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CHAPTER I

INTRODUCTION AND MOTIVATIONS

I.1 Introduction

In this thesis we are interested in studying the following nonlinear partial differ-
ential equation

us —Alnu =0. (I.1.1)

The Cauchy problem for (I.1.1) is formulated as

uy — Alnu=0 in RY x Rt;

u(+,0) = u,.

When u, € L'(R?), necessary and sufficient conditions on the L!'-norm of u,
for a solution to exist is provided in [6]. When N > 3 it is shown in [20] that
u, € LY*(RY) does not generate a solution. Thus a more reasonable space to
impose initial data seems to be L. (RY). For u, € L} (RY) that is radial, a
necessary and sufficient condition on the growth of w, is given in [7] in order to
obtain a solution. The theory for non-radial initial data is still unclear.

The theory of solutions to (I.1.1) in bounded domains is even less known. Let

E be a smooth bounded domain in RY. The Dirichlet Problem is formulated as

u—Alnu=0 in FEr;
Inu=1Ing ondE x (0,T);

u(+,0) = u,.

We will present our results on the solvability of Dirichlet problems for (I.1.1) in
Chapter II. When assigning strictly positive boundary datum g, the existence
of solution to the Dirichlet problem is considered in [13]. The new feature of

our results is that g is allowed to vanish somewhere on OF x (0,T) in order to



generate a solution. In particular, g can vanish on a set of positive H™ ~!'-measure
on OF x (0,T).

Moreover we will show a non-existence theorem in the same chapter that if
g vanishes on a subset of E x (0,T) with positive H"-measure then a solution
does not exist in general. An essentially global version of nonexistence results
concerning continuous solutions taking zero boundary datum is claimed in [20].
However, it is not clear whether our result covers that one since, the heart of
the matter, the intended notion of solutions is not stated in [20] . It should be
pointed out that our approach is entirely local and also independent of the interior
continuity of solutions.

In Chapter III, we will list a number of local regularity properties we proved
for local weak solutions to (I.1.1).

First of all, we use an example to explain that an estimate of the modulus
of continuity of u over a compact subset K of Fp depending only on the bound
of u and the distance from K to the boundary, in general, does not hold. Addi-
tional assumptions seem to be necessary. We provide a Harnack-type inequality
in Section II1.2. If the Harnack-type inequality holds, then we obtain the local
smoothness of solutions to (I.1.1) by the classical theory ([17]).

A Harnack-type estimate for solutions to the Cauchy problem for (I.1.1) is es-
tablished in [2]. The proof uses in an essential way the “globality” of the solutions
in the whole RY xR*. However our results seem to be the first local Harnack-type
inequality. Our approach is entirely local and can be adapted to similar equations
with full quasi-linear structures. In order to derive such a local Harnack-type in-
equality we need to assume Inu € L3, (0,T; LY, (E)) for p > N + 2. We will give
an example in the same section that a continuous solution does not have to satisfy
such a condition. Thus it is interesting to ask what is the minimal assumption for
a local solution to be continuous. This deserves a future investigation.

With the aid of our Harnack-type inequality, we study the porous medium
type approximation of (I.1.1) in Section III.3 and the local analyticity of solutions
to (I.1.1) in Section IIT.4.



We give a Harnack inequality in the topology of L}OC(E) in Section ITI.5. The
proof is done for equations with full quasi-linear structures. It is assumed that

Inu € Lj (0,T; L}, .(E)). We will use the example in Section II.1 to show that

loc

1

if such an assumption is removed then the L;, .

Harnack inequality needs not to

hold.

1.2 Motivations

Equation (I.1.1) arises from different physical models and a particularly interesting
one is thin film dynamics. Suppose a viscous liquid film lies on a rigid plate and
the thickness of the film is between 100A and 1000A. Double-layer forces are
neglected. Assume the Navier-Stokes equations are applicable and the van der
Waals force is considered as an external body force. It is modeled in [22] as a
potential ¢ which is approximately the cube of the thickness u. Given an initial
disturbance to the film and the van der Waals force eventually leads to the rupture

of the film within a finite time. It is derived in [22] that
uy — Alnu + div(u®V(Au)) =0 in R? x RT.

The fourth order term reflects the stabilizing effects of surface tension on the
liquid-gas interface. Numerical studies in [22] suggest it is negligible.

Equation (I.1.1) also arises from geometry. Let {X; ds} be a 2-dimensional,
orientable, simply connected, noncompact Riemaniann surface with the metric
ds* = gij dxidzj, i, j = 1, 2, where g;; is the first fundamental form of ¥. The
Gauss curvature K is calculated from g;;, and in a rectangular coordinate system

takes the form

1 0 1 0 n 0 1 0
2,/911922 | 071 \/g11922 O71 = 0z2 /911922 012 922 |-

(1.2.1)

When g;; are sufficiently smooth, there is a positive, smooth function v defined



on a subset of R? such that

ds® = udrydzy + udzodrs.

Thus

2K = —u 'Alnu.

The Ricci flow for {3; ds} describes the evolution of the metric ds? by its scalar
curvature R = 2K, i.e.,
0

adsz = —Rds>.

Equivalently, in rectangular coordinates, u satisfies

u; = Alnu.



CHAPTER I1

SOLVABILITY IN BOUNDED DOMAINS

II.1 Solvability of the Related Elliptic Equation

In this section, we will study the following Dirichlet problem.

AM—Alnu=f in E;
(I1.1.1)
Inu=In¥ onJdF.

Here A > 0. Assume momentarily f > 0 and ¥ > 0 are measurable so that In ¥
is well-defined as a measurable function on JF. This is related to the Dirichlet
problem for the parabolic equation by the method of time discretization and we
will discuss it later.

Different notions of solutions to (IL.1.1) lead to different requirements on ln ¥
to generate a solution. Here we introduce two different notions of solutions.

First, a function u € L'(E) is called a sub(super)-solution to (IL.1.1) if Inu €
W12(E) and

/\/Equx—F/EDlnuDCdac < (2)/Edex (I1.1.2)

for all nonnegative

¢ e WA(E).

In addition, Inu < (>)In ¥ in the sense of traces on OE. A solution is both a
super-solution and sub-solution.

Second, a function u € L!(E) is called a very weak sub(super)-solution to

(I.1.1) if lnu € L' (E) and

¢
)\/Eugdx—/ElnuAdeS(2)/Ef(d;v—/aEln\I/$da (I1.1.3)

for all ¢ € C(E) with ¢ = 0 on OE. A solution is both a super-solution and



sub-solution.

When u is a smooth solution to (I1.1.1), then

¢ / ¢
InV—do = Inu—do.
/8E v OFE v

On the other hand, for any h € C*(9E) there is ¢ € C*°(E) such that

o¢
W= h on OF;
(=0 onJE.

From this we conclude that ¥ = u on OF.
The extension claimed above is a basic fact of calculus. Indeed, suppose the
origin O € OF and there is a local coordinate system such that OF is locally

represented by
Ny = ¢(Z), || < R, where = (z1,...,Zn—-1).

Since ¢ is smooth, the map

(D:f(b(:f)’ _1)
1+ |Dzo(2)[?

&
—~
&

»
N—
—
—
&
S
—

I
=
SN—

|

»
2
:.L

U

I

is a diffeomorphism between X = [|Z| < R] x (0, ) and ®(X) when ¢ > 0 is small

enough. Then we can extend h to the interior by defining

(3, 5) = /O h((z, 6(z)) — tid) dt.

Then the desired extension is obtained by a change of variables, i.e. ((y) =
2(®71(y)) and an application of partition of unity.
IT.1.1 Existence of Solutions to (I1.1.1)

We state the general existence theorems regarding these two notions. We will

discuss the uniqueness of these notions of solutions in a separate section.



Theorem II.1.1. Let 0 < f € L"(E) and 0 < U € L"(OF) such that InVU €
W22(dE). Then there exists a solution u to (I1.1.1). Moreover, u € Cl'ic(E) for

some 0 < B <1 depending on
{N, A, diam(E), [|f[7, [[¥]]-}.

Theorem I1.1.2. Let 0 < f € L"(E) and 0 < ¥ € L"(OFE) such that In¥ €
LY(OF). Then there exists a very weak solution u € L™(E) to (IL.1.1). Moreover,

uweCP

loc

E) for some 0 < 8 < 1 depending on
( g
{N, A, diam(E), || f[lr, 19|}

In order to prove general existence theorems we first need to use the Fixed

Point Theorem below to solve a special case.

Theorem I1.1.3. (Fixed Point Theorem [12]) Let (X, ||-||) be a Banach space
and H be a closed and convex subset of X, v, € H, and T : H x [0,1] — H be
continuous and compact with T(-,0) = x,. If there is a constant M such that
lz|| < M apriori for allx € H and 0 < o <1 satisfying T(x,0) = x. Then there

is a fizxed point for T(x,1).

For our convenience in applying the Fixed Point Theorem II.1.3, we use a

transformation v = In u to recast it into the following problem

e —Av=f in E;
v=In¥ in OF.

Then we have

Lemma II.1.1. Let f € L"(E) be nonnegative, and ¥ € C(JE) such that In¥ €
W%’z(é‘E) and 1 <V < o on OF for some 1, o > 0. Then there is a unique
solution u to (IL.1.1) and u € C(E).

Proof. Let H = {v € L*®(E) : |v| < M} with M to be chosen. Then H is a

closed and convex subset of L>°(E). For a measurable function v on E, define v,



as

n ifv>mn;
Vp = v if —n<ov<n;

-n if v< —n.

Fix n and define an operator w = T'(v, o) by the unique solution to

oxe’™ — Aw = o f;

w=clnv on OF.

Here ¥ is defined in Lemma II.1.1 and w € W12(E) N C(E) is a solution in the
weak sense.
We apply the stated Fixed Point Theorem to show Lemma II.1.1. First of all,

an application of DeGiorgi’s method (see [3], [17]) gives for some C > 0

def

jw| <sup [In W[+ C(]| flloc + Ae") = M(n).
oFE

With such a choice of M(n), T'(-,-) maps H x [0,1] to H.
Secondly, we show T'(-,0) : H — H is continuous. Let w’ = T(v';0) and

w” =T((";0) for v',v"” € H, then
—Aw —w") + o€ —e) =0, andw —w’ =0 ondE.
An application of DeGiorgi’s method yields that
[’ = w”[[oe < Ce™[v}, = vy lloc-

Then the left hand side is small if ||o” — v”/||» is made small. The continuity with
respect to o is proved similarly.

Next, we show T'(-,0) : H — H is compact uniformly in o. In fact, since
elements v € H are uniformly bounded by M(n), functions from T'(H,o) are

equi-countinuous. Thus Arzela-Ascoli’s theorem yields compactness.



As a result of the fixed point theorem, there exists a solution v(™) € H N

WL2(E) N C(E) satisfying in the weak sense

Aet” — Ay = f;
(I1.1.4)

(™ =1n P on OF.

In order to send n — oo we show |[v(™)| is uniformly bounded. We discard the first
term in equation (II.1.4) by its non-negativity and an application of DeGiorgi’s
method gives the upper bound A = supyy In U+ C|| f]|,» for some C. Then another

application of DeGiorgi’s method shows we actually have

o] < sup | In®| + C(e + || £]) % 4.
oOF

As a result, v(") converges to some v € C(E) uniformly.
Let In ¥ € W2(E) denote an extension of InW € W2:2(JE). Using (v —

In V) as a test function in the weak formulation of v(™) we have

/ |Vo™ 2dz

—/ Vo Vln\I/dx+/(v(")—ln\If)fdx—/ e”;n)(v(”)—lnlll)da:
B

E

\ /\

L / Vo 2dz + C(N, Ay, |I£]l,)
2 e

We conclude Vo™ converges weakly in L? to some d. By the uniform convergence
of v we then have d = V.
Hence v € C(E) will be the desired solution. [ |
If, in addition, we assume f € C°°(E) and ¥ € C*°(JE), then by Schauder’s
theory and a boot-strapping argument we conclude the obtained solution u €
C>(E).

Let F(z,y) be the fundamental solution of the Laplacian in RY with pole at



y. Green’s function in F is defined as

G(l'vy) = F(x,y) - (D(l',y), N 2 2

where ®(z,-) € C*°(E) is the unique solution to

Ay®(z,y) =0 in E;

O(x,y) = F(x,y) for y € OF.

Poisson’s kernel on OF is defined as

P(z,y) = — G(z,y) forxzeE, yedE.

B
on(y)

We will use the well-known Poisson representation formula

w(zx) = /aEw(y)P(x,y) do — /E Aw(y)G(x,y)dy whenx € F

for all w € C?(E).
To proceed, we need to discuss some integrability properties of G(x,y) and

P(z,y). First of all, we note
0<G(z,y) < F(z,y) forallz,ye€kE.

Moreover, there is a constant C(r, N, diam(F)) such that

IG(x,)||-. <C for allr>%.

r—1

Next, Poisson’s kernel satisfies the following asymptotic behavior

diam(z, OF
Plz,y) ~ W for all z € E, y € OE.

See [16] for an elementary proof of this fact. Therefore, there is a constant

10



C(N, diam(E)) such that for all y € OF

/ P(z,y)dz <C.
E

Now we are ready to present

Proof of Theorem II.1.1. Let £ > 0 and

-1 U< kL

< W<k

9

k
V=4 T
k

, U > k.

Since In¥ € W22(JE), we also have InU), € W2:2(JE). See [4]. As a result,
it admits an extension to a function in W2(E) which we still denote as In Wy.
Moreover we can find a sequence of functions (InW¥). € C(E) such that as

e —0

D(lnV¥,). —» DInV¥, in L*(E);

(InPg)e > In¥, in LY(F) V1<g<oo;
(In¥g)e = In¥, in L"(OF);

—In(2k) < (In¥). <In(2k) on JOE;

em¥e g, in L"(JE).

The first two convergences follow from the proof of the well-known approximation
theorem for Sobolev functions when the boundary satisfies the segment property.

The third one follows from the previous two and the trace inequality

1 1-1
[wllrom < A(N)([Dwllz +[lw]2)™ lwliq (1L.1.5)

for all w € WH2(E) N LY(E) where ¢ = 2(r — 1). The fourth one comes from the

previous one and the upper bound of ¥j. The last one follows from the third one

11



and the fourth one in view of

/ e _ g, |7 do < (Qk)r/ |(In¥y)e —InW,|" do.
o o

See all basic theories of Sobolev functions in [4].
Assume first that f € C°°(E). According to the previous lemma, there is a

unique solution v¥¢ € C*(E) to

A’ —Av=f inF;
(IL.1.6)

v=(InTg). onIE.

We are going to use repeatedly Poisson’s representation formula for any = € E

P (x) = / (In W) (y)P(x,y) do + / Glz,y)(f(y) — A" ®)dy.  (IL1.7)
OFE E

First of all, note that P(-,y)do(y) is a probability measure on 9F; then, by

Jensen’s inequality

R () < /3 (W) ()Pl do -+ /E Glz.y)f(y) dy

<In ( [ et pie,y) do) TG, )|
oF

|1l

r
r—1

<In ( e opiy) do) (N, 7, diam(E))[ ]
OF
This gives

/em’”(x) dz < ~(N, r, diam(E))e’““f”T/ (/ e(ln‘Pk)E(y)P(x7y) do‘) dx.
E E \JOE

12



The integral on the right hand side is estimated by Holder’s inequality

/(/ e(lnq’k)e(y)P(m,y)dU> dx
E \JoE
r—1
g/ ( P(z,y) da) ( P(x,y)erm¥r)@) do) dz
E \JOE OF
z/P(x,y)dx/ "I VR)e() o
E OE

< (N, diam(E))/ U do.
OF

Combining all these estimates we arrive at

/emkm) dz < (N, 1, diam(E))eTHer/ V" (y) do (IL1.8)
E OF

Secondly, by taking power p = 2 at both sides of (I1.1.7) and integrating in dx

over E we obtain

/Elv'“’e(w)lzdx < 7/ (/ (In W) (y)P(z,y) d0>2dx
/(/ny (y))dy> dx

=1 + Is.
By using the estimate of ||e”k‘€ ||, I is easily seen to be bounded by

Y(N, r, diam(E)) (A2 w2, + (| £112).

I <9|E[|G(, )|

ke
1 (Ilfllr e

On the other hand, I; is estimated by Holder’s inequality as

nsa [ ([ P [ jme)mPPe.y do) do
:fy/ [(In W) ( |2dU/ny

<5V, dian(D) [ (W) do

13



Thus there is a constant v depending on {N, r, diam(E)} such that

vl

/E 0" (@)? de < y(N2V I W2 o + 117+ 1 W3 o).

Now we show the L2 norm of Dv** is also bounded. Indeed, if we take (v%€ —

(InPy).) as a test function in (II.1.6), a standard calculation yields

1 1
- v dr < = nW) | dx + v dr — e R da
Dvk€|?d D(In) > d fokeds — X
2 E 2 E E E
—/ f(ln\I/k)edac—i—)\/ e’ (InTy). dw
E E

< C( Y12, [¥lroe, A, (| fllr, diam(E), N, 7).

Here, we have estimated the second integral on the right by

/ foreda < | fllellv®ell =
E
< C(N, 7, [EDIFIlr o]l 2,

< C(N, o [EDISI (1"l + [ Dv<l2]

and the term with the gradient is easily absorbed to the left-hand side by the
Cauchy-Schwarz inequality.

Thus, by the Compact Imbedding Theorem we can conclude that there is some
v € WH2(E) and a sub-sequence of e”k’g, which we still use the same symbol to

denote, such that as e -+ 0 and k — oo

W€ 50 ae. in E;

oM v in L3(E);

Dv*¢ — Dv  weakly in L(E).

Note the first convergence also implies that for any """ =5 ¢¥ ae in E. The

uniform boundedness of ||e“k‘e||r implies that there is some v € L"(FE) and a

14



sub-sequence of e”k‘e, which we still use the same symbol to denote, such that
e’ 5w weakly in L"(E).
Then u = e a.e. in E. As a result, we are able to conclude that
veEWY(E) and e’ € L7(E),
and for all ¢ € W}2(E)

)\/Ee”Cdx+/EDvDCdx:/Ef(dx.

Finally the boundary datum In ¥ is taken by v € W12(E). In fact, we see

from the trace inequality (I1.1.5) that, when & — oo and € — 0,
I x)e = vll208 < Clo™ — 2 =0
where C' depends on the uniform bound of the [|v*<||; 5. On the other hand,

(InTg)e > In¥y, in L"(OF) ase— 0;

In¥, -In¥ in L"(OF) ask — oo.

Thus v =lnu =In¥ on JF.
For the local Holder continuity of v in ¥ we only need to observe that the first

equation in (I1.1.6) can be written as
def v . T
—Av=F = f— X" with FeL"(E).

Thus the classical theory of elliptic equations gives v € ClﬂOC(E) for some (5 de-
pending on

{N, A, diam(E), [le”[, [l£+}-

15



In view of the bound on ||e”||,, 5 depends on
{Nv )‘a dlam(E)v ||\I/||T,3E7 Hf”T}

In view of all estimates depending only on || f||,, the assumption f € C®(E)
can be removed by a proper approximation. [ |
Next, we continue to present
Proof of Theorem II.1.2. Let f. € C>°(E) be a sequence of approximation of
f- Assume momentarily that § < ¥ < M for some positive numbers 4, A. Let W,

be a smooth approximation of ¥ on OF such that

V. — V¥ ae. inJdF;

0/2< V¥, <2A uniformly in e.
By Lemma II.1.1 there is a classical solution v, € C*°(E) to (I1.1.1) such that
§/2 <we <2A

and it satisfies (I.1.3) with u replaced by e’ for all { € C*°(E) and ( = 0 on OE.
Since {v.} is uniformly bounded and, by the classical theory, it is also equicontin-
uous in the interior, there exists a bounded function v and a sub-sequence such
that

Ve — v a.e. in k.

Hence we are able to pass to the limit to obtain
0/2 <wv<2A

and v satisfies (I1.1.3) with u replaced by e?.

Moreover, we have Poisson’s representation

ve(@) = [ Pla.y)mn.(y)do + / G, y)(f(y) — A" @) dy,
oF E

16



from which we conclude, as in the proof of Theorem II.1.1,

le” |l < (N, r, diam(E))el /-

\I/”T‘,BE'

Taking absolute value on both sides and integrating over E, we have the uniform
bound
lolly < v (A%l )

rop T 117+ 1 lom).

Now suppose ¥ > ¢ and let ¥, be the truncation of ¥ from above by k,
namely, U, = min{¥, k}.

The previous discussion gives a solution v which, by the comparison principle
(Proposition II.1.1), is increasing along k to some function v. Taking into consid-
eration the boundedness of ||e”* ||, and ||vg||1, we are able to pass to the limit in
the corresponding integral identity (II.1.3) and obtain v as a solution.

Now for a general ¥ that satisfies the conditions of Theorem II.1.1, we use ¥y
to denote the truncation from below by §, namely, ¥5 = max{¥, J}.

By the previous argument, there is a solution vs which, by the comparison
principle Proposition II.1.1, is decreasing to some v. Similar to the previous
argument, we have uniform bounds for |lvs||; and |€¥?||,. Hence we can identify

the limit function v as a very weak solution to I1.1.1. [ ]

11.1.2 Uniqueness of Solutions

We have uniqueness for the notion of weak solutions. However, the uniqueness
for the notion of very weak solutions is unclear. We omit the proof of the fol-
lowing proposition, since we prove a similar result for the parabolic equation in

Proposition 11.4.2.

Proposition I1.1.1. Let uq be a super-solution and ug be sub-solution to (II.1.1)

in the sense of (11.1.2). If u1 > us on OF, then u; > us a.e. in E.
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1I.1.3 Some Remarks
11.1.3.1 Global Boundedness of u.

It should be remarked that the mere requirement ¥ € L"(0F) is not enough to
insure global boundedness of v in E. However, if f € L>®(E) and 0 < ¥ < M for

k,e

some M then v™€ is uniformly bounded above. Indeed, let us take

I > max{ln M, In ”f”oo

Multiply the equation by (v%€ — 1), € WL2(E) and integrate in dz over E; we

obtain

/XAahe ICK dx+1/|D — )4 |?dz = 0.
E

This implies by our assumptions on [ that

0> / A" — F)Wh = 1)y do > )\/ (™ — YW — 1)y dz > 0.
E E

Hence

\mu

o < A ¥ max{in M, In ). (IL.1.9)

Similarly, if f is strictly positive and ¥ > § for some § > 0 then

inf f
A

. (11.1.10)

I1.1.3.2 Interior Positivity of u in Terms of ¥ and f.

The representation (II.1.7) implies that when K is a compact subset of E and

x € K there exists a constant Cy (N, dist(K, OF)) such that

WPe(z) = —Cy / IIn 0| dor — / Gla,y) A" @ — f(z))dz.  (IL111)
OF E
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Then, since f > 0, (I1.1.8) implies that there is Co(N, diam(E), r) such that

vk’e(x)

v

=01 [ ¥]dr = A|G(a ) | ),
oOF "

\Y]

701/ 0| do — Corel /I W], 5.
oOF

We see that the positivity of solutions constructed in this way hinges upon || In U1 g

In fact, we can formulate the following

Proposition II.1.2. Let u¢ € C?(E) be a solution to (I1.1.1) corresponding to
fe € L"(E) uniformly and M > ¥, > 0. If

1im/ |In¥.(y)| do = oo,
=0 Jop

then u — 0 uniformly in any compact subset K of E.

Proof. By Poisson’s representation formula, for any z € K

Inu(z) = /aE In¥. (y)P(x,y)do + /E G(z,y)(fe — Auf)

< /B I W (4) P2, )X, <1) do + / In W (y) P, y)x (.51 do
E

OF
G @ ) [ fellr
< C(N, dist (K, 3E))/ InWe(y)do +In M+ |Gz, )| = | fell-
OF
The right-hand side tends to —oco as € — 0. [ ]

11.1.3.3 Zeros are Allowed on the Boundary.

The requirement In ¥ € W%’Q(OE) allows ¥ to be not essentially bounded away

from zeros on the boundary. For example, let OF have a local representation

ry = ¢(z) € CY(|z| < 4R); T = (z1,...,TN_1).
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Then the functions

V(z) = nfzl|”", N2

U(z) =|z|P, p>0, N >3;
N -3

\I/(:zc):ef\m\ﬁ7 0<a< ,N>4

will satisfy In ¥ € W2-2(9E) and ¥(z) — 0 as = — 0.

Remark I1.1.1. Let E = (a,b). If we assign ¥(a) =0 and U(b) = 1 then there
is no bounded solution u such that Inu € W'2(a,b). Indeed, this implies also
u € Wh2(a,b). As a result u and Inu are absolutely continuous in (a,b) and

i o) =0

lim Inu(x) is finite.
z—at

Which is a contradiction. Note this is completely independent of the equation. An
analogous argument for the case of multiple dimensions follows similarly. That
is, if u, Inu € WY2(E) then u cannot vanish on a set of positive H ~-measure

of OF.

However, Lemma II.1.1 indicates [ = 0] is allowed to be of dimension N — 2.

In fact, when N > 2 and
U(z) = |n|2|| ", &= (x1,22),

In ¥ will be in W12(Bg(0)). Note the set of zeros of this ¥ is an N —2 dimensional
smooth manifold in R™. Let S be an N — 1 dimensional smooth manifold that
contains [¥ = 0]. Then In ¥ € W%Q(S) and ¥ contains a set of IV —2 dimensional
zeros. This mainly exhibits, up to introducing a local coordinate xny = ¢(Z) as
above, that if ¥ is defined on the sphere S? in R, then it is allowed to have a set

of zeros that occupies a one dimensional curve on S2.
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11.1.3.4 Notion of Distributional Solutions and Positivity.

Now suppose we are given a distributional solution u to

u, Inu € LL . (E); A>0
(I1.1.12)

M —Alnu = f e Ll (E) distributionally in E.

Denote by (F). the usual mollification of a function F. Let f € L] (E); then,

loc

discarding the term containing A\, we have

—A(lnu). < fe.

The classical theory of elliptic equations yields that

B,

1

Y 2 _N

l(Inw)e 4 [loo,B,, < 7(1 )ZQN,;.V <]i |(lnu)€,+2dx> ot S
_ o) % )

An interpolation yields

_ N
||<1nu>e,+uoo,3,,sz,r>7i (0 @)t | dz + 70" 25 ol
P

Letting € — 0 yields

_N
II(IHU)+||oo,BpS’r(N,r)]i ()| de + 902 || fllr,5,
2p

On the other hand, this implies
—A(lnw)e = fe — Aue € L], .(E)

Another application of the classical elliptic theory implies that

1

gl 2 N
)y < e (f tomad® ) 0t (1, 6l
&=\
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Again by interpolation we have

_N
I w)elloo,B, < (N, T)][ |(nw)e| dz + (N, 7)p' == (I fellr. s, + Mluellr52,)
2

P

Thus when letting e — 0

rBs, T Allul

||1nu||OO,Bp S W(Na T)][ |(lnu)€|dx—|-’y(N, T)pl_%(”f' ’I‘,B2p)'

ng

Since ||ul|, can be estimated using || f|| as above, we conclude that u is bounded

above and below in B, by constants depending on

{Na )‘7 ||f||T,B2pa HIHUHLB%}

11.2 Nonexistence of Solutions for the Elliptic Equation (II.1.1)

Lemma II.1.1 implies that solutions could be generated even if the datum ¥ van-
ishes on a set of positive HY ~2-measure of OF provided In ¥ € W22(9E). The
trace is taken by Inu € W12(E). Nevertheless, if ¥ vanishes on a set of positive
HN~1_measure of OF then it is impossible to generate a solution « such that both
u and Inu take the boundary traces ¥ and In ¥ in the sense that u, Inu € WH2(E).
This was independent of the equation. Now it is natural to ask if there exists a
function u that solves the Dirichlet problem in a weaker sense. This is what we
will explore next.

Define the notion of local weak solutions to the first of (II.1.1) irrespective of

boundary data as

ue€ L?OC(E)7 Inu € VVlif(E)’ A > 05
(I1.2.1)
M —Alnu=feL(E) weakly in E.

Let O be an open subset of 0E. We have the following

Theorem I1.2.1. If U vanishes on an open subset of OF, there is no nonnegative,

bounded, local, weak solution u to (I1.2.1) such that it takes zero boundary datum
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at O in the sense of trace of u € WL2(EUO).

loc

This statement is entirely local and independent of the interior continuity or
positivity of the solution. It indicates that zeros on the boundary propagate into
the interior even if we only use u to take the trace in the Sobolev sense.

The proof of Theorem I1.2.1 hinges on the uniform continuity of the solution

at O and this is the content of the following proposition.

Proposition I1.2.1. Let u be a nonnegative, locally bounded, local, weak solution
to (IL.1.1) in E. Assume there is an open subset O of OF such that it satisfies the
property of positive geometric density. If u vanishes in the sense of trace on O,

then there exist constants v and « so that u satisfies

lu(x)| < ylx —y|*

forany x € E andy € O.

This proposition has a parabolic counterpart in Section II1.5. We omit the
proof for the elliptic equation while giving the proof of the parabolic case in

Section 11.6.2.

Proof of Theorem II.2.1. In the weak formulation of the local weak solutions
to (I1.2.1) we take ¢, as a test function which is a usual smooth mollification of

p € C°(F). Then we have

e — A(lnu)e = fe  in E.

For § > 0, we define an interior region

Es; ={z € E: dist(z,0F) > 6}.

Moreover, define a subset of 0Fj that corresponds to O as

0Es0 ={a—dv: a € O, vis the outer normal at a}.
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Note that, by Proposition I1.2.1, for any a € O and the outer normal v at a

u(a — dv) < yo6°.

Now Poisson’s representation formula yields that for any = € Es

(Inu)(z) = . P(x,y)(nu)(y) dy + ; G(z,y)(fe(y) — Mue(y)) dx
< /é)E&o P(z,y)(Inu).(y) dy + /aEé\aEw P(z,y)(Inw).(y) dy

+ G ) = 1 £l

r

< In(y6%) + C(N, r, diam(E), [Jul|oo, [[f]+)-

Since the right-hand side is independent of €, we have for a.e. x € Ej

Inu(z) < In(y0%) + C(N, r, diam(E), [[ulleo, [If]l)

— —00 asd — 0.

Hence u =0 a.e. in E. |

The main ingredients of the proof are the continuity at the portion of the
boundary where v = 0 and a mollification of the PDE, which allows us to apply
Poisson’s representation in Fs. A similar nonexistence result actually holds for
distributional solutions if we know apriori that u takes zero boundary value on O

uniformly continuously.

Proposition I1.2.2. If U vanishes on an open subset of OF, then there is no
nonnegative, bounded, distributional solution u to (I1.1.12) such that it takes zero

boundary datum at O uniformly continuously. Then u =0 in E.
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11.3 Solvability of the Parabolic Problem

Consider the following Dirichlet problem for the logarithmic diffusion equation

uy —Alnu=0 in Er;
Inu=1Ing ondE x (0,T); (I1.3.1)

u(-,0) = uo.

Here E is a smooth domain in RY with N > 2, and Er = E x (0,7T) with T > 0.
Let 0,Er = [E x {0}] U [0F x [0,T)] be the parabolic boundary of E7 and let
St = 0E x(0,T) be its lateral boundary. We will use B, (z) (or K,(x)) to denote a
ball (or a cube) centered at x with radius (or edge) p. We are interested in solving
(I1.3.1) when g is permitted to vanish on a subset of S7. Assume momentarily
g > 0 and u, > 0 are bounded and measurable so that In g is well-defined as a
measurable function on Sy.

The existence or nonexistence of solutions to (II.3.1) hinges on the notion of
solutions. A bounded measurable function u is called a weak sub(super)-solution

to (I1.3.1) if Inu € L?(0,T; W'2(E)), and for almost all 0 < ¢t < T

t
/un(x,t)dx+/ / (= un- + DInuDn) dzdr
E 0o JE

(I1.3.2)
< () /E won(,0) da

for all nonnegative testing functions
n € WHH(0,T5 LY () 0 L*(0, 75 Wy *(E)).

In addition, Inu(-,t) < (>)Ing(:,t) in the sense of traces on OF for a.e. 0 <t < T.
Since we are only interested in the existence and nonexistence of solutions when

g vanishes somewhere, we always assume the boundedness of g.

Theorem I1.3.1. Let 0 < u, € L™°(E) and 0 < g € L*°(0E x (0,T)) and Ing

25



admits an extension to Ep which we still denote as In g such that

Ing € Wh(0,T; LY(E)) N L*(0, T; W (E)).

Then there is a unique bounded solution to (IL.3.1). If, in addition,

g("t)

is decreasing on OF x (0,T), (11.3.3)
then the solution obtained is smooth and positive in Ep and

up < in Ep. (I1.3.4)

u
t

The inequality (I1.3.4) is called a semi-convexity inequality in time. An analo-
gous inequality was first found by Aronson and Bénilan in [1] for global solutions
to porous medium equations. A classical solution to (I1.3.1) satisfies (I1.3.4) pro-
vided (Ing); < 1/t on Sp. To see this, we let w = (Inw), — + and we can show by
the maximum principle that w < 0 in E7. See Remark 3.1 in [2] for details.

The condition In ¥ € W2:2(JE) yields an extension of In¥ to E and it is a
natural condition to impose when seeking for a solution with DInu € L?(E). We
can consider a weaker notion of solutions.

A bounded function u is called a very weak solution to (I1.3.1) if Inu € L'(Er)

and

// upy + InulAp dedt :/ lnga—(p dodt —/ uop(+,0) dz (I1.3.5)
Er OF ov E

for all ¢ € C°°(E x [0,T]) and ¢ =0 on [0E x (0,T)]U[E x {T}]. Then we have

the following

Theorem I1.3.2. Let 0 < u, € L*(E) and 0 < g € L*(0F x (0,T)) and

Ing € LY(OF x (0,T)). Then there exists a very weak solution to (11.3.1).
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11.3.1 Proof of Theorem I11.3.1
1I.3.1.1 The §-Problem

By assumption, In g admits an extension to E'x (0, 7T), which we still denote as In g,
and it satisfies Ing € L2(0,T; WY2(E))NnW(0,T; L' (E)). Assume momentarily
that Ing > Ind u, > ¢ for a small § > 0.

For a positive integer n, slice the time interval (0, T) into n equal sub-intervals
with length h = T/n. Since Ing(-,t) € W2:2(9E) for a.e. 0 < t < T we may
assume this is the case for any ¢ of the form

T

{—:1<i<n,n=1,2,3,...}.
n

Construct a sequence of approximating solutions by setting u(-,0) = u, and for

k=0,1,2, ---,(n— 1), the function u(z, (k + 1)h) is the solution to

u(z, (k+1)h) e _ u(w,kh)
— Alnu(z, (k+1)h) P (I13.6)
u(z, (k+1)h) = g(x,(k+1)h) on OFE.

By the results from the elliptic problem, especially (I.1.9) and (11.1.10), there

exist u(x, kh) such that

5 < u(w, kh) < A E max{uolloo, 9]}

and Inu(z, kh) € WH2(E) for all 1 < k < n; moreover for any ¢ € W}12(E)

/ ug(x, kh)p da:Jr/ DInu(z,kh)Dpdz = 0. (I1.3.7)
E E

Here
u(zx, kh) —u(z, (k — 1)h) .

ug(z, kh) = A
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The following identity is a discrete version of integration by parts in (0, 7).

RS W) F(F) = e(n)f(n) — e(0)f(0) — b S filk+ (k). (T138)
k=1 k=0

Here f and e are mappings from {0, 1,...,n} to R. Now choose ¢ to be hn(z,t) €

C>®(E x [0,T)). Sum over k from 1 to n and use the identity (I1.3.8) to obtain

—h y u(z, kh)ng(x, (k + 1)h)dx — | uen(z,0)dx
S REE fore

E

+ hZ/ Dnwu(x, kh)Dn(z, kh)dx =0
k=17F

If we denote by (F'),(x,t) a function that equals F(z, kh) in the interval [kh, (k+
1)h). Note (Inw), = In(u), and (DIlnw), = D(lnu), = Dln(u),. Then the

above equality can be rewritten as

T T

- / / (W) () (- E+h) dazdlt— / won(, h) dz+ / / D n(w)n D(n)n dudt = 0.

o JE E n JE

(IL3.9)

As n — 0o, D(n), and (nz), will converge to Dn and #; uniformly in Er.

In order to pass to the limit, we need to identify the weak convergence of (u),,
and D In(u),.

First of all, we find a uniform bound for ||DIn(u),||2. Use ¢ = h(lnwu(-, kh) —

g(+,kh)) in (I1.3.7) and sum over k from 1 to n to obtain

hZ/ \Dlnu(x,kh)|2dx:h2/ DInu(z, kh)Dg(x, kh) dz:
k=1"F k=1"F
+hy / ug(x, kh) In g(z, kh) dz
k=1"E

= / ug(x, kh) Inu(z, kh) dx
k=1"E

=0+ I+
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The first integral is estimated by Young’s inequality as
I <= / |DInu(z, kh)\de+ / |D1ng(z, kh)|? da.
The second integral is estimated by using the identity (II.3.8). Then
I = /E u(z,nh)Ing(z,nh)de — /Euo(x) Ing(z,0) dx
—hZ/ In ¢)z(z, (k + 1)h)u(x, kh) dz.

Finally

Iy = /E o () In g () d — / w(z, nh) Inu(z, nh) d

E

+hZ/ (Inw)g(z, (k 4+ 1)h)u(z, kh) dz.
We estimate the last term using the elementary inequality

In(zx+1) <z, Ve>-1.

In fact,

n—1

hgo/E (Inw)z(x, (k + 1)h)u(z, kh) dx

= "2 u(x, kh)(Inwu(z, (k + 1)h) — lnu(z, kh)) dx
k=0"F

ST [ oty (M DB .

AL (st 1)
— u(z, (k+ 1)h)

/ (u(z, (k + D)h) — u(w, kh)] dz

S|

1
0

_ /E u(z,nh) dz — /E o () da.

k
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Thus, collecting all of these we have

h 2
5Z/E|Dlnu(x,m| dzx
k=1
< hzn:/ |D1ng(z, kh)|? dx
— 2 E )
k=1
+/ u(x,nh)In g(x,nh) d:rf/ Uo(x) Ing(x,0) dx
E E
-hy / (In ¢)#(x, kh)u(z, kh) dz
k=1"F
—|—/ Uo () Inu, () dx—/ u(x,nh) Inu(z,nh)dx
B E

+/Eu(x,nh)da:—/Euo($)d$~

By our assumption that Ing € W11(0,7; LY (E)), Ing(-,t) € L*(E) forall 0 < t <
T. Hence the second and the third integrals on the right-hand side are bounded
by A(]|Ing(-,0M)||1 + ||Ing(-,77)||1). The first and fourth integrals on the right-
hand side are bounded in view of the assumption on the extension of In g. The last
four integrals on the right-hand side are easily seen to be bounded by a constant
depending on {A, |E|}.

Hence

D In(u)pll2 < C (11.3.10)

for some constant independent of 4 and dependent on

{IDImgll2, [(ng)ells, A, [E], [Ing(-,07)]1, [[ng(-, T7)ll}
The estimate (I1.3.10) implies
1D sz < C.

Here C'is independent of § and depending on

{IDInglla, [(ng)ells, A, [E], [[Ing(,07) 1, [Ing(-, T7)l1}-
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Since we know ||DInus — D(In g)s||2 is uniformly bounded in L?(0,T; W12(E)),
the imbedding theorem implies Inus — (Ing)s is uniformly bounded in L?(E7).

Thus Inus is uniformly bounded in L?(E7) by a constant depending only on

{[Dngllz, [(ng)ells, gz, A, [E], [Ing(,07)]1, [[ng(, T7)l}-

Thus we have shown that the following quantities are bounded by quantities

independent of 4.

[(@nlloo;  IT(w)nll2; D (w)n]l2.

By using the boundedness of the last quantity we show

Lemma I1.3.1. The discrete function (u), constructed in the proof of Theorem

I1.3.1 converges to some u in L*(Ep_p,) for any 0 < hy <T.

Proof. Let W~12(E) be the dual space of W}2(E). Then any f € L*(E)

can be seen as an element in W~12(E) in the sense that

[f, 0] = (f, )

Here [+, -] means the pairing of W~12(E) and W}?(E) and (-,-) means the inner

product in L?(E). The norm in W~12(E) is defined as

| fllw-12(8) = sup  [f, ¢l
H‘P”WI,Z(E)Sl

Hence ||fllw-12(5)y < [[fll2- Let (u)n,n be the Steklov average of (u),. For h
fixed, {(u)n 5} is precompact in C(0,7 —h; L?(E)). Indeed, by the general Ascoli-
Arzela’s theorem (p291, [4]), we only need to verify (w), (-, ) is equibounded in
L*(E) for any fixed t € (0,7 — h) and (u),n(-,t) is equicontinuous at ¢ in the
topology of L?(E). All of them are clear since (u),, is uniformly bounded by A.
Then {(u)n,s} is precompact in L?*(0,7 — h; W=12(E)) automatically. Next

we show (u)nn, — (u), in L2(0,T — h; W—12(E)) uniformly in n. Indeed, from
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the equation (I1.3.7), we have
[u(, kh) = u(, (k= Dh)lw-12m) < hl[DInu(:, k)2,

For an integer [, let s = (I 4+ 1)h. Summing over k from j, + 1 to j, + | we obtain

Jo+l
[u(, Go + Dh) = ul-, joh) w125y < Y BIDInu(-, kh)ll2
k=jo+1

o+l 1
§s;( Z h||Dlnu(-,kh)||§> .

k=j0+1

Then taking power 2 and multiplying by h at both sides and summing over j,

from 0 to n — [ we obtain

n—l1

3 blut, Goh + 8) = ul, joh + W) [fy-12(m)

Jo=0
n—l Joh+s

<s Z h/ / |DIn(u),|? dedt
jo=0 Jdoh E

< sT// |D1n(u),|? dzdt.
Er

This gives
H(U)n($,t + 8) - (u)n(xvt)H%z(O,Tfs;W*Lz(E)) = O(S) —0 ass—0

uniformly in n. Thus an application of the triangle inequality yields that {(u),}
is precompact in L?(0,T — hy; W~12(E)) for any 0 < hy < T.
In order to show {(u),} is precompact in L?(Er_p,), we show that for any

€ > 0 there is a constant C¢ depending only on ¢ such that
[0l L2 () < ellvllwrz(my + Cellvllw 12 for all v e WH(E).
Suppose this is false, then there exist €, > 0, C; — oo and v; € W12(E) such that
[villL2(m) 2 €ollvillwrz(zy + Cillvillw-1.2(x).-
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Let w; = vi/[|vil|lw1.2(g) then we have

Hwi”Lz(E) > Eo-i-CiniHW—la(E). (11311)

Since the left-hand side is bounded independent of i, we get ||w;|[w-1.2(g) — 0.
However the boundedness of w; in W12(E) and the Compact Imbedding Theorem
imply that w; converges to some w in L?(E), and hence in W~%2(E). This forces
w = 0. Thus we reach a contradiction in (II.3.11).

Since {(u),} is precompact in L?(0,T — hy; W—12(E)), it is totally bounded.
See Proposition 17.6 on p48 of [4]. That means for any § > 0 we have a finite set

{(u)n, } C {(u)n} such that for any (u), there is (u),, satisfying

L2(0,T—hy;W-1.2(E)) < 0.

This joint with the previous interpolation inequality yield that

[(@Wn = (Wn;llL2(r ) < l@n = (@l 220,0- R w1 2(8))

+ Cel|(u)n — (u)n,

L2(0,T—hy;W-12(E))

<eM + C6.

Here M is the uniform bound of {(u),} in L?(0,T; W%(E)). Choosing € and §
appropriately we find {(u),} is totally bounded in L?(0,T — hy; W12(E)). Hence
the proof is concluded by Proposition 17.6 on p48 of [4]. [ |

By the boundedness of ||D1n(u)y]|2, there is a vector @ with each component

in L?(E7) such that

DlIn(u), —a@ weakly in L?(Er).

Noting In(u),, is uniformly bounded by a constant depending on § and A and
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In(u), = Inu a.e. in Er, we have by the Dominated Convergence Theorem
In(u), = Inu in L*(Er).

Thus @ = DInwu.

Using these, we can pass to the limit in (I1.3.9) to obtain

—// uny —/ uen(z,0) dx +/ D1InuDndzdt = 0.
Er E Er

Next, we show Inu takes In g as its trace on OF. To this end, we consider the

trace inequality (IL.1.5). A time integration over (0,7) yields that
In(g)n —Inu|2s, < Cln(u), —Inul2.g, -0 asn — oo.

Here C depends on the uniform bound of In(u), in L?(0,T;WY2(E)). On the
other hand,

In(g), = Ing ae. in OF

and in view of the assumption § < g < A and the dominated convergence theorem,

we have for any 1 < p < oo
In(g), = Ing in LP(S7).

Then an application of the triangle inequality yields Inu =Ing on St.

11.3.1.2 When § — 0.

Now let us consider the case when ¢ vanishes somewhere on the boundary. By our
assumptions, In g admits an extension to Ep, which we still denote as In g, such
that

Ing € L*(0,T; W-(E)) nwWhi(0,T; L' (E)).

We take the truncations (u,)s = max{u,, 6} and (Ing)s = Inmax{g, ¢}, then

(Ing)s is in the same functional spaces as above. By our previous argument, (u,)s
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and (In g)s generate a solution u’ and it satisfies

—// umt—/(uo)gn(x,()) dx—i—/ DInusDndxdt =0
Er E Er

for all n € C°(E x [0,T)).

Note also us, < ug, if §1 < d2. Indeed, let (u)s, . and (u)s,n be the ap-
proximating solutions corresponding to the initial-boundary data truncated by &1
and J- respectively. Since a comparison principle holds for the elliptic equation
(IL.1.1), we have for any fixed n, (u)s; n < (U)s,,n in Ep. Then letting n — oo
yields us, < us,.

Suppose the limit of us is w and then lnus — Inwu a.e. in Ep. As we
have pointed out earlier, since D Inus is uniformly bounded in L?(E7), we know
Inus — (Ing)s is uniformly bounded in L?(0,T; W-*(E)). Thus Inus is uniformly
bounded in L?(Er). From the uniform boundedness of Inus in L?(0,T; W12(E)),
we can extract a sub-sequence and a vector @ with all components in L?(E7) such

that

Dlnus — @ weakly in L?(Er).

On the other hand, by the Dominated Convergence Theorem Ilnuss — Inwu in
L?(Er). Hence @ = DInu.

Finally, Inu(-, t) takes trace Ing(-,t) and this is proved in a similar fashion as
in the case of ug.

Now we consider the trace inequality (I1.1.5) applied to Inw(-,t) — Inus(-, t).

A time integration over (0,7 yields that
lng)s —Inul2.s, <Cllnus —Inul2 g, -0 asn — .

Here C depends on the uniform bound of Inus in L?(0,7; W12(E)). On the other

hand, the dominated convergence theorem yields

(Ing)s —Ing in L?*(St).
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Then an application of the triangle inequality yields Inu =Ing on St.

11.3.1.3 Locally Smooth Solutions with Semi-convexity in ¢

Now we consider the case when g(-,t)/t is decreasing. It implies a discrete version
of the semi-convexity inequality (I1.3.3); for any 0 <k <n—1

u(z, (k+1)h) < u(z, kh)

1 3 Vx € E.

This can be proved using induction. See the proof of Lemma 6.1 in [6]. Now, we
use (II.1.11) with
1 1
A= 7 and f= Eu(y, (k—1)h)

to conclude that for any compact subset K of E there is a constant C (N, dist(K, OF))

such that

Inu(z, kh) > —C /aE |Ing(x, kh)| do — %/EG(:E,y)[u(y, kh) —u(y, (k—1)h)] dy

for all x € K. Multiplying both sides by h and summing over k from a positive

integer j, to j1 < n we obtain

J1 J1
hy " Inu(z,kh) > —Cih Y /8E|lng(x,kh)| do
k=jo

k=jo

- /E G, y)[u(y, juh) — uly, (o — 1)) dy

T
Z—Cl/ / |In g|dodt — Cy
o JoE

where Cy depends on {N, diam(FE), A} and A is the uniform bound of (u),.

On the other hand, the discrete semi-convexity inequality implies that for any
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0<jo<ji<n

jl jl u(x7kh)
h> Inu(a,kh) =hy In === +Ink

k=jo k=jo

) In u(m,.joh)

< h(ji—Jo+1 +h(j1 = Jo+1)Inj

T ln U(I’]Oh)

Jo

S —|—T1H]1

Combining these estimates yields for any 0 < j, < j1 < n

. e Cy 1 Jo
Inu(x, joh 2——/ / Ing|dodt — — + In =—.
( ) T/, aEI | T i

Since this estimate is independent of n, we conclude, for any compact subset

K X [t1,ts], there is a constant C' depending on
{lImglli,0Ex0,1), T, diam(E), dist(K,0F), t1, ta, A}
such that the discrete step function
(w)n(x,t) > e ¢ V(z,t) € K X [t1,1a].
The rest of the proof follows easily. [ |

11.3.2 Proof Theorem 11.3.2
I1.3.2.1 When Ing € LY(OF x (0,T)).

Assume momentarily u,,g > § and denote a pointwise approximation of g by

ge € C°(OFE x (0,T)) and
6/2 < ge < 2A = 2max{]|uo| o, [|gl[oc }-
Let u. be the corresponding classical solution such that

0/2 <wue <2A
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and it satisfies (11.3.5) with w replaced by w.. Since {u.} is uniformly bounded
above and below, and hence equicontinuous in the interior, there is a function u

and a sub-sequence such that

0/2 <u < 2A;

U —u  a.e. in Ep.

Thus we can pass to the limit in the integral identity to obtain u as a solution.
For the general case, we use gs to denote the truncation from below of g by 4.
Then there is a corresponding solution us and it is decreasing to some function u

as 6 — 0. Since we have a uniform bound

I usl)y < 7llnglls, s + (N, diam(E), A),

we can pass to the limit in the corresponding integral identity and obtain u as a

solution. ]

11.3.3 Failure of Constructive Approximations

The bound from below in the above proof hinges upon the L'(9E x (0,T)) norm
of Ing. It is natural to ask what happens if In g is not in L*(0F x (0,t,)) for some
to < T. Let g be a smooth function on St and u, . is a nonnegative bounded

function in E. Let us consider a family of solutions to

Ut —Alnu. =0 in Ep;
Inu. =Ing. on dE x (0,7T); (I1.3.12)

Ue(+,0) = Uge.

)

We will see in the following proposition that this sequence of approximating prob-
lems does not give any meaningful solution when ¢ > ¢, as the limit function will

always be zero in the interior for ¢ > ¢,.

Proposition I1.3.1. Suppose u. is a decreasing sequence of C?(E x (0,T)) solu-
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tions to (I1.3.12). Assume u, is uniformly bounded by M and satisfies the semi-

convezity inequality (11.3.3). If there is a 0 < t, < T such that

to
lim / |1n g (y,t)| dodt = oo,
0 JoE

e—0
then the limit function u(x,t) =0 for all (z,t) € E X [t,,T).

Proof. Fix z, € E; it suffices to show u(z,,7) = 0 for all 7 > ¢,. By the

Poisson’s representation formula

lnue(xo,t):/a Inge(y,t)P(xo,y) da—/ G(xo,y)ues(y, t) dy.
E E

Integrate this formula in dt over (0,7) for 7 > ¢, to obtain

/ I, (0, 1) dt = / / 109 (y, )P (20, y) dodt — / / G (o y)ucs (9, 1) dy
0 0 oOF 0 E
< / / 1 g (. £) P(20, ) dodt + / G (o, y)to (y) dy.
0 oFE E

The left-hand side is estimated by using the semi-convexity inequality (I1.3.3),

T T . O’t T
/ Inue(zo, t) dt = / lnmdtJr/ Intdt
0 0 t 0

> rInwuc(z,,7) —TlnT—|—/ Intdt.
0

namely,

Thus

Inue(z,,T) g][ / Ing(y,t)P(xo,y) dodt + C(N, 7, M, diam(E)).
o JoE

From this we conclude that u(z,,7) =0 for all 7 > ¢,. [ |

Remark I1.3.1. When g. = € and N = 1 Proposition 11.3.1 has been reported in
[18]. However, we have given a more general criterion for all dimensions and a

TigoTOUS Proof.
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11.3.4 Locally Continuous Solutions with Quenching Times

In this section, we present a construction of continuous solutions that is not cov-
ered by the previous section. Continue to assume OF is smooth. Consider the

function

B n(t)
St = G Coata)

where ¢ is the positive solution to the first eigenvalue problem of —A in F with

eigenvalue A\; and 7 is a nonnegative absolutely continuous function satisfying
T
[7'(t)| < M and / |Inn(t)|? dt < oo.
0

For example, n(t) = (1 — t)? will satisfy the above conditions.
Note that —A¢ = A1¢ > 0 and by Hopf’s lemma |D¢(x)| > —D¢(z)-v(x) > 0
in OF for any « € OE. See Proposition 5.1 on p.53 of [3]. Thus there is § > 0

such that A\;¢% + |D@|? > 6 in E. A direct calculation yields

S, —AlnS = m :(01 + Codp) (1 (£) — M Cagp) — C§|D¢I2]
< G| (€ + et — MiCas) - Do
< G | MO+ Ca) = MC1Ca0 - CHOG? + Do)
< m :M(Cl + Ca¢) — M C1Co¢ — 0225} .

Now the right-hand side is easily seen to be non-positive if Cy is large enough.

More precisely,

o Ml¢lloc + VM| I3 +46MCy

C 26

Let C, > 0 and functions 1 and ¢ be as above. Consider another function

Uz, t) = Con(t)(1 + ¢(z)) in Er.
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A similar calculation yields

Uy — AU = Con/ (1)1 + ¢) + (1 + ¢) [\ (1 + ¢)¢ + | Do’

> (1+¢) ?[~CoM(1+ ¢)* + Mo(1+ ¢) + | Do|*].

Thus, in order to guarantee U to be a super-solution we only need to choose C,

such that

€ < it 1L+ &) + DY

VI e (11.3.13)

or

0
Co< ——7 3
M1+ [4]lo0)?

Typically 7 is a nonnegative function, which might be zero at discrete points such
that Inn € L%(0,7). In such a case, it is worth noting that U, S, InU, InS €
L?(0,T;W12(E)) and the boundary trace of U(-,t) and S(-,t) can be taken for
every t, while the boundary trace of In S(-,¢) and InU(-,t) can be taken almost
everywhere except on the set [r(t) = 0].

Recall that Cf is still left to be chosen. We choose C, first according to (I1.3.13)
and then choose C; so that C;C, > 1. With the aid of the sub-solution S and the

super-solution U we are able to establish the following theorem.

Theorem IL.3.3. Let u,(z) =0 in E and Ing(z,t) € L2(0,T; W22(OE)) satisfy

n(t)

1

Con(t) > g(x,t) > in OF x (0,T).

Then there is a unique nonnegative, bounded, locally continuous solution u to
(I1.3.1) such that

S<u<U inErp.

Proof. The construction of the unique solution is in Theorem II1.3.1. In
addition, since S(z,t) < u(z,t) < U(zx,t) for (x,t) € OF7, this is true in Er by
the comparison principle. If n(t,) = 0 for some 0 < t, < T, then u will be forced

to tend to zero continuously with the same rate. [ ]
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I1.4 Uniqueness of Solutions to (II.3.1)

In this section we list some basic facts about uniqueness and comparison principles

which are satisfied by solutions to (IL.3.1).

Proposition I1.4.1. Let u and v be two bounded weak solutions to (11.3.1) in the
sense of (11.3.2) with the same boundary and initial datum. Then v = v a.e. in

E x (0,T).

Proof. Take the difference of the weak formulations for u and v; we obtain

/ / [ — (u—=v)n-(z,7) + D(Inu — Inv)Dy] dzdr = 0
0o JE

for all
n € WHH0,T; LY(E)) N L*(0,T; W, 2 (E)).
Now take
t
/ (Inu(z,s) —Inv(z,s))ds, 0< 1<t
n(x,7) = T
0, T >1t.

It is straightforward to verify this function is an admissible test function. Then

/Ot/E(u—v)(lnu—lnv)dxdT-i—;/E

t 2
/ D(lnu —Inv)ds| dz =0
0

Thus
¢
//(u—v)(lnu—lnv)dade:O
0o JE

and u = v a.e. in Ep. |

Proposition I1.4.2. Let u be a super-solution and v be sub-solution to (I11.3.1).

If u>wv on O, Er and v, us € LY (Er), then u > v a.e. in Er.

Proof. Let S,(-) be an approximation to the Heaviside function. Namely,

Sn(c) equals 0 when ¢ < 0 and 1 when ¢ > % and it is linear when 0 < ¢ < %
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Take Sp,((Inv —Inwu),) as a test function then

//E (v — )i S ((Inv — Inu), ) dedt

= —/ S (Inv —Inw) ) |D(Inv — Inw)y|? dedt < 0.
Ey

Then letting n — oo we have for any 0 <t < T

/ (v—u)t(-t)dz <0.
E

I1.5 Nonexistence of Solutions for the Parabolic Equation

We call u a local weak solution of the logarithmic diffusion equation (I1.3.1) if

u € Cioc(0,T; LY, (E)), Inue LE (0,T;WHA(E));

loc loc ’

(I1.5.1)
ug — Alnu =0 weakly in Erp.

Then we have

Theorem I1.5.1. If g vanishes on an open subset of St, then there is no solution
to (I1.3.1) in the sense that (I11.5.1) is satisfied in the interior and the zero boundary

datum is taken in the sense of traces.

The proof hinges on the continuity of the solution at O and this is the content

of the following proposition.

Proposition I1.5.1. Let u be a nonnegative, bounded, local, weak solution to
(I1.5.1) in Ex. Assume there is an open subset O of the smooth boundary St. If
u vanishes in the sense of trace on O, then there exist constants v and a depending

only on N so that u satisfies
_% 1
lu(z, )] <(Je =yl + [[ull g, It — 5%)
for any (z,t) € Er and (y,s) € O.
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Local boundedness is enough to reach the same conclusion. The proof is a
boundary version adaption of the interior arguments in [11], where the interior
Holder continuity is proved for the porous medium type equations. The interior
Holder continuity of local weak solutions to the logarithmic diffusion equation
cannot be shown as in [11], and the main difficulty is generated by working with
the truncated function (v — k)_. In order to derive a DeGiorgi-type lemma for
(u — k)_ we have to assume a proper extra integrability of Inw; see [8] for such
a lemma and see how it fails in the remark following Lemma I1.6.1 in Section
I1.6. However, the situation for our current case is much simpler. First of all, the
zero boundary trace allows us to circumvent working with (v — k)_. Also, the
local logarithmic estimates are avoided since we assume the boundary satisfies the
property of positive geometric density. The complete proof will be reported in the
next section.

Proof of Theorem I1.5.1 Assuming Proposition I1.5.1. Assume without loss
of generality that O = I"x (¢, t3) where I is a open subset of OF. Let ¢ € C2°(Er)
and K.(x,t) be a mollifying kernel. Let ¢, be the space-time convolution of ¢
with K. In the weak formulation of the local weak solutions to (IL.5.1) we take

e as a test function. Then we have
Uer — A(lnu)e =0 in Ep.
Define an interior region in F as
Es ={z € E: dist(z,0F) > §} for some ¢ > 0.
Moreover, define
0Es50 ={a—0v: a €T, vis the outer normal at a}.
Note that, by Proposition I1.5.1, for any (y,t) € OEESZ
u(y,t) < 0.
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Continue to denote by P the Poisson kernel and G the Green function for Ej.
By Poisson’s representation formula and a time integration over (71,72) C (¢1,t2)

yield that for any « € Ej5, with 6; > 6

[ wmodend= [ [ Papmo.odd- [ [ G
= /T /mo P(z,y)(Inu)(y,t) dodt + C(N, diam(E), |ul/s)

< In(ydY) |2 — 71| + C(N, diam(E), ||u|lo)-
Here we have used the fact that

/ P(z,y)do and / G(z,y) dy
8E5 Eé

are bounded by a constant independent of J.

Since the right-hand side is independent of €, we have for a.e. z € Ej,

/ Inwu(z,t) dt <In(ydY)|me — 11| + C(N, diam(E), ||u(-, 7)||oo)

T1

— —00 asd— 0.

As a result, for any x € Es, and arbitrary (71, 72) C (t1,t2)

T2
/ Inu(zx,t)dt = —oc.

T1

Hence v = 0 a.e. in E X (t1,t2). [ |

As in the elliptic case, the main ingredients of the proof are the continuity at
the portion of the boundary where v = 0 and a mollification of the PDE, which
allows us to apply Poisson’s representation in Es. A similar nonexistence result
actually holds for distributional solutions if we know apriori that u takes zero

boundary value uniformly continuously. A distributional solution is defined as

u, nu € Li,.(Er); (IL5.2)

ug — Alnu =0 distributionally in FEr.
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Proposition I1.5.2. Ifu is a nonnegative, locally bounded, distributional solution
to (IL.5.1) such that it takes zero boundary datum at O uniformly continuously.

Then w =0 a.e. in E x (t1,t2).

I1.6 Proof of Proposition 11.5.1

11.6.1 An Energy Estimate

Let u be a local solution to (I1.5.1). The logarithmic diffusion equation satisfies the
notion of parabolicity defined in [5] and [11]. Thus, (u— k)4 is a local sub-solution

to the logarithmic diffusion equation in the sense that

Zu—k +{ Dypdx < 0
/Kat( ).k " ) ®

for any ¢ € W12(K) and any compact set K C E. Here, we have used Steklov
averages. See [5] for such a notion and its basic properties.

If we know u(-,t) € Wi)f(E U Oy), then since [...]p is always in L2 (E U O),
the above integral inequality holds for any ¢ € W12(Q2) and any compact set
QAx{t} CEUO,.

Let us assume (y, s) € O and consider the cylinder (y, s) + Q,(6) def K,(y) x
(s — 0p?, 5] with 0,p > 0 so small that {[y + Ka,] NOE} x (s — 0(2p)?,s] C O.

By a translation we may assume (y,s) coincides with (0,0). We may obtain an

energy estimate by taking the test function

¥Ph = (u - k)-‘r,hc:zv

in the weak formulation of (II.3.1) and integrating over Q,(¢) and then letting
h — 0. Such a choice of test function is admissible since for a.e. t € (—6p2,0]
we know & — ((,t) vanishes on the boundary of K, but not on the boundary of

K,NE, and for any k > 0

(u—k)4(-,t) =0 in the sense of trace on 0K, N E.
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Thus

(u(-,t) — k)4 C2(, 1) € WE2(K, N E). (IL6.1)
With such a choice of k we can establish the following energy estimate near Sr.

Proposition I1.6.1. Let u be a nonnegative, local, weak solution to (I1.3.1) in
Qp(0) and ¢ is a cutoff function vanishing on the parabolic boundary of Q,(6).
There exists a constant v depending only on N such that for every (y,s) € O, for
every cylinder (y,s) + Q(0, p) such that s — 0p* > 0 and every level k > 0, the
following inequality holds:

ess sup / (u—k)2CP(x,t) da
[y+Kp]ﬁE

s—0p2<t<s

+ // u HD(u — k)4 [2¢* dadt
[(y,8)+Q,(O)INET
</ (u— k)2CIG] dadt
[(y7S)+Qp(0)]mET

+ // u™t(u— k)% |D¢J? dadt.
((y,8)+Qp(ONET

(11.6.2)

11.6.2 Proof of the Proposition
For a cylinder Q2,(6) def K>, x (—0(2p)?,0] and a point (y,s) € O we define

+ = ess sup u.
[(y,8)+Q2,(0)]NET

Since we always have

essinf u=20
[(y,8)+Q2,(0)INET

the essential oscillation w over the cylinder Q2,(6) satisfies w = p4. Let  and a

be constants in (0, 1).

Lemma II1.6.1. Let u be a nonnegative, locally bounded, local, weak solution to
(I1.3.1) in Er. There exists a positive number v, depending on w, 6, &, a and N

such that if

[u= py =&l N [(y; 8) + Qap(0)] N Er| < v[Q2,(0) N Exl,
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then

u<pyp —alw ae in[(y,s)+Q,(0)] N ET.

Proof. Assume without loss of generality that (y,s) = (0,0) and for n =
0,1,....Set

e B Kam K Qum Ko o0

Apply (11.6.2) over K,, and @Q,, to (u — ky)4, for the levels

1—a
2’I’L

kn = py —&Euw  where &, = aé + £.

The cutoff function ((z,t) takes value 1 on @41 and vanishes on the parabolic

boundary of @,, such that

n+1 92(n+1)
and |¢y < T

2
D¢ <
Then (I1.6.2) gives

ess sup / (u—kn)3 (% (z,) dm—l—// u”HD(u — ky,)C]|? dedt
K,.NE

—0,,,p%<t<0 QnNET

< 22n(g )2// < 1 +1> dadt
—(Ew —— 4+ = | X T
=7 p? ner \(I=8w 0 K>k

2n 1

< 7%(€w)2m <1 + c;) |[w> kn] N Qn N Er.

The second integral on the left hand side is estimated by

// u D (u — ky) 1)) dadt > W™t // |D[(u — kpn)4C]|? dadt.
QnNET wNEp

Setting

| An|
Ap=[u>k]NQnNEr and Y, = 2
[ ] Q ’ |Qnrij|
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then

ess sup / (u—kn)3 P (z,t)do +w™ // |D(u — k) ]| dadt
—0np2 <t<0JK,NE nNET

22n 1 w
< Wﬁ(fw)zm (1 + 9) |Ap|.

An application of the parabolic embedding (Chap. 1, [5]) yields

1 o 2
<2n+?) (€w)?| Ay < //Q . (u— kn)f_ dxdt
<// [(u—k +C] dacdt) |An, |N+2
nNET
<7( I |D[<u—kn>+<1|2dxdt)

3 )
x( ess sup / [(u—k,L)JrC]Q(m,t)dx) |A,| 7+
K

—0p2 <t<0

for a constant v depending only on N. This joint with the previous estimate gives

—2

72471 W
Al € o g (145 )Ml

In terms of Y,, this can be rewritten as

y24n 1+ 0wt yit s
1—a)2(1=¢) (gu-1)~r=

Yop1 < (

Thus using Lemma 4.1 on p12 of [5] we conclude that Y;, — 0 provided

_ 1A {<1a>2(15>]2 ()% def
o ‘QoﬂET| — V4N+2 (1+0w71)N2+2 "

Since O is smooth, there is a constant 8 such that

Hzx €y + K, NE:u(xt) >0} <|K,NE|<(1-p)K,| (11.6.3)
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for all

s — 9p2 <t<s.
Lemma I1.6.2. Let § = w. For every v € (0,1) there exists a positive integer q
depending on v and N such that

[u> s — =10 [, 5) + Q,p(0)] N Ex| < v]Q2,(6) N Er.

2‘1]

Proof. Assume (y,s) = (0,0) and set Q = Q,(0) and Q" = Q2,(), and use

the energy estimate for the functions

(u—Fk;);+  where k:j:u+f% for j7=1,...,q,

over the pair of cylinders @ and Q’. The cutoff function ¢ is taken to be one on

Q), vanishing on the parabolic boundary of Q' such that

1 2
|ID¢| < - and OSQSG—Q, 0=w.
P P
Then the energy estimate (I1.6.2) gives
_ w fw)\?
wl/LE|D@QMQMﬁ§7p2(m)(% (I1.6.4)
NET

Now apply the discrete isoperimetric inequality (see p5, [5]) to the function x —
u(z,t), for —0p® < t < 0, over the cube K,, for the levels k; and k;4;. Taking
into account (I1.6.3) this gives

W

WHU('J) > kjt] N K, N E]|

ypN T

B HU('J) < kj} NK,N ET| [kj<u(-,t)<kj1]NK,NE

1
<3(/ Dt 1) de
p [k <u(t)<kj+1]NK,

X |([u(-t) > ki) = [u(-,t) > kj]) N K, N E|*.

|Du| dx
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Set
0

|Aj|=|[u>kjmcszT|=/ [u(st) > kj] A K, A | dt

—0p2?

and integrate the above estimate in t over the interval (—6p?,0). We have

W

v 2 1
sl < 2o [ Dt k). Pasit) (4,1~ 140
Nkt

This together with (11.6.4) gives

”
A f? < 72 QI14 [ = [4j4]).

Add these from j =1 to j = g — 1; we have

q
Y
gl Ag> < 1A < @\QP-

j=0
From this
v
[4q] < ﬁIQ\-
Now, we can choose ¢ from
NN
Vap

|
Next we choose v as in the Lemma I1.6.1 and note v depends only on N since

we choose § = w. Then fix ¢ as in the Lemma I1.6.2 and

1 1
E=— and a=-
24 2

then we have

w 1 .
ug,u_,_—ﬁ: (1—2q+1>w in (y,s) + Q,(0) N Er.

51



This quantitative bound yields

1
€ss 0sc U = ess sup u < <1 — H)w.
(4,8)+Q,(0)NEr (1,5)+Q, (O)NEr 29

We conclude by using a standard induction argument based on the above recursive

inequality. See p45, [5].
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CHAPTER III

ON THE LOCAL BEHAVIOR OF SOLUTIONS TO THE
PARABOLIC PROBLEM

Recall we have defined u as a local weak solution to the logarithmic diffusion

equation (I1.3.1) if

u € Cioc (0, T5 LE(E)), Inue LE (0, T; W,L2(E));
(IIL.0.1)

Uy —Alnu =0 weakly in Frp.

IIT.1 Local Continuity of (III.0.1)

Set
um
for 0 < |m| < 1;
m
Wy =
Inu for m =0,

then (II1.0.1) can be viewed as the formal limit, as |m| — 0, of non-negative

solutions to the family of porous medium equations

w € Cloc (0, T; LYo (E)),  wm € LE(0, T W52 (E))

loc

(PDE),,
uy — Aw,, =0 weakly in Ep, 0<|m|<1.

When m > 0, it is well-known that a nonnegative, locally bounded, local weak
solution to (PDE),;, is locally Hélder continuous for all 0 < m < 1 and the modulus
of continuity w(-) over a compact subset K of Er is estimated by the bound of
the local solution on K and the distance of K to 0,Er. See [11]. Nevertheless,
this need not be true for the logarithmic diffusion equation, even though it is a
formal limit of the porous medium equation as m — 0. The main technical reason
lies in that it is not known how to establish a DeGiorgi-type lemma for (u — k)_,

without assuming sufficient integrability of Inw. Lemma I1.6.1 is a boundary
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version DeGiorgi-type lemma for (u — k).
To see the failure of such a local continuity estimate, let us consider (11.3.1)

with the initial datum u, = 1 and the boundary datum

1, 0<t<1;
1
ge(z,t) =9 —=(t—1)+1, 1<t<lte—e (IT1.1.1)
€
€, t>1+e—€

We can further use a mollification to generate a smooth decreasing g. that equals
one whent < 1 and e when t > 14+-€e—€?. By Theorem I1.5.1, this generates a family
of smooth solutions u, that satisfy the semi-convexity inequality (I1.3.3). By the
maximum principle, the sequence of solutions u. decreases to a function u. If the
modulus of continuity of u. over a compact subset K of Ep could be estimated
only in term of the uniform bound and the distance of K to 0,Er, then u should
be a continuous function in the interior by Arzela-Ascoli’s theorem. However,
we clearly have v = 0 when ¢ > 1 by Proposition I1.3.1 and, by the maximum
principle, u > 1 when 0 < ¢ < 1. A contradiction. Thus, such a local continuity
estimate can never be attained. It would be interesting to see an explicit solution
that shows the local continuity fails irrespective of possible boundary data. A
construction is claimed in [21]. However, the heart of the matter, the intended
notion of solutions, is not clear and the topology is not identified by which the

limit process takes place in the construction.

Remark II1.1.1. In general, we do not have a DeGiorgi-type lemma that states

there is a constant v_ depending only on given data, such that, if

[u < &l N [(y, 5) + Q2 (0)]] < v-|Q2p(0)], (T1.1.2)

then

u>aéw a.e in[(y,s)+ Q,(0)].

Indeed, let us consider the sequence of solutions u® constructed after Proposition

54



I1.3.1. Fiz a = fw =0 = 3 and choose (y,s) € E x (1,T) such that

(y,s) +Q2,(0) C Er

and

[y, 5) + Qap(D)] N[E x (1, T)]| < v |Q2,(0)].

By Proposition 11.3.1 and the discussion that followed, u® will satisfy (I11.1.2),

while at the same time the intended conclusion
W2y i (ys) +Q00)
does not hold as
u® =0 uniformly in [(y,s) + Q,(0)] N E x (1,T).

I11.2 A Harnack-type Inequality

For the porous medium equation (PDE),, it is known that the classical Harnack’s
inequality does not hold when

(N-2).

0 <
<m < N

See [11] for details. However such a principle could present a different form. Our
result ([8]) gives a partial answer in this direction for all |m| < 1. We present here
the case m = 0.

For p > 0 let K, be the cube of center the origin on RY and edge p and for
y € RN let K,(y) denote the homothetic cube centered at y. For positive p and

0 set

Q, (0) = K, x (—0p%,0], Q;‘(G) =K, x (0,0p"]
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and for (y,s) € RN xR

(y:8) + @, (0) = K,(y) x (s — 0p* 3]

(y,8) +QF (0) = K,(y) x (s,5+ 0p°].

Now let u be a non-negative, local, weak solution to (IL.3.1). Having fixed

(€o,t0) € Ep, and Ky4,(x,) C E, introduce the quantity

el e

where € € (0,1) is to be chosen, and ¢>1 is arbitrary. If 8, > 0 assume that

Q-

(xoa to) + Qgp(eo) = KSp(xo) X (to - 90(8p)2,t0} C Er

and set

g (ficy oy w10 t)d)”

(=)

S

where r > 1 satisfies

u€ Li,(E) for r>max{l; 3N}

ke
loc

Assume that w is locally bounded in Er and satisfies in addition

Inu e L, (0,T; LY (E)) for p>1. (II1.2.1)
Set .
sup u\ P P
To,to)+Qg, (0o
A= sup ][ In (o to)+s, (Oc) dx
to—00(8p)2<t<toJ Kg,(xo) u

Theorem II1.2.1. ([8]) Let u be a non-negative, locally bounded, local, weak
solution to (I11.0.1), satisfying (I11.2.1) with p > N + 2 and assume that 0, > 0.

There exist a constant € € (0,1), depending only on the parameters {N,p,r}, and
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a continuous, increasing function n — f(n,A,) defined in R* and vanishing at
n = 0, that can be quantitatively determined a priori only in terms of {N,p,r}

such that

nfu(,f)> f(n)  sp
Kap Ko, %x(—p260,,0]

forall te (—11—6190p2 , 0].

This is not a Harnack inequality per se since the f(n) depends on the solution.
However, it implies a spreading of positivity, from some region at time ¢ = 0,
backwards to a larger region over a period of time. From this we get continuity
as a byproduct by the classical theory [17]. However continuous solutions may
violate the condition (II1.2.1).

To see an example, we let A > 0. We can solve the following equation using

separation of variables.

uy — Alnu = 0;
u(z,t) =Xt on JF x (0,00);

u(z,0) = 0.

Indeed, u = At¢(x) is a solution where ¢ is the unique solution to

Ap — Aln ¢ = 0;
¢=1 onOF.

The unique solution u satisfies u € C®°(E,,) and Inu € L2 (R ; WY2(E)). Con-

loc

sider next the explicit solution

N
2N — 2)(=t)¥ 2
v= ( )(2)+ . A >0,t<0, N>3.

N+ (1) T 7 af?

Denote by w the patched function over ExR. One verifies that lnw € L (R; W2(E))
and w € C(R; L*(E)). Then w will be a continuous solution to (I1.3.1) across
t = 0, though w; is not continuous. Thus we have an explicit continuous solution

which violates our assumption for the Harnack-type inequality from [8], namely,
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Inu e L2 (R; L] (E)) for p > N +2. Accordingly, the conclusion of the Harnack-

type inequality fails since u(-,0) = 0. On the other hand, further regularity, C*

in time, may not be obtained if such an assumption is missing. See Section I11.4.

I11.3 The Limiting Process as m — 0

Using this Harnack-type inequality, we can make precise the topology in which
the porous medium equation tends to the (II1.0.1) as m goes to 0. See [9]. Indeed
the Harnack-type inequality gives a uniform lower bound. Together with an upper
bound estimate such a limiting process, mentioned above, would be guaranteed

by the classical parabolic theory.

Theorem II1.3.1. ([9]) Let {um, wn} be a family of non-negative, local, weak
solution to (PDE),, satisfying

um € L2 (0,T; L7, (E)) for some r > max{1; s N}

loc

Wy, € LS (0, T; LY (E))  for some p> N + 2

loc

uniformly in m. Assume moreover that there exists an open set E, C E and a

positive number og, .7 such that
/ U (-, T)dx > op,.r  uniformly in m.
E,

Then {um} is locally bounded above and below in Er, uniformly in m, and there
exists a sub-sequence {uy,} C {um}, converging, as |m’| — 0, to a local solution

u to (I11.0.1) in ET, in the sense

1o
{tum'} = u in Cp2%(Er)
{wm'} = Inu weakly in L2,(0,T; W2 (E))

(PDE),, —» (IIL0.1) in D'(Er).

The limit is identified as a local classical solution to (I11.0.1) in Ep.

Such a limiting process has been studied in [15] in the case of N = 1,2 for

Cauchy problems and in [14] for initial-boundary value problems. In all these
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cases the approach consists in prescribing suitable initial data or boundary data
which permits uniform bounds above and below. In contrast, our approach is

entirely local and independent of any initial or boundary data.

111.4 Spacial Analyticity

Despite the singular nature of (I11.0.1) a local solution is actually spatially analytic

provided the assumptions of the Harnack-type inequality is satisfied.

Theorem III.4.1. ([10])Let u be a non-negative, local, weak solution to (111.0.1),
satisfying the integrability conditions (II1.2.1), and assume 6, > 0. There exist
two parameters C and H, that have a polynomial dependence on f(n), [f(n)]~1,
N, such that for every N -dimensional multi-index o

| Du(x,,t,)] <

“u(Tos to)- (111.4.1)

Moreover, for every non-negative integer k

ok (0, 1,)] < CH?*(2k)!

—k
E p u(zo,to) k.

The above estimates can be recovered from the analogous ones for solutions to

(PDE),, whenever the limit is identified as in Theorem III.3.1.

I11.5 L}

i.c-type Harnack Inequality
The following weak form Harnack inequality is of independent interest.

Proposition ITI.5.1. ([10])Let u be a non-negative, local, weak solution to (I111.0.1)
satisfying in addition (II1.2.1) for some p > 2. There exists a positive con-
stant v depending only on {N,r,p} and A1 and As, such that for all cylinders
Ks,(y) x [s,t] C Er, there holds

t—s
sup / u(z,7)dx <~ inf / uw(z, )de + —— |, (II1.5.1)
s<T<EJ K, (y) ST Koy (y) P
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where

A=2-N. (ITL.5.2)

As usual the estimates above can be recovered from the analogous ones for
solutions to (PDE),, whenever the limit is identified as in Theorem IIL.3.1.

Tt is assumed (II1.2.1) holds for some p > 2. The constant v depends on N
and the L{°

loc

(0,T; LY (E)) norm of Inu.

loc

The failure of the L}

1o Harnack inequality, if such a requirement on Inwu is

not assumed, also follows from the example constructed in Section III.1. Indeed,
suppose the conclusion holds with a constant v depending only on N. Then
(IT1.5.1) is satisfied by u. which is constructed using the boundary datum (I111.1.1).

Fix p and take s =1 and ¢t =1+ o then

sup / ue(z, T)dx > / ue(z, de > |K,|.
s<T<t JK,(y) K,(y)

On the other hand, for any given § > 0, o can be chosen so small that

t—s

Now fix such a o; we can choose € so small that

inf Ue(z, 7)dr < / Ue(z, 1+ o)dz < 4.

S<T<t S Koy (y) Kap(y)

Thus, when p is fixed we have
|K,| <2v0 Vé>0.

A contradiction.

1I1.6 Geometry of the Set [u = 0]

We have seen in Section I1.3.4 that locally continuous solutions may have a set of

zeros in the interior of the form of a horizontal hyperplane K,(z,) x {t,}. This is
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permitted, roughly speaking, because we have less restriction in the time direction.
As we will see next, the geometry of an admissible set where u = 0 is much more
restricted along the t-axis.

Since we do not know a local weak solution to (II.5.1) is locally continuous,

the meaning of the set [u = 0] is ambiguous. Here we define

t+p

[u=0] def {(z,t) € Ep : lim
r—0 t—p

/ u(y, s) dyds = 0}.
Bp(m)

A point (x,t) is called a vanishing point, denoted as u(x,t) = 0, if the above limit

holds.

Proposition II1.6.1. Let u be a nonnegative, locally bounded, distributional so-
lution to (11.5.2). Then, for any x € E, the set V(x) = {t € (0,T) : u(z,t) =0}

cannot occupy a set of positive H'-measure.

Proof. We may assume that v < 1. Fix € E and suppose V(z) contains a
set of positive H'-measure. In the weak formulation of the distributional solutions
to (I1.5.2) we take @, as a test function where ¢ € CS°(Er) and ¢, is a smooth

mollification of ¢ in space and time. Then we have
Uy —A(lnu)e =0 in Ep.

Now, if B,(x) is a ball centered at x with radius p, Poisson’s representation and

a time integration over (71, 73) yield

/TTz(lnu)g(m)dt:/: /BBp(ac) P(z,y)(Inu)(y,t) dodt

1
T2 /
1 B,

—/ ( )G(x,y)ue,t(yyt) dydt
> [Tf .t dodt — |6l fut, )]
71 JOB,(x)

61



Integrate both sides in dp over (0, R); we obtain that

Tzlnuex, dt > b Inu)c(y,t) dyd
/ﬁ( )e(o,t)dt / ]im( )e(y,t) dydt
— G (@, )1 [Jul, 72) |l oo

This implies that

T2
limsup/ (—Inu)e(z,t)dt < hmlnf/ ][ (—Inu)c(y,t) dydt
T BR

e—0 1 e—0

+G (@, )lllul; 72)lloo-

Fatou’s lemma yields

e—0

T2 T2
/ liminf(—Inw)e(z,t) dt < limiglf/ (—Inu)e(x,t)dt
T: e T

1 1

If (x,t) is a vanishing point, then (—Inu)(x,t) — co. If there is a set of positive
H'-measure of t in (71, 72) such that u(z,t) = 0, then we conclude, by combining

the previous two estimates, that

lim inf/ ][ —Inu)(y,t)dydt =
e—0 Br(z

Since Inu € L}, (Er), we reach a contradiction. [
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