system I'. The distribution function
for the universe is related to f and g through the relation,

f,="fg(+ ), (2-107)
where y indicates the correlation between f and ¢. The y vanishes if the system is

completely uncorrelated with the surroundings.

Integration of equation (2-104) over the phase space of the surroundings I', yields,

of
E+{f,H}+jdrs{fu,Hs}+jdrS{fu,v}=o. (2-108)
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The integrand in the fourth term above is the divergence in the phase space of the

surroundings; the integral then vanishes if f, is assumed to vanish sufficiently rapidly

in the remote regions of phase space. The final equation for the evolution of the
distribution function of the system is

%+{f,H}+Z§(fFi)/8pi =0, (2-109)

where
F =—Ig(1+z)8V/8ndFS. (2-110)
The r. and p, here are the coordinates and momenta of the system. Equation (2-109) is

the Liouville equation for the system interacting with surroundings.

2.3.2 Specification of the external force from reservoirs and mechanical devices

The F defined by (2-110) is the external force representing the effect of the

surroundings on the system. It is generally time dependent. However if the surroundings

are large compared to the system, the time dependence of F. will be sufficiently slow

i
that over long periods of time they may be treated as constant. It is further assumed that
under such conditions the system will attain an approximately steady state in which its
distribution function is substantially constant.

For the purpose of demonstration, the system is assumed to interact with a single

reservoir characterized by a temperatureT, =1/k /.. Assume that due to the interaction

with the reservoir, the system can ultimately reach an equilibrium state described by the

Liouville equation,
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of
r f H'=0, 2-111
-+ H] (2-111)

so the condition for the system to establish equilibrium with the reservoir is,

> 0(fF")/op =0. (2-112)
Assume that f, is a canonical distribution, i.e.

f, =exp(—nQ-4.H), (2-113)
with Q being the normalization constant. It follows that the balance equation (2-112) is
explicitly written as,

oF" /op, = B.F'oH /op,, (2-114)
which also gives another specification of the external force F' exerted by the reservoir
characterized by f . Assume that the system is initially characterized by f# f,. It
follows from equation (2-114) that the system is subjected to a driving force given by

F.=(8-p,)F"oH /op; (2-115)
where F'OH /0p; is the rate at which energy is transferred from the reservoir to the
system. Denoting this quantity by jrh ,

j,"=F'oH /op,, (2-116)
we express the driving force in terms of j.",

F,=(8-5)i"- (2-117)
According to Maclennan’s theory [16-19], the general expression for the effective force

on an open system which can exchange energy and particles with more than one

reservoirs or mechanical devices takes the form,
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F, = Z(ﬂ—ﬂri)(jrh)i S (Bu-Blwt) i W (2-118)

Here jri is the rate at which particles are added to the system from the i" reservoir;

wand g 'are the chemical potentials for the system and i" reservoir; and W is the

rate at which mechanic work is done by the system.

The discussions so far are confined to systems interacting with discrete reservoirs.
Now assume that the reservoirs are continuously distributed around the boundary of the
system. For simplicity, assume that the system interacts with thermal reservoirs
characterized only by their temperatures. It follows from equation (2-118) that the
external forces satisfy

F, =—-[dAB(.D " (%), (2-119)
where the integration is taken over the boundary surface of the system.
T(x,t)=1/kpB(x,t) is the temperature at time t of the reservoir located at X and
jrh(x) is the energy flux density. Note that the dependence of jrh(x) on I and p,
is not indicated explicitly for visual clarity. Let h(x) denotes the energy density
related to the total energy H by

H =j h(x)dXx .

After using the conservation of the energy density

oh .
8(tX)_= V- (%, (2-120)

one finds

d < h op(x,t)
F, = —ajﬂ(x,t)h(x)dv +jdv [Vﬂ(x,t)- j, (x)+Th(x)] (2-121)
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2.3.3 Local equilibrium distribution and non-equilibrium distribution

With the force specified in (2-121), one wishes to find the solution of f(t)
satisfying equation (2-109). Assuming that initially (tz—oo) the system is in an
equilibrium state characterized by a canonical distribution function,

f, = exp(—nQ, — S,H) (2-122)
where T, =1/kf, is the initial temperature, and Q, is the initial partition function
determined by the normalization of f;.

The solution to the Liouville equation (2-109) with initial condition (2-122) is

given by McLennan [16-19] as

—nQ, —j B(x,Hh(x)dV
f(t)=expy t

2-123
+J.J.dV{Vﬂ(X'[) J (xtt')+aﬁ(Xt)h( t' t)} ( :

The next step is to separate off from f(t) a factor f,(t)that characterizes the state of

local equilibrium. Let Q(t) be determined in such as way that
f(t)= exp{—an(t)—J-,B(X,t)h(x)dV} (2-124)
is normalized. As a result, f, (t) yields a canonical distribution function for each volume

element when correlations between volume elements can be neglected. The Q(t) is

related to Q, by
Q) =nQ, + | dt'[dv %he(x,t'), (2-125)

where h, (x,t") = <h(x,t>I . Hence f (t) isrelated with f,(t) by

f(t) = f,(t)exp[D(V)], (2-126)
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where

D(t) = j fav {Vﬂ(x,t')- jr“(x,t,t')+%[h(x,t',t)— he(x,t')]}. (2-17)

If we compare the two methods described in Chapter 2.2 and Chapter 2.3, we
find:

The key idea of the method described in Chapter 2.2 is the “time average” in
addition to the ensemble average, i.e. the distribution function is further averaged over a
duration of a time. To take the time average, one must know in advance the detailed
relationships between densities and fluxes. The construction of the distribution function is
therefore dependent on the accuracy of the dynamical equations. For example, the local
equilibrium distribution function is constructed based on the conservation of the local
integrals of motion. The hydrodynamic equations obtained with the local equilibrium
distribution function then further serve as the dynamical equations needed to construct
the non-equilibrium distribution function.

The method in Chapter 2.3, on the other hand, describes how a non-equilibrium
system approaches equilibrium. One obtains a general form of the time-dependent
distribution function by solving the evolution equation. This general distribution function
is then expanded in powers of time. The whole process then amounts to extracting the
parts of this general distribution function that meet the conditions of the system. For
example, the local-equilibrium distribution function is derived if the expansion is
truncated at the zeroth order of time.

Both methods, although from different angles, gave a good description of

irreversible transport of fluids not far from equilibrium.
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We will take advantage of both methods when we formulate the properties of
solids in later chapters. Solids, however, are fundamentally different from fluids in many
aspects. These differences require new forms of distribution function that are

characteristic of solids.
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CHAPTER 111

SOLIDS VERSUS FLUIDS

Beginning from this chapter, we construct the statistical mechanics of solids that
capitalizes on the essential difference between a solid and a fluid. We first investigate the

fundamentals that distinguish a crystal from a fluid.

3.1 Essence of solids: the existence of lattice
In a fluid, atoms execute long range motions and are described by coordinates

r.(i=1,.N) measured from single origin. A fluid containing N atoms is therefore

associated with 3N absolute degrees of freedom.

In a solid, however, atoms are associated with a lattice or network structure, the
existence of which is the essence of a solid. A lattice is a mathematical abstraction of
periodic points in a crystal and is of key importance in the deformation of a solid as well
as the formation of defects. We therefore wish to develop a formulation based on
statistical mechanics that explicitly captures the presence of a lattice and ultimately
enables us to describe both the slow deformation of solid and the extremely fast atomic
vibrations.

When we discussed fluids in Section 1, we assumed that it is made of “atoms”.
In fact both fluids and solids are made of nuclei and electrons. For a complete statistical
mechanical description of a solid, we start with nuclei and electrons. The latter are

described by quantum mechanics. We invoke the Born-Oppenheimer (BO)
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approximation that allows us to separate the electrons and nucleus degrees of freedom
because electrons are much faster than nuclei [49]. We will describe the BO
approximation in some detail because we will adopt it as a generic model to develop a
hierarchy of BO-like approximations to separate fast and slow degrees of freedom that
operate in solids.

For simplicity and clarity, we introduce the philosophy underlining the
formulation for a monatomic perfect crystal (one atom is associated with each lattice site).

The formulation will be developed further for monatomic crystals containing defects.

3.2 The Born-Oppenheimer approximation for electron-nuclei system
The time-dependent Schrédinger equation to be solved for the system of electrons

and nuclei is,
A .. 0
H(r,R)¥Y(r,R,t)= |ha‘1’(r, R,1), (3-1)

where r and R are brief notation for the electronic {r}and nuclear{R,} degrees of

freedom. The W(r,R,t) is the wave function of the electron-nuclei system. The total

Hamiltonian H is expressed as,

2 2
HR,N=Y 2h|v| V2 +Z§—mvf TV (R, RV (E,s 1) 4V (F,0 R R (3-2)
| i

The Born-Oppenheimer (BO) approximation arises from the observation that
electrons, being extremely light particles, move very much faster than the comparatively
heavy nuclei [49]. The electrons are therefore able to arrange themselves into an
equilibrium state with respect to the instantaneous position of the nuclei. Based on the

Born-Oppenheimer approximation, the dynamics of the system are able to be separated
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into one of electrons and one of nuclei. Because electrons and nuclei have degrees of
freedom operated at different time scales, we write the total energy (3-2) as

H(r,R)=H(R)+H(r), (3-3)

and

H(R):Zzhl; VZ+V(R,,.R,), (3-4)

2
H(r)= Z;—mvf +V (5, 1) +V (L. LR LR, (3-5)

The H;(r) here denotes the energy of electrons in an instantaneously fixed nuclei
conﬁguration{RI } In the expression for the electronic potential energy, the nuclei

configuration is treated as parametric.

The Born-Oppenheimer approximation thus enables us to write Y(r,R) as a
product form

¥(r,R)=g(R)yr(r) (3-6)
in which y,(r) is the wave function of electrons in a fixed nuclear coordinate space

denoted by R . Electrons are assumed to establish equilibrium in the fixed nuclei

configuration. The ,(r) therefore satisfies the eigen-value equation

Ha (Mo (1) = Ey (R (1). (3-7)
from which we obtain the expectation value of the electronic energy while keeping the

nuclear positions fixed at their instantaneous values R(t),

Ey(R) = (o (D] He (Nl (). (3-8)
The nuclei, therefore, move according to classical mechanics in an effective potential

V, (R) that includes the electronic energy
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MR, (t) =V Vs (R), (3-9)

where

Ve (R)=V(R..R,) +E, (R). (3-10)

We assume that electrons are always at their ground state that corresponds to the
instantaneous positions of the nuclei. Thus, we will not be doing statistical mechanics of
electrons, but only of the nuclei.

A nucleus in a perfect crystal, however, is associated with a lattice point. So the
next step is to construct the statistical mechanics of a perfect crystal that captures the

existence of lattice.

3.3 Statistical mechanics of a perfect crystal
3.3.1 Lattice displacements as auxiliary degrees of freedom
In a crystal, the position of each atom can in principle be described by its

coordinates I measured from a single origin. The corresponding momenta are,
o, =mr . (3-11)
In terms of r, and p;, the Hamiltonian of a crystal H(r)(the abbreviation for H ({ r,p; }))

is:
H(r):Z%+V(n,..rj). (3-12)

Here V(r,..r;) is the total energy of the electron-nuclei system for the configuration

{r.} and acts as a potential energy in a classical Hamiltonian. The coordinates r, and p,

obey the canonical equations,
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¢ :aH(r)
i op. >

(3-13)

A __aH(r) )
Pi=-—" (3-14)

According to the Liouville theorem, the distribution function f (r) (the abbreviation for

f({r,p}) satisfies the Liouville equation,

af(r)+{f(r),H(r)}:0, (3-15)
where
_NofoH of oH ]
{f(”’H(”}‘Zaﬁ el (3-16)

is the Poisson bracket. However, the existence of lattice, which distinguishes a crystal
from fluids, is not captured in equations (3-12) and (3-15). As a result, these equations
are not good enough if we wish to study the deformation of a crystal.

The reason that the lattice doesn’t appear in (3-15) is because the coordinates of

each atom I, are measured from a single origin just as in a liquid. However, in a crystal

we have the nominal lattice (e.g., fcc, bee, etc.) with the i™ lattice site being at Ri0 . We
now write the position of each atom in a deformed crystal as

L=R'+u, (3-17)
where U, is the atomic displacement measured from the corresponding nominal lattice
site R . With expression (3-17), we are able to include the lattice into the description of
a crystal. The momenta conjugate to U, are,

p, =mu;.

(3-18)
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The Hamiltonian in terms of U, 1s now,

Py, 2
FKu)=§:£E%L+V(m,uQ. (3-19)
For H(u), the Liouville equation (3-15) becomes,
of (u)
-7;—4waHwn=o. (3-20)

Although the existence of lattice has been taken into consideration, the f (u) is still

not good enough for the purpose of describing deformation, because the difference

between the deformation and the motion of phonons is not captured.

We now tackle this problem by envisioning a possible lattice deformation. We

denote the deformed lattice sites by R,i=1..N , and define the corresponding
displacements s, by writing,

R =R’+s,. (3-21)

We then assume that an atom has a relative displacement of , with respect to its

corresponding lattice site, so that the position of an atom r; is,

=R +q. (3-22)
The ¢, describes the vibration of atoms around lattice site and is the fast variable; while
s, in equation (3-21) describes the displacement of a lattice site from the nominal

position and is the slow variable. With equations (3-21) and (3-22), we associate with

each atom six variables ¢, ands,, despite the fact that an atom has only three degrees of
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freedom. However, the ¢, and s, are not independent variables, because from
equations (3-17), (3-21) and (3-22) we have the following constraints:
U =$+0, (3-23)
U, =S +¢;. (3-24)
Note that the same index i is used in (3-23) and (3-24), since each atom is associated

with a lattice site in a perfect crystal.

We have discussed that one cannot obtain the deform equation if an atom is

described by its coordinates I, or by its displacement U, measured from the nominal

position. Thus our philosophy underling the formulation of solid is:

In order to capture deformation we have to associate with each atom six

variables, g, and s,. However, because each atom can have only three absolute free

coordinates, if means that we must impose three constraints on the six variables in the

extended coordinate space. The same analysis also applies to the conjugate momenta. We

will then try to formulate the statistical mechanics of a perfect crystal in the extended

phase space of atoms subjected to constraints.

Table 3.1 compares the degrees of freedom and the resulting form of distribution

function in fluids and crystals.
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Table 3.1 Degrees of freedom: fluids versus crystals

Fluids Crystals
Degrees of freedom 3 absolute degrees of |6 degrees of freedom per
freedom per atom atom with 3 constraints
r G, S
Distribution function f(r,p) f(s, ps;d, Py)
but with constraints

Up to now, we have described the fundamental difference between a crystal and a

fluid in terms of the degrees of freedom. The task ahead is then to find the constraints to

be imposed on the 6N variables {q,}, and {s;} assigned to a perfect crystal.

3.3.2 Constraints: the Born-Oppenheimer-like approximation for lattice
deformation and phonons

The Hamiltonian expressed in terms of @, and §S; is,
H(s,q):Z%ms}f+st’i g +Z%mqi2 +V . (3-25)
If g, and s, were unconstrained degrees of freedom, we could construct a distribution

function f(s,q) (abbreviation forf({si,qi}))thatsatisfies the Liouville equation,

of (s,q) N

p {f(5,0).H(s,q)} =0. (3-26)

This equation, however, is not directly applicable to the crystal because we do not have

6N atomic degrees of freedoms. To find constraints, we invoke the fact that g, and
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s;are degrees of freedom operating on different time scales. Thus the motion of the

lattice is effectively frozen while atomic vibrations about the lattice points are
establishing an equilibrium state (the vibrations can be quantized and the associated
quanta are elementary excitations called phonons). In other words, we are dealing with
three degrees of freedom per atom in the instantaneous lattice configuration. Based on
this physical picture, we invoke an analog of the BO approximation in the description of

electron-nuclei system and impose the constraints on the form of Hamiltonian H(s,q)

in (3-25) so that it is written as,

H(s,aq)=H(s)+H (), (3-27)
where

H(s) =Z%msf +V(s,,.;), (3-28)
and |

H,(@)= 2 ms, 6, + XS ma +V,(G,.,). (3-29)

The key point here is that we will view the dependence of H_ (q)on Sas parametric,

which will act as a form of constraint that reduces the number of degrees of freedom from

6N to3N. The term H_(q) represents the atomic energy in an instantaneous fixed
lattice configuration. Based on the constrained form of H(s,q) in (3-27), we construct
the distribution function f (s,q) which must obey the separation ansatz:
fo(s,a)=f(s)f(a), (3-30)
where the dependence of f (q) on s is again treated as parametric. The f (q) is the

distribution function of phonons with which we derive such average quantities as the
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phonon pressure in the instantaneous lattice configuration. When phonons are averaged
out with f,(q), the motion of the atoms becomes equivalent to the motion of lattice points.
We are therefore dealing again with three degrees of freedom per atom. Thus the total
degrees of freedom per atom are always three during the process, although six variables
are involved. As a result, by treating S as parametric as in equation (3-27), equations

(3-23) and (3-24) are automatically satisfied.

The Liouville equation (3-26) together with the equations of constraints (3-27)

and (3-30) form the fundamental equations to describe the deformation of a perfect

crystal. The motion of phonons is captured through f (q). Meanwhile, by solving f(Ss)

from equation (3-26) with constraints, one is able to obtain the dynamics of lattice
deformation.

The separation ansatz (3-30) for slow and fast variables is analogous to the
Born-Oppenheimer (BO) approximation in the description of electronic structure of
crystal. We should keep in mind, however, that in the system of nuclei and electrons there
are truly 6N absolute degrees of freedom (i.e. no constraints) while in a crystal there
are 6N variables with 3N constraints, i.e. 3N absolute degrees of freedom. We shall
therefore call the separation ansatz in a crystal “the BO-like approximation”. The BO-like
approximation acts as the constraint on the 6N variables so that the total absolute

degrees of freedom are still3N .
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3.3.3 Solving Liouville equation with constraints

To obtain the dynamics of lattice deformation, we now solve the Liouville
equation (3-26) augmented by constraints (3-27) and (3-30). We invoke the derivation

of dynamics of electron-nuclei system with BO approximation and follow similar

procedures to derive the equations for phonons and lattice deformation. Because {qi} are

fast variables, the time step for phonons to establish equilibrium is much shorter than the
time step to change lattice configuration. As a result, for each ‘fixed’ lattice configuration,

we write down a Liouville equation for f (q),
of
LD {1, @ H (@) =0. (-31)

Inserting the separation ansatz (3-30) into Liouville equation (3-26), integrating over the

phase space of phonons I'; with the help of (3-31), one obtains

of (s 1
%+{f(s), H(s)+Eanph (s)}: 0, (3-32)
where Q, (S) is the partition function for phonons expressed by

Qun(5) = [exp[-AH (@)L, (3-33)
Here the parameter f is introduced during the averaging process of phonons, and is
expressed as f=1/KT , where k is Boltzmann’s constant and T is the Kelvin

temperature. Equation (3-32) demonstrates that the effective Hamiltonian of lattice points

1S NOW

H'(s)=H(s) +%€nQph(s) . (3-34)
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The /nQ,,(s) will later be interpreted as the Helmholtz energy of phonons. Just

like E, (R) adding to the potential field in which nuclei move according to equation

(3-39), phonons affect the lattice deformation by contributing to the potential in which
the lattice moves. In the Liouville equation (3-32), the Poisson bracket is now expressed

as,

of OH' of oH!
~ s, op, op, oS

{ f(s),H(s) +%anph(s)} = (3-35)

Si

Now we have a system of lattice points each of which is described by s, and
corresponding momentum p, = ms;. The Hamiltonian of the system is H'(s) expressed

in (3-34). We therefore treat lattice points as if they are real particles, and their dynamical
motion will be determined by the canonical equations:

§=0, H'(s). (3-36)

p, =—0,H'(s). (3-37)

Table 3.2 lists the analogy between the electrons-nuclei system and lattice-phonon system.
Specifically, we compare solving the time-dependent Schrodinger equation for
electron-nuclei system with BO approximation and solving the Liouville equation for a

perfect crystal with BO-like approximation.
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Table 3.2 The analogy between the electrons-nuclei system and lattice-phonon system: the
time-dependent Schrédinger equation of electron-nuclei system with BO approximation and the
Liouville equation of a perfect crystal constrained by BO-like approximation.

Electrons-Nuclei (r,R)

Atomic motion- Lattice(s,q)

fast: electrons r;
slow: nuclei R
r and R are independent

fast: phonon (

slow: lattice S
gand s are constrained

Schrodinger equation for the system,
H(r,R)¥(r,R,t)= ih%\y(r, R,1)

with APPROXIMATION:
H(r,R) =H(R)+Hg(r)

F(r,R) =Ry (1)

Liouville Equation for the system,

of. (s, a)
= H S0 H(E 0} =0

with CONSTRAINTS:
H(s,q)=H(s)+H(q)
f.(s,0)=f(s)f,(q)

Electrons in equilibrium
He (Nyo (N = E, (R)wg (1)
Ey(R) = (W (1| He (Do ()

Atomic motion in equilibrium
f.(q) =Q(s)exp[—BH, ()]
Qun(5) = [ exp(~BH, (a)dT,

Dynamic equation of nuclei,
MR, (1) ==V, (V(R)+E4(R))
effective potential:

Ver (R)=V(R)+E,(R)

Equation for distribution function,
of (s 1
%4‘{ f(s),H(s) +E£nQph(s)} =0

Effective Hamiltonian:

H(s)=H(s) +%anph(s)

The derivation of dynamic equations of lattice points can be simplified when a

perfect crystal is already in absolute equilibrium. To begin with, we again invoke the

Born-Oppenheimer

approximation for

electrons-nuclei system. If the

whole

electrons-nuclei system 1is already in absolute equilibrium, the time dependent

Schrédinger equation (3-1) is reduced to the eigen-value equation,

H(r,R)¥(r,R)=E¥(r,R),

where the expectation value of the total energy is,

E= <‘P(r, R)H (. R)“P(r, R)>.
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Solution of the eigenvalue equation for electrons (3-7) is substituted into (3-38) to obtain

equations for nuclei,

hZ
2M

V(DR (R)+E4(R))(R) = Y 5 —(4Viw/a(1)+ 2V, (NV ¢(R)) = E4(R).  (3-40)

If the last term on the left of equation (3-40) is neglected, the electrons and nuclei motion

are effectively decoupled. For the movement of nuclei, the equation of the form
(HR)+E4(R))4(R) = E4(R) (3-41)
would follow.

By analogy, if a perfect crystal is already in absolute equilibrium, solving Liouville
equation (3-26) is reduced to the maximization of total entropy S subject to the
constraint of the conservation of the mean energy H, i.e,

0S+AoH =0 (3-42)
in which %A is the Lagrangian multiplier. The & here shall be later identified as f =1/KT .
The Sand H in (3-42) are expressed as,

H =[H(s,q)f.(s,q)dT,, (3-43)

S =k f.(s,q)nf (s, q)dT . (3-44)
In equation (3-43) an (3-44), the expression of f (s,q) is restricted by (3-30). Phonons
have a canonical distribution function for each ‘frozen’ lattice configuration,

f,(@)=Q ", (s)exp[-AH,(a)]. (3-45)

Substituting (3-27), (3-30), (3-45) into (3-42) yields following expression for f(S),

f(s)=Q" exp {—ﬁ(H (s) +%€nQph(S))} ; (3-46)
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where Q) is the partition function for lattice points defined by,

Q= exp[—ﬁ(H (s>+%£nQph(s>>}drs -

In the state of absolute equilibrium, the average force on each lattice point must vanish

according to equation (3-37). It follows that the equilibrium form of f(S) is restricted

by,

0,0,Q,(s)=0.

Table 3.3 lists the analogy between the BO approximation for electron-nuclei system
when the electrons are assumed to be in ground state and the BO-like approximation for

lattice-phonons system when phonons are assumed to be in equilibrium state.

Table 3.3 The analogy between the minimization of energy of electron-nuclei system

(time-independent) and maximization of entropy in lattice-phonons system:

Electrons-Nuclei

Atomic motion- Lattice

fast: electrons T, ;

slow: nuclei R,

fast: phonon q,

slow: lattice s,

H(r,R)=H(R)+H;(r)

H(s,q) =H(s)+H,(q)

\P(re’ Rn) = ¢(Rn)l//Rn (re)

f.(s,0) = f(s)f,(q)

Eigenvalue Equation for the
system,

H(r,R)¥(r,,R)=E¥(,R)
E =<‘P(r,R) Hr, R)“P(r,R)>

Entropy maximization for the crystal,
0S—pBoH =0

H = [H(s,q)f (s,q)dT

Electrons in equilibrium
H R, (re)'//Rn (re) = Eel‘//Rn (re)
Ey = (s, ()| e, (0|, (1))

Atomic motion in equilibrium
fs (q) = Q71 ph (S) exXp [_ﬂH s (q)]
Qun(5) = [exp[-AH (@],
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Equation for nuclei Distribution function for lattice points

(|:| (Rn)+ Eel (Rn))¢(Rn) = E¢(R”) f(S) = Ql_l exp{—ﬂ(H (S)+%€nQph (S))i|

effective potential: Effective energy:

Vq(R)=V(R)+E,(R) H'(s)= H(s)+%anph(s)

3.3.4 Deformation of a perfect crystal
3.3.4.1 The transport equation for the distribution function of lattice

Up to now we have obtained the microscopic equations (3-36) and (3-37) which
describe microscopic lattice deformation. The distribution function is constructed by
solving the Liouville equation (3-32). The next step is then to apply the principles of
statistical mechanics to microscopic variables and equations so that we can ultimately
obtain the macroscopic properties of a perfect crystal.

To derive the macroscopic dynamics of a solid, we again adopt the idea of coarse
graining introduced in chapter 1. Let X be the continuous coordinate in the space in
which the reference lattice is defined (similar to fluid, we use X to represent
fine-grained space, and X to denote the coarse-grained space). We assume that there

exists a displacement field described by a continuous function S(X), so that the
displacement of a lattice point at X =R, can be written as

s, =S,'+S(R) , (3-49)
where s;' is the relative displacement of the lattice point with respect to the

displacement field S(X).The S(R,) can be written in terms of & functions as,

S(R) = [5(X)8(x-R)dX. (3-50)

57



It is therefore instructive to introduce the displacement density expressed in terms of

o functions:
S()?)=Zsi5(>?—Ri), (3-51)
s'(X) = Zsi '§(X—R), (3-52)

where S(X) represents the exact displacement density and S'(X)denotes the relative

displacement density. It follows from equations (3-49)-(3-51) that
S(X) =s'(X)+n(X)S(x) , (3-53)

in which n(X) is the density of lattice points expressed in terms of 6 functions by,
n(x)=> 6(X-R). (3-54)

The displacement field S(X) will later be interpreted as the systematic deformation of

lattice.

Note that we have introduced a function S(X) into the description of the
displacement of each lattice point. So instead of using s, to describe the displacement of
a lattice point, we associate with it three variables s,' plus a function S(X) which shall
be evaluated at the lattice site. The s,' and S(R;) are not independent variables,

because they must satisfy equation (3-49). So we again adopt the method of extending the
phase space while imposing constraints, which was introduced earlier to describe the
lattice-phonon system.

Let H'(s;',S)denote the Hamiltonian H '(s;) expressed in terms of s,' andS(X).
If there were no constraints, we obtain the distribution function f(s;',S) which obeys

the Liouville equation,
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o (s, S e e =
%Jr{f(si ,5),H'(s,,5)} =0. (3-55)

Equation (3-55) must be supplemented by equations of constraint. We assume that S(X)
is a smooth function which varies slowly. Meanwhile s,' has the physical meaning of
fluctuation with respect to theS(X). So we apply the separation of the fast-slow variable
again, and impose the following two equations of constraints:
H'(s;,S)=H'®)+H:'(s,"), (3-56)
f.(s,,3)=f(S)f.(s"). (3-57)
Note that although S(X)is introduced as a function, it is evaluated at each lattice site.
The specification of H'(S) and H.(s;") depends on the expression forH '(s). For a
perfect crystal, H'(s)is specified by equation (3-34). It follows that the expression of

H'(s) interms of {Si '} and S (abbreviation forS(X)) is
_ 1 _ N1 ,
H(s,\5) = H(s)+ZEnQph(s)+ H, (s )+E€n(Qph )g (s."), (3-58)
so that the expressions of H'(S) and H'.(s;") inequation (3-56) are

H ()= H(g)%znom ®),

HE, ()= H, (s, ')+%fn(Qph ). (3-59)

Assume that the system {Si '} can establish equilibrium state in the instantaneously fixed

displacement fieldS(x). The Liouville equation for f.(s,') is,

o),

{6 He(s)} = 0. (3-60)
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From equations (3-55)-(3-60) we obtain the following equation for lattice deformation:

{ t(5)2QE) ”(Sg'@ } , (3-61)

AE) AE®) e AE) 0
ot &5 6P 6P

where P =mS . Here Q'(S) is the partition function of {Si '} system expressed by

Q'(8) = [exp[~BH, (s )]dT, , (3-62)
and /nQ'(S) will later be interpreted as the Helmholtz function of the system {Si '} in

a fixed systematic deformation denoted by S(X).

The equation (3-61) is reminiscent of the Boltzmann transport equation for the
distribution function f (r, p,t), which is defined so that

f(r,p,t)d’rd’p (3-63)
is the probability of finding a molecule which, at time t, has a position lying within a
volume element d’r about rand momentum lying within a momentum-space element
d’pabout p. The Boltzmann transport equation is expressed as,

o p of
—+—-V +F-V_|[f(r,p,)=| —| , 3-64
(5'[+m o pj (r-p.1 (at)coll ( )

where F denotes the external force exerted on the molecule. The equation shows that the

change of f(r, p,t) is determined by two mechanisms: one is the transport of molecules
in and out of a given volume element in the phase space as is described by the streaming

term (B-Vr +F -VPJ; the other is the molecular collisions represented by the collision

m
of . ., . ..
term | — | . The ‘streaming’ term sets a rather slower time scale than the collision
coll

terms. So the absolute equilibrium condition is determined by the collision term. If the
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system is in absolute equilibrium, it must satisfy the ‘detailed balance’, i.e. both the

: f .
streaming term and the (a—j must vanish by themselves, namely,
coll

of
(E]coll - 0 ’ (3-65)
(ﬁuvf+pxg]fa,mu:o. (3-66)

If the streaming term and the collision term are nonzero but cancel each other, the system

is in a steady state described by,

p (ot ]
(E-Vr+F-ijf(r, p,t)—(at)m". (3-67)

In a similar way, equation (3-61) shows that the change of the distribution

function is determined by two factors: one is the systematic lattice deformation as is

o), , o)

P ; the other is the coupling of the
s oP

demonstrated by the streaming term
displacement field to the {Si '} system which generates an internal driving force

calculated by . The streaming term sets a slower time than the dynamics of the

a/nQ'(s)
o5

system{si '}. So the equilibrium condition of the whole system is determined by the

absolute equilibrium condition of system{s;'} . As a result, in the absolute equilibrium

state is determined by the ‘detailed balancing’, in which both the streaming term and the

driving force from {s;'} must vanish by themselves,

onQE) _y. (3-68)
&5
of(3) v of (5) B_o. (3-69)
&5 oP
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Let $°(x)denote the equilibrium lattice configuration. According to equation (3-68) the
Hemholtz free energy of the system {si '} is a minimum atS°(X). If the steaming term

and the coupling term are nonzero but cancel each other, the system is said to be in a

steady state described by,

A AE) 0
&5 oP P

(1212 510

The Boltzmann equation only describes the change of state of a moving particle in
near perfect gas. The equation (3-70), on the other hand, describes the change of state of
a deforming lattice in a crystal. Moreover, we can use the ensemble theory to calculate
the average of driving force exerted by the ‘microscopic’ system { S, '} on S in (3-70).
So this transport equation can be applied to systems where interactions between particles
cannot be ignored. We call the equation (3-61) the transport equation for the
distribution function of lattice points. It is the basic equation that we derive for the

dynamics of deformation.

3.3.4.2 Elastic deformation of a perfect crystal under external force
1. Equilibrium in the presence of external force

We have mentioned that the absolute equilibrium state of the lattice corresponds
to the lattice deformation S°(X)that minimizes the partition function in (3-68). The

lattice, therefore, undergoes a finite deformation from the nominal configuration

#0. Let us

5(X)=0 toS(X)=5"(x). The driving force to the deformation isM
S

now define a force density by,
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= 9mQ'(s) i
x(5)= = (3-71)
Insertion of (3-71) into (3-70), and we obtain:
of . (5) of(5) of.(S), L i
- + s V+ = P=0,(f.5)x(®)), (3-72)
_0nQ'(s) _ = i
Q& x(8). (3-73)

Equation (3-73) suggests that the lattice could attain equilibrium state for configurations

S #5°, if an external force
_ o -
Foe 5)=—2(5) = EagénQ (5) (3-74)

is applied. With (3-74), we construct a new partition function defined by,

nQ"(S)=Q'(S)+ pF,,(5)sS, (3-75)
or, more generally,

MQ"(5) = MQ'(3)+ jo BF. . (S)ds . (3-76)
The equilibrium condition when the external force is present is, therefore,

0./nQ"(S)=0. (3-77)
Consequently, the lattice could maintain an equilibrium state during a continuous

deformation as long as the applied external force satisfies equation (3-74). The

deformation that satisfies (3-77) is called elastic deformation.

In terms of the densities of quantities, equation (3-75) becomes,
[adx=[ p(Q+(V-0)5)dx, (3-78)

where the following densities are defined so that:
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/nQ"(3) = j Q(x)dx, (3-79)

nQ'(3) = j Q'(x)dx, (3-80)

F.(5)= jv o ()X . (3-81)
For the partition function Q'(S) expressed in equation (3-62), we will show in the next
chapter that /nQ'(S) is explicitly expressed as

nQ'(3) =(H(s,))-TS(3), (3-82)
where <H§(si ')> denotes the lattice energy averaged over f.(s;")and S(S)is the

entropy of the system when holding the displacement field S(X) fixed. We now

introduce the energy density h.'(X) and entropy density S.(X) by
(Hy(s)) = j h, '(x)dx (3-83)
S(5) = [ S5 (x)dx. (3-84)

Inserting (3-83) and (3-84) into (3-78) and integrating by parts, we obtain the first law of

thermodynamics for a deformed perfect crystal,

Q(x) :ﬂ(h§ '—TS,(X)+0V5). (3-85)
The VS is the strain tensor €(X) in continuum mechanics,

e(x) =Vs(X). (3-86)
Equation (3-70) is rewritten in terms ofe(X),

Q(x) = B(h'=TS,(x) + oe). (3-87)
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2. The elastic constant of a perfect crystal at finite temperature
Note that the stress tensor o which entering the equation (3-87) is the external

stress tensor which is a function ofS(X). According to its definition (3-67), the external
force can be explicitly expressed as,

Fo(3) = [ ,(5,98;H, (5, )T .. (3-88)

For a perfect crystal, H¢(s,") has the form expressed in (3-59), so one finds
_ 1
F.(3)= j f(s,)0:H,(s,)dT, + j y; f (s,99:n(Q,, )g (s,)dT,. . (3-89)

Equation (3-89) demonstrates that there are two factors contributing to the value of

external force. One is the force needed to change the internal energy of a lattice,
F(s)=| f, (5,99, Hq (s, )T (3-90)
The other is the force needed to balance the change in phonon energy,

Fou5)= % f(5,70,/n(Q,), (5,)dT, . (3-91)

It means that the magnitude of external force needed for the same amount of elastic
deformation varies with the phonon pressure. We therefore wish to calculate the
relationship between external stress and corresponding elastic strain, for certain state of
phonons.

It follows from (3-89) that the external stress is expressed as
o(X)=7(X)—7°(X) (3-92)
where the stress tensors 7(X) and 7°(X) are defined by
F(3)= j V-7(x)dx, (3-93)

Fn(8)=[ V-7 (x)dx . (3-94)
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Note that the first stress tensor is directly related to the atomic stress tensor, while

the second one is associated with the driving force from phonons. If we assume that the
phonon gas is homogeneous, the 7'is reduced to a scalar which defines the phonon

pressure
o Ix=o
p= E T, . (3_95)

Equation (3-92) is then rewritten as
Cop =Top— p°5a/,. (3-96)
The external stress is a function of the lattice deformation as is shown by its

definition (3-71). Let C_,,, denote the elastic constant defined by

v

Gaﬁ = Caﬂ,uveluv (3-97)
where C_,, can be calculated by
Cop =0,40,,MNQ'(5) =0, (7,, — p°S, ). (3-98)

The elastic constant C here is called isothermal elastic modulus. If we introduce a

afuv

coefficient C_laﬂw

defined by

C. =67 (3-99)

afuv et Cap >

the elastic modulus C_,, is then related with (_Iaﬁ/w through the relation

~ poé‘aﬂ
Copr =Cop (1——_ . | (3-100)
afuv ™ uv
The (_Iaﬁw defined by (3-99) is interpreted as the elastic modulus of the nominal perfect

crystal where no phonons are excited. We therefore see from equation (3-100) that at
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finite temperature, the elastic modulus of a perfect crystal is modified due to the

excitation of phonons.

3.3.4.3 Thermal expansion of perfect crystal

In the previous sections, all derivations are based on the assumed physical picture
that phonons drive the lattice to deform when the external force is absent. Now let us
undertake a more detailed analysis.

According to equation (3-37), each lattice point is subjected to a force exerted by

phonons expressed by

1 hoo
P, =5 0(Q7(5) = E(% H. (@), . (3-101)

where the explicit expression for /nQ™ is,

QP (s) = B(H™(5)—TS,,(5)). (3-102)

The microscopic form of phonon energy in a fixed lattice is
1.
H. (@) =V.(@)+2 - md’, (3-103)

where V,(q) is the potential energy in a fixed lattice configuration. The V,(q) can be

expanded in powers of  about the lattice site,

1 1
V,(q) = EZvij(s,)qiq J. +ng”k(s)qiq O+ (3-104)
]

i,j.k
where the dependence of V (Q) on the lattice configuration {S,} is demonstrated by the

expansion coefficients V;(s)and V;, (s)etc. The harmonic approximation to V (q)in

(3-104) takes the form,
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Vi(@) =%ZVi,~(S)qiq i (3-105)
L]

In order to examine how phonons are coupled to the lattice, we further expand

V;;(s) around the nominal lattice configuration to the first order of s, assuming that s, is

small,
oV, (s
Vi (s) =V;(0)+ Z% S, (3-106)
I S 5=0
oV, (q) . . , .
where V;(s) = W . Substitute equation (3-106) into (3-105), and we obtain
i
oV (s)
V() = zvij (O)qiqj +Zaj— S4q; .- (3-107)
i il 0S|

According to (3-101), the force on a lattice point is therefore,

F, =(,V.(@) (3-108)

q 3
where < >q indicates the statistical average over the distribution function of phonons
f.(q). The first term in equation (3-107) is the potential energy of phonons in the

nominal lattice. It generates zero force on the lattice point and does not contribute to the

lattice deformation. The driving force thus comes from the second term in (3-107),

oV, (s)
Fo=(2—— &a9;) (3-109)
We denote
oV, (9)
7ij|(s):aj— (3-110)
S s=0

If s is sufficiently small, we can approximate y;;(S) as the third order expansion

coefficient in the expression of V,(q) by (3-104), so that
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V)| oYy
oS,

=V, .
oq, N

Vi (8) = (3-111)

s=0

Expression (3-108) can therefore be approximated as,
F,, =<ZVa,-.5|kqiqj> : (3-112)
i,j,l q

It follows that if y; (s) =V;; =0, phonons are completely decoupled from the lattice and

generate no driving force for the lattice to deform according to equation(3-112). We thus
conclude that the condition for a lattice to deform under phonon pressure is

7 (8)#0. (3-113)

In other words, the phenomenon of thermal expansion is an anharmonic effect. Through
the above discussion, we also see that the decomposition of the deformation into that of
lattice and phonons implicitly includes the anharmonic forces, even if harmonic
approximations are made separately for the lattice and phonons.

Thermal expansion of a perfect crystal is the deformation induced by the change
in external temperature. Now we would like to use the equation of lattice deformation
(3-61) of perfect crystal to describe thermal expansion.

Here we give a rough estimation about the thermal expansion coefficient defined

a=—2" (3-114)

where V denotes the volume of the crystal. Because phonons have faster degrees of
freedom, they respond much faster than the lattice points to the temperature change. So

the lattice can be assumed to stay fixed when phonons reestablish equilibrium with the
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reservoir characterized by the new temperature. We suppose that the distribution function
of phonons corresponding to the increased temperature T =T, +0T is,

f,=Q, e/, (3-115)

f=Qlg M@, (3-116)
Assuming that OT is small, the linear expansion of f around f; to first order takes
the form,

f=f,{1-(H-(H))3B}. (3-117)
We therefore see that phonons absorb heat from the reservoir. It follows from (3-117)

that the change in the average phonon energy corresponding to 0T is,

oT
KT?

S(H,(@), =~ j f, {H(H —<H>O)}dF. (3-118)

According to (3-101), the increase in the force exerted by phonons is
oT
oF, :_?j fy(H =(H),)o, H (a)dT . (3-119)

We define C(S) as the specific heat of a crystal with fixed configuration S(X),

C(s)z—Flzj fo {H(H =(H))ldr, (3-120)

with which we rewrite (3-119) as

z_ﬂvijk (s)
TV

jfo(H ~(H) V,(q)dl = —— "¢, (3-121)

where we replace C(s) by C,, the specific heat at fixed volume V , if the crystal is

homogeneous. It follows from (3-120) that the approximate increase in the driving force

of lattice deformation is,
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SF, ~,C,oT . (3-122)

In a rough approximation, we suppose that this increase in the force is balanced by a
homogeneous elastic deformation in the lattice configuration. Consequently the thermal

expansion coefficient is roughly expressed as,

s (3-123)
VK

in which y is an abbreviation for y; andKis the value of the elastic modulus C_, ,

of a homogeneous and isotropic perfect crystal.

The expression (3-122) agrees with the traditional expression for thermal
expansion in solid physics. We therefore show that the deformation equation can indeed
help us understand the macroscopic properties of a perfect crystal. Moreover, expression
(3-123) is obtained from the equation of deformation with many approximations such as
homogeneity. We therefore expect that we could get more information of thermal

expansion from the detailed investigation of the deformation equation (3-61).

3.4 Summary

In this chapter, we introduced the basic concepts of the formulation of the
statistical mechanics of a complex solid. The current theory capitalizes on the essential
difference between a crystal and a fluid, i.e. atoms in a crystal are associated with a
lattice. To capture the presence of a lattice, we associated with each atom two classes of

variables: the displacement S, of the corresponding lattice point from its nominal
position and the relative atomic displacement(,. Because there are only three absolute

degrees of freedom per atom, these six variables are related by constraints. We then
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invoked a BO-like Ansatz, acting as a constraint here, to construct a constrained

distribution function for lattice points, integrating out the “fast” vibrational (phonon)

degrees of freedom. The derived effective Liouville equation for the distribution function
of lattice points has a similar form as the Boltzmann transport equation. We can then
determine the equilibrium condition as well as calculating the elastic constant.

Now that we have successfully incorporated the lattice into the theory through
constrained distribution function, we wish to take into consideration more complexities
that characterize a complex crystal such as point defects. The task ahead is then to
formulate the statistical mechanics of a crystal with point defects based on the ideas

developed for a perfect crystal.
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CHAPTER IV

STATISTICAL MECAHNICS OF CRYSTAL WITH

VACANCIES AND INTERSTITIALS

In a perfect crystal with N atoms as described in Chapter 3.3, every atom is

associated with a lattice point. Each atom is described by six Variables{si ,0; } , but there

are three constraints between S, and (,. The constraints are imposed through equation
(3-27)

H(s,q)=H(s)+H (),
where the dependence of H (Q)on sis treated as parametric. Based on (3-27), we

construct the constrained form of the distribution function (3-30)
f.(s,a) = f(s)f,(a),
which is the basic equation underlying the statistical mechanics of a perfect crystal.

In terms of degrees of freedom and constraints, a crystal is perfect in the sense
that the degrees of freedom equal the number of constraints. Since the absolute degrees of
freedom are always determined by the number of atoms, we envision that it is the
modification of constraints that results in the formation of defects. Along this line of

thought, we first consider point defects, primarily vacancies and self-interstitials.
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4.1 Statistical mechanics of a crystal with only vacancies
4.1.1 Formation of vacancies

In the case of a perfect crystal, there is no need to distinguish between infinite
crystal and finite crystal. To study defects, however, we consider a crystal with finite size
which is still large enough to ignore surface effects. Moreover, it is assumed that the
shape does not matter throughout the formulation.

A crystal containing N, _ lattice sites and N <N, atoms includes
N, =N, =N << N vacant lattice sites called vacancies. The formation of a crystal with

vacancies is demonstrated in Figure 4.1.

(1)  Figure 4.1 (a) shows a perfect crystal containing N atoms and N lattice sites.

(2) Atoms are removed from the bulk of the perfect crystal and put on the surface
(Figure 4.1 (b)). The bulk is extended with new lattice sites generated, compared to

the perfect crystal in Figure 4.1 (a). The crystal now has N, lattice sites among
which N, =N, =N << N are vacant.

(3) Atoms displace from the corresponding perfect lattice sites due to the existence of
vacancies as shown in Figure 4.1(c). In other words, the atomic configuration
relaxes from the configuration Figure 4.1(b) until new equilibrium state is

established.
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Figure 4.1 Formation of vacancies

Note that the number of atoms is always conserved throughout the process. The
existence of vacancies, however, induces deformation in the crystal demonstrated by
Figure 4.1 (c). In the following sections, we shall first derive the equations of
deformation for the crystal with vacancies. From the equation of deformation, we

calculate the equilibrium concentrations of vacancies as well as the elastic constant.

4.1.2 Liouville equation for the crystal with only vacancies
If all of N, lattice sites in Figure 4.1 (b) were occupied by atoms, the crystal
would be perfect. As shown in Chapter 3.3, we can associate with the lattice points in a

perfect crystal a distribution function which satisfies the Liouville equation (3-32)

of
%ﬂf(s),H'(s)}:O,
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where H'(S) is the effective total energy of the perfect crystal expressed by (3-34),
1
H'(s)=H(s) +E€nQph (s).

For a perfect crystal with N lattice points, the effective total energy is denoted
by H '({s;}, ). and the distribution function is denoted by f ({s;},, ). According to (3-34),

the expression for H'({s}, ) is,

1
H'({si}NL):H({Si}NL)"‘Eanph({si}NL)
N g . 4-1)
:izz;gms'f+V({si}NL)+Eanph({Si}NL),
where V({Si}NL) refers to the interaction between the N, lattice points and

mnQ,, ({Si}N ) is the Helmholtz energy of phonons in a fixed lattice configuration of a

perfect crystal with N_ atoms. For convenience, let V'({s }NL) represent the
effective potential of lattice points defined by,

Vi) =V (8, )+ Qu (s, ) (42)
Equation (4-1) is then rewritten as,

1

H '({Si}NL) = ;Ems'f +V '({Si}NL)~ (4-3)
The Liouville equation (3-32) for the perfect crystal with N, lattice points is expressed
in terms of H '({Si}NL) and f({Si}NL) as,

o ({s )

— +{f({si}NL),H'({si}NL)}:O (4-3)
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We now distinguish between two types of lattice sites, depending on whether or
not the associated atoms are to be removed. One is the lattice site to become vacancy
when the associated atom is removed. The other has atoms vibrating around. We will use
the term “lattice atom” to denote the lattice sites that have atoms even after vacancies are
created. We then follow the method in Chapter 3.3. The system we use as the reference is

the nominal lattice of a perfect crystal with N, lattice sites. The position of a “lattice
atom” is then described by its displacement s, (i = 1...N) relative to its nominal
position R (i =1...N ). For the description of the lattice sites that become vacancies, it is
more convenient to describe their positions by coordinates R, (k =1...N,) measured

from a single origin. So the corresponding momenta conjugate to R"k(k =1...Nv)
are,

P’ =mR, . (4-4)
Note that the mass of an atom m is here because we still have atoms at all
N, =N+N, sites.

If the crystal with N, sites were perfect (no vacancies), then s, (i = 1...N) and

R' (k=1..N,) would be independent variables. The effective energy H'({s;}, ) is
written in terms of s;(i=1..N) and R" (k=1..N,) as,

H({s}, ) =H'(s ) {R%],)

N N (4)
=3 I 1V ({5 )+ SRV (R ) s (R, )

v
1=
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where V, '({Si}N ,{Rvk}Nv) represents the interaction among the two classes of atoms in

our perfect crystal with N sites. For H'({s}, ,{R"k }N )in (4-5), the Liouville equation
(4-3) becomes,

of ({s;} ,IR",
(fsi) o4 }NV>+{f({Si}N’{RVK}NV),Hv({si}N,{Rvk}NV)}zo. (4-6)

When we actually remove N, atoms, the crystal has only N atoms and
therefore only 3N absolute degrees of freedom. Despite this fact, we still associate

3N, variables ({Si}N ,{Rvk}N ) with the crystal in order to capture the deformation

driven by vacancies. If these 3N, variables were independent, the Liouville equation for

the system is expressed by (4-6) with H '({Si}N ,{Rvk}N ) described by (4-5). Now

v

that the crystal has only 3N absolute degrees of freedom, we must impose 3N,

constraints on {s;} and {RVK}N in order to reduce the total degrees of freedom from

3N, back to3N . We see therefore the difference between the descriptions of vacancies
and the lattice sites to become vacancies in a perfect crystal is:

The {R',} of vacancies are constrained variables. The {R',| of the lattice

sites to become vacancies, on the other hand, are independent variables in a perfect
crystal.
To find the equation of constraints, we observe that the vacancy migration

(redistribution) occurs at a faster time scale than lattice deformation. In other words, the

R'.(k=1..N,) are the faster variables while s;(i=1,..N) are the slower one. Based on
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this observation, we impose the constraints on the form of H '({Si }N ,{Rvk}N ) in (4-5)

so that it is written as,

H' (s RO =H (s} ) +H Y, AR ). (4-7)

where
N) ZN:%ms +V '( ) (4-8)
PRGNS LT CARANCA R

The key point here is that the dependence of the energy of vacancies H '{s_} ({ Rvk}N ) on

{Si }N is treated as parametric. According to (4-7), we construct the constrained form of

distribution function f_({s;} N { R, }N ) which must obey the separation ansatz:

f({s )y (R, ) = FAs ) fy (RS (4-10)

v v

where f{s} ({ Rvk}N) is the distribution function for vacancies in a fixed lattice
iIN

v

configuration while the f ({Si } y) describes the state of the lattice points.

The Liouville equation (4-6) together with the equations of constraints (4-7) and

(4-10) form the basic equations for a crystal with vacancies. Vacancies are associated

with a distribution function f,, ({Rk}Nv), while f({s},) enables one to obtain the

description of lattice deformation.

We now solve the equation (4-6) augmented by (4-7) and (4-10). The procedure

is similar as how we separate the fast and slow variables in a perfect crystal. Based on the
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assumption that vacancies establish equilibrium in each ‘fixed’ lattice configuration, we

first write down the Liouville equation for f{s.} ({ R, }N ),

v

of R,
= ({ }NV)+{f{si}N ({RVK}NV)’H '{Si}N ({RVK}NV)}:(). (-1

Inserting the separation ansatz (4-10) into Liouville equation (4-6), integrating

over the phase space of vacancies dI", =d {R"k }N d { P’ }N with the help of (4-11), one
obtains,

—af ({;I}N) +{ f ({Si}N)’ H '({Si}N)+%£nQv({si}N)} - O’ (4-12)

where Q,({s; }N ) is the partition function for N, vacancies expressed by

Qv({si}N)ZIeXP[‘ﬂH (R, )}dfv- (4-13)
Here the parameter # is introduced during the averaging process of vacancies, and is

expressed as f=1/kT where k 1is Boltzmann’s constant and T is the Kelvin
temperature. The %(nQV ({Si}N) will be later interpreted as the Helmholtz energy of

vacancies in the ‘fixed’ lattice configuration.

Equation (4-12) shows that the existence of vacancies provides an extra potential

lﬂ nQ,({s, }N) to the lattice points. Let H, ({s; }N) denote the effective Hamiltonian of

B

lattice points in a crystal with vacancies defined by,
1
HL({Si}N)=H'({Si}N)+E€nQV({Si}N)- (4-14)

It follows that the effective canonical equations for the lattice points become,
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S'i :apSi HL({Si}N)

_ : (4-15)
p, =—0,H ({s},) (i=L..N)

Equations (4-15) are the effective microscopic dynamic equations for the lattice points in

a crystal with vacancies. If there are no vacancies, i1.e. N, =0, equation (4-14) is reduced
to H '({ Si}N) which is just the effective total energy for the perfect crystal with

N atoms.
Thus, by adding constraints in the “lattice space”, vacancies are naturally
incorporated into the theory. We explore next the relationship between constraints and

formation of interstitials.

4.2 Statistical mechanics of a crystal with only interstitials
4.2.1 Formation of interstitials

A crystal containing N atoms and N, <N lattice sites includes
N;,=N—-N, <N interstitials. The formation of a crystal with interstitials is

demonstrated in Figure 4.2:

(1) Figure 4.2 (a) shows a perfect crystal containing N atoms and N lattice sites.

(2) Atoms are removed from the surface of the perfect crystal (Figure 4.2 (a)) and put
inside the bulk. The volume of the bulk diminishes. The crystal now has N <N
lattice sites. There are N,, = N — N atoms occupying the interstitial space among

the lattice sites as shown by Figure 4.2 (b).

(3) The existence of interstitials induces deformation as shown in Figure 4.2 (c).
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Figure 4.2 Formation of interstitials

4.2.2 Liouville equation for a crystal with only interstitials

If the N atoms made up a perfect crystal, we could describe it by two classes of

variables {s;}, and {q}, as shown in Chapter3.3. The perfect crystal can be

associated with a distribution function f({si}N ’{qi}N) which satisfies the Liouville

equation

LA fr sy, daf ) fa) o) -0, @16

augmented by equations of constraints

H({Si}N 7{Qi}N) = H({Si}N)+ H{Si}N ({Qi}N)a (4-17)
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fedsnaf) = (s, daity) (4-18)

H({S.}N)ZZ%mS’f +V({si},)> (4-20)
Hiy, (83,0 = 2 ms 6+ DI m; V. g}, (421)

For convenience, we shall refer to the system of {Si }N as “lattice space” and the

system of {g;}, as “atomic space”. The “atomic space” has fast variables {q;}  and
is assumed to establish equilibrium state before lattice deformation. The distribution

function of the “atomic space” f{s_} ({qi}N) in (4-18) therefore satisfies the following

Liouville equation,

o, (aly)
{si}w N
b dad oM, (a0, (4-22)

It then follows from (4-16)-(4-22) that the effective Liouville equation for the “lattice

space” of a perfect crystal with N atoms is

of (i:tl}N—) +{ f ({Si}N), H ({Si}N)"‘%KnQph({si}N)} =0, (4-23)

where %ﬁnQph({si}N)is interpreted as the Helmholtz energy of phonons in a fixed

lattice configuration.
We now distinguish between two types of atoms: one is the atom that vibrates

around a lattice site and is referred to as the “lattice atom”; the other is the atom to

&3



become an interstitial. For the description of “lattice atoms”, we follow the method
introduced in Chapter 3.3. The system we use as the reference is the nominal lattice of a

perfect crystal containing N atoms. The position of a “lattice atom” is then described

by two variables: s (i=1..N_) and ¢ (i=1..N_): the s (i=1..N_) describes the
displacement of the corresponding lattice site from its nominal position R’ ; the

g, (i=1..N_ )describes the relative atomic displacement from the lattice site. For the

description of atoms that become interstitials, it is more convenient to describe their

positions by coordinates " (I=1..N,) measured from a single origin. The
corresponding momenta conjugate to ", (I = 1...Nm) are,
p", =mr . (4-24)
The “atomic space” is now described by({qi }NL ,{r | }Nm ) .
In terms of new variables, the energy of the “atomic space” H (5] ({qi }N) 1S now

denoted by H,, ({qi}NL ,{ri”,}NA )expressed as,

n

{a}y)

H{Si}N ({qi}NL ’{rinl}N. ): H

3 (
{SI}N N
! _ _ ,  (4-25)
=Hiy A, )+ Higy, Qo )+ Ve, dady AT )
where
) Nin 1 S \2 N Nip ) .
Hy., ({r'"|}Nm) = IZ_;Em(r"“ ) +iZ:1: > ms i +V,,, ({r'”,}Nm), (4-26)
Gl o S
Hy ({qi}Ng:;qui +;stjqi +Vi,, (e}, (4-27)
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and V{si}N ({ q; }NL ,{ri”, }Nm) represents the interaction between the two types of atoms in
the ‘“atomic space”. The distribution function f{si}N ({qi}N) 1S rewritten as

da}, ,{r"‘l }N ) and the Liouville equation (4-16) is rewritten as,

in

} 0 (4-28)

Note that the “atomic space” always has 3N degrees of freedom because there are
N atoms.
Ifall N atoms were “lattice atoms”, the crystal would be perfect (no interstitials)

with 3N independent constraints simultaneously imposed on the “atomic space”. In

other words, all the lattice points {Si }N are effectively frozen on the same time scale.

We see therefore that the number of total degrees of freedom is determined by the

number of atoms. Any crystal containing l atoms has ﬁ degrees of freedom. The

number of independent constraints, on the other hand, is determined by the number of

“lattice atoms”. In a perfect crystal, all the atoms are ““lattice atoms’, so that the

number of the degrees of freedom is equal to the number of independent constraints.

When we actually have N, interstitials, however, there are only N, “lattice
atoms” and therefore only 3N, independent constraints. In other words, there are 3N,
constraints released when N, interstitials are generated. In order to capture the
deformation induced by interstitials, however, we still associate the atomic space

( qi}N ,{ri“,} )with 3N constraints. If these constraints were all independent, i.e. they

in

were simultaneously imposed on the “atomic space”, the atomic energy would be
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H{Si} ({qi}NL,{r"‘l}N_) expressed in (4-25) and the Liouville equation would be

described by (4-28). Now that there are only 3N, independent constraints, we must

da}, ,{ri",} ) in order to reduce the total number of

Sifn L in

restrict the form of H (s)

independent constraints from 3N to3N, . We observe that:

(1)  Phonons vibrate on a time scale much smaller than both diffusion of interstitials
and lattice deformation. In other words, both interstitials and lattice points are
effectively frozen while phonons establish equilibrium state.

(2)  The diffusion of interstitials, on the other hand, is on a time scale faster than lattice
deformation but slower than phonons. As a result, interstitials are effectively
frozen on the time scale of phonons, but free on the time scale of lattice
deformation.

(3) Lattice points are effectively frozen with respect to both phonons and interstitials.

Based on this observation, the state of phonons is first described with respect to

‘frozen’ interstitials. In other words, there are 3N, constraints first imposed on
{qi}N while phonons establish equilibrium state. ~ These 3N, constraints are

effectively released on the scale of lattice deformation, however, because interstitials are

now ‘free’ while the lattice {Si}N is effectively frozen. Thus on the time scale of the

L

lattice, we are only dealing with 3N,  constraints imposed upon

interstitials {ri”,} while interstitials establish equilibrium state.

in
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Based on this physical picture, we restrict the form of H (s) ({qi}N ,{ri”,} ) in

(4-25) by writing it as,

Higy, dady g, 0 =H, drg o+ Hiep Q0 (4-29)
where
Hip ()= 23 m( ) e S ms i v (e ). (4-30
oy, (G = LMV (G )V (i, ()
" am (431

The lower index {I’i“, }SN in (4-29) represents the instantaneous configuration of

in

interstitials in a fixed lattice configuration{s,} . The key point here is that the

dependence of phonon energy H ({qi}N ) on interstitials {r‘”,}S is first treated

in

{rinl}SNin
as parametric, and then the dependence of interstitials on the lattice configuration

{s;}, s treated as parametric. As a result, although we still associate 3N constraints

L

with the “atomic space” ({qi}N ,{ri“,}N_ ), we are only dealing with 3N, independent

in

constraints on the time scale of lattice deformation.

For the expression of H,, da}, ,{rinl}N ) in (4-29), we construct the

constrained form of distribution function for the “atomic space” which obey the

separation ansatz

f{si}N ({rinl}N ’{qi}NL)z f{si} ({q'}N )’ (4_32)

N
in NL in {rm| } L
Nin
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where f fon ({ q }N )is the distribution function of phonons in a fixed configuration of

Si

interstitials while f{ | ({rinl}N ) describes the states of interstitials in a fixed lattice
NL in

configuration.

The Liouville equation (4-28) together with the equations of constraints (4-29)

and (4-32) form the basic equations for the ““ atomic space” of a crystal with interstitials.

The motion of phonons is captured by f ({qi}N ). The state of interstitials is

f,

described by f{si} ({r‘”I }N_ ) from which we obtain the dynamics of interstitials.

We now solve equation (4-28) augmented by (4-29) and (4-32) in the “atomic
space” by applying the separation of fast and slow variables. The two time scales
involved in the “atomic space” are the scale of phonons and the scale of the diffusion of
interstitials. Phonons have faster variables, and are assumed to establish equilibrium in

each ‘fixed” configuration of interstitials. The distribution function of phonons

f ({a,}, ) satisfies the Liouville equation,

F,

o . (q
{rinl} . ({q }NL)

+{f{rm.}s ({qi}NL),H{rinl}s ({qi}NL)}=0. (4-33)

Substituting the separation ansatz (4-32) into Liouville equation (4-28),

integrating over the phase space of phonons I'; with the help of (4-33), one obtains

WH ({r" }Nm ) +%€nQph ({r" }SNm )} =0,  (4-39)

Where Q ({r"‘I }SN ) is the partition function for phonons expressed by

Qph ({rinI }st )= J.exp|:—ﬂH{rml}s ({qi }NL)}dl—‘ph . (4-35)
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Here the parameter # is introduced during the averaging process of vacancies, and is

expressed as f=1/kT where k 1is Boltzmann’s constant and T is the Kelvin
temperature. The %ﬁnQph({rinl}st) will be interpreted as the Helmholtz energy of

phonons in the ‘fixed’ configuration of interstitials.

Equation (4-34) shows that phonons provide an extra potential

%ﬁnQph({rinl}st) to the interstitials. Let Hi"{si}NL ({r"‘l} m) denote the effective

Hamiltonian of interstitials in a fixed lattice configuration defined by,

({r‘".}Nm>+%anph({r‘“.}sN ). (4-36)

It follows that the effective canonical equations for interstitials become,

=0, H g, )

R NI

L in

(4-37)

The effective Liouville equation for the atomic space of a crystal with interstitials is now,

o, (r"} ) |
{SI}NL in in
~ +{f{si}NL({r iy

LH () )} - 0. (4-38)

in NL in

Now we take into account the “lattice space” in order to derive the dynamic
equation for lattice points. Interstitials diffuse on a time scale smaller than the lattice

deformation. Thus the N, lattice points are effectively frozen while interstitials

establish equilibrium state. The total energy of the crystal containing N “lattice atoms”

and N, interstitials is denoted by H({s, }N ,{ri”, }N ) 1is expressed in a constrained form
L in

as,
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H({s )y A, ) =HAs g )+ H G, (). (4-39)

L in

where
H({s}, )= Z%ms‘f WV({s ) (4-40)

and Hi”{s_} ({rml}N_ ) is expressed by (4-36). The crystal is then associated with a

distribution function f ({Si }N , { rinl} ) which satisfies the Liouville equation,
L Nin

ot ({sihy, A"}, )

e +{f({si}NL A O Hds ), ,{r‘“,}Nm)}=o. (4-41)

Based on the constrained form of H ({si}NL ,{r"‘l}Nm) in (4-39), the f({si}NL ,{r"‘l }Nm)
must obey the following separation ansatz:

(s}, ’{rm'}Nm): Fdsi) fay,, ({r“‘,}Nm). (4-42)

We now solve the equation (4-41) augmented by equations of constraints (4-39)
and (4-42) by applying the separation of fast and slow variables. The two time scales
involved are the time scale for diffusion of interstitials and the time scale for lattice
deformation. Because interstitials have faster variables, they are assumed to establish
equilibrium state in each ‘fixed’ lattice configuration. The distribution function of

interstitials therefore satisfies the following Liouville equation,

of,. ({r‘”l} ) | | |
{sihn, Ni, in n .
ot +{f{si}NL ({I’ I}N- ).H {sily ({I’ '}N. )

in L in

} ~0. (4-43)

Inserting the separation ansatz (4-42) into Liouville equation (4-41), integrating

over the phase space of interstitials I';, with the help of (4-43), one obtains,
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of ({Si}N ) 1
—Q 7 f({Si}NL)aH({Si}NL)+;anm({si}NL>}=0, (4-44)

where Q, ({s;} \ ) 1s the partition function for interstitials expressed by

Quls by )= Jexo| -pH", ™}, )T (4-45)

The integration is carried over the phase space of interstitials dI", = {dri”,dpi”I }N_ . Here

in

the parameter # is introduced during the averaging process of interstitials, and is

expressed as f=1/KT where k is Boltzmann’s constant and T 1is the Kelvin

temperature. The %éan({si}N ) will be later interpreted as the Helmholtz energy of

interstitials in a fixed lattice configuration {Si }N
L

Equation (4-44) shows that the existence of interstitials provides an extra potential

léan({Si}N ) to the lattice points. The effective Hamiltonian of lattice points

B
H ({s;}, ) ina crystal with interstitials is expressed as,
1
HL({si}NL):H({si}NL)-i_EgnQin({Si}NL)' (4-46)

It follows that the effective canonical equations for the lattice points become,

S.i :apSi HL({Si}NL)

: 4-47
psi :_asiHL({Si}NL) (IZLNL) ( )

Equations (4-47) are the effective microscopic dynamic equations for the lattice points in

a crystal with interstitials. If there are no interstitials, i.e. N,, =0, the E(an ({ Si}N 1s
L
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reduced to the Helmholtz energy of phonons %KnQph ({Si}NL) which suggests that the
pressure of phonons will directly act on lattice points. It then follows that
the HL({ Si}N )in (4-46) is reduced to the effective energy for a perfect crystal with N

“lattice atoms”,
Ho({s ) )=H{s ), )= H({si}NL)+%anph<{si}NL) . (4-48)

In terms of HL({Si}N ), the Liouville equation (4-44) for the N, _ lattice points in a

crystal with interstitials is rewritten as,

oF({s},)
TL+{f({si}NL),HL({si}NL)}:O. (4-49)

Starting from (4-49), we can derive the equation of lattice deformation which shall be

described in detail in the following sections.
To summarize, we write the complete distribution function for a crystal

containing N, “lattice atoms” and N, interstitials from (4-32) and (4-42) as,

in L L in L

f({si}NL’{rinl}N A%, )= Tds, )f{si}NL ({rinl}N )f{rinl}s ({ify, ) (4-50)

The series of Liouville equations for phonons, interstitials and lattice are respectively

expressed by
oy (1}, )
ot +{ f{rinl}st ({ 4 }NL ): H{r‘"l}sNin ({q' }NL )} =0, (4-51)
ofg, ( r" ) _ _ _
S R R ) )
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oxF({s},)
TL+{f({si}NL),HL({Si}NL)}zO. (4-53)

The above equations provide the complete descriptions of a crystal with interstitials.
In equilibrium state, interstitials also vibrate around their equilibrium positions.

Let T, denote the equilibrium position of an interstitial. We write the position of an
interstitial as

M =T+q",(0=1.N,), (4-54)
where qi”I denotes the relative displacement of an interstitial with respect to its

equilibrium position T, . With (4-54), we associate with an interstitial with two variables

Tand ", . The effective energy of interstitials H i”{ e ({I’"‘I }N_ ) in (4-36) is expressed

Si

interms of T and q", as,

where

).

Nin

= in — in 1 — in
VAT, a2V AR, 0 )+ QT e
Again, we apply the technique developed in Chapter3.2. If 1] and qi”I were independent

from each other, we could construct a distribution function f *{Si}NL ({Tl}Nm ,{q"‘l }Nm) that

satisfies the Liouville equation,

ot*, (%, -{a"} ) . . .
o ) e el a0, ), )] -050

in ! in
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The T and ", are not independent, however, because they must satisfy
equation (4-54). We then invoke the fact that qi“I and T are degrees of freedom

operating on different time scales. The {Tl}N are the slower variables while

in

{q"’l} are the faster ones. We therefore impose 3N, constraints on the expression of

in

H m{si}NL ({T'}Nm ’{qml }Nm) in (4-55) as,

H", (T %, )= 1, AT )+ H" e dan)), (4-57)

L in

where we use {K}SN to denote the equilibrium configuration of interstitials in a fixed

in

lattice configuration. In (4-57) the dependence of H™ ({qi”,} )on {T,}SN is treated

nl Nin Nin in
as parametric which will act as a form of constraint that reduces the number of degrees of

freedom from 6N, to 3N, for interstitials. Based on the constrained form of

H{T}, ,{qi”l}N) in (4-55), we construct the distribution  function

in

f *{s_} ({Tl}N_ ,{qml} ) which must obey the separation ansatz:

L Nln

fr (0 40", 0= 5, @8O ). (4-58)

NL in {W}SNM in

where the dependence of f* ({qi”,} ) on {Fl}SNA 1s again treated as parametric.

rI Nin Nin

With the f * " ({qi”,}Nv ), we are able to describe the vibration of interstitials around

I}sNin in
their equilibrium positions.
Thus, we demonstrate that by releasing constraints in the “atomic space”,

interstitials are naturally included into the formulation.
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To summarize, we showed that the system of interstitials or vacancies can be
regarded as a “gas”. As a result, one can refer to the well developed theory for gas and
apply them separately to the system of interstitials and vacancies. An advantage of the

above formulation is that it could apply to system of interacting point defects.

4.3 Discussions on some defect complexities

Vacancies or interstitials can exist in pairs or forming clusters in a crystal which
further complicates the formulation. We now use vacancies as an example to briefly
discuss the case when defects form pairs.

If the system of vacancies is a ‘monoatomic gas’, it means that all vacancies are

constrained by the “lattice atoms” at the same time. In other words, in the lattice space

there are 3N, constraints imposed simultaneously on the gas of vacancies. The

distribution function for the ‘monoatomic’ gas of vacancies is described by equation
(4-11).

When two vacancies form a molecule, the ‘gas’ is ‘diatomic’ containing
N, =3N,/2 molecules. As a result, half of the 3N, degrees of freedom become the

internal degrees of freedom of molecules. It means that in a ‘diatomic gas’ the 3N,

constraints are imposed on two different time scales: on the time scale of the translation

of molecules, there are 3N, /2 constraints first imposed on the internal degrees of

freedom of the vacancy molecule; while on the time scale of lattice deformation, there are

only 3N,/2 constraints imposed on the molecules where the internal degrees of

freedom have already been averaged out.
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For diatomic gas, it’s more suitable to describe a molecule in terms of the center
of mass and the relative distance between two vacancies that form a molecule. The
position and the corresponding momenta of the center of mass of a molecule is expressed
as,

Vv Vv

(R)(RY),

" 2
p¢ =2mR¢, (4-59)

2

where (va )n and (RV2 )n are respectively the positions of the two vacancies that form

the Nn" molecules. The relative distance between two vacancies is,
d,=(R"), =(R"),. (4-60)
The internal degrees of freedom of a molecule are fast variables, and the motion

of the center of the mass of a molecule is the slower one. We therefore write down the the

constrained form of the energy of the vacancies as,

Mg, ARy = Hig, (R )+ Hy i) (4-61)

where the key point is that the dependence of the internal energy of molecule on

{ch} , is treated as parametric. The explicit expressions for the H{S,} ({ ch}N /2) and

v

H{ch}N i ({d”}NV ,,) are not given here. One can refer to such books as Statistical Physics

by Landau and Lifshitz [1] to derive the expression of energy in terms of the center of the

mass and relative distance. Based on (4-61), the constrained form of f{ \ ({ R, }N ) is,

Si

fiog, QRS = fiag, AR D Fley il ) (4-62)

v Ny /2
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We then apply the technique of separating fast and slow variables to obtain the

dynamic equations of vacancy molecules and then the lattice deformation. The internal

degrees of freedom are first averaged out with f{R°m} ({dn}Nv ,,) which satisfies,

Ny /2

6f{R°n} ({dn}Nv/z)
ot +{ f{ch}Nv/z({dn}Nv/z)’ H{ch}

({dn}NV/z)} =0. (4-63)

Ny /2

The result is a driving force exerted on the center of mass of each molecule. The

Liouville equation for the molecule is,

af{si}N ({ ch}Nv/Z) ¢ c 1 c
ot +9 o AR D Hig, (R n}NV/2)+E€nQr({R ,,}Nv/z)}zo, (4-64)

where Q,({R° ) is the partition function for the internal degrees of freedom of
r nIN, /2

molecules calculated by,

Qf ({ RC”}NV/z) - IGXp[—ﬂH{RC } ({dn}NV/z):|dFd 4 (4'65)

"INy /2

in which the integration is over the phase space I'; for the internal degrees of freedom.

The equation demonstrates that the effective energy for the “diatomic gas” of

vacancies is now,

o, (R0 0= Hi R0, D+ mQRe), ), (-6

N, /2
and the effective canonical equations for the molecule of vacancies are now,

Ri=0, H. (R%), )

N, /2

. C C (4-67)
pe =0 H', ({R m}NV/z) (n=1,..N,/2)

Ultimately, the Liouville equation for the lattice deformation is,
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of (s,
e KOG TN CRI RS (-68)
B
where the partition function for the vacancies is now expressed by,
Q(fs})=Jexo|-AH, (R}, ) BT (4-69)

in which the integration is over the phase space of the center of mass of molecules of

_10mQ (s}

; PNE gives the chemical potential of a

vacancies I',,. The #,'({s;},)

divacancy molecule in a fixed lattice configuration.

In reality, both di-vacancies and single vacancies exist in a crystal. In other words,
the “gas of vacancies” in a crystal is usually a mixture. Having demonstrated that
vacancies behave like particles in a fluid, we can then apply the techniques developed for

a gas with multi-components [3-5] to the description of vacancies in a crystal.

Summary
The relationship between degrees of freedom, constraints and point defects can be
briefly summarized as follows:
(1)  The total number of degrees of freedom is solely determined by the number of
atoms N . A crystal containing N , whether it is perfect or has defects, has
3N degrees of freedom.

(2)  The total number of constraints is determined by the number of lattice sites N, .

(3) The number of “lattice atoms” determines the number of independent constraints.
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(4) The generation of a vacancy corresponds to an addition of one constraint in the

lattice space. In a crystal with N, vacancies, there are 3N, constraints imposed

in the ““lattice space”.

(5) The generation of one interstitial atom corresponds to the release of one constraint

in the atomic space. In a crystal with N, interstitials, there are 3N, constraints

released in the”” atomic space”.

Up to now, by respectively adding or releasing constraints, we successfully
incorporated the vacancies and interstitials into the formulation. We then consider a more

complicated condition when a crystal has both interstitials and vacancies.
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4.4 Liouville equation for a crystal with both vacancies and interstitials
A crystal with both vacancies and interstitials is demonstrated in Figure. 4.3.

In a crystal containing N atoms, N, vacancies and N, interstitials, there are
N, =N+(N,—N, ) lattice sites. Among the N atoms, there are N—N, “lattice

atoms”.
(1) IfN, =N, >0, there are more vacancies than interstitials. Consequently, there are
more lattice sites than atoms.

(2) IfN, =N, <0, there are more interstitials than vacancies. Consequently, there are

more atoms than lattice sites.

(3) IfN,-N, =0, there are the same number of interstitials as vacancies.

o @ Interstitials
. () O Vacancies
N
J
D Atoms: N
N Lattice sites: N —N, +N,
M
N ‘ Lattice atoms: N — Nin

Figure 4.3 Crystal with both vacancies and interstitials

To write down the distribution function for a crystal with both vacancies and
interstitials, we invoke that in a crystal with vacancies, the distribution function for the

“lattice space” with N “lattice atoms” is,
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f({si}N v{Rvk}N )= f({si}N)f{si}N ({Rvk}N ).

In a crystal with interstitials, on the other hand, the distribution function for the “atomic

space” is,

ot A 0w, = Fa, (AT

~Nin in R L M (T ~Nin
We cannot, however, just combine the above two expressions to get the
distribution function for a crystal containing both interstitials and vacancies. The reason
is that interstitials are coupled with vacancies and “lattice atoms” in different ways. In the

following part, we first discuss two limiting cases:

1. Interstitials and vacancies in the dilute limit

In the dilute limit, vacancies are so far away from interstitials that interstitials
cannot distinguish between the “lattice atoms” and vacancies. In other words, all the
lattice sites, vacant or not, appear to be on the same time scale with respect to interstitials.

As a result, interstitials see N, =N —-N, +N, “lattice atoms”. Figure 4.4 shows the

vision of “lattice space” in the eyes of interstitials in the dilute limit.
According to the above analysis, we follow the method in Chapter 4.2.2 and write

down the constrained form of the distribution function of the “atomic space” as,

fra, AT

in

qrmy e (et (4-70)

s
NL in {rm|} L
Nin

’{qi}NL)z fio
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Lattice space Atomic space

N, =N-=N, +N N,

Vv
“lattice atoms” interstitials

3(N+N,—N,,) constraints

Figure 4.4 The “lattice space” in the eyes of interstitials in the dilute limit

The distribution function for the “lattice space” is f({si} ). The complete

N—-N;,+N,

distribution function for the crystal is therefore:

f ({si}NNinJva ’{rin'}N,

n

’{qi}NNin): f({si}NwaNv)f{si}N,Nmmv ({rin'}N )f{riﬂ}sN ({qi}N—N» )

18,
L1 . ) |
T+{f{ﬁ}sNin ({qi}NL )7H{ri}SNin ({qi}NL) =0. (4 72)

With f fin ({ qi}N—N- ), phonons are averaged out which provides a driving force to the

motion of interstitials. The effective Liouville equation for the interstitials is

8f{5i} ({r' }Nin) 1 s
Nmegt[ +{f{5-}NNm+NV () 1 Hy, ({ri}Nin)+E€nQph ({r} Nin)} =0, (4-73)
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where %ﬁnQph ({I}}SNm) is the Helmholtz energy of phonons in the fixed configuration

of interstitials. From (4-73), the effective energy of interstitials H" ({rml} ) 1s now,
N,

in

HU g =" ), ) =H, ({rinl}Nm”%meh({rml}sM ). (474

in N-Nijn+Ny in " N-Njp+Ny in

The effective canonical equations for interstitials become,

=0, H ()
N o _ . (4-75)
plln: _al‘in| H m{si}N,N- N, ({rml }N- ) (I - 1’.“Nin)

With f{s,} ({I’i}N_ ), the degrees of freedom of interstitials are averaged out which

generates a driving force on the lattice deformation. It follows that the ultimate Liouville

equation for the lattice space containing N+ N, — N, “lattice atoms” is,

of ({Si} - ) .

TJr{ fds), s} )} ~0, (4-76)
where H*({S‘}NfNWNV) denotes the effective energy for the whole lattice space defined
by,

H™({s} ) =H (CT N +%anm({si Fron, o) (4-77)
in which

Qu{shyn ) =] exp[—ﬂH {} ({r" }N )}dl‘m : (4-78)

Equation (4-77) shows that interstitials provide a potential field for the whole

lattice space. Let Ve({si}Nf v ) denote the total potential field of “lattice space”

N;

defined by,
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Ve({si }N—Nm+NV) :V({Si}N—Nin+NV)+l£nQin ({Si}N—Nin+NV) : (4_79)

B
The expression of H *({Si} ) in (4-77) is then rewritten as,
N
1
H({s}, . )= zams VS iy, o) (4-80)

i=1
Within the lattice space, however, one needs to distinguish between the “lattice

atoms” and the vacancies. Following the method described in Chapter 4.2.2, we describe

“lattice atoms” by s;(i=1...N =N, ) and vacancies by R", (k =1...N, ). Equation (4-76)

is then rewritten in terms of {s;} and {R"k }N as,

N—N;,

of ({Si}N—Nin ’{RVK}N ) v ¥ v
- . +{f({si}NNin,{R k}Nv),H ({si}Nme,{R k}NV)}=0, (4-81)

where
(4-82)

There are only N -—N, “lattice atoms”, so we impose constraints on the

expression of H'({s;} ,{Rvk}N )above,

H (S}, ,{RVK}NV) =H({s ), )+ H*{Si}Hm ({RVK}NV), (4-83)
where,

H( N:m%ms HVE({S ) )s

H ({Rvk}Nv): kNvl %mR;Z +ve({RVk}NV)+ve({si}N °{Rvk}Nv)' (4-84)
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The distribution function corresponds to the constrained form of H *({si}N_N ,{RVK}N )

v

in (4-82) is,

P8t AR D= s ) ey (R (4-85)

v in N-Nijn v

The Liouville equation for the distribution function of vacancies f{s_} ({ Rk}N )
18,
My, AR
{Si}NfNi“ ) Ny v * v —
e AR O R -0 (4-86)

Note that the coupling between vacancies and interstitials is included in the expression

ofH', (R,

v

Ultimately, one obtains the Liouville equation for the N — N, “lattice atoms”,

of ({Si}N—N ) * 1
| s H s ) F g Qs ) =0, (4-87)

where Q, ({Si } . ) 1s the partition function of vacancies in a fixed lattice configuration

{Si }N—Nm ’
Q{sihyy,)=] GXP[‘ﬂ H' AR, )}dﬂ (4-88)

Equation (4-87) shows that the effective energy of the “lattice atoms”

H, ({s; }N_NA ) 1s expressed by,

Ho{si}y oy )= H*({si}N_Nm)+%£nQv({si}N_Nin). (4-89)

Note that the driving force from interstitials is included in both the energy of “lattice

atoms”H"({s;}_, ) and the Helmholtz energy of VacanciesiﬁnQ\,({si}NfN_ ). We see
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therefore that in the dilute limit, interstitials are coupled with both vacancies and “lattice

atoms”.

2. Interstitials and vacancies are strongly coupled

When interstitials and vacancies are close to each other, their mutual interaction
becomes strong and form pairs or clusters. As a result, vacancies and “lattice atoms”
appear on different time scales with respect to interstitials. In the limiting case,
interstitials see only vacancies and “lattice atoms” become blind to them. It is therefore
reasonable to assume that the constraints are first established between vacancies and the
“atomic space”. Figure 4.5 demonstrates the vision of vacancies and “lattice atoms” seen

from interstitials when the coupling is strong.

N — Nin Nv Nin
“lattice atoms” vacancies interstitials
T A
3(N—N, ) constraints 3N, constraints

Figure 4.5 Coupling of interstitials with vacancies and “lattice atoms”

Based on this physical picture, the distribution function for the “atomic space” is

written as,

f{Rk}SN\, ({n}Nin ’{qi}NL) - f{Rk}S ({rl}N )f{ri}RN, ({qi}NL)' (4-90)



In other words, the driving force from interstitials is solely exerted on vacancies. The

complete distribution function for the crystal is then,

f({si}N—Nm ”{Rvk}Nv ’{ri}NIn ’{qi}N N )

~Nin

! : (4-91)
=f ({Si }N—Nin ) f{si}N,Nin ({ R', }Nv ) f{Rvk}N ({r. }Nm ) f{ﬁ}win ({qi }N_Nm )
The distribution function for phonons obeys the Liouville equation,
ey
{ihy, .
in N-N {f{,}N,n ({qi}N—NIn )9 H{']}Nm ({qi}N_Nin )} =0. (4_92)

Phonons are averaged out with f{ri} ({qi}Nme) which results in a driving force to the

Nin
motion of interstitials.

The effective Liouville equation for the interstitials is,

Fijn)
Tu{f{% {r} ) Hi ({ri}Nm ) +%anph ({H}Nm)} =0. (4-93)

The effective energy of interstitials H™ ({ri”I }N_ ) is now expressed as,

in in 1 R
H"({r |}Nin)=H{RK}SNV({ri}Nm)JrEEnQph({ri} - (4-94)

Note that the expression for H™ ({ri”I }N_ ) is different from (4-74), because the motion of

interstitials are now constrained only by vacancies instead of the whole lattice space.

The Liouville equation for the system of vacancies and interstitials are then,

o, (R, {6),)
{8 iy N, Nin v v
- (R, LML AR, )] =0.@99)

v in

augmented by constraints,
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where H i"{Rvk}N dr, }Nin ) is expressed in (4-94).

(4-96)

Inserting (4-96) into (4-95) and with the help of (4-93), we obtain the Liouville

equation for vacancies,

oy (R,
{5|}N7Nm N, v v 1 v
ot +{f%si}NNm ({R k}NV)’H({R k}NV)JFEanin({R k}Nv)}ZO,

where

Q ({ R }NV) - J.exp[_ﬂH in{RVk} ({rin' }Nin )}drin .

Ny

The effective energy of vacancies Hv({ R, }N ) 1s now expressed as,

AR, )= HARW, e mau Ry ).

v

The effective canonical equations for the vacancies now become,

Ry =0, H(R'])

pr =0, H,((R'} ) (k=1,..N,)
Ultimately we obtain the Liouville equation for “lattice atoms”,

of ({si}Nme) 1 =
T+{ f ({S'i}NfNin )’ H ({Si}NfNin ) +E£nQV({Si}N*Nin )} =0,

where the partition function of vacancies is now expressed as,

Q, ({Si }N—Nin )= jexp[—ﬁH V{Si}N,Nm ({ Ry }NV )}d L.
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The effective energy of the “lattice atoms” H, ({s; }N_N_ ) is therefore,

Ho ({8} o) =H <{si}NNm>+%anv({si}NNm>. (4-103)

In terms of H, ({s,},_, ). the Liouville equation for the “lattice atoms™ is,

of ({Si}N—Nin)
_— 0 4
ot

{f({si}N_Nm), Ho ({8}, )] =0 (4-104)

We see therefore that when the vacancies and interstitials form pairs, the effect of
interstitials is only included in the energy of vacancies. Interstitials do not directly exert
driving force on “lattice atoms”. Instead, they affect the motion of “lattice atoms”
through vacancies.

We observe from the above two limit cases that in the eyes of interstitials, there
are two “types” of vacancies: one is so far away that it appears on the same time scale of
“lattice atoms”; the other is so close that the motion of interstitials is completely
constrained by these vacancies. The first type of vacancies is treated as if they were
“lattice atoms” with respect to interstitials. We can therefore write down the
distribution function for a crystal with both weakly and strongly coupled interstitials and
vacancies.

[ Flfsidun,) fagy o, AR )J[ ot ARh ) 1) Fi

v

(@ (b) (©

(4-105)
where N is the number of vacancies that are far from interstitials, and N’ is the

number of vacancies that are strongly coupled with interstitials. In the expression of the

distribution function:
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(a)

(b)
(©)

is the complete distribution function for the “lattice space” containing

N —N, + N, lattice sites which all appear to be “lattice atoms” with respect to

interstitials . Within this “lattice space”, one further distinguishes vacancies
from “lattice atoms™;

is the distribution function for strongly coupled vacancies and interstitials;

is the distribution function for phonons.

Thus, we demonstrate that we can gradually incorporated more complexities into

the formulation by different modification of constraints. Fig.4.6 summarizes our previous

investigations of the modifications of constraints and different types of point defects.

f(s)f,(q)

Constraints / \

fs)f,(R",r")f, (q)

More constraints / l

[fOLR) [£RY L, ™) |[£. (@ ]

indistinguishable lattice strongly coupled

atoms and vacancies point defects phonons

Fig 4.6 Point defects and modification of constraints

Whatever the relationship between interstitials and vacancies, the ultimate

Liouville equation for the lattice atoms is,

of ({Si}N—Nin)
_— 0 4

- {f({si}N_Nm),HL({si}N_Nm)}:O. (4-106)
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The explicit expression for HL({Si}N_NA )depends on the detail relationship between

interstitials and vacancies. Since we have demonstrated that the system of vacancies and
interstitials is like a gas, we can apply the well developed theories of fluids to vacancies

and interstitials.

4.5 Elastic deformation of a crystal with point defects
4.5.1 Equation of deformation of a crystal with point defects

The basic equation for the derivation of equation of deformation of the lattice is
the Liouville equation for the “lattice atoms” applicable to all kinds of crystals with point

defects:

of ({Si}N—Nm)
_

- {f({;}N_Nm),HL({;}N_Nm)}::0. (4-107)

From (4-107), we apply the technique of coarse graining to obtain the macroscopic
description of lattice deformation. The general procedure is similar to that described in
the perfect crystal. There are some important modifications, however, due to the
existence of point defects.

Let X be the continuous coordinate in the space in which the reference perfect

crystal with N, = N — N, “lattice atoms” are defined. We assume that there exists a
displacement field described by a continuous functionS(X), so that the displacement of a
“lattice atom™ at X =R, can be written as

5=5+5(R), i=1.N-N (4-108)

in»

where §s;' is the relative displacement of a “lattice atom” with respect to the

displacement field S(X).The S(R,) can be written in terms of & functions as,
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S(R) = [S()5(X-R)dx (4-109)

The displacement density for a crystal with point defects is defined in terms of

o functions as:

S(%) = NEN: sS(X—R) (4-110)
S'(X) = NEN: s'S(X-R), (4-111)

i1
where S(X) represents the displacement density and S'(X) denotes the relative
displacement density. It follows from equations (4-108)-(4-111) that

S(X) =s'(X)+n(X)S(X), (4-112)
where N (X) is the density of “lattice atoms™ defined by,

n, (%) = NzN: S(X—R). (4-113)

i=l1

The displacement field S(X) will later be interpreted as the systematic deformation of
lattice in a crystal containing N atoms, N, vacancies and N, interstitials.

With (4-108), the displacement of a lattice atom is described by variables ;'
plus a function S(X) which shall be evaluated at the lattice site. The s;' and S(R,) ,

however, are not independent, because they must satisfy equation (4-108). Let

H ({s\}, -5 and f({s'}, , ,5) respectively denote the effective Hamiltonian
H L({ S, }NfN_ ) and corresponding distribution function f ({ S, }NfN_ ) expressed in terms of

s;' andS. If there were no constraints, the f({s'}

NN, ,S) would satisfy the Liouville

equation,
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(s, u. 5
ot

+{ £S5 HUS 5] =0, (4-114)
Equation (4-114), however, is not directly applicable because each “lattice atom”
has only three degrees of freedom. Constraints must be therefore imposed on s;' and
S(R). To find constraints, we observe that S(X) is a smooth function which varies
slowly and s;' has the physical meaning of fluctuation with respect to theS(x). The s’
is therefore the faster variables and the S(X)is the slower one. Based on the separation of

the fast-slow variables, we impose the following constraints:
HL({S'i}N_Nm ,$)=H_(5)+H L§({S'i}N_Nin)a (4-115)
where the detailed expression for H (S) and H Lm)({s'i }Nme) depend on the detailed

information of the existence of point defects. The key point here is that the dependence of

H (s }N_Nm) on §(X) is treated as parametric. Based on (4-115), we construct the

constrained form of the distribution function as,
(s} -5 =T A}, ) (4-116)
Note that although S(X)is introduced as a function, it is evaluated at each lattice site.

The {s;'} are faster variables and can establish equilibrium state when the

displacement field S(x) is effectively fixed. The Liouville equation for fg ({s'} . )

is therefore,

8f§({svi}N—N- ) L
Tm"'{ f§({svi}N—Nin )’ H §({S'i}NfNin)} =0. (4-1 17)

From equations (4-114)-(4-117) we obtain the following equation of lattice

deformation of a crystal with point defects:
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[ t(5)2MQ) ”g(g)} (4-118)

AE) AE®) e A0
ot &5 6P 6P

where P =mS . Here Q'(S)is the partition function of the system {Si '} expressed by
Qy(§):jexp[—ﬂHLg({s'i}NiNm)}dFS,, (4-119)

and /nQ'(S) will be interpreted as the Helmholtz function of the system {Si '} in a

fixed systematic deformation denoted by S(X).

The deformation equation of a crystal with defects is of the same form as the

perfect crystal. The essential difference, however, lies in the expression for /nQ'(S). In

other words, the driving force to the systematic deformation is dependent on the detailed
information of the point defects in a crystal. Table 4.1 lists expressions of /nQ'(S) in

various crystals.

Table 4.1 Effective energy of “lattice atoms” in various crystals

L '
Types of | Number | H 5(2)({si}Nme)

crystal of

“lattice

atoms”
Perfect N 1
crystal HY (s ) = Hsw ({51 +E£nQph§(>’<)({Si )

where
Qs (15 1) :IGXP[_ﬂH " ({qi}N):|deh

Crystal N 1 ; '
with iny H Lg(g)({Si '}N )=H 'W)({si '}N)+E€nQ w)({si }N)
vacancies

where

H '({Si}N): H({Si}N)-’_%gnQph({si}N)
QVg(i)({Si '}N ) - jexp[—ﬂH V{si '}wa\, ({ Rvk }Nv ):|drv .
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Crystal N — N.
with only " . 1 )
interstitials H 5(?)({S'i}Nme )= Hm)({si '}Nme)—i_EEnQ W)({si '}N*Nin)
where
Q S(X)( ) jexp|: H m{si '}NL ({rinl }Nin )}drm '
Crystal N —N.
with " ) . 1 ,
weakly H §<X)({Si}N_Nm) =H5» (s '}N—Nin)+_£nQ so s '}N_Nm)
coupled B
interstitials where
and N_Niv
vacancies H( Ems +V* ( } )
i=1
Q{s )y 4= j eXpI:— PR (R, )}drv
where
N
* v 4 1 v e v e v
H (R k}NV)sz:;Emsz +ve({R k}Nv)+v ({si},-{R k}NV
Crystal N —N.
with " ) 1
strongly H 5w (s, }N—Nm) =Hq (s '}N—Nm )+ —n(Q, ), 4 (s, '}N_Nm)
coupled B
interstitials where
d v h v v
?gcancies Q §(>’<)({Si }N’Nin) = IeXpl:_ﬂH St ({R k}NV)}dFV’
where
Vv Vv Vv 1 Vv
H ihn ({R k}NV): H({R k}Nv)+E£nQin({R k}Nv)
where
in in 1
H ({r I}Nin): H{RK}SNV({ri}Nm)-i-EﬁnQph({ri}RNin)
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4.5.2 Absolute equilibrium condition of a crystal with point defects
The equation (4-118) demonstrates two mechanisms that change the distribution

function: one is the systematic lattice deformation showed by the streaming term

AE),, HE s
&5 opP

; the other is the coupling of the displacement field to the {Si '}N_N

in

. When the

system which generates an internal driving force calculated by Q')
S

external force is absent, the condition for the system to establish absolute equilibrium

state is that both the streaming term and the coupling with {Si '} vanish by themselves,

9mQ'es) _, (4-120)
o5

af(§)v+8f(§)p:0. (4-121)
o5 oP

From (4-120), we obtain the equilibrium lattice configuration S°(X) that minimizes the
1 Y
Hembholtz energy EmQ (S).

The deformation of a crystal with point defects, however, is more complicated
than a perfect crystal. Such factors as the types of defects and the detail ways of coupling
between point defects all affect the ultimate lattice deformation. For given types of point

defects, the number of point defects is itself a variable. Let N, denote the number of
any type of point defects (e.g., N, =N, for a crystal with only vacancies). The
Helmholtz energy /nQ'(S)of a crystal containing N, point defects is then written as
/nQ'(S,N,) . For a certain lattice configurationS(X), the equilibrium value of N, is

determined from the condition that the /nQ'(S,N,)is a minimum, i.e.,
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(8/nQVaN,). =0. (4-122)

The N, that satisfies equation (4-122) is denoted by N,° .

In summary, the conditions for the absolute thermal equilibrium of a crystal with

point defects are,

(—(%”Q CNJY o, (4-123)
&

[(%nQ GNJ) _q (4-124)
N, ).

4.5.3 Elastic deformation under external force neglecting changesin N,
If one applies suitable external force to a crystal with a certain number of N,

point defects, the equilibrium state can be maintained at configuration$(X) # S°(x) . Let

us define a force density by,

2rnQ's,N,)

4-125
= (4-125)

x(5)=-

Inserting equation (4-125) into (4-118), we obtain for configurations S(X) # $°(X) :

oF(E) of(E). ofE) o )
A P=0,(f(3)x(3)), (4-126)
QN _ )
= 4(6). (4-127)

Equation (4-127) suggests that the lattice could attain equilibrium state for
configurationS(X) # 5°(X) , if an external force

19mQ's,N,)

y— (4-128)

Fext (§) ==X (§) =
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is applied. With (4-128), we construct a new partition function defined by,
mQ*(S,N,)=/mQ'S,N,)+ pBF,,(5)S (4-129)
or more generally,
mQ*(s,N,)=/nQ'(s, NA)+J.O§ﬂFext(§)d§, (4-130)
The equilibrium condition for fixed N, when the external force is present is therefore,
(6€nQ*/6§)NA =0 (4-131)

Consequently, the lattice could maintain an equilibrium state during a continuous
deformation as long as the applied external force satisfies equation (4-128). The

deformation that satisfies (4-131) is called the elastic deformation of a crystal with N,

point defects.

4.5.4 Chemical potential of point defects

Using similar analysis, under suitable external condition, the crystal can also
establish equilibrium state for N, =N,” in a fixed lattice configurationS(x). We

introduce the following definition,

onQ's,N,)

T A, (4-132)

The u,(S) will be interpreted as the chemical potential of a certain type of point defects.

The absolute equilibrium condition (4-124) can be then expressed as,

1£,(3)=0. (4-133)

It follows from (4-132) that if there is an input of external energy
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W, =—Bu, (SN, (4-134)
the crystal can maintain its equilibrium even when N, deviates from N,°. With (4-38),
we construct a new partition function defined by,

MQ*(5,N,) = nQ'(S.N,)+ S, (5N, , (4-135)
so that

Ny

OMQ*G.Ny _ (4-136)
oN,

is satisfied for a range of N, .

Figure 4.7 shows the elastic energy of a crystal with point defects as a function of both

the number of point defects and the lattice deformation.

nQ(s,N,)

olnQ'(s,N,)

F, (s)=-
ext(_) a§

Strain energy

Q*(s,N,)

»

5%(x) 5(x)

Figure 4.7 (a) Elastic deformation of a crystal with N, point defects under the external force.

Changesin N, is neglected. Equilibrium can be established for a range of lattice deformation.
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InQ'(s, N, ‘)‘

InQ'(s,N,")

InQ'(5, N, %)

> s(x)

Figure 4.7 1(b) Elastic deformation of a crystal varies with the number of point defects N, is

compared.

455 Grand Helmholtz energy with both N, and S(x) as variables

Combining (4-129) with (4-135), we construct a grand partition function that

includes both chemical potential and strain:

MQ*(5,N,) = Q5. N,)+ fu(IN, + | fF, (5. N,)ds . (4-137)

NA

QS N,)

S(x)

Figure 4.8 Elastic deformation with N, and S(X) as variables. Equilibrium is established for a

range of N, and lattice deformation S(X).
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The equilibrium conditions then become,

(@an*(@,NA) _o0, (4-138)
oS N,

[M o (4-139)
N, :

We write the (4-137) in terms of the densities of quantities as,
dex:jﬁ(Q’WA@)nA+(V~a)s)dx (4-140)

where the densities are defined as following,

MmQ*(s,N,) = [Qdx; (4-141)
nQ'(5,N,) = j Q'(x)dx, (4-142)
N, =InA(X)d><, (4-143)
F.(5)= jv . o(3)dx (4-144)

The /nQ'(S)is calculated as,

MmQ's.N,)=(H"({s}.N,))-TS(s.N,), (4-145)
where <H (s, ')> denotes the average energy of the crystal and S(S,N,) is the entropy.
We now introduce the energy density h,'(x) and entropy density S.(Xx) by

(H({s"}.N,)) = [ hs 00, (4-146)

S(5,N,) = j S, (x)dX. (4-147)

Inserting (4-146) and (4-147) into (4-140) and integrating by parts, we obtain the first law

of thermodynamics for a deformed crystal with point defects,

Q(x) = B(hs =TS, (X) + 42, (5)N, + V) (4-148)
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The VS is the strain tensor e(X) in continuum mechanics,
e(X)=Vs(x). (4-149)
Equation (4-148) is rewritten in terms of €(X) as,

Q(x) = B (h'=TS(x)+ u(3)n, +oe) (4-150)

4.5.6 Elastic constant of a crystal with point defects
Note that the stress tensor o which entering the equation (4-150) is the external

stress tensor which is a function of S(X) as well as N, . According to its definition

(4-128), the external force can be explicitly expressed as,

Fou(®) ==[ ({3 DaH" ({5}, NAT . +N,0, B, (5)

(4-151)
=—[ (s DosH ({1 },N)dT,

Although the expression of H"_ ({S ; }N ,N,”) depends on the detail information of point
defects, it can be generally written as the sum of two terms,

H Lg({s'i}, N,%)= Hg({s'i}) +G§(NA°,{S'i }), (4-152)
where the Hg ({s L }) represents the energy of “lattice atoms” without coupling with

defects, while the G¢(N,",{s"}) is the remaining energy which is a function of N,’.

With (4-152), the external force (4-151) is written as,
Foe(3) = (590 Ho ({s' hd T + | % f (5,70,G(N,",{s"' hdT,.,

which can be further written in terms of chemical potential,

Fo(®) = [ £ DOH ({5, AT, + N[ £ ({5, Do, (5.{s' HaT,.. (4-153)
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Equation (4-153) demonstrates that there are two factors contributing to the value of
external force: one is the force needed to change the internal energy of the lattice

described by ,
Fou(3)=[ f,(5,79,H 's(s, )T, (4-154)
and the other is the force needed to balance the force from point defects denoted by
Far(3) =N, [ £ ({5, Do, (5. {s" T, (4-155)
It means that the magnitude of external force needed for the same amount of elastic

deformation varies with the number of point defects N, . Table 4.2 lists some expressions

forG,(N,°,{s"}).

Table 4.2 Expressions of G, (N R {S | }) for various crystals

Types of | N Number | G_ (N, {s"
crystal A of S(X>( A { -}N)
“lattice
atoms”
Perfect N.=0| N )
crystal ! Gg(x) ({S' } ):Eanp s(x)({ '}N)
where

Q"5 },) = [exp[ -BH™, (a},) T,

Crystal N N ' 1 v '
with only [ e (N, {8 i}N):EﬁnQ sos 1)
vacancies

where

Q'soof ) = [exp| -AH",  (RY] ]

Crystal N. N —N. , 1 in !
with only " " G§(x)(Nin’{S i}Nme):_gnQ §(x)({si }Nme)
interstitial B

where

Q" s(x)( ) jexp[ Hin{si,}NL({I’inl}Nm):ldFm.

S
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\?vglftal EV’ N- Ni” S(X)(NV’ Nm’{ }N Nm)
weakly in in
coupled :Ean §(x)({si }N N, )+ﬁ,£nQ s(x)({ } m)
interstitial
S and where
vacancies an§<x)({ S '}NfNin)
— J.exp|:_ﬂH ir‘l{Si}N”\‘in”\‘v ({rinl }Ni" ):|drm (N - N )
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H sl Nm({Rv } )
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i itial v | v v
;nterstléﬁid Q §(X)({si }N_N jexp[ ﬁH o ({R k}Nv)}dFv,
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H' g, AR = HARY D+ 20 (R )
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Qm( RV ) eXp Hin RY ( r-inl ) ) drin
{ k}NV Nin
in in 1
H"({r .}Nm)=H{Rk}sw<{n}Nm>+Eanph({n}RNm)

It follows from (4-154) that the external stress is expressed as
o(X)=T(X)=T"(X) (4-156)

where the stress tensors 7(X) and 7°(X) are defined by

Fo(3) = [V-7(0dx, (4-157)
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Far(3) = [ V-7 (6 N,")dx. (4-158)

Note that the first stress tensor is directly related to the atomic stress tensor, while the

second one is associated with the driving force from defects. In a simple case when the

point defects are homogeneously distributed, the 7*(x,N,°)is reduced to a scalar which

defines the intrinsic pressure induced by point defects,
pX%Z?ﬁa =n,p”. (4-159)

where n; denotes the equilibrium concentration of point defects. Equation (4-156) is

then rewritten as

Cop =Toy —MP 0, (4-160)

The external stress is a function of the lattice deformation as is shown by its definition

(4-128). To describe the relationship between the stress and strain, we introduce the

definition of elastic constant C_,,, by,

Gy = Copn € (4-161)

where C 1s calculated as,

afuv

Cop =040, NQ'(S(X),N,)=0,,. (7,, — N1 P*5,4). (4-162)
The elastic constant C_,, here is called isothermal elastic modulus. If we introduce a

coefficient C_laﬂﬂ defined by

v

0 T (4-163)

apuv = Yo Lap >

the elastic modulus C_,, is then related with C_Iaﬁﬂ through the relation

14 v
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afuv
Caﬂyve,uv

_ nap*s,,
Copr = Copr {1—_A—J. (4-164)

The C

v 10 (4-163) is interpreted as the elastic modulus of the nominal perfect crystal.
We therefore see from equation (4-164) that at finite temperature, the elastic modulus of

a crystal with point defects is modified by the existence of defects.

4.6 Summary

We see in this chapter that point defects modify the overall constraints in a perfect
crystal. Interstitials are generated when constraints are released in the “atomic space”,
while vacancies are formed when constraints are imposed in the “lattice space”. The total
number of degrees of freedom is always conserved for a crystal with N atoms. Further
modifications of constraints result in more complicated formations of point defects which
result in different lattice deformation.

Point defects bring extra intrinsic time scales in a crystal. Using the technique
developed in Chapter III, we introduce a hierarchical development across time/length
scales by identifying fast and slow variables. A hierarchy of constrained distribution
function is derived by applying BO-like approximations. Ultimately, we obtain dynamic
equations for each type of point defects. It is demonstrated that these point defects behave
like particles in a fluid on the corresponding time scales. It is therefore justified to apply
the methods developed for fluids in chapter one to every intrinsic time scale existing in a
crystal.

However, dynamics in a solid is distinguished from a fluid in that dynamics on

various intrinsic time scales are coupled together. In the next chapter, we investigate the
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non-equilibrium dynamics of a complex crystal. We shall also demonstrate that through
the methods in Chapter IV, the BO-like approximations which act as our constraints to
reduce the number of variables can be relaxed a bit by considering the coupling among

the time scales.
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Appendix
Expressions of chemical potential of point defects and “lattice atoms” in various
types of crystals

The expression of the chemical potential for point defects, however, is dependent
on the detailed coupling between the defects and the “lattice atoms”. In the following part,
we give out the expression for the chemical potential of vacancies, interstitials and

“lattice atoms” in a crystal:

(1) Perfect crystal with N atoms
Number of atoms: N ;
Number of lattice points: N ;

Number of “lattice atoms™: N ;

The effective energy of the crystal is,

Hulsh)=H((s})+5 mQu(s)) (A-D)
Define,
oH ({s
m”({%}@=%, (A-2)

and the chemical potential of atomic degrees of freedom in a fixed lattice configuration
18,

oH,, daly)

({51}, = = (A-3)

Then the chemical potential for the “lattice atoms” is defined as,
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_ aHL({Si}N)
:uL({Si}N)_ N

=0y [IULO({Si}N)N +luph0({si}N)N:|
=" +:uph0 +NOy [ﬂpho({si}N)]

=u°

(2) Crystal with only vacancies
Number of atoms: N ;

Number of lattice points: N + N, ;
Number of “lattice atoms™: N ;

The effective energy of the crystal is,

HL({Si}N): H '({Si}N)—I_%EnQNV({Si}N)

The chemical potential of vacancies in a fixed lattice configuration is,

Then we have,

HL({Si}N)::uLp({Si}N)N +/uv0({si}N)Nv

So the chemical potential of vacancies is,

aHL({Si}N)
ON

\

= zuvo({si}N)

and the chemical potential of the “lattice atoms” is,
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M)
“loh) =50

=9, [pr({si}N)N +uv°({si}N)NV] (A-9)
= /ULp +N,0y [ﬂvo({si},\,)}

We see therefore that due to the coupling between the lattice atoms and vacancies, the
chemical potential of “lattice atoms” is modified due to the existence of vacancies. When
there are no vacancies, the chemical potential of the “lattice atoms” is reduced to that of

the “lattice atoms” in a perfect crystal.

(3) Crystal with only interstitials

The chemical potential of interstitials in a fixed lattice configuration is,

oH m{si}N,Nm ({ rm' }N )

Ha (St y,) = T (A-10)

HL({Si}N—Nin) =H ({Si}N—Nin ) +%£nQNm ({Si }N—Nin)

(A-11)
= (N - Nin);lL0 +’le({si}N—Nin)Nin
So the effective chemical potential of interstitials in a crystal is,
i aH L ({ Si }N N ) 0 0
in _ “MNin” +u 0. A-12
1z TN M g (A-12)
The effective chemical potential of the “lattice atoms is,
aHL({Si }NfN- )
e T
= Oy, | (N =N+ 21,4}y NG |- (A-13)

= IULO _:uino + NinaN—Nin |::uin0({si }N N ):|

~Hin
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(4) Crystal with weakly coupled interstitials and vacancies
The effective chemical potential of interstitials in a fixed lattice configuration

(including vacancies) is,

aH in ; ({ rinl } )
Hi (S}, on,) = : }8N = (A-14)

The lattice space has an effective energy,

H '({Si }N—Nin+Nv) =H ({Si}N—Nin+Nv)-’_lfﬂQNIn ({Si}N—Nin+NV)

B (A-15)
= (N - Nin + NV)IUL0 +/Um({si}N,Nm+Nv)Nin
. H'{si}y g, o)
T I e A ) (A-16)
H '({Si}N—N +N ) 0 0 a'uin({si}N—N +N )
‘(s = ' =~ O+ N - A-17
H ({SI}N—Nm+NV) a(N_Nin+Nv) He = Hin T Ny a(N_Nin+NV) ( )
The effective energy of the vacancies is,

Hi QRGO =H R D+ AR ON,, | .

= 1, ({5} Ny + NNy 2" ((RY ) )

NV

and we obtain the effective chemical potential for the vacancies,

oH( (R} )
v _ {SI}Nme N,
# (A8, = N (A-19)

\

= luvo({si }Nme ) + Ninan'uin({Si }N—Nin+NV)
We see therefore that the number of interstitials also affects the chemical potential

of the vacancies. The effective energy of the “lattice atoms” is,
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HL({Si}N—Nin) =H '({Si}NNin)+%£nQNV ({Si}Nme)

= (N - Nin)/uL + luv({si}N_Nin)Nv

: (A-20)

and we obtain the effective chemical potential for the “lattice atoms”,

aHL({Si }N—Nin)
IUL({Si }Nme) :W

=+ NvaN—Nin [ﬂv({si}N_Nm )J (A-21)

= IULO _:uino + Nina(N—Nm+N\,)ﬂin ({Si}N—Nin+Nv)+ NVaN’Nin ['uv({si}N—Nm )}

(5) Crystal with strongly coupled interstitials and vacancies
The effective chemical potential of interstitials in a fixed vacancy configuration
18,

oH in{Rk}SNV ({rinl }Nin )

(IR = A-22
/’lm({ k}Nv) ﬁNm ( )
The effective energy of vacancies in a fixed lattice configuration is therefore,
1
H'.  (R% )=Hg (R )+—mQ,({R; )
{ '}N’Nin { }Nv { '}N’Nin { }NV ﬂ { }NV , (A-23)

S

= 8 b N, + (RN,

The chemical potential of interstitials in a fixed vacancy configuration is

therefore,
oH'. (R} )
S {sl}NfN- k N
(4R = v - A-24
(R w0 (A-24)
The effective total energy is,
1
H L({si }N’Nin ) = H ({SI }N’Nin ) + _'gnQv "({Si }N*Nin ) . (A_25)

B
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We therefore obtain the effective chemical potential of the vacancies,

v aH V{Si}N*N- ({ RVk}N )
S. = - V

H ({ I}N—Nin) oN, (A-26)

:ﬂvo({si}N—Nm)"' Ninanﬂm({Rvk}sN )

v

The effective chemical potential of “lattice atoms” is,

aHL({Si }N—Nin)
ﬂL({si}N—Nm)za(TNi.J

= IULO + NvaN—Nin [,UV ({Si }N—Nm )J (A-27)

= ,UL0 + NvaN—Nin |::uv0({si}NNin)+ Ninanﬂin ({ Rvk} N )}
The effective chemical potential of interstitials 1is,

aHL({Si}N—N- )
/uin({si}N—Nin) :Tm

in

=0y, (N- Nin){ﬂLO +N,Oy_y, [uv"({si}NNmH Ninr 4" ({RVK}SNV)}}

(A-28)
_ —,ULO n NvaNme |:/Uv0({si}NNin)+ Ninan,Llin ({ Rvk}st)}

+(N - Nin)NVaNinaN—Nin [ﬂvo({si}NNin)+ Ninan'uin({Rvk}sNV)}

133



CHAPTER V

FORMULATION OF NONEQUILIBRIUM DYNAMICS IN A CRYSTAL

5.1 Philosophy underlining the nonequilibrium formulation

Fast Fluid Perfect crystal Crystal with point defects
as
Electrons ¢ Electrons ¢ Electrons ¢
Phonons _—™> Phonons g
Intrinsic q
Time Nuclei ]
Scales T Interstitials "
r Lattice points Vacancies R’
— /
S
\ .
| Lattice atoms
S
Slow ¥

Figure 5.1 Intrinsic time scales in a fluid and crystal (no external force). There are only two intrinsic
time scales in a fluid: those correspond to typical velocities of electrons and nuclei. In crystals, on
the other hand, nuclei are associated with a lattice. Each nucleus is therefore associated with two

classes of variables: S and (;. The six variables are related by constraints. As demonstrated in

Chapter 3, we introduce a hierarchical development across time scales by identifying fast and slow
variables. First, the BO approximation allows us to integrate out the ““fast” electron degrees of
freedom with the nuclei being fixed. Then, we invoke a BO-like Ansatz to construct a constrained
distribution function for lattice points, integrating out the “fast” phonon degrees of freedom. Next we
consider point defects (vacancies and interstitials) which modify overall constraints. Thus, we derive a
successive series of constrained distribution functions and Liouville equations for each scale, from the
quantum world to the macroscopic, that exists in a complex crystal. Note that when there are external
forces, the identification of fast and slow variables may be reversed for point defects and “lattice
atoms”.
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We have up to now demonstrated that there exists a hierarchy of intrinsic time
scales that are absent in a fluid (Figure 5.1).

At each individual intrinsic time scale, the respective entity (electrons, nuclei, etc)
behaves like a fluid. Going to Figure 5.1, for example, on the fastest time scale, electron
fluxes occur in response to external forces or thermodynamic forces (e.g. gradient of
temperature) arising from the inhomogeneities in the system. Similarly, there can be
phonon fluxes, vacancy fluxes, lattice- point fluxes, etc. We therefore invoke the coarse
graining applied in fluid (Chapter II) in order to obtain the fluxes and transport equations.

As shown in Figure 5.2, the coordinate space a fluid occupies is divided into cells. Two

length scales are then introduced: the microscopic scale ({ri(t)}) and the coarse grained
coordinate space ({X(Z (t)}) .The macroscopic dynamics is assumed to be described in the
coarse grained space ({X, (1)}).

In a similar way, we apply coarse graining to each individual intrinsic time scale
(Figure.5.3). For example, on the fastest scale, the space occupied by electrons is divided
into cells. Electrons are assumed to first establish equilibrium in each cell, and then the
whole system of electrons gradually approaches a uniform state. Based on the coarse
graining, one can construct a nonequilibrium distribution function for electrons using the
same technique described for fluids (for electrons, one should be dealing with a quantum
density matrix, not a classical distribution function). Thereafter, we could derive the flux
of electrons driven by external forces or thermodynamic forces. Note that because the
distribution function of electrons is introduced based on the BO-like approximation, the

fluxes of electrons are calculated as if the nuclei are frozen. Similarly, one can construct
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nonequilbrium distribution functions for phonons, point defects and “lattice atoms”. We

therefore expect a hierarchy of constrained nonequilibrium distribution functions:

f({si}N—Nin)f{S.} ({RVK}N 2)’{ri}N- )f{r‘",}N_ ({qi}N—Nin+Nv')’ (5-1)

N=Njp+Ny! M in

where each individual distribution function assumes a nonequilibrium fluid-like form.

(] o ('] ]
] ° o b o ° o ] ° o o [}
o o °
° ° ° 0 0? o ° ° 0
v T T, 05 To[° o @ Fine-grained space X
O L T I R g P
° ° }‘/ k’; b °
/{ \ °° ° oll o [ ) ° ¢ 0 °
° V0 i o oo 0 ©
] ao o 1 o o o 00 o
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° ° \0‘\ ° °:’ I‘ ° ° % 00 °
° e o"‘\‘. ° o:loll" o ° ooag ° %o
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‘\ II ,l I’
N} I
“y "
\ "
“ "
W
° “l‘ o”,' ° °
wW o/
W
i
. 4 o . Coarse-grained space X
° ) °

Figure 5.2 Coarse graining in an inhomogeneous fluid. The coordinate space X occupied by a fluid
is divided into cells (the coordinate space X is also called as the fine grained space). In each cell,
the fluid can be seen as homogeneous. The coordinate of the center of mass of a cell is denoted as X .
This coordinate space X is called the coarse grained coordinate space. It is then assumed that a
nonequilibrium fluid approaches equilibrium through two stages: equilibrium is first established for
each cell, and then the whole system gradually approaches a uniform state.
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Figure 5.3 Coarse graining in a complex crystal. The system on each intrinsic time scale behaves like a
fluid. The coarse graining demonstrated in Figure 5.2 is applied on every intrinsic time scale. As a
result, we obtain a hierarchy of coarse grained space across the time scales.

What distinguishes the nonequilibrium transport of solid from a fluid, however, is
the coupling among different intrinsic time scales (Figure5.4). For example, the
stress-strain relationship on the slowest time scale can drive the motion of vacancies; the

migration of electrons affects the motion of phonons, vacancies, etc. Thus, after we
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obtain the constrained nonequilbrium distribution function (5-1), we need to further take
into consideration the coupling among time scales. Note that through the constrained
distribution function, we have taken into account the influence of fast variables on slow
variables. For example, the free energy of phonons acts as an extra potential to the lattice
points as demonstrated by equation (3-34); the pressure of phonons drives the
deformation of lattice shown by equation (3-36) and (3-37). The effect of slower time
scale on the fast time scale, on the other hand, has not been considered and will be

discussed in detail this chapter.

Electrons
Intrinsic P/
Time Phonons )/
Scales /y
Vacancies \
Lattice G :
v points

Figure 5.4 Intrinsic time scales in a complex crystal are couple together. After the coarse graining, we
have to take into account of the coupling effect. The coupling is two directional: dynamics of faster
time scales influence the motion on slower time scales; on the other hand, the transport on slower
time scales may also drive the motion on faster time scales.

Based on the above physical picture of the nonequilibrium dynamics in a complex
crystal, the context of this chapter is organized in the following way: the fluid-like

transport at each individual intrinsic time scale is addressed first; then the coupling
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among different time scales is taken into consideration; finally we apply the developed

formulation to the description of Herring creep.

5.2 Fluid-like transport on each intrinsic time scale

In this section, we construct the nonequilibrium distribution function by applying
the technique described in Chapter II for the description of the nonequilibrium fluid. The
coupling among the scales is temporarily ignored. As a demonstration, we formulate the
transport of vacancies in a fixed lattice configuration. The formulations of the
nonequilibrium transport driven by thermodynamic forces on every intrinsic time scale

follow similar procedures.

5.2.1 Microscopic transport equations of vacancies in a crystal
5.2.1.1 Basic equations
Here we briefly summarize some basic equations for the descriptions of vacancies
in a crystal. One could refer the Chapter IV for details on the expressions and equations.
The Liouvile equation for vacancies in the fixed lattice configuration is expressed

by (4-11),

o, (R%})
{sit N, v ' v
e AR O ARV,

)} _0, (5-2)

v

where the H '{SA} ({ R"k}N ) s the effective total energy of vacancies on a fixed lattice

configuration expressed according to (4-9),

H AR D =Hiy, ({Rvk}NVHﬁanph{si}m (R, (5-3)

v v
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where the ﬁﬁnQph{s_} ({Rvk}N )is the Helmholtz energy of phonons in a fixed

configuration of both vacancies and “lattice atoms”. For clarity, we denote

H'{Si}N ({RVK}NV) by Hv{si} ({Rvk}N) and the effective canonical equations of

NL v

vacancies are,

Ri=a, H' (R
; : . (5-4)
pr=-0, H', (R} ) (k=1.N,)

NL v

Equation (5-4) demonstrates that vacancies behave like real particles described by its
coordinate R, and corresponding momenta p°,. In other words, vacancies are treated

as pseudo-particles in a way similar to holes in the valence bands of a semiconductor.

5.2.1.2 The local form of conservation equations
Let X be the continuous coordinate in the space in which the nominal lattice is

defined. In this coordinate space, we introduce the density of vacancies as,

n'(x) = Zk: 5(X-RY). (5-5)
In a similar way, the momentum and energy density are expressed by

9V(>A<)=Zk: pO(X=R"). (5-6)

The effective energy of vacancies in a crystal in (5-3) is expressed as,

H' (R, )=2%me2 +V '({RVK}NV)+V (s} AR, ) (5-7)

v k=1 v

where,
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1

VR )=VAR, e, (R, ). %)

V({s}, ,{Rvk}Nv)zvc{si}N ,{RVK}NV)+ﬁanm({Si}N ,{RVK}NV). (5-9)

In cluster expansion, V '({ R, }N ) and V '({ S, }N , { R, }N ) can be approximated as,

k=l i k=l mzk,|

VR, )-AE SV (R} ESS SV (RS R R

V'({si}N,{RVk} = Z{Zv k,} Z{ZZV (dg,disRy) } (5-10)

k=i i k=l Q]
where R," is the distance between two vacancies, d,; is the distance between the k"
vacancy and i" “lattice atom”. For demonstration, we will truncate the cluster

expansion of energy at the pair interactions, so the V '({ Rvk}N ) and V '({Si}N ,{Rvk}N )

are approximated as,

ViR, =3 {3V (R)

k=l

Vi({s},-{R" } Z{Zv k,} (5-11)

ki

We thus introduce an energy density of vacancies as,
g 1 Vv g v
h'(X) = ZEmszé(x -R.Y)

| o Z{ZV( )}5(2—Rk”)%g{ZV(dki)}ﬁ(?—Rk“)

k=l k#i

(5-12)

For purpose of clarity, we shall use n,(X),g,(X), h,(X) to denote the microscopic

forms of the particle density, momentum density and energy density of vacancies defined
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by (5-5), (5-6) and (5-12). We now differentiate these densities with time on the time

scale of vacancies. With the help of canonical equations (5-4), we obtain the following

equations:
on(x) o oo -
o V-L,(%), (5-13)
9. _ _v.,(x +26V V({Si}N,{Rvk}Nv)é' X—R" (5-14
ot = Tv( ) : aRvk ( Kk )a - )
MNE_ o v )
P V- (%), (5-15)

where we introduce corresponding fluxes defined by,

LX) =Y R'S(X-RY), (5-16)

rv(f():Z{mRkVRkH%Z Rk,VFij}5()?—RkV), (5-17)
k

k=l

Vo P’ 1 v 1 vV v ) < v
i (x):;{%+EZV(R Bl S 2RYF kl]%&x—R ). (5-18)

1k k=l
where | denotes the unit tensor and F",, represents the interacting force exerted by the

Ith vacancy on the kth vacancy,

V'(RY) V'(R)
ki =- Vv = Vv * (5-19)
oR", oR",
The j,(X),7,(X), and j, (X)are respectively the microscopic vacancy flux, stress tensor,

and the energy flux.

We then assume that there is a velocity field v"'(x) of vacancies, so that the

momenta of a vacancy at X =R’, can be written as,
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pvk = pvk '+ mUV(RVk) (5-20)
where p' ' is the relative momenta of a vacancy with respect to the velocity field
v'(X). The v'(R",) can be written in terms of & functions as,

v (R, = [0"(X)S(X—R", )X (5-21)
The relative momentum density for vacancies is therefore defined as,
NV
g'(x)=2 p" 6(X-R"), (5-22)
k=1
It follows from equations (5-20)-(5-22) that
9"(X)=g"'(X)+n, (0" (X). (5-23)
Insert (5-20) into the expression of densities (5-5)-(5-7) and fluxes (5-16)-(5-18),
we obtain (we drop (X) in the following equations for clarity and use the prime variables

to denote quantities in the relative moving frame)

n,=n,', (5-24)
g'=g"'+mn,'v’, (5-25)
h =h""r0"g" '+lmnV(uV)2 (5-26)
2 b
j"=3"+n, ", (5-27)
' =7""+20"'g" "+ mn"'v'D", (5-28)
in=1, "+ h' '+Uv-gv'+lmn (UV)2 v +l(uv)2 g''+7"" 0’ (5-29)
h h 2 \ 2 ’
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5.2.2 Fluid-like local equilibrium distribution function and Euler’s equations
We then follow the procedure developed for fluids in Chapter II. The local

equilibrium distribution function for vacancies is expressed as,

' =(Q") exp[ - {800, (%) - e, (), (0} | o, (5-30)
where

Q" =exp| ~[{A,(R)(M, (0 -, (O)n, (%)} |dx (5-31)

We can therefore obtain

o omQ’ )
(h, (%)), =800 (5-32)

o omQ” ]
(n,(x)), a0 (5-33)

The f,(x) is called the local temperature on the time scale of vacancies, and

__a(x)
(X) )

is called the local chemical potential. Note that the local chemical

potential and local temperature of vacancies are all calculated in a fixed Ilattice

configuration and are therefore functions of {s; v

The f" in (5-30) is even with respect to time reversal. So in the local

equilibrium state, we have,

(3.)) =0, (5-34)
(i), =0, (5-35)
and
(r,/) =0 for a=p. (5-36)
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The diagonal elements of 7,' are generally nonzero, and we use them to define the fluid

pressure:

p' = %Z{r‘”‘}l (5-37)

a

where < >| indicates the ensemble average over f'. We then select the systematic

velocity as,

)

(g(%))
(p(x))

v(X) =

>

Insert (5-34)-(5-37) into the expressions of densities and fluxes (5-24)-(5-29), we obtain

(we drop < >| and the hat to indicate the average),

n,=n,", (5-38)

g’ =mn,'v", (5-39)

h* =h* s Lmnt (o), (5-40)
2

i =n, 0, (5-41)

Ty =Pp0,,+mn" "',V (5-42)

i = (hv L, (" )zjuv . (5-43)
2

The result is the Euler’s equation of vacancies,
d;‘tv 'V (5-44)
% =—(h, '+ p")V-0" (5-45)
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do" v
dt

(5-46)

5.2.3 Fluid-like non-equilibrium distribution function of vacancies
According to the expression of the non-equilibrium distribution function for fluid
(2-70) (c.f. Chapter II), the non-equilibrium distribution function for vacancies is written

as,
fr=qQ," exp{—z'[[/lvm()?,t)Pvm()?) - jow et J,"(X,t)- XY, (X,t+t)dt } d)?} (5-47)

where J," is the thermodynamic flux of vacancies and X' is named thermodynamic
force for vacancies defined by,

\ \Y
Vi h'+p vV

3, =) ——— , X'y =VB'(X), (5-43)
Yo,
3= P g [y X' =-p'Vo', (5-49)
oh"" ). on’ ).
J?, = j“—%gv', XY, =-Vp'u". (5-50)

The Q, in (5-47) is determined by the normalization of f'. For smallJ," and X"

m

and we takes the linear approximation to f",
fY=fY, [1—(BV—<BV>I)}, (5-51)
where

B' = —ij [ ea,m %ty X" (Rt + et (5-52)

It follows that " reducesto f‘, when B' is set equal to zero.
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With the approximated nonequilibrium distribution function (5-51), we obtain the

relationship between the mean fluxes and the driving force according to (2-77),

(173)) = (17(), = 2 [ L (6. X X", (x'.1)0X', (5-53)
where L' (X,X') is called transport coefficient defined by,

v '_Ost"VAv'\'u AZvi il '

Lm0 =" e <j S 0(37, &) (I n(x,t)>l)>ldt . (5-54)

The form (5-53) shows a nonlocal dependence of the vacancy flux at a point on
conditions throughout the surrounding medium, and at earlier times. Assuming further
that X" (x',t) varies sufficiently slowly that it can be treated as constant, we obtain

from (5-54),

(i) =(j"n(0) + 2L (00X, (61 (5-55)
where the dynamic coefficient of vacancies L', (X) is expressed by,

L0 =[] e (1,70, 3," (Rt ot o, (5-56)
In which( J"(%),J"(X',t))) is a simplified notation for < In(R)(J,(XLE) = (3, (1)), )>I

in (5-54). The transport relation (5-55) is the Onsager’s law for vacancies expressed in
local form.
Ultimately, we obtain for vacancies the nonequilibrium fluxes induced solely

from the inhomogeneities on the time scales corresponding to the diffusion of vacancies,

Y= ANV + L;v”T (5-57)
ov', ov', 2

'=n' Z 4 -=6, V-0':+EVLV'6S . 5-58

77 {axﬁ axa 3 aff } § af ( )
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The Navier-Stoke equation of vacancies is,

6 \ a v aUV 2
p(v;: . +Vﬁ(pvl)va0vﬂ + pv5aﬂ)=vﬁ77v( — +—ﬁ_§5aﬂv'uv)+va§v (V'UV) (5-59)

OX,  OX,

where the coefficients are calculated by,

v 1 O et s ron 10,1 +MVHG ! At
A, =_T_2”f (j,(%),d,° (X", t")dx "dt (5-60)
v Leeo o, 0,0 0/ o

& =—— [ e"(m (%), p (X', D)Xt (5-61)
n' = —ZLT j jle“ (z,°(%),7,(X ', t))dx "dt. (5-62)

5.3 The coupling among intrinsic time scales

In Chapter 5.2, the transport is only driven by the inhomogeneities on individual
time scale existing in a solid. In this section, we take into consideration the coupling
among intrinsic time scales on the basis of the fluid-like distribution function for each
scale. Note that through the constrained distribution function, the influence of fast
variables on slow variables has already been taken into account. For example, in the
formulation of vacancies, the driving force from phonons has been included through the
effective Hamiltonian of vacancies as demonstrated by equation (5-3). So the focus of
this section will be on the effect of slower time scale on the fast time scale. As a
demonstration, we construct for vacancies the modified nonequilibrium distribution
function that incorporates the coupling among scales such as the long-range stress-strain
relationship. Based on the modified distribution function, we derive the equation of

Herring creep.
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5.3.1 Modified local-equilibrium distribution function incorporating the coupling
among intrinsic time scales

oH '(s) s
0S.

When there is a change in the lattice conﬁguration{ASi } \ » & force of
L

exerted on each “lattice atom”. Because vacancies exist only at lattice sites, they are also
subjected to the force generated by the change of lattice configuration, just like holes in
the valence bands of a semiconductor are subject to a force exerted by an electronic

forces. The work done to the vacancies is expressed as,

v N OH ({Rkv}Nv)[aH '({S}NL)]

. (5-62)
k=1 i=1 op’, oS

On the other hand, the vacancies provide a driving force to lattice deformation. The work

done by the vacancies to the lattice atoms is expressed as,

v N OH G GRYT ) (OHY
=33 a4 }N[ ({S}NL)J' (5-63)

Ll oR,” op*,

So the total modification to the energy of vacancies is,

k=l i=l apvk s Ko i 6Rkv 6ps

w n OH ({RKV}NV){aH '({s}NL)J_i NZ oHyy ({RKV}NV)LaH '({s}NL)J (5-64)

Assuming that the coupling AW, is small, the distribution function of vacancies is

constructed as,

Q" exp{—ﬂv(Hv s Y R )(a'*as'_(s)}za'*gﬁk >[agp'§?>j}} (5-65)

The fluid-like local equilibrium distribution function of vacancies (5-30) is therefore

modified as,
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-(Q")" exp{—f dm(x){m'm)—uv(i)nv(mﬁgv(@f5(2)+% (0 (%) H (5-66)

where f°(X) and f'(X)are respectively the force density for the “lattice atoms” and

vacancies defined as,

=y T 09D 5x-R), (5-67)

oH, . (R
fY(%) = 2#5(2—&); (5-68)

the g°(X) is the momentum density of “lattice atoms” defined as,
N,
9°(X)=D_Mm$,5(X—R). (5-69)

When the change in the lattice configuration is small, we treat the coupling of
vacancies with the lattice deformation as a perturbation. The modified local equilibrium

distribution function (5-66) is then approximated as,
v v 0
£ =(f") [1—(X—<x>l°)} (5-70)
where (f"I )0 is the fluid-like local equilibrium distribution function of vacancies (5-30)

(without coupling with lattice), < >|0 indicates the average over (fvI )0 and the X is

defined by,
X =ﬂv(i>%gv(2)f3(i>+ﬂv<i>% F2(R)g°(%). (5-71)
Thus we have,

[ de
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According to (5-39) and (5-42),
(9,(0), =mo,(0), ('), =Vp'(x) (5-73)

As a result, the explicit expression for the modified local equilibrium distribution

function of vacancies in a deformed lattice is,
\ \ 0 AN G S/o o 1 Vo S/so
£ =(f") {1—ﬂv(xnv<x)f ()=4,0— 1" (X)g (x)}. (5-74)
Because vacancies move on a time scale faster than “lattice atoms”, they observe an
average motion of “lattice atoms”. We therefore assume that f°(X) and g°(X) can be
respectively approximated by their average values f°(X) and g°(X) calculated with
the distribution function of “lattice atoms” f (S). With this assumption, the modified local

equilibrium distribution function of vacancies (5-74) is expressed as,
\ V0 VA AN A S “vl Vg S
£ = (1) 1= ok A, L) (XD = A, — 1/ (X)g*(X) | (5-75)

Since the expressions of f°(X) and g°(X) depend on whether the lattice is in
equilibrium or nonequilibrium state, we see from (5-75) that the nonequilibrium
distribution function and therefore the transport of vacancies are also affected by the

specific state of lattice.

5.3.2 Modified Euler’s equation
After incorporating the coupling among time scales into the distribution function,
the average fluxes calculated in (5-34)-(5-37) will be modified. The general expression of

fluxes is now,
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("), =(i,"®),

; (5-76)
—jdXﬂ(X)(Ov (®)j,(x)) F2(x)—— <JV ®)(f®)-vp')) g%x')]

For example, the diffusion flux of vacancies driven by the force field in a lattice is now

expressed as,

D, .

(3,') = KT () (%), (5-77)

where the coefficient D, (X) is given by

D, () = [ dx'(j,(%)j,(x")," dx". (5-78)
According to (3-81), we have
f*(xX)=-V-o(X)

where o(X) is the stress field of lattice. The expression (5-77) is rewritten as,

(1), =¥ o0, (5-79)

As a result, the Euler’s equations of vacancies (5-44)-(5-46) are modified with
the new expression of fluxes (5-76). The equation for the change of density of vacancies
(5-44) is therefore modified as

' oy 2 g
dt T

a(X), (5-80)

which shows that there are two mechanisms that determine the change of the local
densities of vacancies: the transport of vacancies as shown by the term V-v', and the
deformation of lattice as is shown by V’o(X).

To calculate the extra force density on the vacancies due to the coupling with

lattice, we write,
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f'(X)=-V-7,"(X) (5-81)
which is substituted into (5-76) to give,

0
|

(i,"0) =(i,"x)

cmren: om0 g5 BV W (5'82)
~faxp,00( (170 1), 200107 x0), EXx)
where the 7'(X'") is the off-diagonal part of the stress density of vacancies and
E*(x)=Vj*(x), (5-83)

where E°® is the rate of strain of the lattice. Assuming that the lattice atoms are in local

equilibrium state and (4-83) becomes,
E (x)=V(j*(x)) . (5-84)

where gs(x') is the average strain rate of lattice. Substituting (5-84) and we obtain the

stress of vacancies that includes the coupling with a deforming lattice,

1
KT (X)

(7,(0)) = pi + Jax (7, ()7, (%)), "E* (x). (5-85)

The change of velocity of vacancies in (5-46) is therefore modified as,

do’

dt

=-vp'-V(n'E*). (5-86-1)

where the coefficient 7" is expressed as,

v 1 , _ ) O 'Y
n " dx'(z, (X)z,(X"), (5-86-2)

Equation (5-86-1) demonstrates that even though the “lattice atoms” are in local
equilibrium, there is still exists viscosity within the vacancies due to the coupling

between the motion of vacancies and the motion of “lattice atoms”.
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5.3.3 Modified non-equilibrium distribution function and transport equations
The modification to the nonequilibrium distribution function of vacancies (5-47)

is now approximated as,
fr=(f) {1— [ di(ﬂm (0 S(i)—ﬂv(i)% f‘*(i)gS(i)ﬂ (5-87)

where (f")o is the non-equilibrium distribution function of vacancies expressed by
(5-51),
Vv 0 Vv 0 \ \
(1) =("), [1—(8 -(B m, (5-88)
where B' is expressed in (5-52). In the first approximation, we ignore the coupling

between the thermodynamic forces in (5-88) with the lattice deformation, then (5-87) is

approximated as,
(1) = (1), + (1), (B ~(8"),)~(1"), (Jax (B (O *(0 - B, T (R §°(0)))
(5-89)

With the modified nonequilibrium distribution function, the complete expression

of the flux of vacancies becomes,
(j,(0) =2, VT + L,V E 4 by.s (5-90)
T kT

ov' oV, 2
(r,(X)) = m{ «y 7 ——5aﬂv-uV}+§vv-uV5aﬂ +7,V0° (5-91)
OX;  OX 3

a

The Navier-Stoke equation of vacancies (5-59) is modified as,

op,v" ov, Ov, 2
a4V o' v +p's )=V ey L =5 V-0)+V Vv 5-92
ot ﬁ(pv a” B P aﬂ) ﬁnV(aXﬂ aXa 3 af ) aé\,( ) ( )
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\ S
no' +n.o
n, +n,

where v =

If the “lattice atoms” are also in nonequilibrium state, we shall replace f°(X)and
j°(X) with their nonequilibrium expression. We see therefore that the nonequilibrium
dynamics of lattice also affects the transport of vacancies through the expression of

<gS ()?)> and<a()?)> . For example, in nonequilibrium state,

i =152VT+L52V%+%V-0, (5-93-1)

where the transport coefficients of “lattice atoms” are calculated by,

s 1 0 et'r s o 0/,G 40 VAl '
Y =—T—2”_we (j. (%), 3 (X", t)dx "dt ", (5-93-2)
A T SR

L, :—ﬂ—zjdx (J (%) jo(x1), dx", (5-93-3)
D, (x) = [ dx'(J,(%)J.(X), dX". (5-93-4)

Insert (5-93) into (5-91) and we have,

ov'  ov', 2
(r,(%)) = m{ @ +—ﬁ——5aﬁv-uV}+§vv-uV5aﬁ
X, OX, 3

(5-94-1)
VO a0 VT 4 v A s g (g gy
T KT
where the bulk and shear viscous coefficients are calculated as,
1 - - 0
f=—— 1 dX (7, (X)T, (X)), , 5-94-2
n KT 0 (7,(07,(x1), ( )
1 0
= dx'(z,”* (X)zr,”* (X' 5-94-3
¢ 3kT(X)§j (7, (z,“(x), (5-94-3)
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Note that all the transport coefficients of vacancies such as the viscous coefficients in
(5-94) are dependent on the Ilattice configuration. We see therefore that the
inhomogeneity in the temperature on the scale of lattice will also lead to the generation of
shear stress in the system of vacancies. As a result, we demonstrate that not only the
inhomogeneity on the scale of vacancies can induce the transport of vacancies, the
long-range stress field as well as any inhomogeneity in the lattice can also drive the
transport of vacancies. Generally, entities on fast time scales respond quickly to
thermodynamic changes such as gradient of temperature at slow time scales. Following
similar procedures, we can formulate the thermal conduction by the transport of phonons
which respond to the gradient of temperature much faster than “lattice atoms”. Generally,
the procedure introduced for the nonequilibrium formulation of vacancies applies to
every time scale in a crystal. As a result, we obtain a hierarchy of dynamic equations for
each scale, from the quantum world to the macroscopic, which exists in a complex crystal.
Because of the use of the modified constrained nonequilibrium distribution function, the

derived transport equations are naturally coupled with the dynamics on other scales.

5.3.4 Herring Creep

When a uniaxial force is applied to a crystal, it is discovered that the strain in the
crystal is gradually changing with time at a rate that is linearly proportional to the applied
stress. The phenomenon is known as Herring Creep. The traditional theoretical
explanation for Herring Creep is that the external stress induces mass transport of
vacancies within the crystal which results in the change of strain. In this section, we

calculate the flux of vacancies induced by external stress and the resulting strain rate with
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the help of constrained distribution function. Herring creep is a good example to
demonstrate the coupling between the long-range stress/strain relationship and the
dynamics at fast time scales.

In equation (5-90), we have shown that the addition of external stress will induce

a flux of vacancies expressed by,

S

D v.6..(x), (5-95)

100 = T

where DVS is a brief notation for the diffusion coefficient of vacancies in a fixed lattice

configuration. The total Helmohotz energy of vacancies therefore changes by an amount

of
1 Vv Y
A Q" ()= () (V+ 0 (). (5-96)
The Liouville equation of “lattice atoms” is now,

—@f({aj}wh{f({simH'<{si}N>+§enov<{si}N>+I 100V () <0, (597

which leads to an additional driving force on the “lattice atoms” expressed as,

[k)'? C(S)V.o,,(X)dx, (5-98)

[2, 1700 V-0, (0dx = [

where C(S) is the elastic constant of lattice calculated from (4-162). This extra driving

force on the lattice atoms leads to a flux of “lattice atoms” calculated by,
. DD} . _
(i(9) = -CEWV -0, (9). (5-99)

where

D, (X) = jdi'<js(>2)js(>?')>l° dx . (5-100)
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For simplicity and demonstration, we suppose that there is only external uniaxial

force along the Z direction, the introduced external stress field is expressed as F,(X).

Then according to (5-90) the flux of vacancies induced by the external stress is

D, do, D, do, D, do,
(o) 2520 10) =550 1), DL 2 s

According to (5-96) and (5-98), the change in the Helmholtz energy of vacancies due to
the flux of vacancies is therefore,

8(72/1

1
A—InQ'(s) = 5-102
Q') lzny’Z<J()>i = (5-102)
which leads to the change of driving force on  “lattice atoms” expressed by,
.o Oo
Af(s)=0, Y (i (x)}ﬂg—/{. (5-103)

A=X,Y,Z
In the first approximation, we consider the effect of the average lattice-strain on the

motion of vacancies. The displacements of “lattice atoms” s, are therefore approximated

by their average displacement of S(X) and the components of force (5-103) becomes,

A1,5)=2, (1 00), 2= 0, (1), %“% (i), °2

M,()=0, (1/00), “Zx-v0, (150, %m% (1), 2.

Af,(5) =05 (i, (%)), %wsx (i), 0% (5-104)

0, (i), %

This extra driving force induces a flux of “lattice atoms” calculated as,

_ _ o\ 00, .\ 0o, o\ D
<J(5)>X:Dx(5)[asx<ls (%)), 22 +05 (i (), gyy+aSX<Js (x),
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i(s g V(g 62)( FVo az VN azz
o) S0 5

i(S IS 1 V(y az>< Vo aGz VN azz
(560, = 0, 2, (1760), 22 w2, (120, v, {120), 2
(5-105)

where D,(5), D,(S) and D,(S) are components of the diffusion constant (5-100).

If we further assume that the external uni-axial stress is only non-uniform along
Z direction, (5-105) can be simplified and we find the flux of lattice atoms on the X

direction expressed as,

00y (5-106)
Z

(i), =D,6)(2, (1.’ ®), )=

which suggests that the flux of vacancies on the Z direction will also lead to the flux of

“lattice atoms” on the X direction. The flux of “lattice atoms” in the Z direction is,

(i), =D,)(25 (1, (), (5-107)

oo,
o0z

Together with (5-95), we obtain the rate of strain respectively along the Z direction and

the X direction.

- D, ¢

(E), = ET a;;“ ; (5-108)

where we introduce general diffusion coefficients of an elastic crystal defined by,
D,=D,(5)D',C

7z

D, =D,(5)D".C,,. (5-109)
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Note that the general diffusion coefficients of a crystal include the elastic
deformation of lattice through the elastic coefficients. Equation (5-108) shows that the
inhomogenous stress along one direction could also induce the flux of lattice along other
directions.

In linear approximation, (5-108) can be simplified as

: D,o,,
(B).~

where L is the size of the crystal. This equation recovers the well-known

phenomenological equation that shows the linear relationship between the strain rate of
Herring creep and the applied stress [44]. With expressions (5-109), one can now
calculate the diffusion coefficients from atomistic mechanics. Note that the result (5-108)
is obtained on the assumption of first-order coupling between the lattice and the motion

of vacancies. If we further consider the coupling between the rate of strain and the motion

of vacancies, then according to (5-85) there is an extra force density of V-(UVES(X))

exerted on the vacancies. This extra force will continue to couple with the motion of

vacancies which will in turn change the driving force on the lattice. Thus, in higher order

approximation, such terms as the V~(77V ES(X)) might also appear. In other words, the

rate of strain during creep could be history dependent.
Besides Herring creep, the method developed in this chapter shows potential to be

applied to a wide range of non-equilibrium phenomena in more complicated conditions.
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5.4 Summary

Due to the existence of muti-intrinsic time scales in a complex crystal, the
non-equilibrium dynamics of a complex crystal is much more complicated than a fluid.
Generally, there are two mechanisms that contribute to the non-equilibrium dynamics in a
complex crystal: the first mechanism is similar to a fluid, i.e. transport driven by
thermodynamic forces such as gradient of temperature field; the second mechanism,
which is characteristic of a solid, is the coupling among intrinsic time scales existing in a
crystal. A successive series of constrained nonequilibrium distribution function is then
constructed which is based on the fluid-form of nonequilibrium distribution function but
includes the coupling among intrinsic time scales. Ultimately, we can obtain a hierarchy
of dynamic equations for each scale that exists in a complex crystal, from the quantum
world to the macroscopic. These equations, such as the transport of defects and lattice
deformation, are naturally coupled with dynamics on other scales in a way that can be
calculated from statistical mechanics. The method is therefore potentially powerful in
explaining and describing more complicated non-equilibrium phenomena that happen in a

complex solid.
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CHAPTER VI

INCLUSION OF DISLOCATOINS

In Chapter 3 we introduced two deformation fields in a lattice of a perfect crystal

(c.f. eq.(3-52), (3-53)): the systematic deformation field S(X) and the internal
deformation field s'(X). The internal deformation field is averaged out in a perfect

crystal (c.f. eq.(3-60), (3-61)), analogous to an ideal fluid where there are no internal
fluxes. Thus up to now we have only dealt with the systematic deformation of a crystal.
In non-equilibrium conditions, however, the internal deformation field may not be
averaged out, which leads to the existence of such defects as dislocations. The existence
of internal deformation fields introduces an extra time scale into a crystal. Based on our
previous formulations, we envision that this “internal deformation field” can act
independently and carry dislocations when suitable constraints are imposed. Though
some investigations along these lines have been pursued, they have not been completed
and are not included in this thesis.

As a conclusion, we demonstrate in this thesis the possibility to construct a
comprehensive theory based on the principles of statistical mechanics that begins from
atomistic mechanics, derives dynamics of defects and ultimately describes the
complicated macroscopic behavior such as plastic deformation of solids. The basic idea
underlying the formulation is to associate an atom in a crystal with six degrees of
freedom with constraints imposed by the BO-like approximation. The statistical
mechanics of a crystal is therefore characterized by a constrained distribution function

which captures the existence of lattice. Various types of defects naturally appear in the
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theory through different modifications of constraints. We then introduced a hierarchical
development across time/length scales by identifying fast and slow variables and
applying BO-like approximations. As a result, we constructed for a complex crystal a
series of constrained distribution functions that enables us to derive coupled dynamical
equations for every intrinsic time scale that exists in a crystal.

The current formulation of a crystal is still much simplified and incomprehensive,
but it opened a door for the fundamental understanding of the physics underlying the
complicated behavior of solids. And we know that a comprehensive theory for solids

based on the principles of statistical mechanics is on the way.
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