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CHAPTER 1
INTRODUCTION

In the founding paper [Gro] M. Gromov defined the notion of hyperbolic groups and outlined a number
of research directions in this (now well established) area. As a subfield of geometric group theory, the hy-
perbolic groups are defined using the analogy between an algebraic objects — groups, and hyperbolic metric
spaces and manifolds. The analogy between fundamental groups of compact surfaces and tessellations of a
hyperbolic plane was surely known to Max Dehn, back in the wake of 20th century. Some of the early group
theory methods such as small cancellation and Bass-Serre theory of groups acting on trees may be viewed
now as early chapters of geometric (hyperbolic) group theory.

One of the most astounding facts about hyperbolic groups is often referred by saying that ““ hyperbolic
groups are generic”. By that one means the hypothesis of Gromov, stating that almost every group is hyper-
bolic (one can find both formalization and proof of such statement in [OQlsh1]). Another excellent example
of richness of the class of hyperbolic groups is that every (non-elementary group) G is SQ-universal, i.e.
every countable group can be embedded into the quotient of G. One of the results of this paper is a slight
strengthening of this SQ-universality property (see Corollary 1.1.5).

At the same time, one can also say that hyperbolic groups are “easy to deal with”: the word problem
(i.e. the algorithmic problem, asking if a word, encoding an element of the group, actually represents the
identity element) is solvable in linear time.

In this dissertation we work with two very different classes of subgroups in a hyperbolic group G: normal
subgroups and quasiconvex subgroups. The first class of subgroups — normal— are embedded “nicely” in G
in the classical group theoretic sense, while the quasiconvex subgroups are embedded “hyperbolically” in
G as geometric objects. It is well known that a subgroup in G, which is both normal and quasiconvex, is
either finite or of finite index (see [Arzh]) and hence, not very interesting. In one way, the two types of
subgroups are “completing” each other in a hyperbolic group G: if JZ is a quasiconvex subgroup, then there

is a normal complement .4 intersecting ¢ trivially ([Min], Lemma 3.8 or [GSS]).

1.1 Main results

In Chapter II we give basic definitions and properties which we will use later.

Chapter 1III is devoted to small cancellation constructions of the normal subgroups. In the first two
sections we present the small cancellation techniques by T. Delzant and A. Olshanskiy. One finds the
following Statement 5.3E in [Gro]:

There exists a constant m = m(k,8) such that for every k hyperbolic elements xi,...,x; in a word
0-hyperbolic group G the normal subgroup generated by x| ... ,xZ”‘ is free for all m; > m.
Although not correct in full generality (as a counter-example in the appendix to [Delz] shows) the fol-

lowing theorems are true:

Theorem L.1.1. (Delzant [Delz], Theoremé I) Let G be a non-elementary &-hyperbolic group. There



exists an integer N such that for any elements fi,..., f, such that [[fi]] = [[fj]] > 10008 (where [[f]] =
limnﬁmﬁ ), the normal subgroup N ( fN s, fXNY is free for every k. Moreover; (for every k) the group
G/ N (fN,..., AN is hyperbolic.

The Theorem 1.1.1 is obtained in [Delz] from Theorem 1.1.2 by arguing that for sufficiently large N
(independent of choice f;) the system of elements fI,..., fV can be completed to that satisfying small
cancellation C' (1) (see definition I11.1.4).

Theorem L1.1.2. (Delzant [Delz], Theorem é II) Let &% be a finite set of elements satisfying the the small
cancellation condition C'([t). A normal subgroup N (%) generated by % is free. The quotient G/ N (X)
is hyperbolic.

However we think that the proof of Theorem I.1.2 requires some additional arguments. To be more
precise, the proof of the Theorem 2.1 (iii) [Delz] pp 677-678 (stating that if a (finite) system % satisfies
condition C’'(u), p < 1/8 then the normal subgroup .4 (#) generated by Z is free) is incomplete. We
provide a proof of essentially the same fact in somewhat different setting (in particular, the set & can be
infinite) using both techniques of Delzant (such as Lemmas II1.1.6, I11.1.10) and diagram techniques of A.
Olshanskiy from [Olsh], [Olsh93]. We would like to note that the Lemma II1.4.10 of this paper provides
justification for the formula on top of page 678 of [Delz]. One may replace Theorem I.1.2 with the following

statement:

Theorem 1.1.3. There exists Ly > O such that for any U < Uy there are € and p such that if Z is a set of
geodesic words satisfying C (&, l, p)-condition (see Definition II1.2.9) in the hyperbolic group G then:

(i) the normal subgroup N = N (X) is free;

(ii) if G is non-elementary and Z is finite then G/ N (X) is non-elementary hyperbolic.

As a corollary we get:

Theorem 1.1.4. Let G be a non-elementary hyperbolic group. For any finite set of elements x1,. .., x,, there
exists an integer N such that the normal closure N = JV(x‘i‘N, ., xmNY in G of elements x‘ilN, ey XS g

free for any integer s; > 0 and the quotient G/ AN is non-elementary hyperbolic.

A stronger and more general version of the above statement, using the language of rotating families,
appeared recently (but after [Cha]) in the paper [DGO], theorem 2.13.

Let us note that in our result 1.1.4, the choice of constant N depends on the elements x,...,x,, rather
then being an absolute constant as in Theorem I.1.1. On the other hand we do not assume any significant
restrictions on the set of elements xp,...,X;.

The following Corollary somewhat strengthens the Theorem proved by T. Delzant and A. Olshanskiy
independently (see [Delz], [Olsh95]) stating that every non-elementary hyperbolic group is SQ-universal.

Corollary I.1.5. Let G be a non-elementary hyperbolic group. Then:

(i) there exists a free normal subgroup N of G of rank greater than 1;

(ii) for any free normal subgroup AN of rank greater than 1 and any countable group H there exists a
free subgroup M < A, M <G such that H embeds in quotient G/M.



As an application of Theorem 1.1.3 we also obtain:

Corollary 1.1.6. Let G be a non-elementary hyperbolic group. Then there exist free normal subgroups of
infinite index A, B such that AB = G if and only if Z(G) = E(G).

We would like to mention the following
Open problem (/Kour], 15.69): Does every hyperbolic group G have a free normal subgroup N such

that the quotient G/N is a torsion group of bounded exponent?

The above problem is motivated by the result of Ivanov and Olshanskiy [IvOl] stating that for every non-
elementary hyperbolic group G there is a number n = n(G) such that the quotient group G/G" is infinite.

In Chapter IV we discuss the growth of highly transitive actions of hyperbolic groups. We generalize
some results of [BO], where the authors discuss the notion of growth of actions of a group (monoid, ring)
on a set (module).

Let us denote the growth function of a transitive action of a group G generated by a finite set S on a set X
with respect to some base point 0 € X by g, s(n) = #{o’ = og| |g| < n} (see section IV.1). A distinguished
class of actions defined and studied in [BO] is that of actions of maximal growth. We observe that in case

of a non-amenable group G the growth of action of G on X is maximal if there exists ¢; > 0 such that

c1f(n) < gos(n)

for every natural n, where f(n) is the growth of the group G itself (see remark IV.1.4). In general, the
notion of maximal growth depends on the choice of the generating set S of the group, thus throughout the
Chapter IV we assume that S is fixed. The author tends to consider the maximal growth action as a new
characterization for the finite radical of the hyperbolic group. One observes in remark IV.1.11 that the kernel
of arbitrary 2-transitive action of maximal growth by a hyperbolic group G is exactly the finite radical E(G).

In [BO] the authors construct some examples of actions by the free group of maximal growth and
satisfying additional properties, see for example corollary IV.1.9. The first result of our paper is the following

broadening of the aforementioned corollary:

Theorem 1.1.7. Let G be a non-elementary hyperbolic group. Then there exist a set X and a transitive
action of G on X such that the growth of this action is maximal, each orbit of action by every element g € G

is finite and the stabilizer of every element x € X is a free group.

One can observe that the above result follows from Theorem IV.1.10 in this paper.

The Theorem IV.1.10 stems from the technical result IV.2.8, which also allows us to generalize and
strengthen the result of Arzhantseva [Arzh] conjectured by M. Gromov [Gro].

The following Theorem and corollary generalize Theorem 1 in [Arzh] by removing the requirement on
the hyperbolic group to be torsion-free and formulating the necessary and sufficient conditions. We recall
the notation E(g) — a unique maximal elementary subgroup of hyperbolic group G containing g (it exists
whenever g is of infinite order, see section II.1). Recall also that there exists a unique finite maximal normal

subgroup E(G) in every non-elementary hyperbolic group G. We will call E(G) the finite radical' of G.

Ithe term proposed by A. Olshanskiy.



Theorem 1.1.8. Let G be a non-elementary hyperbolic group and € be a quasiconvex infinite index sub-
group of G.
(i) Consider an element x in G of infinite order. Then the following are equivalent:
(a) there exists a natural number t > 0 such that the subgroup (7€ ,x') (i.e. generated by 7 and x*)
is isomorphic to  x (x');
(b) E(x)NA ={e}.
(ii) 2 An element x, satisfying part (i), exists if and only if # NE(G) = {e}.
(iii) If 2 NE(G) = {e} then for x and t described in part (i) the subgroup (F,x') is quasiconvex of
infinite index and the intersection E(G) N (€ ,x") is trivial.

Part (i) of Theorem 1.1.8 follows also from a more general statement in [M-P](Corollary 1.12) and a
particular case when E (x) = E™ (x) appears in Theorem 5 [Min]. We also formulate the following (somewhat

more general) result concerning arbitrary quasiconvex subgroups of infinite index.

Corollary 1.1.9. Let G be a non-elementary hyperbolic group and ¢ be a quasiconvex subgroup of infinite
index in G. Then there exists g € G of infinite order such that (- E(G),g) = J - E(G) *g(c) (8, E(G))-
Moreover (7 -E(G),g) is a quasiconvex subgroup of infinite index.

The main results of this chapter concern the highly transitive actions of finitely generated groups (i.e. the
actions which are k-transitive for every k£ € N) on infinite countable sets. The first result of this sort, known to
the author, is that finitely generated non-abelian free groups admit faithful highly transitive actions, [McD].
In recent years, similar results has been proved for several classes of groups, we summarized thm in the

following:

Theorem 1.1.10. (/GaGl], [MoSt], [Kit]) The following groups admit a highly transitive faithful action
on infinite countable sets:

(i) the fundamental group of a closed orientable surface of genus > 1;

(ii) free products G « H where at least G or H is not isomorphic to Z,;

(iii) The group of outer automorphisms of the free group Out(F,) for n > 3.

Theorem 1.1.11 is our main result of the chapter, it includes the case of fundamental groups of the
closed orientable surfaces of genus > 1 as well as some of the free products G« H, described by 1.1.10(ii).
Moreover, in some statistical sense (see [Olsh1]), almost every finitely presented group is hyperbolic. Thus,

almost every group satisfies conditions (i)—(iv) of the Theorem below.

Theorem 1.1.11. Let G be a non-elementary 8-hyperbolic group. There exist a set X and an action of
maximal growth of G on X such that:

(i) each orbit of action by every element g € G is finite;

(ii) the action is highly transitive;

(iii) the stabilizer of every point x € X is an extension of E(G) by a free group;

(iv) the kernel of the action is the finite radical E(G) of G.

ZWhile preparing this result for publication the author learned that a version of this statement has been presented by E. Dudkin
and K. Sviridov in a Group Theory seminar at IM SORAN (Novosibirsk) in November, 2011.



We would also like to stress that if we assume (in the Theorem I.1.11) that the finite radical E(G) of the
group G is trivial, then the action is faithful and the stabilizer of every x € X is a maximal free subgroup of
G (see also corollary IV.4.7).



CHAPTER 1
HYPERBOLIC SPACES AND GROUPS

1.1 Hyperbolic spaces

We recall some definitions and properties from the founding article of Gromov [Gro] (see also [Ghys]). Let
(X,| |) be a metric space. We sometimes denote the distance |x — y| between x,y € X by d(x,y). We assume
that X is geodesic, i.e. every two points can be connected by a geodesic line. We refer to a geodesic between
some point x,y of X as [x,y]. For convenience we denote by |x| the distance |x — yp| to some fixed point yg
(usually the identity element of the group).

For a path ¥ in X we denote the initial (terminal) vertex of y by 7 (Y;), denote by ||y|| the length of
path y and by |y| the distance |y, — y-|. Recall that if 0 < A < 1 and ¢ > 0 then a path y in X is called
(A, c)-quasigeodesic if for every subpath y; of y the following inequality is satisfied:

Inll < Linl+e.

We call the path y geodesic up to ¢, if it is (1,c)-quasigeodesic.

Define a scalar (Gromov) product of x,y with respect to z by formula

1
(x,y); = 5(\X—ZI+ y—z| =[x —y]).

An (equivalent) implicit definition of the Gromov product illustrates its geometric significance:

(x6,3):+ (x,2)y =z =yl IL1)

()4 (3,2)x = [z —x];
3 2)x+ (2,%)y = [x—y|.

A space X is called §-hyperbolic if there exists a non-negative integer § such that the following inequal-
ity holds:
(Hl) Vx,y,z,t € X7 (X7Y)z Z min{(x’t)b (Yat)z} - 6

The condition (H1) implies (and in fact is equivalent up to constant) the following:

(H2) For every triple of points x,y,z in X every geodesic [x,y| is within the (closed) 48-neighborhood
of the union [x,z] U[y,z].

(H3) For every four points x,y,z,t in X we have |x —y|+|z —t| <max{|x —z|+|y—¢t|,|x —t|+ |y —z|} +
24.

We will need a few properties of hyperbolic spaces and Gromov products:

Lemma IL.1.1. (/Delz], Lemma 1.3.3) Let K be a nonnegative real number, [x,y| and [x',y'] — two segments

in a 8-hyperbolic space of length at least 2K + 206 and suppose that |x—x'| < K, |[y—y'| < K. Choose



points u and v on [x,y] at distance K + 26 from x and y respectively. Then every point P on [u,v) is in the

68-neighborhood of the segment [x',y'].

Lemma I1.1.2. (/Ghys], Chapter 3, §17) For any three points x,y,z in a 8-hyperbolic space X, we have
d(x’ [y,Z]) -0 < <y7z>x < d(xv b’az])'

We will use the following easy remark.

Remark 11.1.3. Let X be a hyperbolic space. Then:

(i) In the notations of Lemma IL.1.1 it is immediate that the segment [x,y] is within K + 28 + 60-
neighborhood of [x',y'].

(i1) Suppose ¥ is a path, geodesic up to some ¢ > 0 in X, and o is an arbitrary point on . Then

(7=, 7)o < /2. (11.2)

Combining the previous inequality with Lemma II.1.2 we get that:
d(o,ly-,7:]) =8 < /2. (1L3)

We recall the notion of the metric tree T ([Ghys], Chapter 2, §1). Let T’ be a tree (i.e. graph without
cycles), we construct the geometric realization T in the following way. For every edge a of T’ we choose a
real positive number /(a). Then there exists a unique (up to isometry) metric d on 7 maximal with respect
to the following condition: edge a is isometric to interval [0,/(a)] on the real line. Then T with the metric d
is a metric tree.

Various versions of the following Gromov’s Theorem provide an approximation of a finite set of geodesics

in hyperbolic space by metric trees:

Theorem II.1.4. (/Ghys], Chapter 2, Theorem 12) Let F be a 8-hyperbolic metric space. Suppose that
F = U!_|F;, where each F; = [w,w;] is a geodesic and n < 2k,

Then there exists a metric tree T and function ® : F — T such that

(D[P (x), PW)]| = [[x,w]], vx € F;

(i) x —y| —2(k+1)0 < |®(x) — D(y)| < |[x—y| forall x,y € F.

It is clear that if x is some vertex in a metric graph 7 in the Theorem above then either

(i) there exist some indexes i, j such that the images of F; and Fj under @ depart at x: ®([w,w;]) N
®([w,wj]) = [®(w),x] (in this case we call vertex x a branching point), or

(ii) there exists some index i such that ®(w;) = x or ®(w) = x. In this case we call x a leaf (because it is
adjacent to a single vertex).

When we talk about an approximation tree for a set of vertices w,wy,...,w, in the hyperbolic space X,
we mean an approximation of the set ' = U;__ | F; in the sense of the previous Theorem.

By a tripod we mean a metric tree with one branching point (center o) and three edges (pods).
Remark 11.1.5. ([Ghys] Chapter 2, §1) Let x,y, z be some points in a §-hyperbolic space X, and 0 be a point
on [x,y] at distance s < (y,z), from x, 03 be on [x,z] at distance s from x. Then there exists a tripod 7' and a

map P : [x,y]U[x,z] — T such that:



(i) a restriction of the map ® on each segment [x,y], [x,z] is an isometry which sends x,y, z to different
ends of pods of T and ®(0;) = ®(0,);

(i1) @, T satisfies the previous Theorem.

Lemma I1.1.6. (/Gro], [Ghys] p. 87) There exists a constant H = H(8,A,c) such that for any (A,c)-
quasigeodesic path p in a §-hyperbolic space and any geodesic path q with conditions q— = p_ and q, =
P+, the paths p and q are within (closed) H-neighborhoods of each other.

II.2  Hyperbolic Groups

Let G be a finitely presented group with presentation gp(S|Z). We assume that no generator in S is equal to
e in G. We consider G as a metric space with respect to the distance function |g — h| = ‘ gilh‘ for every g
and h. We denote by |g| the length of a minimal (geodesic) word with respect to the generators S equal to g.
The notation (g, %) is the Gromov product (g, k), with respect to the identity vertex e.

We denote the (right) Cayley graph of the group by Cay(G). The graph Cay(G) has a set of vertices G,
and a pair of vertices gi, g is connected by an edge of length 1 labeled by s if and only if gl’l g =sinG
for some s € ST!. It is clear that Cay(G) may be considered as a geodesic space: one identifies every edge
of Cay(G) with interval [0, 1] and chooses the maximal metric d which agrees with metric on every edge.
Define a label function on paths in Cay(G). From now on, by a path in Cay(G) we mean a path p = p;...p,,
where p; is an edge in Cay(G) between some group elements g;, g;+1 for every 1 <i < n. A label lab(p)
function is defined on any path p by equality lab(p) = lab(p,)...lab(p,), i.e. lab(p) is a word in alphabet
SEL

Hence a unique word lab(p) is assigned to a path p in Cay(G). On the other hand for every word w in
alphabet S*! there exists a unique path p in Cay(G) starting from the identity vertex with label w. Hence
there is a one-to-one correspondence between paths with initial vertex e (the identity vertex in G) and words
in alphabet S*!, so we will not distinguish between a word in the alphabet S*! and it’s image in Cay(G), i.e.
a path starting from the identity vertex. Thus, when considering some words X, Y, Z in the alphabet S*!, we
can talk about the path Y = XY Z in the Cayley graph of G originating in the identity vertex e. To distinguish
a path Y with initial vertex e from the subpath of y with label Y we denote the latter as ,Y. We will talk about
values |X|, ||X|| for a word X in alphabet S*! meaning these values on the corresponding paths in Cay(G).
Given elements xi,...,x; in G we may write lab(p) = x’l1 xZ‘ for some path p in Cay(G), t; € Z if for some
geodesic words X, ..., X; representing elements xj, ..., x; we have lab(p) = X{l ...X,i".

For a point x in a metric space X and r > 0 we denote by B,(x) a metric ball of radius r around x. For a
set D C X we denote by B,(D) a (closed) r-neighborhood of D in X (i.e. B.(D) = UyepB,(x)). We denote
the ball Bg(e) in the Cayley graph Cay(G) by Bg. Given a set D € Cay(G) we denote by #{D} a number of
vertices in D.

A group G is called §-hyperbolic for some 6 > 0, if it’s Cayley graph is 0-hyperbolic. It is well known
that hyperbolicity does not depend on choice of a finite presentation of the group G (while 6 does depend
on presentation).

We recall that a (sub)group is called elementary if it contains a cyclic group of finite index. For any



element g € G of infinite order in a hyperbolic group, there exists a unique maximal elementary subgroup

E(g) containing g (see [Gro], [Olsh93] Lemma 1.16). It is well known that for a hyperbolic group G
E(g) = {x € G|3n # 0 such that xg"x ' = g™ in G},

and if a is an element in E(g) of infinite order then E(g) = E(a). We recall also that if G is a non-elementary
hyperbolic then the subgroup E(G) = N {E(g)|g € G, order of g is infinite} is a unique maximal finite nor-
mal subgroup ([Olsh93], Prop.1). As agreed in the introduction, we will call E(G) the finite radical of a
non-elementary group G.

Definition I1.2.1. A subset A is called K-quasiconvex in the metric space X if for any pair of points a,b € A
every geodesic connecting @ and b (in X) is within (closed) K-neighborhood of A. A subgroup 7 of a
hyperbolic group G is K-quasiconvex if it forms a K-quasiconvex subset in the graph Cay(G).

It is said that J# is quasiconvex if it is K-quasiconvex for some K > 0. Note also that the left multipli-
cation g — ag induces an isometry of G and hence, for a K-quasiconvex subgroup 7, the right coset a.7¢

is K-quasiconvex for any a in G.

Lemma I1.2.2. (/GMRS], Lemma 1.2) Let H be a K-quasiconvex subgroup of a 8-hyperbolic group G. If
the shortest representative of a double coset HgH has length greater than 2K + 208, then the intersection
H N g~ 'Hg consists of elements shorter than 2K + 88 + 2 and, hence, is finite.

Proposition I1.2.3. ([Arzh], Prop.1) Let G be a word hyperbolic group and H a quasiconvex subgroup of
G of infinite index. Then the number of double cosets of G modulo H is infinite.

Another important property that we are going to use is:

Lemma IL2.4. (/Min] Lemma 3.8) Assume H,K are subgroups of a 8-hyperbolic group G, H is quasicon-
vex, K is non-elementary and |K : (KN H8)| = oo for every g € G. Then there exists an element y € K such
that E(y) = E(K) x (y) and (y)° NH = e, where (y)Y is the set of conjugates of all elements of {y) and E(K)

is a unique maximal finite subgroup normalized by K.
We quote the following:

Theorem I1.2.5. ([Mack], Theorem 6.4) Let G be a hyperbolic group and H be a quasiconvex subgroup of
infinite index in G. Then there exist C > 0 and a set-theoretic section s : G/H — G such that:

(i) the section s maps each coset gH to an element g' € gH with |g'| minimal among all representatives
ingH;

(ii) the group G is within C-neighborhood of s(G/H).

The following Lemma summarize some properties of elementary subgroups of hyperbolic groups ([Gro];
[Ghys] p.150, p.154; [CDP] Pr. 4.2, Ch.10; [Olsh93] Lemma 2.2).

Lemma I1.2.6. Let G be a hyperbolic group.



(i) For any word W of infinite order in the hyperbolic group G there exist constants 0 <A <1 and ¢ >0
such that any path with label W™ in Cay(G) is (A, c)-quasigeodesic for any m.

(ii) Let E be an infinite elementary subgroup in G. Then there exists a constant K = K(E) > 0 such that
the subgroup E is K-quasiconvex.

(iii) If W is a geodesic word and p is a path with label W" then there exists K (independent of n) such
that the path p and the geodesic [p_, p.] are within K-neighborhoods of each other.

(iv) Let g,h be elements of infinite order such that E(g) # E(h). Then the Gromov products (g™, h"),
(g",g"), (h*,h") are bounded by some constant C depending on g, h only provided uv < 0.

Following [Olsh93], we call a pair of elements x, y of infinite order in G non-commensurable if x* is not

conjugate to y* for any non-zero integers k, s.

Lemma IL1.2.7. ([OIsh93], Lemmas 3.4, 3.8) There exist infinitely many pairwise non-commensurable ele-

ments g1, 82, ... in a non-elementary hyperbolic group G such that E(g;) = (g;) X E(G) for every i.

We will say (adopting the terminology from [Min2006]) that the element g € G is G-suitable if E(g) =
E(G)x <g>.

Let W be a word, and let us fix some factorization W = Wli ! WZ’.2 .. .Wk"k for some words Wi, ..., Wy. Consider
a path ¢ with label W in Cay(G).

Consider all vertices o; which are the terminal vertices of initial subpaths p; of ¢ such that lab(p;) =
Wl"1 W,Z"j W, where m < k and s = 0,...,i,,. Following [Olsh93], we call vertices {o;} phase vertices of
q relative to factorization Wli ! W;z...W,(ik of the lab(q). We enumerate distinct phase vertices along the path ¢
starting from oy = ¢_; the total number of such vertices is (|i|+... + |ik| + 1).

Assume we have a pair of paths ¢, g in Cay(G) with phase vertices 0; and 0; where i =1,...,1, j=1,....,m
for some positive integers /,m. We call a shortest path between a phase vertex o; and some phase vertex 6;
of § a phase path with initial vertex o;. We may also talk about phase vertices of subpaths p of ¢ meaning

these vertices o; which belong to p.
Definition I1.2.8. [OlIsh93] Let the words Wy,...,W; represent some elements of infinite order in G. Fix
some A > 0 and an integer m to define a set S, = S(Wy, ..., W;,A,m) of words

W = XOWI'"]XIW{”2...WZ’"’X1 where |WL2| gooey |I’I’ll_1’ > m,
such that || X;|| <A fori=0,...,l and X; 'W;X; ¢ E(W;;1) in G fori =1,....,l — 1. If | = 1 we assume that
|mi| > m.

Lemma IL1.2.9. (/OIsh93], Lemma 2.4) There exist A > 0, ¢ > 0 and m > 0 (depending on K,Wy,Ws,...,W,)
such that any word W € S, is (A,c)-quasigeodesic. If W; = W; for all i, j then the constant A does not
depend on A,l.

Consider a closed path p;q;p2q2 in Cay(G). Let g1 = xit1x015...x;t; where lab(x;) = X; and lab(t;) =
W™ for some W = XoW," X;W,">..W," X; € S,,,. Similarly, we let ¢, ' = %7,...%;f; where lab(x;) = X; and
lab(t;) = W;" for some W = XoW] X W5 ..W,"X, € S,,. Define phase vertices o; and ; on ¢ and g»
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relative to factorizations XoW,"' X;W,".. W™ X; and YOWT‘Y IW?...WI%Y ;- As in [Olsh93], We say that
paths #; and 7; are compatible if there exists a phase path v; with lab(v;) = V; between a phase vertex of f;
and 7; such that there exist natural numbers a, b satisfying (V,-Wle._] ) =wh.

Lemma I1.2.10. (/Olsh93/, Lemma 2.5) Provided the conditions for q, and g, hold, and |p|,|p2| < C for
some C, there exists an integer m and an integer k, where |k| < 1 such that t; and ;. are compatible for
any i =2,....,1 — 1 provided that |my|,...,|m;_1|,|ma|,...,|m_1| > mand fori=1 (resp. i =1) if |m;| > m,
(resp. |m;| > m). Moreover t; is not compatible with t; if j # i +k.
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CHAPTER 111
ON THE GENERATORS OF THE KERNELS OF HYPERBOLIC GROUP PRESENTATIONS

III.1 T. Delzant’s small cancellation

In this section we recall some definitions and Lemmas from [Delz], but with certain modifications. We
would like to formulate all the statements in the language of (geodesic) and cyclically reduced words rather
then group elements and cyclically reduced group elements (element g of the group G is called a cyclically
reduced element if g has a minimal length in it’s conjugacy class in G). The proofs of these Lemmas can be
repeated while changing the terminology.

We first recall the following Lemmas:

Lemma II1.1.1. (/Delz], Lemma 1.2.1) Let V,W be geodesic words in G; their scalar product is an integer
or % times integer. If V.= AB such that |A| = [(V,W)1] and C is defined by equality AC =W in G then the

path AC is geodesic up to constant 28 (we denote by [x] a maximal integer smaller or equal to x).

Lemma II1.1.2. (/Delz] Lemma 1.5.1) LetV be a geodesic word in G which is shortest in it’s conjugacy
class and of length no less than 208. Assume that W is conjugate to V. Then there exists a geodesic word U

and a cyclic conjugate V' of V such that W = UV'U =" and the path UV'U~" is geodesic up to 108.

Let us mention the following property of metric trees with finite number of vertices. If a metric tree T
is a union of n segments U_, [ly,/;] originating from a fixed vertex wy, it is easy to see that an addition of a
new segment [ly,[,+1] to T can increase the number of edges by at most 2. To be more precise we can prove
by induction on n that |E(T)| < 2n— 1, where E(T) is a set of edges in 7.

The Proposition below provides a “pull-back” of the tree approximation 7 for the set F in the situation
of Theorem II.1.4 in the original hyperbolic space X. It will be formulated for hyperbolic groups. In order to
formulate this Proposition we need to add some edges of zero length to E(T'). The reason for this adjustment
is that a trivial edge in 7 may correspond to a nontrivial group word (“edge in the pullback tree”) in the
Proposition II1.1.3. For every k < n we consider a subtree T = ®(U_, [wo, w]). For every i < n, if ®(w;) €
T;_1, then we add to the set of edges E(T) a new edge of zero length [®(w;), ®(w;)]. The inequality |E(T)| <
2n — 1 still holds if we take into account edges of zero length. We choose an (arbitrary) orientation on every
edge o € E(T). When we consider a segment [®(w;), ®(w;)] = o ... 05" (a; € E(T)) in Proposition
I11.1.3 such that a zero length edge was defined for i (for j), we assume that a, is the edge [®(w;),P(w;)]

(respectively, a, is the edge [®(w;),P(w;)]). After described conventions, we may formulate the following:

Proposition I11.1.3. (/Delz] Lemma 1.3.2) Let go,g1,...,8x be elements in G, n < 2* and let ®, T be the
corresponding approximation tree and function provided by Theorem II.1.4. Denote by E(T) = {1, ...,0n—1}
the set of edges of T. Let W be a geodesic word such that W = g g1 in G. Then there exist geodesic words
Al,...,Aou—1 in G satisfying the following properties:

()| oG] — |Ai]| <26(k+1)+2.

12



(ii) If the geodesic [®(g;),P(g;)] is a path o' ...o5" in the tree T, then g 'g; =Afl...Aj" in G,
& =+l and A§! ... ASm is geodesic up to n(28(k+1) +2).
(iii) The word A ... A defined in (ii) for galgl is geodesic and W =AY ... AS»

Sm*

Small Cancellation Properties on the Cayley Graph of Hyperbolic Groups

The following definitions can be found in [L.Sch]. We call the set of words & symmetrized if it is a set
of freely cyclically reduced words in alphabet S*!, i.e.

OREXZ =R 'c 2,

()REZ,R=R\R, = R:R €Z.

We will sometimes talk about cyclic word R meaning R or one of it’s cyclic conjugates. Denote by G
the factor group G/.A4 (#) of G by the normal closure (in G) of the set %. For a pair of words X,Y in the
alphabet S*! let us denote by X =Y a letter-by-letter equality of X and Y.

Definition ITI.1.4. Let % be a symmetrized set of geodesic words in the d-hyperbolic group G and u < 1/8.
Assume furthermore that every R € Z is a cyclically reduced element of G. The family Z satisfies a small
cancellation condition C'(u) if:

(i) For every words A,B in G , |A|,|B| < 1008, VR|,R; € %, if (AR|B,R,) > umin(|R;|,|Rz]|), then
R, =ARA™'inG;

(ii) minges(|R|) > 50006 /(1 —8u).

The previous definition is essentially the same as that in [Delz], 2.1 up to some adjustment of constants
(the difference between them is that b = 1 in [Delz]).

Definition IIL.1.5. [Delz] We say that a geodesic word U of G contains more then half of a relation if there
exists R = ryry from & such that

ri| > |r2| 4+ 606 and

(ii) U equals to the word U,r U, in G, which is geodesic up to 500.

(i) R = r1rp is geodesic,

We denote the set of all geodesic words U which do not contain more then half of a relation by 7% .

Lemma II1.1.6. (/Delz], Lemma 2.2) Consider the set 2 of words URU ™' geodesic up to 108 in G such
that U does not contain more then half of a relation from Z%. Then every element g in the normal closure
N (R) is a product of words from Z .

The proof of the Lemma III.1.6 follows immediately from the remark below.

Remark 111.1.7. (i) Suppose that a geodesic word U contains more then half of a relation (i.e. U = U;r U,
for some geodesic words Uy, U,, r; satisfying Definition II1.1.5). Then

URU~' = (UyrinaU; Y [(Uiry 'U2)R(U iy ' U2) 7Y (U U ) ™1 in G and, evidently,

Uiy Uy o] < Ul

(ii) Suppose that R € %, and URU ! is not geodesic up to 108. Then by Lemma IIL.1.2 there exists
R' € % (so |R| = |R'|) and a geodesic word V such that URU~! = VR'V~!in G and VR'V ! is geodesic up
to 106.
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Figure II1.1: Cancellation Tree

X Y Z

We introduce some notation and conventions. Let g be an element in the normal closure of %, choose n
minimal such that
g=URU"...URU, " withURU; ' € 2.

Then we denote: go =1, g1 = UlRlUfl, ..., 8n =g Alsowe seta; = g;_1U; and b; = q;R; = g;U;.

Assume that for some indices i < j the approximation tree T for vertices a;,b;,a;,b; is of shape on the
Figure II1.1 (T is provided by Gromov’s Theorem II.1.4 where w = a;,k = 2, n = 3). For convenience we
label vertices of the tree on Figure III.1 by corresponding group elements. Proposition III.1.3 provides us
with with five geodesic words X,Y,Z,U,V such that R; = XY Z, where XY Z is geodesic and R; = U-ly-lv,
where U~'Y 1V is geodesic up to 3(2-38 +2) = 185 + 6. We label edges of the tree T with X,Y,Z, U,V
for convenience of the reader. Note that ® and 7' determine the exponents of X,Y,Z, U,V in equalities for
R;, R; uniquely.

The following Lemma is an application of the small cancellation, we provide a proof of it (following

[Delz]) for future references.

Lemma IIL.1.8. (/Delz/, Lemma 2.3) Suppose that a fixed element g is equal to aword W = U R\U L U.R U, 1
in G and that for some indices i < j the tree approximation of vertices a;,b;i,aj,b; in Cay(G) (with geodesic
words XY, Z U,V provided by Proposition I11.1.3) has the shape on Figure I1I.1.
(i) Assume that n is a minimal possible number among all words W equal to g. Then the following
inequality holds:
Y| < umin(|Ri|;|R;|) + 108 + 3. (IIL1)

(ii) If the equality (111.1) is violated then n is not minimal and the following equality holds in G:
UiniRip U - U R U = URUT . UR U (I11.2)

Proof Assume that the inequality (III.1) does not hold. In notations used in Figure III.1 we have R; =
XYZ and XYZ is geodesic, R; = U~'Y !V, where the right-hand side is geodesic up to 3(2-38 +2) =
180 + 6. We consider the conjugate R, = YZX of R;, which is also geodesic: |R!| > |R;| (since R; is a
cyclically reduced geodesic word), but on the other hand |R}| < |Y|+ |Z| + |X| = |R;|. Consider also the
conjugate R} = YUV~! of RJTI which is geodesic up to 3(2-38 +2) = 185 + 6 (we have |R;| < R <
Y|+ |U|+|V| < [R;]| + 185 +6).

14



By Lemma III.1.2, there exists a geodesic word R” = AR;A_1 cyclically conjugate to R; such that

2|1A[+|R"| < |R| + 108 and |R"| = |Rj|. Now the computation

2|A|+ |R"| < |R;| +106 < |R;| +285 +6

implies that |[A| < 140 +3. We also have that R” € Z: it is a cyclic conjugate of R;.
By definition of hyperbolicity, we have that

(Ri,R’) > min((Y,R}),(R,Y)) — 8.

Both Gromov products on the right side of the last equation are not greater than |Y| and the second is actually
equal to |Y| because R; = YZX is geodesic. So (Rj,R) > (Y,R}) =6 = |V| -6 — (1,R])y, where the last
equality follows from (Y,R’); + (1,R),)y = [Y|. Since R, = YUV~ is geodesic up to 188 +6 we have by
inequality (IL.2) that (1,R})y <96 + 3 and finally
(R;,R) > |Y| — 108 - 3.

We hence obtained that (AR"A™",R}) > pmin(|R;|;|R;|) and by the condition C'(t) we get that A”'R"A =
Yuv-!= R;=YZX. Thus UV~!=ZX, hence Z~'U = XV and so bi_laj = a;lbj, which in turn is equiv-
alent to U; 'g:- 'g; 1U; = Ui’lgjf_llngj and hence g; 'g;_1 = g; ;. Rewriting the last equality in the

explicit form, we get precisely equation (II1.2).
The left-hand side of the last equality contains fewer elements of 2 contrary to the minimality of
number n for g. Contradiction. O

The following definition utilizes the Lemma

Definition IIL.1.9. [Delz] A word (or, equivalently, a path in Cay(G)) UiRU, ! . UR U is called
reduced if for every pair of indices i < j such that the approximating tree for a;,b;,a;,b; is of shape on
Figure III.1, the inequality (III.1) holds. If for a pair of indexes i < j the tree approximation is of shape on
Figure III.1, the inequality (III.1) is violated, then we call i < j a reducible pair of indexes.

Note that if we switch the labels a; and b; on Figure III.1, the pair i < j will no longer be a reducible

pair. The following corollary summarizes [Delz] Lemma 2.4.

Lemma II1.1.10. Suppose G is hyperbolic and % satisfies C'(1), u < 1/8. Let v =[I1, U,-R,-Ui_1 be a
reduced path in Cay(G), UiRiUfl € Z and denote by 7Y some geodesic between y_, V.. Then there exist

an index 1 < iy < n, a subsegment x of geodesic segment yR;; such that x is in 308-neighborhood of ¥ and
|x| > (1=3u)|R;,| —15006. O

III.2  Diagrams and small cancellation

Suppose we are given a hyperbolic group G with a combinatorial presentation G = gp(S|2). For technical

purposes we assume that & contains all relations of the group G.
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For € > 0 a subword U is called an &-piece of a word R in a symmetrized set % with respect to G if
there exists a word R’ € # such that

O R=UV, R =U'V' for some U',V',V;

(i) U' =YUZ in G for some words Y,Z where ||Y]],]|Z]| < €;

(iii) YRY ~! # R’ in the group G.

We say that the system Z satisfies the C(g, i, p)-condition (with respect to G) for some € >0, u >
0, p>0if

()||R]| > p for any R € %;

(ii) any word R € Z is geodesic;

(iii) for any e-piece of any word R € Z the inequalities ||U||, ||[U’|| < i ||R|| hold (using notations of the
definition of the &-piece).

Definition II1.2.1. Consider a finite, two dimensional complex A with directed edges such that:

(i) The underlying topological space of complex M is a disc with a boundary P.

(ii) For any path in A there defined a label function ¢ (*). If x is an edge in A, ¢(x) € SUS U1
and ¢(x~!) = ¢(x)~'. For a path ¢ in A, ¢ = qi...q,, Where ¢; is an edge for every i, we define ¢(q) =
0(q1).--0(gn). If g is a simple closed path we choose a base vertex o and read off the labels of edges in the
clockwise direction.

(iii) A boundary label of any 2-cell of M is either an element of % (then we call it an %-face) or has a
label D where D = 1 in the hyperbolic group G (Z-face).

We call the triple (M, ¢ (x),P) a (disc) diagram A with respect to gp(S|Z UZ) with a boundary path P.

Similarly we may define notions of annular or spherical diagrams.

For convenience we often fix a base point o of the diagram A — a vertex on one of the boundary compo-
nents of A. We may also choose a base point o; on the boundary of a face IT and write d,, IT = r where r is
a simple closed boundary path of IT with a initial (terminal) vertex o;.

Consider a path 7 in A as a path in the underlying topological space M. We say that Y is a simple path
in A if for every open set U in M containing 7 there exists a homotopy (in U) from 7 to a simple curve
Y =¥ (U). A simple closed path ¥ in A bounds a subdiagram A; with boundary dA; = ¥ consisting of all
edges, vertices and faces which are inside the simple closed curve ¥ = ¥ (U) for every open set U containing
. Subdiagrams A, A, are called disjoint if for every neighborhood of dA; U dA; (in the underlying space
for A) there exists a homotopy inside U of dA; to a simple ¥; such that Ay Ny = 0.

The following operations (and their inverses) are referred to as elementary transformations of diagram
A over Gi:

1. Let 111,115 be P-faces in A with a common boundary subpath p. Then we can erase p making I1;,I1,
into a single P-face.

2. Let p be a simple path in A. Then we cut the diagram A along p (i.e. consider the path pp~' as a

new boundary component) and glue in a 9-face labeled by ¢ (p)o(p)~".
It is clear that elementary transformations define an equivalence relation on the set of all reduced dia-
grams over G|. We say that A is equivalent to A’ if there exists a finite sequence of elementary transforma-

tions starting from A and ending with A’.

16



Definition ITL.2.2. ([Olsh93]) Let IT;,I1; be different Z-faces of a diagram A having boundary labels R, R,
reading in a clockwise direction, starting from vertices 01,0, respectively. Suppose also that there exists a
simple path ¢ in A such that7_ = 0y, = 0. Call I}, I, opposite (with respect to the path ¢) if the following
equality holds:

() 'Ri¢(t)Ry =1inG. (I1L.3)

If a diagram A contains no opposite faces then we call it reduced.

Lemma IIL.2.3. (van Kampen, see [Olsh93]) Let wy be an nonempty word in the alphabet S. Then wy = 1
in Gy if and only if there exists a reduced disc diagram over gp(S|2 UZR) with boundary label equal to wy.

Let p be a path in A over G, define || p|| = ||¢(p)| and |p| = |¢(p)|. We call a path p geodesic if || p|| = |p|
(recall that | p| equals the distance |p. — p_| in G).

One can define a map ¢’ (see [Olsh93], §5) from a disc diagram A over G with the base point o to Caley
graph Cay(G). Set ¢’(0) = 1, where 1 is the identity vertex of Cay(G). For an arbitrary vertex a in A we
define ¢’(a) to be the vertex of Cay(G) labeled by the geodesic word ¢ (p) where p is a path in A connecting
o and a (it follows from the van Kampen Lemma that ¢’(a) does not depend on the choice of p). If p is an
edge in A labeled by s € S*!, then define ¢'(p) to be the edge labeled by s in Cayley graph Cay(G) with
vertices ¢'(p—), ¢’ (p+). If ¢(p) = 1 for an edge p of A then ¢'(p) = ¢'(p—) = ¢'(p+). One can verify that
Il =10"(p)l, lIpll = l¢'(p)|| for any path p in diagram A over G ([Olsh93], Lemma 5.1).

When A is a diagram over G we still use functions ||p||,|p|, where p is a path in A.

In the following remark we translate some hyperbolic properties of Cay(G) into the context of diagrams

over G.

Remark 111.2.4. (i) Suppose A is a reduced diagram over G, p; and p, are disjoint paths in A, vertices (p;)+
are on the boundary dA. Then there exists a diagram A’ equivalent to A, such that A" = dA, vertices (p;)+
are connected by a geodesic path p/ for i = 1,2, and paths p/, p} are disjoint. Furthermore, a point x of the
path p/ is on dA’ if and only if it is an initial or terminal vertex of p!.
(ii) Suppose I' is a diagram over G, dT" = p1q1 p2q», where g; are geodesic in G and || p;|| <K, |g;| > 2K+
200 for i = 1,2 and some K > 0. Then (after elementary transformations) there exists a subdiagram I’ in I’
VAV SN A )

with boundary dI" = p/q| p5¢5, such that ||p}|| < 68, ¢ are geodesic subpaths of ¢; and |(g1)+ — (¢})+| =
l(q1)— — (¢})-| = K+20. In particular,

q1| = lq1| — 2K — 48.

(iii) If a subdiagram I satisfies the conditions of part (ii), then every vertex x of g; is at distance not

greater than K + 86 from ¢, (i.e. there exists a vertex y on g, such that |x — y| < K+ 89).

Proof (i) Consider the map ¢’ from diagram A to Cay(G). For i = 1,2 we pick a geodesic in Cay(G)
with label P/ between vertices ¢'(p;+) in Cay(G). We apply an elementary transformation of type (ii) to
pi: cut A along p; to get a new boundary component p;j;, ¢ (p;) = ¢(p;)~" in G and glue inside a P-face
I1; with boundary p;p;. Then apply the inverse type (ii) to I1;: replace it with a pair of faces I1;;,I1;; with
common subpath p/ labeled by P/ (dI1;; = p;p'; L oM, = Pipi). We have constructed the desired diagram
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A’. Tt remains to notice that no vertex belongs to both closed paths pyp; and p;p, since p;, p; are copies of
disjoint paths p; in A. Also, all vertices of p except for p/, are interior in a subdiagram bounded by p; j;,
and the remark is proved completely.

(ii) We consider ¢'(T"), and apply Lemma IL.1.1 to the pair of geodesic paths ¢'(q1), ¢'(g2) in Cay(G)
to find the subpath ¢| of ¢’(g;) such that |(¢})+ —¢'((¢})+)| = K+ 28 and vertices (q})+ are in 60-
neighborhood of geodesic ¢’(g2). Define a subpath ¢} of ¢'(¢/) so that the inequality |(¢})+ — (¢5)+| <60
holds. It remains to choose a subpath ¢ on g; satisfying equality ¢'(g:) = g!'. Now apply part (i) to two pairs
of points (¢})+,(¢})- and (¢})+,(¢5)— in T which provides paths p} and observe that the path p' ¢ p,q)
bounds the desired diagram I

(iii) Follows from remark I1.1.3 and properties of the mapping ¢’. O

We will need the following:

Lemma IIL.2.5. Suppose we have a diagram A consisting of cells 111,11, a simple path t between them
such that 111,11, is pair of opposite cells with respect to a path t. Then, for any vertices 01,0, on 911, dI,
respectively, there exists a path sits; such that ¢ (sitsy) = P¢(a) in G, where |a| < 1|0T1L,|, P is a geodesic
word and |P| < |t| 4+ 86, s; is a subpath of o11; (i = 1,2), a is a subpath of I, and 51— = 01,52+ = 0.
Moreover, the following equality holds in G:

(P9(a)) ™" ¢(0,,T11)(P9(a))$(0,,TTr) =1 in G. (I1L.4)

Proof. We denote r to be the boundary path d;_IT;, r; to be the boundary path d,, IT,. By definition of
an opposite pair (bounded by ritr,t~!) and the van-Kampen Lemma, there exists a diagram I over G with
boundary ritrat;”, where ¢ (1) = ¢ (). Since each path r; is geodesic, by Remark II1.2.4 (iii) the distance
between a vertex on r; and r; is not greater than |t| 4+ 83, hence there exists a vertex o) on r, such that
lor —o}| < |t|+86.

Consider a subpath of the form s;¢'s) on dT', where s; is a subpath of r{!, s} is a subpath of 15",
(s1)- =01, (s5)+ =0}, iseithert or ;.

Let P be a geodesic word equal in G to the label of the path s;#'s}, so |P| < |t| +85. Now we consider
sit's’, as a subpath of boundary dA, so ¢’ is 1. We choose a path a on JII, between o) and o, satisfying
inequality |a| < 1|9T1,|. Define the path s, to be sha after elimination of returns, hence ¢ (sha) = ¢(s2) in
a free group generated by S. Since the boundary labels of A and I" are the same, we may consider the path
sit's)y as a path s1¢s5 in A. We have that ¢ (s;7s5) = P in G, and so the following first two equalities hold in

the free group generated by S while the last one holds in G:

9(s1152) = @ (s11'535) = ¢ (s1153)9 (@) = P (a).

To establish (I11.4), we observe that the path (s; 9, IT;s1)(520,,ITps, ')t~ coincide with (9, T1;)t(d,, TTp)¢~!

after the elimination of returns. Thus

O ((s7" 90, T151)t (5200, Ts; )t ) = (9, 1))t (9, T)t ' = 1in G,
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Figure II1.2: €¢—Contiguity
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which after conjugation provides ¢ ~!(s152)9 (9o, I11) 9 (5152) 9 (9, I12) = 1 in G providing (I11.4).0

The following notion of €-contiguity subdiagram will be used extensively. Let A be a diagram over Gj.
Let u; and u; be a pair of paths in A with subpaths g; and g, respectively, such that there exists a pair of
simple paths pi, p2, |p1],|p2| < € and suppose that a path p;q;p2q> bounds a disc diagram I" which does
not contain any Z-faces (see Figure IV.1). Then we call I" an €-contiguity subdiagram between paths u; and
up. When we talk about the contiguity subdiagram I" between u; and u, we use the formula d(u;,T,u;) =
P191P29> to define notation for arcs of I'. In this case ¢, ¢, are referred to as contiguity arcs and py, p; as
side arcs of the e-contiguity subdiagram I". We usually consider contiguity subdiagrams between a pair of
Z-faces or between an Z-face and a boundary path (i.e. u; is the boundary path of Z-face I1; and u; is the
boundary path of %Z-face I, or is a subpath of the boundary of A). If u; is the boundary of an Z-face I,
uy is a path of a boundary of an Z-face I, with e-contiguity diagram I" described above then we define the
degree of contiguity of IT; to I, to be (I1;,I',IL,) = I‘\ll%l||\‘| (or, if u, is a boundary subpath of A, the degree

of contiguity of IT; to the boundary subpath u; to be (I}, T, uy) = Nﬁ]l"" ).

The next two Lemmas provide the basic connection between the notions of small cancellation and dia-

grams over hyperbolic groups.

Lemma IIL1.2.6. (i)(/[Olsh93], Lemma 5.2) If the symmetized system % satisfies the C(€, L, p)-condition,
then for any reduced diagram A and any g-contiguity subdiagram I of a face 11, to another face 11, the
following inequalities hold:

g1l < pl[oMh]l, [lgzll < p oML,

where d(I1;,T',ILy) = p1q1 p2q2 for any reduced diagram A over G .
(ii) Suppose a diagram A has a pair of %-faces 11,11, and an €-contiguity subdiagram T (dT" =
P191p2q2) such that
max{ (11, T, ITp), (T, [, T1;) } > p.
Then I1,,I1, are opposite with respect to each of the paths p1, p;.

Note that part 2 of the above Lemma is an immediate corollary of small cancellation property OI.

Lemma II1.2.7. ([O10sSa], Lemma 4.6) For any hyperbolic group G there exists [y > 0 such that for any
0 < u < g there are € > 0 and p (it is suffice to choose p > 1%& ) with the following property:
Let the symmetized system % satisfy the C(&, L, p)-condition and furthermore let A be a reduced disc

diagram over G| whose boundary dA is decomposed into geodesic sections q',...,q", where 1 < r < 12.
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Figure I11.3: C(e,u,p) => C'(2u)

Then, provided A has an Z-face, there exists a reduced diagram A’ equivalent to A, an %-face 11 in A and
disjoint e-contiguity subdiagrams T'y,...,T', (some of them can be absent) of I1 to q',...,q" respectively
such that

(ILTy,q1) + -+ (LT, q,) > 1-23u.

The following Lemma is a special case of that in [Olsh93]:

Lemma IIL.2.8. (/OIsh93], Lemmas 6.7, 7.4) Let G be a non-elementary hyperbolic group. There exists
Uo > 0 such that for any 0 < u < Uy there exists € > 0 such that for every N > O there exists p > 0 with the
following property:

if Z is finite and satisfies C(€, 1, p) then G is a non-elementary hyperbolic group and W = 1 in Gy if
and only if W = 1 in G for every word W with ||W|| < N.

Definition IT1.2.9. We say that a system % of geodesic words satisfies the C(&, i, p)-condition if Z is sym-
metrized, satisfies C(€, i, p)-condition and consists of words which represent cyclically reduced elements
in G.

L3  Condition C'(u) and connection to C(€, it, p)-condition

Remark 111.3.1. Suppose the system of geodesic words # satisfies C(€, i, p)-condition, u < 1/100, € >

g > 68, p > #(510_056”). Then Z satisfies C'(2u).

Proof Take arbitrary words Rj,R, € %. We denote by M the minimum min(|R|,|Rz|). To check the
condition C'(2u) we assume that (aRb,R,) > 2uM for some a,b € G such that |a|,|b| < 1008.

We denote by W a geodesic equal to aR b, by v a path R, and by ¥ a path aR ;b in the Cayley graph
Cay(G).

Consider vertices 0, on v and o3 on the geodesic W at distance [2uM] from identity vertex 1. By
Remark II.1.5 (part 1), we have that ®(0,) = ®(03) and (by part 2) |0, — o3| < 45. Now we may apply
Lemma II.1.1 (for K = 1000) to segments yR1,W and hence there exists a subsegment [u,v] of W such that
lu—e| <1028, |v— 74| <1028 and [u,v] is within 65-neighborhood of yR;. Vertex o3 lies on [u, v] because
on one hand |03 — e| = [2uM] > 2K +206 and on the other hand

03— 7] > |Ri| — la| — b| - [2uM] > (1 - 3p)M > 2K +205.
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We get that 03 is within 65-neighborhood of some vertex o; on path ,R;.
We consider two subsegments [e,0>] and [(ya),01] of v and yR; respectively and apply Lemma II.1.1

to get that there exists a subsegment g, of R, between e and 0, such that
3
lg2| > [2uM] — 2006 — 46 > E/.LM—!—ZOS

which is within 63-neighborhood from yR;. Now define g; to be a subsegment of yR; with |g1— — g2—|, |1+ — g2+ | <
66.
We have that
lgi| > %umin(]Rl |,|R2]) fori=1,2. (IL.5)

Define p; (p») to be a geodesic path between g, q1— (q1+,q2+), see Figure II1.3. To justify the Figure
I1.3, we must show that |(ya)+ — (q1)-| < |(ya)+ — (q1)+| (this inequality follows from [Olsh93] Lemma

1.10, but we include the argument here). By triangle inequality and definition of g, we have that
|(y@)+ — (q1)—| < lal+|p1|+e—(q1)-| < 1008 + 66 + 1025 = 2088;

on the other hand,
|(a)+ = (q1)+| > le—(q2)+] = p2|l = lal = le— (q2) - | + |q2| — |p2| — |a| >

1028 + %uM+206 —1008 — 68 > uM > 5008

and hence we got |(ya)+ — (q1)-| < |(ya)4+ — (q1)+], as desired.

We denote labels of ¢; and p; as Q; and P, respectively. Define four subpaths 7;;, i, j € {1,2} by equal-
ities yR1 = ri17r12, V.= ra1r and (r11)+ = (p1)+, (r21)4+ = (p1)—-. Define words R;;, 0, Q" by equalities
lab(rij) = Rij, Ri2R11 = 01Q', RnRy = 020Q". We have that O, = PLO1P, ', ||P|| < 68, and taking into
account the inequality (III.5) we conclude by C (g, 1, p)-condition that PiR12R1P~" = RyR»;, which in
turn is equivalent to (R21P1Rf11)(R 11R12) (R Py lell) = R, Ry It remains to observe that a = (R21P1Ril)
and so aRja~! = R,.0

Corollary I11.3.2. Suppose % satisfies C(&,, p)-condition and n > 1,

[TURU " = 1in G, where URU, ' € 2. (IIL.6)
k=1

Then (i) There exists a reducible pair i < j in the sense of Definition I11.1.9 and
Ui iRip U U R U = URUT . URU in G. (IIL7)

(ii) For every reducible pair i < j in (IIL6), there exists a van-Kampen diagram A over G with the
boundary ¥ labeled by the word
U1R1U1_1 .. .UnR,,Un_1 and a subdiagram T in A with boundary p1q\p2q> such that q; is a subpath of yRi,
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q2 is a subpath of yR;, |p;| < 110 +3 and max(%, %) >2U— 10‘2%3. The only vertices of paths p; that
il"|R;
are on the boundary of A are initial and terminal vertices p;.
(iii) Consider the diagram A from part (ii) and let V' be any of the four paths given by the formula

vV = 7,J(Ul-jtl)sunl_lsz},«(de), where sy is a subpath of yR;, s, is a subpath of yR;. Then

j—c
o((yU) 'sip 's2(,U)) = ] Ukl in G,
k=i+d
where c,d take values 0 or 1 depending on the path V' and (c,d) # (0,0). Moreover, depending on values c
and d, the word H = Hijﬂ UkRkU,:1 conjugates UiRiUfl to UjRjilUj*l, namely:

H'URU'H=U;RU; ", where e € {£1}.

Proof By Remark I11.3.1, C(¢, 11, p)-condition implies the condition C'(2t). The product [T}_, UgRiU,” !
equals to identity in G so by Lemma III.1.10 it is not reduced in the sense of Definition III.1.9. Hence there
exists a reducible pair i < j (in particular, we have that |R;| = ‘R j‘) such that the approximation tree for

a;,b;,aj,bj is of shape on Figure III.1 and by Lemma III.1.8 the corresponding geodesic word Y satisfies:

Y| > 2uM +108 +3, where M = |R;|. (I11.8)

Lemma II1.1.8 also provides the equation (II.2) and thus (i) is proved.

Diagram A’ over G with boundary ¥ labeled by [T;_, UxRkU, k’l exists by van-Kampen Lemma. Consider
the map ¢’ : A’ — Cay(G). We denote ¢’(Y) as ¥’ (a path in Cay(G) with label [T;_, UcR U, ). We adopt
notations from the definition of a reducible pair i < j and Figure III.1. Consider a geodesic path & in Cay(G)
starting from a; with label XYZ (hence it ends at b;) and a geodesic up to 180 + 6 path f in Cay(G) starting
from a; with label U~'Y !V (it ends at b;). By definition of X,Y,Z,U,V, we have (¢Y) ! = Y~!. From
the fact that XYZ is geodesic, it follows from Remark II.1.3 (ii) that there exists a subpath q’l of y/R; such
that:

oY= —q1|,|a¥+ =41, | <O, (I1L9)

Y

which implies that:
91| > Y] -28. (IIL.10)

Similarly, we consider the path 8 geodesic up to 185 + 6 and apply again Remark I1.1.3 (ii) to obtain
that there exists a subpath ¢} of ,#R; such that:

oY= —h. |, e —gh| < (98 +3)+3, (IL.11)

and hence :
|gh| > [Y]—208 —6. (I11.12)

The inequalities (II1.9), (IIL.11) imply also that |¢}_ — ¢4, |,|q}, — 45| <118 +3.
Consider subpaths ¢; of yR; and ¢> of yR; in the boundary dA’ such that ¢'(¢;,—) = q;_, ¢'(qi+) =g/
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Figure II1.4: Standard Diagram

0

The Remark II1.2.4 implies that (after some elementary transformations) there exists a subdiagram I" in A’
with boundary p;q;p2g2, vertices of p; are interior except for initial and terminal ones and |p;| < 115 + 3.

Equations (II1.10), (II1.12), (II1.8) provide that:

1] gzl \ < [¥I=203-6 - 2uM+108+3-205-6 « »,,
IR \R,-|) =M M 22p

To justify part (iii) we look at each of the 4 options for the path v'. For example, if v/ = (yU;)s| pl_lsz(y« Uj_l)
then ¢’ maps the vertex v_ = (,U;)_ of A’ to the vertex g;_1 = [I:_} URU, ' in Cay(G), vV, = (,/Uj’l)Jr
to the vertex g; = Hi:l UgR U, " in Cay(G). Hence lab(¢' (V') = g, g; = Hi:i UR U

A direct computation using the relation (II1.7) yields that for every possible value of ¢ and d the word
H conjugates U,-R,-Ui_1 to U,-RjilUJT]. For example, H = U[-HR,-HU:I . ..UjR‘,-Uj_1 conjugates U,-R,-Ul._1 to
UR;'U":

max( %7*3. Part (ii) is proved.

UiriRip U - UiR U UR U (Ui R U UR U ) ™! =
Ui iRip Uy U R U (Ui R U UR U ™ =

URU;" .. .UiRU; (Ui Rin UL

LURUTN T =URUT,
where the last inequality holds by (III.7). It remains to notice that by relation (IIl.7), in the word H the

parameters ¢ = d = 0 may be replaced by c=d =1. O

Definition II1.3.3. For every reducible pair i < j consider the diagram A’ from Corollary II1.3.2, identify
each edge of U, with corresponding edge of U/U;l and fill in the %Z-faces I1; to get a van-Kampen diagram
A over G which has a (116 + 3)-contiguity subdiagram I" such that max{(I1;,I1;), (IT;,IT;) } > 2u — IO?%S.
We will refer to a described diagram A as a standard diagram for relation (II1.6). We denote the image of ¥/
in A by 7.

By definition, the standard diagram is a spherical diagram, but for convenience we draw it on Figure

II1.4 as a disc diagram with boundary label 1.
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Remark 111.3.4. According to the identifications made in the definition of the standard diagram A, any of the
four paths v/ in A’ corresponds to a closed path in A with label v = (yU;)ri pir2(yU j’l), where r; correspond
to s;. One can observe that different paths v’ have different images in A, but we will not use this fact later.
Note that the subpaths (,U;)*! and (,U;)*! of v/ in A’ correspond respectively to subpaths ,U; and ,U; of
V.

Il.4  Generators of a free normal subgroup in G

In this section we assume that the set Z satisfies C(€,u,p)-condition, where the parameters €, 1,p are
chosen according to Lemma II1.2.7 and satisfy inequalities € > & =196 +3, u < 1/100, p > %.

It is well known (see [Gro]2.2A) that a hyperbolic group contains only finitely many conjugacy classes
of torsion elements. So, given a group G, we may choose the constant p to be larger then the length of
shortest representative in each conjugacy class of torsion elements. Thus we will assume in the sequel that

for values of p large enough:

Remark 111.4.1. The set Z consists of elements of infinite order.

Definition IIL.4.2. We call a (reduced) diagram A an octagon diagram if dA = [, ...l4j4, Where [; are
geodesic in G, and || j;|| < €.

Definition II1.4.3. Consider an octagon reduced diagram A with boundary dA = [, j;...l4j4 and pick a
number 0 < k < 1. We say that an arc /; satisfies the condition % (k) if for every diagram A’ equivalent
to A and every #-face I1 in A’ such that there is a contiguity subdiagram I" between IT and /;, we have the

inequality (IL,T,/;) < k.

It is clear that if /; has a subpath [/ which is a boundary arc of some subdiagram A; of A then [ satisfies
YU, (x) as well.

Lemma I11.4.4. Let A be an arbitrary octagon diagram and ¢ (1) = U € % , then (in notations of Definition
1I1.4.2) | satisfies Un(3 + 111).

Proof Note that by definition of p we have that 28%45

< % 1. We suppose that there exists an octagon
diagram A, with boundary arc 1, ¢ (I;) = U € % . Assume that (after elementary transformations) there exists
an Z-face I1in A and a corresponding subdiagram I" between IT and /; with boundary d(I1,T',;) = p1g1 p2g2
such that (TL, T, /) > 1 + ZS%“B.

Now we may apply Remark I11.2.4(ii) to the diagram I" and conclude that (after elementary transforma-

tions) there exists a subdiagram I of I with boundary p/ ¢} p,¢} such that g} are subpaths of g; and:

|pi| < 68,

| = |q1| — 2¢ — 48. (I1.13)

By definition of ¢}, we have |¢}| = |q1| —2& —48 > J|9T1| + 308 and it’s complement ¢} (T = ¢ ¢})
satisfies |¢4| < 1 |0T1| — 308. Thus the condition (i) of definition IIL.1.5 is satisfied.
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Figure II1.5: Bond Between u and v

qriv

qTlu

We define paths I, 1" such that [; = I'¢,!". The equality U = ¢ (I;) = ¢ (I'p) ¢} p5!") holds in G, moreover,
by inequalities (II1.13), we have:

[+ ]+ lan] +[pa] + 1] < || 2P| + [da] 2P| + 17| < I1n] +4- 68

Hence the condition (ii) of definition III.1.5 is checked for the factorization
o(I'p1)9(41)¢(p3l") of the word U.
By Definition III.1.5, the word U does contain more then half of a relation and thus U ¢ % contrary to

our assumption. O

Definition II1.4.5. Consider a reduced octagon diagram A with boundary /;j;...l4js. Denote for sim-
plicity of notation u = I, and v~' = I3, a = j3lsjs4, b = jil»j» and define the base point of A to be 0 =
(I;)—. Consider an Z-face Il and disjoint contiguity subdiagrams I",,T", of IT to boundary arcs u,v, de-
fine boundary arcs of I',,I', by d(IL, 'y, u) = p1uqgrup2uqu, (ILTy,v) = piygmyp2yqy and define g1, g2 by
equality TT = g q1gr. g2 (see Figure IIL5). We say that a subdiagram Ag = Ag(A,TI) with a bound-
ary path p2,qup1uq2p2vqvP1vq1 (4, v)-bond (through T1) if both values (IT,T,,u),(ILT,,v) are greater
than . We define subdiagrams A; = A (A,IT), A, = Ay(A,IT) of A with boundaries ulpz_ulqlpl_vlvl_la and
urbvy ! pz’vl q, ! p]’ul respectively, where u; (v1) is an initial subpath of u (v) and v, (u) is a terminal subpath

of v (1) (recall that the orientation of the boundary is clockwise).

For an arbitrary reduced octagon diagram A, dA =1, j; .. .14 j4, where [; are geodesic in G, || j;|| < €, there
exist a pair of (possibly empty) sets V = {I1,...I1, } of #Z-faces and £(A) = {I"; ,,,T'1y,...,Tonu, Do} of
disjoint e-contiguity subdiagrams, where I'; ,,I; , are contiguity subdiagrams such that Ag(IT;) = IT; UT;, U
[, is a (u,v)-bond. We call a pair (V,X(A)) a system of bonds between u and v.

Remark 111.4.6. (i) It is clear that in a non-empty system of (u,v)-bonds (V,X(A)) for a reduced diagram

A there exists a unique face IT in V such that the associated (see definition II1.4.5) paths u; and v; are the
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longest. Moreover, any other face IT' € V belongs to A; (IT).
(i1) For every face ITin V we have that

luy| < Ju| — (T, Ty, u) |11+ 2¢, |vi| < |v] — (I, v) [OTT] + 2. (IIL.14)

The following remark will allow us to extend systems of bonds of subdiagrams A; to the diagram A.

Remark 111.4.7. Consider a reduced octagon diagram A over G; and assume that there is a (u,v)-bond
Ao(IT) =TTUT, UT, in A satisfying (IT, I, u), (IL,T',,v) > u and two systems of (u;,v;)-bonds (V;,X(A;))
in A; = A{(IL,A), i = 1,2. Then the sets V =V, UV, U{IT} and £(A) = X(A;) UX(A2) U{T,, Ty} comprise
the system of (u,v)-bonds (V,X(A)) in A. O

Lemma IIL.4.8. Let A be a reduced octagon diagram with at least one Z%-face with boundary dA =
ajiujabjz3v=' j4, where u,v,a satisfy the condition ?/A(% + %), b satisfies Un(W) and |ji| < € for every
k.

(i) Then A has a non-empty system of (u,a)-, (v,a)- or (u,v)-bonds.

(ii) Assume in addition that A does not have (u,a)- or (v,a)-bonds. Then, for the set V consisting of
all Z-faces, there exists a system of (u,v)-bonds (V,L(A)) such that for every %-face I1 in A there exist
subdiagrams T,,T', € X(A) satisfying:

(IL, Ty, u) + (ILTy,v) > 1 — 264 (IIL15)
1

max[(IL, Ty, u), (ILT,,v)] > 5~ 13u; (II1.16)
1

min|(IL, T, ,u), (ILT,,v)] > 2 =274, (1L.17)

Proof (i) On the one hand we may consider an %-face IT satisfying Lemma II1.2.7 such that (IT1,T;,a) +
(I1,T,b) + (IL, T, u) + (IL,T,,v) > (1 —23u) — % (note that (IT,T;,, j;) |9TI| < 3¢ because |j;| < €).
Together with condition on b it means that

4.3¢

(TIL,Ty,a) + (TL, Ty, u) + (TL Ty, v) > (1—24p) — o

(II1.18)

On the other hand each summand on the left-hand side of (III.19) is smaller than % + % Hence at least
two of them are larger than 12u.

(ii) We continue the considerations in the proof of part (i). We cannot have (I1,T;,a) > u because
at least one of the other summands in (III.18) is larger thn 12 and we would get a (u,a)- or (v,a)-bond
involving a which is impossible. Hence we get that

4.3¢

(I1,Ty,u) + (TL T, v) > (1—25u) — o (I11.19)

and so the inequality (III.15) holds for I1. The inequality
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1 25 2.3¢
I1.T" I1.T" - =
max|(ILLy,u), (LT, v)] > 5 =5 = g

follows immediately since u < 1,/100, while for
. 1 1
min[(IT, T, u), TLT,,v)] > 5~ 26§,u

it is enough to recall that |g,|, |g,| < (3 + $11) |0T1|. We have proved the formulas (II1.15)~(II1.17) for the
face IT satisfying Lemma II1.2.7, taking into account that (by definition of p): % < 4% < % u.

When n = 1, the diagram A has a single %-face IT and we are done by the argument above.

We induct on a number n of Z-faces in the octagon diagram A with base n = 1. If n > 1 we consider
subdiagrams A; = A;(A,IT) for the face IT (we follow notations of Definition II1.4.5 here). It is clear that
diagrams A; satisfy the induction assumption. Each has a number of Z-faces strictly less than n because
neither contains the face I1, the arcs p;,, pi, on the boundary of A; are not longer than €. The boundary arcs
gi of A; satisfy the condition %, (¢t) by Lemma II1.2.6 because they are boundary arcs of the Z-face IT in
the reduced diagram A. As we mentioned before the proof of the Lemma, conditions %, (1) for ¢; imply
that there are no bonds involving g; in A;. The induction assumption is now checked for A;, hence there
exist systems of (u;,v;)-bonds (V;,X(4A;)) in A; satisfying the conclusion of the Lemma. Finally we are in
position to apply the Lemma II1.4.7 to A relative to the bond Ay(IT): we obtain a system of (u,v)-bonds
(V,Z(A)) such that V contains all %Z-faces and the set £(A) is comprised of X(A;) for i = 1,2 and T',,,T,..
The inequalities (IT1.15)—(I11.17) hold for every Z%-face in A except for the face IT by induction assumption,
and for the face I we have obtained them above.Ol

We denote words URU ~! by Agy. If u is a path in some diagram A, we write Ag , for Ag 4(,)-
Definition II1.4.9. Define a weight of a word Ag y by W(Agy) = |R| +4|U]|.

Lemma I11.4.10. Let A be a reduced diagram over the group G with boundary ujiaj,v=", where u,v,a sat-
isfy the condition Un(3+%), | ji| < & fori=1,2 and there are no (u,a)- or (v,a)-bonds. Then ¢ (ujiajv=") =

[T=1Ag; v1 in G, where maxlgjgnlll(ARﬁUj/_) < 4max(|ul,|v|).

Proof We proceed by induction on the number n of Z-faces in A. The conclusion of the Lemma holds
for k = 0 because ¢ (ujjajv~!) =1 in G and there are no Ag /’s.

Assume that the Lemma is true for n — 1. Consider a face I satisfying the Remark II11.4.6. By Lemma
I11.4.8(ii), the Z-face IT of A is in the set V for some system of (u,v)-bonds (V,X(A)), and inequalities
(IT1.15)—I11.17) hold for IT. We recall the inequality (III.16) and assume that

(I, T, 1) > (% ~13u), (I11.20)

in the other case proof is the same.
By the choice of IT, we have that every other %-face of A is in the subdiagram A; (A; = A;(A,IT)) and
the subdiagram A, is a diagram over G (we are using notations from Definition III.4.5 and the reader can

refer to Figure IIL5 in the sequel of the proof). We consider a system of (u,v)-bonds provided by Lemma
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II1.4.8. Denote a subdiagram of A consisting of Ay, Ag by A’. It contains a single %-face I1, so we get the
following equations in the group G:

9(0u,A") = ¢ (9, 80) = 9(P3, (Op,, TT)P2u)- (IIL.21)

Now notice that paths d, A and u;(d,,, A )ul_l (dy_A}) coincide after the elimination of returns in the

latter path, so their labels are equal in the free group generated by S. We get that

9 (9 A) = ¢ (1 (9, Aty ' (9 A1) = ¢ (11 (g, A Yy )9 (A1), (I11.22)

and taking into account (IIL.21),

O (u1pr)9(9(pyy O (u1p5)) '9(duAy) = 1in Gy,

where the number of faces in the diagram A, bounded by the path u; pz_ulql_1 pl_vlvl_l7 is n— 1. For conve-
nience we denote ¢(d|,,,y_IT) by R. By induction assumption, we have the following equality in G for the
boundary of A':

n
(P(Mlpz_ulql_lplvvl_l) = HAR/',M]'7
=2

where for every 1 < j < n we have W(Ag, ;) < 4max(|u;|,|v1]).
By Remark II1.4.6 part (ii), we have that max(|u;|,|vi|) < max(|u|,|v]). By inequalities (IIl.14) and
(II1.20), we have ‘ulp;ul‘ < |u|— (ILT,,u) |oT1|+2e + € < |u| — (3 — 13) |9T1|+ 3€ < |u| — § |OT1|, hence

W(Ag, upyt) = [OT1 4 [urpy, | < |OTI| +4|u| — 011 = 4 |u| .0

Remark 1I1.4.11. Let A be a reduced octagon diagram with boundary dA =1, jj ...l4j4. Assume that ¢ ([;)

is a subword of some R € % and |I;| < J|R|. Then [; satisfies Ux(3 + &).

Proof Suppose on the contrary, there exists an Z-face IT and a contiguity subdiagram I" such that
(ILT, L) > %—1— £, 9(ILT, L) = p1g1p2g2- Then, by C(g, 1, p)-condition, R and ¢ (9I1) are conjugate so
|0T1| = |R|. Hence we get

1 1 u
—011| > || > —2e>(=+=)|0I
10T 2 11| 2 laqr| 22 > (5 + 5y om),

which is a contradiction. O

For technical reasons we introduce a notation

Nry = gp{Ar vl W(Aru) < W(ArRy))-

We say that Ap 7 is equivalent (=) to Ag y if and only if W(Ag /) = W(Agy) and there exists a word
H in Ng iy such that HAg ¢ H -1— Ay in G. To prove that the relation ~ is a correctly defined equivalence
it is enough to notice that Ng y = Ng/ 7 whenever y(Ag 1) = W(Agy). It is clear that equivalence classes

with respect to ~ are finite.
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Definition I11.4.12. Let <7 be a maximal set of words Ag y where R € #, U € % such that

() Aru ¢ Nry:
(i) if Apr g =~ AilU, then at most one of them belongs to <7

Lemma I11.4.13. (i) Suppose that some geodesic word U contains more then half of a relation, then for
every R € # we have that Agy € Ny -

(ii) If URU ~! is not geodesic up to 108 then there exists a geodesic up to 108 word VR'V~" such that
Apy =Apyv inGand Y(Ary) > Y(Apy).

(iii) <7 is a subset of 2" from Lemma III.1.6.

(iv) o/ generates N (X), moreover every Agy is a product of elements of </ 1 with weights not larger
then W(Ary ).

Proof Pick some word Ag .
(i) Assume that U contains more then half of a relation, then (using notations and statement of Remark
II1.1.7(1)) we have

ARU = AnnUiAR uys 10, AR, Where U =UiriUs, rir € 2, (II1.23)
and the following inequalities hold:
Iri |+ UL+ |[Us] < U 4508, |ri| > |r2| 4 608. (111.24)
It follows from II1.1.7(i) that y(Ag rgle) < Y(Agy). Now we use inequalities (II1.24) to estimate:
V(Annu) = Innl+4Ui = [rn|+|r|+4|U| <

2’71’+4|U1’ :2(|r1|+‘U1|)+2|U1| <
<2(|U|+508) +2(|U| 4506 — |r1|) <4|U|+2006 —p < 4|U|.

Hence Ag y is equal to the product (I11.23) such that both y/(A,,,v,) and y(Ag r;'Uz) are strictly less
then y(Ag ) and we conclude that Ag iy € A% . Contradiction with Definition IT1.4.12. Hence, if Ag iy € &7
then U does not contain more then half of a relation.

(ii) Suppose that Ag iy is not geodesic up to 108. The Remark III.1.7 (ii) implies that then there exists
R' € # and a geodesic word V such that URU~! = VR'V~! in G. By the same remark, the word VR'V !
is geodesic up to 108 and |R| = |R| and so |U| > |V|. Thus we have got inequality W (Agry) > Y(Agv)
contradicting the choice Ag ;7 € 27 again.

(iii) Follows from (i) and (ii) by definition of 2" in Lemma IIL.1.6.

(iv) By Lemma III.1.6, if g € .4 then g =[];_, USRSU;1 for some U,R,U;” '€ 2. Hence it is enough
to show that every Az y € £ is equal to a product of elements of .27. We proceed by induction on possible
values of k = y(x) on the set 2.

If Ag,1 € 2 has minimal weight y(Ag, 1), we have that 4%, | = {1} and so Ag, 1 ¢ 4%,,1. By maxi-
mality of the set &7, the exists a word Ag ;7 € &7 such that Ag | ~ A%,}U, which implies that Ag, | = A#U/
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in G.

Now pick Ag y € 2" such that y(Ag ) = k. There are two cases.

CASE 1. Agy € Ay . In this case Ag y is a product of words A such that W(Ag 1) < W(Agy) and
we are done by the induction assumption.

CASE 2. Agy ¢ Ary. Consider all words Ag g such that Ag » = Agy. Clearly, Ag yr ¢ Nru =
gy By maximality of the set <7, there exists a word Ag ;7 € 27 and by Corollary II1.3.2 (iii) we have
that there exists H € Ng y such that HA;E,TU,H — Agy in G. By induction assumption, H is a product of
elements of .o/ with weights smaller then i//(AR,U), while y(Ary) = Y(Ag ). O

Lemma II1.4.14. Let A be a reduced diagram over the group G with boundary upav=" where |p| < &,
d(u),0(v) €% , p(a)"'A' =R € % for some word A’ and |¢(a)| < % |R].
(i) Suppose that there exist an %-face Il and contiguity subdiagrams Ty, T, such that (I1,T,,a), (ILT,,v) >
W. Then Ag, ¢ o/*!.
(ii) Suppose that there exist an % -face Il and disjoint contiguity subdiagrams Uy, T, such that (I1,T 4, a), (IL T, ,u) >
. In addition assume that ¢ (p)A'¢(a)~'¢(p)~' =R in G for some R' € %#. Then Ap: ,, ¢ /="

Proof (i) We define arcs of I',, T, by equalities d(I1,T",,v) =
Pivamvp2dys O(ILT4,a) = praqrapraqa and define g, o by equality 9TI = ¢! q1g;1 g2 We also define
v1,Vv2 by equality v = vig, 'v, (see Figure IIL6).

Consider a subdiagram A’ with boundary Pz_vl q, ! p]_a1 avy ! Observe that ¢, satisfies %y (1) by Lemma
I11.2.6 (because it is a boundary subpath of the Z-face Il in the reduced diagram A), |p1,|,|p1| < € and
az, vy satisfy % (% + £) (they are subpaths of a,v and a satisfies Un(r + £) by Lemma I11.4.11). Choose
(az)— as a base point of A. By Lemma I11.4.8, there exists a system of (a,v)-bonds (V,X(A’)) such that V
contains all #-faces of A’ and (assuming there are %-faces in A’), by Remark II1.4.6, there exists a face
IT’ such that the diagram A, (IT';A’) does not have %-faces. The face IT is in V so in order to simplify the
notation we assume that IT' = IT and A’ itself is a diagram over G (i.e. it does not contain %Z-faces).

Consider an %-face I1 disjoint from A and glue IT and A together along a. Define dT1 = a~'d’ so that
¢(a'a’) = R. Since (I1,T,,a) > u we have that IT,IT comprise a pair of opposite faces with respect to pi,

hence
¢((a(pla)+n)p;a1(a(qa)ﬁ) p1a) =1inG. (I11.25)

Now notice that ¢ (p14) = ¢(azv, gy Pivqrivg, 1) in the group G because it bounds the diagrams A’ and
I', over G. We plug in the latter expression into the equation (IV.2) and then conjugate by ¢ (p1vqrvg, D to

obtain

O (pivlamd; (9. D a2am P14y 'valay ' (g, Mazlvy 'q) = 1in G.

The paths in the square brackets are equal after elimination of returns to 8( o). Il and 0, . Il respectively.
Denote R’ = ¢(9,,,).I1), recall that R = ¢ (2, IT). Thus we have obtained that Ag ,, A =1in G and,

conjugating by vy, we get:

R:(Jﬁlvz

AR/ ARy = 1in G. (I11.26)

But on the other hand we have that |R| = |R’| (because they are labels of opposite Z-faces in A) and,
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Figure I11.6: To the Proof of Lemma I11.4.14

using inequality (II1.14),

"}lplv’ < ’V1| + ’p1v| = |V’ - |QV‘ - |V2‘ + |P1v| <

< |v] = (I, T, v) [9T1] —2¢) +€ < |v].

Hence we get W(Ag'v,p,,) < W(Ag,) and so Ag, ¢ &/*!.

Proof of part (ii) repeats part (i) with obvious changes in notation. O

Recall that in the beginning of section 5 we chose constants €, i, p according to Lemmas I11.2.7, II1.2.8.
Hence part (ii) of Theorem I.1.3 follows immediately from aforementioned Lemmas (and is due to Olshan-
skiy [Olsh93]). We prove part (i) below:

Theorem I11.4.15. The subgroup N = N (Z) is freely generated by the set < .

Proof o/ generates /" by Lemma I11.4.13(iv).

We have to show that the set <7 generates ./ freely. We define a partial short-lex ordering on all words
in alphabet &/ *!. Let W = AR |, ... A} , (& € £1), W' = Afj,hul, . 'A;Zn%’/’ we say that W = W/ if either

(1) k> Kk or

(ii) length of W is equal to length of W’ (k = k') and there exists mo < k such that W(Ag,, v,,) = Y (Ar, v’)
for any m < mg and y(Ag,, v, ) > W(AR%WUYZO)'

Let W(«/) = Afell,Ul ...A;’;’Un be a nontrivial freely reduced word (in alphabet o) such that W =1 in
G, assume that it is minimal with respect to the above ordering > . We are in position to apply Corollary
II1.3.2 and consider the corresponding standard diagram A for the word W, a reducible pair of indexes i < j,

the standard contiguity subdiagram I" between IT; and IT; with |p;| < 116 + 3. We apply Lemma III.2.5
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to faces I1;,I1;, path p; and vertices 01 = (yU;)+,02 = (yU;)+. It provides the path s;pys> in A such that
¢ (s1p152) = P9(a) in G with |P| < 118 +3+88, |a| < 3 |011| , a is a subpath of 9T1; and (using formula
(I11.4)) provides the equality (P¢(a)) ' Rf (Pq)(a))Rjj = 1 in G or, equivalently,

—1 p& £ -1 .

P RfP[¢(a)Rj’¢(a) ]=1inG, (I11.27)

where the the word [(p(a)Rf-’ ¢~!(a)] is a cyclic conjugation of Ri" S0 Rﬁj = ¢ !(a)A’ for some A'.

We have that the path ,U;s; plsz(yU j)_l is closed in the standard diagram A by Remark I11.3.4 and we
have chosen s p1s7 so that

o (WUisipisayU; ') = UiPo(a)U; . (I11.28)

Consider a reduced diagram A with boundary upa;v=" such that ¢ (u) = U;, ¢(p) = P, ¢(a;) = A, where
A=¢(a),ac A, ¢(v)=U;. We will show that in fact it satisfies conditions of Lemma II.4.10. We first
check conditions of Lemma I11.4.14: we have that paths u,v are in %/, thus they satisfy condition OZ/A(% + %)
by Lemma I11.4.4 and so does the path @; by Lemma I11.4.11. We also have that (I)(V)Rj’qu)*l (v) € o+ by
definition of v and RY = PA’ ¢~'(a1)P~! by equation (II1.27), so Lemma II1.4.14 provides us that there are
no (u,ai)- or (v,a;)-bonds in A. We have just checked the conditions of Lemma II1.4.10 for the diagram A
and conclude that: )
¢ (uaysv=') = HARZHU/n in G,
m=1

where maxi << W (Ar, ur ) < 4max(|u|,|v|).

The last relation together with (IT1.28) implies that ¢ (,U;sip1s2yU ;1) belongs to at least one of the
groups g, v, A;u;- By Corollary I11.3.2(iii), we have that (b(yU,-slplsszfl) = H in G (where H =

i—ira AR (¢,d) #(0,0), ¢,d € {0,1}) and that

H™ A} H = AR, y, in G for some e € {+1}. (I11.29)

Suppose that Ag, y;, > AR,-,U,-7 then both words H and AR,~7U,» belong to A%, v,- Hence Ag, v, € g, v;, contra-
diction.

It remains consider the case when W(Ag,u;) = W(Ag,u;)- By equation (II1.29), Ag, v, = A}, and since
they are both in &/ we have that U; = U;, R; = R;. Thus we can glue together the paths u and v of the
boundary of A and obtain a diagram with boundary pa; (we will also call it A). For every %-face I in A we
now have that (I,T,, p) < 3¢ because |p| < € and (ILT,,,a1) < 3 + 1 thus

I u
(I, Ty, ,a1) + (ILL,, p) < 5 + 5 +3e<1-23u,
which contradicts Lemma II1.2.7. Hence there are no %-faces in A and H = ¢(pa;) = 1 in G. But the
word H = H-,i;;r AR U, 18 a subword of W which is strictly shorter then W so W - H and H = 1 in G. By

+1

" ... 1s a subword
i+1:Vit1

minimality of W, we have equality H = 1 which can only happen ifi+ 1= j so Afei,-,U,»Algel
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of W, U; = Uj, R; = R; and by the relation (IIL.7) in G:

UR{U; Ui RIN UL, = URSU ' URT U =1,

which is equivalent to Rf"%’“ =1 in G and, taking into account the Remark I11.4.1, we have that €+ &1 =
0. Hence Afe"hU[_Ag;l] Uiy = A%,-,UiAlgfb,- is a subword of W. Contradiction with choice of W. O

In order to deduce Theorem I.1.4 we will use the following remark.

Remark 111.4.16. (i) ([Swe] Theorem 13) For every element x in a hyperbolic group G there exists n > 0 and
a straight word Y, (i.e. a word Y, such that Y} is geodesic for every s) such that Y, is conjugate to x".

(i) Given a set of geodesic words words Xj, ..., X,, we will denote by %, = Z(X;"', ..., X3, n) a system
of all cyclic permutations of R?El where R; = X™. If X,...,X,, are straight pairwise non-commensurable
words in G, then for every u > 0, € > & and p > 0 there exists a number n > 0 such that %, satisfies
C(e, u, p)-condition independent of a choice of non-zero integers si, ..., Sy.

(iii) If Y is a straight word in G then for every integer m the word Y™ has a minimal length in it’s

conjugacy class.

Proof of part (ii) up to minor modifications repeats the proof of Lemma 4.1 in [Olsh93] which states the
same property for m = 1.
Part (iii). Assume that Y* = TZT ~! for some T and that |Z| < |Y*| — 1 then for every k we have that

KIZ|+k < k(Y] = 1) +k = k(¥']) = [¥*] < 2|T] + |2¢] < 2|T| +12,

which implies that k < 2|T'|. Contradiction.O

Proof of Theorem 1.1.4. Let us first consider a set of pairwise non-commensurable elements x1,...,x;,
of infinite order. By remark I11.4.16 (i), for each x; there exists a straight word Yy, conjugate to x;" for some
n; > 0. Define ny = [1;<;<,ni. Clearly words Y,, = Y/°,....Y, =Y/ are pairwise non-commensurable
and, by parts (i) and (iii) remark II1.4.16, there exists an integer K > 0 such that the system Zx =
Z(Y}",...,Yn K) satisfies C(e, i, p)-condition for any choice of positive sy, ...,s,. By Theorem 1.1.3,
the group ./ (Zk) is free and the quotient G/.4# (%) is non-elementary hyperbolic.

Now consider an arbitrary set of elements xi,...,x, in G. If some of the elements x; have finite orders
Riys. ..y Nj, We define ng = n;, ...n;, and replace the set xi,...,x, with x’fo, ..., X9 (which after deletion of
identity elements contains only the elements of infinite order). Hence we can assume that all elements
X1,...,%y are of infinite order. For every pair x;,x; (i < j) define a pair of nonzero integers k;;,k; such that
xf” is conjugate to xI;:” if x;, x; are commensurable and let k;; = k j; = 1 if the pair x;,x; is not commensurable.

Define Ko = []<; j<mkij and let Ko = 1 if m = 1. We show by induction on m that

there exists an integer N such that N = N (xilK"N, ..., xmKoNY s free for any choice of integers sy, ..., sp.
We have showed that the statement holds if the elements x1, . .., x,, are pairwise non-commensurable and

in particular if m = 1. Hence, in order to prove the induction step, we may assume that (after reenumeration

of x;’s) x; is commensurable to x;. Using the normality of .#” and the fact that for every x € G a subgroup
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generated by x%,x” is the equal to the one generated by x8ed(@b) e get that
K
kias1 72N
s1KoN _ s2KoN smKoNY _ 12152, KN _
A (O xRN LB = A (xy Xy L) =
kzlsl,f%N 52KoN ng(kzwll%JzKo)N s3KoN smKoN
N (xy Xy L) = A (x, 2 Ol B

Thus .4 is generated by m — 1 elements and we may apply the induction assumption completing the proof
of Theorem 1.1.4.0

We recall the notions of an SQ-universal group and a CEP-subgroup. A group G is said to be SQ-
universal if every countable group K embeds in a quotient of G. Let H be a subgroup of G, then H is said
to have a congruence extension property (CEP) if for every subgroup K, K <H there exists a subgroup K,
K1 <G, suchthat K} NH = K. Itis easy to see that if the group G has a free infinitely generated CEP-subgroup
then G is SQ-universal (see, for example, Proposition [Olsh95]).

Proof of Corollary 1.1.5 (i) If G is non-elementary, there exists a pair of non-commensurable straight
words X1,X; in G (see for example [Olsh93], Lemma 1.14). By Remark I11.4.16, there exists a number
n such that Z = %(X,,X,,n) satisfies the small cancellation property C(&, i, p)-condition for sufficiently
small p and hence 4 (%) is a free group by Theorem 1.1.4. The rank .4 (%) is greater than 1 because
X1,X, are non-commensurable.

(ii) It is a result of Olshanskiy [Olsh95] that

(*) inside every non-elementary subgroup of G there exists a free countably generated CEP-subgroup
in G (Theorem 4, [Olsh95]);

Consider a free normal subgroup .4 in G of rank greater than 1. There exists a free infinite rank CEP-
subgroup N; in G, N; < .4/ by (*). Hence for every countable group H there exists M| <N; such that
H = N, /M. By congruence extension property, the (normal in G) subgroup M = M f; satisfies MNH = M|,
so H embeds in G/M. Clearly M = MIG is free (being a subgroup of a free group .4"), and thus (ii) is proved.
O

1.5 Proof of corollary I.1.6

We will often deal with paths which are geodesic up to 105, so we set, using Lemma II.1.6, the constant
h=H(5,1,100).

Lemma IIL1.5.1. Let XlRle_l =R in G, where R} is a (A,c)-quasigeodesic in G and the path XlRle_l
is geodesic up to 108. We choose the constant H = H(8,A,c) according to Lemma II.1.6. Consider an
arbitrary factorization Ry = UV for some words U,V. Then there exists a cyclic conjugate Ry of Ry such
that X(VU)X ™' =R, in G and |X| < H +h.

If we assume that R\ is a shortest element in the conjugacy class of Ry, then |Ry| > A | Ry || —c—2(H +h).

Proof We consider the paths X1R1X1_1 and R; in Cay(G). Combining together Lemma II.1.6 and defi-
nition of / before this Lemma we get that the paths X; R X, Uand R, are within (H + h)-neighborhoods of

each other and hence we may consider a geodesic v between a vertex of the path R; and the vertex with
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label equal to XU such that lab(v) = X, |X| < H + h. Vertex v_ provides the factorization Ry = U;V; of R,
and we have that X (VU)X ~! = ViU in G and thus define R, = V, Uy, it is an element of Z.

If we assume now that R; is shortest in the conjugacy class of Ry, we get that |[R;| = |UV| = |[VU| >
ViU | =2|X| > A||ViUi|| —c—=2|X| = A ||Ri|| —c—2|X| > A ||R1|| — ¢ — 2(H + h), which proves the last

assertion of the Lemma. O

Lemma IIL5.2. Let % be a system of words satisfying the C(g, 1L, A, ¢, p)-condition, choose H=H(8,A,c)
according to Lemma II.1.6. Assume that € = €y+2(H +h) for some & > 0 and that Ap > c+4H +2h+164.
Then there exists a system % such that N (%) = N (#) and for any positive number k, satisfying Ap >
kikl(c—i—4H+2h+ 168), the condition C(&y, o, po) holds for #, where [y = @ and pg = Ap —c —

2(H +h).

Proof We define an equivalence relation = on the set of freely reduced words over S*!: words W; and
W, are equivalent if and only if W is conjugate to W, or Wz_l. Then we consider a set {Ry,...,Ry,...}
of representatives of equivalence classes of % with respect to ~ . By Lemma III.1.2, there exist geodesic
words R;, X; such that X,R,-Xl-_1 = R;, where R; is geodesic up to 108 and is shortest in the conjugacy class of
R;. Finally we define Z to be the closure of {Ry,...,R,, ...} with respect to cyclic conjugates and inverses.
Clearly N (#) = N (X).

It remains to check that # satisfies (:‘(eo,uo,po)—condition. Let R; = UV, fori = 1,2, U, = YU, Z for
some |Y|,|Z| < &. Assume that |U;| > uomin(Ry,Ry).

By Lemma II1.5.1 and the definition of #, there exist R; € # and (geodesic) words X; such that
X;R:X' = R; and |X;| < H +h. By Remark II.1.3, the path p; = X;R;X;"' in the Cay(G) is within the
H + h + 88 neighborhood of a geodesic ¢; joining the ends of p; and, by Lemma IL.1.6, ¢; is in the
H-neighborhood of R;. Hence we can define geodesic words Y;,Z;, i = 1,2, of lengths not greater than
2H + h+ 86 and factorizations R; = C;D;E; such that the following equalities hold in G: XY, = Cy,
XY, ' =Gy, C1D1Z) = X1Uy and XoUrZ, = C2D5. We have obtained that (Y»YY;)D1(Z12Z,) = D>. Now we
estimate the length of D; using quasigeodesicity of R: |Dy| > |U,| — |Y1| —|Zi| > |Ui| —2(2H +h+80) >
Lo |Ri| — (4H + 21+ 168) > po(A |Ril| — ¢ — (4H + 2k + 168)) > “UH ) |1R,|| — 20U (¢ 4 4H 4 20 +
168) = p [ R + ulk||Ril| — 52 (c +4H + 2k +168)] > . |[Ri]|.

By the small cancellation condition on %, we conclude that (Y>YY;)(D{E|C;)(Y2YY;)™' = D,E>C; and
s0 Y(YiD1EC1Y, Y~ ! =Y, 'DyE>CoYs in G implying that YR Y ™! = R,. O

We say that a set of elements {xy,...,x,} satisfy the condition (I) relative to some element g of infinite

order if
(a) xi ¢ E(g) for every i;
(b) x; is in the centralizer of E(G) in G: x; € CG(E(G));
(¢) if an equality ax; = x;b holds in G for some a,b € E(g), thena=0b € E(G);
(d) ifa,b € E(g) and ax; = x;b, theni = j.

Lemma I11.5.3. ([OIsh93/, Lemma 3.7)" Let g be an element such that E(g) =< g > x<E(G). Then for any

integer | > 1, one can find elements x, ...,x; € G satisfying the condition I relative to the element g.

LOur formulation is less general then that in [Olsh93]. One can observe that in our case the condition (I)(c) follows from

D(@)-(b).
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Let us consider a set of geodesic words Wi,..., W, which represent respectively elements gy, ..., g,
satisfying Lemma I1.2.7. For every 1 <i < k we can choose a sequence of geodesic words Xy, ...,Xj;
satisfying Lemma III.5.3 relative to W;. Define a set %, ,, as a closure with respect to taking inverses and

cyclic conjugates of words Ry, ..., Ry, where R; = Xo,W/" ... X;W/" fori=1,... k.

Lemma II1.5.4. ([Olsh93], Lemma 4.2) There exists A > 0 such that for every L > 0 there exists | > 0 and
¢ > 0 such that for any € > 0, p > 0 there are mo > 0 such that the system %, ,, satisfies the C(€,, A, c,p)-

condition if m > my.
We will denote the center C(G) of the group G by Z(G).

Proposition IIL.5.5. Assume that G is a hyperbolic group and Z(G) = E(G). Let g be an element in G
satisfying Lemma I1.2.7 and consider an element y such that y ¢ E(g). Then for any integer | > 1, one can
find elements xy,...,x; € G such that each set {x,...,x;} and {yxi,x2,...,x;} satisfies the condition (I)

relative to the element g.

Proof We take an element g satisfying Lemma I1.2.7 and a set 2" = {xj,...,x;41} satisfying Lemma
II1.5.3 relative to g. We only need to check the conditions of property (I) involving yx;.

(a) Assume that yx; € E(g), then yx, ¢ E(g). Indeed, if yx;,yx» € E(g), then x5 'x; € E(g). Thus
x1 = xb for some b € E(g), which contradicts the condition (d) of (I) for 2.

Hence, if yx; € E(g), we can redefine 2 to be {xz,x1,x3...,x,51} and thus each set {x,x1,x3...,x/41}
and {yxp,x1,x3...,x.41 } satisfies (I)(a).

Condition (b) holds because C(E(G)) = G.

(c) Assume that the equality ayx; = yx;b holds for some a,b € E(g). If the element a is of finite order,
then a € E(G) = Z(G) by the choice of g and thus a = b. If a is of infinite order, then & ¢ E(a) = E(g)
because yx; ¢ E(a) = E(g), which contradicts the choice of b € E(g).

(d) We can observe that an equality ayx; = xb, where x € {x2,...,x;41 } can hold for at most one element

x;. Assume on the contrary, that both equalities
ayx) = xobi,azyx1 = xibs

hold for some a;,b; € E(g). Then we have al_lxzbl = az_lxl-bz and the equality xzblbz_l = alaz_lx,- contra-
dicts property (I) for 2.

Hence we may choose a set x/,...,x] satisfying the Lemma by eliminating at most one element from
2.0
For each k, we can choose elements Wy, ..., W; satisfying Lemma I1.2.7, Proposition III.5.5 allows us

to pick sequences of words {Xo;,...,X;;} for every 1 <i <k and any / > O such that both {Xy,...,X;;}
and {s;Xo;,...,X;;} satisfy the condition (I) relative to W;. In addition to the set %, ,,, we consider a set of
relations S ,, which is a closure of the relations s;R; for 1 <i < k under inversion and cyclic conjugation.

Clearly, S, , also satisfies Lemma II1.5.4. We will need the following, slightly stronger, Corollary:

Corollary I11.5.6. ([OlIsh93], Lemmas 4.2) There exists A > 0 such that for every y > 0 there exists [ > 0
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and ¢ > 0 such that for any € > 0, p > 0 there are my > 0 and { Xy, ...,X);} for every 1 <i < k such that
each system %, ,, and S%) ,, satisfies the C(€,u, A, c,p)-condition if m > my.

Proof repeats that of Lemma I11.5.4 [Olsh93] with minor modifications. First, as in Lemma II1.5.4, we

may choose A > 0 depending only on Wy, ..., W;. Then we choose [ (after i) so that

min; || Wil
—— > 0.
mavx; ||Wi|

Au(l+1)

Similarly to IIL.5.4, there exists ¢, depending on W;, Xj;, 5;Xo; such that %, ,, and SZ, ,, consist of (1, c)-
quasigeodesics for all sufficiently large m(c does not depend on m).

Finally, one chooses my (after €, p) such that
Au(l+ 1)momin; |Wi|| — ¢ — 2€ > 6momax; ||W||

and such that % ,,, S%; ,, consist of (A, c)-quasigeodesics. O
Remark 111.5.7. Let G be a hyperbolic group. Then:

(i) if s is an element of finite order then there exists an element r € G such that both ¢ and st are of
infinite order for any m > mg for some number my.

(ii) the group G is generated by elements of infinite order.

Proof (i) Let 7 be an element satisfying Lemma I1.2.7. Assume that for every m > 0 the element (st™)
is of finite order. Since a hyperbolic group can have only finite number of conjugacy classes of torsion
elements, we can take K > 0, independent on m, such that (s#”)X = 1 in G for every m. We have that values
(t~™s~!, st™) are unbounded as m — oo and hence the values of (1™, s¢™) are also unbounded which implies
that s € E(¢). But if s is in E(¢) then sz is of infinite order. Contradiction; the elements (s¢™) have infinite
order for all sufficiently large m.

Let s1,...,s; be a generating set for the group G, consider an element ¢ satisfying Lemma I1.2.7. By
part (i), there exists m > O such that s;#" is of infinite order for every generator s; of finite order. If we
replace s; € S with a pair #' = ¢, s} = s;#™ whenever s; is of finite order and keep s; € S otherwise. Then the
generating set S satisfies (ii). O

Proof of Corollary 1.1.6 Assume first that Z(G) = E(G) and consider the generators sy, ..., s of G. By

Remark III.5.7 we may assume that the orders of all generators are infinite. We consider a set of pairwise

non-commensurable geodesic words Wi, ..., W, such that E(W;) = E(G)x < W; > in G (see conventions
before the Lemma II1.5.4).
For every [ > 0 and 1 <i < k, we choose a sequence of geodesic words {Xo;, ..., X;} satisfying Propo-

sition IIL.5.5 relative to W;. We apply Lemma II1.5.6 to the sets %} ,,, S%,». Hence we may choose con-
sequently A >0, u < 2%, 1>0,c>0,e=¢g+22H(A,c) +h) where & > 196 + 3 and p such that

p > %(c+2H+ 2h+ %) such that both %, ,, and SZ, ,, satisfy C(e,u,A,c,p) for some m. By
7187

Lemma IIL.5.2 there are sets %, ,, and SZ%, ,, which generate the same normal subgroups as %; ,,, S%  re-

spectively and satisfy C (&, to, po) for po = Ap —c —2H —2h and pg = 27“ By the choice of constants above

we have that & > 196 + 3, yp < 1/100, and py > % and hence we may apply Theorem I11.4.15 to
7 U=8%
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conclude that both normal subgroups A = A (%) ) = N (%) and B= N (SZym) = N (S%) m) are free.
By Lemma II1.2.8 each subgroup A and B has an infinite index in G.

Clearly AB = BA > s; = (5;R;)(R;) ™! for every 1 <i < k, hence AB=G.

Now assume that AB = G for some free normal subgroups A, B in G. For every normal subgroup N in
G we have that [N,E(G)] < NNE(G), so [A,E(G)] =1 and [B,E(G)] = 1 because the intersection of free
subgroup with torsion subgroup is trivial. Hence E(G) < C5(A) NCg(B) = C(AB) = Z(G). The inclusion
Z(G) < E(G) is immediate. O
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CHAPTER 1V

HIGHLY TRANSITIVE AND PERIODIC ACTIONS OF MAXIMAL GROWTH OF HYPERBOLIC
GROUPS

V.1 Actions of Maximal Growth

Let G be a group generated by a finite set S and suppose that G acts on a set X from the right:
xe=x, (xg1)g2=x(g1g2)inGforallx € X; g;,22 € G.

We assume that the action is transitive (i.e. X = oG, where o is some element from X). Consider the set
By, (0) of elements og € X such that g € G and |g| < n. Then the growth function of the right action of G on
X is fo.5(n) =#{B,(0)}. Let o' = 0gp € G and denote |go| by C. It is clear that B,(0") C B,+c(0) and hence

fo,S(”“‘C) > fo’,S(n)-

Recall that the action of G on X is called k-transitive for some natural number k, if for any two ordered
k-tuples (x1,...,x¢), (y1,..-,yx) of distinct elements in X there exists an element g € G such that x;g = y; for
every i, 1 <i < k. The action is said to be highly transitive if it is k-transitive for every natural k.

Consider a set .% of functions from Ny to Ny. A pair f,g € .% is said (see [BO], §1.4) to satisfy the
relation f < g if there exists a non-negative integer C such that f(n) < g(n+C) for every n € Ny. Clearly
the relation < is transitive and reflexive. Functions f,g € .% are said to be equivalent ([BO], §1.4)if f < g
and g < f. According to the discussion above, growth functions of transitive action of G on X with respect
to different base points 0,0’ are equivalent.

One can observe that the notion of equivalence of functions, which we discuss here, is stronger then that
used for study of asymptotic invariants. It is easy to see that the pairs 2n and 3n are not equivalent in the
sense of definition above and neither are the functions 2", 3. We would also like to note that there exists a
transitive action of a finitely generated free group which has maximal growth with respect to one finite set
of generators and does not have maximal growth with respect to the other.

If the group G acts from the right on X = G, we get the usual growth function and denote it by f(n);
clearly the growth of any action of G is bounded by the usual growth function of G: f, s(n) < f(n) for any
ocX.

If H is a stabilizer of o, then every element x € X is in one-to-one correspondence with a coset Hg in G

such that x = og and the right actions of G on X and on H\G are isomorphic.

Definition IV.1.1. ([BO], §2) Let f(n) be a growth function of G relative to a finite generating set S and
consider a transitive action of G on a set X. Then the growth of the action is called maximal if the function

fos(n) is equivalent to f(n).

In this paper we discuss the growth of actions of hyperbolic groups which are known to be non-amenable

(see remark I'V.1.2). We recall that a group G is called amenable if there exists a finitely additive left invariant
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probability measure on G (see [Gre]).
Remark 1V.1.2. Every non-elementary hyperbolic group is non-amenable.

Proof If G is a non-elementary hyperbolic group, then it contains a free non-cyclic subgroup F; ([Gro],
[Ghys], p. 157). But a free group of rank greater then one is non-amenable (see [Gre] 1.2.8). On the other
hand, a subgroup of an amenable group is amenable ([Gre], Theorem 1.2.5). Hence G cannot be amenable.O

The famous Folner amenability criterion ([Gre]) yields the following:

Corollary IV.1.3. For every non-elementary hyperbolic group G there exists € > 0 (depending on G only)
such that #{Br1} > (1 + €)#{Bg} for any R.

Remark IV.1.4. Let G be a non-amenable group with growth function f(x) relative to a finite generating set
S. Assume G acts on X with respect to some base point 0 € X; denote the growth function of this action by
8o,s(x). Then there exists ¢; > 0 such that the inequality g, s(n) > ¢ f(n) holds for all natural » if and only

if the action has maximal growth.

Proof We first show the “only if” part. By corollary IV.1.3, there exists € > 0 such that the recursive
formula f(n+ 1) > (1+¢€)f(n) holds for every n. We choose a natural C satisfying c1(1+¢€)¢ > 1. Then,
applying the recursive formula C times we get:

8os(n+C)>cif(n+C) > cl(l—l—s)cf(n) > f(n).

Now assume that the action has maximal growth, i.e. g, s(n+C) > f(n) for some natural number C > 0
and every natural n. It is clear from definition of g, s that g, s(n+C) < (2#{S})¢ x g, s(n) and hence for
c1 = (2#{S})C the inequality g, s(n) > ¢; f(n) holds.O

We recall the notion of exponential growth rate of a group G with respect to the set of generators S:
A(G,S) = lim,_/f (n), where f(n) is a growth function of G.

Let S be a finite generating set in G and let N be an infinite normal subgroup of G. We denote the image
of S under the canonical homomorphism G — G/N by S. The following Theorem is often summarized by

saying that the hyperbolic groups are ’growth tight”:

Theorem IV.1.5. [AL] Let G be a non-elementary hyperbolic group and S any finite set of generators for
G. Then for any infinite normal subgroup N of G we have A(G,S) > A(G/N,S).

The next corollary restates the above Theorem in terms of maximal growth.

Corollary IV.1.6. Assume G is a hyperbolic group acting on some set X from the right with maximal growth.

Then the kernel of this action is a finite normal subgroup.

Proof Let N be the kernel of the action on X. For any point 0 € X we have that oNg = og forall g € G
and hence the growth function of the action g, s satisfies:

8o.5(n) < fg/n(n) for every n € N, av.l)
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where f(n) is the growth function of G/N with respect to images S of generators S of G. If f(n) is the
growth function of G with respect to S and the growth of the action is maximal, then there exists ¢; > 0 such

that g, s(n) > c; f(n) for every n € N. Hence, using (IV.1) and the last inequality, we have:

A(G/N,S) = limy—seor] f(1) > limy i/ 8o.5(1) > limy i/ c1f(n) = A(G,S),

which, by Theorem IV.1.5, can only hold when N is finite. O
Throughout this paper we will mainly discuss properties of left cosets. The connection between the right

and left cosets is established by the following observation:

Remark IV.1.7. The right coset Hg intersects the ball By in G if and only if the left coset g~ ' H intersects
Bg.O

The abundance of examples of actions of maximal growth is evident from the following:

Proposition IV.1.8. Let G be a hyperbolic group and H be a quasiconvex subgroup of infinite index in G.
Then the natural right action of G on H\G has maximal growth.

Proof We first consider left cosets G/H. By Theorem I1.2.5, there exists C > 0 and the section s such
that the group G is in B¢(s(G/H)). Hence for every g € Bg there exists g € s(G/H) such that |g—g| < C.
By definition of s, [g| < [g| and thus g € Bg. We get that B C Ugepyns(c/m)Bc(g), which implies:

f(R) =#{Br} < #{Bc} x #{s(G/H) N Bg}. Iv.2)

If g1,82 € s(G/H) N Bg then (because the map s is a section) g1 H # goH. We get that #{s(G/H) NBg} <
#{gH|gH N Bg # 0} and the remark IV.1.7 provides #{gH|gH NBg # 0} = #{Hg '|Hg ' N Bg # 0}, thus

#{s(G/H)NBg} <#{Hg '|Hg ' NBg # 0}. (IV.3)

Evidently the sets {Hg™!|Hg~' NBg # 0} and {Hg|3g, : Hg1 = Hg & |g1| < R} contain the same cosets,
and, by definition of the growth function fy /x5 (R) of natural right action of G on G/H: #{Hg|3g1 : Hg| =
Hg&|g1| < R} = fu c/u(R). Using inequalities (IV.2), (IV.3) and the last equality we get:

f(R) <#{Bc} x#{s(G/H)NBr} <#{Bc} x#{Hg|dg1 : Hg1 = Hg & |g1| < R}

<#{Bc} X fuc/u(R).

By remark IV.1.4, the action has maximal growth.O

In [BO] the authors provide examples of maximal growth actions of free groups satisfying some addi-
tional properties.

Recall that in [Sta] a subgroup H of a group G is said to satisfy the Burnside condition if for any a € G
there exists a natural number n # 0 such that ¢” is in H. One of the main results of the aforementioned paper

is the following:
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Corollary IV.1.9. ([BO]J, corollary 6) Any finitely generated subgroup H of infinite index in the free group
F of rank greater than 1 is contained as a free factor in a free subgroup K satisfying the Burnside condition.
One can choose K with maximal growth of action of F on K\F. It follows that there exists a transitive action
of F, with maximal growth and with finite orbits for each element g € F, which factors through the action of
F on H\F.

The following Theorem generalizes the corollary 6 of [BO] from free groups to non-elementary hyper-

bolic ones:

Theorem IV.1.10. Let G be a non-elementary hyperbolic group with growth function f(n). Then for any
0 < g < 1 there exists a free subgroup H in G satisfying the Burnside condition and such that the growth
fr\c(n) of the (transitive) right action of G on H\G satisfies fy\g(n) > qf(n). In particular; the growth of

such action is maximal.

Consequently, for every non-elementary hyperbolic group G there exists a transitive action of G with

maximal growth such that the orbit of action of any element g € G is finite.

Remark IV.1.11. Let G be an infinite group acting 2-transitively on some infinite set X.

(i) If ./ is a finite normal subgroup in G, then .4 is in the kernel of the action.

(i1) Assume that G is a non-elementary hyperbolic group and that the growth of action on X is maximal.
Then the kernel of this action is the finite radical E(G).

Proof (i) The action is 2-transitive and thus is imprimitive, i.e. there are no non-trivial block partitions
(see [Rot], pp. 256-258). On the other hand, one easily checks that for any x € X the set .4 x is a block: if

geGand g/ xNANx#£0D,

then A (g./'xNA'x) = A x and, because #{g.+#x} = #{.#/'x}, we have that g.#/'x = .#'x. Using the
finiteness of .4 x again, we have that .4 x # X and thus .4 "x = {x} for every x.

(ii) The kernel .4 of action is a normal subgroup, thus we use the condition that the growth of action
is maximal and Proposition IV.1.8 to obtain that .4 is finite. By definition of finite radical, we have .4 <
E(G). It remains to apply part (i).0

V2 Proof of Theorem IV.1.10

Throughout this paragraph we assume that the group G is non-elementary hyperbolic. The following Lemma

summarizes some geometric properties that we will need later.

Lemma IV.2.1. Let a,b,c,d be points in a d-hyperbolic space X .

(i)Assume that (a,c)p, (b,d). < M. If we take Q such that (a,d), < Q then |a—d| > |a—b|+|b—c|+
|c —d|—2M —2Q. Moreover, if |b—c| > 2M + §, then we can choose Q =M + 9.

Assume that the point d is on the segment [a,b] and

(ii) d € By, ([a,c]) for some My > 0. Then

|d —b| > (a,c), — 6 — M, and (IV.4)
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la—c| >|a—b|+|b—c|—2|d—b|—25—2M,. (IV.5)

(iii) that (b,c)s —58 > |a—d|. Then d € Bygs([a,c]).
(iv) the vertex d is at least D > 0 away from each point a,b. Then

|d —c| <max{|la—c|,|b—c|} +28 —D.
Proof (i) By definition of Gromov product and conditions of part (i), we get that
la—d|=|a—b|+|b—d|—2(a,d)p,=|a—b|+ (|b—c|+ |c—d|—2(b,d). —2(a,d),) >

>la—b|+|b—c|+|c—d|—2M—2Q.

It remains to show the second claim in part (i). If | — ¢| > 2M + J, then by (IL.1):
(c,d)p=1b—c|—(b,d)e >2M+6—M. (Iv.6)
By inequality (IV.6) and definition (H1) of 8-hyperbolic space, we have
(c,d)p >M~+68 > (a,c)p+ 6 > min{(a,d)p, (c,d)p},

which implies that (a,d), <M+ 9.
(ii) Let d’ be a point on [a, c] at distance at most M, from d. Then, by (H1) and definitions of d,d":

1 1
(dyc)p = 5(|b—d|+|b—c|~|c—d]) = S(la=b] ~|a—d|+|b—c| ~|c~d]) =

1 1
=lla=bl+lb—c[—la—c)+5(la—c|~|a—d|~|c—d]) =
1
> (a,c)b—|—§(|a—c| —(lla—d'|+|d=d|]—[|d—d'|+|c—d|]) = (a,c),— |d—d'|.
We obtain the first claim of part (ii) using definition (H1) and the expression for (d,c); above:
|d —b| = (d,a)p > min{(d,c)p,(a,c)p} — 8 > (a,c)p— 6 — ‘d —d’} ,

and apply it to obtain the second claim:

la—c|=|a—b|+|b—c|—2(a,c), > |la—b|+ |b—c|—2(|d —b|+ |d —d'| + 5).

(iii) Assume d ¢ Bygs([a,c]), then d € Byg([b,c]) by (H2). We apply part (ii) to the points b,a,c,d with
M; = 46 and obtain that |a —d| > (b,c), — 8 — 46. Contradiction.
(iv) By definition (H3), we have that

|d —c|+|b—al <max{la—c|+|b—d|,|b—c|+|a—d|} +26, hence
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|d —c| <max{la—c|+ (|b—d|—|b—al|),|b—c|+ (la—d|—|b—al|)} +26 <
<max{|la—c|,|b—c|}+26 +max{|b—d|—|b—al|,la—d|—|b—a|} <
<max{la—c|,|b—c|}+26 —D.O

Lemma IV.2.2. Consider subgroups 74 and 76 in a finitely generated group G. If there exists M > 0 such
that #{By (1) N By ()} = oo then #{ 74 N 3} = oo.

The Lemma is equivalent to the statement: if #{.71 N 7%} < o then the set Bys(.741) N By (743) is finite
for every non-negative M.

Proof Assume that #{By(.71) N By(.#43)} = oo for some M > 0, then there exist infinite sequences of
elements {hy;} C 54 and {hy;} C % such that }hfithi} = |hy; — hy;| < 2M for every i € N. We denote the
element hl_ilhzl- by ;. Since |/;] < 2M and the geometry of Cay(G) is proper, there exists an element [ € G
and a subsequence {i;}, j € Nsuch that/;, =1/;; =1inG forany ji, j» € N and thus hy oy = hfkthk inG
for every s,k € {i;}. We obtained that hlkhl_sl = hzkhz_sl belongs to J# N 7% for every s,k € {i;}. For every
fixed k, limg_o ‘hl khfsl ‘ > (limg—soo ‘hil !) — |h1x| = oo which implies that the intersection ] N 7% does not
belong to a ball Bg for any R > 0 and thus is infinite. O

Corollary IV.2.3. Let 57 be a K-quasiconvex subgroup and assume that for infinitely many distinct natural

numbers s; and some 71,70 € G the elements 71x*zy belong to 7. Then there exists n # 0 such that zlxnzl_] €
.

Proof We denote |z; |+ |22 by C. We have that z1x%z; ! (z122) € ## and hence the distance d(z;x"z; !, )
is bounded by C for infinitely many distinct s;. In other words the intersection (zjxz; ') N Bc(J#) is infinite

and by Lemma IV.2.2 the intersection (zjxz; ') N7 is also infinite.0

Lemma IV.2.4. Let 57 be a K-quasiconvex subgroup in a d-hyperbolic group G and let E be an infinite
elementary subgroup in G. Then the following assertions are equivalent:

(i) for any number M > 0 we have E ¢ By (),

(i) #{ENIH} < ooy

(iii) There exists M > 0 (depending on E and ¢ only) such that (x,h) < M foranyx € E, h € J.

Proof We first show that (ii) implies (i). If the intersection £ N7 is finite then, by Lemma 1V.2.2, we
have #{By (E) N By ()} < oo for any M > 0. In particular, #{E N By ()} < oo and hence E ¢ By ()
for any M > 0.

Now we show that (iii) implies (ii). Let x be an element of E and |x| > 2M. We have

e h| = x|+ 1] = 2(x, 1) > x| —2M >0,

hence x ¢ J# and so the intersection E N .77 belongs to the ball By (e) which is a finite set.
It remains to show that (i) implies (iii). Since E is infinite virtually cyclic we can choose an element x

in E of infinite order and thus E is of finite index in E(x). Hence

there exists a constant M such that E(x) C By, ((x)). (Iv.7)
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Let K, = K((x)) be a constant provided by Lemma II.2.6(iii).
Assume (iii) does not hold, i.e. for every M > 0 there exist y € E, h € S, satisfying (y,h) > M + M.
Then, by (IV.7), y = x'a for some a € E, |a| < Mp, t # 0 and

(', h) > (x'a,h) —My > M+My—My =M. (IV.8)

Hence for every M > 0 there exists an integer ¢ and an element 4 € .7 such that (x',h) > M.

Now we fix an arbitrary ¢ and choose M so that x| < M — K, —58. We may assume without loss
of generality that 7 > 0. Then by (IV.8), there exist ¢/ > and h € . such that (x',h) > M. By Lemma
I1.2.6(ii), vertices x™ are within K,-neighborhood of [e,x’l] for any 0 < m <. In particular, there exists a
vertex b € [e,x"] such that |x' —b| < K, and thus |b| < M —58 < (X' ,h) —58. By Lemma IV.2.1(iii), we
have that b € Bys([e,h]) and, because 77 is K-quasiconvex, b € Byg., g (7). Finally, we get that x' belongs
to Bys k+k, () for every t contrary to (i). O

In Lemma IV.2.5 and Theorem IV.2.8 we follow in part the line of argument from [Arzh] (in particular

we apply Lemma 13[Arzh]).

Lemma IV.2.5. Let x be an element of infinite order in G and choose a constant M1 > 0. Then there exist
a natural number m and a number My > 0 such that for any element h in G satisfying conditions |h| < 2M,

and h ¢ E(x) and any |t|,|s| > m the following inequality holds:
}xthx‘w > ‘x’} + |h| + |X°| — M,.

Proof For a pair of integers 5,7 we consider a closed path pq; p2q> in Cay(G), where the path p; starts
from e and lab(p;) = x~', the path ¢ is geodesic and ends at vertex hx’, the path p; satisfies lab(py) = x*
and ¢ is geodesic with lab(qy) = h™'. We define phase vertices a; on p; and phase vertices b j on p, !
relative to the natural factorizations x~* and x* respectively (i =0,...,—t and j =0, ..., s).

Step 1. We take constants 4, ¢, K, = K((x)) provided by Lemma II.2.6 for the cyclic group (x) and define
1
C = max{2K, + 5 x|, Ky +2M,; } +89.

Let us denote by y; a phase path connecting vertex ¢; with some phase vertex b; of p,. Assume that |y;| < C
for some i. We define subpaths p/, p, of paths p;, p>, where the path p/ connects ag to a; and p), connects
b; to by. Considering the closed path py;p)g2, we have

11| = [h— k| = ] =[] = [yi] = A Jx] il —c — 20, —C,

which implies that | j| > W > Ali| —c1, where ¢; = %

Since we have fixed the constant C, we may apply Lemma II.2.10 to the closed path p)y;p5g> to obtain
an integer mg such that if we choose a number iy satisfying A |ip| — ¢; > mg and hence |ig| > my then there
exists a phase path yy, |i’| < io such that lab(yy) € E(x). If the vertex b is the end vertex of y;, we get that

x"lab(ys)x/h = e in G and hence h € E(x), contradiction. We obtained that there exists iy depending on
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Figure IV.1: Step I of IV.2.5

x and C, such that
vio| > C. (IV.9)

Step 2. We show now that a;, € Bgs,k (¢1). By Lemma I1.2.6, a; € Bk ([e,x™']) and using twice the
condition (H2), we get that a;, belongs to Bgs g (g2 U [h,hx’| Ugy).

Clearly a;, ¢ Bss.k,(q2): since |y;| is minimal, i.e. |y;,| < |ai, — by
j' =0 that

for every j =0,...,s, we get for

|)7i0| < |aio _b0| = |ai0 _h| < d(ai07qZ)+ |ql| <83 +K,+ |h‘ <C

contrary to (IV.9).

Similarly, a;, ¢ Bgs. k, ([h,hx’]). Otherwise we may consider a vertex z on [k, hx’] at distance at most
80 + K, from a;, and choose a vertex 7' on p, at distance no more than K, from z. Finally, there exists a
phase vertex by on p, such that }b 7 —7 ‘ < |x| /2. Using the minimality of |y;,| we obtain the estimate for

the length of phase path:

ip| < lai, — 2| + ‘z—z’| + ]z’—bj/

which again contradicts (IV.9). The claim of Step 2 is proved.

Step 3. Let us choose some |¢|,|s| > |ip| . We choose z on [e,x™7] such that
iy — 2| < Kr. (IV.10)

By Step 2, the vertex a;, is in the set Bgs g (¢1) and hence z € Bgs ok, (q1). Applying Lemma IV.2.1
(ii) to vertices e,x~ ", hx*, z we get using (IV.5), |h| < 2M;:

1] > ||+ |hx’| = 2|2] =28 —2(88 +2K,) > |x'| + (|h] + [x°| — 4M1) — 2 |z| — 26 —2(88 + 2K,).
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Inequality (IV.10) implies that x| 4+ K, > || and we conclude that
lq1] > ||+ A+ || = 2(|x| + Ky) +2(98 +2Ky) = |[¥] + |h] + || — (4M) +2 |x°| + 6K, + 1835).

It remains to define the constant M, (depending only on (x), M}, ) to be 4M; + 2 ‘x’ﬂ +4K, + 180
and define m = |ip|. O

Lemma IV.2.6. ([Arzh], Lemma 13) Letn > 1, ro > 488 and elements h;,g; € G (1 <i < n) satisfy :
lgil > 1510, (1 <i<n), |higi]| = ||+ |g1|—ro, (IV.11)

|gi—1higi| > |gi—1]+ il + |gi| —2ro(1 < i <n). Iv.12)

Then the following assertions are true:
(i) One has
‘hlglmhngn‘ > ‘hlglmhn—lgn—l‘ + ’hn’ + ‘gn‘ — 5rp.

In particular one has (by induction) h1g1...hyg, # e in G.
(ii) Let p be a path in Cay(G) labeled by hig\...h,g,. Then the path p and any geodesic [p_,p.] are

contained within 4rg-neighborhood of each other.
For technical reasons we introduce a the following corollary (related to the Lemma quoted above).

Corollary IV.2.7. Let 7 be a quasiconvex subgroup of infinite index and ro > 0 be a constant. Assume
that for every r > ry there exists a finite set % = % (r) of elements of G such that the number #{.%} is
independent of r and.:

(A0) FnF =0

Moreover, for every fi,f» € Z* and h € A :
(A1) [fil > 157

(A2) |nfi] = [h[+[fil = ro;
(A3) |fihfa| > |fil + |h|+ | f2] — 210, unless h = e and fi :fz_l.

Then (i) the conclusion of previous Lemma holds for every path labeled by h, f...h, f,, unless there exists
i such that hy = e and f; 1 = fi_l, where fi, ..., f, € FT1;
(ii) the group Hy = (J€ , F ) is isomorphic to H* (xec 7 < g >) and is (48 +4r+max{K,maxqec 7 |8| /2})-

quasiconvex in G.

Proof (i) Follows immediately from the above Lemma I'V.2.6.

(i1) If the equality Ay f1...h,f, = e holds in G (where f; € %, n > i > 1) then there exists an index i < n
such that i; = e for some and f;_; = fi_1 and exactly one of the elements f;_1, fl-_1 belongs to .% . Thus the
group generated by % and f7, ..., f, is isomorphic to 7 * (f1) * ... x (f,).
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Consider an element h = hy fi...h, fyh, 1 in G, where f1, ..., f, € % andif h; = efori <nthen f;_|fi #e
(hu+1 can be the identity ¢). Define a path pp’ in Cay(G) where the subpath p starts from e and is labelled by
hi fi...hy, fn in Cay(G) and the path p’ labeled by £,,41. By (H2) and Lemma IV.2.6(ii), we have that [e, p/, | C
Busia,,(pUP'). In turn, every vertex v of pU p’ is either within K-neighborhood of J& = (J7, fi,..., fn)
(if v is a vertex of a subpath labeled by &;) or at most max,ec #(,) || /2 away from (JZ, f1,..., fu) (if v
is a vertex of the subpath labeled by f;). We conclude that every vertex z € [e, p',] is within 46 + 4r +
max{K,max{K,maxyc z,|g| /2} from a vertex in 7. Hence ] is (48 +4r+max{K,max{K,max,c 7 |g| /2})-

quasiconvex. O

Theorem 1V.2.8. Let G be a non-elementary hyperbolic group and € be a K-quasiconvex subgroup of
G. Consider an element x in G of infinite order such that E(x) N7 = {e}. Then there exists a number ry
(depending on S and x only) such that

(i) (x*,h) < 3 forany h € H and s € 7 and

(ii) for any r > rq there exists t' > 0 such that for every t > t" and g = x' the subgroup 76, = (g, 7) is
(48 +4r+max{K,|g| /2})-quasiconvex, of infinite index and canonically isomorphic to (g) x 7. Moreover,
the inequalities of Lemma IV.2.6 hold for r; f; € (g)\{e} and h; € .

Proof By Lemma IV.2.4(iii), there exists M > 0 such that (x°,h) < M for any h € H and s € Z, hence
[h’] = [ + x| =2(x*, h) = |h| + [¥’] = 2M. (IV.13)

Now we consider an arbitrary element x™ hx"2. If |h| > 2M + &, then apply Lemma I'V.2.1(i) to vertices
e, X" X", xX™ hx™ in Cay(G):

XM x| > XM+ b+ XM —4M —20. (Iv.14)
Lemma I1.2.6(iv) provides a constant M’ > 0 such that the following inequality holds provided m m; > 0:
M2 | > ™| 4 X2 - 2M (IV.15)

By Lemma IV.2.5, there exist a natural number m and a non-negative constant M, such that for any |m; |, |ma| >

m the following inequality holds:
| hx™| > XM+ |h| 4+ x| — M, (Iv.16)
for every h # 1, |h| < 2M +25. Now we choose
ro = max{2M + 8 ,M, /2,485 ,M'}, av.17)
and then for any r > ry we choose ¢’ satisfying |¢'| > m so that the inequality

|| > 151, holds for every 1, t| > || (IV.18)
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Note that the choice of ry in (IV.17) and inequality (IV.13) proves part (i) of our Theorem.

We can observe now that the corollary IV.2.7 holds for ¢, ro,r,.% (r) = {x'}. The condition (A0) is
immediate, condition (A1) holds by the choice of ¢, (A2) is satisfied by (IV.13) and (A3) is justified because
(IV.14)—~(1V.16) hold.

Thus the group generated by 7 and g is isomorphic to J# * (g) and the group J# = I * (g) is
(40 +4r+max{K,|g| /2})-quasiconvex. All conclusions of the Theorem are checked for 7] except the
infiniteness of index. It only remains to observe that the subgroup .73 = (J#,g?) has infinite index in
(A, g) and hence in G. It satisfies the all of the conditions of the Theorem and hence the conclusion holds
for the same constant 7 and g = x*.00

Let us consider a path p in Cay(G) starting at vertex a and ending with b with label h; fi...h, frh,, i.e.
ahy fi...hyfuhy, = b in G, where f; € F*(r), h; € 2 and if h; = e for 1 < i < nthen f;_1 f; # e. We shall

denote:
ap = a, by =ahy,

| . (IV.19)
a;=ahy..hififorl <i<n, b;=ahifi..h, forl <i<n.

Lemma IV.2.9. Assume that 7€, ro and a set 7 (r) (where r > ry) satisfy the corollary IV.2.7. In the
notations (IV.19) we have that (a,biy1),, < 3 +0 forany i > 1.

Proof The definition (H3) for a, b;,a;,b; 1 reads:
la; — a| + | fihis1]| < max{|b; — a| + |hi+1]|, |bis1 —a| + | fi|} +26. (IV.20)

The corollary IV.2.7 permits us to apply the inequalities of Lemma IV.2.6(i) and (A2) to the left side of
(IV.20):
|ai —al + | fihis1| = (|ai-1 —a| + [hi| + | fil = 5r0) + (|fil + [hi1| = r0),

applying (A1) we obtain
|ai — a| + | fihis1] = (lai-1 — al + |hi]) + [his1| + (2| fi] = 6r0) > [bi — a| + |hiz1 [+ 24ro.
By(A2) and the conditions on ry in Lemma I'V.2.6:
|ai —a| + | fihit1| > |bi — a| + |hiv1| +24r0 > |bi — a| + |hiy1 | +26. avan
Hence we may rewrite (IV.21) as
|ai —al + | fihis1| < [bis1 —al +|fil +26
and thus (using (A2) again):
biv1 —al = |ai —a|+ | fihiv1| = | fil =26 = |ai — a| + |fi| + |hisa| = ro— [ fi| =26 =

= |a; —a| + |hiy1| — 28 — ro, which, by (H1), implies that (a,b;; 1), < 53 + 8.0
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Lemma IV.2.10. Assume that 5€, ro and a set F (r) (where r > ry) satisfy the corollary IV.2.7. In the
conventions above (see (IV.19)), assume that

(i) a; € Bg for some i > 1. Then a; belongs to Bg,15_»,.

(ii) biy1 € Bg for some i > 1. Then a; belongs to Bg.

Proof (i) By Lemma IV.2.6(ii), there exists " € [a,a;] such that
b —a1| < 4r. (IV.22)
Using inequalities (A2) and (A1) of corollary IV.2.7, we have
b/ —a| >|a—a||— b —ai| = | fi| + |hi| — ro — 4ro > 10r. (IV.23)
Similarly, we may inductively apply Lemma IV.2.6(i) to the subpath of p connecting a;,a; for j < i:
laj—ai| > |a;—ai—1| + |hi| + | fi| = 5r0 > |aj — ai—1| + 157 — 5r > 10r(i — j), (IV.24)
and apply it in order to estimate (for i > 1):
‘b’—ai‘ > lay —ai| — ‘al —b’} > 10r(i—1) —4ry > 6r.

The inequalities (IV.23) and (IV.24) allow to apply Lemma IV.2.1(iv) to a, a;, e, b’ (with D = 6r) and
get that |0’ — e| < max{|a—e|,|a; — e|} +28 — 6r. Since a,a; € Bg we have that |b' —e| < R+ 25 — 6r. We
use the previous inequality together with (IV.22) to conclude that: |a; —e| < |a; —b'|+ |b' —e| < 4rog+R —
6r+206 <R+28—2r.

(ii) The inequality (IV.24) provides that |a; —a| > 10r > 73 4+ 68 + 1; on the other hand Lemma IV.2.9
implies that 9 +66 + 1 > (a,b;41 )4, +58 + 1. Thus we can choose a vertex d on a geodesic [a, ;] satisfying
inequalities:

(a,bis1)q; +56+1>|d—a;| > (a,bit1)q, +56.

Then, by Lemma IV.2.1(iii), d belongs to Bys([a,bi+1]) and using Lemma IV.2.9 we get

d(ai, [a,bis1]) < |d—b| +48 < (a,bip1)a + 56 +1+48 < r—2°+ 108+ 1.

By (H2), segment [a,b;1] belongs to the 46-neighborhood of union [e,a] U [e,b;y1] which is a subset of Bg

because a,b;+; € Bg. Hence
la; —e| < d(a,[a,bis1]) +46 +R < R+r2—0+ 148 + 1

and, by part (i) of this Lemma, we conclude that a; belongs to Bg_,. 165,11 C Bg.C

Lemma IV.2.11. Let 7 be a K-quasiconvex subgroup in a hyperbolic group G. Take some a € Br and
h € S such that ah ¢ Bg. Then either (a1, h) < 138 + K or there exists by € a# M\ Bg such that byh; = ah
and |hy| < |h| for some hy € A .
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Proof Assume that (a~!,h) > 138 + K. We choose a vertex d on the segment [a,ah] such that |d — a| =
K+838. By Lemma IV.2.1(iii), d € B45([e,a]) and we can choose d’ € [e,a] to satisfy the inequality |d — d'| <
40. Then we have

d—e| <|e—d'|+|d—d'|<(le—a|—|a—d'|) +45 <R—|a—d'|+45 <

—la—d|+46+46 <R-K.

By quasiconvexity of .77, there exists by € a##, |b; —d| < K and hence b; € Bg. By the choice of by,
we have that bl’lah =h; € A and

by —ah| < |by —d| +|d — ah| < |by —d|+ (la—ah| — |d —a|) < K + (|h| — K —88) < |h].O

Lemma IV.2.12. Assume that 5, ry and a set F (r) (where r > ry) satisfy the corollary IV.2.7. We adopt
notations (IV.19) and let a,b be vertices in Bgr and ahighy = b in G for some hy,hy € F, g € fil( ).
Assume furthermore that (a~',hy) <138 + K and that by ¢ Bg. Then

Ih| §K+%0+156.
Proof Definition (H1) and (A2) yield:
T . ,
50 > (ay,a)p, > min{(a,b)p,,(a1,b)p, } — 6 > min{(e,a)p,,(e,b)p,,(a1,b)p, } —26. (IV.25)

Consider the last two Gromov products on the right-hand side of (IV.25). We have:
1 1 1
(e,0)p, = 5 (|br| +[b=br[ = [b]) = S (|b1] = [b]) + 5 [b— b1,
2 2 2
by the conditions of this Lemma, |b;| > R > |b| and using (A1) and (A2) we conclude
(e,b)p, >0+ (Igl +[h2| =r0) = \gl — 2 >Tr>Tr.
Similarly,

1
(a1, b)p, = 5 (I8 +1b6—bi| = |haf) = (|g|+(|g!+|h2|—ro) !h2!)>|8|—*>14 0.

\S] \

Now we may rewrite (IV.25) as % > (e,a);, —28. Note that (e,b1), = (a~',h1) < 136 + K and thus, by
definition of the Gromov product (II.l).

‘hl‘ = (eva)bl —|—(b1,€)a < (%+26) +(K—|— 136)[]

In the following Lemma, we denote(.s¢,.% (r)) by .#1. In order to estimate the number of .7#]-cosets
in the ball Bg from below, we define Mg = {as#| a7’ NBg # 0} and Qg = {a € Mg|3b € Bg, b7 #
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at & biA =ai}.

Lemma IV.2.13. Assume that 7€, ry and a set F (r) (where r > ry) satisfy the corollary IV.2.7. Then for

any k € N and all sufficiently large r the following inequality holds: Zgﬁ < z—lk forany R > 0.

Proof Recall that the number #{.# } = #{.# (r)} is a constant independent of . We use corollary IV.1.3
to choose ¢ so that that 28" 4#{.7 } (#{Bg , ,, 1155 }*#{Br_.}) < #{Bg} and r so that:

erax{c/7,2(K+%0+l75)}. (IV.26)

Let a7 belong to Qg, then there exist b € Bg, b ¢ a7, and elements h; € 5 (i = 1,...,k) such that
ahi fi...fihke1 = b in G, where f; € .Z*!. By Lemma IV.2.10, we have that either b; = ah; or a; = ah, fi
or ahy f1hy belongs to Bg. Hence we can assume that b = ahighy, where hy,hy, € J, g € FEL Clearly
at # b€, otherwise ahjghy = ah and g € 72, contradiction.

We may also assume that a, i are chosen so that |A;| is minimal with respect to all factorizations a’'h’ =
ahy in G where a’ € a.# N Bg. Similarly, we may assume that b, i, are chosen so that for any b’ € b.# N Bg
and i/’ € A the equality b'h' ™' = bhy ' implies that || > |h|. According to the choice we made, if /; # e
(hy # e) then by = ah; ¢ Bg (respectively a; = ah1g ¢ Bg). Now we are in position to apply Lemma IV.2.11
to the pairs a,ah; and b,bh; ', which provides that (a=!,h) < K+ 138, (b~',h; ') < K+ 138, and then,
by Lemma IV.2.12, we conclude that

1A §K+%0+156, fori—1,2. (IV.27)

If h; = e for i = 1 or 2 then the corresponding inequality in (IV.27) holds trivially.

We have that by,a; € Br ki 156 Since |g| > 15r, we can fix a factorization g = g g» in G for every
g € 7 such that |g;|+|g2| = |g| and |g1],|g2] > 175’ Letb' =ahgifg€ F and b =ahig,'ifg~' € F,
we will call ' a middle point of the path p starting at a with label h;gh;.

Applying Lemma IV.2.1(iv) to vertices by,ay,b’, we obtain that [0’ —e| < (R+K+ 75 +158) 426 — %
As we choose r according to (IV.26) we obtain:

b' € Br_7,. (IV.28)

We have obtained that if a coset @’ .7 belongs to Qg then there exist a € @’ 77 NBg, b € Bg, hy,hy € A
and g € ¥ *1 such that the equation ah1gh, = b holds in G together with conditions (IV.27) and (IV.28).
Hence the number of elements in Qg is not greater then the number of paths with label & gh; in Cay(G)
such that the middle point 4’ of each path satisfies (IV.28):

#{Qr} < #{of high, satisfying (IV.27)} x #{Bx-7,} < H{FW{By 0,55} x#{Br-7,}.  (IV.29)

Due to our choice of r in (IV.26) we finally get

1
#{0r} <2#{FI{By 155} #H{Br-7} < S #{Bx}.0
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Corollary 1V.2.14. Let 57 be a free K-quasiconvex subgroup in G. Then for any k € N and any x € G of
infinite order either:

(i) there exists t # 0 such that x' € 7, or

(ii)there exists t such that for g = x' the group (I, g) is quasiconvex and canonically isomorphic to the

free product 7 x (g). Moreover i{{gﬁ < %for any R > 0.

Proof Assume that (i) does not hold, so x' € J# implies r = 0. By Lemma IV.2.2, we have that for
every M > 0 the number of vertices in By ({x)) N By () is finite. There exists My > 0 such that E(x) is in
My-neighborhood of (x), hence By (E (x)) N By () C By, ((x)) N Buyrm, (7€) and hence #{By(E(x)) N
By ()} is finite thus #{E (x) N7} < oo. Since 77 is free, the last inequality means that E(x) N7 = {e}.
It remains to define .% (r) = {x'} so that [x'| > 15r and apply the previous Lemma.O

Remark 1V.2.15. (i)Let 27 be an infinite quasiconvex subgroup of G of infinite index. Then there exists an
element x € G of infinite order such that it is non-commensurable with any element of J7.
(ii)Part (i) implies that no infinite index subgroup satisfying the Burnside condition in a non-elementary

hyperbolic group is quasiconvex.

Proof (i) Follows from A. Minasyan’s Lemma I1.2.4 for K = G. O

Theorem IV.2.16. For every non-elementary d-hyperbolic group G and any 0 < q < 1 there exists a free

subgroup H satisfying the Burnside condition and such that W >q.

Proof We choose a sequence {k; };cn such that

1
<1-gq. (IV.30)

Zleﬁ

Let {x;}, j € N be a list of all elements of infinite order in G. We fix notations 5% = (x{,...,x!) for
some positive numbers #; € N which we will determine later. We define H = U7 | J7, it clearly satisfies the
Burnside condition. Then we denote My = {a.#| a#NBg # 0} and Q% = {a.| 3b € B such that a7 #
b & aitiy = b1}

We set 7 = {e} and thus MY = Bg. LemmalIV.2.14 (applied to 77, x1 and k) provides that there exists

Hopt 1
F(Be) = o

t; > 0 such that 4 = (f) (where f; = x]) is cyclic, quasiconvex and for any R > 0. It provides

the following estimate for M}:

#{ME) > #(M3) —#{Qh) > (1 — 51 )#{Be).

Now we assume by induction that a free quasiconvex subgroup .7 = (xtl1 , ...,x?> has been constructed

by repeated application of Lemma IV.2.14 and M} satisfies inequality
j 1
MM} > (1— - — o — = o5 (B} (IV.31)

If (x;+1) C By() for some M > 0 then, by Lemma IV.2.4, there exists ;11 > 0 such that xfi'l € 7% and
we can set J%7, | = ¢, finishing the induction step (MI";rl = M1ie)-
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Assume now that (x;1) ¢ By/(7%) for any non-negative M, then, by Lemma IV.2.4, we have #{E(x) N
i} < oo and hence (because .7 is free) E(x) N .74 = {e}. We choose #;+1 appplying Lemma IV.2.14 to

H, xi+1,ki+1 and using the induction assumption (IV.31):

) . . 1 1 1 ;
#{Mp"'} > #{Mp} —#{ 0k} > (1 - ok T %)#{BR} —#{Qr} >
1 1 1
2 (L= 55 = 55 =~ o, B},

and, by (IV.50):

#{Mg) > (1~ T2 50 )#{Be) > #{Be) 0

Proof of Theorem IV.1.10 By the remark IV.1.7, the number of left cosets intersecting B, is equal to

the number fy\(n) of right ones. We can now fix some 0 < g < 1 and using Theorem IV.2.16 find a group
H such that fy\(n) > qf(n). Thus, by remark IV.1.4, the growth of action of G on H\G is maximal. O

V.3 Proof of Theorem I.1.8 and corollary 1.1.9

The proof of the claim that the element g is G-suitable (i.e. E(g) = (g) X E(G)) in the Lemma below is
similar to that in [Qlsh93] and to that in Lemma 3.8 in [Min2005], which we will apply. However, we write
up the proof completely because the the entire statement does not follow from these considerations.

Lemma IV.3.1. Let G be a non-elementary hyperbolic group and 7€ be a quasiconvex subgroup of infinite
index in G. Assume there exists an element y € 7 such that E(y) = (y') X E(G) for some y' € G and take an
element x € G ( it exists by remark 1V.2.15) of infinite order which is non-commensurable with any element

in J€. Then

i) there exist ki.ko > O such that for every s > 0 the element g = yK15x%2
(i) 1,k ry g§=y

is G-suitable and non-
commensurable with any element of F€;

(ii) for every Cy > 0 there exists so > 0 such that for every s > so, every a,b € B¢, and everyt # 0:
a(y*5sxkYp ¢ .

Proof (i) We define a subgroup .74 = (y), which is quasiconvex by Lemma I1.2.6(ii). Since .7/ NE(x) =
{e}, there exists a constant rp > 0 such that (x',y*) < 7 for all #,s € Z by Theorem IV.2.8. By part (ii) of the
same Theorem and r = ry, there exists #/ > 0 such that (x', y) 22 (x') % (y). We denote x; = x'" so the subgroup
(x1,y) is free quasiconvex and inequalities of Lemma IV.2.6 hold for /#],x; and r = ry. In particular, for
every reduced word w in (x1,y), the corresponding path in Cay(G) with label w is within 4ry-neighborhood
of a geodesic connecting its ends.

By Lemma IV.2.4, there exists M > 0 such that (x*,h) < M for every s € Z, h € . Choose ¢ > 0 such
that |x}| > 4ro + K+ 2M for every |s| > ¢ and denote x, = x}. We have that for any non-zero m:

d(x2 ) > X8 + |h| — 2M > x| — 2M > 4rg + K. (IV.32)
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Figure IV.2: Lemma IV.3.1
u q1 v

Let element w = ysﬂxtzlys1 ...xg’ys" satisfy s;,#;,t, 20 for i = 1,...,n — 1 and assume that w € 5. Then ev-

ery phase vertex of w is in (4ry + K)-neighborhood of .7, which contradicts inequality (IV.32) because
d(y*oxy,y*0) = d(x,e) > 4rp+ K. We conclude that an element w of the free group 9 = (x,,y) is com-
mensurable with an element of .77 if and only if w = y*® for some integer s. We have proved the first part of
(i): for sufficiently large ki, k> and every s # 0 the element y*1°x¥2* is not commensurable with any element
of H.

Now we consider an element ykxé for sufficiently large k and will show that the group E (ykxé) is equal
to (y*x4) x E(G). Let z be an element of E(y*x%), i.e. the equality z(y*x)"z~! = (y*x4)™ holds in G for
some m = +m’ # 0. We choose a constant

Moy > 2|z| 4+ 8rg+ 268 + (3k+ 1) (max{|y|, |x2|})

and a natural number s divisible by m such that ‘(ykxé)sl > My. We consider a closed path p;q1p2g2 in
Cay(G) such that lab(p) = lab(ps) = z, lab(q1) = (y*x)*, and lab(g; ') = (y*x5)*', where s' = +s. For
convenience we denote the initial vertices of p1,q1, p2,g2 by a, b, c,d respectively. We choose a vertex u on
[b,c] at distance |z| 4+ 58 in Cay(G) from the vertex b. Then, using (H2), % is in 48-neighborhood of some u

on [a,c]U[a,b] and, by the choice of #, is actually on [a,c]. Using (H2) again, and taking into account that
luy —c| >|b—c|—|z] =586 —48 > My — |z| — 96 > |z| + 56
we obtain that there exists @’ on [a,d] satisfying |#’ —u;| < 43. Hence
@' —u| <85. (IV.33)
Similarly we can choose v on [b, c| at distance |z| + 50 from the vertex ¢ and a vertex V' on [a,d] such that
[V —v| <88. (IV.34)

Since ¢, and [b,c] are within 4ry-neighborhood of each other, we find phase vertices u,v on g; relative to

55



the factorization y*x&...y*x% of lab(qy) such that

1
lu—ul|,|v—9| §4r0+§max{|y],|x2\}. (IV.35)
Similarly we find phase vertices «’,v' on g, such that

' —u|, |V =V §4ro+%max{\y|,\xz|}. (IV.36)

Now we consider a closed path p)q)p5qs, where ¢|,q, are subpaths of g, and ¢, respectively and

Py = [, u], pb =[V,v]. According to inequalities (IV.33)—(IV.36) above:
|pi| < 8ro+max{|y|,|x2|} + 88, where i =1,2. (IV.37)
Note that
|g1| = lu—v| = [@=v—|u—a| = v =3 > |q1| = [7—c| = [V = c| = Ju—7] = [y = 7],
and using the definitions of %, v and (IV.35) we get:
’q’l‘ > Mo —2|z| — 108 — 8ry — max{|y|, |x2|} > 3k max{|y|,|x2|}. (IV.38)

We consider ¢} =1...t,, where either lab(ty;_ ) = Y&, lab(ty;) —x2 forevery 1 <2i<n—1orlab(tyi_1) =
x5, lab(ty;) = y* for every 1 < 2i < n— 1. By the estimate on ¢} above, we have that n > 4.
Now we use (IV.33), (IV.34) and (IV.38) to obtain:

| = =V | = @ =V |— | —u| = |V = > [u—v|— @ —u| - |V 9| |u —u| = |y |
> My— 160 —2|z] — 106 — 8ro — max{|y|,|x2|} > 3k max{|y|,|x2|}.

We consider (gh)~! =1}...t/,, where lab(ty;) = y* ,lab(ts;1) = x& for every 1 < 2i < n' —1 or lab(ty;) =
K8 lab(tyiy 1) =YX forevery 1 < 2i < |n'| — | where k = +k’. By the estimate on ¢ above, n’ > 4.
A

We can now apply Lemma I1.2.10 to the closed path p' ¢} p,g5> with upper bound on |p}| provided by

(IV.37) and obtain a constant mg such that for every k > mq the paths #, and 3 are compatible with t and t, 1

respectively (for some unique 7). Let us denote for convenience lab(ty) = WX, lab(t3) = WX, lab(t]) = Wﬁc ,

lab(tz) = Wl+1, where the sets {W», W3}, {W;, W} and {x,y} are all equal. Lemma I1.2.10 also provides
that there exist compatibility paths v, and v3 with labels V;, V3 such that:

!

Vo Wiva =W, Vi W Vs =W, (IV.39)

for some r,s,r,s’ > 0. Because x, and y are non-commensurable, the equalities (IV.39) are only possible
. =t =+ . o . . .
if Wo =W, and W3 = W ;. Moreover, one of the exponents is positive because y is not conjugate with

y~! and thus lab(g;)~! = (y*x4)™ and W, = W; and W5 = W,.;. Now by definition of compatible paths,
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we have that V, € E(W;) and V3 € E(W3). Consider a path v connecting the terminal vertex of 7, with the
terminal vertex of #/. We also consider a pair of paths giv,g; and g3v3gs each of which has the same initial

and terminal vertices as the path v. Reading off their labels provides the following inequalities in G:
lab(v) = W,)'VaWy? = W Vs Wyt

for some exponents s; € Z. Hence lab(v) € E(W2) NE(W3) = E(x2) NE(y) = E(G). We obtained that z =
lab(pi) is equal to either (yx)* lab(v) = (x5) =" or (y3)* Yhlab(v) 1 (*4)*"F) ! = (Fa) lab(v) ! ()~
for some non-negative numbers s, s”. In both cases z € E(G) x ((y*x%)). We computed the maximal el-
ementary subgroup E(y*x4) for all sufficiently large k: E(y*x4) = E(G) x ((y*x5)). Since x; is a power
of x we conclude that there are k; = k and k, > 0 and divisible by k such that for every s # 0 we have
E(/5x52) = E(G) x ((yF$x52*)). We have shown the second part of (i).

(ii) By the way of contradiction we assume that the inclusions a;(y*%ix%)ib; = h; € 2 hold for in-
finitely many distinct numbers s; € N, some #; > 0 and a;,b; € Bc,. Because B, is finite there are a,b € B,
such that the equality a(y*1%x*2%)%ib = h; holds for infinitely many natural numbers s; and ¢; # 0.

By the choice of x; in part (i) of the Lemma, the path g; with label (yi%ix¥2%)/i starting at a is within 4r,-
neighborhood of the geodesic [a,a(y**ix¥>% )] which in turn is in the Cy 4 83-neighborhood of the geodesic
q. = [e,a(y*15ix*21)ip]. Hence vertices ay*!* and ay*1%ix*2% are within 4ro + Cy + 85-neighborhood of ¢/.
Because ¢ is K-quasiconvex and lab(q;) = h; € 7 we have

d(ay*5i, ), d(ay"1¥ix ) < drg+Co+88 + K,

hence a subpath g; of g; with label x*2% is within C; = 4ry+ Co + 88 + K-neighborhood of 7 in Cay(G).
Thus there exist elements z1;,22; € B¢, such that z1ixk2%iz0; € A for infinitely many distinct natural numbers
s;. Because the balls in Cay(G) are finite, there are z;,z, € Bc, such that z;x*?izy € 2 hold for infinitely
many s;.

It follows from remark IV.2.3 that zlx”zl_l € S for some n # 0. Contradiction with the choice of x in
(1).0

Lemma IV.3.2. Let G be a non-elementary hyperbolic group and F be a quasiconvex subgroup of infinite
index in G such that E(G) N = {e}, then there exist a G-suitable element g € G and a number ty > 0
such that for every t > ty the group (€, g") is quasiconvex of infinite index and is canonically isomorphic

to H*(g').

Proof By Lemma I1.2.7, there exists a G-suitable element y € G. We have either

W #EG)NA} < o0,

or (I #{E(y) N2} is infinite.

Take an element y*a € E(g) and assume y*a € % for some k € Z and a € E(G), then we have (y*a)" =
y¥a" for every n (because a commutes with y). Note that for a non-zero k the equality Y™ a™ = y™q™
holds in G if and only if n; = n,.

Hence in case (I) we have that k = 0 and thus E(y) NJ# C E(G)N.# = {e} and we may apply Theorem

IV.2.8 to find ¢ > 0 and obtain the canonical isomorphism (.77,y") = 7 * (y').
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Thus we only need to consider case (II) when y*a € J# for some non-zero k. Replacing y with y*a we
may assume that y is in 7. By remark IV.2.15, there exists an element x of infinite order such that x is
non-commensurable with any element of .7Z. Replacing x with its non-zero power if necessary, we may
assume that x commutes with E(G).

We can choose a (sufficiently large) k so that the conclusion of the Lemma IV.3.1 holds for 7# and
g = y*x5. We have that E(g) N7 = {e} for g = y*x4, and now the result follows from Theorem IV.2.8.0

Proof of Theorem 1.1.8 (i) The sufficiency is provided by Theorem IV.2.8. Assume that there exists
an element x of infinite order and ¢ # 0 such that (7, x') = 77 x (x'). Take h € E(x) N7, then there exist
n+0and n’ = +n such that A~ 'x¥"hx" = e in G. Thus h~'x"hx™ = e in G which imlpies & = e.

(ii) The sufficiency follows from Lemma IV.3.2. To show the necessity it is enough to notice that if the
element x satisfying part (i) exists then E(G) N < E(x) N = {e}.

(iii) Denote the subgroup E(G) N (A * (x')) by K, it is a finite subgroup in 7 * (x'). By Kurosh sub-
group Theorem, K is conjugate to a subgroup in .#°. On the other hand K is normal in J# x (x') and thus
K< ., ie. E(G)NJ x(X') <E(G)NA ={e}0.

Proof of corollary 1.1.9

Consider a canonical homomorphism ¢ : G — G = G/E(G). It is clear that E(G) = {e}: the subgroup
E(G) is finite normal, hence the subgroup ¢ ~!(E(G)) is finite normal and thus ¢ ~!(E(G)) < E(G). Homo-
morphism ¢ is a quasi-isometry because E(G) is finite. Thus J# = ¢(.5¢) is quasiconvex of infinite index
in G. We can apply Lemma IV.3.2 to 7, G and find some ¥ such that E(¥) is infinite cyclic and obtain the
isomorphism (J7,y) =2 J# * (y). Consider some preimage y of y. Clearly,

0~ ((A,3)) = (A -E(G),y) = A -E(G) #(6) (» E(G)).0

1v4 Maximal growth highly transitive actions of hyperbolic groups

Consider a pair of ordered sets % = {uy,...,ux} and ¥ = {vy,...,v} such that u; ¢ = u; 7 if and only
if i = jand v;Z = v;7¢ if and only if i = j. We take a constant Cy such that % ,7" C Bc,. Having fixed
7V, some auxiliary element g € G and a natural number sp, we fix some ¢ # 0 and denote f; = vl-_1 &% u;

fori=1,....k,u; € %,vie?.

Lemma IV4.1. Let 57 be a K-quasiconvex subgroup of infinite index in a hyperbolic group G with the
trivial finite radical E(G) = {e}. For any k > 0 and any pair of ordered sets %,V there exist an element
g € G,a number ro > 0, a natural number so such that for any r > rg there exist a natural number t and the
set F(r) ={f1,..., fx} satisfying the conditions (A0)—(A3) and hence corollary IV.2.7.

Proof We apply Lemma IV.3.2 to J#: there exists an element y such that E(y) is infinite cyclic and
the group J# = (J¢,y) is quasiconvex of infinite index and is isomorphic to .7 * (y) in G. Then we take
an element x in G which is non-commensurable with any element of 7#] (see remark I1V.2.15). By Lemma
IV.3.1, for sufficiently large s there exists an element g = y**x*2% which is non-commensurable with elements
of #, E(g) = (g) and such that

for every #; # 0 and all a,b € B¢, we have ag'b ¢ A . (IVv.40)
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We will define rg, so and ¢ so that the system .# (r) satisfies the conditions (A0) — (A3).

Take an element a € B,. Element g is non-commensurable with any element of % and hence ag™a~' ¢
A for any m # 0. We obtained that 7 NE(aga~!) = 2 N {aga~") = {e} and thus we may apply Theorem
IV.2.8 and get ro(a) > 0 and so(a) > 0 such that there exist numbers ro(a) > 0 and so(a) > 0:

‘h(aga_l )so(u)~t

> V’l| + )(aga—l)so(u).t

—ro(a) for any ¢ € Z. (Iv.41)

We now fix constants r; > ro(a) for every a € B¢, and 51 = [],c Be, 50 (a). Hence, for every b € B¢, and

every t € Z we have:
|hag*'b| > |hag*'a™"| —2Co > ||+ |ag™'a | —2Co — 1 > |h|+ |ag"'b| —4Co — 1.
One obtains that the following inequality holds:
|hag"'b| > |h| +|ag"'b| —4Co—r1. (IV.42)

Now notice that if sy divides sg and f; = v, ! g%'u; then for € € {+1}, h € J and arbitrary ¢ # 0 we have
that
(ff,h) <1 /2+2C,. (IV.43)

We consider the expression ffl h ffz, where €1, & € {£1}.
Case I. Assume that |h| > 2r; +4Cp+ 6. Then we have, by Lemma IV.2.1(i):

SERFE > |2+ Lhl + | 172 = 2(r1 /2 +2C0) — 2(r1 /2 +2Co + ). (IV.44)

Case I1. Now let [h| < ry +4Co+ §. By definition of elements f;, f;, we can rewrite f;'hf;? as
B1g°" o hoy g% B, for some o, B € {ulil , vii]} and @, € {ufl , vfl }. Using our assumption on i we
get that | hap| < rp+6Co+ 8.

Assume that ohop ¢ E(g). Then by Lemma IV.2.5, there exist M; and a natural number mg (both
depending on r; +6Cy + 6, 7 and g only) such that if so > my then for all t € Z:

|8 hong™' | > | |+ [arhoy| + |8 | — M. (IV.45)
Thus
JERSE] > |80 o hong™® | —2Co > [ |+ |anhan | + || — My —2Co >
> ||+ |kl + | £72| = 8Co — M
and we get the estimate:
FOREE| 2 |12+ -+ | 2] 8o - b (Tv46)

It remains to consider the subcase when o hop € E(g) = (g). By the choice of element g, the equality
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oy 1gto oy ' = h € # may hold if and only if fo = 0 and thus
o1hop =einG. avan

If £,&;, = 1 we choose a constant M(g) according to Lemma I1.2.6(iv) and obtain that

fi&‘lhfj‘_c”z — |ﬁ1g250tﬁz| Z ‘gZSot‘ —2C0 Z ‘gsot‘ 4 ‘gmt‘ —M(g) —ZCQ;

hence:

fiﬁ'l hf]‘az

> | 7]+ |hl +

1)
fj

—8Cy —M;. (Iv.48)

If €16, = —1, then the expression f" hf;32 is either v_lg‘“’u,-hujflg_s‘tvj oru; g~

—1 st
; vihvj &"""u; and thus
1

o =u; and oy = u; or o =v; and ap = v;l. From equality (IV.47) we get that u;h = u; or, respectively,

vih =v;. Hence i = j and thus f; = f;, h = e and the expression [ hf;"2 is trivial.

We can now choose the constant ro = max{r; + 9, %, @} +4Cy. Then choose a natural number sg so
that it is divisible by s; and satisfy so > my.
Finally, we choose the number # so that the condition (A1) is satisfied for .% (r).
—1 _sot

The condition (A0) holds because if f; = f j_l then g u;v; ¢ = vju; ! It is a contradiction with the

length estimate of the left-hand side of the last equality by means of (IV.45):
|g“'°tujvi_1gs°t‘ > ’g‘q"t’ + ’ujvi_1| + |g‘v0t| — M, > 30ry+2Cy — M; > 2C.

The condition (A2) holds because the formula (IV.42) holds for all a,b € B¢,. The condition (A3) holds
by formula (IV.44) if |h| > 2r; +4Cy+ &, and by (IV.46) and (IV.48) otherwise.(J

Theorem IV.4.2. Let G be a non-elementary hyperbolic group with trivial finite radical E(G) = {e} and let
A be a quasiconvex subgroup F of infinite index in G. If {uy H, ..., I} and {v\F,...,vH} is a pair
of ordered k-tuples of pairwise distinct cosets, then for every | € N there exists a quasiconvex subgroup of
infinite index €1 such that:

(i) 74 > 7 and 74 is of infinite index in G;

(ii) there exists an element g such that g\u; 74 = v J4 for everyi=1,....k;

(iii) ﬁgﬁ < %for any R > 0, where Qg = {as| 3b € Bg such that a7 # b & a7i =bIA}.

Proof Because the index of 7 is infinite in G we can choose some auxiliary elements ug,vy such
that ug 0 # w; H, vo 7 # vi A for every i = 1,....k. We apply Lemma IV.4.1 to % = {ug,...,ux}, ¥ =
{vo,...,vk}. There exist an element g € G, number ry > 0, number sy such that for any r > r( there exist
t = t(r) and the set Fo(r) = {v, ' g uo,...,v; '&""ux} and hence (by corollary IV.2.7) the group % is

quasiconvex and the following isomorphism is canonical:
T = T * (*ge 70(r) < 8 >)- (Iv.49)

Consider a group 74 < % defined by 74 = (€, F (r)), where Z (r) = {v; ' ¢ uy,...,v, ' ¢"'u;}. Be-

cause of canonical isomorphism (IV.49), subgroup 7] is of infinite index in 7% and hence in G. Conditions
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(AO) — (A3) hold for .Z (r) because .Z (r) C .Fo(r). Thus, by corollary IV.2.7, 7 is quasiconvex of infinite
index and (i) is checked for all sufficiently large r.
The following computation shows that the condition (ii) holds for g; = g*’:
Vit = vi(vi g ui ) = g ui 4
To conclude the proof we observe that Lemma I'V.2.13 holds for all sufficiently large r, showing (iii). O

We are ready to generalize the following statements of Bahturin and Ol’shanskii.

Corollary 1V.4.3. [BO]J Any finitely generated subgroup H of infinite index in the free group F of rank
r > 1, is contained as a free factor in a subgroup K of infinite index in F such that the right action of F on
F /K is highly transitive. In particular, K is a maximal subgroup in F. One can choose K in such a way that

the growth of the action of F on F /K is maximal.

Corollary IV.4.4. [BO] Any finitely generated subgroup H of infinite index in a free group F of rankr > 1, is
a free factor in a Burnside subgroup K of infinite index such that the action of F on F /K is highly transitive.

One can choose K so that the growth of the action of F on F /K is maximal.

It is a natural next step to generalize these corollaries to the class of hyperbolic groups. In particular,
this question was asked by Z. Sela after the presentation of [BO] by A. Olshanskiy (“Models and Groups”,
Istambul 2009).

By remark IV.1.7, the growth functions of action of left action of G on G/H is equal to the growth
function of right action of G on H\G. By Proposition IV.1.8, for every quasiconvex subgroup . of infinite

index there exists ¢; > 0 such that
#{MD} > c#{Bg}, forall R >0,

where My = {a. 7| a7 N Bg # 0}.

Proposition IV.4.5. Let G be a non-elementary §-hyperbolic group with trivial finite radical E(G) = {e}
and let 7€ be a quasiconvex subgroup F€ of infinite index in G. Pick a number 0 < g < 1. There exists a

subgroup H > ¢ such that the natural left action of G on G/H is faithful, highly transitive and
#{aH| aHNBr#0} >
T oHBy T

The proof is analogous to that in IV.2.16.

Proof We choose a sequence {/; };cn such that
w 1
Ii5r <ai(l—q). (IV.50)

We will define an increasing sequence of quasiconvex subgroups 54 = & < J#A < ... and set H =
U2, 74,

61



As in Theorem IV.2.16, we denote M,"e = {a| a#iNBg # 0} and Q% = {a7#| Ib € By such that a.57; #
bt & ari.1 = b1 }. Hence we have:

#{ME "} > #{Mp} —#{QR}.
Assume that .77 has been defined and
; 1
#H{Mp}t > (c1— 57— 55 — o= 57 J#{Br}. (IV.51)

Note that the inequality above holds trivially for i = 0. If u,,, 7 = u,, 74 (or vy, 3 = vy, 76) for | <m < n <k,

then we set J% = ¢/, and the equation IV.52 holds trivially. If u,, 54 # u,7¢ and v, 78 # v, 7€ for every

m,n such that 1 <m < n <k, then, by Theorem IV.4.2, there exist a quasiconvex subgroup 7%, of infinite

index and an element g; such that 77, | > J&, for every m = 1,... k the equality g;u,, 74+ = vn-7¢+1 holds
HORb 1

and FBa) = on for any R > 0. Hence we have:

BIMET} > MR} —#{Qh} > (1 — o — o — = =

ST g T gt HBRY (IV.52)

and thus
#{aH| aHNBg # 0}
#{Br}

It is clear that the action is highly transitive. Choose a pair of k-tuples (u1H,...,u;H) and (viH,...,viH)
such that u,H # u,H, vy,H # v,H for all 1 <m < n < k. The k-tuples (uy,...,u;) and (vy,...,vx) were
enumerated by some integer i and, because 7 < H, we have u,, 76 # u,7¢; and v,, 56 # v, 7. By the
choice of %/, , there exists g; such that g;u,, 7411 = v,#¢+1 holds for every m < k and thus g;u,,H = v,,H,

. : o 1
> lim; o {ME} > (¢ — X7, 57 #H{Br} > gei#{B}.

as desired. O

The following Theorem can now be deduced from Proposition IV.4.5.

Theorem IV.4.6. Let G be a non-elementary 6-hyperbolic group and S be a quasiconvex subgroup of
infinite index in G. Then there exists a subgroup H containing 7 such that the natural right action of G on
H\G is highly transitive and has maximal growth. Moreover, the kernel of any action of maximal growth is
equal to the finite radical E(G).

Proof We consider the quotient ¢ : G — G/E(G) and the image . of the subgroup .7 under this
quotient. The corollary above implies that there exists a subgroup H of G such that the action of G on H\G
is faithful, highly transitive and has maximal growth. One can define the subgroup H = ¢! (H) in G and
the action of G on H\G. O

Corollary IV4.7. Let G be a non-elementary 8-hyperbolic group with trivial finite radical E(G) = {e}. For
any number q, 0 < g < 1 there exists a subgroup H such that:

(i) H satisfies the Burnside condition;

(ii) the natural left action of G on G/H is faithful, highly transitive and for every R > 0:

#{aH| aHNBr#0} >

—oHBEy T

(iii) the subgroup H is a free and maximal subgroup in G.
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The Theorem 1.1.11 follows from the above corollary in the same way as did Theorem IV.4.6 from
Proposition IV.4.5.

The Proof of (i)-(ii) is similar to that in IV.2.16 and IV.4.5, we only need to alternate applications of
Theorem IV.4.2 and corollary IV.2.14. The action is faithful by remark IV.1.11(ii): it is of maximal growth
and E(G) = {e}.

(iii) Because the stabilizer of any point of a 2-transitive group action is a maximal subgroup in the group
G (see [Reot], pp. 256-258), we have that H is maximal. When constructing H, we start from a trivial
subgroup, hence on every step of the inductive construction we have that the quasiconvex subgroup 7 is
free. O

The following corollary follows immediately from that above.

Corollary IV.4.8. Let G be a non-elementary 8-hyperbolic group with trivial finite radical E(G) = {e}.

Then G has a free maximal subgroup (of infinite index).
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