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Chapter 1

Introduction

In his seminal paper [19], Stallings introduced a notion of foldings of a graph, which
were used to analyze and understand the structure of subgroups of free groups. This
language was used to recast many theorems about free groups and their subgroups
with straightforward proofs (e.g., see [15]). For example, Stallings foldings were used
to create an algorithm for solving the membership problem for finitely generated
subgroups of free groups. Specifically, given a set X of words over the generators of a
free group, each can be drawn as a closed path that starts and ends at a distinguished
vertex with edges labeled by the generators, and then adjacent edges with identical
labels can be “folded together” (i.e., identified with each other). After removing any
“hanging trees” (i.e., subgraphs which are trees and which intersect the rest of the
graph at only one point) and folding as many times as possible, the resulting graph
is called the Stallings core of (X). Moreover, each closed path that starts and ends
at the distinguished vertex is labeled by reduced words in (X), and any such word
corresponding to a path is said to be accepted by the core. It turns out that the
subgroup of all elements accepted by the core is exactly (X), and a spanning tree can
be used to determine a free set of generators.

In [7], Guba and Sapir extended the notion of Stallings foldings of edges to foldings
of cells and created the notion of a Stallings 2-cores to diagram groups. They defined
the Stallings 2-core of a subgroup H of a diagram group and gave a way to tell whether
any element in the given diagram group is accepted by the 2-core or not. Then they
showed that the subset of every element accepted by the 2-core is a subgroup that
included H, but in general could be larger than H. This provides a partial solution to

the membership problem and can be used in many ways. For example, if the 2-core of



H does not accept the generators of the diagram group, then H is a strict subgroup.
In particular, Guba and Sapir showed that certain diagrams had what they called
components, and that if the 2-core of H accepts an element, it must also accept all its
components. Thus they made the conjecture around 1999 (see Section that the
subgroup of a diagram group G accepted by the 2-core of H is precisely the smallest
subgroup of G containing H and closed with respect to components.

The proof of the conjecture remained completely open, however, until Golan
showed in [6] that the conjecture holds specifically for Richard Thompson’s group
F, which can be described as a diagram group (see Section . In Chapter , we
examine Guba and Sapir’s conjecture in the case of free groups, and show that their
construction completely generalizes Stallings’ original construction by analyzing the
Stallings 2-core of any subgroup of a particular and natural representation of a free
group as a diagram group. We also show that given groups which satisfy their conjec-
ture, closed subgroups and direct products of these groups also satisfy the conjecture.
In particular, we use this to generalize Golan’s result to the generalized Thompson
groups Fj,.

In Chapter 4, we show how to extend the construction of the Stallings 2-core to
subgroups of Richard Thompsons’s group 7', and there we give a characterization of
what a 2-core of a subgroup H accepts, showing that it is exactly the collection of
all functions from 7" which are dyadically-piecewise-H. We use this to examine the
2-cores of many different subgroups of 7', including the pointwise stabilizers of any
finite subset U of [0, 1]. Along the way we also prove that T"and V" are quasi-residually
finite, answering a question of Golan and Sapir from [5].

Finally, in Chapter 5 we present work which was joint with Yunxiang Ren. Specif-
ically, we examine a subgroup of T" which Jones discovered while investigating a re-
construction problem in subfactor theory. The subgroup in question was denoted T ,

and among other things Jones proved that for certain representations of F' and T,



every link arises as the matrix coefficient with respect to the vacuum vector of some
element of F' and T', and every oriented link arises as the matrix coefficient of some
element of F and T.

He also showed how to test directly if an element f of F' or T is in ForT
respectively by constructing the Thompson graph of f and showing that f is in F
or T respectively if and only if f has bipartite Thompson graph. Sapir and Golan
studied F in [4] using this characterization. In particular, they proved Fis isomorphic
to F3 and showed that F was precisely the subgroup of F' of all elements that preserve
the parity of the sums of digits of all dyadic rationals in [0, 1] as binary words. They
also proved that F was its own commensurator in F , and observed that this implies
that the corresponding representation of F' is irreducible.

In Chapterwe likewise explore the subgroup T , Jones’ subgroup of T'. We present
a finite set of generators for T in Theorem describe the relationship of T to the
stabilizer of the parity of the sums of digits of the dyadic rationals in Theorem [5.3.1],
and show in Corollary m that T coincides with its commensurator in T, which
implies that the corresponding unitary representation of 7" which Jones considered
is irreducible. We also provide an explicit finite presentation for T as an abstract
group. Moreover, we use the extended notion of the Stallings 2-core developed in
Chapter 4| to further analyze T. We prove that the 2-core of T is itself, which in turn
gives a presentation of T as an annular diagram group that is curiously similar to one
possible presentation of the generalized Thompson group 73, even though we show

that T and T3 are not isomorphic, unlike the case of F and F;.



Chapter 2

Background Information

2.1 Diagram Groups

A sufficient overview of diagram groups is given here, but for a more formal and
detailed discussion, see [7]. Here we largely follow the language in [I7].

Recall that a directed graph is a collection of vertices V' and edges E, where each
edge is an ordered pair of vertices. Given an edge e = (v, v9), vy is called the initial
vertex and vy is called the terminal vertex. Moreover, there are maps ¢ and 7 from
E to V such that (e) is the initial vertex of e and 7(e) is the terminal vertex of e. A
directed path of length n is a sequence of edges ey, ..., e, such that 7(e;) = t(es1).
In this case, e; is called the ith edge of the path, and a vertex is said to be on a path
if it is either the initial or terminal vertex of some edge on the path. The path is
said to be simple if each vertex on the path is the initial vertex of at most one edge
and the terminal vertex of at most one edge. The path is called closed if the initial
vertex of the first edge and the terminal vertex of the last edge are the same vertex.
Moreover, the graph is said to be labeled by X if there is a map [ from E to X. In
this case, [(e) is called the label of e.

Consider a semigroup presentation (X|R), and let u be a word over X. A diagram
over the semigroup presentation is a type of directed graph labeled by X which can be
constructed in one of the ways described in the following paragraphs. In particular,
each diagram A also has two distinguished vertices, t(A) and 7(A), called the initial
and terminal vertex of A respectively, as well as two distinguished paths, top(A) and
bot(A), called the top path and bottom path of A respectively.

The first type of diagram which we define is called a trivial diagram. For each



x € X, the trivial diagram e(x) is a directed labeled graph consisting of a single
directed edge labeled z and two distinct vertices. The initial vertex of £(z) is the
initial vertex of the single edge in the diagram, while the terminal vertex of e(x) is
the terminal of vertex of that same edge. The top path and bottom path of £(z) both
consist of the single edge in the diagram.

The second type of diagram we can define is called a cell. For each » € R, where
r is a relation ;... 2, = Y1 ... Ym with z;,y; € X, the cell A, is the planar directed
graph consisting of two directed simple paths, top(4A,) and bot(A,), where top(A,)
has length n and the ith edge is labeled z; for every i, and the bot(A,) has length m
and the jth edge is labeled y; for every j. Furthermore, top(A,) and bot(A,) both
start at the same vertex (A, ) and end at the same vertex 7(A,), but share no other
vertices in common.

All other diagrams can be obtained from trivial diagrams and cells by using the
following operations of addition, multiplication, and inversion. Given two diagrams
Ay and Ay, Ay + Ay is the diagram A obtained by identifying 7(A;) and ¢t(As), as
shown in Figure 2.1] Then t(A) = o(Ay), 7(A) = 7(Ay), top(A) is the path top(A;)
followed by the path top(As) (this is well defined since the end of top(A;) and the
beginning of top(As) have been identified), and likewise bot(A) is the path bot(A)
followed by bot(As).

Figure 2.1: Addition of two diagrams A; and As produces the diagram on the right,
where 7(A;) and ¢(As) have been identified.

Given two diagrams A; and Ay with bot(A;) and top(Az) sharing the same label,
their multiplication A = A; - Ay is defined by identifying bot(A;) with top(As) as

shown in Figure 2.21 Then top(A) = top(A;), bot(A) = bot(Az), t(A) = ¢(Ay),
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Figure 2.2: Multiplication of two diagrams A; and Ay where bot(A;) = v = top(Ay)
produces the diagram on the right, where bot(A;) and top(Az) have been identified.

Finally, given a diagram A, the diagram A~! is the same diagram except that
the top and bottom paths are swapped so that top(A™!) = bot(A) and bot(A™1) =
top(A). The initial and terminal vertices remain unchanged: 7(A™') = 7(A) and
L(A™Y) = ((A). Note that if A, is a cell, A;! is also called a cell, but no other
diagrams are called cells.

A diagram A with top(A) labeled by u and bot(A) labeled by v is called a (u, v)-
diagram over (X|R). For any diagram A, the diagram A - A™! is called a dipole, and
a diagram is said to be reduced if it contains no dipoles. A dipole A - A~! can be
removed from a diagram by identifying the paths along the top of the dipole and the
bottom of the dipole together. The diagram group D((X|R),u) is the group of all
reduced (u,u)-diagrams over (X|R) with multiplication of A; and A, being defined
as the diagram obtained by removing all dipoles from A; - A,.

Another equivalent way to construct diagrams from trivial diagrams and cells is
as follows. Given a word w = x; ...z, over X, e(w) is defined as e(xy) + ...+ e(x,).
An atomic diagram is any diagram of the form e(u) + A, + e(v) for words u, v over
X and cell A, corresponding to some relation in r € R. Note that if A is an atomic
diagram, then A~! is also called an atomic diagram, since for any cell A,, A1 is also
a cell. Then every diagram is simply a product of atomic diagrams.

Annular diagram groups can be defined similarly. Given a semigroup presentation



(X|R), every annular diagram A is a labeled directed graph with two distinguished
paths inn(A) and out(A), called the inner path and outer path of A respectively,
which are both simple closed directed paths with counterclockwise orientation. More-
over, inn(A) must be inside the area bounded by out(A), and all vertices and edges
of A must be between inn(A) and out(A). Furthermore, both inn(A) and out(A)
have distinguished vertices i(A) and o(A), called the inner and outer vertex of A
respectively.

Annular diagrams can be constructed much like diagrams, by defining atomic
annular diagrams and their multiplication. Specifically, for every atomic diagram A
over (X|R) (in the sense of a diagram group), define the atomic annular diagram
A, to be the same directed labeled graph except with ((A) and 7(A) identified.
Both the inner vertex and the outer vertex of this annular diagram are the newly
identified vertex ¢(A). The annular diagram has inner path top(A) and outer path
bot(A), which are both now closed paths since their initial and terminal vertices were
identified.

If inn(A) has label u as read starting from i(A) and out(A) has label v as read
starting from o(A), then A is said to be annular diagram of type (u,v). The mul-
tiplication an annular diagram A; of type (u,v) and Ay of type (v,w) is denoted
A - Ay, and it is the annular diagram obtained by identifying inn(As) and i(As) with
out(A;) and o(A;) respectively. The inner path of the new diagram is inn(4A;) with
distinguished vertex i(A;), and the outer path of the new diagram is out(A,) with
distinguished vertex i(As).

An annular diagram over (X|R), then, is some product of atomic annular dia-
grams over (X|R). Just as dipoles can be removed from diagrams, dipoles can be
removed from annular diagrams, and doing so is called reducing the diagram. An
annular diagram is called reduced if it contains no dipoles. The annular diagram

group D*((X|R),w) is the collection of all (w, w) reduced annular diagrams with the



multiplication of A; and Ay being the annular diagram obtained by removing all

dipoles from A; - As.

2.2 Thompson’s Groups F', T and V'

The three equivalent ways to define F', T', and V' which we will use throughout the
paper are defining the groups using functions, pairs of trees, and diagrams. A good
survey of all three Thompson groups is given in [2], which uses both the function and
the pairs of trees definitions of all three groups. For more details on F' as a diagram
group, T" as an annular diagram group, and V' as a braided diagram group, see [7].
In this paper, we choose to do function multiplication from left to right, and so to
preserve the familiar relations of F'; T, and V described in [2], we use the inverse
generators as our canonical generators. For example, what we refer to as z( here is
called z; " in [2].

The first and most well-known definition of F' is the following: the collection of all
piecewise-linear orientation-preserving homeomorphism of the unit interval to itself,
where there are only finitely breakpoints between each piece, each breakpoint is dyadic
rational, i.e., of the form a2™" for some non-negative integers a and n, and the slope
on each linear piece is an integer power of 2. More generally F;,, is the collection of all
piecewise-linear orientation-preserving homeomorphism of the unit interval to itself,
where there are only finitely breakpoints between each piece, and each breakpoint
is m-adic rational, i.e., of the form am™ for some non-negative integers a and n,
the slope on each linear piece is an integer power of m. Thus F' = F5. The group
operation is composition, and a well-known generating set is {zo, 1}, where zy and

x1 are defined in Figure [2.3

T can be defined similarly, by identifying the unit circle S; with [0, 1]/~ where 0

and 1 are identified with 0 ~ 1. Generally, T}, is the collection of all piecewise-linear
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Figure 2.3: Two elements which generate F' are xg and x; as defined above. Together
with ¢, they generate T

orientation-preserving homeomorphism of the unit circle to itself, where there are
only finitely breakpoints between each piece, each breakpoint is m-adic rational, and
the slope on each linear piece is an integer power of m. T' = T5, just as in the case of
F', and notice that F' can be viewed as Stabr(0), the subgroup of all functions in T’
that stabilize 0. The function ¢ defined in Figure [2.3| can be added to the generators
of F' to generate T

To extend T to V, simply add the generator 7y defined by

1 1 1
§LE+§ 0<LB<§
To =14 2z — 1 %§x<%
T %§x<1

\

Notice that this function is no longer continuous, but it is right continuous. It
turns out that V' consists of all right continuous piecewise-linear bijections from S; =
[0,1]/~ to itself, where again there are only finitely many points of discontuity or
breakpoints between each piece, each breakpoint is dyadic rational, and the slope on
each linear piece is an integer power of 2. The groups V,, can be defined analogously,
though we do not use them in this paper.

The next characterization of F' utilized in this paper uses pairs of binary trees. A



full binary tree is a rooted binary tree such that each vertex has 0 or 2 children. A
caret is a binary tree where the root has two children which are both leaves. Then
the elements of F' are ordered pairs of full binary trees (R, S) such that R and S
both have the same number of leaves, and there is an equivalence relation induced
by the following equivalence: given such a pair (R, S), let R’ be the tree obtained
by attaching a caret at the ith leaf of R for some ¢ counting leaves from left to
right, and S’ be the tree obtained by attaching a caret at the ith leaf of S for the
same i, then (R',S’) is equivalent to (R,S). This process of adding a caret to the
same leaf in both R and S is called adding a dipole. Multiplication of (R, S;) and
(Rs,Ss) is done by adding dipoles to (Ry,S1) and (Rg,S2) until S; = Ry. Then
(R1,51) - (51, 52) = (Ri, 52).

Such a pair of trees (R, S) will be depicted in this paper by drawing the two trees
side by side with an arrow from the left tree R to the right tree S labeled by the
name of the element. For example, shows two pairs of trees corresponding to xg

and x1, and such diagrams are called tree diagrams of xy and z;.

VR

Figure 2.4: Pairs of trees corresponding to the standard two element gener-
ating set of F.

To see that this is still F', consider a pair of trees (R, .S). Associate with the root
of R and the root of S the interval [0, 1]. For each vertex in each tree associated with
the interval [a, b], associate its left child with [a, “t2] and its right child with [#£2, b]
(if it has children). Then (R, S) corresponds with the function that linearly maps the

interval associated with the ith leaf of R to the ith leaf of S for every S, and it is

10



easy to see that this is indeed an element of F'. In this way, the ¢th leaf of R is said
to be identified with the ith leaf of S. For example, Figure [2.5[ shows how an interval
is associated with each vertex in a pair trees, and the graph of the corresponding
function, which is zy. For this reason, R and S may be referred to as the input tree

and output tree respectively of (R, S).

[0, 1] 0,1]

]
=)
[N JC R

BAED)

Figure 2.5: Going from a pair of trees to a function in F'

11
4 2

Furthermore, removing or adding dipoles to a pair of trees does not affect the
corresponding function, and it is easy to observe that the product of pairs of trees
corresponds to the composition of the corresponding functions. To see that these
groups are isomorphic, it only remains to check that zy and z; have corresponding
pairs of trees, but these are shown in Figure

Every element of T likewise corresponds to some (R, S,n), a pair of full binary
trees R and S with the same number of leaves and additionally a number n which
indicates which leaf of S the first leaf of R is identified with, where the rest of the
leaves of R and S are identified cyclically. Often the k leaves of R and S are labeled by
1,..., k to clarify these identifications, as shown in Figure [2.6] which shows the pair
of trees corresponding to c. Likewise, a dipole can be added to (R, S,n) by adding a
caret to a leaf in R and a leaf in S which are identified. In this case, the left child
and right child of the caret in R and the left child and right child of the caret in S are
identified respectively, and some (or all) of the leaves may need to be renumbered to

reflect these new identifications. Likewise, n should be increased by one if the caret

11



is added in S to the left of the leaf identified with the first leaf of R.

C o
1% B 3% 1% B 2%
2 3 1 2 2 3 1 3

Figure 2.6: The pair of trees corresponding to ¢ on left and my on right, with
the leaves numbered to show which leaves are identified.

The pair of trees (R, S,n) is likewise associated with a function by associating
the root vertices of R and S with [0,1), and then if a vertex is associated with
[a,b), associate its left child with [a, %) and its right child with [%f2,b). Then the
corresponding function is the one that sends each interval of each leaf of R to the
interval of the corresponding leaf in S linearly.

Extending this definition to V' can be done by replacing n in (R, S,n) with o, a
permutation of {1,...,n}. The ith leaf of R is then identified with the o(i)th leave
of S, and each such pair of trees corresponds with a function from V in exactly the
same way as in 1. The pair of trees diagram for 7y is shown in Figure [2.6

It is also possible to define F' as the diagram group D({z|z = z?),z). Indeed,
consider a pair of trees (R, S), and for every parent vertex in each tree with 2 children,
replace it with a cell z = 22 as shown in Figure . Then if R and S have n leaves,
the result is two (z,2") diagrams Ag and Ag, so that Ag - Ag' is an (x, ) diagram,
as shown in Figure 2.7] A dipole in a pair of trees clearly corresponds to a dipole in
a diagram, and from this it is clear that multiplication also corresponds, since given
two pairs of trees (R, S1) and (51, .5), the pair of trees (R, S) (possibly after removing
dipoles) corresponds to the diagram formed from multiplying the diagrams for (R, S)
and (S, 5) and reducing. Finally, simply observe that the diagram A for any element
of D({x|x = x?),z) has a longest directed path from ¢(A) to 7(A), above which the

cells are all of the form & = 22 and below which the cells are all of the form z? = z.

12



Thus the portion of the diagram above this longest directed path corresponds to a
tree and the portion of the diagram below this path corresponds to a tree, thereby

giving a pair of trees.

Figure 2.7: The diagram for x( as an element of D({x|x = x?),z) is
shown in black. Since every black edge is labeled x, the labels are
omitted from the figure. The pair of trees (R, .S) for xy are shown in
red, with R on top and S on bottom and flipped vertically.

In much the same way, T is the annular diagram group D%({x|x = 2z?),x), and
V can be described as the braided diagram group D°((z|z = z?),z), although we do

not go into braided diagram groups any further and refer the reader to [7].

2.3 Addition and Normal Forms of Elements of F
A useful operation on F' is the following addition operator [4]. If f, g € F', then
f @ g is defined as

12 tefo,3)

(feg(t) =

2t—1)+1
gl 4 e [1,1]

We can likewise demonstrate this operation on pairs of trees. If f = (Ry,S1)
and g = (Rg, S2), then f @ g = (R, S) where R is a tree where the left child of the
root is a copy of R; and the right child of the root is a copy of Ry. S is likewise

defined. In terms of diagrams, if A; and A, are two (x, z) diagrams and A is the cell

13



corresponding to the relation x = 22 with one edge on its top path and two edges on
its bottom path, then A; @ Ay = A+ (A + Ay) - A7

Notice that although F' is closed under addition, 7" is not. In fact, if g € T'\ F,
then since g does not stabilize 0, g & f will not be a continuous function for any
feft.

With this notation, notice that x; = 1 @ x(. In general, another set of standard
generators of F' are given by {x, },en where x,, = 1®x,_1, and g is as already defined.
These generators are useful in that every element of ' be written as a product of

bn —b1,.—bo

ag .01 a — 1 1
xlxyt .l xy txy ™ where n, a;, and b; are all non-negative integers [2].

by Pag®, xloxtt . x% s called the positive part of

3 — @0 .01 a —
Then if f = x°2]" ... a8 ot

x 1s calle e negative part. e negative part o 1s trivial,
P12 is called the negative part. If the negative part of f is trivial

f,and z b ay
then f is said to be a positive element, and likewise if the positive part is trivial, then
f is a negative element.

Furthermore, given a pair of trees representation of f = (R, 5), n, a;, and b; can
all be determined in the following way [2]: define the exponent of a vertex of a tree
to be the maximal length of a path of left edges that end at the vertex and begins
not on the right most path of the tree. Then n + 1 is the number of leaves in R and
S, and q; is the exponent of the ith vertex of R numbered from 0 to n, and b; is the
exponent of the ith vertex of S numbered similarly.

This naturally leads to the following observation, which will be useful in Chapter
in describing the elements of T. Consider the tree S, in F igure . If the output
tree in a tree diagram for an element of F' is S, for some n, then the exponents b;

are all 0, and hence the element is positive. Likewise, if the input tree is .S,,, then the

exponents a; are all 0, and hence the element is negative.
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7).

SRVAN

n+1 n+2
Figure 2.8: The tree S,,.

2.4 Stallings Cores and Stallings 2-Cores

In order to not confuse the free groups with the Thompson groups F,,, we will use
F,, to refer to the free group on n generators.

Recall the Stalling’s original construction of a core for subgroups of a free group
[19, [15]. Let F,, have free generators X = {zy,xs,...,2,}, and let H = (y1,...,Yn).
A directed graph in the sense of Serre is a directed graph together with an involution
on edges. Specifically, given a set of vertices V', and a set of ordered pair of vertices
called edges E labeled by a some set L U L', the inverse edge of ¢ = (u,v) with
label [ is the edge e ™! = (v, u) with label [~!. E is assumed to be closed under taking
inverses.

Then the Stallings core of H is a directed graph in the sense of Serre with edges
labeled by elements of X U X ! constructed in the following way: begin with a single
vertex, which we will refer to as the distinguished vertex. For each generator of H y;,
let w; be the reduced word over X U X ~! which equals y; in F,,, and then construct a
directed path from the distinguished vertex to itself of the same length as w;, where
the kth edge along the path is labeled by the kth letter of w;. Proceed to do the

following foldings as many times as possible:

1. If two edges e; and e, share the same label and initial vertex, identify the edges

together.

2. If two edges e; and ey share the same label and terminal vertex, identify the
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edges together.

Note that when two edges are identified together, so are the corresponding initial
or terminal vertices. Since their labels must already be the same, no labels are ever
identified together.

A graph is said to have a hanging tree if it contains a tree as a subgraph and there
is only one vertex v in the tree such that v is adjacent to some edge in the graph
outside of the tree. Simplify the graph by removing any hanging trees, or in other
words, remove all edges and vertices of the hanging tree except v from the graph.

Not only is the core of H a directed graph, but it can be viewed as an automaton
over X U X!, which is said to accept a word w over X U X! if there is a directed
path on the core of H from the distinguished vertex to itself whose label reads w.
It is not difficult to show that if a Stallings core is reduced, i.e., all possible foldings
have occurred and all hanging trees have been removed, then w is accepted by the
core implies that w is freely reduced.

Moreover, before the core is folded, it is clear that the core accepts exactly the
language of all unreduced products of words over the generators of H, since any loop
from the initial vertex to itself can only go through loops in their entirety or be
forced to backtrack. The key to proving that the reduced core of H accepts exactly
the words corresponding to reduced elements of H is then proving that folding two
edges together does not change the language that the automaton accepts (see Lemma
3.4 of [15]).

Guba and Sapir extended these notions in [§] to diagram groups, where they ap-
proach diagrams as labeled directed 2-complexes, which are 2-complexes with labeled
directed edges and where every cell has a top and bottom directed path, both of
which starts at the same initial vertex and end at the same terminal vertex. A homo-
morphism of labeled directed 2-complexes is a map between 2-complexes which takes

vertices to vertices, edges to edges of the same label, cells to cells, and respects the
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initial and terminal vertices of the edges and the top and bottom paths of each cell.

Now consider a diagram group G = D((X|R),w), and let H = (Xy) be a sub-
group. The Stallings 2-core of H is constructed by the following steps. Consider the
set of all diagrams A, of elements x € Xy, and identify all the top paths and bottom
paths together to form a single 2-complex Cy(H), and call this newly identified path
the distinguished path of Co(H). Then do the following as many times as possible

for all u = v € R and any pair of cells corresponding to u = v:

1. If the paths of both cells labeled by u are identified, identify the paths labeled

by v.

2. If the paths of both cells labeled by v are identified, identify the paths labeled

by wu.

Two cells are said to be identified if their top and bottom paths have been iden-
tified. The resulting 2-complex C'(H) is called the Stallings 2-core of H. Notice that
every identification in the above process is essentially a homomorphism of directed
2-complexes, and thus C'(H) contains a homomorphic image of the distinguished path
in Cy(H) which will be called the distinguished path of C'(H).

Just as with the Stallings core, the 2-core can be viewed as a 2-automaton, where
an element g € G is said to be accepted by C(H) if there is a homomorphism of
labeled directed 2-complexes from the reduced diagram of g to the core of H which
takes top(g) and bot(g) to the distinguished path of C(H). For example, there
is a clear homomorphism from each generator of H to Cy(H) and hence also to
C(H). Furthermore, if there is a homomorphism of directed 2-complexes from a
non-reduced diagram A to C(H), then dipoles must be taken to dipoles, and so
there is a homomorphism of directed 2-complexes from any diagram obtained from
A by removing dipoles to C'(H). Thus if g and h are accepted by C(H), then since

bot(g) and top(h) are simply identified in the non-reduced product of g and h, the
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Figure 2.9: Shown are three (u,u) diagrams. The middle and right diagrams are
called components of the left diagram and are accepted by any 2-core that accepts
the diagram on the left since there is a clear homomorphism of directed 2-complexes
from left diagram to the other two diagrams.

reduced product g - h is accepted by C(H). Finally, if ¢ is accepted by C(H), then

1 are isomorphic, ¢g~! is also accepted by C(H).

since the diagrams for g and ¢~
This shows that {g € G|C(H) accepts g} is a subgroup of G containing H. Define
Core(H) = {g € G|C(H) accepts g}.

This should of course sound very similar to the language used to define the
Stallings core of a subgroup of a free group, since the notion was motivated by
Stallings’ construction. In fact, we show in Section that the Stallings 2-core
of a subgroup of F5, represented in a natural way as a diagram group, also accepts
exactly what the Stallings core of that same subgroup accepts.

To see that sometimes Core(H) is strictly bigger than H, consider the following
general example. Let G = D((X|R),u) be a diagram group such that there exists
a (u,v1v9) diagram A, a (vy,v;) diagram Aj, and a (ve,vy) diagram A,. Let H be
the subgroup of G' generated by A - (A; + Ay) - A~ Then C(H) must accept both
A-(e(v) +Ag)- A and A+ (A; +e(v2)) - A™! shown in Figure However, these

diagrams are often not in H.

Definition 2.4.1 (Guba and Sapir). Any diagram of the form A - (A; + Ay) - A™1
where A is a (vy,v1) diagram and Ay is a (vy, v9) diagram, is said to have components
A (e(vr) +Ag) - A7 and A - (Ay + £(v2)) - A, where - and + are the standard

multiplication and addition of diagrams.
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A subgroup H is called closed under taking components if for any element A and
component h’ of h, h € H implies i’ € H. Let Comp(H ) be the smallest subgroup of
G containing H and closed under taking components. Then H is said to be closed if
H = Comp(H). Guba and Sapir observed that Comp(H) is a subset of Core(H) and

made the following conjecture around 1999, although it was never printed.

Conjecture 2.4.2. Let H be a subgroup of a diagram group D((X|R),w). Then
Comp(H) = Core(H).

Golan proved this conjecture true for the case of D({x|x = z?),x) = F by showing
that Comp(H) and Core(H) are both equal to a third subgroup which she called
the subgroup of all elements of F' which are dyadically-piecewise-H. In Chapter [3]
we use Golan’s result to construct more diagram groups where the conjecture holds,
including the generalized Thompson groups F;,. Moreover, in Chapter[d] we generalize
the construction of the 2-Core to T', and characterize Core(H) for any subgroup of

H likewise as the subgroup of T of all functions that are dyadically-piecewise-T.
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Chapter 3

Subgroups of Diagram Groups Accepted by Stallings 2-Cores

3.1 The Stallings 2-Core for Subgroups of Free Groups

Suppose G = D((X|R),u) is a diagram group. Originally, diagram groups were
defined in terms of a string-rewriting system by Meakin and Sapir, and in this case it
is more intuitive to say that a cell of the form x = x is the same as its inverse, since
they would both rewrite words in the same way. However, in [8], Guba and Sapir
re-cast the definition of diagram groups into the language of directed 2-complexes.
In particular, rather than thinking of R as a set of relations, it is thought of as a
set of cells, and two different cells can have top paths and bottom paths which are
respectively labeled identically. Put another way, R can be thought of as a multiset of
relations, which could contain two different copies of the same relation. For example,
if R contained two copies of x = 22, each would correspond to a different cell. In this
case, if the first of the two relations corresponds to the cell A; and the second to the
cell Ay, then by definition of a dipole, A;A;" is not a dipole (a dipole is only of the
form AA™Y).

In particular, it is worth noting that in this paper we specifically allow for cells
of the type x = x. Recall that for each relation r in R, there are two corresponding
cells, A, and Al Tt is useful to distinguish between them by calling one of them,
say A,, positive and the other, A~ negative. Thus every cell is said to have positive
or negative orientation, and its inverse has the opposite orientation, so that a cell and
its inverse are never considered the same. Notably A? # A, A~ and so A? is never a
dipole. As a result, F; (recall that F, is the free group of rank n) is isomorphic to the

diagram group D((x|z = z),z). Note that if we wanted to avoid the relation z = x
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and the ensuing discussion, we could use D({x,y, z|x = y,y = 2,2z = x), z), which is
also isomorphic to F;. The former diagram group representation for Fi, however, is
more convenient.

Recall that given two diagram groups G; = D((X;|R;),w;) for i = 1,2 with X; N
X, = () and a letter a € X;U X, the free product of G and Go, G * G5, is isomorphic
to D((X|R),a) where X = X; UXsU{a}, R= R URyU{a =u,a =uy} [7]. For
example, F, is isomorphic to F; x F; = D((z,y,a|lz =2,y = y,a = x,a = y),a).

The goal of this section is to extend the list of known diagram groups where
Conjecture holds. We begin this process by first observing through the following
proposition that the Stallings core of a subgroup of F, and the Stallings 2-core of the
corresponding subgroup of D({x,y,alr = z,y = y,a = x,a = y)) both accept exactly

the corresponding subgroups themselves.

Proposition 3.1.1. Let H = (xy,...,2,) be a subgroup of F,, represented as a
diagram group by D({(z,y,a|lr = xz,y = y,a = x,a = y)). Then the 2-core of H

accepts exactly H.

Proof. Consider Fy = {axa™', aya™!) as a subgroup of F3 = (a,z,y), then H can
be viewed as a subgroup both of this representation of F5 and the aforementioned
representation of F; as a diagram group, which is generated by the diagrams in Figure
[B.1] The goal is then to show that there is a correspondence between the core of H
and the 2-core of H in this case, and that they accept exactly the same elements of

JFo with respect to the isomorphism between these two representations of F».

a a

N AN
YA

Figure 3.1: Two diagrams which generate F5, represented as the diagram group
D({(z,y,alr =x,y =y,a = x,a = y),a).
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Let us first show how to relate elements in the diagram group and {z*!, y*! a*'}.

Consider the following correspondence between reduced (a,a) diagrams over P =
(r,y,alr = 2,y = y,a = x,a = y) and directed paths labeled by {xz*! y*! a*'}.
Since every cell over P has only one top edge and one bottom edge, a diagram can be
viewed as a sequence of cells corresponding to relations in P. Then given a diagram
that is a product of m cells A4, ..., A,,, we correspond it to a directed path of edges
e1,...,em labeled by {2*! y* a*'} where the label of e; is determined as follows:
if A; is positively (respectively negatively) oriented and corresponds to the relation
x = x, label the edge x (respectively 7). If A; is positively (respectively negatively)
oriented and corresponds to the relation y = y, label the edge y (respectively y1).
If A; is positively (respectively negatively) oriented and corresponds to the relation
a =y or a = x, label the edge a (respectively a'). In other words we are relating
every 2-path over P with a directed labeled path in a very natural way, which gives
a correspondence of elements in the diagram group with elements in (aza™', aya™!).

This correspondence is also useful in looking at the 2-core of H as a subgroup of
a diagram group and the core of H as a subgroup of (aza™',aya™!). To make a clear
distinction, in the rest of proof we will call the traditional Stallings core a 1-core.

To construct the 2-core of H, the first step is to identify the top and bottom
paths of the diagrams corresponding to x1,...,z,. In the 1-core, this corresponds to
identifying the first and last vertex of each path corresponding to a diagram together.
Observe that this correspondence also respects the process of folding: that is, if two
cells are being folded as in the construction of the 2-core, and the corresponding
to edges are folded as in the construction of the 1-core, the diagram and path still
correspond. Furthermore, the distinguished vertex of the core clearly corresponds to
the distinguished path of the 2-core.

Thus the 2-core and the 1-core are also in correspondence. Moreover if a diagram

A is accepted by the 2-core, there is a homomorphism of directed 2-complexes from the
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diagram to the 2-core. But since the homomorphism preserves labels of cells, using the
correspondence between diagrams and directed paths labeled by {z*!, y*!, a*'} and
distinguished vertex with distinguished path, this corresponds to being able to read
the word corresponding to A as an element of F5 on a directed path that starts and
ends at the distinguished vertex of the 1-core of H. Thus the corresponding element
of F = {axa™' aya™') is also accepted by the 1-core of H. A similar argument gives

the other direction. O

Section (3.2 will show that a similar proposition holds for F,, by viewing it as a

subgroup of F». Thus the Stallings 2-core generalizes the notion of the Stallings core.

3.2 Direct Products and Subgroups

In another paper, Guba and Sapir show that not every subgroup of a diagram
group is a diagram group [10]. However, it is easy to observe that for any subgroup

H of a diagram group G, Core(H) is a diagram group.

Proposition 3.2.1. If H is a closed subgroup of a diagram group G = D(P,w), i.e.,

H = Core(H), then H is a diagram group.

Proof. The core of H consists of cells which are glued together, and this core can be
used directly to form the presentation for a diagram group isomorphic to H. Give
every edge e in the core of H a unique label, say z.. Edges which are identified are
given the same label since they are considered to be the same. Let R be the collection
of all cells of the form u = v, where u is the new label of the top path of some cell
in the core and v is the new label of the corresponding bottom path of that cell,
and let X be the collection of all new labels of edges in the core. Let u be the new
label of the distinguished path of the core. Then we claim that H is isomorphic to
H' = D({(X|R),u). If an edge has new label z., let ¢(z.) be the old label of the edge

in the 2-core.
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For example, we compute the core of F' in chapter 4 (see Example using
tree diagram notation, and translating that back into the notation of diagram groups
would give 4 cells, each of which had the type z = 2? in F' = D((z|z = 2?),z). The
diagram group F’ constructed from the core of F' would be D({a,b,c,dla = bc,b =
cd,c =de,d = dd),a).

Then there is an obvious homomorphism ® : H — H which simply takes diagrams
over (X|R) to diagrams over P by replacing the label x, of each edge in a diagram
with the label ¢(z.). Clearly this homomorphism is surjective, since any diagram in
H can be relabeled in the same way the core was relabeled. To see that it is injective,
it suffices to show that only dipoles go to dipoles, and thus reduced diagrams go to
reduced diagrams, implying that the kernel of the homomorphism is only the trivial
diagram. Suppose A} and A} are two different cells over (X|R) such that AJ AL is
well-defined but not a dipole. Then it remains to check that ® cannot send AjAL™!
to a dipole. Suppose by way of contradiction that it does, that is, A} and A} are
relabeled by ® to be the same cell A. But A} and A), also correspond to cells A,
and A, in the core of H, and the fact that the multiplication A}AS™ is well-defined
means that bot(A;) and bot(A, ') are identified. Thus A; and A, are identified by

construction of the core, and so A} = Aj,. O

This structure allows us to extend results about which diagram groups satisfy
Conjecture with the following proposition, for which we need some additional
notation for clarity. Given a diagram group G, a closed subgroup H, and a subgroup
K of both, let Coreg(K) denote the subgroup of G accepted by the core of K as
a subgroup of the diagram group G, while Corey(K) denotes the subgroup of H
accepted by the core of K as a subgroup of the diagram group H. Likewise, let
Compg(K) and Comp(K) be defined.

Proposition 3.2.2. If G is a diagram group such that for any subgroup H of G,

Coreg(H) = Comp(H), then any for any closed subgroup H of G and any subgroup
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K of H, Corey(K) = Compy(K).

Proof. From the proof of Proposition [3.2.1] we can consider H as a diagram group
with a natural homomorphism & from the diagrams of H as a diagram group to its
diagrams as a subgroup of G. Our goal is to show that Cores(K) = Corey(K). For
any set of generators of K in the diagram group H, there are corresponding generators
of K in the diagram group GG whose diagrams are the same up to relabeling the edges
via ®. Thus consider the construction of the core of K in GG and the core of K in H.
After folding the distinguished paths of all generators of K together but before doing
any other foldings, the core of K in H and the core of K in G are the same up to
relabeling. Thus, it suffices to show that any folding that occurs in one also occurs
in the other, and hence any diagram accepted by one will correspond to a diagram
accepted by the other, and one of these diagrams is the image of the other under .

Assume that for some number of foldings, the cores of K in H and G still coincide
up to relabeling, and suppose Ay g and Ag  can be folded together in the core of K
in H. Without loss of generality, they can be folded because bot(A; ;) = bot(Ag i)
in the core of H, and top(A; ) and top(Aq z) have the same label. Then if Ay ¢ and
Ay ¢ are the corresponding cells in the core of K in G, since the cores coincide up to
relabeling, we have that bot(A; ) = bot(As ), and since the label of top(A; ) is
the label of ®(top(A; x)), we must also have that top(A; ) and top(As ) have the
same label, and hence Ay ¢ and Ay can be folded in the core of K in G.

Likewise suppose that Ay ¢ and Ay can be folded in the core of K in G. Then
without loss of generality, their bottom paths are identified in the core of K in G and
their top paths have the same label. Let A; y and A, i be the corresponding cells
in the core of K in H. Again since the cores coincide up to relabeling, their bottom
paths must also be identified, and it suffices to show that their top paths have the
same label.

Since A; ¢ and Ay ¢ are cells in the core of K in G with their bottom paths iden-
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tified, there is a diagram Ag accepted by the core of K in G containing AlgAQ_’lG.
Let Ay be the corresponding diagram in H. Then Coreg(K) = Compg(K) C
Comp(H) = Coreg(H), and so Ag is accepted by Coreq(H). In particular, Ay ¢
and As ¢ have homomorphic image in the core of H in G, and were thus folded to-
gether in the core of H in GG. By the construction of H as a diagram group from its
core in G, this implies that the tops of Ay g and Ay i must have the same label in
H, exactly as desired.

Finally, observe that any diagram in the diagram group H with components also
has components in G. Conversely, our above proof demonstrates that if a diagram
A - (A;+ Ay) - A7 from the diagram group G is in K as a subgroup of G, then the
cells on the core of H in G corresponding to the cells of A and A~! from the diagram
would be folded, and hence the corresponding diagram in the diagram group H would
also have components. Thus Compy (K) = Comp(K) = Coreq(K) = Corey(K).

O

For example, Golan and Sapir found particular representations of the generalized
Thompson groups F,, in F' [4], which we show are closed subgroups of F' in the next
proposition, and hence there exist diagram group representations of [, that satisfy

Conjecture [2.4.2]

Corollary 3.2.3. There exists a representation of F, as a diagram group for every

n > 2 such that for any subgroup H of F,, Core(H) = Comp(H).

Proof. By Lemma 5.10 of [4] and Theorem 5.11 of [], the group F, is isomorphic
to F,11 for n > 2. Fix n, and let S; be the subset of all of finite dyadic rationals
whose sums of digits are equivalent to ¢ modulo n. Then F, = N, Stabr(S;). In
other words, f € F, if and only if for every i and every s € S;, f(s) € S;. Then if
f e Core(ﬁ,;), it is dyadically—piecewise—F_’;L by Theorem 5.6 of [6], and in particular

f(s) € S; for every i and s € S;. Hence f € E\/, and so Core(ﬁn) = F,. The proof is
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finished by Proposition [3.2.2] O

Next, recall that given two diagram groups G; = D((X;|R;),u;) for i = 1,2
with X; N X, = 0, the direct product Gy x G5 is isomorphic to the diagram group
D((X1 U X5|Ry U Ry),ugusg) [7], where every diagram in G; x Go is simply a sum

A1 + A, for some A; € G; and i =1, 2.

Proposition 3.2.4. If fori = 1,2, G; is a diagram group such that for any subgroup
H; of G; we have Core(H;) = Comp(H;), then for any finitely generated subgroup H
of G1 x G, we also have Core(H) = Comp(H).

Proof. Let H = ((x1,%1),-..,(@n,yn)), and consider one of the generators of H,
(x;,y:). Let Ay be the diagram in Gy corresponding to x; and A, be the diagram
in Gy corresponding to y;. Then (x;,y;) corresponds to the diagram A; + Ay, In
particular, £(I(top(A1))) + Az and A; + e(I(top(As))) are components of (z;,y;),
and hence accepted by the core. Thus (1,y;) and (z;,1) are both accepted by the
core of H. Let Hy = (z1,...,2,) and Hy = (y1,...,yn). Notice that in the core
of H cells from G, and cells from G5 have totally distinct labels and thus are never
identified, so any folding done of cells with labels from G, are also folded in H;, and
cells from Go are folded in H,. Thus if the core of H accepts (x,y) and A; is the
diagram corresponding to z in G and A is the diagram corresponding to y in G,
we have that x is also accepted by the core of H; and is thus in Comp(H;), while
y is accepted by the core of Hy and is thus in Comp(H;), implying that Core(H)
is a subset of Comp(H;) x Comp(Hs). It is clear that Comp(H;) x Comp(Hs) is a
contained in Comp(H ), which is contained in Core(H) by Guba and Sapir. Thus
Core(H) = Comp(H) = Comp(H;) x Comp(Hy). O
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Chapter 4

Extending the Stallings 2-Core Construction to Thompson’s Group T

4.1 Generalized Definition of the Stallings 2-Core

There are many possible approaches to generalizing the Stallings 2-core construc-
tion to annular and braided diagram groups, and in this section we look at one
way which works especially well for T'. Specifically we translate the language of the
Stallings 2-core construction for diagram groups into the pair of trees language used
to describe F', since this language is the very natural for extending F' to T' and is
easy to depict. Just as Golan proved in [6] that given a subgroup H of F', Core(H)
is the subgroup of F' consisting of functions that are dyadically-piecewise-H (see
section [4.2), we show that given a subgroup H of T' and the appropriate definition
of Core(H), Core(H) is exactly the subgroup of T' consisting of functions that are
dyadically-piecewise-H. One inclusion here is the same as F', but the other direction
is a rather different flavor.

It is also worth noting that trying to show that Core(H) = Comp(H) in T is not
exactly well-defined, since there is not a completely clear analog in annular diagram
groups of components of an element in a diagram group. For example, consider that
ToPxo has components 1P xy and xoP 1. Indeed, it can be shown that all components
in F' arise from repeatedly combining 1 with other elements of F' via &, where those
other elements fix 0 and 1, but no other elements of [0,1]. However, as we have
already observed, given f,g € T, f @ g € T if and only if f,g € F. The notion
of being dyadically-piecewise-H does generalize well, and is our chosen method for

characterizing the core of a subgroup H of T

Definition 4.1.1. The core of a finitely generated subgroup H = (xy,...,x,) < T
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is a labeled directed graph constructed in the following way. First, begin with all
the reduced tree diagrams for zi,...,x, and identify all the roots of trees in these
diagrams together. This vertex formed by identifying all the roots is called the root
of the core. The label of each left edge is 0 and the label of each right edge is 1.

Proceed by doing the following steps as many times as possible:

1. If two vertices are identified, identify their left children and left edges, along

with their right children and right edges.

2. If two vertices have their left children and their right children identified respec-

tively, then identify the vertices.

This process will stop since there are only finitely many edges and vertices. Let C(H)

denote the core of H.

Observe that the root of the core corresponds to the distinguished path of the
core of a subgroup of a diagram group, and that the vertices correspond to edges
and a vertex together with its left and right children correspond to cells. Thus the
identification process used in creating the core also corresponds. We can also give an

analogous way to define acceptance by a core.

Definition 4.1.2. An element = € T is said to be accepted by C(H) if there is a
homomorphism ¢ of labeled directed graphs from the reduced diagram of x to the
core, where a graph homomorphism is a map such that vertices are sent to vertices,

edges are sent to edges of the same label, and if w and v are vertices such that (u,v)

is a directed edge e, then (¢(u), ¢(v)) is the directed edge ¢(e).

Checking whether such a homomorphism exists is practically accomplished by first
mapping the roots of the reduced diagram of x to the root of C'(H), and then identi-
fying edges and vertices from the diagram of = with edges and vertices of C(H) using

the same two steps outlined above repeatedly. Either a natural graph homomorphism
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to the core will arise from the identifications, or a contradiction (e.g., a vertex of in
the diagram of x being identified with two different vertices in the core, or a vertex
in x which has children is identified with a vertex in the core that has no children)
is reached and the process cannot continue, implying that no such homomorphism

exists. In particular, checking if = is accepted by C(H) is decidable.

Example 4.1.3. For example, we can compute C'(F) by using the generators xy and
x; of F. This example is depicted in Figure [I.1, where numbers are used for the
vertices to signify that they are identified. The first step of constructing the core
would be to label both roots of trees in the diagrams of xy and x; by 1, to show that

they are all the same vertex on the core.

Figure 4.1: An intermediary step in constructing the core of (xg,z1) is shown on the
left, with The identified pairs of trees for xy on the left and x; in the middle. The
final core is shown on the right.

Next identify all left children of vertex 1 as vertex 2, and identify all right children
of vertex 1 as vertex 3. Notice that from the diagram of xy, we see that vertex 2 has
left child 2 and vertex 3 has right child 3, so we can label all corresponding children
of vertices labeled 2 and 3 accordingly. Next, since it has not yet been identified with

other vertices, let us label the right child of 2 by 4, and do so for all instances of
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the vertex 2 in the diagram. Then 4 is also in one instance the left child of 3, so
update the core once again. Finally, all possible identifications and labels have been
completed, so the core is complete, and it has 4 vertices and is shown on the right in

the figure.

Let the subset of T accepted by the core of a finitely generated subgroup H
be denoted by Core(H). Then the next proposition proves that Core(H) is also a

subgroup of T' that contains H, although it may be larger.
Lemma 4.1.4. Core(H) is a subgroup that contains H.

Proof. By construction, C'(H) accepts the generators of H, so it suffices to prove that
Core(H) is a subgroup. Suppose x € Core(H). Tt is clear that 2! € Core(H) since

the diagrams for x and !

are isomorphic.

Suppose z,y € Core(H). Then the unreduced tree diagram corresponding to zy is
accepted by C'(H), since the only overlap between the two diagrams in the unreduced
product diagram is the root, which is sent to the same place in the core. Furthermore,
if a dipole is removed from a diagram accepted by the core, then the vertices which are

identified by removing the dipole were also identified in the core, so the core accepts

the reduced diagram. Thus zy € Core(H). O

4.2 The Closure of a Subgroup of T

A subgroup H < T is said to be closed if Core(H) = H, in which case determining
whether any element g € T is in H is very simple. In order to investigate which
subgroups of T" are closed, we need to first characterize Core(H ), which is the goal of
this section.

A function f € T is said to be dyadically-piecewise-H if there exists functions
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fi € H and dyadic rationals «; for ¢ = 1,...,n such that

(

f1<t) t e [O, (1/1]

fot) t € (ar, a9

kfn(t) t € (ap_1,1]

Thus f, although it may not be in H itself, is composed of pieces of functions from
H. The subgroup of T" of all elements which are dyadically-piecewise-H is written
as Piec(H). For example, it is an observation that if f @ g is in Core(H), then so is
1 @ g, which is the identity on [0, 3] and f @ g on [3,1]. Nevertheless, the subgroup
generated by f @ g need not contain 1@ g, and so Core(H ) may indeed contain more
than H, just as was the case for F.

When proving that Core(H) = Comp(H ), Golan proved that Core(H) C Piec(H)

in the case of F' [6], but it is also true for T with very little alteration. The proofs

presented here for Lemmas |4.2.1| and 4.2.2] are the result of discussions between the

author with Golan.

Since edges on trees and the core are labeled with 0 for left and 1 for right, paths
and their labels will be referred to interchangeably. For every leaf in a pair of trees
diagram of x € T, let t,,t_ € {0,1}* be the labels of the unique positive and negative
paths to the leaf. Thus z is associated with ¢, — t_, since the final vertex on the
path ¢, is associated with the final vertex on the path ¢t_. It also has the following
equivalent meaning. Viewing z as a function on binary words, ¢, — ¢_ means that x
applied to a binary word beginning with ¢, replaces the prefix with £_. For example,

xo contains 00 — 0, and rewrites binary words as follows, where « is any finite binary
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word:

00a — O
0l — 10«

laa = 1l

This hearkens back to the original definition of diagram groups using rewriting sys-

tems.

Lemma 4.2.1. Let H = (x1,...,x,) < T, and let u,v be a vertices of the diagrams
for some x;, x; respectively. If u and v are identified in the core of H, then there exists
a non-negative integer l,,,, such that for any directed path with label t,, to w in z; and
any directed path with label t, to v in x;, as well as for any finite binary word o with
la| > 1y, there exists a not necessarily reduced diagram for some g € H containing

t,a — tyao.

Proof. We proceed by considering the construction of the core. At the beginning,
only roots are identified, so either they are roots from different trees or u = v, and
they are vertices from the same x;. If they are roots, the only directed path from the
root to the root is the empty path, and hence for [ = 0 and any finite binary word «
we can simply take g to be the unreduced trivial diagram of depth |«/.

If w = v and they are vertices in x;, either they are leaves, in which case there
are two directed paths to u = v from the root, or they are not leaves in which case
there is only one directed path to u = v from the root. Observe that if there is g € H
containing t, — t,, then up to simply adding dipoles to g, g contains t,a — t,« for
any finite binary word «. Thus if both paths are the same, g can once again be the
trivial diagram, and if both paths are different, then g can be a diagram of x;. Then

[ = 0 still works, and by the above observation, we are done with the base case of
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induction.

Now suppose that the result holds up to a certain point in the construction of the
core, and then two vertices are identified in the core. Since there are two ways to
identify vertices, we have two cases to consider.

First, assume that v and v are the left or right children of two identified vertices,
w, and w, from x; and z; respectively. Since the cases are symmetric, assume they
are both left children. If neither u nor v are leaves, then any directed path in z;
or z; from the root to u or v go through w, or w, respectively. Thus, given any
directed paths from the root to w or v with labels ¢, and t, respectively, we have
ty = tw,0 and t, = t,, 0 for some directed paths with label ¢, and t¢,, to w, and
w,. By induction there exists I = [,,, ., such that if |a| > I’, then there exists g € H
containing t,,, & — t,,, . Thusif || > I'—1, there exists g € H containing ¢, — t,«
since t,, = t,,0, and ¢, = t,,0. Therefore [, , = max{l'’ — 1,0} suffices.

Suppose that u is a leaf and v is not a leaf. Up to taking z; ' instead of z;, we
may suppose that w, is in the negative part of the diagram of z;, hence x; contains
tu+ — tw,0 where t, . is the unique positive path to u (recall that a path is positive
if it is in the input tree for the pair of trees representation of g, and it is called
negative if it is in the output tree). Then if ¢, is a path in x; to u, either ¢, goes
through w,, in which case we can use the same argument as when wu is not a leaf, or
t, =ty +. Thus z; contains ¢, + — t,,0, and by the previous case there is l,,, ., such
that for any finite binary word « of length at least l,,, ., , there is a g € H containing
tw, 0 — ty, 0, Where ¢, 0 is any path in z; to v which must go through w,. Thus for
any finite binary word o of length at least [, ., — 1, z; - g contains ¢, ya — ¢, Ocv.
Since t, =ty 4, ty = 1,0, x; - g contains t,a — t,« as desired.

For the second case, suppose that the children of v and v have already been
identified, and hence u and v are being identified. This time, as v and v have children,

they are clearly not leaves. Let w;, u,,v;, v, be the left and right children of v and v
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respectively. Then choose | = max{ly, v, lu, v} + 1. Then if |a| > [, we can write «
as 0’ or 1a’. Since both cases are similar, we will consider the former case. Then
|&’| > 1, 4,, hence there exists ¢ € H taking t,,¢' — t,a/. Since t,,&' = t,a and

ty, o = t,a, we are done. O

This lemma generalizes to any two directed paths in the core from the root to the

same end point.

Lemma 4.2.2. Let H = (x1,...,x,) < T, and let p and q be the labels of directed
paths in C(H) from the root to the same vertex. Then there exists a non-negative
integer | such that for every a € {0,1}* with |a| > 1, there exists g € H containing

pa — qo.

Proof. Observe that any directed path in the core can be decomposed into py, ..., px
where each p; is the label of some directed path (not necessarily from the root) in
some z;,, and the concatenation p; -ps-...-pj is well-defined and the original directed
path.

Thus let p =p1,...,px and ¢ = q, . . ., ¢ be such decompositions. We proceed by
induction on k+1, with the base case of k+1 = 2 being the previous proposition. Now
suppose m = k + 1 > 3. Up to swapping the roles of p and ¢ and taking the inverse
of the element g that we find, we may assume that k > 2. Let p; € x; and py € 2,
with u the last vertex of p; and v the first vertex of ps. Since v is on a directed path
in z;, it is not a leaf, so there exists a unique path p} in x; to v. Now, since p; and
p) satisfy the conditions of the previous proposition, there exists I’ such that for any
|a/| > 1, there exists ¢ € H containing ¢, — t,o/. Thus if |a| > 1 — |p2...pkl,
then ¢’ contains t,ps...pra — typs ... pra. Since p| and ps are in the same tree, by
induction there is a ¢ € H containing t,ps...prx — q1...qo if |a| > 1" for some
I”. Up to originally taking a larger quantity, we may assume [’ > [”, and hence the

element ¢'¢g contains pa — qa. ]
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In particular, this last proposition directly implies that every element of Core(H)
is dyadically-piecewise- H. Notice that this implies that if H < F', then any element in
Core(H) is dyadically-piecewise- H, and since every element of H stabilizes 0, so does
every element in Core(H). Thus Core(H) < F and this extension of the Stallings
2-core to T coincides with its definition in F'.

In our next step towards proving that Core(H) = Piec(H ), we need the following

technical lemma.

Lemma 4.2.3. Fori = 1,2, let h; be the linear bijection from some standard dyadic

interval [, 5] C [0,1] to [;ﬁfi , b;jil] C [0, 1] for some non-negative integers a,n, by, ba, ny, ny.

If there exists a dyadic rational v € (2%, %) such that hy(y) = ha(y), then hyi(t) =

2ny  9n
ho(t) for all t € [, %H].

2”L ) 2TL

Proof. By definition, h;(t) = 277" (t — &) + 2. Since hy(y) = ha(7), we have the

following:

a by _ a by
_ = L _ognema(, 2 2
o)+ (= 50+ 50

2"2(2%y — a) + 012" = 2" (2" — a) + by2™

2" (y

bl2n2 . b22n1 — (2n7 . CL) (2111 _ 2112)

Since v € (&, %) is a dyadic rational, 2"y — a is a dyadic rational in (0, 1).
Since ng, ny, by, by are non-negative integers, b12"? — by2™ is an integer. Thus (2"y —
a)(2™ — 2™) must be an integer.

There are then two cases to consider, either ny = ny or ny # ns. If ny = ng, then
since hi(7y) = ha(y), the above equation simplifies to by = by, and thus hy and hy are

the same linear function. If ny # no, then without loss of generality n; > ny. Since
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2"y — a is a dyadic rational, let 2"y —a = 5% for some integers m > 0 and c. Then

D122 — by2™ = (2% — a) (2™ — 2")
b2 — b2 ¢

ony _ 9na - Qm

gmona (b — pyom=nz)
gna(gm—nz —1)

2m(by — by2e)
@u-m—1)  °

2 (by — by2m "2
Notice that 2™ and 2™~ — 1 are relatively prime, and thus (b = by )

2mi—n2 — ]
(b1 — b22n17n2) c ((bl — b22n12L2)
is an integer if and only if is an integer. But — =
(2m—n2 — 1) 2m (2m—m2 — 1)

Observe that 0 < 557 = 2"y —a < 1 since v € (g5, %nl), and thus 2"y —a = 55 €
(bl — 622711—712)
@)

(0,1). Therefore

by — by2m "2
c= ( (127“_22 D ) is an integer. Thus n; > ng is impossible. u

cannot be an integer, which is a contradiction since

Lemma 4.2.4. Let H be a subgroup of the Thompson group T, and let g € T be

dyadically-piecewise-H. Then g € Core(H).
Proof. Since g is dyadically-piecewise-H,

(

h1<t) t e [Oéo, CYl]

hg(t) t e [0[1, OZQ]

h(t) t € [am_1,0m]

\

where «; are all dyadic rationals and ag = 0 = 1 = «,,, and each h; € H. Since

every such interval with dyadic rational endpoints can be subdivided into standard

dyadic intervals of the form [f&, 45] for some integers n > 0 and a, without loss
of generality each [y, 1] = [5%, %H] for some integers n; > 0 and a;. We can
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furthermore assume ¢ restricted to any particular [y, o;.1] is linear, up to simply

dividing into more intervals.

With each standard dyadic interval [, %] C [0,1], there is a unique finite
binary word w associated with that interval, where O.u = o and 0.ulll... = “2—4;1
For example, associated with the interval [, 2] is u = 01, noting that 0.01 = } in
binary and 0.01111...=0.1 = % in binary.

Let u; be the finite binary word associated with [a;_1, as] = [z, ag;iljl]. Recall

that each u; also corresponds to the label of a directed path on a binary tree consisting
of choices of left indicated by 0 and right indicated by 1. Likewise, let v; be the finite
binary word associated with g([c;_1, «;]), which is also a standard dyadic interval. To
show ¢ is accepted by the core, it suffices to prove that for each u; and v;, both u; and
v; are the labels of paths on the core of H starting from the root and ending at the
same vertex on the core, as this will allow us to explicitly construct a homomorphism
of labeled directed graphs from g to C(H). For the rest of this proof, we will refer to
u; and v; as both the labels of the directed paths and the directed paths themselves.

Since h; linearly maps [a;_1, ;] to g([ei—1, @;]), up to adding dipoles, the pairs of
tree diagram for h; must contain a path labeled by wu; from the root to a leaf on the
input tree of h;, and a path labeled by v; from the root to a leaf on the output tree
of h;, such that the corresponding leaves are identified in the diagram. Thus in the
reduced diagram for h;, there exist paths w, and v, from the root to identified leaves
in the domain and output trees respectively such that u,a = w; and via = v; for some
possibly empty finite binary word «a.

Then since each h; is accepted by the core, u; and v; are paths on the core of H
from the root to the same vertex. It suffices to prove that u; and v; are also paths on
the core of H from the root to some vertices. Indeed, since u; and v; end at the same
vertex on the core of H, and since u; = ua, v; = viar, u; and v; must end at the same

place if the paths exist on the core of H. We can further simplify it to proving that
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u; is a path on the core, since if u,« is a path on the core and u; and v end in the
same place, then v.a must also be a path on the core.

Let u} be associated with the standard dyadic interval [a)_;, a}]. For the rest of
the proof, it will be convenient to use a finite binary word interchangeably with the
associated standard dyadic interval. For example, since u, is a prefix of w;, treating
them as intervals we have u; C u}.

Suppose now that u; ends with a 0. Then if v is any other binary word such that
v1™ = u;1", we must have that u; is a prefix of v. Said another way, [o;_1, ;] is the
largest standard dyadic interval with «; as a right endpoint. Thus if o; = o, then
u; C w;, and since u; C u, as well, we have u; = u,. Hence u; would be a path on the
core of H as desired.

Otherwise, if a; # af, then w; is strictly contained in u. Given any two dyadic
intervals, their intersection is either empty, a single end point, or one of the two
intervals. In particular, consider u;,,, defined in the same way as u (replace each
instance of 4 in the above paragraphs defining u; with i+1 to define u]_ ). Notice that
h; restricted to u; and h,yq restricted to u;, ; are linear maps, and since g is continuous,
hit1(cou) = hi(oy). Since ¢ is not the right end point of u}, since o; € u; Nwj,,, and
since u;, ; contains elements to the right of o}, o; must also be interior to u;,,. Thus
we can apply Lemma to h; and h,4; restricted to u;Nu;, ; to get that they must
actually be the same linear function.

Since u; as a binary word ends with a 0, we can write u; = u/0. Then u;41 = ;10"
for some n > 0. If n = 0, then [a;_1, a;41] is a dyadic interval, and so we can replace
the intervals [o;_1, ;] and [y, ay11] in the definition of g as dyadically-piecewise-H
with the single interval [a;_1, @;41]. By induction on m, where m is the number of
functions required in the decomposition of g as dyadically-piecewise-H, we are done
(if m = 1, the statement is obvious).

Thus suppose that n > 0. Then u;;; ends with a 0, and we can use the same
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argument to show that either w;,; is a path on the core of H or h;;; and h;, o are the
same function. Continuing in this way, we will eventually stop, since either we will
get a path on the core, or we will get to some k such that h;, h;iq,..., hjix are all
the same function. If we get that w;,; is a path on the core, then in particular u/1
is a path on the core. Since no vertex on the core has a right child and not a left,
u/0 = u; is a path on the core as desired. In the second case, the endpoint that we
stop at is a;y . = 1, since this is the furthest right we can go without wrapping back
around. However, this cannot actually happen, since 1 is only the right end point
of a standard dyadic interval if the corresponding binary word ends is a sequence of
1I's. Each wu;4; in our sequence was shown to end with 0, since if it ended with a 1 we
could have already concluded that u; was a path on the core of H.

The final case to consider is when u; ends with a 1. In this case, if v is a binary
word corresponding to the same fraction as u;, then u; must be a prefix of v. Thus
[, 1, o] is the largest standard dyadic interval with «; 1 as a left endpoint, and we
can use an analogous argument considering h; ; and h; together, rather than h;

and h;. O

Taken together, Lemmas and directly prove the following theorem,

which is the main goal of this section.

Theorem 4.2.5. Let H = (x1,...,x,) be a subgroup of T. Then g € T is accepted by
the core of H if and only if g is dyadically-piecewise-H. That is, Core(H) = Piec(H).

In particular, the core of H does not depend upon the chosen set of generators of

H. It also makes the proof of the following proposition quite simple.

Proposition 4.2.6. Let H < T and g € T, then Piec(¢gHg™') = g Piec(H)g™!
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Proof. Suppse h € Piec(H). Then

for some hq,...,h, € H and dyadic rationals ;.
Then we must also have

(

ghig™*(t) te€g'([0,a4])

ghag™'(t) t€ g7 ((ou, )

\ghng’l(t) te g ((an1,1])

Since elements of T' are bijections that take dyadic rationals to dyadic ratio-
nals, g~ ([0, a1]), ..., 97 ((n_1, 1]) is still a dyadic partition of [0,1]. Thus ghg™' €
Piec(gHg™'), and so g Piec(H)g~! C Piec(gHg™'). The reverse inclusion is proved

similarly. O]

4.3 Examples of Closed Subgroups

Our next goal is to explore some of the ramifications of Theorem by looking

at examples of closed subgroups of T'.
Corollary 4.3.1. If H is any subgroup of T, then Core(H) is closed.
Proof. Since Core(H) = Piec(H), and since Piec(Piec(H)) = Piec(H), Core(Core(H)) =

Core(H). Thus Core(H) is closed. O
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Since a similar result is true in F', that is, the subgroup of F' accepted by the core
of a subgroup H of F' is exactly Piec(H) [6], we also have the following immediate

corollary.
Corollary 4.3.2. If H < F is closed, then H s also closed in T

Proof. If h € T is accepted by the core of H in T, then h is in Piec(H). Since every
function in H fixes 0, so must h. Thus h € F and h € Piec(H) by Theorem 5.6 of
[6]. As Piec(H) =H,h e H. O

A natural question one might ask about 7" is whether any subgroup H such that
Core(H) = T must itself be equal to 7. We can show by example that this is not

true, however.

Example 4.3.3. Let H = (zg,¢q), where 2y and ¢y are the elements whose tree

diagrams are depicted in Figure [4.2] Then Core(H) =T, but H # T.

Proof. The fully simplified core of H is shown in Figure|4.2] as well as an intermediary
step in computing the core. In short, vertices with the same number in the figure are
identified in the process of constructing the core. For example, for the diagram of
co on the left of the figure, the first identification are the roots on top and bottom,
which are both thus labeled 1. The left and right children of these two nodes are then
identified, but we notice the the left child of the root of the top tree is the right child
of the root of the bottom tree, thus we can label both left and right children as 2.
Taking both diagrams for zy and ¢y together, we see that vertices 2 and 3 must be
identified, as the children of 1 in both trees are identified. From this, the right child
of 2 is 4 and the right child of 3 is 3 from xy, and hence 4 = 3 as well. We also see
that the left child of 2 is 2, and thus vertices 1 and 2 both have 2 as the left and right
children. Therefore vertices 1 and 2 are identified, and so the core of (zg,cq) consists
of a single vertex which is its own left and right children. This is exactly the core

depicted on the right in the figure.
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Observe that there is a graph homomorphism from any full binary tree to the core
of (xg, o), given by simply sending every vertex of any tree to the vertex labeled 1.
Since the single vertex in the core is its own children, any relation between vertices
and edges is preserved by this homomorphism. Thus every element of T" is accepted

by this core, and we immediately get that T C Core(H ), and hence Core(H) =T.

1
2 1
2 3 1
2 2 =R
3
1
1

Figure 4.2: The core of (xg,co) on the right, computed from initial identifications
done to the diagrams for zo (left) and ¢y (middle).

However, in order to show that H # T, it suffices to check that H N F' # F. In
order to do this, recall that ¢y = xoc;, where ¢ = 1. Since ¢ = 1, every element of
H can be written as z3°coxg'co . . . coxy*, for some k,n; € Z, and n; # 0 if i # 0, k.

Since ¢y = zgc1, we have x5 co = ¢, and so (75 'cy)® = 1. Therefore we have

-1 1 -1 1
CoTy Co = ToTg (CoTg Co)Ty CoCoTo
_ 1.3
= xo(xy Co)°coTo

= TopCoTo
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Thus, if n is a positive integer, we have

xy" = colcozy teg)™co

= 00(90000900)”00

Therefore every element of H can be written as xy°coxgy’co. .. coxg", for some
k,n; € Z, n; # 01if i # 0, k, and n; > 0, i.e., no negative powers of xg need be used.

Furthermore, observe that since (coxg)® = 1, we have zgcoxocorg = co. In particular,

ni+1—1

. . . io1—1 .
if 1 <7<k —1, then if n; = 1 we can replace the subword x;" ' zocoz( coTo Ty

with simply x”ifl_lcoxg"“*l and further reduce the word. Thus we may assume that
n; > 2 except possibly for i = 0,1,k — 1, k, and if ny # 0, then n;_; > 2 as well.

Finally, we will show if hy, he € H have the forms hy = x3°coxgco . . . cozg® and
hy = x§°coxl"co. .. coxy” as above, then hi(0) = hy(0) if and only if hihy' is an
integer power of zy. Thus H N F = (xy). If hihy"' is an integer power of z, then
clearly hy(0) = hs(0), since x¢(0) = 0.

For the other direction, it suffices to prove statement for ng = 0 and my = 0.
Indeed, if it is true for all such A; and hy with ng = 0 and my = 0, then take Ay
and hy arbitrary. Then h| = z,"°h; and b}, = x,""hy have the desired form with
ng = 0 = mg. Since x4(0) = 0, we still have that h’(0) = h,(0), and thus |5
is a power of xg. Thus x,"°h1h; 2™ is a power of xg, and so hihy ' is as well, as
desired.

We can view xy and ¢y as functions which rewrite binary words as described in
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the following table:

xq Co

00 — O« Oa = la

0la — 10« la — Oa
laa = 1l

where a binary string represents a dyadic rational. For example, % is the binary

number 0.1, hence corresponding to the string 1, % is the binary number 0.011, and
thus corresponds to the binary string 011. Since 1:0(%) = %, we think of z( as rewriting
1 to 11.

Using this notation allows us to compactly compute that h; rewrites 0 in the

following way (recall that functions are applied from left to right):

hi(0) = coxyiey - .. coxg*(0)
— xy'co ... coxg (1)
— coy’ . .. coxgk(lnlﬂ)
— xy%¢o - . . o™ (01™)
- x82_100 .. .cozgF(101™ )
— coxp? ... corgF (1011
— afBcy. .. cozgF(01m2701™ )
— x83*100 o Co$gk(101"2*201n171)

— coxpt. .. coxgF (101" 201™ )
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— corg(1™-101™-2720 ... 01" 201™ 1)

— 1™01™1720 ... 1™ 201!

assuming ng > 0. Note that we do use the fact that each n; > 2 for 2 < i < k, in

1'is not an empty string as we use the above rewriting

order to guarantee that 1™~
rules. Similarly, if n; = 0, then hy rewrites 0 to 01171012720 . 01"2201™ 1L,

Likewise hy rewrites 0 to 1™01™-1720...01™27201™ 1 if m; > 0 and to
01™i=t01m-1720 . .. 01™27201™ 1 if my = 0.

Thus if hy1(0) = hy(0), we must have ny = m;. Likewise, either hy and hy rewrite
0 to the exact same binary string, or one of them rewrites 0 to a binary string which
ends with some number of 0s. In the first case, hy = ho, and in the second case,
without loss of generality, h; takes 0 to a longer binary string than hy. In this case,
we still must have nj,_; = m;_; for each ¢ < [, and then n,_; = 2 for each i > [, with
the exception that ny = 1. It is possible either for m; = ng_;,; or my = 1.

Thus hihy ' = como(cow?)™(como) ¢ for e = 0 or ¢ = 1 and n > 0 (since h; rewrites
0 to a longer string than hy). If € = 0, it is easy to verify that coxo rewrites 0 to
110, and that coz2 rewrites 110 to 1100c. Thus if € = 0, hihy*(0) # 0, which is a
contradiction. Thus € = 1.

To finish the proof, we show that cowo(coz2)™(como)™! = 23", and hence hihy' is
a power of xg, as desired. The statement is clearly true for n = 0, and for n = 1 the
statement is z 1 = coxocoxgxa Yeo = corocoxocy. This is equivalent to 1 = (cox0)3,
which is true since corg = ¢; ' is an element of order 3.

We proceed by induction on n, with n > 1:
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coTo(coxd)™ (cozo) ™ = cozolcozd)" *(como) ™ (coxo) (coxd)(como)
= xg(n_l)xal (by induction)

]

In the previous example, since zgc; = ¢y, we have H = (¢, ¢1) = (xg, ¢y), where
co and ¢ are finite order elements. Thus it so happens that (zg,c;) N F = (z9) =
(xg,co) N F', and so one might ask whether a similar situation occurs for any subgroup
H of F, and any finite order element ¢t € T". However, one of the defining relations
of T'is ¢; = 2175 c;ry [2]. From this it is clear that zo € (1, ¢;), hence we have the

following example.

Example 4.3.4. T' = (x1,¢;), and thus F'N(xy,¢;) = F, which is strictly larger than

(1)

We can still make an effort to begin to classify the cores of subgroups of T of the
form (H,t) for H < F and t € T of finite order, however. Let us first suppose H = 1

is the trivial subgroup of F', the simplest case possible, and that t = ¢,.
Corollary 4.3.5. Core({c,)) = {(¢,) for any n > 0.

Proof. Since both trees in the reduced pair of trees representation of ¢, are the same,
any power of ¢, simply permutes their leaves. In particular, ¢* and ¢/ have no
intersection as functions unless k¥ = j mod (n + 2). Thus the only functions which
are piecewise (c,) are themselves in (¢, ), and since Core(H) = Piec(H ), we thus have

Core({(c,)) = Piec({c,)) = (cn)- O
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We can actually prove a similar statement about not only (t), but any finite

subgroup of T'.
Proposition 4.3.6. If H is a finite subgroup of T, then Core(H) = H.

Proof. By Theorem 1.3 in [3], H is conjugate to any other finite subgroup of the same
order. In particular, since ¢, generates a finite subgroup of order n + 2, H is either
trivial or conjugate to some (c,). If H is trivial, then its core consists of a single vertex
with no children, and hence the core only accepts the trivial element. Otherwise,
Core(H) = Piec(H) = Piec({gc,g™1)) for some g € T, and so by Proposition [4.2.6]
Piec({gc,g™!)) = g Piec(c,)g™ = (gcng™') = H. Thus Core(H) = H as desired.

O

We next turn our attention to a collection of subgroups of 7" which are all of
quasi-finite index. A subgroup H of a group G is said to be of quasi-finite index if
there are only finitely many subgroups of G containing H [5]. In particular, if H
is a subgroup of T' of quasi-finite index, then there are only finitely many options
for Core(H), and hence if we can classify those options, we can easily test for which
subgroup of T" that Core(H ) happens to be.

Fortunately, there is a nice class of such subgroups of 7. Given any « € [0,1),
the pointwise stabilizer of «, PStabr(a), is a maximal subgroup as the next lemma
shows. Savchuk showed a similar result in [I8] by proving that PStabg(«) is a maximal
subgroup of F. In order to prove this result in T, we first prove the following technical

lemma.

Lemma 4.3.7. Let o, 8,7,0 be dyadic rationals in [0,1) with o # v and 5 # 6. Then

there exists an element h € T such that h(a)) = 5 and h(y) = 0.

Proof. Let k be the smallest positive integer such that 28(6 — 3), 2¥(y — a), and
2Fq are integers, and let A, € [0,1) such that A,, =~ —a mod 1. Likewise let

Ags € [0,1) such that Ags = — 9 mod 1. Then there exists ki, ..., k; such that
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2k + 428 = 2FAg 5, and each k; is an integer. Moreover, they can be chosen so
that j = 2k/+kAa,Y for some non-negative integer k', since 2¥A,, . is a positive integer,
and j can always be increased by 1 by replacing 2% with 2% 1 4 2ki—1,

Our goal is to define h as a piecewise function, and we can now begin to do that.

Since 2Fa is an integer, [a, o + ) is a standard interval. Thus we can define h

2k+k’
on [a,7] in the following way, recalling that 0 ~ 1, so for example [3, %) is the same
interval as [2, 2).

4

e A AN ka)

22t 4yt € ot s, o+ 5o

kot k! —1 )
2kt Loy te ot o, a+ 5]

\

where ¢; is a dyadic rational chosen so that h(«) = 7, and the remaining co, ..., ¢;
are dyadic rationals chosen to make the function continuous. Thus we have h(y) =

h(a+ A, 5) = h(a+ ka ), and since each interval has the same width of we

2k+k’

2k1+k 2]€J+

have h<04+ 2k+k’) = h(a) S Tt = ﬁ+2_k(2k1 +.. '+2kj) = p+Ags = 0.
Thus h(vy) = 6 and h(a) = § as desired.

Repeat the process to define h on (v, ) to get the desired element of T'. ]
Proposition 4.3.8. For any a € [0,1), PStabr(«) is a mazximal subgroup of T.

Proof. Let f,g € T \ PStaby(«). If we show that g € (PStaby(«), f), then since g
is arbitrary, (PStabr(«), f) = T, and hence PStaby(«) is a maximal subgroup. Let
B = f(a) and v = g(a). Since f and g are piecewise linear functions of the form
2% + m where m is a dyadic rational, we immediately get that 8 — o and v — o are
dyadic rational, and hence v — (8 is dyadic rational.

Since f(a) # a # g(a), we also have that @ # [ and o # . Let [aq, bal,

lag, bg], and [ay, b,] be standard dyadic intervals of the same width such that «, £,
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and ~ are in their respective intervals, and such that [a,,bs] is disjoint from both
lag, bs] and [a.,b,]. Up to possibly choosing smaller intervals, we can assume that
lag, bg] + v — B = |ay,b,], since v — B is a dyadic rational.

By Lemma , there exists hy, hy € T such that hy(by) = ba, hi(ag) = a,
ha(by) = by, and ha(bg) = b,. Then define h by

(

t t € [aa,ba)
hq(t) t € [ba,ag)

t+y—0 telag bp)

ha(t) t € lbs,an)

\

Thus h(a) = a and h(B) = v, and so h € PStabr(a). Hence fhg~'(a) =
hg='(B) = g7 *(y) = a, and so fhg~! € PStaby(a). In particular, g € (PStaby(a), f)

as desired. [

As an immediate corollary, we get that for any o € [0,1) and for any g € T\
PStabr(a), Core((PStabr(«), g)) = (PStabr(a),g)) =T.

The next natural question is to extend the result to stabilizers of multiple points.
It turns out that if U is any finite collection of points from [0,1), then PStabs(U)
also has quasi-finite index. Before proving this, we need a technical lemma similar to
Lemma 4.2 from [2]. Elements uy,us, ..., u, € [0,1) are said to be cyclically ordered

if there exists j such that u; < wujp1 < ...u, <up <...uj_1.

Lemma 4.3.9. If uy,us,...,u, and vi,vs,...,v, are cyclically ordered elements of
[0,1)/ ~ with v; — u; dyadic rational, then there exists g € T' such that g(u;) = v; for

everyi=1,...,n.

Proof. First, assume u; < us < ...u, and v; < vy < ...v, using the natural order

on [0,1). Take dyadic rationals a;; and b;; such that a;_12 < a;1 < w; < a;2,
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bi_LQ < bi,l < < bi,27 Ai2 — Qi1 = b@g — bi71, and Qi — U; = bi,Q — V; for all 7. Then

by Lemma 4.2 of [2], there is an element g € F' such that g(a; ;) = b; j, and moreover,

i3
g can be taken to have slope 1 on [a; 1, a; 2], hence g(u;) = v;.

If u; and v; are not the smallest elements of {uy, ..., u,} and {vy,...,v,} respec-
tively, then simply take dyadic rationals o, f so that v} —a <u, —a < ... <u), —«
and v] — f < vy —f < ... < v, — B, where v, —a = u; —a or u; —a+ 1 and
v, — f =wv; — B or v; — f+ 1, depending on which is in [0,1). Then we can use the
result from the first case to get g € F' such that g(u, —a) = v, — 5. Let g,(t) =t —«
mod 1 and g3(t) =t 4+ mod 1. Then g,99s(uw;) = gg95(u; — o) = gz(vi — ) = v;, so

9a99p is the desired element of 7. O]

Theorem 4.3.10. Let U be a finite subset of [0,1). Then PStabr(U) is a subgroup

of T' of quasi-finite indez.

Proof. Enumerate U as U = {uy,...,u,} where u; < ug < ... < uy,, and let g €
T\ PStabr(U). We proceed by induction on n. If n = 1, the statement is proven by
the previous proposition. For n > 1, there are two cases to consider. Either there is
some u; € U such that the orbit of u; under ¢ is infinite, or the orbit of every w; is
finite under g. Let U, = {u € Ulg(u) # u}.

In the first case, for each ¢ such that u; has finite orbit, there is some k; such that
g% (u;) = u;. Thus if k is the product of all such k;, then for every u; € U, g*(u;) is
either u; or u; has infinite orbit under g. It suffices to prove that (PStaby(U), g*) is of
quasi-finite index rather than (PStaby(U), g), since (PStaby(U), g*) < (PStaby(U), g).
Thus, without loss of generality, for any u € U,, we have g"(u) = w if and only if

= 0. Moreover, U, is not empty since at least one element of U has infinite order

under g.

The remainder of this case follows an argument similar to that in the proof of
Theorem 4.1 of [5]. There exists k € N such that g*(U,) NU is empty, since U is finite

and the orbit of each element of U, is infinite. Since U, is non-empty by assumption,
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choose one element v € U, and fix it for the rest of this case. By Lemma ,
there exists h € T that pointwise fixes U U g*(U, \ {u}) and does not fix g*(u). In
particular, we may choose h € PStaby;(U). Then define g; = g*hg=*, and observe
that g; pointwise fixes U\ {u} and g;(u) # u by construction. It suffices now to prove
that (g;, PStaby(U)) is of quasi-finite index, since it is a subgroup of (g, PStabr(U)).
In particular, we will show that (g;, PStaby(U)) = PStabr(U \ {u}), which is of
quasi-finite index by induction.

Clearly (g1, PStabr(U)) < PStabp(U \ {u}). Let f € PStaby(U \ {u}). Without
loss of generality, f(u) # u, since otherwise f € PStaby(U) already. Since elements
of T preserve the cyclic order of elements of [0,1), by Lemma , there exists
hy € PStabp(U) such that fhi(u) = g(u). In particular, g~'fhi(u) = u, and so
f € (g1, PStabyp(U)) as desired.

Thus, in this case, (g1, PStaby(U)) = PStaby(U \ {v}) for some v € U. As U is fi-
nite, there are only finitely many possibilities for subgroups containing (g;, PStabr(U))
by induction.

In the second case, the orbit of u; under ¢ is finite for every u; € U. Let V =
{g*(u;)|k € Z,u; € U}. Then V is finite, and either U C V,or V =U. If U C V,
then there exists v € V' \ U and u € U such that g(u) = v. Choose h € PStaby(U) so
that v has infinite order under h. This is always possible, since there exists a dyadic

[a a+1

rational 5% such that |55, ©5] contains v strictly inside and no elements of U, and

2?’71

then we can simply let h be defined as follows:

26— % te[f BN
at+l/4 a+1/2
el te[A R

1, | 1 a+l at1/2 atl
stts-%e telmZ 57)

t otherwise
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Notice that h is a copy of zy shrunk down to the interval [, ‘lziml] and the identity

everywhere else. Thus v has infinite orbit under h, since all of (0, 1) has infinite order

under xg, and h fixes every v € U since none of them are inside |5, “2%1] Consider
the function ghg™', and compute ghg~'(u) = hg~!(v) # u. Since the orbit of v under
h is infinite, h*¢g~1(v) # u for any k > 0. In particular, u has an infinite orbit under
ghg™!, and so we are back in case 1, which is already solved.

Finally, it remains to check if V' = U, that is, the orbit of every element of U
is finite under g, and g(u) € U for every u € U. By Lemma [£.3.9] there exists
hi,...,hn—1 € T such that hj(w;) = u;4j, where w;pj; = u;yjp if i +j > n. Since g
preserves cyclic order, there exists some k such that g(u;) = w4y for each i. Then
gh;! € PStaby(U), and so (PStaby(U),g) = (PStabr(U), k). Thus there are at
most n possibilities for (PStabr(U), g). In particular, (PStabr(U)) is determined by
U and some cyclic permutation o of {1,...,n}, where hy(u;) = to().

It remains to see that each of these subgroups (PStabr(U), hy) is of quasi-finite in-
dex. But the argument is basically the same as we have already seen, and we can show
that every subgroup of T' containing (PStaby(U), k) is of the form (PStabr(V), hj,)
for some V' C U and hj, which cyclically permutes the elements of V.

Indeed, let g € T'\ (PStabr(U), hg). Either g permutes the elements of U, in which
case (PStaby(U), hy, g) = (PStaby(U), h;) for some j, or there exists u € U such that
g(u) € U. In this case, we first restrict ourselves to considering (PStaby(U), ¢g), which
we have already seen is of quasi-finite index and of the form (PStaby(V)) for some
V c U. Thus (PStaby(U), g, hi) = (PStabp(V), ht), and either hy permutes the
elements of V' or, as we showed in the beginning of the second main case of these

proof, we can add a single element v to V' so that (PStabr(V'), hy) = (PStabp(V")),

where V' C V U {v}. Without loss of generality, v € U \ V, and so we are done. [

If {y, }nen is an enumeration of all dyadic rationals, then (), . PStabp({u1, ..., u,}) =

{1}, and so T' is quasi-residually finite, answering a question of Golan and Sapir from
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[5]. Moreover, we can now classify Core((PStaby(U), g)) where U is a finite subset of
[0,1) and g € T.

Corollary 4.3.11. Let U = {uy,...,u,} be any finite subset of [0,1), and g € T.
Then there ezists a subset V- C U and a cyclic permutation of {1,...,n} such that
for any h € T with h(u;) = usu) for each i, (PStabp(U),g) = (PStabr(V),h) =
Core((PStabr(V'),h)). Thus (PStabr(U),g) is closed, and its core is one of only

finitely many possibilities.

Proof. 1f g is the trivial element, then Core(PStabr(U)) = PStabr(U), since any
element of Core(PStaby(U)) is dyadically-piecewise PStaby(U), and in particular
must fix every element of U.

For any other element g, by the proof of Theorem [£.3.10] there exists V' C U and
a permutation o of V' such that (PStaby(U), g) = (PStabr(V),h) for some subset
V C U and any element h such that h(v) = o(v) for every v € V. The subgroup is
determined uniquely by V' and o (or any other permutation o’ € Sym(V') such that
(o) = (0')). To see that Core((PStabr(V'), h)) = (PStabr(V'), h), observe that every
element of (PStabz(V)) permutes the elements of V. For f € Core((PStaby(V), h)),
f is dyadically-piecewise (PStabr(V'),h), and hence f(v) € V as well. In particular,
for a fixed element vy € V, there exists k such that f(vy) = o*(vg). As f € T,
f preserves the cyclic order of V, and any cyclic permutation of V' is determined
uniquely by the permutation’s action on any single element of V. Hence f(v) = o*(v)

for all other v € V as well. Thus fh~* € PStaby(V), and so f € (PStabp(V),h). O

For the sake of completeness, we also include a proof here that V' is quasi-residually

finite, again answering a question of Golan and Sapir.

Lemma 4.3.12. Let U be a finite collection of dyadic rationals of S*, and let u,v €
SY\ U. Then there exists h € H = PStaby(U), the pointwise stabilizer of U in V,

such that h(u) = v.
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Proof. Let o be any dyadic rational, and let ¢, (f)(t) = f(t + @) — a. ¢, is an inner
automorphism of V' that simply rotates the unit circle, and hence takes pointwise
stabilizers to pointwise stabilizers. Thus without loss of generality, up to a rotation
of S, we may assume that 0 € U. Thus neither « nor v are 0, and without loss of
generality we may assume that u < v. Let k € N be the smallest natural number such
that every element of U U {u, v} is a multiple of 2=*=2) Define P = {a27% € S'|a €
Z}. Clearly P contains U U {u,v}, and moreover contains at least two elements
between v and v and at least one element larger than both u and v. Denote the
elements of P as pi,...,p,. Then there exists ¢, j such that p; = u, p; = v. Now
we may define h as the function that linearly sends the following pieces of S* to each

other (see Figure for a graphical depiction of h):

0,pi-1) — [0,pi—1)
i1, piv1) = [Pj—1,Pj41)
[Dit1, pj—1) — [pi+1,pj—1)
[pj-1,Pi11) = [Pic1,Pis1)

[pj+1.1) = [pjr1. 1)

By the choice of k, we have that i +1 < j — 1 since there are least two elements
of P between u = p; and v = p;, hence all the intervals are well-defined. Moreover,
observe that by construction of P, the slope of h on each piece is 1. Finally, by the
choice of k, we have that p;_1,p;_1,pi,p; € U, hence h € PStaby (U), and clearly
h(p;) = p;, that is, h(u) = v.

]

From this lemma, we derive a corollary, which will be the base case of induction

in proving that V' is quasi-residually finite.
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Figure 4.3: Function h € V that sends u to v and fixes everything else outside of
small dyadic neighborhoods of u and v.

Corollary 4.3.13. Let a be a dyadic rational. Then Staby (<) is a mazimal subgroup.

Proof. Let H = Staby(«), and f,g € V'\ H. The goal is to show that f € (H,g),
hence for every g € V' \ H, we would have V' = (H, g), proving directly that H is
maximal.

Since f,g & H, f(a) # a # g(a). Thus by the Lemma [4.3.12] there exists h € H
such that h(f(a)) = g(a). Since g7 (h(f(a))) = a, g *hf € H, hence f € (H,g). [

Proposition 4.3.14. V is quasi-residually finite.

Proof. Our goal is to show that for every finite set of dyadic rationals U, PStaby (U)
is of quasi-finite index, by performing induction on |U|. By the Corollary [£.3.13] the
base case is proven, so assume for every |U| < n, PStaby (U) is of quasi-finite index,
and let |U| = n, and H = PStaby (U).

Let g € V\ H, and let U, = {u € Ulg(u) # u}. By assumption U, is non-empty,
and as in the proof of Theorem |4.3.10, we may assume up to taking a power of g that
either the orbit of every u € U, under the action of ¢ is infinite, or that g permutes
U. If g permutes U, then we can show just as in the proof of Theorem that

(H, g) is one of finitely many options, each of which is of finite index by induction.
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Otherwise, using another technique from the previous proof, up to taking g=*hg"
for some h € H and k € N, we may assume that |U,| = 1, i.e., U, = {u} for some
u. Let U = U\ U, and H = PStaby (U). To show that H is of quasi-finite index, it
suffices to prove H C (H, g).

Let f € H. If f(u) = u, there is nothing to prove, so assume f(u) # u. We
also have g(u) # u, and hence by Lemma [£.3.12] there exists h € H such that
h(f(u)) = g(u). Thus g~ '(h(f(u))) = u, and since all elements involved stabilize
U\{u}, g7'hf € H,so f € (H,g).

Thus there are only finitely many subgroups of V' containing (H, g), and since g
was unique only up to the element of U that it did not fix. Since U is finite, H is

therefore of quasi-finite index. O

57



Chapter 5

Jones’ Subgroup of T

5.1 Thompson Graphs

Given any full binary tree with n leaves, the associated Thompson graph is defined
by Jones [12] in the following way. Arrange all the leaves on a horizontal line, and
call them [y, ...,[,. The vertices of the Thompson graph are points vy,...,v, on the
same horizontal line, with v; to the left of /1, and more generally v; between [;_; and
l;. For every left edge e of the tree, there is a unique pair of vertices v; and v; such
that a path can be drawn connecting v; and v; which passes through the tree only at
the edge e and stays above the horizontal line. Connect every such pair of vertices.

An example Thompson graph is depicted in Figure 5.1}

Figure 5.1: Example of a Thompson graph in red of a binary
tree in black.

An alternative way to construct the Thompson graph was given by Golan and
Sapir in [4], in which they recognize it as a subgraph of the diagram associated with a
particular pair of trees. Recall that a tree can be associated with a diagram consisting
of cells with one top edge and two bottom edges by replacing each caret in the tree
with such a cell, where the top edge goes through the top vertex of the caret and the

left child goes through the left bottom edge of the cell and the right child likewise
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goes through the right bottom edge of the cell (see Figure . Note that the edges
in this diagram are considered oriented from left to right.

The Thompson graph can then be obtained from the diagram in the following
way. Its vertices consist of all vertices of the diagram except the terminal vertex
(the right-most vertex). For each internal vertex of the diagram (any vertex except
the right-most or the left-most), the top-most incoming edge is also an edge of the
Thompson graph, and these are the only edges in the Thompson graph.

Either way, we can now use the Thompson graph associated with a tree to define
the Thompson graph associated with an element of T'. Specifically, the Thompson
graph associated to any element f € T with reduced pair of trees representation
(R, S,n) is obtained by identifying the vertices of the Thompson graphs of R and §
in the same way that their leaves are identified. An example is depicted in Figure

[.2] with the Thompson graph both depicted on the pair of trees and then simplified.

Figure 5.2: Thompson graph in red of an element of T" depicted both
on the pair of trees diagram and simplified.

The subgroup T of T then is the collection of all elements of T with bipartite
Thompson graphs, and was first defined by Jones when he also defined F similarly.

We will use the terms bipartite and 2-colorable interchangably. For more about F ,
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see [4], in which Golan and Sapir found explicit generators of F and discovered many

other properties and characterizations of the subgroup.

5.2 Generators of T'

Denote by ¢, the element depicted in Figure [5.3]

/\ /\

n+l1 n+2 n n+1

Figure 5.3: The element ¢, from T

Notice that ¢ = ¢y is one of the standard generators of T', and ¢, in general is an
order n + 2 element. Let f% denote the function given by f% () =z + % mod 1. Its
. . . . . . 2 .
pair of trees diagram is depicted in Figure , and f% =1

Iy
—

A NEalVAN

1 2 2 1
Figure 5.4: The element f%.

By Theorem 1 of [4], we have F = (xom1, X179, T2x3), Where x; are the generators
defined in Section [2.2] The goal of this section is the following theorem, which adds

just one element to the set of generators of F to get the generators of T.

Theorem 5.2.1. T = (ﬁ,f > = (xo$1,$1$2,$2$3,f%>

1
2
Before we prove the theorem, we need the following lemma to establish the struc-

ture of the tree diagrams of elements of T.
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Lemma 5.2.2. Every element f € T can be represented with a pair of trees (R, S,
k) such that both trees have an even number of vertices, and such that there is a
2-coloring on the Thompson graphs of R and S where the colors on each vertex from

left to right alternate.

Proof. Let (R, S, k) be the reduced pair of trees representation for f € T. By defini-
tion of f, the Thompson graph of f has a valid 2-coloring, which induces a 2-coloring
on the vertices of the Thompson graph of R. Suppose that the Thompson graph of f
contains two adjacent vertices m and m + 1 with the same color, and consider insert-
ing a dipole at vertex m+1, i.e., adding a caret to the m+1 vertices of both R and S.
Adding a caret adds one left edge and right edge to R, and hence the corresponding
Thompson graph of R is changed by adding a vertex in the middle of the caret, and
connecting that vertex through the new left edge to the existing vertex on its left. A
likewise addition is made to the Thompson graph of S, so that the new Thompson
graphs of both R and S are obtained by adding a vertex in between vertices m and
m + 1, with an edge connecting the new vertex to m. Since m and m + 1 have the
same color, we may choose the other color for the new vertex, and the 2-coloring is
still valid.

Continue adding dipoles in R and S in this way to add vertices to the Thompson
graphs of R and S between all two vertices with the same color, ensuring that the
colors alternate as desired. Likewise add a dipole at the last vertex of R and S if

necessary to ensure that R and S has an even number of vertices. [

Proof of Theorem [5.2.1. Let ﬁ+ denote the positive elements of F' that are in F and
F_ denote the negative elements of F' that are in F , where positive and negative
elements are as defined in Section [2.2] Let S, be the tree depicted in Figure 2.8} and
note that S,, is both the input and output tree for ¢, in Figure [5.3l Then to prove
the theorem we can use the previous lemma to first prove that elements of T can be

written in the form pcf g, where p € ﬁ+ and ¢ € F_, which is very similar to the
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form of elements for T given in Theorem 5.7 of [2]. Thus we will have proven that
T =(F.,F, {1} {canln € N}), and to finish the proof it will suffice to show that
each of these generators is in (xox1, r17e, ToT3, f%>.

Let f € T, then by Lemma there exists (R, S, k), a pair of trees represen-
tation of f, such that the Thompson graphs for R and S have 2n + 2 vertices and
are both 2-colorable with the colors on the vertices alternating. Consider the reduced
pair of trees representation for ¢y, denoted (Sa,, Son,2). It is easy to observe that the
Thompson graph corresponding to Sy, is simply the path of length 2n + 2, and hence
it is 2-colorable with the colors on the vertices alternating, just like the Thompson
graphs of R and S.

In particular, (R, Sa,,1), (Son, San, k), and (Sz,, S, 1) are all bipartite elements
of T since the 2-colorings of all of the trees are compatible. Furthermore, by the
observation given in section , (R, Sopn, 1) is in Fy and (Ss,, S, 1) is in F_. We also
have (S, Son, k) = ci'. Therefore f € (Fy, F_, {cyn|n € N}), which is a subgroup
of T since all generating elements have bipartite Thompson graphs and are in 7.

Finally, since Fis generated by {zoz1, 129, w3}, it suffices to show that cq, €

F f1 Observe that flC

£, <,

n n—i—l n n+1 n—i—l n-+2

Therefore, since f 1 and co, are bipartite, f = f 1 ¢y is a bipartite element of F.

In particular, ¢y, = f%f_l, S0 Can € (F, f%). O
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5.3 T and Dyadic Parity

Every dyadic fraction has either an even or odd sum of binary digits, and we will
refer to this parity as the dyadic parity of the number. For example, g = 0.111 in
binary, and the sum of its digits is 3, so the fraction has odd dyadic parity. Observe
that since every function f € T' is piecewise of the form ax + b, where a is an integer
power of 2 and b is dyadic, if f stabilizes odd dyadic parity, it also stabilizes even
dyadic parity.

Since the generators of F preserve dyadic parity [4], and since f% switches dyadic
parity, the subgroup T that they generate has the property that every element either
exclusively preserves dyadic parity or exclusively switches dyadic parity. In fact, this

property characterizes T.

Theorem 5.3.1. Let f € T either stabilize the dyadic parity of every dyadic rational

or switch the dyadic parity of every dyadic rational. Then f € T.

Proof. Let f have reduced pair of trees representation (R, S, k). Label left edges of
R and S with 0 and right edges with 1, and label each leaf with the label of the path
from the root of the tree to that leaf. Then each vertex v in the Thompson graph
of R is to the left of some leaf @ in R. If a has even dyadic parity then color the
corresponding vertex in the Thompson graph “even”, and otherwise color it “odd”.
Likewise the vertices in the Thompson graph of S can be colored.

If a; and ay are the labels of leaves in R and S respectively that are identified, then
f(a1) = as. Therefore, if f stabilizes the dyadic parity then a; and ay have the same
parity. and if f switches the dyadic parity, then they have opposite parity. Thus,
when the Thompson graphs of R and S are identified, up to swapping the colors, the
colorings are identical.

It remains to show that for the Thompson graphs of R and S, this is indeed a

valid 2-coloring, i.e., that no two adjacent vertices have the same color. Suppose two
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vertices v; and v in the Thompson graph of a R are adjacent, and the leaves to their
right are labeled by a; and as. Then either one of them is directly beneath a caret,
or neither is. Both situations are depicted in Figure [5.5] and when one is directly
beneath a caret, it is easily verified that a; and ay differ only by the last digit, and
hence v; and vy have opposite colorings. In second case, the edge between v; and
vy crosses a left edge e in R, which is labeled 0, and let k£ be the length of the path
from the root to e, including e. Now the vertex in R labeled by a; is to the left of
this edge in R, hence the kth digit of a; is 0, while the kth digit of as is labeled 1.
Furthermore, until the kth digits, a; and as have the same digits. Finally, note that
after the digits past the kth digits of a; and as are all Os, as that is the only way for
these two vertices to be on either side of e. Indeed, if the path to either vertex ever
went right, then the edge between the vertices in the Thompson graph would have to
cross more than just the edge e of R. Thus the dyadic parity of a; and ay are exactly

opposite, and the 2-coloring is valid. O]

ay as

a
U1 "1 g vy 2

Figure 5.5: The two possible types of adjacencies in a Thompson graph,

between v; and vy and vy and vs. The leaves labeled a; and ay have
different dyadic parity, as do the leaves labeled a; and as.
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5.4 T Coincides With Its Commensurator in T

The following Lemma formalizes the statement that for any element f € T, for ¢
small, f either preserves the dyadic parity of all such ¢, or switches the dyadic parity.
The proof simply relies on the fact that elements of 7" are piecewise linear with slopes

equal to an integer power of 2.

Lemma 5.4.1. Let f € T, and let S; denote the collection of dyadic rational numbers
with sum (i mod 2). Then there exists m such that for all t € S; with t < 27™ and

i =0,1, either f(t) is always in S; or it is always in S1_;.

Proof. First, there exists m such that on [0,27™], f is given by f(t) = 2"t + « for
some n € Z and a a dyadic rational. Let ¢ € S;. Consider the length of o to be
[, then m be chosen to be large enough that for ¢ < 27™ ¢ - 2" can be written as a
binary decimal of the form 0!/ for some finite binary string 3 depending on ¢, where
B € S;, the same as t. Then f(t) = 2"t + « as a binary string is simply «f, hence if
a € Sy, then f(t) does not change the dyadic parity on [0,27™], and if @ € Sy, then

f(t) does switch dyadic parity on [0,27"]. O

With this technical fact, we can now prove that T coincides with its commensu-
rator in T" as a corollary of Theorem , where the commensurator of T is defined

as {t € T | tTt ' N T has finite index in both T and tT¢'}.
Corollary 5.4.2. The commensurator off inT isT.

Proof. Let f € T\ T. Then to check that f is not in the commensurator of T , it
suffices to show that there exists g € T such that for large enough n, (¢")/ ¢ T.
Choose g = (xoz1)™", and note that for any ¢ € (0,1), g"(¢) can be made arbitrarily
small by taking n large enough.

Since f & T, there exists to € S; and t; € S; for some 4,5 € {0,1} such that

f(to) € S; and f(t1) € S;. Let t), = f(tx) for k = 1,2. Then consider (f~'¢g"f)(t},) =
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f(g"(f71(t)) = f(g"(tx)). For large enough n, ¢g"(t;) is small enough that Lemma
1 applies to f. Now ¢} € S; and t;, ¢ S; by assumption, noting that elements of T
preserve dyadic rationals, so t, € S;_;. Since g € F, g"(t1) € S; and ¢"(t2) € S;.

By the previous lemma there are two cases. Suppose that for small enough val-
ues of ¢, f preserves dyadic parity. Then f(g"(f~(#)))) € S; with ¢| € S;, and
Flg"(f1(th))) € S; with ), & S;, showing that f~1g"f & T. The other case where f

switches the dyadic parity is similar. O]

It was proven in [16] that the quasiregular representation of a subgroup is ir-
reducible if the commensurator of the subgroup coincides with itself. Thus from

Corollary [5.4.2] we have the following theorem:

Theorem 5.4.3. The quasiregular representation EQ(T/T) of T is irreducible.

5.5 A Finite Presentation of T

In this section, we determine first an infinite classical presentation for f, and then
deduce a finite presentation. Our infinite set of generators consists of all x,,_1z, = ¢,
and ¢y, for n € Z and n > 0, using ¢y = f 1 for convenience. Note that each g, is
indeed in F by Lemma 4.5 of [4].

In the proof of Lemma [5.5.1} we will use the following relations of 7" from [2] which

hold for any integers n, k such that 0 < k& < n:

x;lxnxk = Tpi1, k < n; (T1)
Cn = TpCnit; (T2)

Cnl = Tp_1Cnit, 1 <k; (T3)
ug = ¢ (T4)
ot =1 (T5)
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Lemma 5.5.1. If n is a non-negative integer then

92 GnGk = Gnio, 1<k <

2n+2 _ 1.
Con =1

Con = Jon+1C2n+2;
Congk — Jk—1Con+2; 1l<k<2n+2

3
Cong1 = Copta

Proof.

gglgngk = (gjlzlxlz_ll)(xn,lxn)(xk,lxk)
= xlglxl:—llxnfl(xkflx];_ll)xnl'kflxk
o 1
= Ty TnTn+1Tk
_ 1 —1
=z Tp(ThTy ) Tn1Tk
it}
= Tn41Tny2

= On+2

Thus (5.1)) holds. (5.2)) is the same as (T'5)).

Con = T2nCon+1 = T2nTon+1C2n+2 = GJ2n+1C2n+2

Hence (j5.3)) holds. Relations (5.4) and (/5.5 are proven similarly:
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Congrk = ConTk—1T}

= Tp—2C2n+1Tk

= Tkp—2Tk—1C2n42

= Gk—1Con+42

Congd1 = ConTol1

T4 o
= Cp1Tn

3
= Con+1T0Con+2

4 3
= Copyo

These relations also determine directly the following relations.

Corollary 5.5.2. Suppose n is a non-negative integer and 1 < m < 2n + 1, then

mo__
C2n_

mo__
0277,_

Proof. The first relation is proven in

m—1 (5.3)

m 0.9)  m—
Con = Cop Con = Coy

For the second relation, we instead prove that ¢ g,

=

m
Condm =

m
g2n+l—(m—1)02n+2

m+2 —1
02n+2gm

the following way:

1
9on+1C2n+2 = G2n+1—(m-1)

m—1 " m-+2
Conf1Copnyo = Copyo
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]

Corollary 5.5.3. Let k, n, and m be non-negative integers such that k < 2n+2 and

1<m<2n+2. Then

(

k—mCoio kE>m
m
Ik Comt'y k=m

m—+2
\92n+2+k—m02n+2 k<m

Proof. If k > m, repeatedly apply (5.4]) to get the first relation. If k = m, the relation

is the same as (5.7)). If &£ < m, then we use the same technique to get

m—k k+2 (0.6) m—k+k+2

m _ 00 _ m+2
ConGk = Cop Conto = Y2n+1—(m—k—1)Cont2 = Gon+2+k—mCony2

]

Corollary 5.5.4. Suppose i, 3, k,l are positive integers and i < 25 + 2,k < 2l + 2,
then there exists m,n are positive integers with m < 2n + 2, and p,q are positive

elements in {g;,t > 1} such that

ik m —1
C9;Cop = PCop(

Proof. By using relations ({5.6) and (5.7)), we can increase j or i until ¢ = j, up to
multiplying by a postive element on the left or a negative element on the right. Since

Copn is an order 2n + 2 element, we may assume that 0 < m < 2n + 2. O
Now we determine an infinite presentation for the subgroup T.

Theorem 5.5.5. T is generated by gi, k > 1 and c,,n > 0 and is defined by the
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following relations:

gk_lgngk = Gn+t2 1<k<n

2n+2
Coy =1

Con = Jon+1Con+2

ConGk = Jk—1C2n+2 1<k<2n+2

3
Cong1 = Copto

Before we proceed to the proof, we need some lemmas to establish the structure
that these relations provide. For the rest of this section, we will refer to GG as the

group with presentation given in Theorem , and show that G is isomorphic to T.
Lemma 5.5.6. F is a subgroup of G.

Proof. Since the relations of GG also hold in f, there is a natural homomorphism ¢
from G to T’ sending generators to generators. Since F' has a finite presentation [,
and its relations are included in the relations of G' (using gy as its generators), there
is also a homomorphism « from F to G that takes generators to generators. Thus
a o ¢ is a homomorphism taking ¢; to g, and hence is the identity isomorphism of

F , implying that « is also an isomorphism, and that Fisa subgroup of G. O

Lemma 5.5.7. For every g € G, we have
g=pcqgt, 0<m<2n+2,

where p,q are positive elements in I = {gr, k > 1} < G.

Proof. Let H be the subset of G consisting of all elements of the form pcj’ ¢!, with
m < 2n + 2, and p and ¢ positive elements in F. Since H contains the generators

of G and is closed under taking inverses, it suffices to prove that H is closed under

70



multiplication, and hence H = G. Let picy, q; ! and P2Coy, Gy ! be two elements of H,
and note that the product of two positive elements of F'is still a positive element of F’
[2], hence the same is true in F. Moreover, picy, q; 1pgc’277?2q2_ = P1Cyy). D303 163;122(]2
for some positive elements ps and g3, since ¢; 'ps is in F.

First we show that picy, p3 can be written as pycy? for some positive element py
and ns,mg natural numbers. Let g, to be the first letter in p;. By Corollary [5.5.3]
g can be moved to the left of c3) , with possibly increasing n; or m,;. Continue in
this way to move all of p3 to the left of ¢3! , to get the desired form pycy,? , since the
product of positive elements of Fis still a positive element.

1 _mo 1 -1 _mo —1 myg —1
Similarly, since (g3 c5,2 4y H-t = = (2Cy,, (3, WE can rewrite gz ch,” gy as cy, qy

ms3 _maq

Finally, ¢y, c5,' can be written as pschgs ' by Corollary [5.5.4] Thus

my . —1 mo —1 mi —1 mo ms3 Mg
P1Con 41 DP2Cop,4s = P1Cop D343 chqu p4c2n362n4q4

= papschnay ‘a5t = peshg

]

Lemma 5.5.8. If ¢ : G — G/N is a proper quotient homomorphism, then ¢ restricted

to F isa proper quotient ofﬁ as well.

Proof. Let g € G such that ¢(g) = 1 and g # 1. It follows from Lemma that

1 where m < 2n + 2 and p and ¢ are positive elements

g is of the form g = pch g~
in F < G. Since ¢(g) = 1, we have ¢(c) = ¢(p~'q), and since the order of ¢y, is
2n + 2, then ¢((p~1q)>"*?) = ¢(c3""?) = ¢(1) = 1. We now have two cases: either
p=qorp#q. If p+# g, then since F is torsion free, (p~1q)2"*2 # 1, implying that ¢

restricted to F is a proper quotient of F.
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If p = q, since g # 1, it must be that ¢! # 1, and in particular m > 0. Then

1L=g¢(p~'q) = ¢(ch)

(G5 m
= O(92n+1-(m—1)Chps2)

B
)

Note that m < 2n+ 2, so 2n+1 — (m — 1) > 0. Then gb(g%ﬁjti(mfl)) =
d(c ™) = 1, but Gont1—(m_1y # 1. Thus once again, ¢ restricted to F is a

proper quotient of F.
O

Proof of Theorem[5.5.5, Let ¢ : G — T be the surjective homomorphism that sends
generators to generators. By Lemma ¢ restricted to F is an isomorphism. By
Lemma [5.5.8, ¢ must then have trivial kernel. Thus ¢ is an isomorphism O]

Now we can show that only finitely many of these relations are needed, and thus

give a finite presentation.

Corollary 5.5.9. T has a finite presentation with generators {gi1, g, g3, co} and re-
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lations

91" 9391 = 95" 9392

91929 = 95 91929193
9129391 = 95 91 939192
9129391 = 95 91 939193
9129297 = 95 91 929192

9720207 = 9591 ' 929193

C2g2 = J1C4

€293 = g2C4

C494 = G3Cs

Cog1 = Cg

C2G1 = Ci
g =1

where the elements co, and g, are defined inductively by can = gy (Con—o and g, =

97:_129717197172 .

Proof. Thorem proves that the choice of generators is correct, so it remains to
prove that the set of relations given in Lemma follow, since these are shown to
be the defining relations of T in Theorem m We will refer to these relations by
their numbering given in Lemma [5.5.1]

The first six relations imply , since these are the relations for F3 with gener-
ators gi, g2, and g3 given in [7].

By definition of ¢y, in this corollary, (|5.3)) is trivial. To prove , we do induction
on both n for fixed base values of k, and then induct on k. For £k = 2 and n = 1,

k=3and n =1, and £ =4 and n = 2, the corresponding relations are given in the
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finite presentation. For these fixed values of k£, we induct on n then in the following

way, referring to the induction step with abbreviation ind:

B3 1

Condk — Yon—1C2n—29k
ind _1
= Yan—191C2n
ey 1
= J192p41C2n
E3)
= 01C2n+2

For the remaining cases, we induct on k£ > 5, assuming that for smaller values of
k and all values of n that (5.4) holds. We will refer to using (5.4) when k = 2 as
the base case, or base for short, and smaller values of k by ind, standing for proof by

induction.

base _1
ConGk = Y1 C2n—2020k

.1 4
= 01 Con—29k—292

ind _1
= 01 9k-3C2ng2

97 gk—39197 ' Canga

1))

Iz

9k719f102n92

bge
= Gk-1Con42

Next we prove that (5.5) follows by induction on n, noting that the base cases of
induction n = 0 and n = 1 are assumed in the finite relations. Similar to before, ind

will stand for induction on n.
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Cond1

£

) _
g1 102n—29291

ISy
I

g1 Coan—29194

ind
=0

&Y -1 3
= 91 91Cop49

1.3
C2n 94

_ 3
= Copnta

We can now prove ([5.2)), the final set of relations.

2n+2
0277,

Thus since ¢Z is a relation, (5.2)) follows by induction on n.

To understand more about the structure of f, we can use the observation in

Lemma to show that every proper homomorphism of T factors through a certain

2n
= CopCy,,Con

(2.3)

2n
ConCopYdon+1Can+2

(5-4)

2n
Cong2on+1—-2nCopny2C2n+2

2n+1
Cong1Cony2

X
'8

3 2n+1
Con+2Con,

_ 2n+4
= Copy2

homomorphism from T to the infinite dihedral group.

Corollary 5.5.10. Any proper homomorphism of T factors through the homomor-

phism « from T to the infinite

dihedral group, {(co,g1|cd = 1,g1cog1c0 = 1), where

a(can) = co, a(gont1) = g1, and a(gan+2) =1 for alln > 0.

Proof. Let ¢ be a proper homomorphism of T. Then by Lemma , ¢ restricted
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to F is also proper, and hence the image of F under ¢ is abelian [I, Theorem 4.13].
Therefore, since g; ' gngr = gnio in T, ¢(gn) = &(gns2), where n > 1. In all the
equalities that follow, we will use ¢(g,) = ¢(gn12) extensively, along with all other
equalities that we prove hold true in the image of ¢.

We also have

o(cags) & b(g7 e0200) = BT 22)
b(cags) B p(gsce) & (gagi2erg?)

As atesult, ¢(g391") = 1, 50 ¢(g3) = ¢(1), extending ¢(gn) = ¢(gns2) to n = 1.

We also have

P(ca) ¢(gs¢6) = P(gsce) = ¢(g397 'cagz) = B(cage)

This shows that ¢(g2) = 1, and hence ¢(ga,) = 1.
Next we show that ¢(c3,,,) = 1 for any n > 1, noting that if n = 0 we already

have ¢ = 1.

B
1]

P(cang1) = P(c2ng3)

(5.5)

P(cang1) D(Conia)

¢(9202n+2) = ¢(02n+2)

To extend this to ¢(c2) = 1, we use that ¢(cy) P(gscs) = d(gics), hence ¢(g1) =
Bleaci’) = dleser). Now dleagn) = b(cags) B dgaca) = d(ea), 50 dlg1) = dlcs"ea).
Combining these gives ¢(cacs) = ¢(cy cs), 50 d(c2) = 1 as well, showing that ¢(c2,) =
1 for any n > 0.

Thus ¢(g1) and ¢(co) generate the image of ¢, and we can use the relations shown
to hold in ¢(T") and the finite presentation given in Corollary [5.5.9/to verify that the

relations in the infinite dihedral group hold, proving the corollary. We will call the
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generators ¢(g;) and ¢(cy) as simply g; and ¢y. The first six relations in the finite
presentation are all trivial. Since ¢(c3) = 1, the relation cog; = ¢ becomes cog; = co.
This follows naturally from the definition of ¢y = gy 'cy by inverting both sides, since
co and ¢y are their own inverses. Likewise, since ¢(g2) = 1, cags = gocy becomes
¢y = €201 = Cog191, which follows from the definition ¢4 = g5 Loy = 91 ley in the same
way. The relation cpgo = gic4 then becomes cog; = g1¢0g191, which simplifies to
co = g1Cog1, which can be rewritten as one of the two relations in the presentation of
the infinite dihedral group: gicogico = 1. The relation ¢ = 1 remains unchanged and
is the other relation in the presentation of the infinite dihedral group. The remaining

relations are easily verified to be unnecessary. O]

5.6 An Annular Diagram Group Presentation for T

The proof of the following proposition is basically identical to the proof of Propo-
sition B.2.11

Proposition 5.6.1. If H < T is such that H = Core(H), then H is an annular

diagram group.

Proof. The core of H consists of carets with labels, which can be used directly to
form the presentation for the annular diagram group. Let e be the name of the vertex
in the core which was identified with all the roots of the generators of H. Suppose a
caret in the core has label x on the root, y on the left child, and z on the right child.
Then the corresponding rewriting is * = yz. Let S be the set of all distinct vertices
in the core, and R be the set of all rewriting rules for every caret in the core. Then
we claim that the collection of all annular (e, e) diagrams over the presentation (S|R)
is an annular diagram group A isomorphic to H.

Indeed, let ¢ : A — H be a homomorphism described as follows. For A € A a

reduced annular diagram, every cell in A has exactly one top edge and two bottom
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edges, and thus each cell can be identified with a caret as in Figure[2.7, which describes
a similar situation for going between annular diagrams and tree diagrams for elements
of T'. Since each vertex in the core of H has at most two children, there are no two
distinct rewriting rules x = yz and x = uv. Moreover, since A is reduced, then
since each unique pair of left and right children in the core of H have at most one
parent, there are no dipoles created in this identification. As a result, replacing the
cells of A with carets as described results in a tree diagram, in exactly the same way
as annular diagrams in D((z|x = xx)) correspond to tree diagrams. Call this tree
diagram (R, S,n), and define ¢(A) = (R, S,n). Since every reduced representation
of an element of H has a unique identification with the core of H consisting of carets
labeled by the rewriting rules of A, it is clear that ¢ is surjective. Likewise, since
no dipoles are created, no non-trivial diagram is sent to the identity, hence ¢ is
injective. Finally, ¢ is a homomorphism since reduction of diagrams in A corresponds
to removing dipoles in H, thus multiplication and reduction of two elements in A

gives the same element of H. O]

Proposition 5.6.2. Core(f) = T, and in particular T = De({e, fle = ff,f =
fe)e).
Proof. Let [ € Core(f). Then f is dyadically-piecewise-T', and can be written as

(

fl(t) t e [O, Oél)

fot) t €, an)

fu@) T e fon,1)

\

Now, each f;(t) either preserves or switches dyadic parity. Since f is continuous,
filaw) = fiz1(ay), where f,11 := fi. Thus if f; preserves the dyadic parity of ay,

so does f;11. By induction, all f; do the same, i.e., all preserve dyadic parity or all
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switch it. Thus f does the same, and hence f € T by Theorem m
The particular presentation for T as an annular diagram group is a simple com-

putation of the core of T. O

Notice that the presentation in the annular diagram group definition for T is
a simple Tietze transformation away from D*((f|f = f3), f*). Compare this with
the following presentation for T3 as an annular diagram group: D((f|f = f3), f).
Although they are quite similar, and although Fis isomorphic to Fj, it turns out

that 7' and T3 are not isomorphic.

Proposition 5.6.3. T3 does not contain any element of order two, hence it is not

1somorphic to T.

Proof. First, note that elements of 73 have pairs of trees representations exactly
like elements of T', except that the trees are ternary rather than binary, just as the
functions have slopes integer powers of 3 and breakpoints at 3-adic rationals.

Now suppose that f € T3 has order 2. Let f(0) = a. Then since f? = 1,
f2(0) = f(a) = 0. Since f is continuous then, f([0,a]) = [a, 1] and f([a, 1]) = [0, a].

Now, let (R, S, k) be a pair of trees representation of f with each tree containing
n leaves. Then since f(0) = «, f sends the first leaf of R to a leaf of S corresponding
to some interval that begins with «. Likewise, since f(«) = 0, f sends some vertex
in R whose interval begins with « to the first leaf of S. In particular, both R and
S contain leaves whose intervals begin with a. Let R_, and S_, be the leaves of
R and S respectively whose intervals combine to give [0, «]. Similarly, let R, , and
S4.o be the remaining leaves in each tree.

There is a smallest full ternary tree that contains such a leaf whose interval begins
with «, which is a subtree of R and S. Since adding vertices to the tree consists of
giving one of the leaves three children, there is a net gain of 2 leaves, so the parity of

the number of leaves of the tree doesn’t change. Moreover, the intervals associated
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with the three children of a vertex partition the interval associated with that vertex,
hence the parity of the number of leaves whose intervals partition [0, «] does not
change. In other words, |R_,| and |S_ ,| have the same parity. But since the leaves
in R_ , are identified with the leaves in S, ,, |R_ | and |S; | have the same parity.
Thus |S_ 4| + |S- 4| is even. But by a similar argument, every full ternary tree has
an odd number of leaves, since the smallest full ternary tree has 1 leaf, the root, and
adding three children to a leaf changes the number of leaves by 2. Thus |S_ .| +]S- 4|

is odd, a contradiction. O
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