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CHAPTER 1

INTRODUCTION

Sampling and reconstruction have been widely studied in recent decades, especially
within the setting of shift-invariant spaces (see [1] - [8], [14], [17]). Signal recon-
struction from data affected by error has received less attention. In the following
chapters we provide error estimates for signals reconstructed from corrupt data. Two
different types of error are considered, and the questions answered in each case are
different. In Chapter II, we assume the data has additive noise with expected value
zero and variance o2, We calculate var(f.(z) — f(z)), where f. is the reconstructed
function and f is the original signal from which the data originates, and we show
that oversampling leads to reduced variance of error. In Chapter I1I, we consider the
issue of jitter error, which results from not knowing precisely the sampling set. In
this case, we answer two questions. First, under what conditions on the jitter error is
our signal still uniquely and stably determined by the data? Second, how well does
our reconstructed function approximate the original function?

In this chapter, we begin with an overview of some of the major tools we use
to arrive at our results. In particular, Fourier analysis and frame theory play a
significant role in our ability to reconstruct approximations of signals from a countable
collection of data. Also included in this chapter is some background on sampling and
reconstruction. We provide a brief review of sampling theory, where we include some
of the important definitions and main ideas. We discuss shift-invariant spaces and
provide a characterization of the shift-invariant spaces from which our continuous
signals originate. We conclude this chapter with an explanation of weighted-average
sampling, an extension of the classical sampling setting.

The following two chapters present the work done with error as mentioned earlier.



Chapter II consists of results by the author and collaborators Akram Aldroubi and
Qiyu Sun. Chapter III is a paper by the author and Akram Aldroubi that is scheduled
to appear in Sampling Theory in Signal and Image Processing. Finally, Chapter IV
includes some results relating shift-invariant spaces to general reproducing kernel

Hilbert spaces.

I.1 Fourier Analysis

Our analysis will heavily rely on the Fourier transform and its properties. We denote

the Fourier transform of a function f € L?(R%) by f and define

f(§ = /Rd f(z)e ¢ dy a.e. £ € R

The function f is also in L*(R%), and 1 F 2 ray = HfHLz(Rd). Similarly, we denote the

Fourier series of a sequence ¢ € [?(Z?) by ¢ and define

o&) = c(k)e ?™ a.e. £€[0,1]%

kezd

The function ¢ is in L2([0, 1]%), and lellizzay = I€ll 12(0.1ja) - The following properties

of the Fourier transform will frequently be used.
(i) 7 f(§) = e Ef(€)  where 7 f = f(- — )
(i) f=7"  where f(x) = ()

—~

(i) fv = }A if f is real-valued

o~ —~

(iv) fxg=1fg

For vector functions F = (f',..., f")7, the notation F will represent the vector

(FL,ee PO



Another valuable tool from Fourier analysis is the Poisson Summation Formula.

If Shena flo + k) € L2(0, 1)), and if Syepa [F(k)] < oo, then

> fle+k) =Y f(k)e*™ ™ ae weR” (L.1.1)

kezd kezd

More often we will use the equivalent version

S fe+k) =3 f(R)e ™ ae € (L1.2)

kezd kezd

Notice the right-hand side of the equation is the Fourier series of the sequence whose
terms are samples of f on the integer lattice. A simple exercise shows also that (1.1.1)
implies

Z f(k’— 22775 (k—x) Z J?k g —i2rz-k (113>
€zd

kezd

Please see [15] for an extensive review of the Fourier transform and its properties.

1.2 Frame Theory

Frames can be thought of as generalized orthonormal bases, in the sense that a frame
for a Hilbert space H is a spanning set for H. However the frame elements in general
are neither orthogonal to each other nor linearly independent. The properties of
frames illustrated below allow for the reconstruction of a function in a given Hilbert
space from a countable collection of coefficients. We begin with the definition of a

frame.



Definition I.2.1. A countable collection {f;}jcs of elements in a Hilbert space H is

called a frame for H if there exist positive constants o and 3 such that

allfIP <SS KA <BIFP  forall f€H. (1.2.4)

jeJ

For a given frame {f;},c; for a Hilbert space H, the coefficient operator C': H —
I2(J) given by
Cf={{ff;):5€J}

is bounded with closed range. The reconstruction operator D : [*(J) — H given by

Dc = Z ijj
jeJ
is well-defined and bounded with || D|| < /3. The operators C' and D are adjoint to

each other; that is D = C*. The frame operator S : H — H given by

Sf=>_(ffidfi

jeJ

is a positive invertible operator satisfying aly < S < (1 and %[H <SP < i,

1
Notice that S = C*C' = DD*.
For a given frame {f; : j € J} in a Hilbert space H, the collection {S™'f; : j € J}

also forms a frame for H. We denote this so-called canonical dual frame with a tilde

(i.e. E = S71f; for all j € J), and it satisfies the reconstruction formulas
F=X M E=(fF)t foral feH.
j€J jeJ

These consequences from frame theory provide much of the foundation for sam-
pling and reconstruction in shift-invariant spaces. Please see [9] and [15] for an

extensive review of frames and their properties.



I.3 Sampling and Reconstruction

In the classical sampling problem, the objective is to recover a function f on R¢ from
its samples {f(z;) : j € J}, where J is a countable indexing set. This situation
arises when dealing with a function (e.g. a signal or image) stored on a computer or
in any digital format, which can be done only in a discretized form. For any given
sampling set X = {z; € R? : j € J}, where J is countable, there can be infinitely
many functions on R? which have the same sample values on X. Therefore, the
problem of recovering f from its sampled values makes sense only if we assume some
a priori conditions on f. We can reformulate the problem as follows: Given a class of
functions V on R? find conditions on sampling sets X = {z; € R?: j € J}, where J
is a countable index set, under which a function f € V' can be reconstructed uniquely
and stably from its samples { f(z;) : j € J} [3], and then recover the function f from
its samples at X. This problem has many applications, including medical imaging

and communication.

1.3.1 Some History

The most classical sampling theorem is due to J.M. Whittaker [29]: Let f € L*(R)

be such that supp f - [—%, %] Then f can be recovered exactly from its samples

{f(k) : k € Z} by the formula

f(x)=>_ f(k) sinc(z — k), (1.3.5)

kEZ

sin Tx
T

where sinc(x) = This result is often referred to as Shannon’s Sampling Theorem

because of Shannon’s well-known work building upon this result [24].



To understand why this theorem holds, we begin with the Poisson summation

formula in equation (I.1.2). For £ € [—3, 1], we have

=D FE+ER) =D f(k)e ™ =3 flk)e ™ x 1 1(€)

keZ keZ keZ

for all f € L*(R) satisfying supp fc [—%, %] Recall that the Fourier transform of

the sinc function is the characteristic function on [— %], which we denoted above by

1
27

X[-1 1) By property (i) of the Fourier transform, we have

= > f(k) sinc(z — k).

kEZ

This theorem is easily extended to sampling sets TZ for functions f € L*(R)

such that suppf C [—%,%], where w =

=, 2 Notice that these sampling sets are

1
uniform, i.e. the sampling sets form a d-dimensional Cartesian grid, where in this
case d = 1. Function reconstruction from uniform sets of sampling is practical in
many applications. For example, a digital image is often acquired by sampling light
intensities on a uniform grid [3]. However, in many realistic situations, such as medical
imaging (CT and MRI), the samples do not lie on a uniform grid. Therefore, the need
also arises to reconstruct a function f from its samples {f(x;) : j € J}, where J is
not necessarily uniformly distributed.

We call functions whose Fourier transforms have compact support bandlimited
functions, and a great deal of work was done in recent decades by Beurling, Lan-
dau, and others extending the above theorem to the reconstruction of bandlimited
functions sampled on nonuniform sets in R. Specifically, for the exact and stable
reconstruction of a one-dimensional bandlimited function from its samples {f(x;) :
x; € X}, it is sufficient that the Beurling density

D(X) = Jim inf 22X W F10.7])

r—00 yeR r




satisfies D(X) > 1. Conversely, if f is uniquely and stably determined by its samples
on X C R, then D(X) > 1.

Much is known about sampling and function reconstruction for classes of band-
limited functions. However, because all bandlimited functions are analytic, they have
infinite support. This leads to inefficiency in numerical implementations. For in-

stance, in the pointwise evaluation

[ f(zo) = ¢ sinc(zo — k),

kEZ

for any z¢ ¢ Z, many coefficients ¢, will contribute to the value of f(xy) because of
the slow decay of the sinc function. Additionally, classes of images or signals may be
better modeled by other types of non-bandlimited function spaces. We come to the
conclusion that it would be advantageous to consider classes of functions which are
not bandlimited, to allow us to model more classes of signals and so that numerical
implementation becomes practical, yet which still retain some of the simplicity and

structure of bandlimited models [3].

I.4 Sampling in Shift-Invariant Spaces

A shift-invariant space is a space V of functions on R? such that if f € V, then
f(—k) € V for all k € Z%. 1In particular, as is common in much of the current
research (see [1]-[7],[14], [17]), our underlying space will be a shift-invariant space of

the form

V() = { S Ck)Te(-—k):Ce (12)“)} (1.4.6)

kezd

for some real-valued vector function ® = (¢!,...,¢")" € <L2(Rd))(r), where C' =

(c,...,c")T is a real-valued vector sequence such that ¢ := {c'(k)}peze € 2, ice.,



C € (1)), Thus Tyeze C(k)TO( — k) = Xi_y Lyeza ' (k)9 (- — k).
Notice that the space of functions {f € L2(R) : supp f C [—3, 3]} is the shift-

invariant space

V2(sinc) = {Z c(j)sine(- —j) : c € ZZ(Z)} :

JEL
Also notice that a shift invariant space will be a space of bandlimited functions only if
its generators ¢ are bandlimited. Sampling in shift-invariant spaces whose generators
are not bandlimited works well in many applications, especially with an appropriate
choice of functions ¢* [3].

Toward the goal of recovering a function from its samples, we begin by defining our
underlying space V?(®) more precisely. As mentioned before, shift-invariant spaces
are commonly used in sampling models. Moreover, it is common to consider continu-
ous shift-invariant spaces that are subspaces of L?(R¢) in order to take advantage of
reproducing kernel Hilbert space properties.

Let ® = (¢%,...,¢")T, where ¢' : R? — R is a function in L*(R?), and assume ®
is such that

Z B(e+h)DE+E) =1, ae R, (L4.7)
€z4d

where [ is the r x r identity matrix. Define the shift-invariant space

= { ST Ck)T(-—k):Ce (12)“)} .

kezd

Then V2(®) is a Hilbert space, VZ(®) is a subspace of L?(R?), and
{¢i(- — k) : 1 < i < r k € Z} forms an orthonormal basis for V2(®) [1, 3]. Also

assume ¢' € W) := W NC?  where CY is the set of continuous functions, and

le{f: > ess sup {]f(x+k)]}<oo}

kezd z€[0,1]¢

Under this assumption, V?(®) is a space of continuous functions [3]. Furthermore,



with this assumption, for each x in R, the point evaluation map f +— f(z), from
V?2(®) to R, is bounded. To see this, denote the sequence a’ (k) := ¢'(z — k), and

notice that for every x € RY, ||al ||z < (|6l Let f =371 Ypega ¢’ (k)¢'(-—Fk) €

V2(®). Then
F@I <Y )| |o' @ — k)| =D (|| |al)]).,
i=1 kezd i=1
S; Ci 12 (l; IQSZ; Ci 12 CL; llﬁ; Ci 12 ¢Z w1l
= (o) 21l = G ) 191

We conclude that point evaluation is a bounded linear functional on V?(®). Therefore,

by the Riesz Representation Theorem, for every z € R?, there exists a reproducing

kernel K, € V?(®) satisfying (f, K,) = f(z) for all f € V?(®).

Remark 1.4.1. If ® satisfies (1.4.7), and if ¢* € W for 1 < i < r, then the unique
reproducing kernels { K, : x € R?} of the reproducing kernel Hilbert space V2(®) are

of the form

K =3 di(e - )iy — 1) (148)

i=1]ezd

where z,y € R%.

Proof: The equation (1.4.7) implies {¢*(- — k) : 1 < i < r,k € Z%} forms an or-
thonormal basis for VZ(®). Let f = Y0_; Y yepa cid'(- — k) € VE(®). For z € R?, let

Ko = ¥io1 Xjena ¢'(x = j)@'(- — j). Then

KL — <Z S -k Y ¢ ) —j>>

1=1 keZd i'=1 jezd

=Y X b6 @ - {6~ R0 - )

1=114'=1ke7d jezd

— Y ddile — k) = (o).

i=1 kezd



O

Once the underlying space V?(®) is fixed, the ability to recover a function f in
VZ2(®) from its samples, {f(z;)};cs, depends on the sampling set X := {x; : j € J}.

Let X be a countable subset of R%.

Definition 1.4.2. We say that X := {z; : j € J} is a set of sampling for V*(®) if

there exist positive constants o and (3 such that

allfllzz < [{f @) }iesllby < BlIfIIZ.  forall f € VE(@). (L.4.9)

Notice that if X is a set of sampling for the reproducing kernel Hilbert space
V?(®), then the collection {K, };c; forms a frame for V?(®), which gives us the

following stable reconstruction formula for f € V?(®):

[ =Y Key) Ko, (1.4.10)
jeJ
where {I?;j}je 7 is the canonical dual frame associated to {Ky, }jcs. Namely, I?;] =
ST'K,,, where S is the frame operator on V?(®) associated to the frame {K,, }je;,
ie.

Sf=%" <f, Kxj>Kxj. (1.4.11)

jed

10



I.5 Weighted-Average Sampling

In practice, the assumption that the samples {f(x;) : j € J} can be measured exactly

is not realistic. A better assumption is that the sampled data are of the form

gh, = (f.ui) = /]R @)l (o),

where {Qﬁij 11 <i<s,5€ J}is a set of functionals that act on the function f to
produce the data {g;j :1 <1 <s,J € J}. The functionals {w;j 1<i<s,jeJ}
may reflect the characteristics of the sampling devices [3].

Throughout this paper, in the case of weighted-average sampling, we assume the
averaging kernels w;j are shifts of the functions 1%, i.e., we assume w;j = )'(-—x;) for
some real-valued vector function ¥ = (!, ... 9T in (L2(]Rd))(s). We also require

that the Gramian

Z (E+ k)W 5+k:)

ezd
be bounded, i.e. there exists a positive number 5 such that Gy (&) < nl, a.e. £ € R?
5].

We still assume our sampled function f comes from the shift-invariant space
V2(®), with ® € (W})™ satisfying (1.4.7). In the case of weighted-average data,
the problem of recovering a function f € V?(®) from the countable collection of data

{g,,:1<i<s,j€ J}is well-posed if

P <BIfIR forall £ e V@), (L5.12)

allfI2: < S (08

i=1j€eJ

where o and (3 are positive constants independent of f.
Notice that (1.5.12) appears to satisfy a frame condition. However, our functions

{1p* : 1 < i < s} are not necessarily in the space V?(®). As in [1], consider the

11



orthogonal projection P from L?(R?) onto V?(®), and define Qij_ = P@D;j. Then for
all f € V()
(1:8,) = (£ P, ) = (P, = (£.05,).

Thus condition (I.5.12) implies that {(9;,]_ :1<i<s,j€ J} forms a frame for V(D).

Furthermore, using the orthonormality of {¢!(- — k)}, we can write

0 () =3 Y (6, ¢ —n)) 6z — )

=1 nezd

S (0 - ) ).

=1 nezd

There exists a dual frame {5;; :1<i<s,je J}, defined by
é}j =S50
J J
where S is the frame operator on V?(®) corresponding to the frame {Hij}, ie.

Sf:i S > (00 (1.5.13)

i=1jeQd kez?

We have the following reconstruction formula for any function f € V?(®):

303> (f,05) 00 (15.14)

i=1 jeQd, kezd

12



CHAPTER II

ERROR ANALYSIS OF FRAME RECONSTRUCTION FROM
NOISY SAMPLES

Sampling and function reconstruction have been widely studied in recent decades,
particularly within the setting of shift-invariant spaces (See 1] - [8], [14], [17]). How-
ever, the problem of reconstructing a function from data corrupted by noise has not
been given as much attention. In [12], Eldar and Unser provide optimal results for
filtering noisy samples of signals from shift-invariant and bandlimited spaces. Smale
and Zhou reconstruct signals from noisy data in [25] and give error estimates for
the reconstructed signal. In [23], Rohde et al. show that reconstruction from noisy
data introduces spatial dependent artifacts that are undesirable for sub-pixel signal
processing. In this chapter, we provide error estimates for frame reconstruction of
a continuous function from a countable collection of sampled data that is corrupted
by noise. We show that oversampling reduces the variance of the error of the recon-
structed signal at each point z € RY, and we give an exact formula for the variance
as a function of the position x, of the oversampling factor m, and of the signal and
sampling models.

In particular, given data Y = {y;};es of the form y; = f(x;) + ¢;, we analyze
the frame reconstruction algorithm that produces a continuous function f. from the
noisy samples Y = {y;},es of a function f in a shift invariant space. We assume the
noise sequence {¢,};es to be a collection of i.i.d. random variables with E(g;) = 0
and var(e;) = 0. We consider uniform sets of sampling of the form L7Z¢ where m is
a positive integer, and find precise estimates of var(f.(z) — f(x)) which is a function
of x.

We address this problem not only for exact sampling, but also for weighted average

13



sampling as in [1] and [5]. Specifically, instead of assuming the data {y; };c arise from
exact samples of f, we assume the data are of the form y; = (f,¢(- — z;)) +¢;, or
even yi = (f,¢'(- — x;)) + €, 1 < i < s, for some vector function ¥ = (¢, ..., ¢*)".
In this case, the uncorrupted data can be interpreted as weighted averages of f at x;.

We begin this chapter with the case of exact sampling, and the main theorem is
stated. While the complete proof is saved for section I11.3, the main ideas behind the
proof are illustrated by looking at the simpler case in section II.1.1. Then in section
I1.2, we address the weighted-average sampling problem and state the main result
there. Once again, the complete proof is saved for section I1.3, while we illustrate the

ideas through a simpler setting in I1.2.1.

II.1 Exact Sampling

Here we sample on the lattice %Zd, i.e., we assume our data is of the form
1. d d d
{yk+j/m = fe+ —) + pegym k€ Z0j €200 [0,m — 1] }

for some function f € V?(®). For the sake of simplicity, we denote the finite set
Qd :=7Zn[0,m — 1]%, and we use the notation j/m for +j, where m is a positive
integer and j is a vector in Q% . We also assume that for m > 1, the lattice %Zd is a

set of sampling for V?(®), i.e., there exist positive constants a,, and 3,, satisfying

an 122 < 30 S0 [ fk+5/m)P < Bulfll3. forall feVA(®)  (ILL1)

jeQd kezd

m

Thus the collection of reproducing kernels {Ky,j/m : k € Z%,j € Q% } forms a frame
for V3(®), and f € V*(®) is uniquely determined by its samples {f(k + =j) : k €
Z,j € Q5 }.

14



Remark II.1.1. It is reasonable to make the assumption that (II.1.1) holds. From
the results in [5], we know that there exists an M € N such that positive «,, and 3,
satisfying (II.1.1) exist for all m > M. Moreover, if positive oy and f; exist (i.e., if

74 is a set of sampling for V2(®)), then positive a,,, and (3, exist for all m € N.

Recall from the previous chapter that f can be recovered from its samples as

follows:

f=> > <f7 Kk+j/m> Kirjim= 3. 3 f(k+5/m)Kisj/m.

jeQd kczd jeQd kczd

Given data {yk+j/m = f(k + Lj) + €ksjjm}, we define

fe = Z Z yk+j/m%k+j/m'

jeEQL kezd

The expected value and variance of the error between the frame reconstruction f.

d

Y

and the exact function f is a function of the position x, the oversampling factor m
and the noise variance o2. The precise estimates and best constants are given by the

following theorem.

Theorem I1.1.2. Let & = (¢, ..., ¢")7T satisfy Go(&) =1 a.e. &, and ¢ € WINCO,
1<i<r. FormeN, let ap, Bn > 0 satisfy (11.1.1). Assume, for all k € Z¢ and
J € QL. that yyrjjm = [(k+j/m)~+epyjm for some f € VH(®), where {ep1j/m} is a

collection of i.i.d. random variables satisfying E(egsj/m) = 0 and var(eyijm) = 0.

Then E(f-(x) — f(x)) =0, and

var(f-(z) - f(2)) = 2 Culm)

15



where Cy(m) is given by (11.3.22), and we have

2

keZd

de.

Cm = S f

Remark I1.1.3. In section II.1.1 we show that we can also obtain slightly suboptimal

estimates that are independent of m or x. In particular, for any ¢ > 0, there exists

M € N such that for all m > M

var(fule) — f(a)) < LT ( ) for all = € RY.

Remark I1.1.4. In the case of uniform exact sampling, we see that it is possible to
reduce the variance of the error of our reconstructed function simply by increasing
the rate at which we sample. Later, we see the result holds in the case of average

sampling as well, given certain conditions on the averaging functions.

I1.1.1 Exact Sampling in V?(¢)

Before presenting the proof of the theorem above, we illustrate the simpler case where
r = 1. In other words, our underlying shift-invariant space has only one generator,
¢. This will also serve to lay the groundwork for the proof of Theorem II.1.2.

Recall from Chapter I that the inequality (II.1.1) implies that the collection of

reproducing kernels {Kj;/m : k € Z%,j € Q& } is a frame for V?(¢), where

Kivjm(x) =Y ok + j/m — Doz — 1), (I1.1.2)

lezd

16



and f can be reconstructed from its samples on the lattice %Zd as shown.

F=3 3 (f Kevjm) Knjym = 3 3 f(k+5/m)Kiyjm (IL.1.3)
jeQd kezd j€Qd, kezd
Because our sampling set is uniform, we can find K, tim = S Kyt j/m explicitly.

Recall, for any f € V?(¢),

(Smf)(z) = Z Z <f7 Kk+j/m> K jym(2). (I1.1.4)

jE€Qd, kezd

Notice that

Kiijym = Kjm(-— k)  forall k € Z%

We then apply the Fourier transform to (II1.1.4), and get

Sl = 3 3 (FKY) (k) e 2 ™€K 0 (),

JEQL, kezd

where K}, (2) = Kj/n(—2). Notice ez (f * Kjv/m) (k) e~ is the Fourier series
of the sequence whose terms are samples of the function f *K].V/m on the integer lattice.

Thus, by (I.1.2) and properties (iii) and (iv) of the Fourier transform, we have
i/m

ENHIGEDS (Z Fe+ kK <§+k>) K pm(£).

jeQd \kezd

For any f = Y cza c(l)(-—1) in V2(¢), we can use the fact that convolution becomes

multiplication in the Fourier domain to express f(€) = ¢(€)$(€). Then we use (I1.1.2)

and the fact that the Fourier series of a sequence is periodic with period 1 (i.e.,
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c(&+ k) =€) for k € Z7) to write

CIGED G (Z ¢3<£+k>7§+k)) (O 3(0)

jeQd, kezd

= (Z \pws)f) f©)  ae

jend,

where p;/,, is the sequence whose lth term is p;/m, (1) = ¢(j/m — (). Thus, for any
f € V%), we have

(S 1)(€) = ( ) \pm@f) (6 (I1.1.5)

jend,

Specifically, for fixed j € Q2 |

(S K j/m)(€) = ( > 1@(5)\2) D37m(€)(6). (I1.1.6)

J'eqd,

Using (I1.1.5) and the fact that translation corresponds to modulation in the Fourier

domain, it can easily be verified that S;,' Ky j/m = (S;, Kj/m)(- — k).

p?/Tn(f)\2

for all ¢, and hence that the formulas (II.1.5) and (II.1.6) are well defined. In the

Remark I1.1.5. Using equation (II.1.1), one can verify that 0 < a,,, < > jend

proof of Theorem I1.1.2, we will prove the stronger result that when m is large, there

2
is a positive lower bound for 37 ;cqa |Pj/m (€ )‘ that does not depend on m.

Given data {Yij/m = f(k+ =) + €hrjym : k € Z%,j € QL }, we define

for= 20 2 YrrimSm Kivjim = D D Ykrg/m (S Kjpm) (- — k).

jeQd kezd jeQd kezd
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We assume that the error {4 ,/m} is a collection of i.i.d. random variables with mean

zero and variance o2. A simple calculation shows that

E(f(z) Z Z 5k+y/m )Smm Kk+]/m< z) = 0.

jEQL kezd

We can compute var(f.(x) — f(x)).

var(fe(z) — f(x)) = var ( > D €k+j/m5m1Kk+j/m($)>

JjeEQL kezd

=02y > ‘S;Kj/m(x—k:)

jeQL keZd

—? Y / emizre 3 ei27rz-ksr7l/1]§m(k s

kezd

‘ 2

2

dg

2

=0 Y [ S ST (k- ©)| e

kezd

_ 2 i2nz-k p%(—ﬁ)gg(k —¢)

o Z/ k%de Zj o p]m(—f)f

— 52 /Old 2 jend, Pim(— ’ ’Zkezd el%:qu(k 5)’ e
* o, [Frm (=€)

; -~ 2
o2 ’Zkezd 2Rk — f)’
o d > jend, |>1eza &(j/m — l)€i27rl-§‘2

= ma(m).

dg

dg

Consider the Zak transform of ¢,

= > ot — 1) (I1.1.7)

lezd
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Because ¢ € W, Z¢ is a well-defined, continuous function on R? x R? [18]. Focusing

on the denominator in the above calculation, we notice

2

> o(j/m — e
lezad

1
oy

JjeQd,

= 1Ze o at
[0,1)¢

for all £ € [0, 1]¢.
Lemma IL.1.6. For every & € [0,1)%, fio a1 Z6(t, ) dt = 1.

Now, for each positive integer m, define the function

2

> o(j/m = Des ¢ €0,1]".

lezd

gm(f) = WlLd Z

jed,

Lemma I1.1.6 tells us that g,,(£) — 1 pointwise. In fact, it will be shown in the proof
of Theorem II.1.2 that g,, converges uniformly to the constant function 1 on the unit
cube [0, 1]%.

Therefore, for any € > 0, there exists a number M € N such that for all m > M,

sampling on the lattice %Zd gives the estimate

2

Z €i27rx~k$<k . 5)

kezd

var( () — f(z)) < LEIT /W dt. (IT.1.8)

md

Notice, by (I.1.3), that

Z ei27r:v-k;b\(k, . g) _ Z Qb(.% + ]{;)61l27r£-(:v+k)7

kezd kezd

which implies that

2 2

Z ei2ﬂz-k$(k o 5)

kezd

Z oz + k)e’?”&'k

kezd
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Then the integral in equation (II.1.8) represents the square of the L? norm of the

Fourier series of the sequence whose terms are {¢(x + k)}reze. By Plancherel, we

have )
| e —0) g =X Joe + k)P (I1.1.9)
0.1 | ez kezd
Therefore, for large enough m, we have
1+ €)o?
var(f.(z) — f(z)) < (nﬂ) Zd lp(x + k)| for every x € R%.
keZ

In other words, we obtain the slightly suboptimal estimate that depends on x but
does not depend on m for large m. Also notice that var(f.(z)— f(x)) is periodic with

period 1. Then for any z € [0, 1],

> ol +k))” < (Z sup \¢($+k)|) = [I9lly: - (IL.1.10)

kezd kezd w€[0,1]¢

giving a coarser estimate that does not depend on x or on m.

I1.2 Average Sampling

Here we assume our data is of the form
{{(F 00 = (k+3/m)) + chpjpm k€2, j €90, 1< <5}

for some f € V?(®) and some real-valued vector function ¥ = (¢!, ... 4*)T, where
U e {Ll(Rd) N LQ(]Rd)}(S). We use the notation 4, ;/,, to denote (- — (k + j/m)).
We continue to assume ® € (L2(Rd))(r) satisfies (1.4.7) and that ® € (Wol)(r).
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In order to recover a function f in V?(®) from its weighted averages using shifts

of the functions 1, ¥ must satisfy certain conditions. We require that the Gramian

Gu(©) = 3 U(E+RT(E+E)

kezd

be bounded, i.e. there exists a number 7 such that Gy (§) < nl, ae. £ € R? [5].
Furthermore, we assume W is such that, for each m € N, there exist positive constants

., and G, satisfying

<Y Y S | thaym ) < B IS (11.211)

i=1j€Qd, kezd
for all f in V?(®). Finally, we also assume

lim sup 3 Y [i(e+ k)| =0 (I1.2.12)
N=o0¢elo1 31 k=N

Condition (I1.2.12) comes from [5] and serves to exclude pathological examples. Be-
cause condition (I1.2.11) is satisfied, f € V*(®) is uniquely determined by, and can

be stably reconstructed from, the collection
{(F' (= (k+i/m))  keZ?, jeh,1<i<s)

Recall that 9° is not necessarily in V?(®), so although (I1.2.11) is satisfied, the collec-
tion {4}, ;/,,, } does not constitute a frame for V?(®). As in [1], consider the orthogonal

projection P from L*(R%) onto V?(®), and define

02+j/m = P@Z)lzf—l-j/m
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Then for all f € V?(®),

<f7 0?€+j/m> = <f7 P¢?€+]/m> = <Pfa 77Z)Ii+j/m> = <f7 ¢1i3+j/m> :
Thus condition (I1.2.11) implies that {Qiﬂ/m ckeZdjed 1 <i<s}formsa

frame for V2(®). Furthermore, using the orthonormality of {¢'(- — k)}, we can write

O iim(@) = 32 5 (B0 = )y (e = )

=1 nezd

=S (g8 — ) — ),

=1 nezd
I3

and we see that 0}, = 0%, (- — k). There exists a dual frame

(@

hjm k€ 7% 5 € Qd1 <i< s}, defined by

% . Q—1pi
k+j/m *— Sm 9k+j/m7

where S,,, is the frame operator on V?(®) corresponding to the frame {6}, }, i.e.

Suf =3 Y % (F+ G pm) G

i=1 jcQd kcZd

Then for any scalar-valued sequence {aj,;,, : k € Z%,j € Q2,1 <14 < s} satisfying
S ; 2
S Y k| < oo,
i=1 jeQd, kezd
the function defined by

S ~.
2. 2 D Gifm Ohrim

1=1jeQd, kezd
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is in V?(®) [15]. Furthermore, we have the following reconstruction formula for any

function f € V*(®):

F=35 3 (Ffthsipm) Orisym (I1.2.13)

1=1jeQd kezd

Given data

{Wirsym = (£ ypm) + Ehryym t h €245 € O, 1 < i < s}, (11.2.14)

we define

= Z Z Z yli{:—f—j/m §Z+]~/m- (I1.2.15)

1=1jeQd kezd
In the case of average sampling, we arrive at results for var(f.(x) — f(z)) similar

to those of Theorem II.1.2. For & € [0,1]%, define the self-adjoint matrix

Z > D&+ k)P §+I<;)

=1 kezd

Fie+n)|

and denote the r x 1 vector

Zo(—€, —x) = > Bk — £)emre,

kezd

As in Theorem II.1.2, the expected value and variance of the error between the frame
reconstruction f. and the exact function f is a function of the position z, the oversam-
pling factor m¢, and the noise variance o2. The precise estimates and best constants

are given by the following theorem.

Theorem I1.2.1. Let & = (¢, ..., ¢")T satisfy Go(&) =1 a.e. &, and ¢ € WINCO,
1 <i<r. Assume Gg(€) < nl, a.e. £ € RY and also that equations (11.2.11) and

(11.2.12) are satisfied. Assume, for all k € Z%, j € Q% and 1 < i < s, the data

m’

{Yi.vjjm} are of the form (I11.2.14) for some f € V*(®), where {e}, ;,,,} is a collection

of i.i.d. random variables satisfying E(e},;),,) = 0 and var(e},;,,) = o> Then
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E(f(x) — f(z)) =0, and
var(f(a) — (@) = 3D (m),
where D, (m) is given by (11.3.26), and

oo T, o N-1, =
Dum) "=5 [ Z8(=¢,—2) (G(O)  Z8(~¢ —a) de.
Remark I1.2.2. In [5] it is shown that (I1.2.11) and (I1.2.12) imply that there exists
a positive number dy such that doI < G (&) for all £&. Tt follows from (I1.1.10) that
there exists a number § > 0 and a number M € N such that for every m > M, we

obtain the suboptimal but uniform estimate:

wr(ro) - 1) < 7 (5) (S 1erlfe) - orans e

I1.2.1 Average Sampling in V?(¢)

Once again, before presenting the proof of the theorem above, we will lay the ground-
work for that proof by illustrating the simpler case where r» = 1. In other words, our
underlying shift-invariant space has only one generator, ¢.

As we did in the example in the previous section, in this uniform case, we can
find 6: ifm = S Ok jm» OF at least its Fourier transform, explicitly. Let S,, be the

frame operator on V?(¢) associated to the frame {Géﬂ/m keZljeqd 1<i< 3}.

Recall that

Snf)@) =3 5 3 (st O on(@), (11.2.16)

i=1jeQd, kez

Ot ym (@) = D (Ghys o (- = 1)) Bl = 1), (I1.2.17)

lezd
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and also that Hkﬂ/m = Hﬁ/m(- —k). For any f € V?(¢), we apply the Fourier transform

o (I1.2.16) and rewrite the inner product as convolution, to get

> S (fx (h)Y) (k) e 200, (€),

=1 jeQd keZd

where (97, )Y (z) = 9%, (—x). Notice Yz (f * ( ;/m)v) (k) e~27%¢ is the Fourier

v on the

series of the sequence whose terms are samples of the function f * ( ; m)
integer lattice. Thus, by (I.1.2) and properties (iii) and (iv) of the Fourier transform,

we have

:i > (Z fle+k) ]/m(§+k)) 0% (€)-

i=1 jeQd, \kezd

Similarly, we can use (I1.2.17) to show that

0t (€) = (Z G (€ DIE + l>) 3(¢).

lczd

Thus for any f = 3>z c(D)@(- — 1) in V?(¢), we have

=iZ (ZMH ]/m<§+l)<2¢>£+l’ Nm(éﬂ’))&(é)

i=1 jeQd, lezd ez
2
(Z SIS e+ DU (€ ) )f(ﬁ),
=1 jeQd |lezd

and therefore

(5,1 7)(€) = /) —— 5, (11.2.18)

Zle Zjeﬁﬁn 2lezd Cg(f ) ]/m(§ + l)
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provided that the denominator is nonzero. Then for fixed ¢ and 7,

—

(Sreas e + 10056 + 1)) 3(6)
(S81,)(€) = LAY Ao,
o1 gead | Lieze O(§ + DYk, (6 +1)

Using (I1.2.18) and property (i) of the Fourier transform, it can be verified that
S— 10k+]/m = (Sm10;/m>(- — k). Now we can use (I[.2.13) and (I1.2.15) to begin com-

puting var(f(z) — f(x)).
var(fe(z) — f(x))

= var (Z > D 52+j/m5m19;c+j/m(x)>
i=1 jeQd, kezd
2
=Y 5 |52l )

1=1jeQd kezd
2

— 22 Z /1]d i27roc~£ Z ez?mc kSmlez/m(g—{_k) dS
=1 jeQd kezd
2
—R Y S [ e e b)) e
i=1 jend kezd

2

—

(Sreas € + 10356 + 1)) BlE + B)

7| d§

_ 22 3 / 3 pi2mak

Dl jreqd, [Xiezd A& +1) it /m(f +1)

i= 1]€Qd kezd 1/"3/:1 ZJ/GQ% Zlezd &5(5 + l)%(g“‘ l)
58St [Seat OE + )T €+ 1) oy
:02/ 12.5€Q rez i/ Z 6127rx-k¢<£+k> d¢
[0,1]¢ ( - kezd

2)2
B 0_2 ’Zke Z2W$k$(£+k‘)‘2 dé
- d _— 2
O S s, [Sies 0 + DY, (6 +1)
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where

[Shena kG + 1)

Delm) = /[0 1 e N 2
’ 1 T e, |Liezd H(E+1) tm (€ 1)
Notice from the denominator that
IZZj ME+1) J/m(£ +1) = IXZj (@ % ) (1)e= 2 (by (11.2))
ezl ezd
_Z *wz l-]/m) —i27l-§
lezd
= > () (i/m — e
lezd

Then we can see that

)t )| dt

md > 0+ D€+ D)

jeQd |lezd

2
g0 / Z
[0,1]¢

for each &, where Z represents the Zak transform as defined in (I1.1.7). In the proof

of Theorem I1.2.1, we will see that this convergence is uniform on [0, 1]%.

Lemma I1.2.3. For every £ € [0,1]¢,

o=t 0 dt =60,

Z/ol]d

Therefore, using this lemma and (I1.1.10), we see that for any € > 0 there exists

a number M € N such that for all m > M, average sampling on —Zd gives

1+e€

var(f.(z) — f(x)) < 7% ( ) l6|%.  for all z € RY.
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11.3 Proofs

I1.3.1 Proof of Theorem I1.1.2

We wish to compute the variance of the error as in Section I1.1.1. First we must find

S K jm explicitly. In section I1.1.1 we showed that

CHIGEDS (Z fle+k) j/m(£+k)) K pm(©):

jeQd  \kezd

For any f = 374 C()T®(- — 1) in V?(®), we then get

<smf><§>=é<f>T(Z B+ k)D(E + k) )(Z T/Z@T) B(¢)

kezd cNd

( Zd T/Tn(é)T) B(6)  ae ¢

where P}, is defined as the vector sequence with terms P;/,,, (1) = ®(j/m — 1) for | €
74, and therefore Pj/m(ﬁ) = Yeza (5 /m — 1)e=2™ 5. Notice in the equation above
that Sege B(E+R)D(E + k) = T for almost every ¢, and that jeas. Biym(€)Pym(€)T

is a self-adjoint r x r matrix. Define the matrix

—

Z J/m(g)T-

jed,

Remark I1.3.1. It can be shown that a,, I < A,,(§) for all £, and hence the matrix
A, (&) is invertible. Instead, for large m we provide a stronger result in Lemma I1.3.2
below. Still, it should be noted that the following formulas (I1.3.19) and (I1.3.20)

make sense as long as (I1.1.1) holds.
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Therefore, we have

—

(SLN)E) = CE)" (An(€)) " (€) (I1.3.19)

Finally, using (I1.1.2) and (I1.3.19), for any fixed j € Q% we have

—_— ~

(S By ) (€) = Prym (6)" (€))7 B(6) (I1.3.20)

Using (I1.3.19) and the fact that translation corresponds to modulation in the Fourier
domain, it can easily be verified that S, 'Ky j/m = (S, Kj/m) (- — k).
We are now ready to compute the expected value and the variance of the error

(fe(x) — f(x)). A simple calculation shows that

E(fe(z) — f(2)) = Zjeas, Cheza E(Enrjim)Sp Kivjm = 0.
Also, we have

var(fe(z) — f(x))

= var ( > 5k+j/mS;L1Kk+j/m(I))

jeQd kezd
2
—OQZ Z‘S /mm—k)‘
jEQL kezd
2
— 02 Z / —2271':5& Z S /m k‘ 6) i2wk-x df
jead, 701 kezd

2

=0 3 [ IS SRk — e dg

kezd

2

dg

kezd

=0 [ 3 B0 (@) (z 2 ), 5))

The matrix (A,,(€))"" is self-adjoint because it is the inverse of a self-adjoint matrix.

Next we use the fact that a’ Ab = b" Aa for any vectors a and b and any self-adjoint
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matrix A, and hence
" Ab[ = aTAba" Ab = " Aaa” Ab. (11.3.21)

If (EaT>_1 = A, then we have 5" Ab. Now we have

var(fe(z) — f(x))

= o? /W ( 3

kezd k€74

e”’f’“'xw—s)) (Am<s>>‘1(2 €i2”’“"””<f>(k’—£)) d¢
o’ —2nk T (L. _ ) ! 1 ! 2k 3 (1
- (Z e @(k_g)) (- An(©)) (Z e 5k —g)> de

keczd k' ez

Thus we have shown that

var(fie) = fle)) = 25 [ Z8(€-a) (7gAn(e)) ZB(-¢,~2) d¢
= - Cu(m),

(I1.3.22)
where Z®(—¢€, —z) = Yjeza €7D (k — €).

Lemma I1.3.2. For every e > 0 there is a number M € N such that for every m > M
1
(1—-el< WAm(g) for all ¢ €0,1]%

Using Lemma I1.3.2, we conclude that there is a number M € N such that for all

m > M, sampling on the set %Zd gives

var(fe(z) — f())

T
1 + 6 o127k x(I) k— i27rk’-zc/f) E — d
= ( f)) (Z (¥ ~©) | de.
(1 +6 / Z
=1

2

> PGk — &) de

kezd
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In section II.1.1, we saw that

Joae

for all x € R%. Thus when m is large enough,

2

3 ei2wx-k$(k — O dé= Y |9z + k:)‘Q < ‘éf)i zvl
kezd

kezd

d
m i—1

1—1—6 (

var(f.(e) — f(a)) < LEIT (z (z Fo+ k)f))
kezd

) for all z € R%

I1.3.2 Proof of Lemma 11.3.2

Notice that, for 1 < n,n’ <r, the (n,n’)-entry of #Am(f) is

1
| dAm(f)](m)
— nlld Z Z ¢n j/m z27rl£> (Z (bn j/m ) 12”1/'5)
jend, \lezd Vezd
1
:WZ Zqu"j/m—l (J/m—l—(l—l)) —i2n(l' l)g)
jeQd \lezd ez
1 , A
- Y X X e m - 0o Gfm - k)e—zmg)
jeqd, \lezd kezd

NS (z 8 (Gfm 16" (3/m — 1 - >>

kezd jeqd \iezd
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Taking the limit as m goes to infinity, we have

. 1 —i2mk-€ n n'
"PL%O L’ndAm(g)} (n,n’) - k;zd ‘ R4 ¢ <x)¢ (:E B k) dv = 5n’n/

€z
Thus the diagonal entries of the matrix converge to 1 and the off-diagonal entries of
the matrix converge to 0 for each &.

Now we will show the collection {HdAm()} :meN } is equicontinuous and

(n.n/)
conclude that convergence is uniform on the unit cube [0, 1]%. Recall that a collection
G of continuous functions on [0, 1]¢ is equicontinuous if for every ¢ > 0 there is a
§ > 0 such that for all ¢ € G, |g(&) — g(&)| < € for all £,& € [0,1]? satisfying
&1 — & < 0.

Let 1 <n,n’ <r. Let € > 0. There exists a number N € N such that

€

Y. sup |¢"(z—1)

< —
|l|>Nx€[0,1}d 6 H(bn ||W1
Then there exists a number N’ € N such that

/ €
sup " (x —1—k)| < —7—
k>N’ z€[0,1)¢ ) 6 {[¢™ ||y

for all [ s.t. |I] < N.

Then there exists a number § > 0 such that whenever |{; — &| < 4,

‘6—i27rk~£1 _—i2nk-&

< for every k s.t. |k| < N'.

€
3™ [y 1™ [l
Notice

[An()] )~ [BAn)],,.,

= | b Tjeas Lieze 0"(3/m — 1) Sieze 0 (G /m — 1 — k) (e- 2706 — miznkea)

m

< T:Ld Z [Z 19" (5 /m — 1) ( Z ’qb",(j/m —1— k)’ ’e—i%kﬂ _ 2k

llI<N k| <N
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+ Z ¢n’ (j/m __ k)‘ ’e—i27rk~§1 o 12Tk

|k|>N" )

+ 30 1"/ m = D] X (¢ G/ m = 1= k)| | g

[l|>N kezd ]

< yenn (5+5+5) = ¢
Thus the collection {HdAm()} )
pair (n,n’), {#Am()}

Therefore, for any € > 0, there is a number M € N such that for all m > M

:meN } is equicontinuous, and hence for each

oy — O uniformly on [0, 1]%.

|-

ﬁAm(f) — IH <e forall £€€(0,1]%

Hence our lemma is proved.

11.3.3 Proof of Lemma I1.1.6

Our objective is to show that [ a |Zo(t, &) dt =1 for every £ € [0,1]%

2
Z6(t, )| dt:/ ot — De>™E| i
Jou 20O de= [ |5 ot =0
2
= Jous >+ D™D dr by (1.1.3))
’ lez4
2
_ ) 67L27rt~§ Z &5(5 + l)ei27rt~l dt
[0.1] lezd
2
= > oE+ D™ dt
019 |jeza
~ 2
= > |ae+1)
1ez4

=1 ae¢ (by (147))
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Because Z¢ is continuous, [ yj4 |Zp(t, & )|2 dt is a continuous function of . There-

fore [ 1ja | Zo(t, &) dt =1 for every ¢ € [0,1].

11.3.4 Proof of Theorem I1.2.1

Once again, our objective is to compute the expected value and the variance of
(fe(x) - f(x)), where in this case

%
k+j/m

f=i S 3 (£ hm)

i=1jeQd, kezd

and

f& = Z Z Z ylic—l—j/m gz-kj/m

1=1jeQd kezd

A simple calculation shows

B(f(@) = F@) =3 5 % B (chym) Grrgim = 0.

i=1jeQd, kezd

To compute the variance, we first need to compute 6, i/m = S 0t jm explicitly. In

section II.2.1, we showed that

EO=3 % ( mmgm) e, masm)
1=1jeQd \keZd
and .
/(€)= (Z V(€ + 5)515(€+l)) b(¢). (11.3.24)
lezd
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Define the self-adjoint matrix

iZ (ZMH Wf“)(ZfbiH' Nm(éﬂ’))

i=1jcQd \lezd A

For any f = 3cz¢ C()T®(- — 1) in V2(®), we see from (I1.3.23) and (I1.3.24) that

L —

(Sw£)(E) = CE)T ([Anly (€)) D(&)

Define Bz to be the coefficient vector sequence for the function 6° i me L€, B; =

() ,...,(b;.)r) s where (b1)"(1) = (0%, 6" (- = 1)) = (¥, @"(- = 1) ). Then

(S ) (6) = Bi(&)" ([An]y (6)) (&) (11.3.25)

If [A,]4 (€) is invertible, then

Sa16r,.(6) = Bie) ([Aa]3 (&) B(6).

Using property (i) of the Fourier transform, it can easily be verified that

Remark I1.3.3. Tt can be shown that a,,/ < [A,]y (£) for almost every £, where
(i, s the positive lower bound in (I1.2.11). Thus, for almost every &, [A,]3 (€) is
invertible for every m > 1. However, for large enough m, we will show a stronger

result below, namely that there is a positive number ¢ (that does not depend on m)

such that 67 < -1 [A]e (€) for every €.

We are now ready to compute var(f.(xz) — f(x)).
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var(fe(z) — f())

= var (Z Z Z gi-kj/msn_zleli-i-j/m(l’))

1=1jeQd kezd

— Y Y X [si— )f

=1 jeQd keZd

2

S WA

=1 jeQd, kezd

2

— QZ Z / , Z 10;/771 k_é-)ei%rz-k d£

i=1 jeqa, 0N |geza

2
fy —1 ~ . oz

=0 [ S S BT (Anly (-9) | X Bk - e )| g

01521 jeqq, kezd

-1
We notice that the matrix ([Am]if (—f)) is self-adjoint, and use the argument

(I1.3.21) from the proof of Theorem II.1.2, along with the fact that

Z >° Bi(—9)Bi(—) = [Auly (),

=1 jeQd,

— 0-72 Z mefﬁﬂ’k-x ' (1 [A ]\If <_€>>1 Z (T)(k/ . §)6i27rk’-z df
— md Jpye md 7 pezd

kezd

Thus we have shown that

2

var(fula) — f@) = 75 [ Z8(-€2) (5lAJL(-0)  Z8(-€.a) ag
—;:;Dx(m)
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Lemma 11.3.4. There exist a number § > 0 and a number M € N such that for

every m > M,

—_
E*

o < — [An]g () for all € €[0,1]%,

We will show that

Dim) "= [ ZB(~g—x) (G3(O) ' Z8(~¢. ~a) dg

in the proof of Lemma I1.3.4 below. Furthermore, notice that for large enough m, we

have

var (fs(ac) - f(x))

o /1 . T i »
24, (kgd@(k_@e-m) (s a0
2
< 2 () [ S| T - 0] e
=01(1)(< x—i—k’))
m* \0 i=1 \kezd
= ;;l <(1;> (g; |¢n||w1> for all z € R%.

I1.3.5 Proof of Lemma I11.3.4

First, for £ € [0,1]%, define the self-adjoint matrix

i+

— Y B RIE LR

=1 kezd
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We will now show that
— [An]e (&) = Gy (&) for every £ € [0, 1]¢,

i.e., for each £ € [0,1]4, each entry of the matrix —; [An]g (€) converges to the corre-
sponding entry of the matrix Gg(£). For 1 < n,n’ < r, we look at the (n,n’)-entry

of the matrix -1 [A,,]7 (€).

(o 42 (9)

m? (nn)

s 1 /\7 —_
i=1 jeQd \kezd k' €z
S 1 — - = - ,
_ — Z ( qg,Z(k,)ez%r(]/m)k) ( Z qg 7Z(k/)€—z2ﬂ(j/m)'k )
i=1 M jeqd \kezd k€24

S

m;O)O Z/ q k>ei27r;p.k Z qag’,i(k,)e—z?mc-k’ dr
019\ feza k' ezd

- ; <q2”, e Z>L2([o,1]d)

o~

where, for 1 <1 <r, qé’i is the function on [0, 1] whose Fourier coefficients qé’(k) are

given by

—

ge' (k) = (€ + k)Pi(E + k).

Invoking Plancherel, we have

Z<q£ X' >L2([0,1}) Z:<q£ e >z2(zd)

i=1 i=1

—S S Fle+ e+ k) e+ R

i=1 kezd

= G5 (9)]

(n.n’)
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Thus -, (Al (€) ™=3° G¥(¢) for each € € [0,1]%. Now we claim, for fixed (n,n’),
the collection {(nid [Am]i ())( i € N} is equicontinuous, which implies that

(# [Am]g (.))(n,n’) converges uniformly to {Gg()} on [0, 1]%.

(n,n/)
In a manner similar to that in the proof of Lemma I1.3.2, it can be verified that

(li©)

Z 32 2 2 (@) m A D@ * 0T m o+ L ke
]eﬂd Iz kezd
Because W' x L' ¢ W', we know that ((b” * W-v) € W, and therefore, the argument
from Lemma I1.3.2 can be used to show the collection is equicontinuous.
In [5] it is shown that (II1.2.11) and (II.2.12) imply that there exists a positive
number o such that dof < G§(€) for all £&. Let § = %. Because (# [Anly (-))(mn,)

converges uniformly to {G%(-)L ~ [0, 1]%, there exists a number M € N such that

n,n

forallm> M

oI < L (Al (&) forall €

I11.3.6 Proof of Lemma I1.2.3

Our objective is to show that for every & € [0, 1]¢,

e, —5)‘2dt > 6> 0.

5 el
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Notice that

2
S * iV _ 2 . S N % _ oy
;/[0’1]d 2o x vt )it 5)‘ i = ; /[0,1]d Z;Zd(ﬁb )t — e dt
2
= 2 /[0 1] 2 ol - 5)@(5 — &)= gt
=170 |lezd
2
— Z /[0 e @*ith.g Z (E(l - f)@(l _ €>ei27rt-l di
e lezd

2

=> /0 > gg(l — 5)@\%([ — el gt

i=1 /0.1 | cza

=y o -odi-of

i=11ezd

_S Y [du-¢)

=1 leZd

i §

Di(l— €)

This is equal to the 1 x 1 matrix Gg (), and thus as stated in the proof of Lemma
I1.3.4, the lemma holds.

41



CHAPTER III

RECONSTRUCTION FROM SAMPLING SETS WITH
UNKNOWN JITTER

Here we return to the original problem of sampling and function reconstruction.
Instead of additive noise, a different kind of error is considered. In practice the
sampling locations z; are not known precisely. Real-world sampling devices give data
of the form { f(x;+0,)};es, where each §; represents some unknown perturbation from
the point z; [8, 21]. We refer to this as sampling jitter, and it occurs in applications
related to digital data processing of signals [20].

The issue of jitter error gives rise to two main questions. First, if X := {z,},c; is
a set of sampling for V?(¢), under what conditions is the set X + A := {z; 4+ §; },es
also a set of sampling for V?(¢)? In other words, under what conditions is (1.4.9) still
satisfied if we replace X with X + A? The second question arises as we attempt to
recover f. In general, each d; is unknown. Possibly our samples are affected by jitter
error without our knowledge, or, even if we know that our samples are affected by
jitter error, the precise amount of perturbation at each sampling point z; is unknown.
If we attempt to recover f under the assumption that our data are samples of f at
X, when in actuality our data are samples of f at X 4+ A, is the recovered function a
good approximation of f, and how does the error relate to the sequence A := {§;},c,?
In this chapter, we provide answers to both these questions. First, we address these

questions more precisely.
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III.1 Notation and preliminaries

We begin with our underlying function space V?(¢). In this chapter, we assume the
space has only one generator, ¢. However, we relax the assumptions on ¢ by requiring
only that ¢ and its shifts form a Riesz basis for the space V?(¢), and not necessarily
an orthonormal basis.

Let ¢ : R — R be a function in L?(R), and suppose there exist constants m and
M such that

0<m<Y [pE+E)P<M<oo ae €. (I11.1.1)
keZ

Define the shift-invariant space

Vi(¢) = {Z ap(-—k) 1 ce ZQ(Z)}.

kEZ

Then V?(¢) is a Hilbert space, V?(¢) is a subspace of L*(R), and
{¢(- — k) }rez forms a Riesz basis for V2(¢) [1, 3]. Also assume ¢ € W) := W' N C?,

where C? is the set of continuous functions, and

Wt = {f ) ess sup]{|f(x+k:)|} < oo}.

keZ z€[0,1

Under this assumption, V?(¢) is a space of continuous functions [3].

In this chapter, we also consider a more general set of sampling X. In Chapter II,
we required that X be uniform. In this chapter, we allow the countable set X to be
non-uniform, and only require that X satisfy (I1.4.9). Our final theorem also requires

X to be a separated subset of R.
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I11.2 Results

Because (IT1.1.1) holds, every f in V?(¢) corresponds to a sequence c in [*(Z) so that
[ = iz aod(- — k). In order to see how ¢ (and hence f) can be recovered from
samples, we will look at sampling operators. We define the sampling operator U on
[2(Z) that corresponds to the set X [14]. Let U be the linear operator on [*(Z) so

that Uc = f|x = (f(z;)) We can think of U as an infinite matrix whose j, k entry,

jed:
(U)jk, is ¢(z; — k), where j € J and k € Z. Notice then that X is a set of sampling

for V2(¢) if and only if there exist positive constants o and 8 such that
o ||C||z2(z) < ”UCHF(J) <p ||C||l2(Z) for all ¢ € I*(Z). (111.2.2)

We can also define the sampling operator on [*(Z) that corresponds to the set
X+A. Let Ua be the linear operator on 1*(Z) so that Uac = flxia = (f(z;+ ;) ;-
We can think of Ua as the infinite matrix whose j, k entry, (Ua);, is ¢(x; +0; — k),
where 7 € J and k € Z.

We now return to the first of our original questions. If X is a set of sampling for

V?2(¢), under what conditions is the perturbed set X + A also a set of sampling for

V2(4)? We begin with the following lemma

Lemma I11.2.1. Let X be a set of sampling for V2(¢), and let o and 3 be the positive

constants satisfying (111.2.2). If ||U — Ual| < «, then X + A is a set of sampling for
V().

Proof: Let ¢ € [(Z). First, we show the upper bound.

||UAC||12(J) < |(Ua - U)c||l2(J) + ||UC||12(J)

< (a+P) el
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To show the lower bound, we begin with the lower bound of (I111.2.2).
o ||C||z2(Z) < ||UC||12(J) < ||U = Ul ||C||l2(Z) + HUACHZQ(J)
Thus
(@ = lU=Ual) llellzz) < 1Uacllisy »
and o — ||[U — Ual| > 0if ||[U — UA|| < «.
Therefore

(@ = lU = Ual) llellizzy < Uacllipsy < (@ +B) llellizzy »

and hence X + A is a set of sampling for V?(¢) if |U — Ua|| < a.
U

Remark IT1.2.2. From the definitions of U and U, it is clear that ||U — Ua|| depends
on both the sequence A and the function ¢. The final theorem of the chapter provides
conditions on ¢ under which ||U — Ual| — 0 as ||A]|,, — 0. Thus, under certain
conditions on ¢, for any o > 0 (i.e., for any set of sampling X), there exists a positive

number 7 > 0 such that X + A is a set of sampling whenever ||Al|_ < 7.

Now, let b := Uc = f|x represent the samples of f at X, and let by := Uac =

flx+a represent the samples of f at X + A. Notice that

c=(UU)'U*d  and (I11.2.3)

c=(UxrUx) " Uiba (I11.2.4)

provided that the inverses exist. If X is a set of sampling for V?(¢), then the operator

(U*U)~" exists and is bounded, and ¢ can be recovered as in (I11.2.3).
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We return to the second of our original questions. Suppose we have ba as our
data, but we think we have b. If we reconstruct the function f using (U*U )_1 U-,
do we have a good approximation of our original function? Certainly this too would
require the set X + A to be only a small perturbation of the set X. Our goal is to

determine under what conditions we have

| vyt Ur = (UsUa) T UL

—0 as ||A]ll,—0 (II1.2.5)

and to give estimates for H(U*U)_1 U* — (UsUa) "' U% |, where the norm is the oper-

ator norm.
Throughout the rest of this chapter, assume X is a set of sampling for V2(¢), and

let o and 3 be the positive constants that satisfy (I11.2.2).

Theorem II1.2.3. Let 0 < ¢ < —f + /[(?+ a?, where o and (3 are the posi-

tive constants satisfying (111.2.2). Assume there exists a number vo > 0 such that

|U — Ual| < € whenever ||A]l, < vo, and define n:= a~2¢(26 +¢€). Thenn <1, and

)

|y vr - wiva) T Us T

whenever ||All . < 7.

From the theorem, we see that (II1.2.5) is satisfied as long as ||[U — Ua|| — 0 as
|A|l, — 0. In other words, the reconstruction of f given data sampled with jitter
error is a good approximation of the original f € V?(¢). To prove the theorem, we

need the next two lemmas.

Lemma II1.2.4. Let ¢ > 0. Assume there exists a number vy > 0 such that
|U = Ua|l < € whenever |A|l, < v. Then [|[UU — URUA| < €(28 + €) whenever

1Al < 70-
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Proof: Notice |U|| = ||U*|| and ||[U* — UA|| = |[U — Ual|. Let € > 0. Assume ||A[| <

Yo. Then
UV = UNUA|| = [[US(U = Ua) + (U* = UA)UA|

< U= Uall (IU]] + 1Uall)

<e-(20+¢)

O

Lemma ITI.2.5. Let 0 < € < —(++/3% + o2, where « and 3 are the positive constants
satisfying (111.2.2). Assume there exists a number vy > 0 such that |[U — Ua|| < €
whenever |A]l, < vo, and define n := a~2e(2f +¢). Thenn < 1, (UXUA)™" ewists,

and

Ui

H(U*U)_l - (UZUA)_IH < 21—

whenever ||All . < 7.
Proof: Recall that (U*U) ™" exists because X is a set of sampling for V2(¢). Then

UUs = UU (I + (U*U) " (UAUA — U*D)) . (I11.2.6)

Notice

1 o 1
7 lell < || v)™ (| < el forall ¢ € (Z).

Let [|All, < 7. Then using Lemma II1.2.4,

(UU) ™ (UAUA = U*U)|| < 1. For the

sake of simplicity, define
A:=UU, Ap:=ULUas, and T := (U*U) " (ULUx — U*U).
Then (I + T)~! exists, since ||T|| < 1, and is given by the Neuman series

I+T) ' '=1-T+T*-T*+.... (I11.2.7)
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From (II1.2.6) we get

A= AT+
(TI1.2.8)
= (I4+T7) 4™

Hence, Ax' = (U5Ua) ™" exists whenever || Al < 7.
Now we need to give the upper bound for HA‘l — Ang. Assume ||A|l < 70.
Using (I11.2.8) we get
AV A =TI +T)TAT (I11.2.9)

Then
-t~z < i o+ |
_m
ST e
n
a?(1—n)

<

I11.2.1 Proof of Theorem I11.2.3

Let ||A]l, < 7. Using our notation from Lemmas I11.2.4 and II1.2.5 and the previous

proof,

() U = (UAUS) T UA

= |ATN U — ATWUL + ATIUR - AJMUR

=AU - Ux) + (A7 - AZHUR

<|la 1o - vall + |4t - Azt Al
< ! <e—|—n(ﬁ+G)>,

a? 1—n

where 7 is as defined in Theorem II1.2.3.
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111.2.2 Concluding Results

In Remark II1.2.2 it was mentioned that ||[U — Ual| will depend on ¢, so we then ask

for what functions ¢ do we have ||[U — Ual| — 0 as ||A||, — 07

Theorem II1.2.6. Let ¢ € W,. Suppose X is a set of sampling for V*(p), with ¢
satisfying (I11.1.1), and suppose X is separated, with infy 2, |2; — ;| = A > 0. Then
|U = Uall = 0 as [|All, — 0.

We now have answers, stated below in the corollary, to the two main questions

discussed in the introduction to jitter error. Define the reconstruction operator R :

I12(J) — V?2(¢) so that

R:d — Y [(UU) U] é(-—k).

kEZ

Corollary II1.2.7. Let ¢ € Wi. Suppose X is a set of sampling for V*(p), with ¢

satisfying (I11.1.1), and suppose X is separated, with infy, 4., |2; — x;/ = A > 0. Then

(1) there exists a o > 0 such that X + A is a set of sampling whenever ||All_ < 7o,

and

(1) [[Bf|xsa = fll2 = 0 as [[All o — 0.

I11.2.3 Proof of Theorem I11.2.6

First, for any number v > 0, define the function osc,¢ on R by

oscyp(x) = sup |p(z + Az) — ¢(z)].

|Az|<y
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The W'-norm of a function f is given by

1fllws =D ess sup{| f(z + k)[},

kez *€[0,1]

and from [3] we know that || oscy¢ ||y1 — 0 as vy — 0.
Define N := [1/A] + 1. Then for any [ € Z, there are at most N elements of X

in the interval [; := [[,1 + 1). Define the sequence p indexed by the integers so that

p(l) :== ess sup {’osannooqb(w + l)‘}, leZ.

z€[0,1]

Then ||pl;1(z) = || 0scy¢ [[w1. Now we will use the facts above to show that U — Ual| —

0 as [|All, — 0. Let ¢ € I*(Z), and define X; := X N I.

2
(U = Us)ellpeyy = 32 |30 cn (@l — k) = d(x; + 65 — k)
ijX keZ
2
< > 1D lel IOSC||A||OO¢(%' - k?)’
Z‘jEX keZ

2

=33 Y lewl Joscpay o(z; — k)|

I€Z w;€X; |kEL

<D > |2 lal [p(T = K)]

1€7 z,€ X, |keEZ

SN D lel Ip(t = k)]

I€EZ |keZ

= N[(lel *P)ll 2

2

2

< Nllcllzz 1Pl 2

=N |lcllzz HOSCIIAHOOQSHWl '

Therefore |[U — Ua|| < N HOSC||A||°O¢HW1 — 0 as [|[Afl, — 0.
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CHAPTER IV

CONSTRUCTING SHIFT-INVARIANT REPRODUCING
KERNEL HILBERT SPACES

In [25], Smale and Zhou construct reproducing kernel Hilbert spaces to serve as
the underlying signal space for sampling and reconstruction. They show how their
construction of an RKHS generalizes the setting of bandlimited functions in the classic
Shannon theorem. In this chapter, we show in fact that the construction in [25] can
be used to form the shift-invariant space V2(¢). In [25], several hypotheses must be
satisfied in order for the theorems to hold. The results of this chapter give conditions
under which these hypotheses are satisfied. In other words, we remove the necessary
assumptions from [25] and give conditions under which they are true. We begin with
the construction of the reproducing kernel Hilbert spaces as illustrated in [25]. Then

we state our theorems and prove them.

IV.1 Construction of Reproducing Kernel Hilbert Spaces

Let K : R?xR? — R be a continuous, symmetric, positive semidefinite map. (We call

a symmetric map G : R x R? — R positive semidefinite if for any finite set of distinct

points {x1,...,z,} C RY the matrix M = (G(:Ui,mj)) _ 1s positive semidefinite,
Z7]:

i.e. a’Ma > 0 for all column vectors a € R™.) For z € R?, we define K, : R — R

to be the continuous function on R? given by K, = K(x, ).

Next we define a Hilbert space which will act as our representation space. Consider

the linear space of finite linear combinations of K, x € RY, denoted span{K, : x €
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R?}. An inner product on this space is defined by linear extension from

(Ko, Ky>K = K(z,y).

The RKHS Hg associated to K is the completion of the linear space in the norm

induced by the inner product, i.e. Hx = span{K, :x € R} . Now consider the

closed subspace Hy za of Hg generated by {K; : t € Z%}. The space H Kzd =

K
span{ K, : t € Z4}  will serve as our representation space.

Example IV.1.1. Let d = 1. Define ¢ : R — R to be the sinc function, i.e.
¢(x) = sinc(x) = 22T Tt is well known that {¢(- — k) : k € Z?} is an orthonormal

basis for V%(¢) C L*(R). Then we define, for z,y € R,

K(z,y) = oz —j)oly —J),

JEZ.

and notice that since sinc(k) = dgx for all integers k, we have, for t € Z,

Ky=> ot —j)o(-—J)

=Y/

= o(—1)

In this case, our set of generators {K; : t € Z} for Hy za is the same set as our

orthonormal basis {¢(- — k) : k € Z} for V().
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We also show in this case that the inner product (-,-), on Hg 74 is equal to the

standard L? inner product which V?(¢) inherits. For s,t € Z¢, we have

Therefore we have Hy e = V?(¢). Recall also, for this particular ¢, that V?(¢) is
the representation space {f € L*(R) : supp fc [—%, 51} from the classical Shannon

Theorem due to Whittaker.

The above example was provided to show that there is overlap between the repro-
ducing kernel Hilbert spaces in [25] and the setting of shift-invariant spaces. While
the construction in [25] is more general, we will see more practical results in the
specific setting of a shift-invariant space.

We next use the kernel K to define a linear operator Kza on [2(Z%) as follows:

(KZd a)s = > K(s,t)a, s€Z% acl*(Z%.
tezd
Notice for a € 1?(Z%) that [Kzs a] is also a sequence indexed by Z9. For now, as in
[25], we assume that K4 is well-defined, bounded and positive with positive inverse.
In section IV.2 we give conditions on K under which K,a satisfies this assumption.
Notice, if Z¢ is our sampling set as in our classic Shannon example, i.e. our data
are indexed by Z?, then Ky takes the place of our sampling operator Sy (where

X = Z% in this case). Recall Sy maps a function in our representation Hilbert space
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to its sampled values, a sequence indexed by X. If f € Hp 74 can be expressed as

f = Yieza a; Ky, then for s € Z4,

()= aKi(s) = > arK(s,t) = (KZd a)s.

tezd tezd

We have Sx f = Kza a for f =3"cz0 a1 K.
Often we cannot assume that Z¢ is our sampling set. We call our sampling set
X, and we assume X = {x; € R?: j € J}, where J is a countable index set. We

now define the operator Kx on [?(Z%) whose image is a sequence indexed by X. For

a € 1*(Z%) and z; € X, define

(KXa)xj = > K(zj,t)a,.

tezd

In this section (as in [25]) we assume that Kx is bounded. In section IV.2 we give
conditions on K and X under which Ky satisfies this assumption.

Once again, this time for a general sampling set X, Kx takes the place of our
sampling operator Sx. If f € Hg 74 can be expressed as f = 3;czq a;K;, then for
r; € X,

flz) = aKy(z;) = > aK(zj,t) = (K;m)

tezd tezd

We have Sx f = Kxa for f =3 ,cp0 ai K.

Ty

We denote by K% the adjoint of Kx. How does the adjoint K% act on a sequence
in I2(X)? Let ¢ € I*(X). Then for all a € [*(Z%), we have

(a, KXx€)pp(za)y = (Kxa,¢)pp(x) = > (Z atK(t,xj)) Ca,

z;jeX \tezd
— Z Q¢ Z CzjK<.Tj7t) = <CL7 ( Z ijK$].<t>> >
tezd  z;eX z;€X ¢ 12(74)

Thus for ¢t € Z7, (K}}C)t = DX Ca; Ko (1).
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IV.2 Results

Recall that in order to define Hg and Hp 4, we require that K : RY x R — R is
continuous, symmetric, and positive semidefinite. Our first theorem constructs such

a K.

Theorem IV.2.1. Let ¢ be a continuous, real-valued function on R? which satisfies

(i) ¢ € WHR?) = {f:]Rd—ﬂR > ess sup{|f(z + k)|} < oo} and

kezd z€[0,1]4

(i) > |06+ §)|? =1 for almost every € € RY.

jEZA

For z,y € RY, define K(z,y) = > é(x — j)o(y — j). Then K : R x R — R? s
jezd
well-defined, continuous, symmetric, and positive semidefinite, and Hx C V?(¢) C

L2(RY).

Proof: We begin by showing that K, defined as above, is in fact a well-defined,
continuous, symmetric and positive semidefinite map. K is clearly symmetric. Notice
that for any fixed z,y € R,

K(o,y) = 3 o = Doy — ) = (oo = 1)), (6w =) )

jezd J 12(Z.%)

is convergent because condition (i) and the fact that {' C [? imply that {¢(z —
J)}Yjeza € P(Z%) for all x € R

Claim: K : R* x RY — R is continuous. First, define the function osc,¢ on R? by

osc,p(z) = sup |p(z + Az) — o(x)].
|Az|<d

Define the W' norm of a function f by

[ £llwr = > ess sup{|f(z + k)|}.

kezd z€0,1]¢
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Claim: ||oscy¢ ||wr — 0 as d — 0.

Let € > 0. Because ¢ € W, there exists a number N € N such that

> ess sup{|p(z + k)|} <

|k|>N—1 €[0,1]¢

£
4. 34

Because ¢ is continuous on R?, ¢ is uniformly continuous on compact sets. Therefore

there exists d > 0 such that if |[Az| < § then

6(x + Az) — ¢(z)| < 2(2N€+1)d for all z € [~ N, N]™ (IV.2.1)

Then

| oscy [[wr = D ess sup{ sup {|o(x + k + Azx) — ¢(x + k)]}}

k<N z€[0,1]¢ ||Az|<s

+ ) ess sup{ sup {|¢(x + k + Ax) —¢(:1:—|—k’)|}},

k>N z€[0,1]¢ | |Az|<d

and by (IV.2.1) the left-hand summand is less than 5. We now deal with the right-

hand summand. Without loss of generality, § < 1. For any fixed k,

ess sup{ sup {|¢(z + k + Ax) —gb(x—i—k)|}} < 2-ess supq{|o(x + k)|}.

z€[0,1]¢ | |Az|<d z€[—1,2]d

Notice that [—1,2]? consists of 3¢ unit intervals. Therefore we have

> ess sup{ sup {|o(x + k + Ax) — ¢(z + k)’}}

k>N z€[0,1]¢ | |Az|<d

<2:3" > esssup{|o(z + k)|}

E>N—1 z€[0,1]4

<

DO ™

Thus || osc,¢ |lwr — 0 as 6 — 0.
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We now define the W2 norm by

1£15v> = D_ ess sup{|f(z + &)[*}

kezd z€[0,1]4

for all functions f on R such that || f||y2 < oo. We remark that {! C (2 and W' C W2,
Notice that if || oscy¢|jw1 — 0 as § — 0, then || osc,¢|lwz — 0 as § — 0. We are
ready to show that K is continuous.

Let (7,y) € RY x R? and let {(z,,¥n) tnen C RY x R? be a sequence such that
(2, yn) converges to (z,y) (hence z,, — z and y, — y in RY). For convenience we
denote ¢(- — j) by ¢;. For n € N, we have

K (2, yn) — K(z,9)] = | D ¢5(@n)@i(yn) — > 0;(2)0,(y)],

jezZ jezd

and because each sum is convergent, we have

K (2, yn) = K (2, 9)| = | 22 6(xn)85(yn) — 65(2)¢5(y)

jeZ

Fix 6 € (0,1). Let M € N be such that |z — x,| < ¢ and |y — y,| < d for all n > M.

We then have, for n > M,
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| K (0, yn) — K (2, y)]

<D 0i(@n) @5 (yn) — ¢5(2)5(y)]

= 2 103(a)630n) = 65(20)1(0) + 65(20)6.(0) = 65(2)6,(0)

-z 165 (0) (65(0m) = 05(9)) + 65(0) (85(a) — 85(a) )|

< 3 1osConl I9s(0n) = 6501 + 19,001 s (a) = 05(2)

= T 10trn =16t —3) =0ty =) + 190w =l 6(an =) = 9(z =)
< 3 10t = losesoly = )1+ 10ty =l osesd(z — )

= > 6(wn — J)lose,d(y — )l + D_ |8y — 5)l losc,d(z — j)]

jeza jeza

= (It = 1), (losesow =3)1), )+ { (16t =) - (loser(e = 1), )
< [1(én =) Jli - I (oses0(y =) e + 1 (@ = )l - (0556 = ) e

< 2||pllwz - || oscyd [lw2z — 0 as § — 0.

Therefore K is continuous and hence K(z,y) makes sense for all pairs (z,y) €
R? x RY. Our next goal is to show that K is positive semidefinite. First, notice that
for any fixed z € RY, K, = Y jeza d(x — j)¢(- — j) is a function in V(@) because
condition () and the fact that I* C I* imply that {¢(z — j)}jcza € (*(Z?) for all
r € R% Condition (7) implies that V?(¢) is a Hilbert space which is a subspace of
L*(R%), and that {¢;};cza is an orthonormal basis for V?(¢). We remark that V?(¢)
inherits the standard L? inner product. Then it makes sense to consider (K, K,) ;.

for fixed z,y € RY,
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Let z,y € R, Then

(Ko Ky)pa = <Z ¢i(2)¢5, > ¢k(y)¢k>

jezd kezd

Z Z (bJ ¢j7¢k>

jEZ4 ke (IV.2.2)

= > 6i(2)8;(y)

jezd

L2

= K(z,y).

Now that we have K(z,y) = (K, K,),. for all z,y € R?, we can show that K
is positive semidefinite. Let {z1,x,..., 7, } C R? such that z; # x; for i # I. Let
a = (ai,as,...,ay,) be a nonzero vector in R™. Define M to be the m x m matrix

whose 7, [—entry is K (z;, z;). We need to show that a” Ma > 0.

Therefore K is positive semidefinite. Now that we know K is continuous, sym-
metric, and positive semidefinite, we can define Hy as before. Consider the inner

product (-, ), on Hy. Fix z,y € R%. Then we have

(1V.2.2)
<KxaKy>K:K(x’y> = <vaKy>L2

Notice now that Hy is clearly a subspace of V2(¢) because each of its generators

K, e V2<¢) and <'7 '>K = <'7 '>L2'
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Our next goal is to give conditions under which Hg za = V?(¢). First, we need

the following lemma.

Lemma IV.2.2. If {¢(-— k) : k € Z} is an orthonormal basis for a Hilbert space V

of functions on R, and 1 is defined on R? by

U(z) = > p(j)olz —j),
jezd
then {1(- — k) : k € Z} is a Riesz basis for V if there exist constants m and M such

that

0<m <[P <M< o0 a.e. €.

Proof: Recall that a system is a Riesz basis of a Hilbert space V' if it is the image of an
orthonormal basis of V under a bounded, invertible operator. Let {¢(- — k) : k € Z¢}
be an orthonormal basis for a Hilbert space V. For convenience we denote ¢(- — k)
by ¢r. We define the operator T on the generators of the space V' by
Tor =3 jezap(J)r(- — J) = Xjeza p(j)é(- — k — j) and extend T linearly to
span{¢(- — k) : k € Z¢} (finite linear combinations of the generators). Notice that
To=Tdo =3 ezap(j)¢(- — j). Furthermore, notice that {¢(- — k) : k € Z%}, where
V(x) = Y jeza p(j)¢d(x — j), is the image of the orthonormal basis {¢(- — k) : k € Z4}
under the operator T, i.e., T'¢p = 1y.

We must now show that 7" is bounded and invertible if there exist constants m
and M such that

0<m< PP <M<  ae . (IV.2.3)
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Let f € V. Then there exists a sequence ¢ € [*(Z?) such that f = > jezd €j9;, and

1flv = llelli2(za). Then

2 2

1T =12 ¢Te,

jeZ

=1[>_ ¢ > pk)o(- — 35— k)

je€zd  kezd

v

=D ¢ > pm—j)o(- —m)

jEZE  meZd

I 5 et — et —m>’

meZd jezd
= (Z ij(m - J))
jezd mezZd

For each sequence a € [*(Z?), there corresponds a function a in L*([0,1]?) defined

2

l2

by a(§) = S peza a(k)e 2™ and lalli2za) = ||| p2(jo.12- Therefore

2
ITAR = [ |5 X eplm — e dg
[0,1]¢ meZd jezd
2
127 —i2m(m—

:[Ol]dzce Jﬁzpm je (m=3)€\ q¢

’ jEeZ meZd

—4i27q- A 2

= [ a2 e ot e

’ jEZ4

Then we have

" Jusy

and therefore

2
i)
Z ¢;€

jEZ

Z C] —i27j-€

jEZ4

dg

%<MWW<M/

mllellz < |ITFIF < Mlclli
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if there exist constants m and M such that

0<m < |p))P <M < o0 a.e. &.

Because ||c||;z = || f]|v, we have

mllfIV < ITFIR < MIfI forall feV

if (IV.2.3) holds. Hence T is bounded and invertible if (IV.2.3) holds.

Theorem IV.2.3. Let K(z,y) = Y ¢(x—7)dp(y—1j), where ¢ satisfies the conditions
jeza

in Theorem IV.2.1. For k € Z¢, define p(k) := ¢(—k). If there is no £ € [0,1] such
that p(&) = 0 then Hyza = V3(9).

Proof: Assume the hypotheses above, and assume there is no £ € [0,1] such that

p(§) = 0. Claim: There exist constants m and M such that

0<m<[PpE))P <M< o0 for all £ € [0, 1]. (IV.2.4)

First, ¢ € W1 implies that p € [}(Z%). Then we know that p is continuous and
p € L*>[0,1]. Hence there exists M such that [p(¢)|*> < M < oo for all £ € [0,1].
Furthermore, because p, and therefore |p|, is continuous on a compact set, it must
attain its minimum value, and since there is no ¢ € [0, 1] such that [p(§)| = 0, its

minimum value must be m > 0. Thus we have our claim.
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Next, notice that, for t € Z¢, K, = Ko(- — t):

Let t € Z¢, z € R™.

Ki(x) =) ot — j)o(z — j)

jEZA

=D 00— (—t)o(z—t—(j—1))

jeza

= > o(=k)pz —t—k)

kezd

= Ko(z —t).

So we have K : R? — R defined by

Ko(z) = Y ¢(—j)o(z — j).

jEZA

For j € Z%, define p(j) = ¢(—j). Then

Ko(z) = > p(j)d(z — j).
jezd
Because (IV.2.4) holds, Lemma IV.2.2 tells us that {Ko(- —t) : ¢t € Z¢} = {K, :
t € Z%} forms a Riesz basis for V2(¢). Since we know from Theorem IV.2.1 that
Hy¢ 70 C V?(¢), and we now know that the generators of Hy 74 form a Riesz basis for

V2(¢), we conclude that Hyega = V2(¢)).
O

In [25], several assumptions were made in order to obtain the results of the theo-
rems. Specifically, boundedness, positivity and invertibility of the operator Kzs« and
boundedness of the operator Kx were assumed. We present the following results to

give specific conditions on K and X under which these assumptions hold. In section
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8 of [25], examples of such K and X are provided. The following results are more

general.

Theorem IV.2.4. Let K(z,y) = Y ¢p(x—3j)dp(y—1j), where ¢ satisfies the conditions
jezd

in Theorem IV.2.1. For k € Z¢, define p(k) := ¢(—k). If there is no & € [0,1]

such that p(§) = 0, then the operator Kza as defined above is bounded, positive and

ivertible.

Proof: We first remark that under the hypotheses of this theorem, by the proof of

Theorem 1V.2.3, there exist constants m and M such that
0<m<[|pé))P <M < ¢ for all £ € [0, 1].

Let a € [*(Z%). We use the fact that any sequence ¢ € [*(Z?) corresponds to
a function ¢ in L2([0,1]%) defined by ¢(§) = Y.eza cse™ ™, and that [|c/|2ze) =

120l 22 o, 172

2
2 o —i27s-€
Hsz a||l2(Zd) = /[071]d SEXZ:d (sz a)se dé
2
- /0 ) > (Z ath(S)) e ) dg
0.1] s€Zd \tezd

B /[0,1]d Z at (Z Kt(s)e_ﬂm.g) d§.

tezd s€Zd

For the moment we consider only ‘Ztezd a; (ZSEZd Kt(s)e*””sf) ’
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S o £ i) < S [ £ ot ot 5)‘
tezd sezd tezd s€zZd jezd
— Z ay Z Qb(t— Z ¢ —i2m(s— j)£ 1271']5)|
tezd jEZA sezd
_ Z a Z (b 72271']{ Z ¢ 127r7"-(§))‘
tezd jezd rezd
— Z a Z Qb —’l271'(j t)-& —7,27rt§p( f))‘
tezd jEZ4

tezd

tezd

Then we have

>

tezd

2 _
| Kz a||l2(Zd) ~ Jooa

and therefore

Jone

which gives

-m? dé < || Kza

‘ 2
Z a; o i2mtE

tczd

m2

dg S ||sz

Z ae wt-€

tezd

[0,1)
Finally we see that

m2\|a||122(zd) < [[Kza

Z ate—ﬂﬂt-f |]§

> ae ™ (5(6)) (p(— 5>)|

EP(=E)I-

2
ae” ™ (O] (=)
o < [ 3 e ar g
tez
2 2 ontc|”
allp(za < M /[01]d > ae P dE.

tezd

CL||122(zd) < M2||a||122(zd)-
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Next we show that K. is positive. First, let a € (?(Z4).

{a, Kz a)lg(Zd) = > a (KZd a)

s€Z4 $

= > > asaK(s,t)
s€Zd tezd

= Z Z A5Gy <KS7Kt>K
s€Zd tezd

= Z Z Qs <K57Kt>L2
s€Zd tezd

= <Z as K, Z ath> .

s€zZd tezd L2

Notice that for any sequence a € (?(Z¢), we have

2

K
Zat tL

tezd

Y

>0

<aa KZd a>12(zd) = <Z asK57 Z ath> =
2

seZ4 tezd
implying that K;a is a positive operator.
0]

In Chapter I we said X = {z; : j € J} C R? is a set of sampling for a Hilbert

space H C L*(R?) if there exist constants ¢; and ¢, such that

1/2
aill fllze < ( Z |f(x])\2) < o fllLz for all f € H. (IV.2.5)

Tj ex

Recall that if X is a set of sampling for a Hilbert space H C L?(R?), then the sampling
operator Sy is bounded and has a bounded inverse. Earlier in this chapter, we saw
that the operator Kx plays the role of Sx in the sense that Sx f = Kxa = {f(7;)}+,ex
for f = Y ,cpaa:K;. Under what conditions is the operator Ky bounded with a

bounded inverse? In other words, when do there exist constants d; and dy such that

d1||a||12(Zd) S ||KXa||l2(X) S dg”(l”p(zd) (IV26)
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for all a € 12(Z%)? Below we give the result that if {K; : t € Z¢} forms a Riesz basis

for V2(¢), then (IV.2.5) holds if and only if (IV.2.6) holds.

Corollary IV.2.5. Let K(z,y) = Y ¢(x—35)p(y—j), where ¢ satisfies the conditions
jezd

in Theorem IV.2.1. For k € Z2, define p(k) = ¢(—k). Assume there is no & € [0,1]
such that p(€) = 0. Then a given set X = {x; : j € J} C R? is a set of sampling for

V2(¢) = Hgga if and only if there exist constants dy and dy such that

leale(Zd) S ”KX&HIQ(X) § dQH(I”p(Zd) fOT‘ all a € ZQ(Zd)

Proof: Once again we remark that under the hypotheses of this theorem, by the proof

of Theorem IV.2.3, there exist constants m and M such that

0<m<[|p))P <M < ¢ for all £ € [0, 1].

We need to show

1/2
allfllze < (Z |f(ftj)|2> < c|fllz2 for all f € VZ(¢) (IV.2.7)
J?jEX
<~
dil|allz@e < | Kxallex < dallallegs  for all a € 2(Z9). (IV.2.8)

. 1/2
(Notice that (szeX |f(95j)|2) = [[Kxallizx) for f = 3ieza a:Ky.)

First, let f € V?(¢) = Hyz4. Then we can write f as f = Y ,cz4 /K for some

sequence a. We compute the norm of f:
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sEZ4 tezd

HN%z%ﬁ=<ZaJ@Z%m>
= Z Z sy <K87Kt>L2

s€Zd tezd

- Z Z AgQy <K57Kt>[(

s€Zd tezd

= Z Z asa; K (s,t)

s€Zd tezd

= Z aS(KZd a>

s€zZd §
= <a, sz a>l2(Zd) .
Since Kz« (which is bounded by the previous theorem) is a positive operator, we

know that its square root K%Q exists as a positive, self-adjoint, bounded operator.

Hence

1/2 1/2 1/2 1/2
1£117: = (K3i%a, Kyia Kyitalze < 1KLL 1P 1allb g

>z2(zd) =l
Also, using the results from the previous theorem, we have

mlalli2zey < [[Kza allip(ze) = HK%QK%%HP(W)

1/2 1/2 1/2
< K2 K allen = IKX21F] -

Therefore we have

m 1/2
HK1/2H ||a”l2(Zd) <[ fllez < HKZZ | HCLHP(Zd)
Zd
and
1 4
||K1/2|| [fllze < ||aH12(Zd) < #d | fll 2,
Zd

and we can easily get (IV.2.7) if and only if (IV.2.8).
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In [25], it is shown that if K(z,y) = sinc(zr — y), then (-,-) = (-,-);. and
Hygza ={f: supp f C [—3,3]}. Furthermore, in [25], Smale and Zhou extend this
idea, and present results similar to Theorem IV.2.4. However, they define K (x,y) on
R? x R? so that K (z,y) = ¢(x — y) for some continuous, even function ¢ € L*(R?).
Defining K as we have done in this section is not only more general, but also is still a
generalization of the classic Shannon example (see example IV.1.1). As we have just
seen, defining K in this more general manner still yields the desired boundedness of
operators and leads to a correspondence between the RKHS Hx and a shift-invariant

space.
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