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CHAPTER I

INTRODUCTION

Area measurement is an important topic in elementary school curriculum both in its

own right, and due to its use as a basis to introduce many other mathematics concepts,

including whole number multiplication (Hirstein, Lamb, & Osborn, 1978), fractions

(Freudenthal, 1983), probability (Phillips, Lappan, Winter, & Fitzgerald, 1986) and

algebra (Dougherty, 2009). However, a review of the literature indicates that not only do

many students have difficulties with the concept of area (Lehrer, 1998; Lehrer, Jenkins, &

Osana, 1998), such as confusing areas with perimeters, but many teachers also have a

narrow and limited notion of the concept (Baturo & Nason, 1996; Kamii & Kysh, 2006;

Menon, 1998). In response to this observation, some researchers (e.g., Zacharos, 2006)

suggested that one source of children’s difficulties might be instruction that

overemphasized computation using area formulas, while neglecting the conceptual

underpinnings of these formulas.

A review of prior studies, which will be presented in detail in Chapter II, reveals three

aspects of cognitive achievement important for understanding area measurement: (a)

understanding the nature of the attribute (“Attribute(At)”), (b) developing conceptions of

properties of units (“Unit(Un)”), and (c) quantifying areas using formulas

(“Formula(Fo)”). Individual studies in the literature typically focus on only a single

aspect. When a study investigated the three different aspects together, however, it often

revealed the indispensable role each of them played in supporting the understanding of

area measurement. For instance, the concept of unit may emerge from the experience of

comparing the areas of incongruent shapes and realizing that certain transformations,

such as decomposing and recomposing a shape, do not alter its area (Strom, Kemeny,

Lehrer, & Forman, 2001). Similarly, while routine application of area formulas does not

necessitate understanding either the geometrical nature of the area attribute, or the

qualities of area measurement units, both of these two aspects of understanding are

essential for grasping why the formulas work as intended (Huang & Witz, 2011; Kamii &
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Kysh, 2006). Therefore, a framework of students’ understanding of area measurement

needs to take these three aspects into account.

There are two intended contributions of the current study. First, it will synthesize

different strands of research related to understanding area measurement and empirically

verify a more comprehensive framework than is currently available in the literature.

Second, it will result in a set of assessment items useful for other researchers or

practitioners interested in students’ understanding of area measurement. Assessments

specific to the topic of measurement, such as the Measurement Skills Assessment (MSA)

by Vasilyeva, Ludlow, Casey, and Onge (2009), have been developed, but the MSA does

not distinguish among length, area, and volume measurement. However, even the same

measurement principle may not be comparable across different attributes. For instance,

Curry, Mitchelmore, and Outhred (2006) examined five measurement principles:

consistency of units, the appropriateness of units with respect to the measurement object,

using same sized units to compare areas, relation between unit size and measurement

value, and the structure of repeated units. They found that valid comparison could only

be made with the last three of the five principles and for the three principles where parallel

tasks were possible, students in general performed better with length, followed by area,

and worse with volume. Additionally, some requirements seem to be applicable to some

attributes but not the others. For example, areas are typically calculated with formulas in

upper years of elementary school, but there are no formulas for calculating a length.

To develop the assessment, I follow the recommendations suggested by the Berkeley

Evaluation and Assessment Research (BEAR) system (Wilson, 2005), which is designed to

improve the alignment amongst curriculum, instruction and assessment. The BEAR

system is based on multidimensional Rasch models and takes a developmental approach to

assessment. Central to the BEAR system is the idea of a construct map, which describes

benchmarks of cognitive achievements in a specific domain. The specification of the

construct map is based on research and theories about learning and performance in the

domain of interest.

The BEAR system of assessment development follows four major steps: (a) construct

specification, (b) item design, (c) scoring guide development, and (d) item calibration
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using item response modelling. In the following chapters, I first review research related to

student understanding in the domain of area measurement (Chapter II). Second, I

describe the development of items and their scoring guides in Chapter III. I then report

the results of item calibration in Chapter IV. I conclude the study in Chapter V.
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CHAPTER II

CONCEPTUALIZING THE DOMAIN

Understanding area measurement involves coordinating multiple dimensions of

knowledge. Research about student understanding in the domain of area measurement

reflects this complexity. I propose to define the knowledge and skills involved in

understanding area measurement as composed of three distinct dimensions, which

correspond to three major foci in research on the topic: (a) understanding the nature of

the attribute (“Attribute(At)”), (b) developing conceptions of properties of units

(“Unit(Un)”), and (c) quantifying areas using formulas (“Formula(Fo)”). An emphasis on

the attribute of area conceives area as the space enclosed by the boundaries of geometric

objects, which can be compared and ordered (Strom, 2001). Students may also recognize

that an area is unaltered in the process of decomposition and re-composition and that it is

a continuous quantity (Piaget, Inhelder, & Szeminska, 1960). An emphasis on area

measurement units focuses on quantifying areas using discrete units (Battista, Clements,

Arnoff, Battista, & Van Auken Borrow, 1998; Outhred & Mitchelmore, 2000) and

understanding the properties of those units (Lehrer, 2003). An emphasis on the area

formula asks whether students recognize the right formula for calculating the area of a

specific shape, and how they reason about the formula’s conceptual foundation (Kamii &

Kysh, 2006). The last two dimensions both involve methods for quantifying areas, while

the first dimension may not.

These three dimensions are all integral to understanding area measurement. For

instance, the concept of unit emerges from the experience of comparing the areas of

incongruent shapes and realizing that certain transformations, such as decomposing a

shape and rearranging its components, do not alter its area (Strom, 2001). Similarly,

understanding the area attribute and the quality of area measurement units is

indispensable for grasping why the formulas work as intended (Huang & Witz, 2011;

Kamii & Kysh, 2006). However, routine application of area formulas does not necessitate

understanding either the geometrical nature of the area attribute, or the qualities of area
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measurement units; being able to count units to quantify an area does not necessarily

imply the ability to decompose an area or to recognize area conservation. The three

dimensions seem distinct enough that while achievement on one dimension may be

correlated with achievements on the others, they do not always go hand-in-hand. Placing

them on separate dimensions allows the possibility of identifying profiles of student

knowledge.

About Levels

Although I conceptualize the cognitive accomplishments in the three dimensions to

reflect continuous increments, to be able to write items to assess them I partition the

continuum into manageable levels. Many existing theories have attempted to described

students’ thinking in levels. The van Hiele model of reasoning in geometry (Van Hiele,

1986) and the SOLO taxonomy (Biggs & Collis, 1982) are two of the most influential

models with levels. The van Hiele model describes five hierarchical levels of student

thinking about geometrical figures. The van Hiele levels are characterized by student

thinking changing from a holistic view (Level 0) to a more analytic feature-based view

(Level 1), from isolated (Level 1) to relational understanding (Level 2), from intuitive,

perceptual (Level 0-2) to logical formal (Level 3), and finally to the level of rigor

characterized by the ability to compare axiomatic systems (Level 4). A considerable

amount of research has been devoted to identifying and assessing the van Hiele levels (cf.

Pusey, 2003). Although the results have not always been positive, especially with regard

to the higher levels, and the discrete nature of the van Hiele levels is questionable (cf.

Lehrer, 1998; Pusey, 2003), in general the van Hiele model has been shown to be a useful

way to categorize students’ geometrical thinking.

Unlike the van Hiele model, which describes levels of thinking in a specific academic

domain, the SOLO taxonomy (Biggs & Collis, 1982) is a domain general model that

categorizes student responses to assessment items into five levels: pre-structural,

uni-structural, multi-structural, relational, and extended abstract. Pre-structural

responses are irrelevant to the main purpose of the task. Uni-structural responses are
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relevant and focus on one feature of the problem. Multi-structural responses pick up

multiple correct features of the problems, but do not integrate them. Rational responses

are integrative and have a coherent structure and meaning. The uni-structural to rational

responses indicate students functioning at a level targeted by the assessment item. At the

highest level, extended abstract, students make generalization and go beyond the specific

requirements of the item at hand.

Both models have merits in the context of the current research. Being subject specific,

the van Hiele model illustrates the types of thinking that are worth eliciting and

observing. It is easier to understand by classroom teachers than the SOLO taxonomy and

gives implications for classroom practices (Pusey, 2003). Thus the subject specific feature

of the van Hiele model would be more informative for the design of assessment tasks. But

descriptions of cognitive thinking can be abstract and at times difficult to operationalize

for assessing reasoning. The SOLO taxonomy, on the other hand, is simply a qualitative

rubric for evaluating performances. As such it gives no implications for classroom

practices. But it provides an easier way to classify student responses once a task has been

developed. Additionally, it points out an important aspect for descriptions of cognitive

growth: Not only is growth indicated by students’ abilities to think in a different way, as

in the van Hiele model, but also by their increasing proficiency to apply understanding to

solve problems.

In the current research, the levels in the three dimensions are subject specific and

grounded in empirical evidence. The proposed framework features descriptions of student

thinking, as well as performances, specific to understanding area measurement. The levels

are indicated by different ways of thinking as well as increasing flexibility and

generalizability of a view. Additionally, the proposed framework specifies the modes and

structures of responses corresponding to each level of student thinking. These

specifications will later be used in devising rubrics to score student performances on

assessment items (see Chapter III).
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Evidence of the Levels in the Three Dimensions

Understanding the Area Attribute

Area, like geometrical shape, is an abstract concept. To come to see area as an

abstract attribute independent of particular objects is not a trivial accomplishment. In

conceptualizing the dimension of understanding the area attribute, I divide it into three

levels (Table 2.1).

Level Description of Thinking Indicators
At3 Students gain better in-

sight into the nature of
area attribute and can ap-
ply this understanding to
solve new problems be-
yond the comparison of ar-
eas.

• transform an existing shape to a new shape to
solve problems about areas. (This differs from
the level 2 performance. At level 2 the shapes
of comparisons are given and students are re-
quired to find ways to transform one shape into
another. At level 3, however, the specific con-
figuration of the target shape, or even the need
to reconfigure the shapes, may not be appar-
ent. E.g., given a shape with a part of it
shaded, students can find the relation between
the shaded part and the unshaded part by ap-
propriately dividing and recomposing the fig-
ure.)

At2 Students abstract the at-
tribute of area from its
various geometrical repre-
sentations.

• generalize the notion of area beyond surfaces
of familiar shapes.

• recognize that the total area is unaltered in
certain transformation, such as dividing a
shape and rearranging its components.

• use cut-and-paste (actual or imaginary)
method to make a given shape into another
given shape in order to compare the areas of
incongruent figures.

At1 Students view objects
holistically based on their
appearances.

• have some intuitive notions of area as the size
of a space, but this understanding is limited
to some flat surfaces of familiar shapes.

• can make some straightforward visual compar-
isons of two areas.

• recognize that cutting symmetrical figures in
the middle would divide their areas in halves.

Table 2.1: The Construct Map of the Attribute Dimension
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At the first level, similar to the first level of the van Hiele model, students view objects

holistically based on their appearances. They have some intuitive notions of area as the

size of a space, although this understanding is limited to some flat surfaces of familiar

shapes. Moreover, they can make some straightforward visual comparisons of two areas.

At this level, students’ view of the area attribute is localized and undifferentiated. They

may not recognize that different shapes can have the same area, or they equate the

magnitude of area with the magnitude of other attributes such as length.

At the second level, students generalize their notion of area beyond the initial set of

familiar shapes. They come to understand area as an abstract attribute independent of

specific shapes or objects and come to realize that different shaped figures can have the

same area. They may also know that to decompose a shape and rearrange its parts does

not change its area.

At the third level, students become increasingly proficient with the nature of the area

attribute. They recognize shape transformation to be a valid strategy even when the

problem does not directly suggest them to transform a shape to another. Additionally,

although at the second level the target shape of the transformation is given, at the third

level, students often have to create a new shape.

Most students would have achieved level 1 prior to or in early years of elementary

school (Sophian, 2007). As for the second level, even though the ideas may seem

elementary, many students struggle with them during early years of elementary school

(e.g., Doig, Cheeseman, & Lindsey, 1995; Lehrer, 1998). For instance, Doig (1995) asked

eight-year-old children in Australia to use paper tiles to find out the size of an area. They

reported that only about 70% of students’ responses exhibited some understanding of the

attribute of area, regardless of whether they measured the area correctly. The modal

responses of those who did not exhibit any understanding of the area attribute suggested

a confusion between area and length: Some children (2.5%) used the paper tiles to trace

the sides and some (7.5%) traced the exterior or interior perimeter. The remaining

irrelevant responses included making a pattern on the page (3.5%), missing responses

(15%), and other (1%).

Not only do younger students have difficulties understanding area as an attribute,
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students in late elementary school years or even adults may struggle. In particular, some

students appear to confuse the attribute of area with the method to quantify and describe

it. For instance, Cavanagh (2007) asked Grade 7 students to give a definition of area, and

found that 19% of the students in pretest and 12% in post-test defined area as “length ×

width; 7% of the students in pretest and 5% in posttest defined it in terms of perimeter.

Kamii and Kysh (2006) reported that when presented with nine square tiles arranged in

shapes other than a 3× 3 square, a few Grade 8 students wondered whether the resulted

irregular shapes had an area. Baturo and Nason (1996) also reported that out of the 16

student teachers they interviewed, three appeared to think that a shape could not have an

area until it was measured.

In another study, Lehrer (1998) presented 37 Grade 1, 2, and 3 students a square and

a parallelogram of the same area, both composed of identical right triangles with visible

joints. They found that less than half of the students (43%) recognized that these two

figures were of the same area despite their different appearances. Students who responded

correctly either noted the identical components, or appealed to the fact that one figure

could be obtained through rearranging subcomponents of the other.

Realizing the invariance of an area when its parts are rearranged may appear to be

trivial on the surface, but it involves understanding that an area remains unchanged in

spatial displacement (i.e., the conservation of area, Piaget, 1960), as well as being able to

rearrange and reorient the subcomponents of a shape. In a study about the conservation

of area, Piaget (1960) presented young children aged 4 to 7 years with two congruent

rectangles of the same area. The experimenters showed children that both rectangles

could be covered by exactly 96 little cubes. After the children confirmed the equality of

the two areas, components of one of the rectangles were rearranged to make a new shape.

Although some children were able to correctly predict that covering the new shape would

require the same number of cubes as before, they nevertheless insisted that its area had

been changed. Based on results like these, Piaget (1960) suggested that for some children

“perceptual disparity outweighs the numerical identity” (p.297). The apparent

dissociation between quantification and area conservation in some children supports the

claim of this research that Unit and Attribute are separate dimensions.
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Not only do young children have difficulties relating the area of a whole to the sum of

its components, secondary students were also found to have similar difficulty in large scale

assessments (e.g., NAEP) (Brown, Carpenter, Kouba, Lindquist, & Silver, 1988).

Engaging students in productive mathematical arguments, in addition to the activities of

partitioning a shape and rearranging its partitions, has proven to be effective in helping

students to get over such a conceptual barrier. Strom (2001) analyzed a 50 minute lesson,

in which second graders were investigating whether three incongruent rectangles had the

same area. Their analysis revealed that many students started with the idea that shapes

that did not “look alike” would have different areas; such a notion was contested by some

students who noticed potential compensation of the lengths and widths of the rectangles.

By carefully revoicing and orchestrating the discussion of the students, the teacher

engaged her students in productive mathematical arguments that eventually led them to

grasp the notion of unit and to realize that an area would remain the same regardless of

how its unit components were rearranged. This change from a holistic view to a more

analytic view within one class section defies the rigidity implicit in the discrete levels in

the van Hiele model. But it also supports the van Hiele model in reconfirming the

importance of educational experience in changing students’ conceptions.

In addition to the conservation of area, the ability to visualize the displacements of the

parts of a shape is also important for understanding the area invariance in some problems.

The need to visualize the displacements may explain the different degrees of difficulties

students have regarding the area conservation of different shapes. Visualizing the

displacements of the parts may be easier for some shapes than for others. For instance,

Hughes and Rogers (1979) found that the conservation of area appeared to be easier with

squares and parallelograms than with triangles. Area conservation with irregular shapes

other than standard geometric figures is yet more difficult (Maher & Beattys, 1986). The

ability to conserve an area and to visualize the transformation of a shape enables children

to employ various flipping and positioning strategies to directly compare the areas of two

shapes (Yuzawa, Bart, & Yuzawa, 2000; Yuzawa, Bart, Yuzawa, & Junko, 2005).

Lastly, Piaget (1960) stressed that to fully appreciate the area attribute, children need

to have some awareness of infinity and continuity, so that an area is conceived as a

10



two-dimensional continua that “amounts to an uninterrupted matrix of one dimensional

continua” (Piaget, 1960, p.350). Similarly, Baturo and Nason (1996) distinguished

between two perspectives, namely, static versus dynamic. The static perspective conceives

of area as the quantifiable space enclosed within a boundary constructed by lines. The

dynamic perspective focuses on the relationship between lines and the multidimensional

continua enclosed by these lines. Viewed from the dynamic perspective, the area

approaches zero as the boundary approaches a line. This notion about continuity,

however, is difficult to operationalize and to assess. Existing tasks and indicators in the

literature about this notion seem to depend on sufficient experiences and proficiency with

quantifying areas. For instance, Baturo and Nason (1996) attributed students’

misconceptions about area, such as the conception that two rectangles having the same

perimeter must have the same area, to a lack of the dynamic notion of the attribute of

area (see also Comiti & Moreira Baltar, 1997). Therefore, for simplicity, the current

Attribute construct map does not include the notion about continuity, but understanding

the further divisibility of existing units is included in the Unit construct map (Table 2.2)

and understanding the multiplicative relationship between length and area measurement is

included in the Formula construct map (Table 2.3). Both types of thinking appear to

suggest a continuum notion of the area attribute.

Developing Conceptions of Properties of Units

With an understanding of the area attribute, students can compare two areas by

manipulating the figures. However, in many contexts such manipulation is impossible.

Measurement arises from the need to compare areas indirectly, through the use of

intermediaries (Piaget, 1960). In elementary school, students in general have two ways to

quantify the area of a shape, one is by superimposing units or dividing the shape into

units, and the other is to measure the lengths of the figure and then apply the appropriate

formula. The Unit dimension is concerned with students’ understanding of the use of units

to quantify areas. It is further divided into four levels (Table 2.2).

At the first level, students are able to superimpose units provided to them and count

the number of units to quantify the area. Elementary school students are capable of this

11



Level Description of Thinking Indicators
Un4 Students extend beyond a

discrete representation of
area measurement.

• further partition given units to create partial
units.

Un3 Students relate the fea-
tures of area units to the
features of the shape to be
measured.

• fit area units into a shape by coordinating the
linear measurements of the shape and the unit.

• subdivide a shape into arrays of units by coor-
dinating the linear measurements of the shape.

• use the inverse multiplicative relationship be-
tween unit sizes and measurement values to

– convert between the measurement values
of two different units, or between the unit
sizes of two different measurement values
of the same figure.

– compare the size of the two units given
the measurement values of the same
space given in the two units, or vice
verse.

Un2 Students distinguish mea-
surements and counts. • know that all units used in a measurement

should be identical.

• know that there should not be gaps or overlaps
amongst units in a measurement.

• iterate a unit to measure an area.

• divide a shape into equal sized units to mea-
sure its area (This division does not require co-
ordination with the lengths of the sides, which
is the performance of level 3 ).

• count half-units and whole-units differently.

• calculate the area of an equal division of a
shape

Un1 Students count units to
quantify areas. • superimpose units to measure the area of a

figure.

• count units to quantify areas.

Table 2.2: The Construct Map of the Unit Dimension

level. For instance, Nunes, Light, and Mason (1993) asked 8-10 year old children to

compare a 5× 8 and a 10× 4 rectangle, described as two “walls,” using either rulers or

12



bricks. They reported that 30 out of 60 pairs of students chose bricks to cover the spaces

and succeeded in the task. Although some researchers (Strom, 2001) suggested that the

ability to quantify an area using units seemed to emerge from the experience of

decomposing and re-composing an area and noting the resulting congruence after

rearranging the parts, in practice students routinely apply units to measure areas in

elementary school without being made aware of area conservation. Without appropriate

instruction, as we have discussed in the previous section, area conservation and

quantifying area by counting the number of its units may remain separate for some

children (cf. Piaget, 1960). Therefore, it affirms the need to distinguish the conception of

the attribute and the conceptions of the unit as belonging to two separate dimensions in

order to have a more accurate picture of student knowledge.

The routine application of units at the first level indicates that the student lacks

understanding of the properties of the units and their consequences, which is the

conceptual achievement of the second level. Prior to the second level, students would

confuse measurements with counts and do not recognize, for instance, the need for

identical units. In the study by Doig (1995) that was described earlier, the authors

reported that 30% of 199 eight-year-old children did not create paper tiles of equal size to

find the area. Some students overlapped the paper tiles to create collages; some cut

several of the paper tiles into bits, and either disregarded the space covered by the bits or

treated the bits and the whole tiles the same in their counting. Similarly, Lehrer (1998)

found that when students were provided with manipulatives of various shapes, such as

squares, triangles, and circles, more than half (55%) of the students mixed those different

shapes together and counted them as if they were the same.

In addition to the principle of identical units, at the second level students would also

recognize the need to completely fill up the space when using units to measure an area.

However, this recognition may be challenging for some students. For instance, Lehrer

(1998) found that the majority (73%) of the Grade 1, 2, and 3 students they interviewed

did not find using circles as units of measuring the area of a square problematic, even

when the spaces between the circles were pointed out to them. Lehrer (1998) concluded

that students appeared to be satisfied as long as all of the units were bounded by the
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boundary of the area (e.g., “It doesn’t spill over”), rather than using space-filling as a

criterion to judge the quality of measurement.

At the first two levels, units are viewed by-and-large in isolation from each other and

from other features of the shape (e.g., length measurements), but at the third level,

students begin to make connections among them. For instance, when asked to draw units

on an rectangle, instead of iterating isolated units to measure an area, students may

construct arrays of units from the length measurements of the rectangle (Battista, 1998;

Outhred & Mitchelmore, 2000). At the third level, students can also use the inverse

multiplicative relations between different sized units to reason about the measurement

values of the same object measured in those units.

From the first to the third level, students view area measurements in discrete units.

At the fourth level, they go beyond this discrete view and come to see units as divisible.

Even though half or partial units have been present at previous levels, those partial units

are given; it is at the fourth level that students are required to partition units for the first

time. Prior research indicated that this is a difficult accomplishment. For instance, Kamii

and Kysh (2006) asked 72 eighth graders to make one single straight cut on a strip that

was 4 squares wide and more than 12 squares long so that the resulting piece would have

the same area as a 6× 3 strip. Only 6% of the eighth graders were able to solve this

problem by making a single cut through the middle of the fifth column of squares,

although in the same study 43% of the eighth graders were able to correctly divide an

L-shape figure to square units in order to quantify its area. Therefore, subdividing a unit

to create partial units appeared to be more difficult than subdividing an area to create

units. Kamii and Kysh (2006) conjectured that recognizing that a unit could be further

divided might suggest a continuum representation of area, while using a given unit to

parse an area might promote a discrete representation.

Quantifying Areas using Formulas

The Formula dimension is concerned with students’ understanding of the use of

formulas to quantify areas. The current construct map focuses on the area formula for

rectangles because this formula is the instructional focus in elementary school, and other
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formulas introduced in elementary school years are derived from the basic area formula for

rectangles. This dimension is divided into three levels (Table 2.3).

Level Description of Thinking Indicators
Fo3 Students understand the

non-proportional mul-
tiplicative relationship
between linear and area
measurements.

• know that double the area of a rectangle does
not double its sides, and vice versa.

Fo2 Students relate compo-
nents in the formula to
features of the geometric
objects.

• can construct arrays of units given the linear
measurements of a rectangle.

• can apply the formula appropriately to situ-
ations in which a rectangle is not straightfor-
wardly present (e.g., the side surface of a cylin-
der).

Fo1 Students know the for-
mula for calculating the
area of a rectangle.

• can compute the area of a rectangle given its
side measurements.

• can name possible combinations of lengths for
a rectangle given its area.

Table 2.3: The Construct Map of the Formula Dimension

At the first level, students know the formula to calculate the area of a rectangle and

can correctly apply it. The formula for calculating the area of a rectangle, i.e.,

“length×width” is introduced in fourth grade in many states (NCTM, 2000). However,

many students struggle with this seemly straightforward task even in later years of

elementary school. According to the 2nd and 3rd NAEP (Lindquist, Carpenter, Silver, &

Matthews, 1983), less than 10% of the fourth graders could correctly calculate the area of

a rectangle (3% and 8% for the 2nd and 3rd NAEP, respectively). Even at seventh grade

about half of the students could not correctly calculate the area of a 6 cm × 4 cm

rectangle (Lindquist, 1983). Moreover, probably due to an unbalanced focus on executing

the formulas in many classrooms (Zacharos, 2006), many students use the formula

inappropriately. In one study (Zhou, 2008), students were told that a rectangle had an

area of 12 square inches and were asked to find the area of the right triangle that was

resulted from cutting the rectangle on the diagonal. Zhou (2008) found that only 2 out of
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21 fourth graders and 5 out of 23 sixth graders were able to answer this question correctly,

even though prior research (Lehrer, 1998) had found that first to third grade students

were able to note the equivalence of the two parts along the diagonal of a regular polygon.

In Zhou (2008)’s study, although the easiest solution would be to divide the area of the

rectangle in half, in practice many students attempted to either multiply or added up the

three sides of the triangle. This apparent dissociation between students’ understanding of

the area equivalence and their tendency to rely on formal algorithm might reflect an

epistemic belief that mathematics was doing stuff with numbers (Walls, 2009).

At the first level, students view the area formula for rectangles holistically; at the

second level, however, students begin to relate components in the formula to features of a

geometric shape (e.g., linear measurements). An important goal of teaching area formulas

is for students to relate the geometric representation of an area to its algebraic expression

(Flores, 2009). This includes relating the array representations of units to the

multiplicative operation in the area formula (Battista, 1998; Kamii & Kysh, 2006; Lehrer,

Jaslow, & Curtis, 2003), so that students would be able to draw out arrays of square units

on a rectangle given its measurements without having seen a picture of the unit (copying a

given unit on a rectangle would be mapped onto the Unit dimension). For many students

this is more challenging than working with a given unit. In one study, Zhou (2008) asked

students to draw square units on a 3 by 4 rectangle. She found that when a square was

given, 68% of 44 students (Grade 4 and 6) could correctly solve the task; however, when

only a rectangle was shown, together with its area and side measurements, only 21% of

113 students (Grade 3, 4, and 6) were able to solve it correctly (and about 3% of these

students appeared to draw the units in isolation and lacked coordination of the two sides).

At the third level, students deduce from the area formula the multiplicative

relationship between linear and area measurements. Although at the second level,

students’ understanding of the multiplicative relation in the area formula is confined to the

representation of arrays of finite discrete units, at level 3, they no longer rely on the array

structure, but reason directly on the multiplicative relationship between linear and area

measurements. Some researchers suggested that this achievement reflects a continuous

notion of area (Baturo & Nason, 1996; Piaget, 1960). For instance, Piaget (1960) argued
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that to make sense of how two lines could produce an area when they were multiplied (i.e.,

“length × width”), children must view an area as consisting of “an infinite set of lines

infinitesimally close to one another” (p. 350). In one study, Piaget (1960) presented

children with a 3× 3 square and asked them to draw another square that was twice as big

in space covered. Many children simply doubled the sides, but some children realized that

doubling the sides would be too much and attempted to establish the relationship between

sides and areas using a trial-and-error process. These children, according to Piaget, have

already mastered the array structure of rectangles but still perceived an area to be the

composition of finite number of discrete components. Piaget suggested that when children

mastered the multiplicative relationship between line and area measurements, they would

view areas as continua and would solve the task by calculation. They would first double

the area, and then stated that the new square had sides making up such an area, even

though they might still lack the academic training to find the square root.

The third level, however, is difficult not only for elementary students, but also for

older students. Even at secondary school, many students tend to use a linear model to

reason about the relationship between linear and area measurements (e.g., suggesting that

doubling the sides of a square would result in doubling its area) (De Bock, Van Dooren,

Janssens, & Verschaffel, 2002; De Bock, Verschaffel, & Janssens, 1998). In one study,

De Bock (2002, study 1) found that less than 10% of their sample of 120 twelve to thirteen

year old students were able to correctly solve word problems involving the multiplicative

relationship between linear and area measurements. For instance, although more than

90% of the students could correctly answer the linear version of a word problem (“Farmer

Gus needs approximately 4 days to dig a ditch around a square pasture with a side of 100

m. How many days would he need to dig a ditch around a square pasture with a side of

300 m?”), only about 5% of them could do so with its area version (“Farmer Carl needs

approximately 8 hours to manure a square piece of land with a side of 200 m. How many

hours would he need to manure a square piece of land with a side of 600 m?”). The linear

version involved a proportional relationship, whereas the area version involved a

non-proportional multiplicative relationship. This contrast in student performance was

true regardless of whether students were only asked to solve the problem, prompted to
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draw pictures in addition to solving the problem, or shown a correct ready-made drawing

with the presentation of the problem.

Some Additional Remarks about the Levels

In this chapter, I specify the levels in the three dimensions of understanding area

measurement. Although the descriptions of a finite number of levels are necessary for

informing ways to measure these three dimensions of cognitive achievements, the levels

should not be viewed as discrete in that students or items could be placed neatly at one

level but not the others. The three dimensions of cognitive achievements are continuous;

although the order of the levels may follow the order hypothesized here, there are also

gradient within each level and the span of a level may overlap with the span of the levels

adjacent to it.

Moreover, although the three dimensions are related, I do not suggest a one-to-one

correspondence among levels of the three dimensions. That is, for example, a student

performing at level two of the Attribute dimension does not necessarily also perform at

level two of the other two dimensions. Some conjectures may be made about the

relationship among the levels of different constructs. For example, it may seem unlikely

for a student to perform at level 2 of the Unit dimension without having achieved level 1

of the Attribute dimension. These conjectures and their tests are beyond the scope of the

current project.
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CHAPTER III

ITEM AND SCORING GUIDE DEVELOPMENT

Translating the Conceptualization into Items

After the construct maps were specified, I began writing and assembling items based

on the literature cited previously and our own classroom experience. To ensure that the

assessment was balanced (Heuvel-Panhuizen, 1996), I developed multiple items for each

construct level and used a mix of item formats, including multiple-choice and

constructed-response formats. In developing the items, sometimes it was more helpful to

consider some items together as an item group, because they followed the same instruction

or the same cover story, and any revisions to the instruction or cover story were

consequential to all of the items in the group.

An item was a scored unit and a separate problem on the test did not necessary

correspond to a separate item. Many of the items corresponded to individual questions or

prompts, several include multiple components, typically a multiple-choice and a

constructed response question. For some of these multicomponent items, the

multiple-choice part of these items had only two options and was mainly used to orient

students to the constructed response problem, which was the basis for evaluating student

performance. So these items were essentially constructed response items. For other

multicomponent items, the scoring was only done with the multiple-choice component,

which had at least three and typically more than four options. The constructed response

component of these items asked students to explain their solutions, which was used to

gathered evidence regarding the validity of the multiple-choice question. These items were

essentially multiple-choice items and once their validity had been established with

sufficient data, the multiple-choice component would be given on their own in practice.

With each item developed, I also drafted a scoring guide to describe in details the

qualitatively different levels of student responses associated with the construct map

specific to a particular item. Scoring guides comprised the following major components:
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1. Construct linkage code, which labelled construct relevant performances;

2. Not applicable code (na), which labelled incorrect responses that used strategies

unrelated to the purported construct;

3. Missing code (m), which labelled situations in which a response was missing;

4. Responses, which included (a) a descriptive summary that described responses to an

item that was indicative of a particular construct level and (b) (for

constructed-response items only) examples of student work1 that exemplified the

descriptive summary;

5. Score, which specified how each code should be scored numerically;

Additionally, a column named “evidence” was also planned for each scoring guide. This

column would include student articulations of their solution process either in interviews or

in writing.

Having assembled the draft items, I then subjected them to a close study and further

revisions before administering them to a large group of students. I used cognitive

interviews, a method focusing on respondents’ thought process related to individual items

(Cooper, 1998; Desimone & Le Floch, 2004; Leighton, 2004), to aid the process of item

revision. Cognitive interviews facilitate item revisions by detailing and clarifying the

content and processes involved in respondents’ solutions. Additionally, they help identify

the knowledge and skills involved in solving an item, which provide evidence regarding the

construct validity of the item. The role of cognitive interviews in supplying construct

validity evidence will be examined in Chapter IV and in this chapter we will focus on

using cognitive interviews to aid item revisions.

1Anticipated responses were initially provided and would later be replaced with actual student responses.
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Cognitive Interview

Participants

Twenty-nine student volunteers were recruited from two pubic elementary schools (A

and B) in the same school district in southeastern US. School A is a school located in a

community with relatively low socio-economic status. The percentage of students from an

economically disadvantaged background is high in this school (79.6% according to the

2010 state report card). School B is a selective school focusing on gifted education, and

students have to pass an entrance exam for admittance to the school. The percentage of

students from an economically disadvantaged background is low in this school (10.6%

according to the 2010 state report card). Table 3.1 shows the breakdown of the 29

students in grades, genders, and schools. One 4th grade girl at school A, however, was

withdrawn after the start of the study as she appeared extremely nervous in the

interaction, bringing the total number of participants down to 28.

Grade

School Gender 4th 5th Total

A Boy 1 5 6
Girl 8 3 11

B Boy 2 4 6
Girl 2 4 6

Total 13 16 29

Table 3.1: Participants in the Cognitive Interview

Materials and Procedures

I interviewed the students individually in an unoccupied quiet room at their schools.

Prior to the interview, I reminded each student of his/her right to stop the study at any

time. If a student appeared to be nervous or uncomfortable, I stopped and would continue

only after the student felt more comfortable. All interviews were video recorded. In

recording the videos, the camera focused mainly on the student’s hands and no image of

his/her face was captured.

The interview consisted of two procedures for each group of items: think-aloud and
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follow-up. I presented students one task to solve at a time. In the first procedure,

think-aloud, I instructed the students to verbalize their thought processes as they

attempted the problems:

“Today I’m going to give you some problems to solve and while you solve them, instead

of thinking your thoughts in your head, you will say all your thoughts out loud. I am

interested in what you think. So, I will ask you to think aloud all the time. Don’t

worry about making mistakes while talking aloud. You will realize that while answering

a math problem, sometimes your thoughts are not complete. That’s okay because all

your thoughts are important. I’d like you to say everything you are thinking out loud.

I want to emphasize that I am not interested in how well you solve the problems, but I

am interested in what you think. Don’t worry about making mistakes while talking

aloud. After you solve each question while talking aloud, I may ask you some questions

to make sure that I understand what you said. And if there’s any time that you want to

stop you can just say so. It’s all up to you how much we do and how long we go for.”

If a student was silent for more than 3 seconds, I reminded him to “keep talking.”

After a student indicated that he had finished thinking-aloud, I might follow up with

probes if

• S/he had expressed confusions and did not seem to resolve them (e.g., “What do you

think this word means?”);

• His or her think-aloud was not clear about the strategies that he used (e.g., “How do

you know that?”)

• S/he appeared to misunderstand the requirement of an item (e.g., “Could you tell

me what the task asked you to do?” “Could you restate the problem in your own

words?” )

The purpose of the follow-up probes was to pinpoint problems of the items and to

clarify interpretations of student performances. These two procedures, think-aloud and

follow-up, were repeated for each item group. Prior to the formal interview, a warm-up

procedure was used to introduce students to the interview session. During this warm-up
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procedure, students were provided with an opportunity to practice the two procedures

before proceeding further (see Appendix).

A total of 60 groups of items were used in cognitive interviews. The item groups were

presented to the students separately, one at a time. If the student did not request to stop

earlier or looked tired, the interview typically continued for about 60 minutes, .

Sometimes a student might be invited to another interview session, either after a break of

an hour or on a different day. The item groups were presented to the students in an order

considering their roughly estimated difficulty, with some of the easier items in the

beginning and again some easier ones approaching the end of a 60 minute session. It was

impractical to interview each student with all of the items. Based on prior experience and

a small try-out with a class of 19 students, I prioritized those items with medium to high

difficulties over those the majority of the students were able to solve right away.

Additionally, I rearranged the items after several interviews to prioritize those that had

not been covered previously to make sure that each item group had at least one student

responding to it in an interview.

Typically I interviewed no more than three students on the same day and reflected on

the interviews after each day. Based on these reflections, I revised items if a problem was

noted or if there was other good evidence suggesting the need for a revision.

Table 3.2 lists the number of versions used and the number of students interviewed for

each item group. It also notes the source of an item or of the idea for the item where

appropriate.

Cognitive Interview Results

Revisions

As can be seen in Table 3.2, about two fifths of the item groups were revised2 at least

once during the process of conducting cognitive interviews. About a fifth were revised

more than once. The calibration version, which was the version administered on paper to

2Number of Revisions = Number of Versions - 1. In other words, items with more than one version had
been revised at least once; items with more than two versions had been revised more than once.
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ID Construct # of Students # of Versions Calibration
Version

Reference

A1 At 8 1 Y TIMSS 1995
A2 Un 5 1 Y
A3 At 4 1 Y
A4 Un 5 1 N
A5 At 16 1 Y
A6 Fo 10 3 N (Simon & Blume, 1994)
A7 Fo 20 2 N
A8 Un 13 3 Y
A9 Fo/Un 8 1 Y (Zhou, 2008)
A10 Fo 9 4 Y
A11 Un 15 4 Y (Kamii & Kysh, 2006)
A12 Fo 14 4 Y
A13 Fo 21 4 Y
A14 Un 14 3 N (Zhou, 2008)
A15 Un 8 1 Y
A16 Fo 7 1 Y
A17 Fo 13 1 Y
A18 Fo 8 2 Y
A19 At 6 2 Y
A20 Un 5 1 N
A21 Fo 7 1 Y
A22 Fo 11 2 Y
B1 At/Un 12 3 Y
B2 Un 4 1 Y
B3 At 9 2 Y (Baturo & Nason, 1996)
B4 Un 13 3 Y (Baturo & Nason, 1996)
B5 Un 12 1 Y (Zacharos, 2006)
B6 Un 11 2 N
B7 Un 5 2 Y (Kamii & Kysh, 2006)
B8 At 12 3 Y PISA 2006
B9 At 9 1 N (Lehrer, 1998)
B10 Fo 8 3 N (De Bock, 1998)
B11 Un 9 3 N
B12 Un 10 1 N
B13 Un 5 2 Y
B14 Fo 11 1 Y (Piaget, 1960)
B15 Fo 3 1 Y
B16 Fo 13 3 Y
B17 Fo/Un 7 2 Y
B18 Un 15 1 Y TIMSS 2003
B19 Fo 2 1 Y
B20 At 3 1 Y
B21 At 3 1 Y
X1 Un 1 1 na (Heuvel-Panhuizen, 1996, p.113)
X2 Un 1 1 na
X3 Un 4 1 na
X4 Un 4 1 na
X5 Un 1 1 na
X6 Fo 4 1 na
X7 Un 10 1 na
X8 Fo 4 2 na
X9 At 2 1 na (Strom, 2001)
X10 At 7 2 na
X11 Fo 2 1 na
X12 Un 4 1 na
X13 Fo 3 1 na
X14 Un 3 1 na
X15 Un 3 1 na (Lehrer, 1998)
X16 At 3 1 na
X17 Fo 3 1 na (De Bock, 1998)

Table 3.2: Item Groups used in Cognitive Interviews
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a large sample of students (Chapter IV), of item A1 to B21 were included in Appendix B.

Seventeen groups of the interview items, X1 to X17, were eliminated from the calibration

pool. Those eliminated items were items that were (a) less relevant to the constructs (e.g.,

X1, X11, and X13 were about perimeter rather than area), (b) ambiguous (e.g, X10 and

X15), (c) repetitive with other items (e.g., X2, X6, X7, X8, X16, X17), (d) too complex or

taking a long time to complete (e.g., X2-X4, X10), or (e) more suitable and easier to

interpret for use in interviews with manipulatives than in paper-and-pencil tests (e.g., X5,

X9, X12).

Some of the revisions were trivial, such as correcting a typo or small inconsistency. For

example, in one version of item B11, the area of a tile was referred to as “8 square inches”

in a part of the item, but as “8 square feet” in another part of it.

Other revisions were more substantial. A major goal in doing the revisions was to

improve the comprehensibility of the items. To this end, items were revised with respect

to editorial features (e.g., spelling, word choice, wording and/or wordiness), structure, and

problem context. A revision to spelling was mainly about ways to indicate a unit, for

example, “cm2” vs “square centimeter”. For example, item A22 was initially written with

“4 cm2”. On the first day of the interviews, two out of three students simply read it as

“four centimeters”; the only student who read “four centimeter squared” commented that

“Because it’s not saying like 4 square centimeters, it’s saying 4 centimeters squared and

that would be 4 times 4.” These responses suggested a confusion with the mathematics

notation of units. However, although whether students recognized a notation was

important, it was not a main concern of item A22; therefore, the item was revised to spell

out the unit.

Sometimes a revision involved substituting an unfamiliar word with one that was more

common. For example, A8 initially read “Jane wants to decorate...” Some students had

difficulty with the word “decorate,” so it was later changed to “cover.”

Revisions with respect to wording were often related to wordiness, too, as changing

the wording of a problem often also reduced the length of the text. For example, the first

part of item group B16 initially read “Do you agree that the area of John’s backyard must

be the same as the area of Tom’s backyard?” (19 words), with which students had great
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difficulty to read and pause for the meaning. It was later changed to “Is it possible that

John’s and Tom’s backyards have different areas?” (11 words), and finally “Could John’s

and Tom’s backyards have different areas?” (8 words).

Revisions with respect to item structure were related to the spatial layout of the item

contents. These included two major types of re-structuring. First, questions/requests

initially packed in the same paragraph were separated. For example, item group B17 was

initially ended with two sentences right after each other: “How many pieces of carpet will

Jeff need in order to cover the above area? Please draw them right on the picture of the

floor.” These two sentences were separated into two separate lines in later version with a

space between them to make it clear that students should answer both parts. Another

re-structuring involved adding components to clarify the item and the expected responses.

For example, a table was added to B6 and B10 to help students to organize the numerical

relationships presented in the word problem. A non-scored binary multiple-choice

component was added to item A11 to structure potential student responses to ease later

interpretation, because I found in cognitive interviews that some students would not write

down any responses if they considered the problem unsolvable with the said constraint.

Adding the multiple-choice component would help us to distinguish those students who

had thought about and understood what the problem was about, but nevertheless had

misconceptions, from those who simply did not understand the problem.

Adding or simplifying a problem context made the problem easier to understand and

sometimes also clarify the intended construct performance. For example, the final

calibration version of item B8 suggested that the three figures to be compared were paper

cut-outs, a context that was not in the original version (Figure 3.1), because with the

original version I found that some students thought that the shapes were flexible (e.g., “A.

because the stuff that is inside can be squeeze outside.” “D, they cover the same amount

of space because if you expand A and C approx. the shapes will be the same size.”)

Although sometimes, as in the case of item B8, adding information might aid

comprehension, often times, simplifying a problem context made it easier to understand

and facilitated the interpretation of student performance. For example, Figure 3.2

presents the original and the calibration version of item B13. The calibration version
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Which of the figures above covers the most space? Explain your reasoning. 
 

A. Shape A, because_______________________________________ 

B. Shape B, because_______________________________________ 

C. Shape C, because_______________________________________ 

D. They cover the same amount of space because_______________ 

_____________________________________________________ 
 

 

 
 

1. Three paper cut-outs are in the above shapes.  Which of them covers the most 
space? Explain your reasoning. 

 
A. Shape A 

B. Shape B 

C. Shape C 

D. They cover the same amount of space. 

 

2. Why do you think so? 

 
 

Original Version Calibration Version

Figure 3.1: The Original and the Calibration Version of Item Group B8

involved one character, Sam, and one construct performance, recognizing the need to tile

units without gaps. It was also shorter. The original version, on the other hand, involved

two characters, and two construct performances, tiling units without gaps and recognizing

half units. With the original version it might not be apparent to the students that the

smaller rectangles in Sam’s method were in fact half of the bigger ones, since they were

not able to manipulate and overlap them to check. In fact, both of the fourth grade girls

interviewed using the original version chose Marisa’s method over Sam’s on the reasoning

that Marisa used all equal sized units but Sam did not:

A4G1: “Well I think Marisa did it in a better way because Sam, he didn’t make all the

squares congruent...well Marisa she has, her, all of her squares are equal,

unlike Sam who he has all of his, well only 8, only 8 of his sq-, only 8 of his

rectangles are congruent and Marisa all of hers are congruent.”

A4G2: “Cause that one’s better than the oth-, because it’s, she, she did it neatly and

he didn’t, he kind of did it neatly, just a li-, kinda...cause their shapes, there’s

like different shapes, like there is, there is big shapes going down to right here

and then there’s a little shape and then there’s three shapes right here.”

Simplifying the problem context of item B13 focused students’ attention on the gaps

between units; whereas in the original version, a student who otherwise understood the

need to tile units without gaps might responded incorrectly for some legitimate reason.

In summary, making editorial revisions, changing item structure, and changing
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 1 

 

Two students found the area of this shape: 

 

 

 

Each student measured the area in a different way. You can see their work 

below. 

 
 
 
 
 
 
 
 
 

1. Who do you think used the better way?  
 
 
 

2. Why is it better than the other? 
 

It is better than ______ because ________________________________ 

___________________________________________________________ 

3. If you use this better method, what is your measurement?  
 
  

Sam Marisa 

 1 

 

Sam said the area of this shape was 12 square units. 

 

 

He measured the shape in the following way. 

 
 
 
 
 
 
 
 

1. Do you agree with Sam?  

A. Yes, I think Sam was right. 

B. No, I think Sam was wrong. 

 

2. Why? 
 
 
 

Original Version Calibration Version

Figure 3.2: The Original and the Calibration Version of Item Group B13

Divide each of the following shapes to two parts of the same area.  

 

An example is given here: 

 

 

 

 

 

 

 
 

Divide each of the following shapes into two parts of the same area.  

 

1.  2.  3.  4.  

 
  

 
    

5.  6.  

 

 
 
 

 

 

 

 

 

Original Version Calibration Version

Figure 3.3: The Original and the Calibration Version of Item Group B1

problem contexts were ways to attempt to improve student comprehension of the items

and to make interpretation of student performances easier. Another major type of revision

was to the content in an item group, such as changing the numerical values or the graph

used in the problem, as well as adding or eliminating items from a group. Sometimes the

change was not essential; for example, item A12 was originally a 3 by 4 rectangle and later

changed to a 3 by 5 rectangle because there was another item using a 3 by 4 rectangle.

More often, the changes to item content were related to interpretations of student

performance. For example, item group B1 (Figure 3.3) originally had only four items.

During the interviews, I found that students approached them in similar ways: finding the
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line of symmetry or the diagonal. It might be of interest to see how students would deal

with shapes that were not symmetrical; thus two non-symmetrical shapes were added to

B1 in the later version.

In addition to adding items to a group, sometimes an item might be eliminated from a

group. For instance, item group B4 (Figure 3.4) initially included 3 items, but the third

item was eliminated in the final calibration version because it was later deemed to be a

trick question. Most students’ first reaction was to choose 26 squares, even though in the

preceding item some correctly reasoned that they could not tell which, 27 triangles or 20

squares, covered a larger area because they would have to know the area of a triangle and

of a square.

Which shape in each of the pairs covers a larger amount of space?  

 

PAIR 1 

Shape a: 12 square inches 

Shape b: 18 square inches 

A. Shape a is larger. 

B. Shape b is larger. 

C. They are the same. 

D. Can’t tell. 

 

PAIR 2 

Shape a: 27 triangles   

Shape b: 20 squares  

A. Shape a is larger. 

B. Shape b is larger. 

C. They are the same. 

D. Can’t tell. 

 

PAIR 3 

Shape a: 18 squares   

Shape b: 26 squares  

A. Shape a is larger. 

B. Shape b is larger. 

C. They are the same. 

D. Can’t tell. 
 

Which shape covers a larger amount of space?  

 

PAIR 1 

Shape a: 12 square inches 

Shape b: 18 square inches 

A. Shape a is larger. 

B. Shape b is larger. 

C. They are the same. 

D. Can’t tell. 

 

PAIR 2 

Shape a: 27 triangles   

Shape b: 20 squares  

A. Shape a is larger. 

B. Shape b is larger. 

C. They are the same. 

D. Can’t tell. 

 

Earlier Version Calibration Version

Figure 3.4: An Earlier and the Calibration Version of Item Group B4

In addition to informing item revisions, students’ think aloud data also provided

evidence about their response processes. They clarified whether the respondents used the

cognitive processes the items intended to elicit. Appropriate quotes from the cognitive

interviews was included as evidence of response processes in the last column of the scoring

guide accompanying each item (see Appendix).

29



Assembling the Calibration Forms

With the 43 groups of chosen items, I assembled two forms to be administered in two

60 minute sessions3. Items were chosen to cover all levels of the three construct maps.

Among the chosen items, the calibration version of the majority of them had been tried

out in the interviews. Ten of them, however, were further revised prior to the calibration

study, but I was not able to arrange more interviews for those revisions. The revisions,

however, were all quite straightforward. The majority were wording changes, for instance,

changing from “claimed” to “said”(A6, B11), or from “is commonly used as” to “is” (A7).

The changes on three of the items (Figure 3.5), A14, B11, and B12, were about the layout

or content. While the earlier version of these three items all seemed quite straightforward,

A14 was revised to eliminate the picture of the rectangle so as to save space and to make

it clearer that the shaded triangle was half of the rectangle; the picture in B11 was

changed from a composition of 11 rectangles to 8 rectangles, because during the interview

a student took a long time to count the rectangles; B12 was changed from an 8 unit

triangle to 12 unit trapezoid, because in the interview one student incorrectly used the

base (4 lines) times height (2 lines) to find the correct answer 8.

3The letter A and B preceding the numbers in Table3.2 indicate the associated form of each item. For
example, item A6 is the 6th item in Form A.
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A14:
The following rectangle has an area of 12 square units: 

 

 

 

 

What is the area of the shaded triangle?    

 

 

 

 

How did you find out? 
 

3 cm 

4 cm 

5 cm 3 cm 

4 cm 

The following rectangle has an area of 12 square centimeters: 

 

 

What is the area of the shaded triangle?    

 

How did you find out? 

 
 

5 cm 3 cm 

4 cm 

B11:
Joann wanted to find out how big a rectangle is.   
 
You can see Joann’s work below:  

 
She claimed that the area of the rectangle is 11 units.  Do you agree with her? 
 
 

A. I think Joann is right because 

 
 

B. I think Joann is wrong because 

 
 

 
 
 
  

Joann 

Joann wanted to measure the area of a rectangle.   
 
You can see Joann’s work below:  
 

 
 
She said that the area of the rectangle was 8 units.   
 
1. Do you agree with her? (Circle Yes or No.) 
 

A. I think Joann is right. 

 
B. I think Joann is wrong. 

 

2. Why do you think so? 
 
 

 
 
 
  

B12
The following triangle has an area of 1 squared unit: 

 

 

 

What is the area of the following shape in squared units?  

 

   

    

 

Answer: _____________square units 
 

The following triangle has an area of 1 square unit: 

 

 

 

What is the area of the following shape in square units?  

 

    

     

 

Answer: _____________square units 
 

Final Interview Version Calibration Version

Figure 3.5: The Final Interview and the Calibration Version of Item A14, B11 and B12
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CHAPTER IV

ITEM CALIBRATION

After assembling the test forms, I administered them to a sample of 267 students to

calibrate item difficulties and to test conjectures about the dimensions and levels of

students’ understanding of area measurement.

Method

Participants

Participants were recruited from the same schools as those participants of the

cognitive interviews. A total of 267 students, including 132 fourth graders, 100 fifth

graders, and 35 sixth graders, participated1. Table 4.1 shows the breakdown of the

students in grades, genders, and schools.

Grade

School Gender 4th 5th 6th Total

A Boy 32 20 52
Girl 38 20 58

B Boy 28 34 12 74
Girl 34 26 23 83

Total 132 100 35 267

Table 4.1: Participants in the Calibration Study

Pilot Design

A total of 60 items, including 19 Attribute items, 22 Unit items, and 19 Formula items

were administered near the end of a school year in May 2011. Table 4.2 shows the

distribution of item types and construct linkages of the 60 items.

1Twenty-five of the students (13 at school A and 12 at school B) who previously participated in the
cognitive interviews also participated in the calibration study. I performed two type III two-tail t-test to
compare the mean total score of the interview students and of the other students within the same school
and found no significant difference (p = .09 for school A, p = .14 for school B, respectively).
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Item Type

Construct Constructed-Response (CR) Multiple-Choice (MC) Total
At 11 8 19
Un 18 4 22
Fo 15 4 19
Total 44 16 60

Table 4.2: Distribution of Item Types and Construct Linkages

I divided the total of 60 items into two forms (Form A and B), with 28 in one and 32

in another. All students were expected to finish both forms, each on a separate 60 minute

session on different dates. However, due to attendance problems, not all students

completed both forms. Ten students, including 3 fourth graders and 1 fifth grader from

school A, as well as 3 fourth graders and 3 fifth graders from school B, did not take form

A; seven students, including 4 fifth graders from school A, as well as 2 fourth graders and

1 fifth grader from school B, did not take form B.

Additionally, some students did not attempt all items. These missing responses were

noted with the code “m” and scored as a zero.

Scoring and Qualitative Item Analysis

I independently recorded all multiple-choice responses. The constructed responses

were divided between another coder and me. We practised coding with 30% of the cases

to achieve a percentage agreement over 90 and continued to each code half of the

constructed response items. During this process, potential problems with several of the

items were noted:

B1: As mentioned in Chapter III, two items with asymmetrical shapes were added to

item group B1 to supplement other items in the same group that were with symmetrical

shapes. During the practice scoring, we found that several of the students continued to

apply similar strategy used for item B1(1)-B1(4), i.e., cutting in the middle, to item B1(5)

and B1(6)(Figure 4.1). Although this method failed for item B1(6), it nevertheless worked

for item B1(5). The scoring guides were updated to include this type of responses. For

item B1(6), cutting in the middle was simply an example for incorrect responses. For item

B1(5) it was coded “Un2” as other correct responses, but admittedly its connection to
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construct level “Un2” was less apparent than the other correct responses. Fortunately

there were less than 6% of students responded in this way, so it did not seem to be an

issue for the current study. In future use, however, item B1(5) should be revised to avoid

the “accidental” correct responses.

Divide each of the following shapes into two parts of the same area.

B1(5) B1(6)

Figure 4.1: Examples of Student Responses to Item B1(5) and B1(6)

B21: Item B21 (Figure 4.2) asked students to find the area of the shaded part of a

figure given the area of the entire figure. Students were expected to partition and

rearrange the figure to realize that the shaded part was half of the entire figure. However,

several of the students incorrectly subtracted the number of unshaded parts (i.e., four

parts) from the area of the entire figure and got the correct value. These responses were

coded as “na” as the other incorrect responses or solutions without explanations. In the

future, however, the area of the figure in item B21 should be changed to another value to

make coding and scoring this item more straightforward, so that students would not be

able to arrive at the correct value with incorrect reasoning.

Classical Item Analysis

I performed classical item analysis and the results were summarized in Table 4.3.

1. Type: This indicates whether an item is a multiple-choice (MC) or

constructed-response (CR) item.

2. Construct: This indicates the construct map an item targets.

3. N: This is the number of students with a code other than “m”.
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B21. The following square has an area of 8 square units: 

 

 

 

What is the area of the shaded square?    

 

How did you find out? 

 

 

 

 

Figure 4.2: Item B21

4. Maximum: This is the maximum possible score for each of the items.

5. Mean: This is the average scores of an item among all respondents.

6. Variance: This is the variance of the item means computed in the step above.

7. Item difficulty: When an item is dichotomously scored, its difficulty equals its mean

item score, which is the proportion of respondents who answer the item correctly;

when an item is polytomously scored, its difficulty calculation is adjusted by

dividing the mean item score by the difference between the possible maximum and

minimum scores, so that its result is on the similar scale as that of the

dichotomously scored items. The smaller is the difficulty value, the more difficult is

an item. Therefore, inspecting Table 4.3 we can see that the most difficult item for

the Attribute, Unit, and Formula dimensions are B20, A11, and B10, respectively.

This is consistent with our hypothesis as the maximum scores of these three items

respectively correspond to the highest level of the three constructs. The least

difficult item of the three dimensions are B3(2), B4(1), and B15, respectively. This

is also consistent with our conjecture. Moreover, if we calculated the average

difficulties of items within each of the dimensions, we found that the Attribute items

in general appeared to be the least difficult (mean=.614). This was consistent with

our expectation since the first level of the Attribute dimension should be achieved by

students entering elementary schools or in early years of elementary school, but this
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was not the case for the other two dimensions. The average difficulties of the Unit

items and Formula items did not differ much (mean=.444 and .423, respectively).

Lastly, even though our conjectures about construct linkages related individual

scores to levels in a construct, since the classical item analysis gave only a composite

index for each item’s difficulty, for polytomously scored items, we did not have a way

to evaluate those conjectures with the composite difficulty index.

8. Item discrimination: Item discrimination indicates how effective an item

discriminates between respondents who are relatively high on the criterion of

interest and those who are relatively low. Different measures of item discrimination

are available. Because the presence of polytomously scored items, some researchers

suggested that Pearson product-moment correlation coefficient between item scores

and total scores can be calculated for item discrimination (Crocker & Algina, 1986).

Furthermore, if we considered that the observed ordinal categories of individual

items and item total scores were governed by theoretically normal distributed latent

variables, polychoric correlation (Cho, Li, & Bandalos, 2009) would be better. I

computed both correlation coefficients using using the SAS PROC FREQ procedure,

with the sample of students excluding the 17 students missing either form. Item

B4(2) has the smallest item discrimination among the 60 items (Pearson’s =.153,

polychoric=.223), which is significantly greater than 0 for the sample size at α = .01.

Thus the discriminations of all items exceed the minimal value and there is no

evidence suggesting the need to eliminate any items.

IRT Analysis

Background

Rationale for Choosing the Rasch Models

In addition to the classical analysis, I conducted IRT analysis, more specifically, Rasch

modelling of the item responses. The IRT analysis also characterizes items in terms of

36



ID Type Construct N Maximum Mean Variance Difficulty Discrimination

Pearson’s Polychoric

B20 CR At 248 2 0.208 0.196 0.104 0.470 0.689
A19 CR At 240 2 0.231 0.265 0.116 0.420 0.605
A5 MC At 257 1 0.233 0.180 0.233 0.527 0.735
B3(4) CR At 256 1 0.304 0.212 0.304 0.312 0.414
B21 CR At 249 2 0.319 0.365 0.160 0.414 0.557
B3(1) CR At 255 1 0.377 0.236 0.377 0.195 0.282
B3(3) CR At 255 1 0.604 0.240 0.604 0.208 0.284
A3(2) MC At 253 1 0.669 0.222 0.669 0.241 0.326
B9 MC At 258 1 0.673 0.221 0.673 0.460 0.590
A3(4) MC At 250 1 0.700 0.211 0.700 0.343 0.453
A3(3) MC At 247 1 0.716 0.204 0.716 0.326 0.436
A3(1) MC At 251 1 0.829 0.142 0.829 0.435 0.643
B1(4) CR At 244 1 0.865 0.117 0.865 0.407 0.658
B1(1) CR At 243 1 0.869 0.114 0.869 0.410 0.683
B1(3) CR At 244 1 0.873 0.111 0.873 0.418 0.702
B1(2) CR At 244 1 0.885 0.102 0.885 0.425 0.744
A1 MC At 257 1 0.887 0.100 0.887 0.359 0.624
B8 MC At 260 1 0.896 0.093 0.896 0.215 0.374
B3(2) CR At 256 1 0.912 0.081 0.912 0.201 0.363
A11 CR Un 249 1 0.019 0.019 0.019 0.216 0.677
B7 CR Un 256 1 0.042 0.041 0.042 0.280 0.694
B5(2) CR Un 235 1 0.112 0.099 0.112 0.344 0.581
B6 CR Un 251 1 0.185 0.151 0.185 0.455 0.668
B4(2) MC Un 260 1 0.208 0.165 0.208 0.153 0.223
A8 CR Un 238 1 0.296 0.209 0.296 0.454 0.586
A20 CR Un 237 1 0.335 0.224 0.335 0.548 0.707
B11 CR Un 256 1 0.400 0.241 0.400 0.521 0.643
A9(2) CR Un 231 1 0.405 0.242 0.405 0.631 0.782
A15 CR Un 250 1 0.412 0.243 0.412 0.608 0.743
B13 CR Un 259 1 0.415 0.244 0.415 0.533 0.669
A4 MC Un 255 1 0.436 0.247 0.436 0.532 0.634
B18 CR Un 238 1 0.496 0.251 0.496 0.615 0.756
B1(5) CR Un 239 1 0.542 0.249 0.542 0.604 0.734
B1(6) CR Un 240 1 0.573 0.246 0.573 0.628 0.776
B2 CR Un 253 1 0.631 0.234 0.631 0.617 0.757
B5(1) CR Un 250 1 0.685 0.217 0.685 0.571 0.709
A2 MC Un 257 1 0.911 0.082 0.911 0.289 0.500
B4(1) MC Un 260 1 0.923 0.071 0.923 0.162 0.314
A14 CR Un 249 2 0.965 0.995 0.482 0.738 0.844
B17(2) CR Un 258 2 1.031 0.867 0.515 0.683 0.773
B12 CR Un 257 2 1.481 0.575 0.740 0.553 0.647
B10 CR Fo 241 1 0.012 0.011 0.012 0.194 0.737
A6 CR Fo 254 1 0.019 0.019 0.019 0.160 0.490
B14 MC Fo 258 1 0.081 0.075 0.081 0.309 0.547
B19 CR Fo 247 1 0.205 0.163 0.205 0.231 0.332
A18(2) CR Fo 173 1 0.242 0.184 0.242 0.465 0.644
B16 CR Fo 255 3 0.458 0.797 0.153 0.443 0.605
A13 CR Fo 241 1 0.630 0.234 0.630 0.574 0.714
A17 CR Fo 251 1 0.646 0.230 0.646 0.419 0.528
B17(1) CR Fo 237 1 0.673 0.221 0.673 0.612 0.758
A21 CR Fo 221 2 0.712 0.862 0.356 0.687 0.847
A22 MC Fo 243 2 0.716 0.399 0.358 0.498 0.589
A12(1) CR Fo 246 1 0.759 0.184 0.759 0.528 0.696
B15 MC Fo 257 1 0.804 0.158 0.804 0.554 0.778
A16 CR Fo 217 2 0.864 0.899 0.432 0.669 0.787
A12(2) CR Fo 216 2 0.930 0.808 0.465 0.705 0.761
A9(1) CR Fo 230 2 1.063 0.906 0.531 0.625 0.731
A10 MC Fo 245 3 1.066 1.835 0.355 0.612 0.686
A18(1) CR Fo 241 2 1.117 0.861 0.558 0.329 0.386
A7 CR Fo 248 2 1.498 0.524 0.749 0.342 0.427

Table 4.3: Classical Item Analysis
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their difficulties. But the notion of item difficulty in IRT analysis differs from that in the

classical item analysis. In the classical item analysis, the item difficulty is essentially

characteristics of the observed scores; in IRT, the item difficulty is parametrized in the

model. In IRT, item difficulty and person ability are placed on the same latent continuum.

An item’s difficulty corresponds to the ability score of persons who have 0.5 probability of

correctly answering the item.

Item discrimination in IRT, unlike in classical item analysis, is also a parameter in the

IRT model; it is the slope of the response probability curve in which the probability of

correct response equals 0.5. While some IRT models also estimate the discrimination of

items, the models chosen here, the Rasch models, assume uniform discrimination of all

items. This assumption results in a desirable invariance property of Rasch model, which

means that (a) the difference between any two examinees’ ability estimates does not

depend on the difficulties of items used to compare them, and (b) the difference between

any two items’ difficulty estimates does not depend on the ability of examinees with which

item responses are obtained. A three-dimensional partial credit model (Adams, Wilson, &

Wang, 1997; Masters, 1982) was used to fit the data. This model was specified based on

the following considerations.

1. Dimensionality: The domain of area measurement was hypothesized to be of three

correlated dimensions.

2. Scoring categories: The current assessment contained both dichotomous and

polytomous items, and the polytomous categories were in order, but without

assuming equal distance among adjacent categories.

3. Scoring dimensions: All items were scored on only one of the three dimensions,

representing a between-item design.

This target model were compared against two rival models: (a) unidimensional partial

credit model, and (b) two-dimensional partial credit model (qualitative (attribute) vs.

quantitative (unit and formula)). These models were compared regarding model fit, item

estimations, and item fit. I conducted the partial credit model (PCM) and
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multidimensional partial credit model (MPCM) using the software ConQuest (Wu,

Adams, Wilson, & Haldane, 2007). In ConQuest, the multidimensional partial credit

models are estimated within the general framework of the Multidimensional Random

Coefficient Multinomial Logit Model (MRCMLM) (Adams, 1997) and can be estimated as

such using the marginal maximum likelihood estimation (MMLE).

The Random Coefficients Multinomial Logit Model (RCMLM)

The unidimensional random coefficients multinomial logit model (RCMLM) is a

generalized unidimensional Rasch model that integrates many different Rasch

models(Adams, 1997), including the simple logistic Rasch model and the PCM. The item

response probability model of RCMLM is given in Equation 4.1:

P (xik = 1; A,b, ξ | θj) =
exp(bikθj − a′ikξ)∑ki
k=1 exp(bikθj − a′ikξ)

, i = 1, . . . , n and k = 1, . . . ,Ki (4.1)

where n is the total number of items;

Ki is the total number of categories of item i;

xi0 = 0

xik =


1, if a response to item i is on category k

0, otherwise

;

ξ = (η1, . . . , ηF ) is an F × 1 vector and ηf is the contribution to item difficulty from item

feature f ;

aik = (a1, . . . , aF )′ is an F × 1 design vector where af equals one when feature f is present

in the kth category of item i, and equals zero otherwise;

bik is the score of response category k on item i.

The response vector probability model of RCMLM is given in Equation 4.2:

P (xj | θj) =

{∑
z∈Ω

exp[z′(bθj + Aξ)]

}−1

exp[x′j(bθj + Aξ)] (4.2)

where x′j = (x11, x12, . . . , xn1, xn2, . . . , xnKn) is a vector of length L =
∑n

n=1Kn that

describes the response pattern of respondent j.
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b = (b11, b12, . . . , bn1, bn2, . . . , bnKn) is a vector of length L =
∑n

n=1Kn that describes the

score functions for all categories (excluding category 0) of all items;

A = (a11,a12, . . . ,a1K1 , . . . ,an1,an2, . . . ,anKn) is an L× F design matrix (L =
n∑

n=1
Kn);

Ω is the set of all possible response vectors.

The Multidimensional Random Coefficients Multinomial Logit Model

(MRCMLM)

The MRCMLM (Adams, 1997) is an extension of the unidimensional random

coefficients multinomial logit model (RCMLM). To extend the RCMLM to

multidimensional cases, we will substitute the scalar representation of trait parameter in

RCMLM to a D × 1 column vector in MRCMLM, where D is the number of trait

dimensions involved. The MRCMLM item response probability model is given in

Equation 4.3:

P (xik = 1; A,b, ξ | Θj) =
exp(bikΘj − a′ikξ)∑ki
k=1 exp(bikΘj − a′ikξ)

, i = 1, . . . , n and k = 1, . . . ,Ki (4.3)

where bik = (bik1, bik2, . . . , bikD)′ and bikd is the score of category k on Dimension d

(d = 1, 2, . . . , D) of item i; Θj = (θj1, θj2, . . . , θjD) indicates respondent j’s position in the

D-dimensional latent space; the remaining notations in Equation 4.3 are defined similarly

as in Equation 4.1.

The MRCMLM response vector probability model is given in Equation 4.4:

P (xj | Θj) =

{∑
z∈Ω

exp[z′(BΘj + Aξ)]

}−1

exp[x′j(BΘj + Aξ)] (4.4)

where B =



b111 b112 · · · b11D

b121 b122 · · · b12D

...
...

...
...

b1K11 b1K12 · · · b1K1D

...
...

...
...

bnKn1 bnKn2 · · · bnKnD


is a L×D scoring function matrix (L =

n∑
n=1

Kn).
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Results

Model Comparisons

Three models, a one-dimensional model, a two-dimensional model (combining Unit

and Formula), and a three-dimensional model, were fitted using ConQuest. The item

parameters were estimated by setting the mean of person estimates to zero. In Table 4.4,

the fits of the three models are compared using the deviance statistics produced by

ConQuest outputs. Since the one-dimensional model is a submodel of the two-dimensional

model, and the two-dimensional model is a submodel of the three-dimensional model, we

can use the difference of the deviance statistics to compare the model fit. The deviance of

the two-dimensional model is 132.806 less than that of the one-dimensional model. This

difference is compared against a Chi-square distribution with 2 degree of freedom and is

significant, which indicates that the two-dimensional model fits better than the

one-dimensional model. The improvement between the two-dimensional model and the

three-dimensional model is 115.658, and the three dimensional model requires 3 additional

parameters. This difference follows a Chi-square distribution with 3 degree of freedom and

is significant, which indicates that the three dimensional model fits better than the

two-dimensional model.

Difference

Model Deviance Estimated Parameters Deviance Estimated Parameters

One-Dimensional 15632.080 78
Two-Dimensional 15499.274 80 132.806 2
Three-Dimensional 15383.617 83 115.658 3

Table 4.4: Deviance Statistics for the Three Models Fitted to the Area Measurement Data

The item estimates and item fit statistics are compared among the three models. The

item estimates of the three models appear to be comparable once set to the same scale

(Table 4.5). For item fit, we will look at the weighted mean square (MNSQ) of the item

estimates. In general, we would prefer the weighted MNSQ to be between 0.7 and 1.3.

Weighted MNSQ less than 0.7 indicates “overfit,” which means the observed variance is

less than expected by the model, while greater than 1.3 indicates “underfit,” which means

the observed variance is greater than expected by the model. “Overfit” is often not as
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Item One-Dimensional Model Two-Dimensional Model Three-Dimensional Model

Estimate Error Estimate Error Estimate Error

A1 -2.635 0.210 -2.706 0.213 -2.706 0.213
A2 -2.924 0.230 -3.013 0.233 -3.298 0.240

A3(1) -2.075 0.180 -2.131 0.182 -2.133 0.182
A3(2) -1.014 0.148 -1.049 0.149 -1.052 0.149
A3(3) -1.287 0.154 -1.327 0.155 -1.330 0.155
A3(4) -1.194 0.152 -1.232 0.153 -1.235 0.153

A4 0.200 0.141 0.212 0.143 0.225 0.150
A5 1.341 0.161 1.365 0.164 1.371 0.164
A6 4.343 0.460 4.403 0.460 4.294 0.458
A7 -1.348 0.106 -1.413 0.110 -1.317 0.106
A8 0.955 0.151 0.983 0.152 1.074 0.159

A9(1) -0.229 0.087 -0.218 0.090 -0.205 0.086
A9(2) 0.360 0.142 0.376 0.144 0.406 0.151
A10 0.391 0.069 0.429 0.069 0.383 0.066
A11 4.343 0.460 4.403 0.460 4.725 0.469

A12(1) -1.558 0.161 -1.604 0.164 -1.534 0.161
A12(2) 0.029 0.090 0.047 0.092 0.041 0.088

A13 -0.800 0.145 -0.818 0.147 -0.780 0.144
A14 -0.045 0.084 -0.022 0.086 -0.031 0.094
A15 0.319 0.142 0.335 0.143 0.360 0.151
A16 0.150 0.087 0.178 0.088 0.160 0.085
A17 -0.884 0.146 -0.906 0.149 -0.864 0.145

A18(1) -0.349 0.089 -0.346 0.091 -0.323 0.088
A18(2) 1.288 0.159 1.322 0.161 1.274 0.158

A19 2.038 0.138 2.149 0.143 2.173 0.144
A20 0.734 0.147 0.758 0.148 0.827 0.155
A21 0.440 0.088 0.476 0.089 0.436 0.086
A22 0.806 0.116 0.831 0.118 0.796 0.115

B1(1) -2.443 0.198 -2.502 0.200 -2.498 0.200
B1(2) -2.606 0.207 -2.670 0.210 -2.665 0.210
B1(3) -2.482 0.200 -2.542 0.203 -2.538 0.202
B1(4) -2.404 0.195 -2.462 0.198 -2.459 0.198
B1(5) -0.331 0.140 -0.337 0.142 -0.378 0.149
B1(6) -0.489 0.141 -0.500 0.143 -0.558 0.151

B2 -0.793 0.144 -0.815 0.147 -0.906 0.154
B3(1) 0.515 0.143 0.518 0.145 0.518 0.145
B3(2) -2.940 0.231 -3.014 0.234 -3.007 0.234
B3(3) -0.650 0.143 -0.672 0.144 -0.674 0.144
B3(4) 0.916 0.149 0.932 0.151 0.934 0.152
B4(1) -3.109 0.245 -3.204 0.247 -3.490 0.254
B4(2) 1.527 0.166 1.561 0.167 1.702 0.174
B5(1) -1.094 0.149 -1.126 0.152 -1.249 0.159
B5(2) 2.372 0.208 2.417 0.210 2.621 0.216

B6 1.699 0.173 1.735 0.174 1.890 0.180
B7 3.509 0.317 3.564 0.318 3.836 0.326
B8 -2.741 0.216 -2.809 0.219 -2.803 0.219
B9 -1.028 0.148 -1.057 0.149 -1.059 0.149
B10 4.893 0.587 4.953 0.588 4.837 0.585
B11 0.394 0.141 0.406 0.143 0.442 0.150
B12 -1.242 0.103 -1.305 0.106 -1.511 0.114
B13 0.314 0.141 0.325 0.142 0.353 0.149
B14 2.768 0.238 2.816 0.239 2.727 0.237
B15 -1.873 0.171 -1.933 0.174 -1.852 0.171
B16 1.418 0.090 1.476 0.091 1.362 0.088

B17(1) -1.028 0.148 -1.058 0.151 -1.013 0.147
B17(2) -0.157 0.088 -0.150 0.090 -0.176 0.097

B18 -0.097 0.139 -0.096 0.141 -0.112 0.149
B19 1.554 0.167 1.588 0.168 1.528 0.166
B20 2.605 0.155 2.728 0.158 2.747 0.158
B21 1.645 0.120 1.731 0.124 1.741 0.124

Table 4.5: Item Estimates from the Three Models Fitted to the Area Measurement Data
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much a concern as “underfit,” which suggest that students’ responses are more haphazard

than expected. The range of weighted MNSQ is 0.8-1.78 for the one-dimensional model,

0.79-1.86 for the two-dimensional model, and 0.78-1.55 for the three-dimensional model.

The number of items having weighted MNSQ greater than 1.3 is three for both the

one-dimensional model and the two-dimensional model, and is two for the

three-dimensional model. The two items having poor fits are item A7 (weighted MNSQ

1.48) and A18(1)(weighted MNSQ 1.55). Step 2 of item A7 (weighted MNSQ 1.41) and

step 0 and 2 of item A18(1) (weighted MNSQ 1.48 and 1.43, respectively) also have poor

fit. Item underfit suggests that an item may tap some aspects of understanding other than

those tapped by the remaining items. Item A7 asks students to draw what one square

inch looks like. Students were given full credit either if they drew a square with sides

approximating 1 inch or if they labelled the sides of their squares with 1 inch. Partial

credit was given to responses that contained either the drawing of a square with sides

neither approximating 1 inch nor being labelled with 1 inch, or a rectangle. A18(2) asks

students to name the area of a rectangle measured in different units along the width (2

erasers) and length (3 paper-clips). Full credit was given to multiple choice option “6

paperclip-eraser units,” and partial credit was given to either multiple choice option “6

square erasers” or “6 square paperclips.” Therefore, it appeared that to get full credit on

either of these items, students did not only need to be able to apply the formula “length ×

width,” they also needed to understand the communicative norm established either in the

mathematical convention (i.e., a square inch was a square but not any other shapes) or in

the problem (i.e., a square unit was a square with each of its side measured 1 unit).

Since the three-dimensional model fits the data the best and is aligned with the

original conceptualization, I will focus on the three-dimensional model in the remaining

sessions.

Correlations among the Three Dimensions

The three-dimensional model assumes correlations among the three dimensions. An

examination of Table 4.6, which presents the correlations amongst the three dimensions,

confirms that although the three dimensions are related, the relation is not co-linear.
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Moreover, the Unit dimension appears to act as a “bridge” between the Attribute and the

Formula dimension: Both the Attribute and the Formula dimensions have relative high

correlation with the Unit dimension, but the direction correlation between the Attribute

and the Formula dimension is the lowest.

Dimension Attribute Unit

Unit .810
Formula .689 .893

Table 4.6: Correlations amongst the Three Dimensions

Wright Maps

The estimation results of Rasch modelling is presented graphically as a Wright Map

(Figure 4.3). On a Wright Map (Wilson, 2005), a vertical line is marked out in logits;

person ability estimates and item locations are positioned on the left- and right-hand

sides, respectively. On the left hand side, the histogram illustrates the distribution of

student achievements. Since we use a three-dimensional model, distributions of student

achievements on these three dimensions are presented in separate panels. An examination

of the Wright Map suggests that the distribution of student abilities on the Unit

dimension is more spread out than the distributions on the other two dimensions. Indeed,

the estimated variance for the three dimensions are 1.497, 2.264, and 1.165, respectively.

Greater variance of the Unit dimension may be due to the fact that it had one more level

than the other two constructs, thus differentiation among students with different abilities

is more likely on the Unit dimension than on the others.

On the right hand side, since a partial credit model is fitted to the data, the Wright

Map presented here is a plot of the Thurstonian thresholds for the items. The

Thurstonian thresholds are plotted at the point where a student has a 50% chance of

achieving at least the indicated level of performance on an item. The notation x.y is used

to indicate the y-th threshold of the item x. For instance, B20.1 and B20.2 correspond to

the 1st and 2nd thresholds, respectively, of item B20.

The closer to the bottom of the Wright Map, the less capable is the respondent and

the less difficult is an item or item level. The higher is a respondent’s location in relation
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to an item location, the more likely is for the respondent to succeed in that item or item

level. A quick glance at the Wright Map indicates that the items had reasonable coverage

of various levels of difficulty, spanning the entire range of the distribution of student

achievements. A closer look at the Wright maps indicates the following:

• The first level of the Attribute dimension is at the lowest end of the distribution of

student abilities. The distribution of student abilities covers mostly the second level

and a large part of the third level.

• The distribution of student abilities on the Unit dimension spreads quite evenly

amongst the first three levels, with its mean positioned at the center of the second

level. The higher end of the distribution reaches the highest level of the construct.

• The distribution of student abilities on the Formula dimension spreads quite evenly

between the first two levels, with its mean positioned at the transition between the

two levels. Its higher end barely reaches the third level, which is the highest level of

the Formula construct.

• Because of the low correspondence between student distribution and the higher end

of item distribution on the Unit and the Formula dimension, the most difficult items

on the two dimensions may have been estimated with greater error (Table 4.5)

Additionally, the most difficult item for each of the three dimensions, B20, A11, and

B10, as well as the easiest item for each of the three dimensions, B3(2), B4(1), and B15,

are the same as those identified by the classical item analysis.

45



L
o
g
it

A
tt
ri
b
u
te

U
n
it

F
o
rm

u
la

A
tt
ri
b
u
te

U
n
it

F
o
rm

u
la

|
|

|
|

|
|

|
|

|
|

|
|

|
|

|
|

5
|

|
|

|
|

|
|

A
1
1

|
B
1
0

|
|

|
|

|
|

|
|

A
6

|
|

|
4

|
|

|
B
2
0
.2

|
|

|
|

|
B
7

|
|

|
|

|
|

|
|

|
|

|
|

|
3

|
|

|
|

×
|

|
A
1
9
.2

|
|

B
1
4

×
|

×
|

|
B
5
(2

)
×

|
×
×

|
×

|
B
2
1
.2

|
|

A
2
2
.2

×
×

|
×
×

|
×

|
2

×
|

×
|

×
|

|
B
6

|
×
×

|
×
×
×

|
×

|
B
4
(2

)
B
1
6
.3

×
×
×
×

|
×
×
×
×

|
×
×

|
A
1
9
.1

B
2
0
.1

|
|

B
1
9

×
×
×
×
×

|
×
×
×
×

|
×
×
×
×
×

|
A
5

B
1
6
.2

A
1
8
(2

)
×
×
×
×

|
×
×
×
×
×
×

|
×
×
×
×

|
B
2
1
.1

|
A
8

|
1

×
×
×
×
×
×

|
×
×
×
×
×
×

|
×
×
×
×
×

|
B
3
(4

)
B
1
6
.1

×
×
×
×
×
×

|
×
×
×
×
×
×

|
×
×
×
×
×
×
×
×

|
|

A
2
0

|
×
×
×
×

|
×
×
×
×
×

|
×
×
×
×
×
×
×
×
×
×

|
B
3
(1

)
B
1
1

A
1
0
.2

A
1
0
.3

A
2
1
.2

×
×
×
×
×
×
×

|
×
×
×
×
×
×
×

|
×
×
×
×
×
×
×
×
×
×

|
|

A
1
5

B
1
3

A
9
(2

)
|

A
1
0
.1

A
1
2
(2

).
2

A
1
6
.2

A
2
1
.1

×
×
×
×
×

|
×
×
×
×
×
×
×

|
×
×
×
×
×
×
×
×
×

|
A
4

B
1
7
(2

).
2

0
×
×
×
×
×
×
×
×
×

|
×
×
×
×
×
×
×

|
×
×
×
×
×
×
×
×
×
×

|
|

A
1
4
.1

A
1
4
.2

B
1
8

|
A
9
(1

).
2

A
1
8
(1

).
2

A
1
6
.1

×
×
×
×
×
×
×
×

|
×
×
×
×
×
×

|
×
×
×
×
×
×
×

|
A
9
(1

).
1

A
1
2
(2

).
1

×
×
×
×
×
×
×
×

|
×
×
×
×

|
×
×
×
×
×
×

|
|

B
1
(5

)
B
1
(6

)
B
1
7
(2

).
1

|
A
1
8
(1

).
1

×
×
×
×
×
×

|
×
×
×
×

|
×
×
×
×

|
B
3
(3

)
A
7
.2

A
2
2
.1

×
×
×
×
×
×

|
×
×
×
×

|
×
×
×
×
×
×

|
|

B
2

B
1
2
.2

|
A
1
3

A
1
7

-1
×
×
×
×
×
×

|
×
×
×
×

|
×
×
×
×
×

|
A
3
(2

)
B
9

B
1
7
(1

)
×
×
×
×

|
×
×
×

|
×
×
×
×
×
×

|
A
3
(3

)
A
3
(4

)
|

B
5
(1

)
|

×
×
×
×
×

|
×
×
×

|
×
×
×
×

|
A
1
2
(1

)
×
×
×
×

|
×
×
×
×
×

|
×
×
×

|
|

|
×
×
×
×

|
×
×
×

|
×
×
×

|
A
7
.1

B
1
5

-2
×
×

|
×
×
×
×

|
×
×
×

|
A
3
(1

)
|

B
1
2
.1

|
×
×

|
×
×
×

|
×

|
×

|
×
×
×

|
×

|
B
1
(1

)
B
1
(3

)
B
1
(4

)
|

|
|

×
×
×

|
|

A
1

B
1
(2

)
|

×
×

|
|

B
8

|
|

-3
|

×
|

|
B
3
(2

)
×

|
×

|
|

|
A
2

|
|

|
|

B
4
(1

)
|

|
|

|
|

|
|

|
-4

|
|

|
|

|
|

|
|

|
|

|
|

|
|

|
|

|
|

|
|

|
-5

|
|

|
|

|
|

|
|

|
|

|
|

|
|

|
|

|
|

|
-6

|
|

|
|

|
E
a
c
h

’|
’
re

p
re

se
n
ts

2
.3

c
a
se

s

F
ig

u
re

4.
3:

W
ri

g
h
t

M
a
p

o
f

L
a
te

n
t

D
is

tr
ib

u
ti

o
n

a
n

d
T

h
re

sh
o
ld

s

46



Since the item levels have pre-specified construct linkages, we can examine the order of

item thresholds against the theoretical levels of the construct specifications. Figure 4.4,

4.5, 4.6 separate the information presented in Figure 4.3 to individual dimensions.

Furthermore, the thresholds are placed into different columns according to their

hypothesized construct levels.

Logit Attribute L-1 L-2 L-3
| | |
|
| | |
|

5 | | |
|
| | |
|
| | |

4 | B20.2
| | |
|
| | |
| | |

3 |
| | | A19.2

× |
× | | | B21.2

× × |
2 × | | |

× × |
× × × × | | | A19.1 B20.1

× × × × × | A5
× × × × | | | B21.1

1 × × × × × × | B3(4)
× × × × × × | | |

× × × × | | B3(1) |
× × × × × × × |

× × × × × | | |
0 × × × × × × × × × |

× × × × × × × × | | |
× × × × × × × × |

× × × × × × | | B3(3) |
× × × × × × |

-1 × × × × × × | | A3(2) B9 |
× × × × | A3(3) A3(4)

× × × × × | | |
× × × × |
× × × × | | |

-2 × × | A3(1) | |
× × |
× | B1(1) B1(3) B1(4) | |

| A1 B1(2)
| B8 | |

-3 | B3(2)
× | | |

|
| | |
|

-4 | | |
|
| | |
| | |
|

-5 | | |
|
| | |
|
| | |

-6 |

Figure 4.4: Wright Map of Latent Distribution and Thresholds (the Attribute Dimension)

These Wright Maps indicate that the ordering of item thresholds in general follows our

hypotheses, although the scaled differences between levels do not appear to be uniform.

For example, the span of level 1 of the Attribute map appears to be narrower than the
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Logit Unit L-1 L-2 L-3 L-4
| | | |
|
| | | |
|

5 | | | |
| A11
| | | |
|
| | | |

4 |
| | | | B7
|
| | | |
| | | |

3 |
× | | | |
× | B5(2)

× × | | | |
× × |

2 × | | | B6 |
× × × | B4(2)

× × × × | | | |
× × × × |

× × × × × × | | | A8 |
1 × × × × × × |

× × × × × × | | | A20 |
× × × × × | | B11 | |

× × × × × × × | B13 A9(2) A15
× × × × × × × | | | A4 B17(2).2 |

0 × × × × × × × | A14.1 A14.2 B18
× × × × × × | | | |

× × × × | B1(5) B1(6) B17(2).1
× × × × | | | |
× × × × | B2 B12.2

-1 × × × × | | | |
× × × | B5(1)
× × × | | | |

× × × × × |
× × × | | | |

-2 × × × × | B12.1 | | |
× × × |
× × × | | | |
× × × |
× × | | | |

-3 × |
× | A2 | | |

| B4(1)
| | | |
|

-4 | | | |
|
| | | |
| | | |
|

-5 | | | |
|
| | | |
|
| | | |

-6 |

Figure 4.5: Wright Map of Latent Distribution and Thresholds (the Unit Dimension)

spans of the other two levels of the same construct; level 2 of the Attribute map overlaps

with its level 3, but does not overlap with its level 1. This may be because in defining the

Attribute construct map, we assume that most students were already performing at the

first level, so that the growth or transition happens mainly between the next two levels.

Within each levels, items differ in estimated difficulties due to nuances in the items

and the required performances. One item (A6, see Figure 4.7) on the Formula map,

however, appears to be a lot more difficult than the other items at the same level or even

those supposed to be at the higher level. This item is about a student, Tim, uses the
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Logit Formula L-1 L-2 L-3
| | |
|
| | |
|

5 | | |
| B10
| | |
| A6
| | |

4 |
| | |
|
| | |
| | |

3 |
| | | B14
|

× | | | A22.2
× |

2 × | | |
× | B16.3

× × | | B19 |
× × × × × | B16.2 A18(2)
× × × × | | |

1 × × × × × | B16.1
× × × × × × × × | | |

× × × × × × × × × × | | A10.2 A10.3 A21.2 |
× × × × × × × × × × | A10.1 A12(2).2 A16.2 A21.1
× × × × × × × × × | | |

0 × × × × × × × × × × | A9(1).2 A18(1).2 A16.1
× × × × × × × | A9(1).1 | A12(2).1 |
× × × × × × | A18(1).1

× × × × | A7.2 A22.1 | |
× × × × × × | A13 A17

-1 × × × × × | B17(1) | |
× × × × × × |

× × × × | A12(1) | |
× × × |
× × × | A7.1 B15 | |

-2 × × × | | |
× |
× | | |

|
| | |

-3 |
| | |
|
| | |
|

-4 | | |
|
| | |
| | |
|

-5 | | |
|
| | |
|
| | |

-6 |

Figure 4.6: Wright Map of Latent Distribution and Thresholds (the Formula Dimension)

longer side of a notebook to measure the width and length of a rectangle and multiplies

the two measures to get the number of notebooks the rectangle took up. Less than 2% of

the students were able to correctly answer this question. These students noted that the

notebooks were not placed in the same orientation, thus the horizontal width was

measured in twice as big a unit as the vertical length. For example, one student explained

that Tim was wrong because “the notebooks aren’t all the same way,” and offered his

method “4× (3× 2) or 3× (4× 2) both equal 24.” A majority (65%) of the students

simply accepted Tim’s method on the basis that he used “length × width”. Then 28% of
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A6. Tim used math notebooks to measure the area of a table top.  

Below was Tim’s method:  
 

  

      

      

      

     

      

     
 

 

 

 

  

Tim said that the area of the table top was 12 notebooks, because the area 

of a rectangle was “length × width.”   

  

What do you think? (Circle an answer and explain.) 

 

A. Tim was right.  3×4=12.  

B. Tim was wrong, 

because____________________________________And here is 

my method 

 

  

4 Notebooks 

3
 N

o
te

b
o

o
ks

 

Figure 4.7: Item A6

the students thought that Tim was incorrect for the wrong reason. Their explanation

indicated that they did not see the top left corner of the picture (see Figure 4.7) as

showing two overlapping notebooks, but rather as three different notebooks. They either

blamed Tim for using different sized notebooks or did not count the number of notebooks

correctly (i.e., instead of 3× 4, they thought it should be 4× 5). While the suggestion to

do 4× 5 showed those students’ lack of understanding of the area formula, which was

hypothesized as indicative of level 2 of the Formula construct, the other students who

blamed Tim for using different sized notebooks might be able to answer correctly should

they interpret the picture correctly. In summary, it appears that the ambiguity of the

picture may have added some construct irrelevant difficulty to this item.

The Quality of the Measurement

Reliability

The reliability is an important indicator of the quality of any measurement (AERA,

APA, & NCME, 1999). It indicates how well our measurement can single out the true
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score variance from true score and error variance combined. Instruments with reliabilities

of .70 are generally considered adequate for research and evaluation using relatively large

samples (Crocker & Algina, 1986). To determine the reliability of the area measurement

assessment, I consider evidence from the following sources:

1. Cronbachs Alpha measures the internal consistency of all items in a scale. This

coefficient is .74 for the Attribute items, .86 for the Unit items, and .82 for the

Formula items.

2. The expected a posteriori estimation based on plausible value (EAP/PV) reliability

indicates the extent to which observed total variance is accounted for by the model

variance. This index is .832 for the Attribute dimension, .923 for the Unit

dimension, and .892 for the Formula dimension.

In addition to these reliability index, the standard error of measurement (SEM) of a

person ability indicates how reliable is a person’s ability estimate. The smaller is the SEM,

the more reliable is the estimate. The SEM ranges from .398 to .721 for the Attribute

dimension (mean=.490, sd=.041), from .295 to .883 for the Unit dimension (mean=.436,

sd=.069), and from .285 to .623 for the Formula dimension (mean=.350, sd=.056).

In summary, the three dimensions were measured with adequate reliability, but the

Attribute dimension was the least reliable.

Validity

Content Coverage

The validity of an instrument is concerned with the extent to which the items assess

the knowledge and skills that they are purported to assess. On the most basic level, the

content validity asks whether the instrument covers the range of contents of interest. As

described in Chapter II and III, a literature review was conducted to examine the domain

and construct maps were developed based on the literature review to specified the

knowledge and skills important in the domain; items were then developed in light of the

specifications in the construct maps. This extensive process helped ensure the content

coverage of the assessment.
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Response Processes

Data concerning response processes also helps to clarify whether the respondents use

the cognitive processes the author intend to provoke with an item. Response process data

were gathered in cognitive interviews for most of the items. For others, even though no

cognitive interviews were done with the calibration version, students had been interviewed

using an earlier version of the same item. Additionally, articulation of solution process

were also solicited in writing for some of multiple-choice items. This evidence is included

in the last column of the scoring exemplar accompanying each item (see Appendix).

Differential Item Functioning(DIF)

Another potential threat to the validity of the area measurement items concerned

differential item functioning (DIF). I conducted a DIF study to determine whether some

items would function differently for different gender groups, because prior research

(Vasilyeva, Casey, Dearing, & Ganley, 2009) have found gender DIF in items about

measurement and geometry. Both observed conditional invariance models and unobserved

conditional invariance models were fitted to the data for determining DIF.

Observed conditional invariance (OCI)models The OCI analyses were performed

with data of only students completing both forms. The 17 students who were absent for

either form were excluded. Two types of OCI models were fitted to the data:

1. Generalized Mantel-Haenszel (GMH) statistics (Mantel & Haenszel, 1959): I

performed the GMH analysis using the cmh procedure in SAS. The analyses were

done in separate dimensions and the total scores were calculated with only items

within the same dimension.

2. Logistic regression models (Zumbo, 1999): I fitted three logistic regression models to

the data using the logistic regression procedure in SAS. The three models

respectively (a) regressed the item response to gender, total score, and their

interaction (full model), (b) regressed the item response to gender and total score

(reduced model I), and (c) regressed the item response to total score only (reduced
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model II). Again, these analyses were done in separate dimensions and the total

scores were calculated with only items within the same dimension. The deviance

statistics of the logistic regression models were compared using the likelihood ratio

test (LRT) to determined non-uniform (reduced model I - full model) and uniform

DIF (reduced model II - reduced model I)

Results of the OCI DIF models are summarized in Table 4.7. The GMH method flags five

items as having potential DIF. Among these five items, one is again flagged by the logistic

regression method as having non-uniform DIF, and three are also flagged by the uniform

DIF model. In the logistic regression method, while the Likelihood Ration Test (LRT) are

significant at the .05 level for 11 items’ non-uniform DIF and 8 items’ uniform DIF, their

effect size (R2
d) are negligible (< 0.13). Therefore, the OCI models do not provide

conclusive evidence for gender DIF. The issue of gender DIF will be studied further with

other models based on unobserved conditional invariance (UCI).

Unobserved conditional invariance (UCI) models The UCI analyses were

performed with the entire data set.

1. Scatter-plot approach: I fitted a three-dimensional partial credit model to data with

only boys and with only girls (setting the item mean to 0 for model identification)

and plotted the item estimates obtaining from the sets of data. If there was no DIF,

the item estimates obtained using data of the two gender groups should be

comparable and scattering around the y = x axis. The further away the data point

is from the y = x axis, the greater is the effect size of the DIF. In general, a logit

difference value less than .426 is negligible, a value between .426 and .638 is

intermediate, and a value over .638 is large (Longford, Holland, & Thayer, 1993).

Figure 4.8 plots boys’ and girls’ item estimates. The lines of each data points

indicates .95 confidence interval of the estimate. The middle one of the three

straight lines across the diagonal of the plot is the y = x line and the other two give

the 0.68 effect size. An examination of Figure 4.8 suggests that one item (A11)

seems to favour girls. A closer examination of their differences (Table 4.8) indicates
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that the absolute difference between the item estimates of the two gender groups is

greater than 1.5 for item A11 and is greater than 1.0 and less than 1.5 for item B14.

Item A11 appears to favour girls, while item B14 appears to favour boys. These two

items were also flagged previously by the OCI models, suggesting a stronger reason

for concern. Item A11 is a constructed response item that requires students to

partition units so that a 2 by 7 strip could be cut with only one cut to make a 1 by 5

strip; item B14 is a multiple-choice item that asks students what would be the side

measurement of a new square that is double in area of a square with known

side-length. It is not clear why gender DIF would be present in these two items

based on the current evidence.

Figure 4.8: Scatter Plot of the Item Estimates for Boys and for Girls

2. ConQuest DIF modeling with item by gender interaction (Wu, 2007): A partial
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credit model with additional parameters for gender impact (gender main effect) and

DIF effect (item×gender interaction) were fitted to the data. The gender main effect

is not significant (Chi-square=2.10, df=1), suggesting that the performances of the

two gender groups do not differ significantly from each other. But the interaction

term is significant (Chi-square=87.49, df=60, sig level=0.012), suggesting a potential

DIF effect. An examination of the item×gender interaction effect of each item shows

that six items are problematic. A13, B1(2) and B17(2) appear to be easier for girls

than for boys; item A20, B6, and B14 appear to be easier for boys than for girls.

Those items have also been previously flagged by at least one other method,

suggesting the potential threat of gender DIF in those items. The current study does

not have sufficient information to explain the presence of DIF effect in those items..
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Non-uniform DIF Uniform DIF

Dimension Item GMH p-Value M G2 R2
d MaxR2

d M G2 R2
d MaxR2

d
Attribute A1 0.536 0.464 0.209 0.001 0.002 0.122 0.000 0.001

A3(1) 1.396 0.237 4.891* 0.013 0.022 2.771 0.008 0.013
A3(2) 0.094 0.760 4.338* 0.016 0.022 0.245 0.001 0.001
A3(3) 0.426 0.514 6.243* 0.019 0.027 0.340 0.001 0.002
A3(4) 0.395 0.530 5.820* 0.017 0.025 0.888 0.003 0.004
A5 2.727 0.099 0.001 0.000 0.000 2.007 0.005 0.007
A19 0.881 0.644 1.530 0.005 0.008 0.282 0.001 0.001
B1(1) 1.524 0.217 3.331 0.009 0.017 2.437 0.007 0.013
B1(2) 4.053 0.044* 0.762 0.002 0.004 5.378* 0.015 0.029
B1(3) 2.176 0.140 1.498 0.004 0.008 3.242 0.009 0.017
B1(4) 1.723 0.189 0.301 0.001 0.001 3.354 0.009 0.017
B3(1) 0.748 0.387 1.864 0.006 0.008 0.444 0.001 0.002
B3(2) 0.002 0.964 5.325* 0.020 0.047 0.008 0.000 0.000
B3(3) 0.162 0.687 2.015 0.007 0.009 0.233 0.001 0.001
B3(4) 0.279 0.597 1.327 0.004 0.005 0.194 0.001 0.001
B8 2.402 0.121 0.011 0.000 0.000 1.258 0.005 0.010
B9 0.000 0.996 0.771 0.002 0.003 0.013 0.000 0.000
B20 1.445 0.486 0.020 0.000 0.000 0.002 0.000 0.000
B21 5.152 0.076 1.225 0.004 0.005 0.132 0.000 0.001

Unit A2 0.548 0.459 1.454 0.005 0.011 0.130 0.001 0.001
A4 0.005 0.944 0.005 0.000 0.000 0.065 0.000 0.000
A8 1.015 0.314 0.006 0.000 0.000 2.385 0.007 0.010
A9(2) 1.884 0.170 0.003 0.000 0.000 2.375 0.006 0.008
A11 5.371 0.021* 5.403* 0.020 0.112 3.824 0.014 0.081
A14 0.558 0.757 0.153 0.000 0.000 0.444 0.001 0.001
A15 3.409 0.065 5.211* 0.013 0.017 5.807* 0.014 0.019
A20 3.192 0.074 0.169 0.000 0.001 3.868* 0.010 0.014
B1(5) 0.590 0.442 0.555 0.001 0.002 0.422 0.001 0.002
B1(6) 0.033 0.855 2.274 0.006 0.008 0.110 0.000 0.000
B2 0.075 0.785 0.239 0.001 0.001 0.095 0.000 0.000
B4(1) 2.811 0.094 0.898 0.003 0.008 1.925 0.007 0.017
B4(2) 0.119 0.730 4.276* 0.016 0.026 0.251 0.001 0.002
B5(1) 0.079 0.778 2.927 0.007 0.010 1.194 0.003 0.004
B5(2) 0.953 0.329 0.117 0.000 0.001 0.395 0.001 0.003
B6 5.215 0.022* 2.854 0.008 0.013 5.836* 0.017 0.028
B7 1.418 0.234 0.208 0.001 0.003 0.587 0.002 0.007
B11 0.543 0.461 1.903 0.005 0.007 0.035 0.000 0.000
B12 0.806 0.668 0.072 0.000 0.000 1.258 0.003 0.004
B13 2.621 0.105 0.155 0.000 0.001 3.931* 0.010 0.013
B17(2) 4.291 0.117 0.120 0.000 0.000 8.595* 0.018 0.020
B18 0.223 0.637 1.724 0.005 0.006 0.016 0.000 0.000

Formula A6 0.344 0.558 1.766 0.007 0.039 0.372 0.001 0.008
A7 3.409 0.182 4.213* 0.014 0.017 0.750 0.003 0.003
A9(1) 3.179 0.204 0.006 0.000 0.000 0.000 0.000 0.000
A10 1.996 0.573 0.008 0.000 0.000 0.129 0.000 0.000
A12(1) 0.114 0.735 0.112 0.000 0.001 0.066 0.000 0.000
A12(2) 1.680 0.432 5.168* 0.010 0.012 0.275 0.001 0.001
A13 5.780 0.016* 2.459 0.006 0.008 7.193* 0.018 0.024
A16 1.359 0.507 0.712 0.001 0.002 1.480 0.003 0.003
A17 2.782 0.095 2.508 0.008 0.011 2.473 0.008 0.010
A18(1) 4.302 0.116 0.300 0.001 0.001 1.620 0.005 0.006
A18(2) 0.258 0.611 0.513 0.002 0.002 0.121 0.000 0.001
A21 0.600 0.741 0.440 0.001 0.001 1.475 0.003 0.003
A22 0.002 0.999 2.240 0.007 0.008 0.003 0.000 0.000
B10 0.003 0.957 6.110* 0.023 0.191* 0.502 0.002 0.016
B14 5.627 0.018* 0.248 0.001 0.002 6.600* 0.023 0.053
B15 0.033 0.855 0.738 0.002 0.003 0.010 0.000 0.000
B16 6.812 0.078 3.496 0.011 0.013 0.045 0.000 0.000
B17(1) 0.344 0.558 1.818 0.005 0.006 0.417 0.001 0.002
B19 0.154 0.695 2.863 0.011 0.017 0.281 0.001 0.002

Table 4.7: Results of OCI Methods for Gender DIF
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Boy Girl

item Estimate Error Estimate Error Difference
A1 -1.898 0.161 -1.757 0.143 -0.141
A2 -3.637 0.189 -3.642 0.170 0.005
A3(1) -1.452 0.156 -1.094 0.136 -0.358
A3(2) -0.280 0.144 -0.083 0.128 -0.197
A3(3) -0.546 0.146 -0.370 0.129 -0.176
A3(4) -0.492 0.146 -0.244 0.129 -0.248
A4 -0.064 0.159 -0.137 0.142 0.073
A5 1.963 0.145 2.532 0.136 -0.569
A6 3.512 0.226 4.053 0.215 -0.541
A7 -1.799 0.130 -1.906 0.123 0.107
A8 0.500 0.160 0.978 0.150 -0.478
A9(1) -0.687 0.112 -0.798 0.105 0.111
A9(2) 0.292 0.159 -0.096 0.142 0.388
A10 -0.100 0.090 -0.212 0.083 0.112
A11 5.712 0.219 3.725 0.187 1.987
A12(1) -2.066 0.170 -2.078 0.157 0.012
A12(2) -0.513 0.115 -0.490 0.106 -0.023
A13 -0.929 0.158 -1.679 0.151 0.750
A14 -0.438 0.123 -0.307 0.105 -0.131
A15 0.346 0.159 -0.218 0.142 0.564
A16 -0.402 0.112 -0.367 0.102 -0.035
A17 -1.144 0.159 -1.638 0.151 0.494
A18(1) -0.717 0.115 -0.985 0.105 0.268
A18(2) 0.809 0.169 0.666 0.155 0.143
A19 2.902 0.136 3.230 0.130 -0.328
A20 0.192 0.159 0.779 0.148 -0.587
A21 -0.129 0.111 -0.085 0.104 -0.044
A22 0.272 0.138 0.241 0.129 0.031
B1(1) -1.365 0.155 -1.875 0.144 0.510
B1(2) -1.369 0.155 -2.270 0.149 0.901
B1(3) -1.371 0.155 -1.972 0.145 0.601
B1(4) -1.296 0.154 -1.883 0.144 0.587
B1(5) -0.644 0.159 -0.757 0.141 0.113
B1(6) -0.956 0.160 -0.837 0.142 -0.119
B2 -1.226 0.162 -1.247 0.143 0.021
B3(1) 1.201 0.139 1.561 0.128 -0.360
B3(2) -2.106 0.164 -2.161 0.147 0.055
B3(3) 0.062 0.141 0.318 0.126 -0.256
B3(4) 1.615 0.141 1.996 0.131 -0.381
B4(1) -4.397 0.200 -3.464 0.168 -0.933
B4(2) 1.433 0.166 1.336 0.154 0.097
B5(1) -1.453 0.164 -1.685 0.146 0.232
B5(2) 2.228 0.178 2.404 0.170 -0.176
B6 1.136 0.163 2.116 0.166 -0.980
B7 3.263 0.195 4.004 0.190 -0.741
B8 -1.683 0.159 -2.148 0.147 0.465
B9 -0.169 0.143 -0.181 0.128 0.012
B10 3.967 0.231 4.825 0.220 -0.858
B11 0.051 0.157 0.173 0.143 -0.122
B12 -2.011 0.140 -1.738 0.119 -0.273
B13 0.298 0.158 -0.197 0.142 0.495
B14 1.730 0.187 2.854 0.200 -1.124
B15 -2.321 0.174 -2.443 0.163 0.122
B16 0.952 0.119 0.716 0.103 0.236
B17(1) -1.532 0.162 -1.565 0.150 0.033
B17(2) -0.183 0.122 -0.751 0.108 0.568
B18 -0.443 0.760 -0.438 0.687 -0.005
B19 1.097 0.653 0.892 0.618 0.205
B20 3.468 0.142 3.937 0.135 -0.469
B21 2.817 0.633 2.464 0.581 0.353

Table 4.8: Item Estimates for Boys and for Girls
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CHAPTER V

CONCLUSION

In this project, I conceptualized the elementary school students’ cognitive

achievements in understanding area measurement with a three-dimensional framework. To

test this conceptualization, I set out to develop items to elicit performances indicative of

levels in each of the three dimensions. Cognitive interviews were conducted with 28

students at 4th and 5th grades to facilitate the selection and revision of the items, as well

as collecting construct validity evidence about the cognitive process involved in solving an

item. Finally, 60 items were selected and piloted with 267 students (grade 4-6). The

results by and large confirm the three dimensional structure, as well as the ordering of

levels within each of the dimensions.

The results of the classical item analysis and the Rasch modelling are comparable.

Both analyses show that the Attribute dimension is much easier than either the Unit or

the Formula dimension, with the latter appearing slightly more difficult than the former.

The relatively poorer student performances on the Unit and the Formula dimension

resonates with my observations of the teaching of area measurement in the participating

classrooms.

During the course of the project, I observed the classroom teaching of seven of the

teachers at the two participating schools; after the cognitive interviews, I sometimes asked

students to recall activities they did in class related to area measurement. These

experiences suggested that activities with units were an emphasis of instruction in many

of the classrooms. When asked about what activities they did in class related to area

measurement, almost all students mentioned some activities about using tiles to cover a

space. Among the seven classes that I observed, in one fifth grade class the teacher had

her students using grid paper to measure the area of their hand. However, the activities

with units were often carried out routinely without making explicit connections to either

the nature of the area attribute or the area formula.

In addition to the unit activities, consistent with prior research (e.g., Zacharos, 2006),
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another instructional focus I found was computing areas using formula. All of the classes

practised calculation with formulas. The instruction, however, mostly remained at a

superficial level. One class even chanted a rap that went “...To get the area you have to

multiply. One length times one width is all you have to do...” Although this type of

instruction might make student proficient in applying the area formula to rectangles,

which was the focus of the first level of the Formula construct, it did little to help students

to achieve higher levels of the construct map. For example, although about 73% of the

students were able to correctly compute the area of a 3 by 5 rectangle by using the

formula, less than half of these students (34% of the total) were able to draw the structure

of units underlying the formula calculation. Therefore, despite considerable exposure, the

Formula items on average appeared to be the most difficult, followed by the Unit

dimension, and both were much more difficult than the Attribute dimension (average

difficulty = .423, .444, and .614, respectively).

The Rasch modelling assumes a uniform discrimination amongst all items and allows

us to place all item difficulties and person abilities of the same dimension on the same

scale. The partial credit model also allows us to model the difficulties of item steps, which

is not possible with classical item analysis. An examination of the ordering of item steps

indicates that most items performed as conjectured. Lower level item steps are in general

less difficult than higher level item steps.

In addition to confirming the order of levels within each of the dimensions, the Wright

maps allows a more direct way to compare student performances to the conjectured levels.

This examination suggested that almost no students in our sample were able to reach the

third level of the Formula construct, although there were at least some students who were

able to do so regarding the other two constructs. Again this reaffirms that mere exposure

does not necessary lead to understanding.

Although a few items appear to be a little problematic with respect to either their

locations on the Wright map, or to the presence of gender DIF, the psychometric

properties of the assessment are in general satisfactory. Future research can further

investigate item qualities with a different sample of students, especially regarding those

items appearing to have gender DIF. Future research may also examine classroom use of
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the items for formative purposes.

In addition to demonstrating the satisfactory psychometric properties of a new

assessment, this project also illustrates that the complexity of assessment development

goes way beyond the sophistication of psychometric techniques. At present many of the

studies use psychological or educational instrument to answer important research or

evaluation questions, thus their conclusions rest largely on the quality of the items in the

instrument they use. However, significantly less attention has been paid to the

development of instruments or items in educational research than their applications, and

the quality of many study-specific instruments or items are often assumed rather than

empirically determined. However, this research shows that the quality of an assessment

instrument cannot be taken for granted and the development of an instrument is much

more than collecting a large sample of responses and applying psychometric models. As

shown in Chapter III, item development is a laborious and complex process, which

involves many cycles of revisions. In this sense, instrument development is not unlike a

design experiment (Cobb, Confrey, diSessa, Lehrer, & Schauble, 2003) with the design

outcome being quality items. Consequently, the same attention to details, timely

reflections, and laborious experimentations should be applied to the process of instrument

development as well.

60



APPENDICES

61



APPENDIX A

INTERVIEW PROTOCOL

Instruction

Bring students from their classroom to the interview room, one at a time. Create small
talk. Ask a couple friendly questions such as the following:

Hello! My name is Ms. Zhou. I worked at Vanderbilt University. Thank you so much
for helping me today.

Do you like math?

Student answer � Yes � No

• (If yes, say) Oh, great, I think you will like what we are doing today.

• (If no, say) Okay, well what is your favourite subject?

Appropriately respond.

Seat the student so that the video camera will be pointing directly to a paper right in
front of him/her and capturing the entire page. Start the video camera and an audio
recorder on the table near the student.

Thank you for helping me with my research. I am going to record today’s interview.
Try to speak as clear as you can. Now, let’s do a practice. When I say GO, I want you to
say “Today is Monday” in a clear voice.

If student spoke too softly, encourage him/her to speak louder. Otherwise continue.

Good job. I will also take videos of what you do so I won’t forget. The camera will
only be focusing on your hands and the paper in front of you, so no one will be able to see
your face from the video. Can I video/audio-tape this session?

My job is to study how kids like you do math. Today I’m going to give you some
problems to solve and while you solve them, instead of thinking your thoughts in your
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head, you will say all your thoughts out loud. I am interested in what you think. So, I will
ask you to think aloud all the time. Don’t worry about making mistakes while talking
aloud. You will realize that while answering a math problem, sometimes your thoughts are
not complete. That’s okay because all your thoughts are important. I’d like you to say
everything you are thinking out loud.

I want to emphasize that I am not interested in how well you solve the problems, but I
am interested in what you think. Don’t worry about making mistakes while talking aloud.
After you solve each question while talking aloud, I may ask you some questions to make
sure that I understand what you said. And if there’s any time that you want to stop you
can just say so. It’s all up to you how much we do and how long we go for.

Do you understand what you are going to do? Dont worry if it is not clear. We will
have some practice to make sure that you understand.

Practice (Warm-up)

Let’s first do some practice to make sure you understand what we are doing today.
During our practice, I will read a problem out loud, and then explain the types of
questions on the think aloud test. After I give you the basic instructions for the test I will
say my thoughts out loud for the first question as if I were the student taking the test to
give you an idea of what it means to think out loud.

After I finish my example you will get a turn to practice saying your thoughts on the
second question. We will make sure you understand how to think aloud during the
practice before we move on to the test. If we need to, you can practice a couple of times.

Do you have any questions before we continue?

Depending on student performance, do one or more practice problems with the student.
Hand the student practice problem 1.

This problem tests student understanding of the relationship between whole number
lengths. I am going to read the question out loud. Please follow along reading it to
yourself as I read aloud. After I read the problem out loud I will think out loud my answer.

The length of the line below is 1 eraser long. Draw a line that is 2 erasers long.

After reading the problem I am pretty sure how to solve it. Now I’ll explain to you
how I got to my answer. Follow along as I explain how I did.

This is what I’m thinking.

Well, 2 erasers are twice as long as 1 eraser, so I will double the line. This line is 1
eraser long. . . Hmm, this is a pretty big eraser as my eraser would be much shorter. Okay,
let’s see. (Grab a pencil and the unnumbered ruler provided) I am going to first copy 1
eraser. 1 eraser is here. (Measure the line given and mark the beginning and ending of 1
eraser on the ruler) This is the beginning of a 1 eraser. . . Okay, I will draw a line from
here to the ending of 1 eraser. I then move the ruler to the end of the line I just drew and
draw another 1 eraser (Draw the line at the same time of explaining the actions). 1 plus 1
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is 2. The whole line will now be 2 erasers long.

Look up to the student to indicate that you finish thinking aloud.

Let’s review what I did. I thought out loud all the thoughts I had while I was trying
to solve the answer. I said everything I was thinking, how I came to my answer, and why I
didn’t select the other answer choices.

Let’s move on to the next question. This is your turn to practice thinking out loud.
Read the question out loud. Tell me all your thoughts. Select or write down your answer
as you thinking aloud. Look up to me to let me know when you are done.

You’ll notice I will be taking some notes as you talk. I am going to be making a note
about whether these are good or bad questions. So you can keep on talking out loud even
if you see me writing.

One way you can help me in this study is to circle any word you don’t know to let me
know it’s a hard word.

You may begin.

Think Aloud Notes

Take note on student’s responses as the student is thinking aloud.

1. If a student is silent for more than 3 seconds, use a continuer such as the following:

(a) Keep talking.

(b) What was going through your minds as you tried to answer?

(c) Any other thoughts?

(d) Tell me how you come to pick that answer.

2. If a student requests information initially instead of attempting the problem, ask a
question such as the following:

(a) If I weren’t available or able to answer, what would you decide it means?

3. If a student answers with uncertainty, this can include explicit statements of
uncertainty or implicit markers such as frequent uses of um and ah, changing an
answer, etc.

(a) It sounds like the question may be a little difficult. Can you tell me why?

4. Focus on the task at hand, the particular item. Do not try to ask a student a
question in general terms.

5. Ask student to explain why answer options are not right if s/he does not provide
that information.

6. React in a neutral, non-directive way (e.g., “OK, keep going”) if a student expresses
uncertainty (e.g., raising his voice as if asking a question).
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7. Once a student is complete, determine whether s/he has answered sufficiently. May
ask additional follow up questions:

(a) I noticed that you mentioned xx, what did you mean by that?

(b) How do you know that...?(think-aloud was not clear about the strategies used)

8. If a student had expressed confusions and did not seem to resolve them, or s/he
appeared to misinterpret the task. May ask the following:

(a) What do you think this word means?

(b) Could you tell me what the task asked you to do?

(c) Could you restate the problem in your own words?
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APPENDIX B

ITEM AND ITEM SCORING GUIDES

 

A1. Which rectangle is NOT divided into 4 equal parts? 

 

 

 
 
 
 
 
  

A 

 

B 

 
    

C 

 

D 

 

Scoring Guide(A1)
Score Construct Response Cognitive Interview Evidence
1 At1. Recognize equal

divisions in symmetri-
cal shapes

D Example:

• “It’s D because there are two longer
pieces and two shorter pieces.”

• “D, because it is the only one you
couldn’t fold up on top of it.”

0 NA A,B,C

0 m No response
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A2. Which of these figures has the largest area? 

 
    

A.      

 

B.          

 

     

C.       

 
      

D.   E.  F.  G.  H.  I.  

 
  

Scoring Guide(A2)
Score Construct Response Cognitive Interview Evidence
1 Un1. Count units to

compare areas
C Example:

• “So basically what I would do is,
in my head, I’m thinking I need to
count up each of these squares.”

• “This (A) is six units. This one (B)
is seven units. This(C), this shape
would have eight units. And this one
(D) would have six. So this one (C)
would have the largest overall area,
because each box is one unit.”

0 NA A,B,D

0 m No response.
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A3. Which shape has a larger area? Circle the shape that has a larger area.  

Show your work.   

 
(1)  

A.  B.  C.  D.  
  Their areas are 

the same. 
Can’t Tell. 

 

 
 
(2)  

A.  B.  C.  D.  
  Their areas are 

the same. 
Can’t Tell. 

  
 
(3)  

A.  B.  C.  D.  
  Their areas are 

the same. 
Can’t Tell. 

        
 
(4)  

A.  B.  C.  D.  
  Their areas 

are the 
same. 

Can’t Tell. 

 

 
 
  

 

 

  

  

 
 

68



Scoring Guide(A3(1))
Score Construct Response Cognitive Interview Evidence
1 At1. Compare the ar-

eas of two shapes based
on their appearances.

B Example:

• “A is a rectangle. B is a rectangle. C
their areas are the same. Or D can’t
tell. I say B because A is smaller
than B. To have a larger area it has
to be bigger. ”

• “I chose B because...I just think so.”

0 NA A,C,D

0 m No response.

Scoring Guide(A3(2))
Score Construct Response Cognitive Interview Evidence 1

1 At2. Compare the ar-
eas of two incongruent
shapes.

C Example:

• “This one I know height×width...I
think they’re the same be-
cause they’re about the same
in height...and then the base is
about the same.”

• “I think they’re the same because
they look like the same size.”

0 NA A,B,D Example:

• “A. Because this one (referring to
the right side of shape A) is diago-
nal. So if you put it straight up, they
would be longer than this (referring
to shape B). Right now they’re the
same height. But if you flatten them
out, it (shape A) would be higher.”

0 m No response.

1Although some students might use the area formula to justify their solutions, it appeared that students
did not need to reason with the formula in order to get the correct answer (e.g., the second example from the
cognitive interview evidence). Rather, the third example illustrated that students made mistakes because
they did not understand what transformations to a shape did or did not alter its area. Therefore, this item
was categorized as an Attribute item.
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Scoring Guide(A3(3))
Score Construct Code Cognitive Interview Evidence
1 At2. Compare the ar-

eas of two incongruent
shapes.

B Example:

• “B, the hexagon because...I think
you can put the triangle in
there...there will still be these
left-overs.”

• “This one(B) is bigger because there
are more sides and more space.”

0 NA A,C,D

0 m No response.

Scoring Guide(A3(4))
Score Construct Response Cognitive Interview Evidence
1 At2. Compare the ar-

eas of two incongruent
shapes.

B Example:

• “I think it’s B because even though
it’s shorter, if you have cut it in
half and put the bottom half right
next to the other half , it would be
longer.”

0 NA A,C,D Example:

• “I think they’re about the same,
because...this one (A) is half inch
longer and this one (B) is half inch
taller. So they would end up about
the same.”

0 m No response.
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A4. Mary wants to cover her bathroom floor with new tiles.  Depending on 

the type of tiles that she chooses, she would need a different number 

of them: 

 

Type Number of Tiles Needed 

A 40 

B 50 

C 60 

D 70 

 

Which type of tiles has the largest area? 

 

A. Type A 

B. Type B 

C. Type C 

D. Type D 
 
 
 
 
 

  

Scoring Guide(A4)
Score Construct Response Cognitive Interview Evidence
1 Un3. Realize the in-

verse relationship be-
tween unit sizes and
measurement values.

A Example:

• “If you needed 70 titles the title is
gonna be pretty small. If you needed
40 titles, the tile gonna be pretty big.
So I’m gonna go with A.”

• “A, because the bigger title she
needs less of. 40 is A and 40 is the
smallest number.”

0 NA B,C,D

0 m No response.
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A5. Which of the following shapes has an area? Circle all of the shapes that 

have an area. 

 

  
 

 

 

 

 

 

 

A B C       D      E 

 
  

Scoring Guide(A5)
Score Construct Response Cognitive Interview Evidence
1 At2. Relate the math-

ematical term “area”
to spaces enclosed by
boundaries.

ABCDE Example:

• “Every object takes up space, and
that’s basically what area is. All of
these have an inside and that’s what
area is.”

0 NA Select some but
not all of the
shapes

Example:

• (Chose C, E)“When I look at this,
the shapes, you see some of them
have like curves, points, corners, no
sides, and some have four. All of
these sides are of the same length,
so I’ll circle this one (E)...not this
one (D), it doesn’t have any sides.
This one (C) is a rhombus. This
splatter (B) looked like it didn’t have
any sides because it has no corners.
(The first one) didn’t have an area
because it was, it didn’t, it was the
same thing as B and D.”

• “I picked C and E because if you
put little cubes in both of them, you
would get your area. And because
A and B is shaped different and you
can’t get area out of it. And D is a
circle and you can’t get area out of
it so C and E you can get area out
of. ”

0 m No response.
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A6. Tim used math notebooks to measure the area of a table top.  

Below was Tim’s method:  
 

  

      

      

      

     

      

     
 

 

 

 

  

Tim said that the area of the table top was 12 notebooks, because the area 

of a rectangle was “length × width.”   

  

What do you think? (Circle an answer and explain.) 

 

A. Tim was right.  3×4=12.  

B. Tim was wrong, 

because____________________________________And here is 

my method 

 

  

4 Notebooks 

3
 N

o
te

b
o

o
ks
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Scoring Guide(A6)
Score Code/Construct Response Cognitive Interview Evidence
1 b-c/Fo2. Relate the

area formula for rect-
angles to the array
structure of area units.

Select B and offer correct ex-
planations pointing out that
(a) the books should be
placed in the same orienta-
tion, and (b)the area is 24
books (or give a measurement
consistent with the units de-
fined).

Example:

• B.Tim was wrong be-
cause “the notebook
aren’t all the same
way.” And here is my
method “4× (3× 2) or
3 × (4 × 2) both equal
24.”

0 b-n/NA Select B but give an irrele-
vant or incorrect explanation,
and did not offer a correct
method.

Example:

• B.Tim was wrong be-
cause “the notebook
aren’t the same size.”
And here is my method
“I don’t know.”

Example:

• “Length times width is
how you get the correct
answer. So I’m gonna
go with A.”

• “I think it’s B because
right here is 1, 2, 3, 4.
Here is 1, 2, 3, 4, 5. So
it’s not 3 times 4, it’s 4
times 5.”

0 na/NA Select A or other incorrect re-
sponses.

0 m No response.
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A7. Square inch is a unit of area measurement.  What does 1 square inch 

look like?  Can you draw 1 square inch? 
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Scoring Guide(A7)
Score Code/Construct Response Cognitive Interview Evidence
2 c/Fo1. Know that the

unit “square inch” is
a square with 1 inch
sides.

Correctly draw 1
square with sides
approximately 1 inch
each or clearly labelled
with 1 inch.

Example:

• “I would take the inch and
do the inch on the sides and
get a square. I am not ex-
actly sure. It could be an area
thing. I multiply this with
this(referring to the two ad-
jacent sides). It could have
been half an inch on each
side...Wait, no....I’ve heard
square inch. I mean I have
seen it written, but I have
never really saw it in draw-
ing.”

• “I’m not sure whether it has
to be one inch (on each side)
or it can be a little off.”

1 s/Fo1. Know that con-
ventional measurement
units such as a square
inch is a square.

Draw a square with
sides neither approxi-
mating 1 inch nor la-
belled 1 inch.

1 r/Fo1. Know that con-
ventional measurement
units such as a square
inch is a 4-sided poly-
gon.

Draw a rectangle.

0 i/NA. Draw a line.

0 na/NA Other incorrect re-
sponses.

0 m No response.
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A8. Jane wants to cover her bathroom floor using new tiles.  If Jane used 

type A tiles, she would need 30 of them; if she used type B tiles, she 

would need 60 of them.  The area of one type A tile is 8 square feet, 

what is the area of one type B tile?  

 

Tile Size of one tile (square feet) Number Needed 

A 8 30 

B ? 60 

 

Answer: One type B tile is ________ square feet. 
 

Show your work. 
 

  
Scoring Guide(A8)
Score Code/Construct Response Evidence
1 4/Un3. Calculate the

area of a new unit
based on the mea-
surement value of the
same space with an-
other units and the re-
lationship between the
two measurements.

4 Student work example:

• “30 × 2 = 60, 2× as much area as
type B. Type B is 4 because you need
2× as much tiles as type A.”

Cognitive Interview example:

• “This would be half. Because 8
equals 30. Question mark equals 60.
It would make more sense for this
number to be smaller. Because if it
is bigger, you would need less.”

• “30 times 2 is 60. If there’s double
the number, that means they must
be smaller. You would need half.
(Writes 8÷ 2 = 4)Four.”

0 16/NA 16 Student work example:

• “30× 2 = 60, 8× 2 = 16”

0 na/NA Other responses

0 m No response.

77



 

A9. Bob wants to cover the floor of his room with carpet pieces that look 

like this: 

 

 

 

 

The floor that he wants to cover is: 

 

 

 

 

 

 

 

 

(1) How many pieces of carpet will Bob need to cover the floor?  

 

 

(2) Please draw them right on the picture of the floor. 

 

  

2 units 

1 unit 

3 units 

4 units 
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Scoring Guide(A9(1))
Score Code/Construct Response Evidence2

2 6/Fo1. Know the
formula for computing
the area of a rectangle.

6 Cognitive interview example:

• (Interviewer: Why do you think you
got this question correct? )

“Well...Okay, I just though of this.
Because area is length times width.
This one is 2. This one is 3 times 4,
is 12. And 6 times 2 would be 12. I
am thinking this would be a way to
check it.”

1 12/Fo1. Know the
formula for computing
the area of a rectangle.

12 Student work example:

• “(The small rectangle is) 2. (The big
rectangle is) 12.”

0 na/NA Other responses Cognitive interview example:

• “I don’t get what you are supposed
to do with the blocks. I think it is
asking how you fit this into there,
but I don’t see how you can do that.”

0 m No response.

2There was some uncertainty about whether to classify item A9(1) as a Unit or a Formula item. None
of the eight students interviewed approached this problem with computation. All began with an attempt
to draw the small rectangles on the big one. It was classified as a Formula item due to the following
considerations: (a) of all students who correctly answered A9(1), 14.5% of them could not solve A9(2), in
which the drawing was explicitly requested; (b) some students (9.0% of the entire sample) answered 12 for
A9(1), which appeared to be from computing the area of the big rectangle; (c)drawing the small rectangles
on the big one was the task of item A9(2), which was scored as a Unit item, scoring A9(1)in similar ways
would be repetitive.
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Scoring Guide(A9(2))
Score Code/Construct Response Cognitive Interview Evidence
1 c/Un3. Fit area units

into a shape by coordi-
nating the linear mea-
surements of the shape
and the unit.

Correctly fit the small
rectangles to the big
rectangle.

Example: Example:

• “Cause I know it’s one unit
tall. There would have to be
four...Two units wide, so it
won’t go all the way across.”

• “Because there’s 4 units. If
you turn the piece (referring
to the small rectangle) that
would be 2. And then one
unit, that (referring to the top
of the big rectangle) is 3, so
it’s just 3.”

0 na/NA Incorrect or incom-
plete responses

Examples:

0 m No response.
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A10. Ann wants to make a paper label for a bottle.  The label will wrap 

around the bottle.  Based on the following measurements, at least how 

much paper would Ann need to get? 

 

 

Circumference: 

about 30 cm 

 

 

 

Bottom area: 

about 75 square 

cm 

 

 

 

Desired Width: 

about 9 cm 

 

 

 

Bottom diameter: 

about 10 cm 

 

Ann would need at least ________  paper. 

 

A. 75 cm 

B. 30+10=40 cm  

C. 30+75=105 cm 

D. 30 × 10 = 300 square cm 

E. 30 × 75 =2250 square cm 

F. 30 × 9 =270 square cm 

G. 9 ×10 = 90 square cm 

H. 75 ×10 = 750 cubic cm 

I. 75 × 9 = 675 cubic cm 

J. 30 cm 

K. 10 cm 

L. 9 cm 

M. Other_______________
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Scoring Guide(A10)
Score Code/Construct Response Cognitive Interview Evidence
3 f/Fo2. Apply the area

formula of rectangle to
compute the side sur-
face area of a cylinder.

F Example

• “I would try to work this
out...She would need 30, because
she would need at least that
much paper to go around it.
And then the width, she would
need about 9. That would have
to go all the way around. So
(pause)I’m thinking in my head
it could be this one (30 × 9 =
270). Because you would need
the circumference and you would
need the width to go all the way
around the circumference. So I
think that if you multiply them
you would get the answer. (In-
terviewer: Why is it multiplying
and not adding?) I think it’s
multiplying because the width
has to go all the way around. It
has to go all the way 30 centime-
ters around.”’

• “She needs 9 for the width. It’s
gonna be 9 times the circumfer-
ence, which is what goes around.
9 times 30, so it would be 270.”

2 39/Fo2. Identify
the correct length
measurements for
computing an area.

M. (30+9=)39

1 j or l/Fo2. Identify one
of the correct length
measurement for com-
puting an area.

J or L

0 Recode the choice or in
the case of no selection,
na/NA

Other responses.

0 m No response.
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A11. Bob has a small candy bar that looks like this: 

 
     

 

Here is another candy bar. Can you make ONE STRAIGHT cut on the big 

candy bar to make a piece that is the same amount as the one Bob has? 

Circle Yes or No, and explain.  

 

A. Yes.  

B. No. 

 

Show your work.  

 
       

       

 
 

  

Scoring Guide(A11)
Score Code/Construct Response Cognitive Interview Evidence
1 c/Un4. Partition given

units.
Partition the units to make 5
with one cut.
Example:

•

•

Example:

• “Yes, if you split the
third one on each
candy bar in half, you
could get 5 square
units.”

0 na/NA Select B or select A but give
no work or give incorrect
work.
Example:

• “B. Because we need 5
squares and there is no
way to make 5 squares”

• “A. ”

Example:

• “I say no, because
this has five squares.
And this one has seven
across. You would have
to make two cuts.”

0 m No response.
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A12.  

(1) What is the area of this rectangle?  

Answer: _______ square inches (Show your work) 

 

 
 
 
 

(2) Draw all square inches in the rectangle. 

  

5 inches 

3
 i
n
c
h

e
s
 

Scoring Guide(A12(1))
Score Code/Construct Response Cognitive Interview Evidence
1 c/Fo1. Correctly cal-

culate the area of a
rectangle.

15 Example:

• “This is 5 and this is 3, so 5 times 3
is 15.”

0 p/NA Correctly calcu-
late the perimeter of a
rectangle.

16

0 na/NA Other incorrect
responses.

Example:

• “I got 34 because I multiplied 3
times 3 plus 5 times 5, and I got 34.”

0 m No response.
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Scoring Guide(A12(2))
Score Code/Construct Response Cognitive Interview Evidence
2 c/Fo2. Relate the area

formula of a rectangle
to the array structure
of its units.

Make 3 rows of 5 approx-
imately equal sized square
units

Example:

1 pc/Fo2. Relate the
area formula of a rect-
angle to the array
structure of its units.

Draw 3 rows of 5 squares, but
either the units do not fill
out all of the space or the
units are obviously of differ-
ent sizes.
Example:

Example:

• A student drew square
units one at a time,
showing no considera-
tion of the array struc-
ture.

0 na/NA Other incorrect drawing.
Example:

0 m No response.
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A13. Can you draw a rectangle with an area of 12 square inches? Show 

how long each side is.  
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Scoring Guide(A13)
Score Code/Construct Response Cognitive Interview Evidence
1 c/Fo1. Name pos-

sible combinations of
lengths for a rectangle
given its area.

Draw a 12 square inch rect-
angle with the lengths of
sides approximating the cor-
rect combinations of lengths
(e.g., 3 in by 4 in, or 2 in by 6
in, etc.). May or may not be
labelled.

Example:

• “I am doing...it could
be 3 by 4, but I am do-
ing 6 by 2.”

1 scale/Fo1. Name pos-
sible combinations of
lengths for a rectangle
given its area.

Draw a rectangle with sides
clearly label with the correct
values (e.g., 3 in by 4 in, or
2 in by 6 in, etc.), but the
sides do not approximate the
intended lengths.

Example:

0 na/NA Incorrect responses
Example:

Example:

• “You would have to
do twelve divided by
six I think. Let’s
see twelve divided by
six, which would be
two, so maybe these
would be two and so
that would make up
four on those and then
about four right here
and four right here, so
that would equal eight,
nine, ten, eleven, and
twelve.”

0 m No response.
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A14. The following rectangle has an area of 12 square centimeters: 

 

 

(1) What is the area of the shaded triangle?    

 

(2) How did you find out? 

 
 
 
 
 
 
  

5 cm 3 cm 

4 cm 

Scoring Guide(A14)
Score Code/Construct Response Cognitive Interview Evidence
2 c6/Un2. Calculate the

area of a unit by con-
sidering its relation to
the known area of a fig-
ure composed of multi-
ple units.

Answer 6 and explain that
the area of the triangle is half
of that of the rectangle.
Example:

• “12× 1
2 = 6 ”

Example:

• “If the whole thing is
12, you split it in half
equally. Then this is
gonna have to be 6.”

1 ne6/Un2 Answer 6 but provide no clear
explanation.

0 m12/NA Answer 12 and work shows
3× 4 = 12.

0 s12/NA Answer 12 and work shows
5 + 4 + 3 = 12.

0 n12/NA Answer 12 but without show-
ing either summation or mul-
tiplication.

0 na/NA Other incorrect responses.
Example:

• “5× 4× 3 = 60”

0 m No response.
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\  
 

A15. What is the area of this shape? Show your work. 

 

 

 

 

 

  

7 cm 

2 cm 

5 cm 

3 cm 

Scoring Guide(A15)
Score Construct Response Evidence
1 Un3. Subdivide a

shape into arrays of
units by coordinating
its linear measure-
ments.

23 Student work example:

• Answer 23 and explanation
shows using multiplication to
calculate the number of units
(may also draw out all the
squares)(coded f ).

“2× 4 + 3× 5 = 23”

“2× 7 + 3× 3 = 23”

• Answer 23 and draw out all 23
squares (coded u)

• Answer 23 and provide nei-
ther explanation nor drawing
(coded ne23 )

0 na/NA Incorrect responses
Example:

• “7× 5 = 35”

• “5+3+7+2+3 =
20”

0 m No response.
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A16. The area of this rectangle is 7 
 

 
  square inches.  Draw all square 

inches in the rectangle.  

 

 

 
 
         

 

 

 

 

 

 

 

  

2 
 

 
 inches 

3
 in

ch
es
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Scoring Guide(A16)
Score Code/Construct Response Cognitive Interview Evidence
2 c/Fo2. Relate the area

formula of a rectangle
to the array structure
of its units.

Draw 3 rows of 2 1
2 square

inches.
Example:

Example:

• “I’m gonna have to di-
vide this. This one is
gonna be 3 rows (mak-
ing horizontal cuts).
This one is gonna be
2 full rows and an-
other half row (meant
columns, making verti-
cal cuts).”

1 3 × 3/Fo2. Relate
the area formula of a
rectangle to the array
structure of its units.

Draw 3 by 3 units.
Example:

0 na/NA Incorrect responses
Example:

0 m No response.
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A17. Which of the following figure has an area of 6 cm2? 

            
            
            
            
            
            
            
            
            
            
    

A. Figure A 

B. Figure B 

C. Both 

D. Neither 

E. I don’t know.  

Figure A 2 cm 

3 cm 
6 cm 

 

 

Figure B 

6 cm 

Scoring Guide(A17
Score Construct Response Cognitive Interview Evidence
1 Fo1. Know the formula

for calculating the area
of the rectangle.

A Example:

• “Figure A cause area would be this
times this (length times width). 6
times 6 equals 36, and 2 times 3
equals 6. And we are looking for 6
centimetres, so it would be A.”

0 na/NA B, C, D or E Example:

• “2 times 3 is 6, and 6 times 6 is 36. It
says 6 with an exponent, so it would
be 36. So I’m gonna go with B.”

0 m No response.
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A18. Jill found that her math book was 2 erasers long and 3 paper clips 

wide:  

 
 

(1) What is the area of Jill’s book cover?  

 

A. 6 square paperclips 

B. 6 square erasers 

C.  6 paperclip-eraser units  

D. 10 paper clip-eraser units 

E. 4 square erasers 

F. 9 square paperclips 

G. Other_______________ 
 

(2) Show the units you used to measure the area. Draw them inside the 

picture of the book cover. 
 
 

  

3 paperclips 
2

 e
ra

se
rs
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Scoring Guide(A18(1))
Score Construct Response Cognitive Interview Evidence
2 Fo1. Use the formula

to compute the area
of a rectangle given its
side measurements.

C Example:

• “Since I was looking for area, not
perimeter, I wouldn’t add up all the
sides, but I would multiply this (2)
and this (3). So I will multiply 3 and
2, so that would get 6. It’s gonna
be one of these 6. It didn’t just use
paper-clips, it also used erasers; it
didn’t just use erasers, it also used
paper-clips. So I think that I would
choose C.”

1 Fo1. Use the formula
to compute the area
of a rectangle given its
side measurements.

A or B

0 m No response.
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Scoring Guide(A18(2))
Score Code/Construct Response Cognitive Interview Evidence
1 c/Fo2. Construct ar-

rays of units given the
linear measurement of
a rectangle.

Draw 2 rows of 3 approxi-
mately equal sized rectan-
gles.
Example:

Example:

• “I would have to divide
this into third (making
vertical cuts) and this into
half (making a horizontal
cut across), and then I
would get 6.”

0 na/NA Incorrect responses
Example:

0 m No response.

95



 

 

 

A19. Can a triangle cover the same amount of space as the square above?  

 

(1) Select Yes or No, and explain.  

A. No, a triangle cannot have the same area as a square, because 

 

 

 

B. Yes, a triangle might have the same area as a square, because 

 

 

 

(2) If you select “Yes,” draw a triangle that covers the same amount of 

space as the square above.  Explain your method.  
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Scoring Guide(A19)
Score Code/Construct Response Cognitive Interview Evi-

dence
2 c/At3. Transform a

given shape into a
target shape.

Explain that a triangle can have the
same area as a square and find the
correct triangle.
Example:

• “Two shapes can be as
big as each other with-
out being the same shape.

”

• “The side of the square is
about 1. If the base (of the
triangle) is 1, then the height
is 2.”

Example:

• “Even though the
shape is different,
they can still be the
same (area). The
square is 1 inch
on each side. If
you make a trian-
gle with 2 inches of
base and 1 inch of
height, it would be
the same (area as
the square).”

1 b/At3. Transform
a given shape into a
target shape.

Explain that a triangle can have the
same area as a square, but drawing
is unclear or incorrect.
Example:

• “If you draw the lines right,
everything will even out.

”

0 na/NA Explain that a triangle cannot have
the same area as a square, may select
A or B. May explain that it requires
two triangles to make a square.
Example:

• “B. You can divide it diago-
nally. A square equals two tri-
angles.”

• “Two isosceles triangles put
together make a square”

• “A. A triangle has 3 sides. A
square has 4.”

• “A. A triangle is half the size
of a square.”

• “A. A square is always big-
ger.”

0 m No response.
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A20. Lucy wants to cover her kitchen floor using new square tiles.    Type A 

tile is 4 square feet each, and type B tile is 8 square feet each.  If Lucy 

used type A tiles, she would need 100 of them.  How many tiles would 

Lucy need, if she used type B tiles?  

 

Tile Size of one tile (square feet) Number Needed 

A 4 100 

B 8 ? 

 

(1) Answer: Lucy would need __________ type B tiles. 
 
 

(2) Show your work. 

 

 

 

 

 

 

 

 

  

Scoring Guide(A20)
Score Code/Construct Response Cognitive Interview Evidence
1 50/Un3. Calculate the

measurement value
with a new unit based
on the measurement
value of the same space
using another units
and the relationship
between the two types
of units.

50 Student work example:

• “4×2 = 8, 100÷2 = 50, Bigger=less
tiles.”

Cognitive interview example:

• “She would need 50 because 4 is half
of 8. If you double it, you cut this
number (100) in half.”

0 200/NA 200 Student work example:
“4× 2 = 8, 100× 2 = 200”

0 na/NA Other responses

0 m No response.
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A21. The area of this rectangle is 5 square inches.  Draw all square inches 

in the rectangle.  

 

 

 
 
         

 

 

 

  

2 
 

 
 inches 

2
 in

ch
es

 

Scoring Guide(A21)
Score Code/Construct Response Cognitive Interview Evidence
2 c/Fo2. Relate the area

formula of a rectangle
to the array structure
of its units.

Draw 2 rows of 2 1
2 square

inches.
Example:

Example:
“I’m gonna divide this in half
(making a horizontal cut).
Then I am gonna put a
half here and then divide
this in half (making vertical
cuts)and it would be 2 and a
half.”

1 2 × 3/Fo2. Relate
the area formula of a
rectangle to the array
structure of its units.

Draw 2 by 3 units.
Example:

0 na/NA Incorrect responses.
Example:

0 m No response.
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A22. Which of the following figures has an area closest to 4 square cm? 

A B C D 

 

 

 

 

 

 

 

 

A B       C              D 

 

Why do you think so? 

 

4 cm 

2 cm 
2 cm 

4 cm 

Scoring Guide(A22)
Score Construct Code Evidence
2 Fo4. Understand the mul-

tiplicative relationship be-
tween linear and area mea-
surements.

B Student work example:

• “Because it’s not A or D because
one side is 4. C is measuring the
length between the corners.”

1 Fo1. Know the formula for
the area of a rectangle.

C Cognitive interview example:

• “I think probably C would be the
correct answer. They (A and D)
can’t have an area of 4 if they
already have one side that’s 4.
Those two (B and C) are kinda
hard to decide. Those are the two
I brought it down to. I thought
it’s C because it’s very even. It
has 2 and 2. If you multiply 2
and 2, it would be 4.”

0 na/NA A or D
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B1. Divide each of the following shapes into two parts of the same area.  

 

(1)  (2)  (3)  (4)  

 
  

 
    

(5)  (6)  

 

 
 

 

 

 

 

  

Scoring Guide(B1(1)-(4))
Score Code/Construct Response Cognitive Interview Evidence
1 At1. Recognize that

cutting symmetrical
figures in the middle
would divide their
areas in halves.

Divide the symmetrical shape
to two halves.

Example:

• “I guess I’m trying to
find the line of symme-
try to make it divided
equally.”

0 na/NA Incorrect responses.

0 m No response.
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Scoring Guide(B1(5))
Score Code/Construct Response Cognitive Interview Evidence
1 c/Un2. Divide a shape

to equal units and
treat half units and
whole units differently.

Divide the shape to two equal
parts.
Example:

•

•

Example:

• “Divide it here and this
would have the same
area because it’s 2 and
a half.”

0 na/NA Incorrect responses.

0 m No response.

Scoring Guide(B1(6))
Score Code/Construct Response Cognitive Interview Evidence
1 c/Un2. Divide a shape

to equal units to mea-
sure its area.

Divide the shape to two equal
parts.
Example:

Example:

• “This is four. Divide
it right here and these
will have the same
area.”

0 na/NA Incorrect responses.
Example:

0 m No response.
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B2. The area of the following shape is 8 square units.   

 
What is the area of the shaded part? 

 

Answer: ____________________square units. 
 

  
Scoring Guide(B2)
Score Code/Construct Response Cognitive Interview Evidence
1 2/Un2. Calculate the

area of a unit by con-
sidering its relation to
the known area of a fig-
ure composed of multi-
ple units.

2 Example:

• “Since there are only 4 sections and
it’s 8 square units, what I got is that
each of these little triangles equal 2
square units.”

0 na/NA Incorrect re-
sponses.

Example:

• A student measured and computed
the perimeter of the shaded triangle.

0 m No response.
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B3. Do any of the following shapes have an area? (Circle Yes or No, and explain.) 

 
Shape 1 

  

A. Yes.  (If yes, color in a part of the shape that has an area.) 

B. No, because______________________________ 

________________________________________ 

  

Shape 2  

 

 

A. Yes.  (If yes, color in a part of the shape that has an area.) 

B. No, because______________________________ 

________________________________________ 

  

Shape 3  

  

A. Yes.  (If yes, color in a part of the shape that has an area.) 

B. No, because______________________________ 

________________________________________ 

 

 

Shape 4  

 A. Yes.  (If yes, color in a part of the shape that has an area.) 

B. No, because______________________________ 

________________________________________ 
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Scoring Guide(B3(1))
Score Code/Construct Response Cognitive Interview Evidence
1 At2. Generalize the

notion of area beyond
the surface of familiar
shapes.

Select A and shade the entire
heart (or at least include the
top part of the heart)
Example:

•

•

Example:

• “All of them have an
area because area is
what it’s made of.”

0 na/NA Select B or select A without
colouring the top part of the
heart
Example:

• “A. ”

• “B. It is too irregular.”

Example:

• “You cut this one kinda
in half (horizontally
across the middle). It
would have an area, be-
cause it is not curved.”

• “You would have to
draw cubes (meant
squares) in it and
eventually one would
not be a cube.”

• “It doesn’t have a cor-
ner, which means no
edges and with no
edges, no area.”

0 m No response.

Scoring Guide(B3(2))
Score Code/Construct Response Cognitive Interview Evidence
1 At1. Know that the

surface of cube has an
area.

Select A.
Example:

Example:

• “It just looks like it
would have an area.”

0 na/NA Select B or give other incor-
rect responses.
Example:

• “B. It is 3D.’

’

0 m No response.
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Scoring Guide(B3(3))
Score Code/Construct Response Cognitive Interview Evidence
1 At2. Generalize the

notion of area beyond
the surface of familiar
shapes.

Select A.
Example:

0 na/NA Select B or give other incor-
rect responses.
Example:

• “B, because it is a
cylinder.”

Example:

• “This one is no be-
cause it has no angles
or sides.”

• “There is no edges,
which means you can’t
use formula.”

0 m No response.

Scoring Guide(B3(4))
Score Code/Construct Response Cognitive Interview Evidence
1 At2. Generalize the

notion of area beyond
the surface of familiar
shapes.

Select A and shade the entire
shape or include the curved
part.
Example:

•

•

0 na/NA Select B or select A without
colouring the curved part.
Example:

• “B, because it does not
have any sides.”

• “A. ”

Example:

• “This shape is irregular
and it would be hard to
draw cubes in it.”

• “No edges, no for-
mula.”

0 m No response.
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B4. Which shape covers a larger amount of space?  

 

PAIR 1 

Shape a: 12 square inches 

Shape b: 18 square inches 

A. Shape a is larger. 

B. Shape b is larger. 

C. They are the same. 

D. Can’t tell. 

 

PAIR 2 

Shape a: 27 triangles   

Shape b: 20 squares  

A. Shape a is larger. 

B. Shape b is larger. 

C. They are the same. 

D. Can’t tell. 

 

 

  

Scoring Guide(B4(1))
Score Construct Response Cognitive Interview Evidence
1 Un1. Count units to

compare areas.
B Example:

• “Since they’re both the same length,
they’re both square inches, so I just
look at the numbers and see which
was bigger.”

• “Shape B would be bigger cause it’s
6 square inches more.”

0 NA A,C,D

0 m No response.
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Scoring Guide(B4(2))
Score Construct Response Cognitive Interview Evidence
1 Un3. Distinguish mea-

sure and counts.
D Example:

• “It doesn’t tell you the size of the
triangle or the square, so I’m gonna
go with D, I can’t tell.”

0 NA A,B,C Example:

• “A triangle is half of a square. So
the squares (A) are bigger, because
it would take 40 triangles.”

0 m No response.
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B5. This square shape has an area of 1 square inch. 

 

What are the areas of these figures? Show your work in words and/or drawing. 

(1)  

     

     

     

 

(2)  

 

 

 

 

  

Area =  

Area =  
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Scoring Guide(B5(1))
Score Code/Construct Response Evidence
1 9/Un2. Iterate units to

measure an area.
9 (in2). Student work example:

0 na/NA Incorrect responses.

0 m No response.

Scoring Guide(B5(2))
Score Code/Construct Response Cognitive Interview Evidence
1 10.5/Un4. Partition

units to measure an
area.

10.5 or 10 1
2 (in2). Student work example:

0 na/NA Incorrect responses.

0 m No response.
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B6. Laura wants to cover her kitchen floor using new square tiles.    Type A tile is 

4 square feet each, and type B tile is 5 square feet each.  If Laura used type A 

tiles, she would need 100 of them.  How many tiles would Laura need, if she 

used type B?  

 

Tile Size of one tile (square feet) Number Needed 

A 4 100 
B 5 ? 

 

 

Answer: Laura would need __________ type B tiles. 

 

Show your work. 
  

Scoring Guide(B6)
Score Code/Construct Response Evidence
1 80/Un3. Quantify the

relationship between
measurements and
sizes of the units.

80 Student work example:
“100× 4 = 400, 400÷ 5 = 80”

0 125/NA 125 Student work example:
“100÷ 4 = 25, 25× 5 = 125”

0 na/NA Other incorrect re-
sponses.

0 m No response.
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B7. Jim has a small chocolate bar that looks like this: 

      

Here is another chocolate bar. Can you make ONE STRAIGHT cut on the big 

chocolate bar to make a piece that is the same amount as the one Jim has?  Circle 

Yes or No, and explain.  

A. Yes.  

B. No. 

Show your work.  
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Scoring Guide(B7)
Score Code/Construct Response Cognitive Interview Evidence
1 c/Un4. Partition

units.
Partition the units to make 6
with one cut
Example:

•

0 na/NA Select B or select A but give
no work or give incorrect
work.
Example:

• “B. Because with just
one straight line to
cut across to other
chocolate bar to have
an equal amount you
can only have more or
less.”

• “A.

”

Example:

• “Six does not divided
into 4 rows. You can’t
divide 6 into 4 different
rows.”

0 m No response.
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B8.  

 

(1) Three paper cut-outs are in the above shapes.  Which of them covers the 

most space? Explain your reasoning. 

 

A. Shape A 

B. Shape B 

C. Shape C 

D. They cover the same amount of space. 

 

(2) Why do you think so? 

 
  

Scoring Guide(B8)
Score Construct Code Evidence
1 At1. Compare the

area of three shapes
by (visually) overlap-
ping them.

B Student work example:

• “It covers the most space in the
square.”

Cognitive interview example:

• “B, because all of them are cut out
of the circle.”

0 NA A,C,D

0 m No response.
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B9. Which of the two shapes bellow covers a bigger area? 

A B C. 

  

They cover the same area. 

 

Why do you think so? 
 

 

 

 

 

  
Scoring Guide(B9)
Score Construct Code Evidence
1 At2. Compare the

area of two incon-
gruent shapes using
the method of cut-and-
paste.

C Student work example:

0 NA A,B or other Cognitive interview example: A student
tried to measure the length of all the lines
in each shape and compare the sums of side
lengths of the two shapes.

0 m No response.
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B10. Farmer Carl needs about 3 hours to plant a piece of square-shaped land 

with a side of 2 feet.  How many hours would he need to plant a piece of 

square-shaped land with a side of 6 feet? Show your work.   

Side of the Square   Hours Needed 

2 feet each side  3 hours 
6 feet each side  ? hours 

  

Scoring Guide(B10)
Score Code/Construct Response Evidence
1 27/Fo3. Know that

the relationship be-
tween linear and
area measurement
is non-proportional
multiplicative.

27 Student work example:
“6× 6 = 36, 36÷ (2× 2) = 9, 3× 9 = 27”

0 9/NA 9 Student work example:
“2× 3 = 6, 3× 3 = 9”

0 na/NA Other incorrect
responses.

0 m No response.
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B11. Joann wanted to measure the area of a rectangle.   

You can see Joann’s work below:  

 

 

She said that the area of the rectangle was 8 units.   

 

(1) Do you agree with her? (Circle Yes or No.) 

A. I think Joann is right. 

B. I think Joann is wrong. 

(2) Why do you think so? 
 

 

 

 

  

Scoring Guide(B11)
Score Code/Construct Response Cognitive Interview Evidence
1 c/Un2. Know that all

units used in a mea-
surement should be
identical.

Point out that it is incorrect
to use different sized units.
Example:

• “B. because the units
have different areas.”

Example:

• “So what I’m thinking
is she has all kinds of
different shapes...and
they’re not equal,
so you can’t really
measure by them.”

0 na/NA Give an explanation unre-
lated to unit sizes. May select
A or B.
Example:

• “A. Because there are 8
rectangles covering the
box.”

• “B. I think it would be
4 units.”

0 m No response.
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B12. The following triangle has an area of 1 square unit: 

 

What is the area of the following shape in square units?  

 

    

     

 

Answer: _____________square units 
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Scoring Guide(B12)
Score Code/Construct Response Evidence
2 12/Un2. Count half

units and whole units
differently.

12 Student work example:

1 6/Un1. Count units to
quantify areas.

6 Student work example:

1 8/Un1. Count units to
quantify areas.

8 Student work example:

0 na/NA Other incorrect
responses.

0 m No response.
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B13. Sam said the area of this shape was 12 square units. 

 

He measured the shape in the following way. 

 

 

 

 

 

(1) Do you agree with Sam?  

A. Yes, I think Sam was right. 

B. No, I think Sam was wrong. 

 

(2) Why? 
  
Scoring Guide(B13)
Score Code/Construct Response Cognitive Interview Evidence
1 c/Un2. Know that

there should not be
gaps between units
used in measurement.

Point out that it is incorrect
to leave gaps between units.
Example:

• “B. because there can’t
be gaps in the middle of
the squares.”

Example:

• “He put a lot of
space in between each
squarer. I think he’s
wrong because of all
those space in between
those little squares.”

0 na/NA Incorrect explanation unre-
lated to gaps between units.
May select A or B.
Example:

• “A. Because it took 12
squares to cover the
rectangle. Therefore, it
is 12 square units.

• “B. Because there are
only 4 units not 12.”

0 m No response.
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B14. If we draw a square whose area is twice as big as the one above, how long 

would the side of the new square be? 

A. 4 cm 

B. 2 cm 

C. 3 cm 

D. Larger than 2 cm, but smaller than 3 cm 

E. Larger than 3 cm, but smaller than 4 cm 

F. I don’t know. 

 

 

 

  

2
 c

m
 

2 cm 

Scoring Guide(B14)
Score Construct Response Cognitive Interview Evidence
1 Fo4. Know that dou-

bling the area of shape
does not double its
sides.

D

0 na/NA A,B,C,E,F Example:

• “I’m not exactly sure. Cause it has
to be a square. But 4 times 4 would
be 16. So I would just say I don’t
know.”

• “It would be 4 centimeters, cause it
says you doubling them.”

0 m No response.
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B15. Which of the following figure has an area of 8 square units? 

             

             

             

             

             

             

             

   

A. Figure A 

B. Figure B 

C. Both 

D. Neither 

E. I don’t know. 

  

Figure A 
2 units 

4 units 

 

 

Figure B 
8 units 

8 units 

Scoring Guide(B15)
Score Construct Response Cognitive Interview Evidence
1 Fo1. Use the area for-

mula to calculate the
area of a rectangle.

A Example:

• “I am gonna say Figure A, because
4 times 2 is 8 and 8 times 8 is 64.”

0 na/NA B,C,D,E

0 m No response.
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B16. Both John’s and Tom’s backyards are rectangles.  The distances around 

their backyards are the same.  Both are 40 feet.   

(1) Could John’s and Tom’s backyards have different areas? (Circle one answer.) 

A. Yes, John’s and Tom’s backyards could have different area. 

B. No, John’s and Tom’s backyards must have the same area.  

 

(2) Why do you think so? 
  

Scoring Guide(B16)
Score Code/Construct Response Cognitive Interview Evidence
3 c/Fo2.Use the area for-

mula to understand
that a longer perime-
ter does not necessary
mean a bigger area.

Select A and give exam-
ples of same perimeter dif-
ferent areas.
Example:

• “A. I made two
rectangles of the
same perimeter and
they had different
area. 10 × 10 =
100, 12× 8 = 96.”

Example:

• “So...as an example, I put
11 and 9, so that would
be 99 area and 40 perime-
ter. And let’s put 7 and
13, that would be...91 area
and it would still be 40,
that’s the perimeter. So
yes, they could have dif-
ferent areas, and still have
the same perimeter.”
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2 r/Fo2.Use the area for-
mula to understand
that a longer perime-
ter does not necessary
mean a bigger area.

Select A and give exam-
ples of same area different
perimeters.
Example:

• “A. They could
have different
perimeter but still
have the same area
4×10 = 40, 5×8 =
40.”

1 u/Fo2.Use the area for-
mula to understand
that a longer perime-
ter does not necessary
mean a bigger area.

Select A and explain that
the two rectangle could
have different sides, but
provide no examples.
Example:

• “A. The measure-
ment of each side
could be different.”

0 na/NA Select B or select A with-
out provide any relevant
explanation.
Example:

• “B. They are the
same they can’t be
different.”

• “A.I guess.”

0 m No response.
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B17. Jeff wants to cover the floor of his room using square carpet pieces that 

look like this: 

 

 

 

 

 

The floor that he wants to cover is: 

 

 

 

 

 

 

 

 

 

(1) How many pieces of carpet will Jeff need in order to cover the floor?  

 

 

(2) Please draw them right on the picture of the floor. 

 

  

4 units 

3 units 

1 unit 

1 unit 

Scoring Guide(B17(1))
Score Code/Construct3 Response Cognitive Interview Evidence
1 Fo1. Know the formula

for computing the area
of a rectangle.

12

0 na/NA Other re-
sponses.

0 m No response.

3Similar to item A9(1).
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Scoring Guide(B17(2))
Score Code/Construct Response Cognitive Interview Evidence
2 c/Un3. Fit area units

into a shape by coordi-
nating the linear mea-
surements of the shape
and the unit.

Correctly fit the small square
to the big rectangle.
Examples:

1 Un2. Iterate a unit to
measure an area.

Individually draw 3 rows of 4
units.
Examples:

Examples:

• A student copied the
small square to the
big rectangle, one at a
time.

0 na/NA Incorrect or incomplete re-
sponses
Examples:

0 m No response.
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B18. The squares in the grid above have areas of 1 square centimeter.  Draw 

lines to complete the figure so that it has an area of 13 square centimeters. 
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Scoring Guide(B18)
Score Code/Construct Response Cognitive Interview Evidence
1 c/Un2. Count half

units and whole units
differently.

Correctly complete the fig-
ure to include a total of 13
squares units.
Example:

Students counted the triangle
as halves, or counted two tri-
angles as a one.

0 na/NA Incorrect responses
Example:

0 m No response.
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B19. Shape A and B are two rectangles.  The distance around A is 12 inches.  The 

distance around B is 14 inches.   

(1) Which rectangle has a bigger area? (Circle one answer.) 

A. The area of A must be larger than the area of B. 

B. The area of A must be smaller than the area of B. 

C. The area of A must be the same as the area of B.  

D. There is not enough information to tell.  

  

(2) Why do you think so? 

  

Scoring Guide(B19)
Score Construct Code Evidence
1 Fo2. Know that a

longer parameter does
not necessary mean a
bigger area.

D Student work example:

• “Because it just has perimeter and
not lengths of both sides.”

Cognitive interview example:

• “Well there are a lot of possibilities.
You could have...14 could be 5 and
2, 4 and 3, 6 and 1, so that would
be 6, 10, and 12. And 12 I can do 5,
1, 4 and 2, 3 and 3, so...I mean the
largest area would be the one with
14, but it doesn’t tell you which one.
So, it doesn’t tell you which combi-
nation. I’ll go with D.”

0 NA A,B,C

0 m No response.
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B20. The following rectangle has an area of 6 square units: 

 

 

 

What is the area of the shaded part?    

 

How did you find out? 
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Scoring Guide(B20)
Score Code/Construct Response Cognitive Interview Evidence
2 c/At3. Trans-

form a given
shape in order
to find relation
between its
components.

Answer 3 and using drawing to show that the
area of the triangle is half of that of the rect-
angle.
Example:

1 h/At3. Answer 3 and suggest that the area of the tri-
angle is half of the area of the rectangle (or
that the shaded part is of the same area as
the white part), but fail substantiate the claim
with further explanation.
Example:
“The shaded part is half of the rectangle that
means the area is 3 square inches.”

1 d/At3. Answer 3 and divide the rectangle to 6 units
and suggest that the triangle seems to take up
3.
Example:

• “I made equal squares and
solve.”(drawing below)

• “I guess.”(drawing below)

0 na/NA Other responses. May answer 3 but provide
either incorrect explanation or no explanation.
Example:

•

• “Divide it into three
parts,1+2=3+3=6. Smallest to
largest.”

Example:
“So the whole thing is 6. What is
the area of the shaded part. Well,
I draw squares (see picture below).
The shaded part would be 1, 2, 3,
...,8, 9, 10, 11, and then there is a
half, and another half, a half...So I
think the area of the shaded part
is 17 square units. I found out
by counting all the squares in the
shaded part.”

0 m No response.
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B21. The following square has an area of 8 square units: 

 

 

 

What is the area of the shaded square?    

 

How did you find out? 
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Scoring Guide(B21)
Score Code/Construct Response Cognitive Interview Evidence
2 At3. Trans-

form a given
shape in order
to find relation
between its
components.

Answer 4 and explain that the shaded part is
of the same area of the unshaded part.
Example:

• “The outside and inside had the same
area. 8÷ 2 = 4” (drawing below)

• “4 square units. Because if you flipped
the shaded part around, it made the
shaded part.”

Example:

• “If this is 8 square units.
Let’s see. The leftovers are
four triangles. If we folded
those triangles, that would
be this size (gesturing over
the shaded square). So
I am guessing the answer
would be 4 square units. I
found it out by fold in the
white triangles that were
left over and was thinking
that it was half.”

1 h/At3. Answer 4 and suggest that the shaded is half
of the area of entire square(or that the shaded
part is of the same area as the white part), but
fail substantiate the claim with further expla-
nation.
Example:

• “The shaded part is the same as the
white part.”

• “The shaded square is half of the outer
square.”

1 d/At3. Answer 4 and divide the rectangle to 2 rows of
4 units and suggest that the shaded part seems
to take up 4.
Example:

• “I made equal units and
solved.”(drawing below)

0 na/NA Other responses. May answer 4 but either pro-
vide no explanation/drawing, or explanation
suggest that the student simply subtract the
number of white pieces.
Example:

• “4. 4 parts unshaded and it’s 8 square
units. 8-4=4.”

• ”4. Each side is about 1 square inch.”

0 m No response.
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