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CHAPTER 1

Introduction

1. Background and main results

In this thesis, we conduct a systematic study of the theory of parabolic differential equations on
manifolds with singularities. The majority of the material in this work is based on the author’s
recent manuscripts [80, [8T]. The particular class of manifolds considered here is called singular
manifolds. Roughly speaking, a manifold (M, g) is singular if it is conformal to a uniformly regqular
Riemannian manifold (M, g/p?), by which we mean a manifold whose local patches are of compa-
rable sizes, and all transit maps and curvatures are uniformly bounded. The conformal factor p
is called a singularity function for (M, g). The concept of singular manifolds used in this paper
and the concept of uniformly regular Riemannian manifolds were first introduced by H. Amann in

[, 15].

Perhaps one of the most important motivations for such a theory stems from geometric analysis.
An interesting problem in geometry is whether one can find a “standard model” in each class of
metrics on some manifold, thus reducing topological questions to differential geometry ones. One of
the well-known representatives of this kind is the Yamabe problem. On a compact manifold (M, g),

this problem aims at finding a metric with constant scalar curvature, which is conformal to g.

If we already have a metric, as a natural question, one might want to ask how we can “drive” the
given metric into a “standard” one, or at least improve it. For example, the famous Ricci flow

deforms the metric tensor g of an m-dimensional compact closed manifold by the law:
Og = —2Ric(g) on Mgy
9(0) = go on M.

Here Ric(g) is the Ricci tensor of the metric g, and My := (0,7) x M for T' € (0,00]. The Ricci
flow tends to “flatten out”, or “round out”, a manifold, depending on its initial “shape”. Another

example of evolution of metrics is the Yamabe flow. As an alternative approach to the Yamabe



problem, R. Hamilton introduced the normalized Yamabe flow, which asks whether a metric, driven
by this flow, converges conformally to one with constant scalar curvature. The normalized Yamabe

flow reads as follows.

Org = (sg — Rg)g on  Mp;

(L.1)

9(0) = go on M,

where R, is the scalar curvature with respect to the evolving metric g, and s, is the average of
Rgy. On an m-dimensional closed compact manifold (M, gp), an easy computation shows that the
normalized Yamabe flow is equivalent to the (unnormalized) Yamabe flow.

Oig=—Rgg on Mg

(1.2)

9(0) = go on M.

This parabolic equation has a history of its own. The concept of closed manifolds in this article
refers to manifolds without boundary, not necessarily compact. On closed compact manifolds,
global existence and regularity of solutions to equation (I.2]) has been well studied. R.G. Ye [91]
proved that the unique solution to ([.2)) exists globally and smoothly for any smooth initial metric.
Fix a background metric § such that (M, g) is compact. In particular, we can take § = go. Let
4
g = um—2g for some u > 0. By rescaling the time variable, equation ([.2)) is equivalent to
4

Ou=u m2Lzu on Mr;
(1.3)

u(0) = ug on M

—2 Rju is the conformal Laplacian

with a positive function ug. In addition, Lgu := Agu — %

operator with respect to the metric g, and Aj denotes the Laplace-Beltrami operator with respect
4

to g. By the compactness of (M, g), uniform ellipticity of the operator u(: ng is guaranteed.

That is why well-posedness is relatively easy in the compact case.

It was conjectured by R. Hamilton that the solution of the Yamabe flow converges to a metric
with constant scalar curvature as ¢ — oo. B. Chow [20] commenced the study of Hamilton’s
conjecture and proved convergence in the case when (M, gg) is locally conformally flat and has
positive Ricci curvature. Later, this result was improved by R.G. Ye [91], wherein the author
removed the restriction on the positivity of the Ricci curvature by lifting the flow to a sphere, and

deriving a Harnack inequality. In the case that 3 < m < 5, H. Schwetlick and M. Struwe [78]



showed that the normalized Yamabe flow evolves any initial metric to one with constant scalar
curvature as long as the initial Yamabe energy is small. In [13], S. Brendle was able to remove the
smallness assumption on the initial Yamabe energy. A convergence result is stated in [14] by the

same author for higher dimension cases.

Evolution equations, such as the Ricci flow and the Yamabe flow, driving metrics by their curva-
tures, comprise an important class of so-called geometric flows, or geometric evolution equations.
Geometric flows have been studied in depth on compact manifolds. However, many well established
analytic tools and strategies are limited, or even fail, in the case of non-compact manifolds, and in
particular, manifolds with singularities. In general, it is not known how to start some geometric
flows, even just for a short time, without imposing further conditions. For instance, the theory for
the Yamabe flow on non-compact manifolds is far from being settled. Even local well-posedness is
only established for restricted situations. Its difficulty can be observed from the fact that, losing
the compactness of (M, gg), equation (I.3) can exhibit degenerate and singular behaviors simulta-
neously. The investigation of the Yamabe flow on non-compact manifolds was initiated by L. Ma
and Y. An in [58)]. Later, conditions on extending local in time solutions were explored in [59].
In [58], the authors showed that for a complete closed non-compact Riemannian manifold (M, gg)
with Ricci curvature bounded from below and with a uniform bound on the scalar curvature in the
sense that:

RngO > _K.g(Ja |Rgo| < Ca

equation has a short time solution on M X [0,T(go)] for some T'(go) > 0. If in addition
Ry, < 0, then this solution is global. The proof is based on the widely used technique consisting
of exhausting M with a sequence of compact manifolds with boundary and studying the solutions
to a sequence of initial boundary value problems. Then uniform estimates for these solutions and
their gradients are obtained by means of the maximum principle on manifolds with Ricci curvature
bounded from below in the sense given above. The uniform boundedness of the scalar curvature
plays an indispensable role in the proof for local well-posedness, although this has not been pointed
out explicitly in [58]. Hence one approach to the investigation of geometric flows on non-compact

manifolds is trying to find curvature conditions, at least for local existence.

Another way to understand geometric flows, mainly in the case of manifolds with singularities, is

to generalize the ideas for (degenerate or singular) elliptic differential operators. One way to view



manifolds with singularities is to consider the so-called ringed spaces, that is, to view a manifold
M as a pair consisting of a punctured manifold M \ {p} (by removing the singularity p) and a
subalgebra of differential operators degenerating at a specified rate near the singularity, rather
than just M itself, see [64]. These considerations lead to the study of degenerate or singular

differential operators on manifolds with singularities.

The study of differential operators on manifolds with singularities is motivated by a variety of appli-
cations from applied mathematics, geometry and topology. All of it is related to the seminal paper
by V.A. Kondrat’ev [54]. There is a tremendous amount of literature on pseudo-differential calculus
of differential operators of Fuchs type, which has been introduced independently by R.B. Melrose
[60), 61] and B.-W. Schulze [64, [75} (76}, 77]. One branch of these lines of research is connected with
the so-called b-calculus and its generalizations on manifolds with cylindrical ends. See [60, [61].
Many authors have been very active in this direction. Research along another line, known as coni-
cal differential operators, was also initiated a long time ago. Operators in this line of research are
modelled on conical manifolds. The investigation of conical singularities was initiated by J. Cheeger
in [17, 18, 9], and then continued by many other authors. A comparison between the b-calculus
and the cone algebra can be found in [55]. The amount of research on pseudo-differential calculus
of differential operators of Fuchs type is enormous, and thus it is literally impossible to list all the

work.

To distinguish these two lines of research, for instance, we look at a compact Riemannian manifold
(M, g) with boundary (OM, ggm). R.B. Melrose deforms a collar neighborhood of OM into a cylin-
drical end by equipping OM with the singular metric (dt/t)? + gam for ¢t € (0,1]. Setting t = e*
with s € (—00,0], it is easy to see that this metric is indeed asymptotically cylindrical. On the
other hand, B.-W. Schulze uses the degenerate metric dt?+t2gom. The associated Laplace-Beltrami

operators with respect to these two metrics are
(1'4) ((tat>2 + AQBM)7 and t_Q((tat)Q + Agam)v

respectively. Many efforts have been made to generalize research in these directions to more compli-
cated types of singularities, e.g., edge and corner pseudo-differential calculus. However, for higher
order singularities, the corresponding algebra becomes significantly more complicated, although

many ideas and structures can be extracted, e.g., from the calculus of boundary value problems,



c.f. [56, [75], [77]. Therefore, a natural question to ask is whether we can find a general approach,
which is less sensitive to the geometric structure near the singularities, to analyzing differential

equations on manifolds with singularities.

In 2012, H. Amann [4} [5] introduced the geometric framework of singular manifolds and uniformly
reqular Riemannian manifolds to study differential equations on non-compact manifolds and on
manifolds with singularities. To illustrate the geometric generality of these two concepts, we show
in Example that manifolds with cone, edge and corner ends are singular manifolds. Mean-
while, manifolds with asymptotically cylindrical ends are examples of uniformly reqular Riemannian
manifolds. 1t is proved in [30] that the class of all closed uniformly regular Riemannian manifolds
coincides with the family of complete manifolds with bounded geometry, which reveals that the
concept of uniformly reqular Riemannian manifolds extends one of the perhaps most extensively

studied class of non-compact manifolds.

If two real-valued functions f and g are equivalent in the sense that f/c < g < cf for some ¢ > 1,
then we write f ~ g. From our description in the first paragraph, a singular manifold (M, g)
with singularity function p ~ 1y is uniformly regular. Therefore, the family of uniformly regular
Riemannian manifolds is a subclass of singular manifolds. We will focus on the latter class in this

thesis.

The framework of singular manifolds, as we can observe from its definition, does not depend on the
order of the singularities or the specific geometric structure near the singularities. Moreover, func-
tion space theory, for instance, interpolation, embedding and trace theorems, is well established
for singular manifolds in [4, [5]. It is known that although most function spaces, like Sobolev-
Slobodeckii spaces, can be defined invariantly on non-compact manifolds, the corresponding func-
tion space theory does not hold in this generality. These preparations and the uniform structure of
stngular manifolds enable us to build up the theory of parabolic differential equations on singular

manifolds, with singularities of arbitrarily high dimensions and of various structures.

To clarify the role of the differential operators in this article, we look at
(L.5) o =p A,

on a singular manifold (M,g). Here p € C*(M,(0,1)) is a singularity function and A > 0, or
p € C®(M,(1,00)) and A < 0. In (L.5), A is a uniformly p-elliptic operator. We consider a second



order differential operator
Au := —div(a - gradu) + C(Vu, a1) + apu
as an example. By uniformly strongly p-ellipticity, we mean that the principal symbol of A fulfils

GA(z,€) = (a(x) - €[€)g- ~ P*IE]5--

Here g* is the cotangent metric induced by g, @ is a symmetric (1, 1)-tensor field on (M, g), and
the operation [u +— @ - gradu] denotes center contraction. See Section 5.1 for the precise definition.
These operators, as we can immediately observe from the above relationship, can exhibit degenerate
or singular behaviors while approaching the singular ends. However, if we look at the localization
of the operator A in an atlas satisfying that the size of each local patch is proportional to the value
of p in that patch, then the local expressions of A have uniform ellipticity constants in all local

coordinates. That is why we call A “uniformly strongly elliptic.”

In [6], H. Amann built up the L,-maximal regularity for second order uniformly strongly p-elliptic
d
operators. Given a densely embedded Banach couple F; — Ejy, an operator A is said to have

L,-maximal regularity if for any J = [0,7T] and each f € L,(J; Ep), the equation
u+Au=f, JeT;
u =0,
has a unique solution u € H(J; Eo) N Ly(J; Ey).

We generalize the concept of uniformly strong p-ellipticity to elliptic operators of arbitrary even

order acting on tensor bundles in Chapter 4. A linear operator

21
(L6) A=Y C(a,, V")
r=0

of order 21, where a, is a (0 + 7+ r, 7 + o)-tensor field, is said to be uniformly strongly p-elliptic if

its principal symbol satisfies that for each cotangent field £ and every (o, 7)-tensor field 7, it holds

(L.7) (Clazn(@),n @ (—i&)**)n)g ~ p* Inl &[5

Moreover, in Chapter 4, we show that this ellipticity condition can actually be replaced by a

weaker one, called normal p-ellipticity. But for the sake of simplicity, we still stay with uniformly



strong p-ellipticity stated above. In Chapter 4, by imposing some mild regularity condition on the

coefficients a, of A, called s-regularity, we are able to prove the following result.

Theorem I.1. Let s € Ry \ N and ¥ € R. Suppose that A is a 2l-th order linear differential

operator, which is uniformly strongly p-elliptic and s-reqular. Then

A € H(be TV (M, V), be®? (M, V).

Here u € be®? (M, V) if p”u is a (o, 7)-tensor field with little Hélder continuity of order s. The
precise definition of weighted little Holder spaces will be presented in Section 2.2. An operator A
is said to belong to the class H(FE1, Ey) for some densely embedded Banach couple E; ‘i> Ey, if
— A generates a strongly continuous analytic semigroup on Ey with dom(—A) = E;. By means of a
well-known result of G. Da Prato, P. Grisvard [65] and S. Angenent [9], this theorem implies that
the operator A enjoys the maximal regularity property in a Holder framework, called continuous
maximal regularity. We refer the reader to Chapter 4 for the precise definition of continuous

maximal regularity.

In virtue of a theorem by G. Da Prato and P. Grisvard [65], S.B. Angenent [9], and P. Clément,
G. Simonett [22], continuous maximal regularity theory gives rise to local existence and uniqueness
for quasilinear or even fully nonlinear equations. To briefly illustrate the scope of the work in
Chapter 4, for example, we take a look at a model quasilinear bilaplacian problem on a singular
manifold (M, g)
Opu + unAgu =0 on Mg;
u(0) =up on M.

Here Ay is the Laplace-Beltrami operator with respect to g. This model is closely related to the
thin film equation. Suppose that U is a properly chosen open subset of some little Hélder space

be?(M). If for every u € U the principal symbol of the operator u”Ag satisfies

u"(g*(—i€, —i€))* ~ p*¢

4 *
g §ET™M,

then the above equation has a unique classical solution in weighted little Holder spaces for any
ug € U. Similar results also hold true for differential operators acting on tensor fields. In addition,
it is worthwhile mentioning that L, and continuous maximal regularity theories on uniformly reqular

Riemannian manifolds are established by H. Amann, G. Simonett and the author, see [6), [82].



Maximal regularity theory has proven itself a powerful tool in the study of linear and nonlinear
evolution equations in recent decades, especially for higher order differential equations, see [1], [8]-
[10], [49], [50], [31]-[35], [57], [70], [72], [83] for example. In addition to proving well-posedness
results, in several examples of Chapter 7 and 8, we will present how to establish regularity of
solutions to parabolic equations on singular manifolds by means of maximal regularity theory. A
detailed discussion of this technique can be found in [79], where the author proved regularity of

solutions to the Ricci flow, the surface diffusion flow, and the mean curvature flow.

To line up with the aforementioned work on pseudo-differential calculus on manifolds with sin-
gularities, the author would like to point out that on an asymptotically cylindrical manifold, the
Laplace-Beltrami operator

((t01)* + Agon)

is uniformly strongly p-elliptic. Hence, the theory established in [6] and Chapter 4 can to some
extend be considered as a generalization of the work on b-calculus by R.B. Melrose [60, [61] and

his collaborators.

In contrast to the “uniformly strongly elliptic” operator A, by our choice of p and A in , the
ellipticity constants of the localizations for the operator &/ in local coordinates blow up while
approaching the singular ends of the manifold (M, g). The rate of the blow-up of the ellipticity
constant is characterized by the power A. For this reason, we will call such an &/ a (p, \)-singular
elliptic operator. More precisely, a second order elliptic differential operator o7 is (p, A)-singular if

its principal symbol satisfies

oot (x,€) ~ p* e[,

for any cotangent field £. To illustrate the behavior of the operator o7, we consider the Euclidean
space RY as a singular manifold with oo as a singular end, and take A to be the Laplacian in (I.5)).

Then the operator @7, in some sense, looks like one with unbounded coefficients at infinity on R™.

Our approach to (p, \)-singular elliptic operators in Chapter 5 is based on the traditional strategy
of associating differential operators with densely defined, closed and sectorial forms. This method,
being utilized by many authors, has displayed its power in establishing L,-semigroup theory for
second order differential operators on domains in R™. See, for example, [25, 63}, (67, [68] and the

references therein. To the best of the author’s knowledge, there are only very few papers on the



generation of analytic semigroups for differential operators with unbounded diffusion coefficients in
R™ or in an exterior domain with regular boundary, among them [39, 44, (46, (62} [63]. In all these
articles, the drift coefficients have to be controlled by the diffusion and potential terms. In [63],
the authors use a form operator method to prove a semigroup result for operators with unbounded
coefficients in a weighted Sobolev space. The drawback of the method used in [63] is reflected by
the difficulty to precisely determine the domains of the differential operators. This is, in fact, one
of the most challenging tasks in the form operator approach. One of the most important features
of the work in Chapter 5 is that with the assistance of the theory of function spaces and differential
operators on singular manifolds established in [4}, [5] [6], we can find a precise characterization for

the domains of the second order (p, A)-singular elliptic operators.

A conventional method to render the associated sesquilinear form of an elliptic operator .7 densely
defined, closed and sectorial is to perturb &7 by a spectral parameter w > 0. See [63] [68] for
instance. Then &/ generates a quasi-contractive semigroup. However, for a (p, \)-singular elliptic
operator, e.g., the operator 2/ in , because of the existence of the multiplier p=*, we need to
perturb &7 by a weight function of the form wp~>. This feature arising from our approach creates
an essential difficulty for a parabolic theory of differential equations on manifolds with singularities.

We take the conical Laplace-Beltrami
t2((t00)* + Agou)

in (L.5)) as an example. This operator is (p, 2)-singular elliptic. In order to prove that this operator
generates a contractive semigroup, we need to perturb it not by a constant w, but actually by a
weight function wt—2. More generally, in Section 5.1, by imposing some weak regularity assumption
on the coefficients of &7, called (p, A)-regularity, we shall prove the following result.

Theorem 1.2. Suppose that the differential operator

u = —div(ad - gradu) + C(Vu, a1) + agu,

is (p, \)-regular and (p, \)-singular. For w so large that the conditions (A3)-(A5) in Section 5.1
are satisfied, define o, := of + wp~>. Then

€ HWEN MM, V), LY (M V7)), 1<p< oo,



and the semigroup {e_t"% }e>o0 is contractive. Here o =1 =0, when p # 2.

Here L;‘/(M, Vo) and W, ”\/_Q(M, V) are some weighted Sobolev spaces whose definition will be
given in Section 2.2. The extra condition on the perturbation term wp™ is equivalent to a largeness
condition on the potential term ag of the operator < in Theorem The commutator of weight
functions of the form wp™ and differential operators is usually not a perturbation in the sense
of [41, [73]. Thus the extra term wp?, in general, cannot be removed by a “soft” method, like
the perturbation theory of semigroups. In some cases, e.g., the conic Laplace-Beltrami operator,
we find it more practical to put a control on the diffusion or drift term. This is a quite natural
condition which has been used in [39), [44], [46], 62}, [63]. In all these articles, the growth of the drift

coefficients have to be controlled by the diffusion and potential terms.

In Section 5.2, we are able to remove the compensation condition wp~> for a class of singular
manifolds called singular manifolds with 4 -ends. To the best of the author’s knowledge, this
concept is introduced here for the first time. We will show that it is possible to create singular
manifolds with JA-ends with singularities of arbitrarily high dimension. To illustrate how to
construct such manifolds, we look at the following example of manifolds with “holes”. First, we
start with an m-dimensional complete closed manifold (.#,g) with bounded geometry. Then we
remove finitely many 3; C .#. Each ¥; is an m-dimensional compact manifold with boundary.
Let
M:= .7\ U;%;.

Since the boundary 0% is not contained in M, the manifold (M, g) is incomplete. The resulting
manifold with “holes” is a singular manifold with 5% -ends. On such a manifold (M, g) with “holes”,

as an example of the work in Chapter 5, we can show that the Laplace-Beltrami operator satisfies

Ay = divg o grad, € H(W2N"2M), LY (M), 1< p < co.
For general (p, A)-singular elliptic operators, we have the following result.

Theorem 1.3. Suppose that (M, g; p) is a singular manifold satisfying p < 1,

Vlg ~ 1, [1Ap]lee < 00

10



on M, :={p e M:p(p) <r} for somer € (0,1]. Moreover, assume that the set

Sro ={p € M: p(p) =10}
is compact for rq € (0,7). Let N € R, and X € [0,1) U (1,00)
(a) Then (M, g;p) is a singular manifold with 6 -ends.

(b) Furthermore, assume that the differential operator
A = —div(p* *gradu) + C(Vu, a;) + agu
is (p, \)-regular. Then

o € HW2NANM, V), LY (M, V7)), 1<p<co.
Here 0 = 7 =0 when p # 2.

2. Introduction to applications

We will apply Theorem to several well-known evolution equations in Chapter 6-8.

As an example in geometric analysis, we prove the following well-posedness result for the Yamabe

flow on an m-dimensional singular manifold (M, g).

Theorem I1.4. Suppose that ug € Uj := {u € bc>?(M) : inf p’u > 0} with s € (0,1), and
¥ = (m —2)/2. Then equation has a unique smooth local positive solution G with

€ C(J(uo), Uj)
existing on J(ug) := [0,T(ug)) for some T (ug) > 0.

4

m—2

Under the conformal change go = uj" " g, we have
(1.8) Ryy = —————uy "2 Lju.

To show that in Theorem [[.4) we may start with a metric with unbounded scalar curvature, we take

p = 1y for computational brevity, i.e., (M, g) to be uniformly reqular. Then there is some C' > 1

11



such that for any ug € Uj

_m+2
1/C < lug " lloe <€, [ Rglloc < C.

But at the same time, there are ample examples of uy € Ug with unbounded derivatives. In view of

formula ([.8]), it is not hard to create go with unbounded scalar curvature. Therefore, the Yamabe

flow can admit a unique smooth solution while starting at a metric with unbounded curvature, and

these solutions evolve into metrics with bounded curvatures instantaneously.

As mentioned in Section 1.1, all previous well-posedness results concerning the Yamabe flow require
uniform boundedness of the scalar curvature. Evolving geometric flows, like the Yamabe flow,
along the class of metrics with unbounded curvatures is far more challenging and leads to many

unexpected phenomena. Indeed, its difficulty can be illustrated by an example in [43].

Example 1.5 (G. Giesen, P.M. Topping [43]). Suppose that T? is a torus equipped with an arbitrary
conformal structure and p € T2. Let h be the unique complete, conformal, hyperbolic metric on
T2\ {p}. Then there exists a smooth Ricci flow g(t) on T2 for t > 0 such that g(t) — h smoothly
locally on T2\ {p} ast — 0.

Hence a Ricci flow with unbounded curvature may pull “points at infinity” to within finite distance
in finite time. This phenomenon contrasts the classic situation, which means that while starting a
Ricci flow with an initial metric with bounded curvature and evolving it with bounded curvature,
any curve heading to infinity retains its infinite length. It is well known that in dimension two, the
Yamabe flow agrees with the Ricci flow. The above observation points out part of the difficulty
in evolving the Yamabe flow with a metric of unbounded curvature. This is why the result in

Theorem [[.4) is quite unexpected.

Finally, based on [47], in every conformal class we can find a metric § making (M, §) uniformly

regular. Hence, Theorem [[.4] applies to every conformal class.

In addition to its application to geometric evolution equations, we also apply Theorems to
the heat equation and its two well-known relatives, namely, the porous medium equation and the
parabolic p-Laplacian equation, on singular manifolds. A detailed discussion of these equations will

be presented in Chapter 7.
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Another application of Theorems [[.1H.3] concerns parabolic degenerate boundary value problems
and boundary blow-up problems on domains with compact boundary. The order of the degeneracy
or singularity is measured by the rate of decay and blow-up in the ellipticity condition while
approaching the boundary. See Chapter 6 for a precise description. This result extends the work
in [40} [89]. Rooting from this theory, Theorem can thus be applied to parabolic equations
in Euclidean spaces. In Section 8.1, we prove a local existence and uniqueness theorem for a
generalized multidimensional thin film equation
Ou + div(u"DAu + agu™ ' AuDu + au™ | Dul*Du) = f  on  Qr;
(1.9)
u(0) =ug on £

if the initial data ug decays sufficiently fast to the boundary of its support. Here a1, s are two
constants, n > 0, and 2 C R™ is a sufficiently smooth domain. This generalized model was first
investigated by J.R. King in [52] in the one dimensional case. Later, a multidimensional counterpart
has been studied with periodic boundary conditions on cubes in [12]. An interesting waiting-time
phenomenon can be observed from our approach. The mathematical investigation of the thin
film equation was initiated by F. Bernis and A. Friedman in [1I]. An intriguing feature of free
boundary problems associated with degenerate parabolic equations is the waiting-time phenomenon
of the support of the solutions. This phenomenon has been widely observed and studied by many
mathematicians. See [23], 27, 42, 48|, [84] for example. The waiting-time phenomenon for the
case aq,ao = 0, the original thin film equation, has been explored in several of the papers listed
above. Our result extends the results in the above literature for the generalized system (L.9). In
Section 8.2, a generalization of the parabolic Heston equation, an extensively studied model in

financial mathematics, is investigated.

3. Assumptions and notations

3.1. Geometric assumptions. Following H. Amann [4, [5], let (M, g) be a C°*°-Riemannian
manifold of dimension m with or without boundary endowed with ¢ as its Riemannian metric such

that its underlying topological space is separable. An atlas 2 := (O, ¢ )xes for M is said to be
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normalized if

Q™, 0. C M,
go,{(o,{) =
Q™M NH™, OxNOM # (),

where H™ is the closed half space Rt x R™1 and Q™ is the unit cube at the origin in R™. We

put Q7 := ,(0,) and 1, := o, L.

The atlas 2 is said to have finite multiplicity if there exists K € N such that any intersection of

more than K coordinate patches is empty. Put
N(k):={k € R:0;NO0, # 0}.

The finite multiplicity of 2 and the separability of M imply that 2l is countable.

An atlas 21 is said to fulfil the uniformly shrinkable condition, if it is normalized and there exists

r € (0,1) such that {1, (rQ™) : k € K} is a cover for M.

Following H. Amann [4}, [5], we say that (M, g) is a uniformly regular Riemannian manifold

if it admits an atlas 2 such that

(R1) 2l is uniformly shrinkable and has finite multiplicity. If M is oriented, then 2l is orientation

preserving.
(R2) [ln 0 ¥llkoo < c(k), k € R, n € MN(k), and k € No.

g ~ gm, k € R. Here g, denotes the Euclidean metric on an g denotes the
R3) ¢, R H denotes the Euclid tri R™ and %}g denotes th

pull-back metric of g by ).
(R4) (| g|lkoo < c(k), k € & and k € Ny.

Here [|u|k,00 := maxq|<p |0, and it is understood that a constant c(k), like in (R2), depends

only on k. An atlas 2 satisfying (R1) and (R2) is called a uniformly regular atlas. (R3) reads as
€12 /c < Prg(x)(€,€) < cl¢)?, for any 2 € Q™ € € R™ k € & and some ¢ > 1.

In [30], it is shown that the class of uniformly regular Riemannian manifolds coincides with the

family of complete Riemannian manifolds with bounded geometry, when OM = ().

Assume that p € C*°(M, (0,00)). Then (p, R) is a singularity datum for M if

14



(S1) (M, g/p?) is a uniformly regular Riemannian manifold.

(S2) A is a uniformly regular atlas.

(S3) [[¥kpllkco < c(k)ps, K € & and k € Ny, where py; := p(¢5(0)).

(S4) pr/c < p(p) < cpx, p € O, and k € K for some ¢ > 1 independent of .
Two singularity data (p, 8) and (p, R) are equivalent, if

(E1) p~p.

(E2) card{k € 8: 0z N0, #0} <¢, s € &

(E3) [lor © Pllkoo < c(k), 5 € & & € R and k € Ny

We write the equivalence relationship as (p, &) ~ (5, 8). (S1) and (E1) imply that
(1.10) 1/c<pe/pr<c, kE€R keRand 0z NO, # 0.

A singularity structure, &(M), for M is a maximal family of equivalent singularity data. A singularity
function for (M) is a function p € C°°(M, (0, 00)) such that there exists an atlas 2 with (p,2) €
S(M). The set of all singularity functions for G(M) is the singular type, T(M), for G(M). By
a singular manifold we mean a Riemannian manifold M endowed with a singularity structure
S(M). Then M is said to be singular of type T(M). If p € T(M), then it is convenient to set
[p] := (M) and to say that (M, g;p) is a singular manifold. A singular manifold is a uniformly

reqular Riemannian manifold iff p ~ 1.

We refer to [6), [7] for examples of uniformly reqular Riemannian manifolds and singular manifolds.

A singular manifold M with a uniformly regular atlas 1 admits a localization system subordinate

to A, by which we mean a family (7, (x)xeca satisfying:
(L1) 7, € D(04,[0,1]) and (72).eq is a partition of unity subordinate to 2.
(L2) (s = ¢y¢ with ¢ € D(Q™, [0, 1]) satisfying (|supp(ysr.) = 1, & € &
(L3) |¢kmellkco < c(k), for k € R, k € Ny.

The reader may refer to [4, Lemma 3.2] for a proof.
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Lastly, for each k € N, the concept of C*-uniformly regular Riemannian manifold is defined
by modifying (R2), (R4) and (L1)-(L3) in an obvious way. Similarly, C*-singular manifolds are
defined by replacing the smoothness of p by p € C¥(M, (0,00)) and altering (S1)-(S3) accordingly.

3.2. Notations. Let K € {R,C}. Ny is the set of all natural numbers including 0.

For any interval I containing 0, I := I\ {0}. Given any topological set U, U denotes the interior
of U.

For any two Banach spaces X,Y, X = Y means that they are equal in the sense of equivalent
norms. £(X,Y) denotes the space of all bounded linear operators from X to Y, and Lis(X,Y)

stands for the set of all bounded linear isomorphisms from X to Y.

For any Banach space F, we abbreviate §(R™, E) to §(F), where § stands for any function space
defined in this article. The precise definitions for these function spaces will be presented in Section

2.

Given any Banach space X and manifold .7, let | - ||oc, || - 5,00, || - |lp and || - ||sp denote the
usual norm of the Banach spaces BO(A , X )(Loo (A, X)), BO*(M , X ), Lp(A , X) and W (A, X),

respectively.

We denote K-valued function spaces with domain U € {M,Q} by F(U) if Q@ C R™.
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CHAPTER 11

Weighted function spaces on singular

manifolds

In this section, we define the weighted function spaces on singular manifolds, following the work of

H. Amann in [4}, [5].

Let A be a countable index set. Suppose E, is for each a € A a locally convex space. We
endow [[, Eo with the product topology, that is, the coarsest topology for which all projections
pra: [, Ea = E3, (€a)a — e are continuous. By @, E, we mean the vector subspace of [[,, Fq
consisting of all finitely supported elements, equipped with the inductive limit topology, that is,

the finest locally convex topology for which all injections Eg — @, E. are continuous.

1. Tensor bundles

Suppose (M, g; p) is a singular manifold. Given o, 7 € Ny,
TM := TM®? @ T*M®™

is the (o, 7)-tensor bundle of M, where TM and T*M are the tangent and the cotangent bundle of M,
respectively. We write TZM for the C°°(M)-module of all smooth sections of T¢M, and I'(M, T2 M)

for the set of all sections.

For abbreviation, we set J7 := {1,2,...,m}?, and J” is defined alike. Given local coordinates
o={xt, ... 2™}, (i) := (i1,...,i50) € J7 and (j) := (j1,...,jr) €J7, we set

0 0 o 0
oz~ dzh Oxio’

Oy =0, 0---00;, dzV) = dah @ -+ @ dai”
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with 0; = %. The local representation of a € I'(M, T2M) with respect to these coordinates is

given by

_ @ 9 ()
(IL.1) = ag o5 ® dz

with coefficients ag.)) defined on O,

We denote by V = V, the Levi-Civita connection on T'M. It has a unique extension over TZM

satisfying, for X € TiM,
() Vx[f=(df,X), [feC>M),
(i) Vx(a®b) =Vxa®@b+a®Vxb, acTIM, becT2M,
(iii) Vx(a,b) = (Vxa,b) + (a,Vxb), aecTIM,beTIM,

where (-,-) : TIM x TTM — C°°(M) is the extension of the fiber-wise defined duality pairing on M,

cf. [4l Section 3]. Then the covariant (Levi-Civita) derivative is the linear map
V:TIM = T 1M, a~ Va

defined by
(Va,b® X) := (Vxa,b), beTM, X € TiM.

For k € Ny, we define
VF L TIM = T7 M, aw Vi

by letting V%a := a and V¥*1lq := Vo V¥a. We can also extend the Riemannian metric (+|-), from
the tangent bundle to any (o, 7)-tensor bundle T?M such that (-|-)g := (:]-)gz : TYM x TYM — C

by

(i)

(1)@ gl o
J

o T
(alb)g = 959”7 a5

in every coordinate with (i), (i) € J%, (5),(j) € J” and

g(z)(g) = gil’zl . gia,;‘, , g(j)(.]) = gjl:.]l .. _g.]TJ‘r"

In addition,
g i= - lgg s TIM = C=(M),  ar +/(ala),

is called the (vector bundle) norm induced by g.
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We assume that V is a C-valued tensor bundle on M and E is a C-valued vector space, i.e.,

V=V = {TOM, (|)g}, and B = EZ = {C"*™ (]},

T T

for some 0,7 € Ng. Here (a|b) :=trace(b*a) with b* being the conjugate matrix of b. By setting

N =m°*" | we can identify §*(M, E) with (M),

Recall that for any a € V.7,
(aﬁ)gf)k) =g"al)), ()€l ()el, kiel
We have |ati|g;+1 = |al,7+1. For any (i1) € J7* and (iz) € J°2, the index (i1;42) is defined by
(t1392) = (P1,1, " 181,003 02,15 7" 5 92,00)-

Given any a € Vot
i 5l
(@) = gu(s)

Similarly, we have |a,|,-+1 = |alg_ .
o

Suppose that ¢ +7 > 1. We put for a € V and o; € T*M, 57 € TM
(G;G’)(ala T, O ﬁla t 750) = a((ﬂl)ba Tty (Bo)b; (al)ﬁ7 ) (O‘T)ﬁ)
Then it induces a conjugate linear bijection

GT V=V, (GI)'=ae.

T

Consequently, for a,b € V

(alb)g = {a, G5b).
From this, it is easy to show
(IL.2) |Ggalg = lalgg-

Throughout the rest of this paper, unless stated otherwise, we always assume that
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e (M, g;p) is a singular manifold.
e peEIT(M),s>0,1<p<ooanddeR.
o (T, (x)res is a localization system subordinate to 2.

e 0,7€ Ny, V= VTU = {Tng (’)g}a E = Eg = {Cm”xm",(.|.)}'

In [4, Lemma 3.1], it is shown that M satisfies the following properties:
(P1) ¥%g ~ p2gm and ¥:g* ~ pr2gm, where g* is the induced contravariant metric.

(P2) p21¥kgllkoo + PEIIVEG"

koo < c(k), k€ Ng and k € R.
(P3) For 0,7 € Ny given, then
Uri(lalg) ~ pf " bkalg,, a€TIM,

and
|[ekblg ~ pZ ek (blg,), b€ TTQL.
For K C M, we put g := {k € R: 0, N K # (}. Then, given k € K,

R™ if k € R\ Rowm,
X, =
H™ otherwise,

endowed with the Euclidean metric g,.

Given a € I'(M, V) with local representation (II.1)) we define ¥fa € E by means of ¢fa = [agé))],

where [ag))] stands for the (m? x m”)-matrix with entries ag.)) in the ((7), (7)) position, with (7), (j)

arranged lexicographically.

2. Definitions of weighted function spaces

For the sake of brevity, we set L1 jo.(X, E) := [],. L1,10¢(Xx, E). Then we introduce two linear maps

for k € &
SRE : L17[00(M, V) — Ll,loc(Xm E)7 U = ¢:(WNU)7

and
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Rli : Ll,loc(xm E) — Ll,loc(M7 V)7 UV 7%@2%-

Here and in the following it is understood that a partially defined and compactly supported tensor
field is automatically extended over the whole base manifold by identifying it to be zero outside its

original domain. We define
Re Ll,loc(Ma V) — Ll,loc(Rm)’ u — (Réu)m

and

R: Ll,loc(Rm) — Ll,loc(M7 V); (UH>H = Z:RR'UH-

In the rest of this section we assume that & € Ny. In the first place, we list some prerequisites for
the Holder and little Holder spaces on X € {R™,H™} from [5, Section 11]. Given any Banach space
F, the Banach space BC*(X, F) is defined by

BCHX,F) := {fue C*X, F) : |ul

k,00 < OO}, ” ’ k,oo)-

The closed linear subspace BUC*(X, F) of BO*(X, F) consists of all functions u € BC*(X, F) such

that 0%u is uniformly continuous for all || < k. Moreover,

BC™(X,F) :=(BC*(X,F) = (| BUCF(X, F).
k k

It is a Fréchet space when equipped with the natural projective topology.

For 0 <s<1,0<d<o00and u€ FX the seminorm [-]¢__ is defined by

5,00

u(-+h) —u(- o
](ss,oo = 8 ” ( hls ( )”OOa Hs,oo = Hs,oo'
he(0,6)m A

[u
Let k < s < k+ 1. The Hélder space BC*(X, F) is defined as

BC*(X,F) := ({u € BC*(X,F) : ||lu

s,oo)a

[5,00 <00}, |-

where [|[uls.c0 = [|U]|k,00 + MaX|q|=£[0VU] s k00
The little Hélder space of order s > 0 is defined by

be* (X, F) := the closure of BO*(X, F) in BC*(X, F).
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By [5, formula (11.13), Corollary 11.2, Theorem 11.3], we have
bk (X, F) = BUC*(X, F),

and for k <s<k+1

s—|[s],00

u € BC*(X, F) belongs to bc®(X, F) iff %in(l)[aau]‘s =0, J|al=]s].
%

Now we are ready to introduce the weighted Hélder and little Hélder spaces on singular manifolds.
Define
BCH (M, V) := ({u e CFM, V) : |Ju

koo < OO}’ H ’ ”k,oo;ﬁ),

where ||tk oo := maxo<i<k " T Viu|y|lo. We also set

BC™"(M, V) :=(BC*’(M,V)
k

endowed with the conventional projective topology. Then

bt (M, V) := the closure of BC*>? in BC*Y(M, V).
Let k < s < k+ 1. Now the Hélder space BC*V(M, V) is defined by
(IL.3) BC* (M, V) := (bc® (M, V), bcE T (M, V) s oo

Here (-,)p, is the real interpolation method, see [1, Example 1.2.4.1] and [57, Definition 1.2.2].
BC*?(M, V) equipped with the norm || - || is a Banach space by interpolation theory, where
|| - | 5,000 is the norm of the interpolation space in definition (II.3). For s > 0, we define the weighted

little Holder spaces by

(IL.4) be*? (M, V) := the closure of BC*®Y(M,V) in BC*Y(M, V).

We denote by D(M, V') the space of smooth sections of V' that is compactly supported in M. The
weighted Sobolev space W;’ﬁ(M, V') is defined as the completion of D(M, V) in Lj jo.(M, V') with

respect to the norm

k . _ . 1
- o = w = (i 1”72 [V iulglIp) 7.
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Note that W, M, V) = Lg(M, V) with equal norms. In particular, we can define the weighted

spaces LY (M, V) for ¢ € {1,00} in a similar manner.

Analogously, the weighted Besov spaces are defined for k£ € N by

(IL.5) BEY(M, V) = (WEY (M V), WY (M, V) -
The weighted Sobolev-Slobodeckii spaces are defined as

(IL.6) WP (M, V) = (WP (M, V), W (ML V) s,

for k <'s < k41, where (-,-)g, is the real interpolation method [85] Section 1.3].

Whenever OM # (), we denote by §f,”9(|\/|, V) the closure of D(M, V) in S,S,’ﬂ(M, V) for § € {B,W}.
In particular,

Wi (M, V) =W (M, V), 0<s<1/p.
See [4], Theorem 8.3(ii)].

In the special case that (M, g) is uniformly regular, since p ~ 1y, the definition of any weighted space
3°7(M, V) is actually independent of the weight ). In this case, all spaces are indeed unweighted.
We thus denote these spaces simply by §°(M, V).

3. Basic properties

In the following context, assume that FE, is a sequence of Banach spaces for k € 8. Then E :=
[I, Ex. For 1 < g < oo, we denote by lg(E) = l};(E;p) the linear subspace of E consisting of all

& = (x4) such that

9
(S [lpe ™™ 9, | % V9, 1< g < oo,
—_ K

H93||13(E) = )
sup || okl £, » q=00
K

is finite. Then l};(E) is a Banach space with norm || - ng(E).
For § € {bc, BC, W, Wp}, we put §° =[], &5, where §; := §°(Xx, E). Denote by

12 e(be®)

oo,unif
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the linear subspace of 12 (BC*) of all u = (uy), such that p?9%u, is uniformly continuous on X,

for |a| < k, uniformly with respect to x € K. Similarly, for any k < s < k+ 1, we denote by
1 i (bC°)
the linear subspace of lfo’unif(bck) of all w = (uy), such that
lim max p?[0%u,]° =0,

50 |o|=k s—k,00

uniformly with respect to k € K.

In the sequel, we always assume § € {bc, BC, W), Wp}, unless stated otherwise. Define
Ly 1@ =10 (3) 0 (ue)s = (phun)s,

where ¢ = “oo,unif” for § = bc, or ¢ = oo for § = BC, or ¢ = p for § € {Wp,Wp}. Then the

following result follows immediately from the definition of weighted I, spaces.
(IL7) Ly € Lis(l7(F), 17 (F%)), with (Lg)™' = L_y.

Proposition II.1. R is a retraction from 13(35) onto T (M, V) with R® as a coretraction. Here

q = “oo,unif” for § =bc, or q = o0 for § = BC, orq=p for§ € {WP,WP}.

ProOF. In [4, 5], a different retraction and coretraction system between the spaces §*”(M, V)

and [,(F°) is defined as follows.
Rgi:‘i = pg+m/q9z27 and :Rgﬁ — pgﬁfm/qum;
and

Rg;c : Ll,loc(M, V) — Ll,loc(Rm)v u— (jo,iu)m

RY, : L1 40c(R™) = L1goc(M, V), (ve)s = D R 0.
K
We have the following relationship between these two retraction and coretraction systems:

RYC = Lgimq o R, RE=RoL_g_p/q
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Now the assertion follows straight away from (I1.7)), [4, Theorems 6.1, 6.3, 7.1, 11.1] and [5l, Theo-

rems 12.1, 12.3, formula (12.7)]. O
In the sequel, (-, ')2,00 and [-,-]p denote the continuous interpolation method and the complex

interpolation method, respectively. See [1, Example 1.2.4.2, 1.2.4.4] for definitions.
Proposition I1.2. Suppose that 0 < sg < s1 <00, 0< 6 <1 and ¥ € R. Then
(I (F°0): 1y (F°))e = 1y () = [1§(F), 15 (F)]o

holds for sg,s1,s9 ¢ N for § € {bc, BC,W,}, or so,s1,59 ¢ N+ 1/p for § = Wp. When § = be,
(o = ()9 o when § = BC, () = (-, ")o.00, 0r when § € {Wp, W}, (-,-)o = (,-)ap. Here

6,007

& = (1 —0)& + &1 for any &o, & € R.

PrOOF. When § € {W,, Wp}, the assertion with weight ¢ = 0 follows from [5, Lemmas 11.10,
11.11] and [1, Proposition 1.2.3.2]. The rest of the statement is a consequence of (II.7) and [I]

Proposition 1.2.3.2].

When § € {bc, BC}, the assertion with weight ¥ = —1/p follows from [3, formula (3.4.1), Theo-
rem 3.7.1, Corollary 4.9.2] and [85, Theorem 1.18.1]. (IL.7) implies the remaining assertions. [

Proposition I1.3. Suppose that 0 < sg < s1 <00, 0< 8 <1 andd € R. Then
(FY (M, V), 30 (M, V)p = §70 (M, V) = [§7 (M, V), 37 (M, V)]

holds for sg,s1,s9 ¢ N for § € {bc, BC,W,}, or so,s1,59 ¢ N+ 1/p for § = Wp. When § = be,
(') ')9 = ('7 ‘)27007 when 8{ = BC; ('7 ‘)9 = (‘7 ')9,007 or when S S {Wpu I/i/p}; ('7 ‘)9 == ('7 ‘)9,p'

PROOF. The assertion is a direct consequence of Propositions and O

Let V; = V77 := {T7’M, (:|-)g} with j = 1,2,3 be K-valued tensor bundles on M. Let & be the

Whitney sum. By bundle multiplication from Vj x V3 into V3, denoted by
m‘/leg‘/Z—}‘/?n (Ul,UQ)P—}m(Ul,UQ),

we mean a smooth bounded section m of Hom(V; ® V4, V3), i.e.,

(I1.8) m € BC™(M,Hom(V; @ Va, V3)),
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such that m(vy, v2) := m(v1 ® va). (LL.8) implies that for some ¢ > 0
Im(vi,v2)|g < clvilglvalg, vi € T(M,V;) with i =1, 2.
Its point-wise extension from I'(M, V; @ V) onto I'(M, V3) is defined by:
m(v1,v2)(p) := m(p)(vi(p), va(p))

for v; € T(M,V;) and p € M. We still denote it by m. We can prove the following point-wise

multiplier theorems for function spaces over singular manifolds.

Proposition II.4. Let k € No. Assume that the tensor bundles V; = Vi’ = {T7'M, (-|-)g} with
7 =1,2,3 satisfy

(I1.9) 03 —T3 =01+02 =T —T2.

Suppose that m : Vi @ Vo — V3 is a bundle multiplication, and 93 = 91 + J2. Then [(v1,v2) —

m(v1,v2)] is a bilinear and continuous map for the following spaces.
(a) BCHU1(M, V7)) x 3592(M, Vo) — §°U3(M, V3), where t > s >0 for § € {be, Wy, W, }.
(b) BCKI1(M, V1) x §92(M, Vo) — 593 (M, V3), where k € Ny for § € {W,, W,}.

(c) F5U1(M, V1) x F572(M, V5) — §573(M, V) for § € {bc, BC}.

PROOF. The statement follows from [5, Theorem 13.5]. O

Proposition I1.5. For § € {bc, BC,W), Wp}, we have

fotlum p'u] € Lis(F M V), FT(MV)), (fa) ! = foo.

s € Ny loo(BC*), where ¢ is defined

PRrROOF. By (S3) and (S4), we infer that p := (<¢§£ﬁ

in (L2). Then it follows from the point-wise multiplication results in [2] Appendix A2] and [86],
Corollary 2.8.2] that for u = (uy), and any s > 0
¢:pﬁ ! ~s
[u = (¢ o7 Uy )] € L(lg (&%),

K
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where ¢ = oo for § = BC,or g=p for § € {Wp,ﬁ/p}. Given u € V' (M, V),

9 - c 9 c 9
[0 ullger = IRR P ull g0 < CIRp g
= lpLoRullyyr gs) < Cllol e 1Rl prso 5oy

< C(pa v, 3) ”quSﬂ'Jrﬂ-
Now the open mapping theorem implies that the asserted result holds for § € {BC, W), Wp}.

Given any u € be®?' (M, V), there exists (uy,), € BC?' (M, V) such that
Up = u, in BC*VT(M, V).

We already have

Hpﬁu s 0000 < C||uH570°;’9'+79’

and (p%uy), € BC®Y (M, V). By the conclusion for § = BC*®, we infer that as n — co

Hpﬁ(u — Up) s,0000 S Cllu— un”s,oo;ﬁ’-‘rﬁ — 0.

We have established the asserted result for weighted little Hdélder spaces in view of the defini-
tion (I1.4)). O

Proposition II.6. For § € {bc, BC, W), Wp}, 0,7 € Ng and ¥ € R,

Ve LEF(MVE),F (M, V).

PRrROOF. The case s € Nand § € {BC, W, Wp} is immediate from the definition of the weighted
function spaces. When § = bc, the integer case can be proven by a density argument as in the

proof for Proposition The non-integer case follows from [5, Theorem 16.1]. O

Let g = g/p®. Then (M, §) is a uniformly regular Riemannian manifold. We denote the (o, 7)-tensor
fields with respect to ¢ by V= Vf. The definitions of the corresponding weighted function spaces
Ssl"y(l\/l, V) do not depend on the choice of 1 in this case. We denote the unweighted spaces by
§¥ (M, V). The reader may refer to [79] for the precise definitions for these unweighted spaces on

uniformly regular Rimannian manifolds.
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Proposition I1.7. For § € {bc, BC,W), Wp}, it holds that

F(M V) =55 YP (M, V)

PROOF. The assertion follows from Proposition and [79], Propositions 2.1, 2.2]. O

4. Surface divergence
Proposition II.8. For § € {bc, BC,W), Wp}, we have
[a = af] € LEF (M, V), 02 (M, V).
[a = ay] € LEF (M VI, 350 2(M, V).

ProOF. We only prove the second assertion. The first one follows in an analogous manner. For

any X € TM,
Vxa, = Vx(g,a) = (Vxg,a) + {9, Vxa) = (9, Vxa) = (Vxa),
The third equality follows from the metric preservation of the Levi-Civita connection. This implies
V(ay) = (Va)y.

By induction, we have

V¥(ay) = (VFa),.

Then the statement for the case s € Ny is an immediate consequence of the definitions of the cor-
responding function spaces. The non-integer case follows by interpolation theory, Proposition [[I.3]
and Definitions , formula, when § € {BC, W), Wp}. When § = be, the assertion follows
from a density argument and Definition as in the proof for Proposition m O

We denote by Cgﬁ : ijll — V7 the contraction with respect to position o + 1 and 7+ 1, that is

for any (i) € J7, (j) € J” and k,l € J' and p € M

o4l . ol (k) O 0 () oy gl . (k) O )
CTHa = CTHa(j;l) 5200 ® e ®dzV’) @ dx' = i) EI0) ® daV
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in every local chart. Recall that the surface divergence of tensor fields with respect to g is the map

(I1.10) div = divy : CH(M, VZH) — C(M,V?),  a— CZH(Va).

Suppose that OM # (). Since T'(OM) is a subbundle of codimension 1 of the vector bundle (T'M)gpm
over OM, there exists a unique vector field n in (TM)gm of length 1 orthogonal to T'(OM), and

inward pointing. In every local coordinate, ¢, = {z1, - ,Zm}

R

" vV 911|30n@.

Put V' := V. Let C: VT(’J:FTT x V! — V7' denote the complete contraction. For any a € VT(’J:FTT

and b € V', the complete contraction (on the right) is defined by

_ (i), () O G)
C(a,b) = a(j;jl)b(i) 5] ® dx\V,

with (i) € J7 ,(i1) € J°, (j) € J7,(j1) € J™, in local coordinates. The complete contraction
(on the left) is defined in an analogous manner. Note that the complete contraction is a bundle

multiplication.

Theorem I1.9. For any a € W;’fﬁ(M, V') and b € W;’ﬂ(M, Vo+l)

- / (divb, a) dV, = / (b, Va)dV,.

M M

PROOF. By the divergence theorem and the density of the spaces D(M, V') and D(|\7|, Vetl)in
Wy " (M, V') and Wy (M, V1), it suffices to show that

(I1.11) div(C(b,a)) = (divd,a) + (b, Va),
for any a € D(M, V') and b € D(M, V1), Definition (IL.10) yields

) X i), (isk 0 i) (4;k )1 (25K
div(C(b,@) = div(ag ¥ 50 = Ou(agyBGy”) + Tia b
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for (i) € 17, (j) € I". By [4, formula (3.17)] and (II.10)

(divb, a)
o (%k 117 e siosk) ik (ih)y (5)
a sy Ok (b ZF Zrkﬁ G ey TG e ()
and
i;k) Sy g ik
(b, Vay = (Gpal)) b5 ZFkha dr) Zrms YL v
This proves (II1.11)). O

Corollary IL10. For any a € Wy "2 72"(M, V) and b € Wy" (M, Vo +1)

—/(divb|a)g v, = /(b\grada)g dvj,.

M M

PRrROOF. In [5] p. 10], it is shown that for any X € TM and a € V
Vx(GlLa) = G, (Vxa).

Therefore,

VGTa = (G (Vu)),.

Now it is an easy task to check
(I1.12) VGhu = (GT (gradu),), = G741 (gradu).
This implies the asserted result. O
Proposition IL11. div € £(FT7(M, Vot1), (M, V7)) for § € {BC,W,, W,}.
PrOOF. Given any a € %Y (M, V.2H1), it is easy to see that
IR“CT 1 allig gy < ClIR allyy o (pi))

with Q,Z)Z(w,{agiz))) in the ((4), (j)) position. Here ¢ = oo for § = BC, or ¢ = p for § € {Wp,Wp}.

Combining with Proposition it implies that
C7Hl € £ (M V7,87 (M. V).
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Using Proposition we can now prove the asserted result. O

5. Spaces of negative order

For any u € D(M, V) and v € D(M, V"), we put
(u,v)m 1= /(u,v> dvj,.
M
Then we define
(I1.13) W, (M, V) o= (W (M, V)’

by mean of the duality pairing (-,-)m. It is convenient to denote by Wp_s’ﬂ(M, V') the closure of
D(M, V) in W, *?(M, V). Then

(I.14) WY (M, V) = WA (M, V), t<1/p.

We refer the reader to [4], Section 12] for more details. Given u € F~5Y(M, V) with § € {W,, Wp}
and v € D(M, V711

(IL.15) (Vu, v)n o= — [ (u, div(D)) dV.
/

Theorem shows for u € (M, Vo) and v € D(M, V)
(divu, v)m = —/(u,Vv> avy.
M

By means of Proposition and it is not hard to prove the following proposition.

Proposition I1.12. Suppose that § € {W), Wp}. Then
Ve L(Sisﬁ(M? V)vgisil’ﬁ( ) To+1))7

and

div e L(F5%(M, Vo) 577 (M, V).
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Let (-|-)2.9r be the inner product in LY (M, V), that is,

(I1.16) (ulv)og = /p219/+27_2‘7(u|v)g dvj,.
M

Proposition I1.13. Suppose that § € {W), Wp} and s € R. Then
[us p?T 720G ) € Lis(FH (M, V), §7(M, V).

PROOF. The statement follows from Proposition an analogue of the proof for Proposi-
tion (I1.8) and the open mapping theorem. O

In virtue of Proposition and now one readily checks that
(IL.17) (W3 (M, V) = W, 5270 (M, V),

where (W;’ﬁ(l\/l, V)l is the dual space of I/V;,;(”’ﬂ(M7 V') with respect to (-|-)2.9/.
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CHAPTER 111

Examples of singular manifolds

1. Singular manifolds of pipe and wedge type

As was shown by the examples in [7], we can find manifolds with singularities of arbitrarily high

dimension. Among them, a very important family is the singular manifolds of pipe and wedge type.
Following [7], throughout we write Jy := (0,1] and J := [1,00), and assume J € {Jy, Joo }-

We denote by Z(J) the set of all R € C*°(J,(0,00)) with R(1) = 1 such that R(«) := th_r}n R(t)
exists in [0, oo] if J = J, with o € {0,00}. We write R € €(J) if

(i) ReZ(J), and R(o0) =0 if J = Juo;

(IIL.1) (i) [ dt/R(t) = oo;
J

(iii) [OFR|lew < 00, k> 1.
The elements in €(J) are called cusp characteristics on J.

The following results from [7] are the cornerstones of the construction of singular manifolds of pipe

and wedge type.

Lemma IIIL.1. [7, Theorem 3.1] Suppose that p is a bounded singularity function on (M, g), and p
is one for (M, §). Then p® p is a singularity function for (M x M, g + §).

Lemma II1.2. [7, Lemma 3.4] Let f : M — M be a diffeomorphism of manifolds. Suppose that

(M, g; p) is a singular manifold. Then so is (M, f*g; f*p).

Lemma III.3. [7, Lemma 5.2] Suppose that R € €(J). Then R is a singularity function for
(J,dt?).

Assume that (B, gp;b) is a d-dimensional singular submanifold of RY with singularity function b,

and R € %(J). The (model) (R, B)-pipe P(R, B) on J, also called R-pipe over B on J, is defined
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by
P(R,B) = P(R,B;J) == {(t,R(t)y) : t € J, y € B} C R'*<.

It is a (1+d)-dimensional submanifold of R, An R-pipe is an R-cusp if R(e) = 0 with a € {0, oo}
The map
¢P = ¢P(R) P —JxB: (ta R(t)y) - (tvy)

is a diffeomorphism, the canonical stretching diffeomorphism of P.

We assume that
(I11.2) b is bounded.

Then the above three lemmas imply the following result.

Lemma IIL.4. Assume that (I11.2)) is fulfilled. Then
(P(R, B), ¢p(dt* + gp); op(R © 1))

is a singular manifold.

Assume that (T',gr) is a connected wuniformly regular Riemannian manifold without boundary.

Then the (model) I'-wedge over the (R, B)-pipe, P(R, B), is defined by
W =W(R,B,T") == P(R,B) xI.
If T is a one-point space, then W is naturally identified with P. Thus every pipe is also a wedge.
Lemma III.5. Assume that 1s fulfilled. Then
(W(R, B,T), ¢p(dt* + gB) + gr; $p(R © b) ® 1r)

18 a singular manifold.

In the following examples, (B, gp) always denotes a compact closed C*°-Riemannian manifold.

Example III.6. (a) Suppose M is a cone, i.e., M = ([0,1] x B)/({0} x B). We equip M with
the conventional metric g = dt*> + t2gg. Then (M, g;p) is a singular manifold of wedge

type.
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(b) Suppose M is an edge manifold, that is, (M, g;p) = (P(t, B) x R dt? + t2gp + ga; ¢ (t ®

15) ® 1ga). Then (M, g;p) is a singular manifold of wedge type.

(c) Let [t T(t)],[r — R(r)] € €(Jo) be two cusp characteristics on Jy, i.e., (Jo,dt*;T) and
(Jo,dr*; R) are two singular manifolds. In order to avoid possible confusion, we denote
the canonical stretching diffeomorphisms of the pipes generated by T' and R by ¢p, and

Opg, respectively.

Suppose M is a (T, R)-corner manifold. More precisely, (M, g; p) =

(P(T, P(R, B)), $p, (dt* + ¢y, (dr* + gB)); 67, (T @ ¢, (R @ 15))).
Then (M, g; p) is a singular manifold of wedge type.

In some references, the authors equip an edge with the metric g = dt?/t2 + gp + gr /t?, which makes

(M, g) uniformly regular. This case has been studied in depth in [6].

2. Manifolds with holes

In this section, we construct another interesting class of manifolds, that is, manifolds with holes.

Given any compact submanifold ¥ C (M, g), the distance function is a well-defined smooth function

in a collar neighborhood % of ¥. The distance ball at ¥ with radius r is defined by
Bm(2,7) :={p € M : distm(p,X) < r}.
Lemma IIL.7. Suppose that (A, g) is a uniformly regular Riemannian manifold, and
S ={2,-,5
is a finite set of disjoint m-dimensional compact manifolds with boundary such that ¥; C M. Put
M:=.#\ U?ZIEJ-

and



Then we can find a singularity function p satisfying
plz;, ~ dist 4 (-, 0%;),
for some r € [0,0), where § < diam(.#) fulfils that B; s N\ Bj 5 =0 fori+#j, and
p~1, elsewhere on M.
Then (M, g) is a singular manifold.
PrOOF. This lemma immediately follows from [7, Theorem 1.6]. O

Manifolds satisfying the conditions in Lemma [[IL.7] are called singular manifolds with holes. We

will show in Proposition below that the singularity function can actually be chosen to satisfy
p|<@j’r = dist,///(-,azj).

More generally, by [7, Theorem 1.6], we indeed have the following result.

Lemma IIL.8. Suppose that (A, g) is a uniformly reqular Riemannian manifold, and
E={ N}

is a finite set of disjoint compact closed submanifolds of codimension at least 1 such that ¥; C 0.4

if $jNO0M # 0. Put M := 4\ U5_ 55 and

Then we can find a singularity function p satisfying
pla,, ~ dist.z (-, %;),
for some r € [0,0), where § < diam(.4) fulfils that B; s N Bj 5 =0 fori#j, and
p~ 1, elsewhere on M.

Then (M, g) is a singular manifold.
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CHAPTER 1V

Continuous maximal regularity for

normally p-elliptic operators

Throughout this chapter, we always assume that (M, g; p) is a singular manifold without boundary.

Following [82], letting [ € Ny, A : C*°(M,V) — I'(M, V) is called a linear differential operator of
order [ on M if we can find a = (a,), € Hf«:oF(M V2T such that

» V140

l
(IV.1) A=A(a):=> Can,V").
r=0
Recall C(+,-) denotes complete contraction. Making use of [4, formula (3.18)], one can check that

for any I-th order linear differential operator so defined, in every local chart (O, p,) there exists

some linear differential operator

(IV.2) Aplw,0) =Y af(x)0”, with af € L(E)¥,

for
|laf<l

called the local representation of A with respect to (O, ¢x), such that for any v € C°°(M, V)
Vi (Au) = Ax(ygu).

Proposition IV.1. Lett > s > 0, ¥ € R and § € {bc, BC,Wp}. Suppose that A = A(a) with
a=(a,), € [[L_y BC*(M, VZETH"). Then

y V140

A€ LEFEHIM V), (M, V).

PRrOOF. The assertion is a direct consequence of Propositions and O
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Corollary IV.2. Let s > 0, ¥ € R and § € {bc, BC}. Suppose that A = A(a) with a = (a,), €
Hi:o bes (M, V2T Then

» V140

A€ LFEHIM V), (M, V).

Given any angle ¢ € [0, 7|, set
Yy :={z € C: |argz| < ¢} U{0}.

A linear operator A := A(a) of order [ is said to be normally p-elliptic if there exists some constant
€. > 0 such that for every pair (p,§) € M x I'(M,T*M) with [{(p)|g«(p) # O for all p € M, the
principal symbol

GA™(p,£(p)) = Clar, (—i)®)(p) € L(T,M®7 @ TyM®T)

satisfies

(IV.3) S i=Xr/2 C p(=6A™(p,£(p)));

and

(Iv.4) (P P)EP)]e (o) + 1D (1 + AT (p, £(P) Ml e(rymerersmer) < Cey €S,

The constant C, is called the p-ellipticity constant of A. To the best of the author’s knowledge,
this ellipticity condition is the first one formulated for elliptic operators acting on tensor fields on

manifolds with singularities.

We can also introduce a stronger version of the ellipticity condition for A. A is called uniformly
strongly p-elliptic if there exists some constant C, > 0 such that for all (p,&,n7) € M xT'(M, T* M) x
I['(M, T2M) the principal symbol satisfies

GA™(p.£(p)) (1(P)) = Cep' (P)(P) () |€(P) 1L )

Here 6.A™(p,&(p))(n(p)) := (Clas,n @ (—i&)®)(p)|n(p))g(p)- In [6], H. Amann has used the uni-
formly strong p-ellipticity condition to establish an L,-maximal regularity theory for second order

differential operators acting on scalar functions.
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We can readily check that a uniformly strongly p-elliptic operator A must be normally p-elliptic. If
A is of odd order, then by replacing & with —¢ in (IV.3)), it is easy to see that p(6G.A™(p,&(p))) = C.

This is a contradiction. Therefore, every normally p-elliptic operator is of even order.

We call a linear operator A := A(a) s-regular if
(IV.5) ar € bc* (M, VT, r=0,1,---,1.
This reveals the existence of some constant C, such that

(IV.6) larllsoo < Cqy 7=0,1,---,1.

We consider how (IV.5)) affects the behavior of the localizations A,. Given any linear differential

operator A of order 2, by an analogy of Proposition |I1.1] we infer that
(Vrar)s € loo it (b®(Q, EZSTY)), r=0,1,---,2I,
or equivalently
(W) () € booumit(be*(Q)), (i) € J7F7H7, (j) €77, 1 =0,1,-- 2L

By [4, formula (3.18)], the coefficients of Ay, i.e., al, are linear combinations of the products
of (ar)g.)) and possibly the derivatives of the Christoffel symbols of the metric g. Thus [4], for-
mula (3.19)] shows that

(IV.7) (%) € looumit(be* (Q™, L(E))),  |a| < 2.

(e}

Given any Banach space X, a linear differential operator of order [
A= Ax,0) =) an(x)d
|| <l

defined on an open subset U C R™ with a, : U — £(X) is said to be normally elliptic if its
principal symbol 6A™(z,&) := Y aq(z)(—i&)®* satisfies

|af=l

S = Eﬂ-/g C p(—ffﬂﬂ(%g))
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and there exists some €, > 0 such that

(IV.8) (€ + Dl (ke + 6A™ (2,6) Hlgx) < Ce ES,

for all (x,&) € U x R™, where R™ := R™\ {0}. The constant C, is called the ellipticity constant of

A. As above, one can check that A must be of even order.

Proposition IV.3. A linear differential operator A := A(a) of order 2l is normally p-elliptic iff

all its local realizations

A(z,0) = > ali(z)d0”

laf<21

are normally elliptic on Q' with a uniform ellipticity constant C. in condition (IV.8).

PROOF. We first assume that A := A(a) is normally p-elliptic. In every local chart (O, k),

by definition we have
GAR(z,€) = D ab(@)(=i6)* = ¢iClam, (—ig™) =) (p)
|| =21

with (z,£) € Q" x R™ and p = 9, (x). Here éM is a 1-form satisfying £M|o, = ¢da?. By [82]
formula (3.2)] and (LV.3)), we conclude S := X /5 C p(=6Af(z,§)). For every u € S, n,5 € EY

with ¢ = (u + 6AT(x,€))n, and & € R™, one computes

(€L + (DI + 6A™ (2,€) " clg, = (€L + 1)) 7l g

(Iv.9) < Cpr =7 (C" PP ()IEM(P) 12 (o) + 1) |deow (@) g

(IV.10) < MpL 7 (0™ (p)IE (P) 125 () + 1))t ()l g )

(IV.11) < MCep|(1t + Clagr, (—i€M) ) (p))diw ()] 4(p)
(IV.12) < M'Copl % pg Tl (1 + Clagy, (—ie™)®2) (p))dibye ()1 .,

= M'€e|(,u + 5-A;r($af))77|gm = M/€z|§|gm-

In (IV.9), we have adopted (S4) and (P3). In (IV.10), the constant M = C' max{C’,1} is indepen-
dent of the choices of k and z. ([V.11]) follows from ([V.4), and ([V.12)) is a direct consequence of
(P3).

The “if” part follows by a similar argument. ([l
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Proposition IV.4. Let § € {bc, BC}, s € Ry \ N and 9 € R. Suppose that A = A(a) is a

2l-th order linear differential operator, which is normally p-elliptic and s-reqular with bounds C,

and Cq defined in (IV.4) and (IV.6). Then there exist w = w(C¢,Cq), ¢ = P(C¢,Cq) > 7/2 and
€ = E&(C,,Cq) such that S =w + Xy C p(—A) and

G+ A oo vy gy < & p €S, i=0,1.

PRrROOF. With the convention b = “co, unif” for § = be, and b = oo for §F = BC, we set
EO — 38719 E@ - SS+2I71,19 El - 35+2l,79

and
b (Eo) =1y (&), U(Ee) = /(F*7), B(E1) =13
(i) Define h : R™ — Q™: x +— ((z)z. Here ( is defined in (L2). It is easy to see that h €
BC>®(R™, Q™). Let
A(2,0):= > ag(x)0” = _ (af o h)(z)0".

ol <21 o <21

It is not hard to check with the assistance of (IV.7) that the coefficients (ak ), satisfy
(ag)fﬁ € loo,unif(bcs(L(E))), ‘Oé‘ < 2,

and by Proposition that A, are all normally elliptic with a uniform ellipticity constant for all
k € R. In virtue of [2, Theorems 4.1, 4.2 and Remark 4.6], these two conditions imply the existence

of some constants wy = wo(Ce, Cq), ¢ = ¢(C¢, Cq) > 7/2 and € = E(C,, Cy) such that

(IV.13) So:=wo+ Xy C p(—Ax), KEBR,
and
(IV.14) m,l—in(# +‘Aﬂ)_lHL(SS(E),F*?”(E)) < 8, n e S(], 1= 0, 1, K€ R.

Let A : IY(E1) = E: [(ug)s — (Aguy)s). First, it is not hard to verify by means of the point-wise

multiplication results in [2] Appendix A2] that
(IV.15) A€ L((Ey), 12, (Ey)).

41



By Proposition and the well-known interpolation theory, for any s < t ¢ N,

77 (bct+2l) i) I (bc5+21).

oo,unif oo,unif

9

0o unif(bcs—i_m)v we can choose

Hence for any u € [

(un)n = ((Un,n)n)n - lgo,unif(bct+2l)

converging to u in [%, (be*t?). Since s is arbitrary, we see that the estimate (IV.15) still holds when
s is replaced by t, i.e.,

Auy, €19, (be) < 19 e (bC).
What is more, Au,, =: v, — Au in the [’ (BC?®)-norm. Since [” (bcs2!) is a Banach space, it

oo, unif
yields Au € 1Y (bc?). Therefore

oo, unif
(IV.16) A € L(If(Ev), 1} (Eo)).

For any p € Sp, it is easy to see that u+ A : F+H — lfo(Eo) is a bijective map. We write the

inverse of y+ A as (u+A)~! and compute for w = (uy), € IV (Ep)

1+ Aty ooy = sup Pl (i 4 Aw) " 21,00 = sup | (1 + A) T ol s 21,00
KE KE

(IV.17) < 8822 oo lgs () = Ellully gy)-

In the case § = be, (IV.17) only shows that for each u € 1V (bc®) and p € S (u+A)tu €

oo,unif

1Y (BC**?). It remains to prove (p + A) lu € lgo,unif(El)’ This can be answered by a density
argument as in the proof for ([V.16)).

Hence Sy C p(—A). Similarly, one checks

’M’H(M +‘[l)_1”£(l§?(E0)) <Eé, n e So-
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(ii) Given any u € E1(M, V) and pu € S, one computes

[Ri(p+A) = (p+ Ag)RiJu = (e (p + A)u) — (14 Aw) by (meu)
= Yrme(p + ﬁn)w:“ — (u+ f[n)w:(ﬂ'ﬁu)
= w:ﬂ'n-f[nw:u - flnw:(ﬂ-nu)

—- X % (§)aor e i) = B

|| <21 0<B<ax

Note that ¢ =1 on supp(¢im,) for all k € K. Define for any u € C*°(M, V)
Bu = (Bytt).
Similar to the computation for , we can easily check
BR € L(Ij(Ep), Iy (Eo)).

By Proposition [[I.2] we have
Iy (Eo) = (1§ (Eo), 1§ (E1))s,
where either (-,-)g = (-, -)2700 for § =be, or (+,-)g = (-, )p,00 for §=BC, and § =1 —1/(2I).

It follows from interpolation theory and (II1.7)) that for every € > 0 there exists some positive

constant C(e) such that for all u € I/ (E;)
1BRullyo () < ellwlliym,) + CE)ully gy
Given any u € [V (Ey) and p € Sp,
IBR(p + ft)fl"”l;j(Eo) <el|(n + f[)flqu;j(El) +C(e)ll(p + A)flunzg(Eo)
C(e)
<&(e+ 7 )lulw k-
1z ’
Hence we can find some wy; = wi(C;, Cq) > wp such that for all u € Sy :=w; + Xy
IBR(1+A) "Ml @ (o)) < 1/2,

which implies that S; C p(—A — BR) and

1+ BRGa+ A) ) g ) < 2
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Now we compute for any u € I (Eq) and p € S

| (e A+ A+ BR) g gy =l (e + A)THI A+ BR(u +A) )l gy
<E||(I +BR(k+ fl)’l)’lqug(Eo)

§28||“”l;j(1«30),
where [ = idl;?( Eo)’ and a similar computation yields
1(p+ A+ BR)_IUHzg(El) < 28||“Hz;3(E0)'
One readily checks
RE(p+ A)yu = (u+ A)Ru + BRRu = (u + A + BR)RCu.
For p € 51, we immediately have
R(p+A+BR) R (u+ A) = R(p+ A+ BR) "+ A+ BR)R = idg, (w1

Therefore, 1 + A is injective for p € 5;.

(iii) Given u € C*®(E) := C*°(R™, E), we define
Cott := [(p + ARy — Rt + A

An easy computation shows that for each u € C*(E)

vita= X a0t wina) -~ vind ¥ aore = ¥ 5 [ JaterP(cuot wim)

|o <21 |ar| <21 |a| <21 0<B<Lax

It is obvious that €, € L(F*T2~H(E),§*(M,V)). Moreover, with u = (u,)x, it is a simple matter

to verify as for ([V.16)) that
[w = (PCuin)x] € LI} (E9), If (Eo)).
Define C: I (Ep) — E1(M,V): [u+ > Cuuy]. Then given any u € I (E1)

(p+ A)Ru = R(p + A)u + RRCu = R(p + A + R°C)u.
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It follows in an analogous way to the proof for Proposition that
[w =Y @r(Cun)] € L1 (Eo), Eo(M, V).
In view of Cu = > ¢k (¢ Cruy ), we obtain
€ € L(I) (Eo), Eo(M, V)

and thus
R°€ € L(1 (By), lj (Eo))-

Now it is not hard to verify via an analogous computation as in (ii) that there exists some wy =

w2(Ce, Cq) > wy such that Sy :=wy + By C p(—A — R°C) and
B0+ A+ RC) Mo mopap ) S 26 HESey =01,
Then we have
(+ AR+ A+RC) R = R(p+ A + RC)(pu+ A + RC) 'R = id gy (m,v)-

Thus, u + A is surjective for u € Si, and R(p + A + R°C)~1R® is a right inverse of (u + A).

Furthermore,

7 (e A o), vy

=" IR(e + A+ REC) TR e momyvy By S CE e S, i=0,1.

This completes the proof O

Recall that an operator A is said to belong to the class H(E1, Ey) for some densely embedded
d
Banach couple E; — Ej, if —A generates a strongly continuous analytic semigroup on Ey with

dom(—A) = E,. By the well-known semigroup theory, Proposition immediately implies

Theorem IV.5. Let s € Ry \N and 9 € R. Suppose A satisfies the conditions in Proposition m
Then
A € HbeT2Y(M, V), be®? (M, V).
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Remark IV.6. Note that the embedding BC*T2:Y(M, V) <, BC*?(M,V), in general, does not

hold. So we cannot formulate a similar statement to Theorem for weighted Holder spaces.

For some fixed interval I = [0,T], v € (0,1), and some Banach space X, we define
BUC, (I, X) :={ue C(I,X);[t — t' ] € C(I, X), lim ¢ [|u(t) | x = 0},
t—0
lulley_, = supt' =7 Ju(t)|x,
tel

and

BUC{_(I,X):={u€ C'(I,X):u,it € BUC1_(I,X)}.
Recall that in the above definition I = I\ {0}. Moreover, we put
BUCy(I,X):=BUC(I,X) and BUC}(I,X):= BUCI,X).
In addition, if I = [0,7) is a half open interval, then
C1(I,X):={veC(,X):ve BUC_([0,t],X), t<T},

Cl (I, X):={veC'(I,X):v,i€Cr(,X)}

We equip these two spaces with the natural Fréchet topology induced by the topology of the spaces
BUC:—~([0,t], X) and BUCLV([O,t], X), respectively.

Assume that F <$ Ey is a densely embedded Banach couple. Define
(IV.18) Eo(I) := BUC_,(1, Ey), Ei(I):= BUCi_(I,E1)N BUCll_V(I, Ep).
For A € H(E, Ey), we say (Eo(I),E1(])) is a pair of maximal regularity of A, if

(4 + A y) € Lis(Ei (1), Eo(1) x ES),

where 79 is the evaluation map at 0, i.e., y0(u) = u(0), and E, := (Ey, E1) .. Symbolically, we

denote this property by

A€ M, (Ey, Ep).

Now following a well-known theorem by G. Da Prato and P. Grisvard [65] and S. Angenent [9] and
the proof of [82, Theorem 3.7], we have
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Theorem IV.7. Let v € (0,1], s € Ry \ N and ¥ € R. Suppose that A satisfies the conditions in
Proposition[IV4 Then
A € M, (be* T2 (M, V), e (M, V).

Remark IV.8. In order to prove the statement in Theorem m, it suffices to require (M, g; p) to

be a C2AHITL singular manifold.
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CHAPTER V

Singular equations of second order

Throughout this chapter, we always assume that (M, g;p) is a singular manifold, possibly with

°

boundary. Since W,(M,V) = W,(M,V) when OM = (), in this chapter, we always focus on the
space WP(M, V).

1. Singular elliptic operators with large potential terms

Let 0,7 € Ny and X € R. Suppose that & : C°(M,V) — I'(M, V) is a second order differential

operator defined as follows.
(V.1) u = —div(a@ - gradu) + C(Vu, a1) + agu,

with @ € CY(M, T{M), a1 € T'(M, TM) and ag € CM, for any u € C*°(M, V) and some A € R. Here
grad = grad,, V =V, and div = div,. We put for all w > 0

dou =+ wp u.
Center contraction [u — @ - gradu] is defined by the relationship
VEx Vet S veth o (a,b) = oa- b,
and in every local chart for p € M, we have
0 0

9 2 dz)

(a-b)(p) = {aiail @ dz*(p)} - {b{."

1k 0 0 )
= by 5w © a1 @ W (P)

with (i) € J°, (j) € J” and I,k,h € J'. Here we write a differential operator in divergence form,

which will benefit us in giving a precise bound for the constant w.
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1.1. Lo-theory. We impose the following assumptions on the coefficients of &/ and the com-

pensation term wp ™.

(A1) o is (p, \)-regular, by which we means that @ € BC'*~2(M, T} M) is symmetric and

ap € LA (M, TM), ag € L (M).

(A2) o is (p, A)-singular elliptic. More precisely, there exists some Cs > 0 such that

(@ €18y = Cop® ME2(P), €€VPT, peM.

(A3) w > wy, where wy € R satisfies for some C < 2

(V.2) essinf(Re(p ag) 4+ w.y) > 0;
(V.3) P (2N + 27 — 20)ad - gradlog p + ai ], < Cy \/C;,(Re(,o)‘ao) + we);
(V.4) M (2N = X+ 27 — 20)d - gradlog p + a1|, < C \/C&(Re(p/\ao) + We).

We may replace the compensation term wp~ by a largeness condition for the potential term ay,

which can be stated as follows.

(A3") Re(plag) is so large that there exists some C; < 2 and w,, < 0 such that

essinf(Re(p ag) 4 w.y) > 0;

,0/\_1|(2)\' +27 —20)d - gradlog p+ a1]y < Cy \/C;,(Re(,(f‘ao) +wy);

M (2N = X+ 21 — 20)d - gradlog p + a1 |, < C) \/C&(Re(p’\ao) + we).

Note that in (A3’) only negative values w,, are admissible, which is different from (A3).
Throughout, we assume that the singular data [p] and the constant \ satisfy
ol <1, A=0, or
(V.5)
ol =1, A<0.
Note that the case A = 0 has been studied in [6]. The results in [6] are similar to those established

in Chapter 4. In this case, no restriction for ||p||~ is required.
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Given N € R, let X := WQLX_)‘/z(M, V). Then we can associate with 7, a form operator a,, with

D(a,) = X, defined by

ay(u,v) = (@ gradu|gradv)s y + (C(Vu, (2X' + 27 — 20)a - grad log p + a1)|v)2, x

+ ((ao + wp™ Mulv)av

for all u,v € X. Recall that (-|-)2 y is the inner product in Lé\/(M, V), see (IL.16)).

Lemma V.1. For any o,7,0’,7" € Ny, it holds that
(a:) ’a:' €|g;+1 S ‘(_j|g}|€’gz;+1? f c VTCT“Fl.
(b) (a‘b)gg < ‘a|gg‘b‘gg, a,be VTU.

beVotd

o’ T+’

!
(©) 1C(a.b)lyz < lal bl ror @€V

PROOF. Statement (a) can be verified via direct computation. Statements (b) and (c) follow

from identity (II.2) and [6l formula (A5)]. O

Proposition V.2. qa, is continuous and X -coercive. More precisely,

(Continuity) there exists some constant M such that for all u,v € X

|ag, (u, 0)| < MJul|x[v]lx;

(X -Coercivity) for w large enough, there is some M such that for any u € X

Re(ay (u, u)) > M|ul%.

PRrOOF. (i) By [6], formula (5.8)], we have
(V.6) gradlog p € BCY*(M,TM).
Proposition (A1) and Lemma then imply that
a - gradlog p = C(@, grad log p) € BCY(M, TM).
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For any u,v € X,

|aw(u, v)]

< /p2/\/+27_2"]&’- gradulg|gradv|, dV
M

+ [ pPNHIT29 (2N 4 27 — 20)d - gradlog p + ailg|Vulglv|g dVy

+ P2X+2T*20(PAGO + W)|Pi)\/2“’g|ﬁ'i)\/2v‘g dVy

T T

< |p>\—26—i|oo(/ |p)\ +1—>\/2+T—o—|vu|g|2 dv:q)l/2(/ ’p)\ +1—)\/2+T—a|vv|g‘2 dvz])l/Q
M M

+ 112> (2N + 27 — 20)@ - grad log p + a1 g]|oc

(/‘p)\’+1—)\/2+7—0’vu|g’2 dvjq)l/Q(/‘pA’—)\/Q—i-T—U‘v’gP dVg)1/2

M M

TP a0 + @l / PN Ny 2 gy U / PN AT 2 gy Y12
M M

< M(w)lfullx[lv]lx-
This proves the continuity of a,.
(ii) Given any u € X, we have

Re(ay,(u,u))

> O, / ’p)\/+17)\/2+770|gradu|g’2 d‘/g
M

— 01 [ \fCalRe(pran) + )l VATl N TN av
M

4 / (Re(pao) +w)|p ~>H70u 2 v,
M

M

02 ‘41— T—0
> (1= 05 [ 1T TPV, + (o - )
M

> M (w)ul%

for all w > w, and some M (w) > 0. In the second line, we have adopted Lemmal[V.1]and (V.3). O
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Propositionshows that a,, with D(a,,) = X is densely defined, sectorial and closed on L%‘/ (M, V).
By [51, Theorems VI.2.1, IX.1.24], there exists an associated operator T such that —T" generates a

contractive strongly continuous analytic semigroup on Ly (M, V), i.e., |[[e~| £ ( <1 for all
2

M,V))
t > 0, with domain

D(T) :={ue X,3v e Ly (M,V) : a,(u, ¢) = (v|@)ar, Vo € X}, Tu=n,
which is a core of a,. T is unique in the sense that there exists only one operator satisfying
ay(u,v) = (Tu,v)2 v, weD(T),velX.
On the other hand, by and definition , we can get
(Aoulv)a v = ay(u,v), u,veX.

So by the uniqueness of T', we have

&{WID(T) — T

Therefore, —47,, generates a contractive strongly continuous analytic semigroup on L%‘,(I\/I, V) with

domain D(4,):

D(d,) :={ue X,Tv e L%‘,(I\/l, V) au(u, 9) = (vlp)o v, Vo € X},  du=v.

In the rest of this subsection, our aim is to show that D(4,) = VDV22’)‘I_’\(M, V). Define

B = —div(p*ad - gradu) + C(Vu, prar) + (p ag + w)u.

(A1)-(A2) imply that
pd € BCY 2 M, TIM),  pray € Loo(M,TM),  plag € Loo(M),

and
(0@ €€)gp) = Cop®P)El2 iy, €€ VT, peM.

By [6, Theorem 5.2], we obtain

(V.7) By € HW2NANM, V), LY (M, V).
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Note that although [6l Theorem 5.2] is only formulated for scalar functions, this theorem can be

easily generalized to arbitrary tensor fields.

For any u € D(M, V), one checks that
(V.8) p A Bou = dyu— ANC(Vu, @ - gradlog p) =: ,u + Pu.

It follows from Propositions [[L.4] [[T.6] and (V.6)) that

Py € LOWEYAM, V), LY (M, V).
Combining with Proposition we have
PPy € LW M, V), LY A (M, V).

Let B, := %, — p*Px. By well-known perturbation results of analytic semigroups and Defini-

tion (II.6)), we infer that

(V.9) B, € HWZY V), Ly (V).

Then for w > w,, the previous discussion on <7, and (V.4) show that —B,, generates a contractive
strongly continuous analytic semigroup on L%L)‘(V). Then, together with (V.7]), this implies that

for w sufficiently large,
B, € Lis(D(B,,), LY (V) N Lis(WEN V), LY (V).

Now we infer that D(B,,) = WQQ’X_)‘(V). Observe that D(B,,) is invariant for w > wy. Thus for
all w > wy, the operator —B,, generates a contractive strongly continuous analytic semigroup on

L) ~(V) with domain W2 (V).
Theorem V.3. Suppose that the differential operator
u = —div(ad - gradu) + C(Vu, a1) + agu,

is (p, A)-reqular and (p, X)-singular elliptic, and the constant w satisfies (A3). Define o, := of +

wp~. Then
Ay € HOVZX M, V), L3 (M, V) 0 Lis(3N A (M, V), Ly (M, V),
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and the semigroup {e~"%},;>¢ is contractive.

PROOF. By Propositions [[T.4] and Lemma we obtain
o, € LWyN MM V), LY (M, V).
This implies together with the definition of D(<7,) that
W2 "AM, V) = D(,).
We have shown that for w > w,,
(V.10) Ay = p B, € Lis(W2Y MM, V), L) (M, V).
Now by , we can establish
D(,) = W2 MM, V).

The asserted statement thus follows. OJ

Corollary V.4. Suppose that <7 is (p, \)-reqular and (p, \)-singular elliptic, and satisfies (A3’).
Then
o € HWFN MM, V), L3 (M, V) 0 Lis(W3 Y (M, V), LY (M, V),

and the semigroup {e="};>¢ is contractive.

1.2. L,-theory for scalar functions. In this subsection, we assume that V' = C. The aim
of this subsection is to prove that the differential operator <7, generates a contractive strongly

continuous analytic semigroup on L;}/(M) with 1 < p < oo for large w.
We first show the following Riesz-Thorin interpolation theorem for the weighted L,-spaces with

1<p<oco.

Lemma V.5. Let 1 <pg<p; <oo,0€(0,1), and 9 € R. Define % = 1p;09 +
f e L (M) LY (M),

p%. Then for every

—0 0
171, < 115511
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PRroOOF. Observe that the operator fy defined in Proposition is indeed an isometry from
Lg(M) to L,(M) for 1 < p < oo. Then we have

0 9 e1=0y .9 £110 1-0 0
1Fllzg, = 16" Fllza, < 6" FIE2 00" FU,, = NFUES AN -

The adjoint, 27 ()\'), of <, with respect to LQI/ 2(I\/l) can be easily computed as follows.
AN )u = —div(a@ - gradu) — C(Vu, 2X@ - gradlog p + a1) + (b(N, @) + wp™)u,
where with @ := (@, a1, ap)
b(X, @) := ap — div(\'a - gradlog p + a1) — X' (N'@ - grad log p + a1|grad log p),,.
Here ag, a; are the complex conjugate of ag, a1, and we have used the equality
(C(Vu,a)|v)a 2 = —(u|C(Vv,a))9 x /o — (u|(diva + X (a|gradlog p)g)v)e x /o

for a € C*(M, TM) and u,v € D(M).

The adjoint, «7,(\) := (< (N))*, of &*(N') with respect to La(M) is
A,(Nu = —div(a - gradu) + C(Vu, 2N @ - gradlog p + a1) + (b(N, &) + wp™)u,
where
l;()\’, @) := ap + div(\N'@ - grad log p) — N'(\'@ - gradlog p + a1 |grad log p),.
We impose the following conditions on the compensation term wp ™.

(A4d) w > wgy, where wy € R satisfies for some C < 2

essinf(Re(p (N, @) + w) > 0;

p* 12N - gradlog p + ail, < C \/C&(Re(pAb(N, a@)) + we);

essinf(Re(p*b( N, @) + w,y) > 0;

PN 2N @ - gradlog p + ay|, < C \/C&(Re(p)‘l;()\’, @) +wy),
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and
(A5) w > wy, where w, € R satisfies for some C; < 2

essinf(Re(p*b(X — \, @) 4 w.y) > 0;

PN — N - gradlog p + arly < Ciy/Cs (Re(PAb(N, @)) + wi):

P (2N = N)a - gradlog p + ay], < Cy \/C&(Re(pAB(A’ —A,Q)) +wy).

We can also formulate an analogue of (A3’) for the largeness of the potential term ag to replace

the compensation condition (A4) and (A5).

Then the discussion in Section 5.1.1 and (A4) imply that —<Z}()\’) and —47,(\") generate contractive

strongly continuous analytic semigroups on Lo(M) for all w satisfying (A4).

Definition V.6. Let q € [1,00] and ¥ € R. A strongly continuous semigroup {T(t)}>0 on LY(M)

1s said to be Lg—contmctive if
HT(t)u||0,q;19 < HUHO,q;ﬁ7 t>0, we Lg(M) N Lg(M)-
Theorem V.7. Suppose that the differential operator
u = —div(a@ - gradu) + C(Vu, a1) + agu,

is (p, \)-regular and (p, \)-singular elliptic. For w satisfying (A3)-(AS5), define o, := o + wp™.
Then
o, € H(WEN"AM), LY (M) N Lis(W2A"A(M), LY (M), 1 <p < oo,

—ta,

and the semigroup {e H>o0 is contractive.

PROOF. (i) By Proposition it is not hard to verify that u € X implies (Ju| —1)*signu € X

and

Vu, |u|l>1,;
(V.11) V((Ju| = 1)Tsignu) =

0, lul < 1.

56



Here it is understood that

uflul, u#0;

0, u = 0.

signu =

Now following a similar proof to step (ii) of Proposition we get
Re(ag(u, (Ju] — 1)Tsignu)) >0, w > wy.

By [67, Theorem 2.7], the semigroup {e~*%};5¢ is Lo-contractive.

wﬁ(}‘/)}tzo and {e*t“%(x)}tzo are Lo-contractive

Similarly, based on (A4), we can show that {e~
as well. By a well-known argument, see [25, Chapter 1.4], this implies that for each 1 < p <
00, {e %M} 50 and {e#()},54 can be extended to contractive strongly continuous analytic

semigroups on L,(M) with angle

Op > 0(1 —|2/p — 1),

where # is the smaller one of the angles of the semigroups on Lo(M) generated by {e~*% (/\/)}tzo

and {e "%},

(i) Pick v € L)' (M) N LY (M) and u € Ly(M) N Lo (M). We then have

_ _ *(\/ 4 — *(\
(e % vlu) xr ol = [(W]e "Ny yv o] = [(pX v]e ™ M)y g

—tal* (N

< ollyelle™ % 1.

(V.12) < vllpy lullpe -

—ta,

We have thus established the L) -contractivity of the semigroup {e +>0- It is then an immediate
1 Yy >

consequence of Lemma [V.5| that {e~ %%}~ is L) -contractive for 1 < p < 2.
q z P

(iii) Now we modify a widely used argument, see [25], Chapter 1.4], for weighted L,-spaces. Choose
u € Ly (M) with supp(u) C K with K C M satisfying V,(K) < co. Then

. —tﬂ _ . —)\/ —t!/
J el = lim (o™ xclle ™ ul)ax

(V.13) = (p " xxcllul2x = llull
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—tay,

by the strong L%/—continuity of {e }t>0. On the other hand, we also have

—td,
e ul o < full -

This together with (V.13)) implies that

M _trdw —
A e ee ™ ul = 0.

Now one can compute that

o,

YU —u < lim et
Iy < Jlim

. ¢ AT
A e = wlly

<1 —tehy, ) /2 _
< M [e™ o u — ]y p(K) 0

The set of such u contains D(M) and thus is dense in L}’ (M). This establishes the strong continuity
of {e7t%};50 on L' (M) N LY (M). Lemma then implies the strong continuity of {e %% };5¢
on Ly (M)n LI),‘/(I\/I) for 1 <p<2.

By (LI.17), LI),‘/(I\/I) is reflexive for 1 < p < co. The strong continuity of {e~*% };>¢ on L} (M) N
LZ’}/(M) for 2 < p < oo now follows from [45, Theorem 1.4.9] and the strong continuity of
{e (N 50 on Ly(M) with 1 < ¢ < 2.
(iv) Assume that {e=“% };5¢ is analytic on L3 (M) with angle ¢. We define

H,:=p e My X " on §:={2€C:0<Rez <1},

where h(z) := re®® with r > 0 and |[§] < ¢. Then given any u € Ly(M) N L1(M) and v €
Ls(M) N Lo (M), we have

A h -\
(Hzulo)z,0] < [|HoullLllollzy < %" o] o],

Y
(V.14) < o™ ull pyllvllz, < llullzallvllL,

for z € S. Similarly, one can verify that (H,u|v)so is continuous on S and analytic inside S.

Moreover,

[(Hzulv)a,0] < lullz, o]z, if Rez = 0.

58



By the Stein interpolation theorem, see [25], Section 1.1.6], we conclude that for all 0 < ¢ < 1,
u € L%"(l\/l) ﬂLi\’(M) and % =1 —t+ %’

—d,h(t Hefsszh(t

10X ulle, > [ Hip ullr, = |0 e O], = ully-

Therefore, {e*t%‘“ }t>0 can be extended to a contractive strongly continuous analytic semigroup on
L) (M) with angle ¢(2 — 2/p) for 1 <p < 2.

When 2 < p < oo, the analytic extension of {e*m{“

s}

}e>o follows from a duality argument as in

(v) In order to determine the domain of <7,, we apply a similar discussion to the proof for Theo-
rem We consider the adjoint, B7 (N — \), of B, = %, — p* P, with respect to LgxiA)/Q(M),

ie.,
B (N — Nu = —div(p*@ - gradu) — p*C(Vu, (2N — \)@ - gradlog p + @) + p b(N, @),
and the adjoint, B, (N — ), of B (N — \) with respect to La(M), i.e.,

B, (N — Nu = — div(p*a - gradu) + p*C(Vu, (2N — \)a - gradlog p + a1)

+ P b(N =\, @)u.

Following Step (i)-(iv), under Assumptions (A3) and (A5), we can show that 9B, generates a
contractive strongly continuous analytic semigroup on L;}LA(M) for any 1 < p < oco. By [6]

Theorem 5.2], for w large enough,
B, € H(WZNAM), LY~ (M)) N Lis(W2NAM), Ly =2 (M)).

An analogous argument to the proof for Theorem [V.3 and the discussion prior to this proof yields
that

= p By, € HWENAM), LY (M) N Lis(W2Y M), L) (M)).

Remark V.8. The proof of L.-contractivity for unweighted L,-spaces in [67), Theorem 2.7] sug-

gests that there seems to be a more straightforward way to prove Lé;—contractivity.
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—ta,

In fact, we can show that {e }is0 is L -contractive if for any u € X

(i) (Ju| — p~)*signu € X, and
(ii) Reay (u, (Ju| — p~)Fsignu) > 0.

However, Condition (ii), in general, does not hold for all u € X.

Remark V.9. When the tensor field V' # C, it requires much more effort to establish the L,-

semigroup theory for the differential operator

v = —div(ad - gradu) + C(Vu, a1) + agu.

—t, }tzo-

The author is not aware of how to obtain the Lé‘;—contractivity of the semigroup {e
Instead, one needs to go through the local expressions of <7, and establish a similar contractivity
property for these local expressions, and then prove generation of analytic semigroups of the local
expressions. However, the drawback of this technique is reflected by the fact that it is hard to

determine the precise bound for the constant w. Indeed, we only know that for w sufficiently large,
12,0 = N - (TRP2A —A N
o, € HOV2N M, V), LY (M, V) 0 Lis(W2Y (M, V), L) (M, V),

for 1 < p < oo, and the semigroup {e~“},>¢ is bounded on LZ’}/(M, V). Because it is hard to apply

this result, a rigorous proof for this assertion will not be stated in this article.

2. Singular elliptic operators on singular manifolds with /43 -ends

2.1. Differential operators on singular manifolds with property J4,. In the first sub-
section, we will exhibit a technique to remove the “largeness” assumption on the potential term or

the compensation term wp ™.

Suppose that (M, g; p) is a singular manifold, possibly with boundary. Without loss of generality,
we assume that M is connected. Before beginning the discussion of any particular model, we first

consider a variant of the operator o7 defined in (V.1)), i.e.,

v = —div(ad - gradu) + C(Vu, a1) + agu.

60



Put v := e~*Yy for some z = a +ib € C with |z| = 1, and h € C?(M,R). Then
u = — div(d - grad(e®)) + C(Ve™v, a1) + e?agv
= — div(e®"@ - gradv) — zdiv(a@ - (¢*"v @ gradh)) + e*"C(Vv, ay)
+ 2eC(Vh, a1)v + e¥agv
="M o/v — 22C(V,d - gradh)

(V.15) — [zdiv(a - gradh) + 22(&'- gradhlgradh), — 2C(Vh, a1)]v}.

In the sequel, we let @ := p?>~*g,, which means that we will consider differential operators of the
following form

v = —div(p*gradu) + C(Vu, a1) + agu
with p and A satisfying . Assume that 7 is (p, A)-regular.
Define
(V.16)  ahv := /v — 22p* *C(Vu, gradh) — [zdiv(p* *gradh) + z2p2_/\|gradf)|§ — 2C(Vh,a1)]v.
By , we thus have 24 = e o of oe.
A function h € C?(M,R) is said to belong to the class 4 (M, g; p) with parameters (c, M), if
(H31) M/e < plgradhl, < Me;
(#32) M/c < prdiv(p**gradh) < Me.
Observe that if h € 3 (M, g; p) with parameters (¢, 1), then Mh € J4 (M, g; p) with parameters

(¢, M).

Definition V.10. A singular manifold (M, g; p) is said to enjoy property J4, if there exists some
h € (M, g; p).

We impose the following additional assumptions on (M, g; p), and on the constant z = a + ib.
(H1) (M, g; p) satisfies property s,. Hence there is an h € 3 (M, g; p) with parameters (¢, M).

(H2) a = Rez € (— ,and |z] = 1.

1
—— 0
2Mc3’ )
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Let A, := —zdiv(p?> *gradh) — zQpQ_A\gradh@ + 2C(a1, Vh) + ap. By (H1), one can check that the

operator 7 is (p, A)-regular and (p, A)-singular elliptic with Cs = 1. Moreover, (H1) implies
plgradp|2/(Mc®) < p*|div(p* *gradh)|.

Lemma [V.1|(c) yields
PC(Vh, a1)| < plgradblgllar|ocx.

Note that (H2) gives b* — a® — 5 > 1. We then have

P Re(A,) = p*(b* — az)lgradhlg — ap*div(p* Agradh) + p*(aC(Vh, a1) + Re(ao))

a C
> (6 — a® = 5 — ol o) gradf2 + p*Re(ao)
(v.17) > CopPlaradb 2 — wa

for some Cy > 1 and wy < 0 by choosing M sufficiently large and the real part of z, i.e., a,

satisfying (H2) accordingly. This shows that

2
p|2zgradb|, = 2p|gradh|, < —1/p *Re(A4,) + w,y.
22gradb], = 2plaradhly < /o Re(4.)

For any \ € R, let
IV N 1,0) = {2\ + 27 — 20,2\ — A+ 27 — 20}

By choosing M large enough and making z = a + ib satisfying (H2), it holds that

P = 22p* Agradh + tp? gradlog p + a1,

2
VCi

for all t € I(N, A\, 7,0) and some wy < 0, Cy € (1,Cp). Therefore, w,, < 0 satisfies (V.2))-(V.4)).

(V.18) <

\/p)‘Re(Az) + Wy

We consider the following condition.

(H3) M is sufficiently large such that (V.17) and (V.18)) hold.

Summarizing the above discussions, for z = a + ib and M satisfying (H2) and (H3), we conclude

from Theorem [V.3] with w = 0 that

(V.19) oy € HOW;N M, V), Ly (M, V) 0 Lis(W3 Y AM, V), LY (M, V)),
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and the semigroup {e~*};5¢ is contractive.
For any function space 7 (M, V) defined in Section 2.2, the space
eNFM, V) i= {u € L11oc(M, V) : e € T (M, V)}
is a Banach space equipped with the norm || - || z65s.0, where
][ ezngs.0 := He_zhqus,qs.
It is easy to see that
(V.20) e € Lis(eFH (M, V), (M, V).

Theorem V.11. Suppose that (M, g;p) is a singular manifold with property 4, and we choose

h € (M, g; p) with parameters (¢, M). Let N € R, p and X satisfy (V.5). Furthermore, assume
that the differential operator

A = —div(p?* *gradu) + C(Vu, a;) + agu
is (p, \)-regular. Then, for any constant z = a + ib and M fulfilling (H2) and (H3), we have
o € H(eNMWENANM, V), e LY (M, V) N Lis(eP W2 "M, V), e L) (M, V),

and the semigroup {e ' }1>¢ is contractive.

Proor. (V.19)) implies that S := ¥y C p(—.a%) so that
|u|17kH(/’L + ‘Q{h)ilHL(L%\’(M’V)7W22k7>\’*k)\(M’V)) S 87 M S S7 k= 07 17

for some 0 € [7/2,7) and € > 0. By (V.20) and o = e*Y o0 o4 0e~*Y, it holds that S C p(—</) and
forall p€ Sand k=0,1

1-k -1
‘:UJ‘ H(:U' + d) Hesz(L%‘/(M,V),esz;k’Alfkk(M,V))

= " Pl + € 0y efzh)ilHL(ezhLQ'(M,V),ezhﬁé’“’”*“(m,v)) <€

Then the assertion follows from the well-known semigroup theory. 0
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Remark V.12. Because the choice of the constant z and M is not unique, it seems that the

assertion in Theorem [V.11] is not well formulated.

However, as is shown in Section 5.2.3 below, this is indeed not a problem. In Theorem
we will generalize the result in Theorem to singular manifolds with % -ends, which roughly
speaking, means that a manifold satisfies property 2, close to the singularities and is uniformly

regular elsewhere.

As we will see in Theorem and Corollary below, for most of the practical examples,
once an h € JA(M, g; p) with parameters (c, 1) is fixed, we will see that the space eZMhW;’ﬂ(M, V)
actually coincides with the weighted Sobolev-Slobodeckii space Wlf ’19+“M( M, V), for any z = a+ib
and M fulfilling (H3) and (H4).

Note that aM € (—515,0) in fact only depends on the constant c. Since the weight X is arbitrary,

T 903

in Theorem we actually have that for any )/,
o € HOW3N MV, LY (M, V) 0 Lis(W Y (M, V), L (M, V)).

The result in Theorem thus parallels to those in Section 5.1.

2.2. Singular manifolds with /% -ends.

Definition V.13. An m-dimensional singular manifold (M, g; p) is called a singular manifold with

FG-ends if it satisfies the following conditions.

(i) G = {G1, -+ ,Gp} is a finite set of disjoint closed subsets of M. Each (G, g;p;) is an

m-dimensional singular manifold satisfying property J&,.

(ii) Gy is closed in M, and (Go, g) is an m-dimensional uniformly regular Riemannian mani-

fold.
(iii) {Go} UG forms a covering for M. 9yG; :== Go N G; C 0Gy N IG;.

(vi) Let p; := p|g,. Either of the following conditions holds true
pi <1, 1=1,--- m or p;>1, i=1.--,n.
G, are called the 4 -ends of M.
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In the following, we will present several examples of singular manifolds with 4 -ends, and show

how to construct such manifolds in a systematic way.

The proof for the following lemma is straightforward.

Lemma V.14. Suppose that (M, g;p) has property J4, h € (M, g; p) with parameter (c, M),
and (B, gg) is a uniformly regular Riemannian manifold. Then (M x B, g+ gp;p ® 1B) also has
property 4, and

help € HBMx B,g+gp;p®1p)

with parameter (c, M).
Lemma V.15. Let f : M — M be a diffeomorphism of manifolds. Suppose that (M, g;p) has
property 4, and b € (M, g; p) with parameters (¢, M).

Then so does (M, f*g; f*p), and f*h € (M, f*g; f*p) with parameters (¢, M).

PROOF. It is a simple matter to check that (f~1(Ox), f*©x)xea forms a uniformly regular atlas

for M and
(fTeu)e o =h, (ffor)(fT9) = Vg

As a direct consequence, we have the identities
(f*pr)wgrad ., fh = Yggradyh,

and

(Fpu)«div g (f*p)* Pgrad ., £7h) = dive(p® *gradyh).

The following examples show that we can construct a family of singular manifolds with 4 -ends
in a great variety of geometric constellations. In particular, we can find manifolds with J4-type

singularities of arbitrarily high dimension.

Let Jo := (0, 1] as in Chapter 3. We will introduce some subsets of the class € (Jy), which is very

useful for constructing examples of singular manifolds with J4-ends. We call a cusp characteristic
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R € €(Jy) a mild cusp characteristic if R satisfies and below.
(V.21) R~ 1y,

If R further satisfies

(V.22) |R| < oo,

then we call it a uniformly mild cusp characteristic. We write R € € (Jo).

Example V.16. R(t) =t, R(t) = L arctant, R(t) = log(1+ (e — 1)t), R(t) = 2t/3 +sin(5t)/3 are

examples of uniformly mild cusp characteristics.

Lemma V.17. Suppose that R € 6y (Jo) and X € [0,1) U (1,00). Then (Jo,dt?; R) is a singular
manifold with J4 -end.

PROOF. First, by [7, Lemma 5.2], (Jo,dt?; R) is a singular manifold. We set
(V.23) h(t) = sign(l — \) log R(t).

Then R(t)|h(t)| = R(t) ~ 1, on Jo, and

RA(t)%(R%A(t)f)(t)) = |1 = MR(®)]* + sign(1 = NR()R(t) ~ 11,

where I, := (0, c| for ¢ small enough. Then the assertion follows from the fact that ([c, 1], dt?) is

uniformly regular for any ¢ > 0. O

Remark V.18. We can actually show that (Jo,dt?; R) is a singular manifold with property 4

with

1
b(t) = sign(A — 1) /ds/R(s) € JA(Jo, dt% R),
t

as long as R is a mild cusp characteristic. But for the sake of practical usage, we will see in
Section 5.2.3 below that (V.23) benefits us more in establishing the correspondence of the space
MW, ’ﬂ(M, V') with weighted Sobolev-Slobodeckii spaces.

Suppose that R € €y (Jo), (B,gp) is a uniformly regular Riemannian submanifold of R?~!, and

(T", gr) is a compact connected Riemannian manifold without boundary. We call (M, g) a uniformly

66



mild T-wedge over P(R,B), if there is a diffcomorphism f : M — W(R, B,T') such that g =

f*(¢%(dt? + gB) + gr).

Proposition V.19. Let A € [0,1) U (1,00). Assume that (M, g) is a uniformly mild I"-wedge over
P(R,B). Then (M,g) is a singular manifold with J -end.

PROOF. Lemma implies that
(M, g; f"(¢p(R®1p) ® 1r))
is a singular manifold. We define

h(t) :=sign(1 — \) log R(t).

Put I, := (0,c] and M. := f~Y(P(R|,, B) xT'). It follows from Lemmas [[TL.1}, [V.14} [V.15| and |V.17|

that for ¢ > 0 sufficiently small, (M., g) has property 7 with

[ (op(b®1p) ® 1r) € A3(Mc, g; [ (¢p(R[1. ® 1p) ® 11)).
O

Remark V.20. As before, in fact, we only need to require R to be a mild cusp characteristic. Let

h(t) := sign(A — 1)f1ds/R(s). Then (M, g) has property 6, with
t
[ (@p(h®1p) ® 1r) € M, g; [*(¢p(R©® 1) ® 1p)).

Example V.21. Proposition implies that the following manifolds enjoy property J4.

(a) A cone manifold (M, g;p) = (P(t,B),dt* + t>gp; ¢'s(t ® 1g)) enjoys property H for
A€ [0,1)U(1,00).

(b) An edge manifold (M, g; p) = (P(t,B) x R%, dt? + t2gp + ga; ¢ (t @ 15) @ 1ga) enjoys
property J&, for A € [0,1) U (1, 00).

Proposition V.22. Suppose that (M, g) is a singular manifold with holes. More precisely, (A ,g)
is a uniformly regular Riemannian manifold. ¥ = {31,--- Xk} is a finite set of disjoint m-

dimensional compact manifolds with boundary such that ¥; C M. Put M = A \ U?ZIE]- and
‘@jﬂ" ::B%(ﬁEj,r)ﬂM, j=1,-- ,]{2.
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Then we can find a singularity function p satisfying
pla;, = pj = dist z(-,0%;),
for some r € [0,0), where § < diam(.#) fulfils that B; s N\ Bj 5 =0 fori#j, and
p~1, elsewhere on M.

Moreover, (M, g; p) is a singular manifold with 76 -ends for A € [0,1) U (1, 00).

ProoFr. By Lemma [II11.7, (M, g) is a singular manifold. We will show that p; := dist 4 (-,0%;)

is a singularity function for %;, and

hj = sign(1 — A)log p; € I(Zjrs 93 ;)

for sufficiently small r. By the collar neighborhood theorem, there exists an open neighborhood

Ve of 0¥; in the closure of M in ./#, i.e., M, and a diffeomorphism fj such that
fi Ve = 0% x[0,€),  figly,. =glos, + dt*,

for some ¢ > 0. Note that p; is a well defined smooth function in 7}, for ¢ sufficiently small. Let
TLﬁzj denote the normal bundle of 9%, in M. At every point p € 0%;, there exists a unique
vp € Tpl@Ej such that

Tpijp =e; € TyR.

Then, fj_l(p7 t) = expp(tvp), where exp, is the exponential map at p. Therefore,

f;pj(p,t) = tﬁj(p)v in azj x [078)7

for some B; € C*(0%;) and B; ~ 1ps;. Because of the compactness of 9%;, by choosing & small

enough, we can easily show that
‘V,Oj’g ~ 1/7/],75, |Apj‘ <00, in %75.

Here A is the Laplace-Beltrami operator with respect to the metric g defined by A = A, :=

div o grad. Since #;, C ¥, for r small enough, in view of
pjgradh; = sign(1l — X)gradp;,
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and

prdiv(p®gradh;) = sign(1 — A)p;jAp; + |1 — Allgradp; 7,
we immediately conclude that b; satisfies (s431) and (7432) in %;, for r small enough.

Because |Vpjly ~ 1 in %;, for r small enough, we can infer from the implicit function theorem
that
Siro =={p € M :dist 4(p,0%;) =ro} NM

is a compact submanifold for some 7y € (0, 7). By the tubular neighborhood theorem, we can easily

show that (%;.,,g) and (M \ U;?:l,%o’j,ro,g) are all manifolds with boundary.

By [7, Corollary 4.3], (0%, glos;) is uniformly regular. In particular, taking 3; as a singularity
function, (9%, glox,; B;) can be considered as a singular manifold. By Lemmas and we

conclude that for r sufficiently small (%;,,,g; pj) is a singular manifold with boundary S; .

Based on the collar neighborhood theorem, we can find an open neighborhood %;. C %;, of S;,

in M\ U?:lf%O)j,ro such that there is a diffeomorphism
¢j : %75 - SJ}TO X [075)7 ¢;g|“flj,s = g|5j,r0 + dt27
with ¢;(Sjr,) = Sjr, x {0}. We choose a function £ € BC*([0,¢), [0, 1]) such that

o/ =0, &lejae =1

Put &0 := ¢3(1s;,, ®§). Similarly, we can find §; ; € BC*(%;, [0, 1]) such that

§idlo7 1 Ssagxl0e/2) =1 Chdler (8500 x (321400 = O-

We define & € C*°(M,[0,1]) with i =0,--- , k as follows. For j =1,--- |k,

17 pet@j,roa 0) Peggj,rm
gj(p) = gj,j7 P € %jﬁz‘a and fO(P) = gj,()? P € %,57

0, elsewhere, 1, elsewhere.

Put p := &1y + Z?Zl &jp;. Then it is not hard to see that p is a singularity function for (M, g)
such that p ~ 1 on M\ U§:1@j7r0 and plg,;, = p;j. Therefore, (M \ U;?:le%?’jym,g) is a uniformly

reqular Riemannian manifold.
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Summarizing the above discussions, we have proved that (M, g; p) is a singular manifold with ;-
ends. 0
From the above proof, it is easy to see that the following corollary holds.
Corollary V.23. Suppose that (A, g) is a uniformly regular Riemannian manifold with compact
boundary. Let A € [0,1) U (1,00). Put M := M and
B =B 0M,r)NM, j=1,--- k.
Then there exists a singularity function p satisfying
pla, =: pj =dist 4 (-, 0.4),
for some r >0, and
p~ 1, elsewhere on M.
Moreover, (M, g; p) is a singular manifold with J6-ends.

Remark V.24. More generally, we can take 3 = {31,---,X;} to be a finite set of disjoint
compact closed submanifolds of codimension at least 1 such that ¥; C 0.4 if ;N4 # 0. In [7,
Theorem 1.6], it is shown that M := .7\ U?ZlEj is a singular manifold. Indeed, we can prove that
this is a singular manifold with 4 -ends. The proof is quite similar to that for Proposition

but more technical. To keep this thesis at a reasonable length, we will not present a proof herein.

Remark V.25. In Proposition we can also allow 3 = {p1,---,px} to be a finite set of

discrete points in M. Then

(M, g5 p) := (M \ U1 By (pi; 7). g p)

is still a singular manifold. Here p is defined in the same way as in Proposition
An estimate for Ap; can be obtained from the fact that for r sufficiently small

m—1

Brilp) = i (p)

+0(pj(p)), in Bj,.
See [21], formulas (1.134), (1,159)]. Taking b; = log p;, we have

pidiv(p} Agradh;) = pjAp; + (1= Nlgradp;|s = m — X+ O(p3),
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since |gradp;|; = 1. We immediately have
sign(m — A)b; € HA(Bjr,9:p)
for sufficiently small » and A > 0 with A # m.

Therefore, (M, g; p) is indeed a singular manifold with 7 -ends.

2.3. L,-theory on singular manifolds with J#-ends.
Theorem V.26. Suppose that (M, g; p) is a singular manifold with 74 -ends. Let N € R, p and X
satisfy (V.5)). Furthermore, assume that the differential operator
ou = —div(p* *gradu) + C(Vu, a;) + agu

is (p, \)-regular. Then, for any constant z = a + ib and M satisfying (H2) and (H3) on all the

JG-ends G; with i =1,--- ,n, we have

o € HeWIN MM, V), e L) (M, V).

ProOF. Without loss of generality, we may assume that 9yG; # 0 for i = 1,--- ,n. It is not

hard to see that 0yG; is a component of JG;.

(i) Based on the collar neighborhood theorem, we can find an open neighborhood U; of 0yG; in G;

such that there is a diffeomorphism
¢i - Ui = 00Gi x [0,1),  diglu, = glaye, + dt?,
with ¢;(00G;) = 0pG; x {0}, and
pilu, ~1y,, i=1,---,n.
We choose functions &, £ € BC*([0,1),[0,1]) such that

1.

Il
=
e

§

012 =L &y =0 &y li1/2.1)
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Set ;.0 := ¢ (1oyq, @ €) and 75 == ¢F (1g,c, @ €). We define 71; € C®(M, [0,1]) with j =0,--- ,n

as follows. For i =1,--- ,n,
1, peG;\U, 1, p € Gy,
7i(p) = i, P €U, and  To(p) = mi0, P €U,
0, elsewhere, 0, elsewhere.
For 7 =0,--- ,n, we set
T = i

V iz

Then (Tr?)?zo forms a partition of unity on M, and m; € BC*%(M).

Put Gy := Go U U, Ui, which is uniformly regular. Define
o 5.0 no s
W; (Mv V) e H WZJS(XJ'? V),
j=0

where X; := Gj for j =1,--- ,n, and Xg := Go. Tt is understood that on X, the singularity func-
tion can be taken as 1x,, and thus the definition of weighted function spaces on X is independent

of the choice of the weight ©. We further introduce two maps:
o o 5.9
A WS (MV) = W5 (M V) s e (mju) Ty,
and
X 8719 578,79 .
AW, (MV) = W (M) s (ug)ig = Y mjuy.
j=0
o 5,0
By Proposition we immediately conclude that A is a retraction from the space W5 (M, V) to
W5 (M, V) with A¢ as a coretraction.

(ii) We show that there exists some h € C?(M) such that b; := b|g, € JA(Gi,g; pi) with uniform
parameters (c, M) for i = 1,--- ,n, and hg := b|g, € BC?*(Gy).

Since G; has property 4, we can find bh; € JA(Gi, g; p;) with uniform parameters (¢, M) on all

H-ends G; for i = 1,--- ,n. Note that for u € C?(M), it follows from [6], formula A.9] and (IT.12)
that

|Au| = |C’$LlVgradu| = |Vgradu|, = |grad®ul, = |V?ul,.
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Therefore, (#431) and (42) actually imply that b; € BC*%(G;).

Since 0yG; is a compact submanifold of M, by the tubular neighborhood theorem, we can find an

closed neighborhood U; of 8yG; in M such that UiﬂGj = () for j # 0,7, and there is a diffeomorphism
i« Uy = 99Gi x [-1,1], Gf;;‘kgbi = glaya; + dt?,

with the convention <;~$Z U, NGy — 0pGy ¥ [0,1), and pi|Ui ~ 1z for i = 1,--- ,n. By a similar
construction as in Step (i), we can find &,& € BC®([-1,1],[0,1]) with
-y =1 €lmiya =0; §~|[71,73/4] =0, é\[—1/2,1] =1
Set "Si,O = (gf(laoGi ® 5) and fi,i = (gf(laoGi ® g) Then we define
&ii, on U &0, on U
§i = 1, on G; \ Ui; and & 1= 0, on G; \ UZ‘;
0, elsewhere, 1, elsewhere.

The compactness of 9yG; and [7, Corollary 4.3] imply that 9yG; is uniformly regular. Therefore, we
find for 0pG; a uniformly regular atlas A; = ((A)m, Or,i)res,, and a localization system (7, ;)xeg, -
We set

Ori = &; (0w x [-1,1]),  ¢ni = (@nirid) o &,

and 7, i= F (fi ® 1(_1,1]). Then (7 ;)xes, forms a partition of unity on U;.
Let ¢ ; = [¢r,i] ', We define
Ri : BC*(Mi) — BCH(U), > (U ;(mitt) nesi

and

R; : BC*(U) — BC*(My),  (up)nes, = Y h (7 ithi).

KER;
Here BC*(U) := | S BC*(U,) and
R™ L x [=1,1], it M = Uj;
U, =
R™ 1% [0,1], if M;=U;NG;.
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Then alike to Proposition we can show that ®; is a retraction from BC*(U) to BC*(M;) with
R{ as a coretraction.
By a well-known extension theorem, there exists a universal extension operator
¢ e L(BCHR™ ! x [0,1]), BCF(R™ ! x [-1,1])).
Set & € L(BC*R™ ! x [0,1]), BC*(R™ ! x [~1,1])) and
¢ :=Rio€oR;, i=1---,n.
Note that (G; UT;, g; p) is a singular manifold. Then

¢; € L(BCH(Gy), BC* (G, uth)), i=1,---,n, keN.

Here we adopt the convention that &;u(p) = u(p) for any point p € G; \ U;. Put b; := &h;. We
thus have b, € BC*(G; U Ul) Now we define

b=Colm+ Y &b

i=1
Then h € C?(M) satisfies the desired properties.
(iii) One can verify that for j =0,--- ,n and any u € D(M, V)

Tl =t (1) + 20" C(Vv, gradm;)
+ [div(p* Agradm;) — C(V7j, a1) + 22p> *C(Vr;, gradh)]v

(V.24) = %(ﬂjv) + ij,

where the operator o7 is defined in (V.16]). Note that p|jn

"_osupp(|Vr;lg) ™ 1, and thus

gradm; € BC®Y(M, TM)

for any ¥ € R. Based on these observations and Propositions 11.11} and [4), Corollaries 7.2,
12.2], we infer that

(V.25) B; € L(ByY VM, V), LY (X, V), j=0,--,n.
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Set o, := Hlx;. (V.19) and [6, Theorem 5.2] yield
ey € KW NX;, V), Ly (X5, V), §=0,--,n.

Put o, := (o, )j—o and

B =W AM Y, Eo = LY (M, V).

Then there exist some 6 € [7/2,7), wo > 0 and € > 0 such that Sy := wy + Xy C p(—o%) and
’M’l_k‘K:u + %)_1”@(E07Ek) S 87 k= 07 17 e SO'
Put
B:= ('BJ)?ZO € L(E;A/—)\/Q(Mv V)7E0)
From Definition (I1.5)), it is not hard to show that

o 10 —)/2

B, (M, V) = (E1, Eo)1/2,2-

Then by ([V.25), we have

o 1N —\/2

BA € L(B, (M, V), Eq).

Combining with interpolation theory, we infer that for every ¢ > 0 there exists some positive

constant C(e) such that for all u = (u;)7_, € Ex

1BAu[| g, < ellullz + Cle)llulm-

Given any u € Fg and p € Sy,

IBA( + )l gy <ell(p+ ) ulle, + CE)l(n+ ) ullg,
C(e)
<e(e+ D) jul.
|l
Hence we can find some wy > wq such that for all y € 51 :=wj + X9
IBA(u+ )l e(my) < 1/2,
which implies that S; C p(—a% — BA) and

1T+ BA(+ o)) ey < 2-
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Now one can easily verify that

R (e + Ay + BA) ooy <28, k=0,1, pe S

(iv) (V.24) shows that
A(p+ ohy)u = (u+ ) AU+ BAA U = (p + o + BA)Au.
For any p € Si, this yields
A(p+ oy + BA) A+ o) = A+ o + BA) " Hu + o + BA)AC = iy vy
This proves the injectivity of u + <7 for u € Sy.

(v) On the other hand, one can also view B; as an operator from é;’x_)‘/Q(Xj, V) to Ly (M, V).
Then
51N —\/2 '
B, € L(ByN VX, V), LY (M, V).

Let Bu := Z?:o Bju; for u = (u;)j_y. Following an analogous argument as in (iii), we infer that

there exists some wy > wq such that Sy := w9y + Xy C p(—% + A“B) and
(V.26) U+ = AB) oy <26, k=0,1, e S
We further have
(-t ) A+ ly — AB) A = A+ iy — AB) (- oy — AB) A =iy 1.
Thus, p + 7 is surjective for u € So. Moreover, together with , we have
| (e + %)_1”L(Lg’(M,V),WQQ"”*/‘*(M,V)) <&, k=01, pes

for some & > 0. Now the asserted statement follows from the well-known semigroup theory and a

similar argument to the proof for Theorem ([l

The following theorem is the main result of this thesis.
Theorem V.27. Suppose that (M, g; p) is a singular manifold satisfying p < 1,

Vlg ~ 1, [1Ap]lee < 00
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on M, :={p e M:p(p) <r} for somer € (0,1]. Moreover, assume that the set
Sr :={p €M : p(p) =ro}

is compact for rg € (0,r). Let N € R, and A € [0,1) U (1, 00).

(a) Then (M, g;p) is a singular manifold with J6-ends.

(b) Furthermore, assume that the differential operator

ou = —div(p* *gradu) + C(Vu, a;) + agu
is (p, A)-regular. Then
o € HW2N MM, V), LY (M, V), 1<p< oo,

Here V=C ifp#2, or V=V witho,7 € Ny if p=2.

ProOF. (i) For M > 0, we set
(V.27) b(p) = Msign(1 — A)logp(p), p€EM.
A direct computation shows that
pgradh = Msign(1 — X)gradp,

and

piv(r?gradh) = Msign(1l — \)pAp + M1 — )\]|gradp|§.

Together with (S3) and (S4), one can then easily show that h € BC?%(M), and
(V'28) he %(vag; p)
with parameters (¢, M) for some r; < r sufficiently small.

By the implicit function function theorem, Sy, is a compact submanifold. Then the assertion that
(M, g; p) is a singular manifold with % -ends is simply a consequence of the tubular neighborhood

theorem.
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(ii) The retraction-coretraction system defined in the proof for Theorem allows us to decom-
pose the problem into generation of analytic semigroup on every % -end, and then to glue the

complete operator together by the perturbation argument used therein.

We thus can reduce the assumptions on the manifold (M, g; p) to only assuming (M, g; p) to be a

singular manifold with property 4, and property 7€ if A # 0. Moreover,
b = Msign(1 — N)logp € (M, g;p), bho= Mlogp e (M, g;p),
both with parameter (¢, M).

The reason to include the extra assumption that (M, g; p) has property 7 will be self-explanatory

in Step (v) below, while we determine the domain of the L;\/(M)—realization of the operator 7.

(iii) Take b as in (V.27) and z = a + ib, M satisfying (H2) and (H3) in Section 5.2.1. In Theo-
rem we have shown that

o € H(eDMW2NNM, V), eDLY (M, V).

We have e?h = psign(1=2)zM — sign(1=A)aM jsign(1-\bMi By (V6] and Proposition we infer
that
Vlogp € BCYOY(M, T* M),

which implies
v pien(1-NeMi sign(1 — /\)sz'pSig“(lf)‘)bMiV log p € BCYO(M, T*M).
Combining with |pSign(1*)‘)bM"] = 1, we thus have
pRiEn(1=eMi BC*O(M).
By Propositions and the fact that e®e™%" = e=*9e0 = 1), we infer that
e € Lis(WEV (M, V), WedtsienA=DaM (M y)) - 1<p<oo, 0<s<2
A similar argument to Theorem yields

o J_C(Wg,)\/—/\—l-sign()\—l)aM(M’ V), L;\'—Fsign()\—l)aM(M’ V))
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Since X is arbitrary and sign(A — 1)aM € (—1/2¢3,1/2¢?), it implies that
o € HWZN"MM, V), LY (M, V), XN eR.
(iv) Now we look at the general case 1 < p < oo and suppose that V' = C. Recall that the adjoint,
/*(19), of & with respect to Lg/Q(I\/I) is
o *(9)u = —div(p? *gradu) — C(Vu, 20p> *gradlog p + a1) + b(¥, @)u,
where with @ = (d, a1, a) and
bV, &) = ag — div(9p* *gradlog p + a;) — 9(9p> Pgradlog p + ai|grad log P)g-

To simplify our usage of notation in the following computations, we first focus on the case A > 1.

The remaining case follows easily by symmetry. Recall that when A > 1, we can set
h(p) = —Mlogp(p), peM, M >0.

Let #7(9) = e o /*(9) o €. Since &/*(V) is (p, A)-regular and (p, \)-singular elliptic, by
choosing z = z(¥) = a +ib and M = M (V) satisfying (H2) and (H3), we have

() € FH(Wy (M), La(M)) N Lis(W5 (M), Lo(M)).
We have thus established
o (0) € HEW M7 (M), L5M (M) 0 Lis(W; M), L5 (M),
and the semigroup {e*"(!)},5 is contractive. Note that
aM € (-1/2¢%,0) € (—1,0)
only depends on c. Henceforth, we always take a := aM = —1/4c>.
For the adjoint, 7 (9;2a), of &*(¥) with respect to L§ (M), we can show similarly that
o (1; 20) € (W (M), L§ (M) 0 Lis(W;* 7 (M), L§ (M),
and {e~# (%290}, is contractive. Let @ (¥;2a) = e~ o o/ (¥; 2) 0 €.
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The Loo-contractivity of {e =" },0, {e t% (ﬁ)}tzo and {e~t(¥20)1,- can be built up by a similar

argument to Section 5.1.2. It yields for any u € L§(M) N L% (M)

_tp{ezbe—zhuHLgo

—tof _
le™ ullLg, = [le
(V.29) = Hezhe_t%e_zhuHLgo

< lle™*he Ml < e ulln., < llullze, -

(V-29) follows from @4 = e~ 0 &7 0 e*h and

e et ey = e nh_}r{)lo[?(% + o)y = nh_{rgo e_zhezh[%e_zh(? + o) LeP
= nlggo[%(% +e Mo oy = T}Ln;o[ﬁ(% + o) " = ey,
A similar argument applies to {e % *(’9)}@0 and {e7* (’932a)}t20 as well. Thus we have established
the LY -contractivity of the semigroups {e=*?};>0, {e =" (" };50, and {e 7200},

Now we make use of the duality argument in Step (ii) of the proof for Theorem again. For any
uwe LY*(M)yN LY=%(M) and v € L§(M) N L, (M), it holds

*

—taof* U>270|

(e vlu)an /0] = [(vle™ w)g 2] = |(p”v]e
< %0l poolle™ "l g,
< ol po-ollellrg, -

Taking ¥ = ) + a, the above inequality proves that {e‘t“‘{}tzo is indeed Li\/-contractive. Applying

—tof (9;2c

this duality argument to {e %’ @ },54 and {e )} >0 repeatedly with respect to (-|-)2.q, we

can then obtain the L{-contractivity of these two semigroups. Similarly, we have
—to
(™" vlu)g,0/2] < (V]| oo llullre-

Hence, by Lemma {e ¥ b0 is indeed L;\/—contractive for all 1 < p < oco. After carefully
following the proof for Theorem one can show that {e~*“},>( can be extended to a contractive

strongly continuous analytic semigroup on L;}/(M) for 1 < p < o0.
(v) To determine the domain of the realization of &7 on L{D\/( M), we look at the operator

Bu = —div(p*a@ - gradu) + C(Vu, pra1) + pragu + AC(Vu, p @ - grad log p).
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We have computed in Section 5.1.1 that .27 = p~*9. Since in Step (ii), we assume that (M, g; p) has
property ), following an analogous discussion to Step (iii)-(iv), we can show that —B,, := —B —w
generates a contractive strongly continuous analytic semigroup on L;‘L)‘(M) with domain D(B,,)
for 1 < p < oo and any w > 0. In particular, D(B,,) is independent of w. On the other hand, by
[6l, Theorem 5.2], for w sufficiently large and ' € R, 1 < p < o0

B, € HW2NAM), LY (M) N Lis(W2AA(M), LY A (M)).
Therefore, we indeed have D(B) = Wg‘/*/\(l\/l) and

B € H(W2N M), L) ~A(M)) N Lis(W2Y M), LY~ (M)).
Now it follows from a similar argument to the proof for Theorem [V.3] that

o € HW2NAM), LY (M) N Lis(W2YXAM), LY (M), N eR, 1<p< oo

We say u,v € RM are C*-equivalent, which is denoted by u ~y, v, if
U~ v, \Viu|g ~ \Viv]g, 1=1,--- k.

Definition V.28. An m-dimensional singular manifold (M, g; p) is called a singular manifold with

holes and uniformly mild wedge ends if it fulfils the following conditions.

(i) (A ,g) is an m-dimensional uniformly reqular Riemannian manifold, and
E={, 5}

is a finite set of disjoint m-dimensional compact manifolds with boundary such that ¥; C

M. Put Gy := M \ Ulezj and
Bijr = B%(@Ej,r)ﬂGo, j=1,--- k.
Furthermore, the singularity function p satisfies

(V.30) p ~o dist_z (-, 82]') mn ,@jﬂﬂ

81



for some r € (0,9), where § < diam(.#) and B; s N\ RBjs =0 fori# j, and

p~1, elsewhere on Gy.

(i) G = {G1, -+ ,Gyp} is a finite set of disjoint m-dimensional uniformly mild wedges. More
precisely, there is a diffeomorphism f; : G; — W(R;, B;,T;) with R; € €5 (Jy). Let
I, :=(0,r] and

Gir = [ (0p(L x Bi) xT3), i=1,--,m.
Moreover, the singularity function p satisfies
(V.31) p~e [ (op(Rilr, ®1p,) @ 1p,) in G,

for some r € (0,1], and

p~1, elsewhere on G;.
(iii) {Go} UG forms a covering for M. 9yG; := Go N G; C dGy N IG;.

One can easily see that (V.30)) and (V.31)) imply that

(V.32) |Ap| < oo in HBj, and ¥j,.

The following corollary does not directly stem from Theorems [V.26] and [V.27] But using the ideas

in their proofs, we can prove this corollary without difficulty.

Corollary V.29. Suppose that (M, g; p) is a singular manifold with holes and uniformly mild wedge
ends. Let N € R, and X\ € [0,1) U (1,00). Furthermore, assume that the differential operator

ou = —div(p* *gradu) + C(Vu, a;) + agu
is (p, \)-reqular. Then
o € HW2N MM, V), LY (M, V), 1<p< oo,

HereV=Cifp#2, or V=V witho,7 € Ng if p=2.
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Proor. If S;, := {p € G; : p(p) = r} is compact for small r and all ¢ = 1,--- ,n, then by
Theorem the asserted result will be true. However, in general, S;, might not be compact.
Nevertheless, looking into the proofs for Theorem and Theorem the compactness of .S;
will only be responsible for Step (i) and (ii) in the proof for Theorem

Firstly, we take b := sign(1 — ) log p. Then b € C?(M) satisfies
b € A5(Bjr,g;p) and b € HA(Gir, g3 p)

with parameters (¢, 1) for some r > 0, following from (V.32]) and a similar argument to the proofs
for Propositions and Furthermore,

%j7r U
7j=1 %

Giir))-

C=

h e BC*(M\ (

-

1

Thus the properties of h listed in Step (ii) of the proof for Theorem are all satisfied.

Next, we prove the existence of the retraction-coretraction system defined in Step (i) of the proof
for Theorem For any r € (0,1), picking (rg,r] with ro > 0, we can construct a collar
neighborhood of S;, on G; by

U; == 71 (¢p" (Bi x (ro, 7)) x Ty).

Moreover, we choose &,& € BC™((rg, 7], [0, 1]) such that

0, £|(TO’T+%] = 17 §|[37‘1-r0 77”} = 0

§|[’“+%’T] =1, §|(T07¥Q]

Now we can define 7; 0 := f(¢b(1p, ® €)@ 1r,), and #;; := fF(¢5(1p, ® ) @ 1r,). The rest of the
proof just follows from a similar argument to Step (i) of the proof for Theorem O

Remark V.30. In view of Remarks[V.24] and [V.25] the assertion in Corollary [V.29| remains true if
we replace the condition of singular manifolds with holes by removing a finite set of disjoint compact

submanifolds {¥1,---, X} or discrete points {pi,---,px} from a wniformly reqular Riemannian

manifold (A ,g). Here 3; C 0.4 it X; N 04 #+ 0, or p; € M.

Remark V.31. From our proofs in Section 5.1 and 5.2, it is a simple matter to check that we
do not require the singular manifold (M, g; p) to enjoy smoothness up to C*°. Indeed, in order to

prove all the results in Chapter 5, it suffices to require (M, g; p) to be a C?-singular manifold.
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CHAPTER VI

Domains with compact boundary as

singular manifolds

Suppose that Q C R™ is a C*-domain with compact boundary for k > 2. Then  satisfies a uniform
exterior and interior ball condition, i.e., there is some r > 0 such that for every x € 02 there are

balls B(z;,7) C Q and B(x,,r) C R™ \  such that
QN B(z;,7) = 0NN B(2e,7) = 2.
For a < r, we denote the a-tubular neighborhood of 92 by T,. Let
doo(x) = dist(x,00Q), =z € Q,
i.e., the distance function to the boundary. We define d : Q — R by

d=dpa InQNT,,
(VL.1) d =dpn if Qis bounded, or otherwise.

d~1 in Q\ T,

Then we have the following proposition.

Proposition VI.1. Let 3 > 1. Suppose that Q C R™ is a C*-domain with compact boundary and
k> 2. Then (Q, gm;d?) is a C*'-singular manifold.

PROOF. The case of k = 0o is a direct consequence of [7, Theorem 1.6]. When k < oo, one
notices that, to parameterize T,, we need to use the outward pointing unit normal of 0f2, which
is C*~1_continuous. By a similar argument to [7, Theorem 1.6], we can then prove the asserted

statement. ]
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Given any finite dimensional Banach space X, by defining the singular manifold (M, g;p) by
(9, gim; d?), we denote the weighted function spaces defined on Q by %E’ﬁ(Q, X), ie.,

§57 (2, X) = b (M, X),  § € {be, BC,W,,}.

In particular, we set §7(Q, X) := §7(Q, X).
In view of Remark we have the following continuous maximal regularity theorem for elliptic

operators with higher order degeneracy on domains.

Theorem VI.2. Let v € (0,1], s e R \N, 9 € R, 8 > 1 and k = 2] + [s] + 2. Suppose that

Q CR™ is a C*-domain and the differential operator

A= Z 0%

o <21

satisfies

(a) for any & € S™!
S = Eﬂ/g - ;0<_5—‘A7r(x7§))7

and for some C, > 0

(dP (@) + [u))| (1 + GA™(2,€) Hlox) < €, nES;

(b) aq € bey (0, £(X)).

Then
A € M, (be5 (9, X), be (2, X).

Remarks VI.3.

(a) Condition (a) in Theorem can be replaced by the following condition. For any £ €
S™=!and n € X,
(@A™ (2, )m,m)x ~ &Il
Here (-,-) is the inner product in X. So the result in Theorem corresponds to the

case of degenerate boundary value problems with strong degeneration. This generalizes
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the results of [40}, [89] to unbounded domains and elliptic operators with order higher than

two.

(b) In Theorem taking X to be any infinite dimensional Banach space is also admissible.

Next, we make use of the theory established in Chapter 5 to prove an existence and uniqueness
result for second order degenerate boundary value problems with weak degeneration, or second

order boundary blow-up problems.

Given any Banach space X, s € (0,1), and any perfect interval .J, we denote by
C*(J, X)

the set of all uw € C(J, X) such that u is Holder continuous of order s.

Assume that @ C R™ is a C3-domain with compact boundary. Take p = d. Let J = [0,7],

Qr :=(0,T] x M, and Qg := {0} x M. We consider the following initial value problem.

w+Au=f on Qp;
(VL.2)
u=ug on .
Here

du=—alAu+ ai - Vu+ agu,

and the coefficients (a, a1, ag) satisfy for some s € (0,1) and A € (0,1) U (1, 00)

(VL3) ay € C°(J; BCOMQ, ToR™)), ag € C5(J; LA(Q));
and if A =2

(VI1.4) a€ C*(J;Ry);

or if A #2

(VL5) a € C5(J,BC**72(Q)), forevery t¢€J, a(t)ﬁ ~o d.

Observe that (VI.3|) can be equivalently stated as
d*la; € C5(J; BO(Q,R™)), d*ag € C°(J; Loo(9)).
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By (VIL.4) and (VL5|), we can verify that when A\ # 2, (Q, gn; aﬁ) is a C?-singular manifold with
HH-ends. When A = 2, we take the singular manifold to be (2, g, d). In both cases, the conditions
in Theorem [V.27] are satisfied.

Now we conclude from Remark and [I, Theorem II.1.2.1] that

Theorem VI.4. Suppose that Q C R™ is a C3-domain with compact boundary. Let s € (0,1),
A€ (0,1)U(1,00), N €R and 1 < p < oco. Assume that the coefficients (a,a1,ag) of the differential
operator

du = —alAu+ ay - Vu + agu
satisfy (VI.3)-(VL.5). Then given any
(f,u0) € C*(J; L () x L) ()

the initial value problem (V1.2)) has a unique solution

we C ({0} LY (@) N O\ {0} W) ().

The case A = 0 corresponds to normally p-ellipticity and thus is covered by Theorem

Remark VI.5. Based on (VL5]), we can readily observe that the principle symbol of .o satisfies
ol (2,6) = a(t)|E]* ~ A2, A2,

Therefore, (VI.2) can either be a degenerate boundary value problem or be a boundary blow-
up problem. This supplements to the results in [40, [89] with weak degeneration case, i.e., A €

(0,1) U (1,2), or with boundary singularity case, i.e., A > 2.

87



CHAPTER VII

Applications to geometric analysis

1. The Laplace-Beltrami operator

Suppose that (M, g;p) is a singular manifold. Recall that the Laplace-Beltrami operator with
respect to g is defined by
A = Ay :=divg o grad, = div o grad.

One readily checks that A is (p, A)-regular and (p, A)-singular elliptic with C; = 1, A = 2.

Let M7 := (0,7] x M, and Mg := {0} x M. Then Theorem Corollary and [I, Theo-

rem I1.1.2.1] imply the following existence and uniqueness theorem for the heat equation.

Theorem VIIL.1. Suppose that either (M, g;p) is a singular manifold with holes and uniformly
mild wedge ends, or (M, g; p) satisfies the conditions in Theorem . Let N € R and J = [0,T].
Then for any

(fiuo) € C*(J; Ly (M) x L)' (M),

with some s € (0,1), the boundary value problem
u—Au=7f on My
(VIL.1) u=0 on OMr
u=1ug on My

has a unique solution

we CT TN\ A0} Ly (M) N O (T \ {0} W 2 (M)).

In the case of La-spaces, making use of [71, Theorem 1.6], we have the following corollary.
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Corollary VIL.2. Under the conditions in Theorem [VIL], let V = V7 be a tensor field on M and

1 < p<oo. Then for any
(f.u0) € Ly([0,T]: L3 (M, V) x B, 7 (M, V),
the boundary value problem has a unique solution
we Ly([0, T W5 2 (M, V) x W (0. T1: 1 (M, V).

Remark VII.3. A similar result can also be formulated for the wave equation on singular mani-
folds with holes and uniformly mild wedge ends, or singular manifolds satisfying the conditions in
Theorem We refer the reader to [69] for the corresponding semigroup theory for hyperbolic

equations.

2. The porous medium equation

We consider the porous medium equation on a singular manifold (M, g; p) without boundary, which

reads as follows.

O — Au™ = f;
(VIL.2)
u(0) = ug
for n > 1. On Euclidean spaces, J.L. Vazquez [87, [88] proved existence and uniqueness of non-
negative weak solutions of Dirichlet problems for the porous medium equation. In a landmark article
[24], P. Daskalopoulos and R. Hamilton showed existence and uniqueness of smooth solutions for
the porous medium equation, and the smoothness of the free boundary, namely, the boundary of
the support of the solution, under mild assumptions on the initial data. In the past decade, there
has been rising interest in investigating the porous medium equation on Riemannian manifolds.
See [16], 26], 53, 66, 90}, 92] for example. To the best of the author’s knowledge, research in this
direction is all restricted to the case of complete, or even compact, manifolds. The result that we
state in this section is the first one concerning existence and uniqueness of solutions to the porous

medium equation on manifolds with singularities.

Let
P(u) := —nu" 1A, Q(u) :=n(n— 1)]gradu|§u”_2.
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A direct computation shows that equation (VII.2)) is equivalent to

Ou+ Pu)u = Q(u) + f;
u(0) = wp.

Given any 0 < s < 1, put 9 = —2/(n — 1). In the current context, V' = R, thus we abbreviate the

notation be* (M, V) to be®' Y (M) for any s’ > 0. Let

Ey:=bc*’ (M),  Ep:=bT" (M), By = (Eo, E1)} jg o0
Then by Proposition Eyjp = belt57(M). Let

Ué“ ={u€ Eyy: inf p’u > 0},

which is open in Ey /5.
For any 3 € R, define Pg : Ué“ — Lijoc(M) s u— uP. One readily checks that [82], Proposition 6.3]
still holds true for singular manifolds. Hence by [82] Proposition 6.3] and Proposition we obtain
(VIL3) [u s uP] = [u s pPPPg(p"u)] € C¥(UFTS, b 5P (M)).
In view of (P2), we infer that R°g* € 12, (BC*(E?)) for any k € Np. Then Proposition yields
(VIL4) g* € BC™?(M, V).

One may check via Proposition [[T.4] (VIL.3)) and (VIL.4) that

u" gt € b T (M V), we Ugts,

On account of the expression Ajv = C(g*, V2v), it is then a direct consequence of Corollary
and [I5, Proposition 1] that

(VIL5) P e C¥ Uy, L(E, Ey)).

In the above, V := V,, where V, is Levi-Civita connection of g. Given any ¥ € R, by Proposi-
tions and one obtains

(VIL6) grad € L(BCH1Y' (M, V), BCK/+2(M, v+,
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A density argument as in the proof for Proposition yields
grad € L(b" 7 (M, V), b +H2(M, Vo).

Interpolation theory and definition (II.3|) implies that (VII.6) also holds for Hélder spaces of non-
integer order. Applying the density argument as in the proof for Proposition once more, we

establish the assertion for weighted little Holder spaces of non-integer order, that is, for any s’ > 0
(VII?) grad e L(bcs’+lﬂ9’(M’ VTU), bcsl,ﬂ’+2(M7 VTO'+1>)

We have the expression |gradu|? = C(Vu, gradu). Since complete contraction is a bundle multipli-

cation, we infer from Propositions [[T.4] [[T.6] and (VIL7) that

(VILS) [u — ]gradulg] € C¥ (U™, b2 T2(M)).

Proposition [I1.4] (VIL.3) and (VII.§|) immediately imply

(VIL9) Q € C¥(Uy**, Ey).
Given any u € Ué“, one verifies that the principal symbol of P(u) fulfils

—nC(u" g, (—i€)®?) = np?(p"u)"¢[2 = nlinf plu)" " g2l

2
g

for any cotangent field £. Hence for any u € UI%JFS, P(u) is normally p-elliptic. Tt follows from

Theorem [V.7 that
(VIL.10) P(u) € M (E1, Eo), ueUgts.

Theorem VIL.4. Suppose that ug € Uyt® := {u € be!+5¥(M) : inf p”u > 0} with 0 < s < 1, and
¥ =-2/(n—1). Then given any
f e b (M),

equation (VIL.2)) has a unique local positive solution

i@ € Cl (I (o), be™” (M) 1 Cy (I (uo), b > (M) N C(J (uo), Uy ™)
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existing on J(ug) := [0, T (ug)) for some T'(ug) > 0. Moreover,

e O (J(ug) x M).

PROOF. In virtue of (VIL5|), (VIL9) and (VIL.10), [22, Theorem 4.1] immediately establishes

the local existence and uniqueness part. The short term positivity of the solution follows straight-
away from the continuity of the solution. To argue for the asserted regularity property of the

solution 7, we look at v := p”4. By multiplying both sides of equation [VIL.2| with p”, we have
O — p" Ap* 0" = p f;
v(0) = p%ug.

One checks

P’ Ap* 0" =np* 0" LA + n(n — 1)p2|gradv|3v"_2
+ 2n(2 — ¥)p*(grad log p|gradv) o™

+ (2= ) [pAp + (1 —0)|gradp|J]v".

Let g = g/p?. Recall that (M, g) is a uniformly regular Riemannian manifold. Put U*s := {v €
bett3$(M) :inf v > 0}. By [6], formula (5.15)],

p2]gradv]§ = |grad§vlg.

We have

(gradlog p|gradv), = (grad log p|grad;v);.

It follows from [6, formula (5.8)] that p?gradlog p € BC1°(M,TM). By Proposition m
p’gradlog p € BCl(M,Z/”I\\/I).

[82] formula (5.6)] implies v"~! € bc'T$(M) for all v € U'**. It is immediate from (S3) that

p € BC*~1(M). By Propositions [[1.4HIL.8| and [[1.11} we can show that

pAp+ (1 — 19)|gradp|§ € BCY(M).

Put
P(v) := —np*v" 1A,
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and

Q) :=p" Ap* "™ + P(v)v

=n(n — 1)p?|gradv|20" % + 2n(2 — 9) p*(grad log p|gradv),v"

2
g

+ (2 = 9)[pAp + (1 — 9)|gradp[F]v".

Then by the above discussion, we infer that
P e C¥(UYS L(bPT5(M),bc* (M), Q € C¥(U* bes(M)).

For each v € U'"* we can check that P(v) is normally elliptic in the sense of [82] Section 3].

Applying the parameter-dependent diffeomorphism technique in [79], we can establish

v e C®(J(ug) x M),

which in turn implies

i e C™®(J(ug) x M).

Remark VIIL.5. It is clear Theorem |VI1I.4]|still holds true for the fast diffusion case of the porous

medium equation (the plasma equation).

Before concluding this section, we comment on the Cauchy problem for the porous medium equation
and its waiting-time phenomenon. Since our conclusion for the porous medium equation, to some
extend, can be viewed as a simpler version of the corresponding theory of the thin film equation in
Section 8.1, we will only state our results without providing proofs. More details can be found in

Section 8.1.

Remark VIIL.6. Suppose that supp(ug) =: @ C R™ is a C*-domain with compact boundary, and
ug € Ué—"s = {u € b7 (Q) :infd%u > 0} with 0 < s < 1,9 = —2/(n — 1). We know from

Proposition that (Q, gm;d) is a C3-singular manifold, where d is defined in (VL.1I)). Then by
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Theorems [V1.2 and [VIL.4, for every f € bc®?(Q), the equation

Ou+Au"=f on €
u(0) =up on €,

has a unique solution on J(uy) = [0, T (up))
(VIL11) il € CY 5(J (un), bey” (2)) N Cya(J (uo), bt 7 (2)) N C(J (ug), UT).

Furthermore, by identifying @, f,ug = 0 in R™ \ €, @ is indeed a strong Li-solution of the Cauchy

problem
ou+Au" =f on R™;

u(0) =ugp on R™
in the sense of [88] Definition 9.1}, except that the interval of existence [0, c0) in [88], Definition 9.1]

is replaced by J(ug). This solution is unique by [88, Theorem 9.2]. Another observation from

(VIL.11) is that @ enjoys the so-called waiting-time property, that is,

supp[ﬁ(t, )] = Supp[’&(o, )]7 te (03 T(UO))'

3. The Yamabe flow

Suppose that (M, go; p) is a singular manifold without boundary of dimension m for m > 3. The
Yamabe flow reads as

Org = —Ryyg;
(VIL.12)

where R, is the scalar curvature with respect to the metric g. ¢" is in the conformal class of the

background metric gy of M, i.e., [go].

We seek solutions to the Yamabe flow (VII.12)) in [go]. Let ¢(m) := 4(”;;_21), and define the conformal

Laplacian operator L, with respect to the metric g as:
Lgu := Agu — c¢(m)Rgu.
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4
Let ¢ = um—2gg for some u > 0. It is well known that by rescaling the time variable equation

(VII.12) is equivalent to

m 2
8tu7ntg = m + L0u7
m— 2
u(0) = uyp,

where Lg := Ly, and ug is a positive function. See [59, formula (7)]. It is equivalent to solving the

following equation:

Oy = u_ﬁLou;
(VIL.13)
u(0) = up.

A well-known formula of scalar curvature in local coordinates yields

1,
Ry = 56" 9" (9j1i + 9itkj — Gjtki = Gin1s):

(P2) implies that
R°Ry, € 2(BC*(R)),

for any k € Ny. By Proposition we infer that
(VIL.14) Ry, € BC™?*(M).

Put

4 m—

P(u)h := —u"m=2Agh, Qu):= fc(m)um*g Ry, .

Given any 0 < s < 1, we choose 0 < a < s, v = (s — a)/2. Let ¥ = (m — 2)/2 and
Ey:=bc™" (M), Ey:=b*T"(M), E,:=(Eo,E1)).
Then by Proposition m E, = bc>?(M). Put
U; = {u € E, : inf p’u > 0}.
In view of , it follows from an analogous discussion as in and that

(VIL15) P e C¥(US, L(E1, Ey)), Qe C¥(US, Ep).
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A similar computation as in (VII.10)) yields
(VIIlG) P(u) S M'Y(EI,EQ), (VRS U{;

Theorem VIL.7. Suppose that ug € U3 = {u € bc*?(M) : inf p’u > 0} with 0 < s < 1, and
¥ = (m —2)/2. Then for every fired o € (0,s), equation (VIL.13)) has a unique local positive

solution
i € Ct_,(J(ug), be™” (M) N C1_y (J (ug), be* " (M) N C(J (uo), U)
existing on J(ug) := [0,T(up)) for some T(ug) > 0 with v = (s — ) /2. Moreover,
§ € C%(J(ug) x M, V3)).
In particular, if the metric go/p? is real analytic, then

G € C¥(J(up) x M, V).

PROOF. Local existence and uniqueness follows directly from (VII.15), (VIIL.16), and [22] The-
orem 4.1]. The regularity part follows by a similar way to the proof of Theorem [VII.4 O

4
Remark VIL.8. The initial metric ¢° = uj* > go in the above theorem can have unbounded scalar

curvature. To make this already long paper not any longer, we will give more details on this

observation elsewhere.

4. The evolutionary p-Laplacian equation

In this section, we investigate the well-posedness of the following evolutionary p-Laplacian equation
on a singular manifold (M, g; p).
Oru — div(\gradu|§_2gradu) =f;
(VIL.17)
u(0) = up.
Here 1 < p < oo with p # 2, and grad = grad,, div = divy. This problem has been studied
extensively on Euclidean spaces. The two books [28), 29] contain a detailed analysis and a historical

account of this problem. There are several generalizations of the elliptic p-Laplacian equation on
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Riemannian manifolds. But fewer have been achieved for its parabolic version above. See [26] for

instance.

One computes

div(]gradu]§_2Vu) = ]gradulg_QAu + (p— 2)\gradu\§_4C((gradu)®2, V)

= ]gradu!§*4C(|gradu|29* + (p — 2)(gradu)®?, V2u).

Let
a(u) := —|gradu\§*4(lgradu]29* + (p — 2)(gradu)®?).

For any 0 < s < 1, we put ¥ = p/(2 — p) and
Eo:=bc""(M), Ey:=b*""(M), Ejp:= (Eo, E1) 3 0
Proposition [IL.3| implies Ey /5 = belT57(M). Let
Uyt :={ue By : inf p"gradul, > 0}.

This is an open subset of E /.

We infer from (VIIL.3) and (VIL.8)) that
[u \gradu|§_2] € C¥(U;™5,bc>2(M)),
and from [5, Example 13.4(b)], Propositions and that
[u — \gradulg%(gradu)@] € C¥(UyTs, b0 (M, V).
In virtue of (VII.4) and Proposition we have
(VIL18) [u s d@(u)] € C¥(U;T5, b0 (M, VD).
The principal symbol can be computed as in Section 7.2.

C(a(u), (~i€)®*)(p) =lgradu(p) TIP3 () + (p — 2)lgradu(p) [} ) [C(eradu, £)(p)]?

=[gradu(p) 7 JEP)I5- ) + (p = 2)lgradu(p) [l (Vu(P)|E(P))g- -
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For p > 2, one checks for any £ € I'(M, T*M)

C(a(u), (=i€)**)(p) = lgradu(p)ly }E(P)I5. ) = (inf o™+ graduly)”=*p* (p)E(P)];

9*(p) g*(p)’

and for 1 < p < 2

C(a(u), (=i€)**)(p) > |gradu(p )!g(p 1€(P) |5+ (o) + ( — 2)lgradu(p)[? |€( )2 (o)
= (p— 1)IgradU(p)|§&,)\ﬁ(p)lﬁ*(p)

> (p — 1) (sup p”*gradulg)” o (p)IE(P) 3 )

holds for all u € Uv}“. In the second step, we have used the Cauchy-Schwarz inequality. Therefore,

C(@(u), V?.) is normally p-elliptic for every u € U™,

Theorem VIL9. Suppose that ug € Uy™* := {u € bc!T5?(M) : inf p"+!|gradul, > 0} with 0 < s <

1, and ¥ = p/(2 —p). Then given any
f € b’ (M),
equation has a unique local solution
@ € O p(J (ug), be*” (M) N Cya(J (uo), be* ¥ (M) N C(J (o), Uy ™)
existing on J(ug) := [0, T (ug)) for some T'(ug) > 0. Moreover,
o€ C™(J(up) x M).

PROOF. The assertion follows in a similar way to the proof of Theorem O
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CHAPTER VIII

Further applications to degenerate
boundary value problems or boundary

blow-up problems

1. The thin film equation on domains

Suppose that Q C R™ is a C%-domain with compact boundary. Then by the discussion in Chapter 6,
(9, gm; dP) with 8 > 11is a singular manifold, where d is defined in (VI1)). We consider the following
thin film equation with n > 0 and degenerate boundary condition. Physically, the power exponent
is determined by the flow condition at the liquid-solid interface, and is usually constrained to
n € (0,3]. Since the other choices of n make no difference in our theory, n € [3,00) is also included

herein.

Opu + div(u"DAu + aqu™ ' AuDu + agu™ | Du|*Du) = f  on  Qr;
(VIIL1)
u(0) =up on §.

Here a1, ag are two constants, and D denotes the gradient in R™. An easy computation shows that

div(u"DAu + aqu™ P AuDu + au™ 2| Du|*Du)
= u"A%u+ (n + a1)u™H(Du|DAw),,, + aju™ H(Au)?
+ [a1(n — 1) + az]u™ 3| Dul*Au + as(n — 2)u™ 3| Dul*

+ 200u™ " 3(V?uDu|Du),,, .

For any 0 < s < 1, take ¥ = —4/n
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Then E, )y = bc?s’ﬂ((l). Let USH = {u € Eyp:inf d?%u > 0}. For any u € Ug“ and v € Fq, we
define

P(u)v :=u"A% + (n + a1)u™ " (Du|DAv),,, + aju™ ' Aulv
+ [a1(n — 1) + ag]u™ 2| Du>Av 4 as(n — 2)u™ 4| Dul*v

+ 200u""*(V2vDu|Du),,, .
It follows from a similar argument as in Section 7.2 that
P e C¥ (U, L(B1, Ey))
and for every u € Ug“, the principal symbol of P(u) can be computed as

GP(u)(z,€) = u"(2)(gm((~i), (~i€)))

= d¥(2)(d"w)" (@)[¢]"* > (inf d”u)"d" (x)[¢]".
Thus P(u) is normally p-elliptic.

Theorem VIIL.1. Given any 3 > 1, suppose that ug € U£+S ={u € bc?s’ﬂ(ﬁ) s inf d?u > 0}
with 0 < s < 1, 9 = —4/n. Then for every f € bc;’ﬁ(Q), equation (VIIL.1) has a unique local

solution
i € CF (T (u), be3” (2)) N C o (T (uo), bes " () N C(J (uo), U3 )
existing on J(up) := [0,T(up)) for some T (ug) > 0. Moreover,

i e C*®(J(ug) x Q).

PROOF. The proof is essentially the same as that for Theorem [VI[.4] except that we use Theo-
rem [VI.2] instead of Theorem [V.71 O

In the case a; = 0, we can admit lower regularity for the initial data.

Corollary VIII.2. Given any 8 > 1, suppose that ug € U$+S ={u € bc;'s’ﬂ(ﬂ) s inf d?u > 0}

with 0 < s < 1, 9 = —4/n. Then for every f € ch’ﬁ(Q), equation (VIIL.1) has a unique local
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solution
it € Cy4(J (o), be” (2)) N Csa(J (uo), et (2)) N C(J (ug), U )
existing on J(ug) := [0,T(ug)). Moreover,

i€ C°°(J(ug) x Q).

In some publications, a more general form of the thin film equation is considered with u” replaced
by W(u) = u™ + du3 with § > 0 and n € (0,3]. The term du® is sometimes omitted because it is

relatively small compared to u™ for n < 3 near the free boundary supp|u(¢,-)].

Opu + div(¥(u) DAu + au™ ' AuDu + asu"?|Dul*Du) = f  on  Qr;
(VIIL2)
u(0) =up on Q.

For any u € U, *®, it is easy to check that u® € bc?s’w(ﬁ) < bcéJrS’"ﬁ(Q). Now the computations

shown above for equation (VIII.1)) still hold for the new system undoubtedly.

Corollary VIIL.3. Suppose that the conditions in Theorem are satisfied. Then equation
(VIIL.2)) has a unique local solution

it € CF (J (uo), be3” (2)) N Cya(J (uo), be 7 () N C(J (uo), U3 )
existing on J(ug) := [0,T(up)) for some T (ug) > 0. Moreover,

@€ C(J(ug) x Q).

Remark VIII.4. We may observe that the solution @ obtained in Theorem is actually a
solution to the following initial value problem with conditions on the free boundary J[supp(u)].

Indeed, assume that supp(ug) = Q and € is a C®-domain with compact boundary. Let Q(t) :=
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supplu(t, -)]. If the initial data wug satisfies the conditions in Theorem [VIII.1] then
Opu + div(u"DAu + aju™ ' AuDu + apu 2| Dul?Du) = f  in  Q(t);

u=0 on 0Nt);

nO0Au
ut =0 on 09Q(t);

u(0) =up in

(VIIL3)

has at least one classical solution. The third condition reflects conservation of mass. This is a
generalization of the problem studied in [23] [48]. The existence of a solution can be observed from

the fact that the solution 4 to the first and fourth lines satisfies
a(t,") € best Q) MU, te .
Hence, for t € J there are two continuous positive functions ¢(t) < C(t) such that

(VIIL4) c(t) < d?(z)a(t,z) < C(t), ze€Q,

and

4908 (@) ¢, 2)| DAL @)y, < C(1), € Q.

The second inequality follows from (VIL3), (VIL7) and that A € £(bc:™?(Q), bc2™2?(Q)). The
B B

above two inequalities imply that for every t € J, as x — 9Q
it z)| < C)d PP (x) — 0, 4™t z)|DAUL, )], < C(H)dI"DP(z) = 0.
The fact that a(¢,-) > 0 on € is a consequence of . Therefore,
(VIIL5) supplu(t,)] = Q(t) =Q, teJ,
and @ is indeed a solution to equation . If we seek solutions in the class
1o (un), e (9)) N Cya(J (uo), ey (),

then @ is actually the unique solution. Note that the solution to equation (VIIL.3)) is, in general,
not unique unless a third condition is prescribed on the free boundary d[supp(u)]. A conventional

supplementary condition is to set the contact angle to be zero.
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By identifying 4, f,ug = 0 on R™ \ Q, 4 is nothing but a weak solution to the Cauchy problem
Ou + div(u"DAu + agu™ ' AuDu + agu™ 3| Dul?Du) = f  on R,
u(0) =ug on R™

belonging to the class Cy/o(J; W2Z(R™)) for B € [1,n/(2n — 4)] when n € (2,3], or for all 8 > 1
while n € (0,2] in the sense that for all ¢ € Co(J; W2 (R™))

/ {udr¢ — Audiv(u" Do) + aru "' Au(D| Du)y,, + azu" 2| Duf*(Dg|Du)g, } = - / fo.
JxR™ JxRm

To prove this statement, one first observes that, by the uniform exterior and interior ball condition,
for some sufficiently small a > 0 there is some a-tubular neighborhood of 052, denoted by T, such

that T, can be parameterized by
A:(—a,a) x 00— To: (r,p) > p+rvp,

where v, is the inward pointing unit normal of 9€) at p. By the implicit function theorem, there

exists some C°-function © such that
ATy = (—a,a) x 0Q,  A7Hz) = (d(z),O(x)),

where d is defined in (VI.1]), and ©(x) is the closest point on 9f to x.

To verify that @& € Cyo(J; WE(R™)), it suffices to check the integrability of @ near Q. Since

u € Cyya(J, bcéﬂ’ﬁ(@)), there exists a positive function P € C/5(J) such that
d8 ()| V2a(t,x)| < P(t), x€Q, teJ.

Then

/ |V2u(t, z)| dz < P(t) / d=C+D8(2) de < MP(t) / / N8 qydr,
Ta TaNQ 0 90

which is finite iff n € (0,2], or 8 € [1,n/(2n — 4)] and n € (2,3]. The last line follows from the

compactness of 9 and [74, formula (25)]. The argument for lower order derivatives of 4 is similar.
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What is more, (VIIL.5|) states that the support of @ has the global small term waiting-time property

for all dimensions, that is, there exists some T* > 0 such that
(VIILG) supp[u(t, )] = supplu(0, )], ¢ € (0,1°).

To the best of the author’s knowledge, this is the first known result for the generalized thin film
equation . This result also supplements those in [23), (48], [84] for the case dimension m > 4
with n € (0, 3] and to domains without the external cone property with n € [2,3]. For any y € 012,
Q is said to satisfy the external cone property at y if for some 6 € (0,7/4) there is an infinite cone

C(y, 0) with vertex y and opening angle 6 such that
suppluo] N C(y, 0) = 0.

See [48], Theorem 4.1] for more details. A domain € is said to enjoy the external cone property if
it satisfies this property at every y € 0. Note that any ug € U §+5 fulfils the flatness condition of
the initial data in [48] Theorem 4.1].

2. Generalized Heston operator
Let 2 =R x R4. One can readily check that

(M, g;p) == (Q,92;9), g2 = da” + dy?,

is a singular manifold with uniformly mild wedge end.

Let J :=[0,T]. Consider the following initial value problem.
wu+Adu=f on Qr

(VIIL.7)

u(0) =up on .

Here with @ < 2 and 2z = (z,v)

o (t, z)u(t, z)

= 0y Dpult, 2)) + YW (1, 2)Opult, 2) + 5 et 2)ult, 2),

where b (t,z) = b)(t,2) + ybl(t, 2), and ¢(t, 2) == co(t, 2) + yer(t, x) + y?ea(t, z). We impose the

following assumptions on the coefficients.
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(GH1)

. 1 ({1 o0
(a”)zi , 0>0, —-1l<p<l1,

oo O

(GH2) bg,cz- € C%(J; Loo(Q)) for some s € (0,1).
This problem corresponds to the case A =2 — « in ([V.1)).

While a = 1, bg = const, ¢ = 0, ¢1,co = const, &7 is called the Heston operator. (VIII.7))
generalizes the Heston model in the following sense. It does not only exhibit degeneracy along
the boundary, but boundary singularities may also appear. When « > 0, the diffusion term is
degenerate. Whereas a < 0 corresponds to the situation that boundary singularities show for the

highest order term.

The Heston operator has been studied in [36), 37, [38] and the references therein. In this section,
we focus on the case o # 1. The study of this kind of problem is new since the Schauder approach

in the aforementioned articles relies on the particular choice the degeneracy factor y.

One can check by direct computations that after a change of spatial variables and rescaling of the

temporal variable. Equation (VIIL.7]) can be transformed into
w+du=f on Qr
u(0) =up on .
Here
A (t, 2)u(t, z) == — 0;(y*0jul(t, z)) + yo‘_l(%(t, z) + yi){(t, z))0;u(t, z)

+ 2o (t, 2) + yér (t, @) + y2ea(t, 2))ult, 2),

where b/, & € C°(J; Loo(€2)). By Corollary [V.29]

Theorem VIIL.5. Suppose that @ = R x Ry. Let s € (0,1), a € (—00,1) U (1,2), N € R and

1< p<oo. Assume that (GH1) and (GH2) are satisfied. Then given any
(f,u0) € C°(J5 I () x L (%),

p
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the equation (VIIL7) has a unique solution

we C TN} Ly (Q) N O (T \ {0} W o 73(Q)).
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