CLASSICAL TREES AND COMPACT ULTRAMETRIC SPACES
By

Mozhgan Mirani

Dissertation
Submitted to the Faculty of the
Graduate School of Vanderbilt University
in partial fulfillment of the requirements

of the degree of
DOCTOR OF PHILOSOPHY
in
Mathematics
May, 2006

Nashville, Tennessee

Approved:
Professor Bruce Hughes
Professor Michael L.Mihalik
Professor John G. Ratcliffe
Professor Thomas Kephart

Professor Guoliang Yu



To my loved ones



ACKNOWLEDGMENTS

I would like to thank my advisor Bruce Hughes for his support and encouragement
throughout my studies at Vanderbilt University. His patience and understanding are
admirable and I respect him greatly for that. Looking back on my work I realize
that his criticisms and remarks has helped me learn how to do research, when to stop
reading articles and start working on problems and how to attack problems in my
research.

I would also like to acknowledge the support of my husband Ghasem, and my

children Arash and Arya.

il



LIST OF FIGURES

Figure

Page
1. A degenerate triangle in a tree . . . . . .. ..o 8
2. A non degenerate triangle in a tree . . . . . . ... ... 9
3. A rooted tree with two ends of distance one . . . . . . . . ... .. .. 11
4. A rooted tree with two ends of distance 10 . . . . . . . . . .. ... .. 13
5. A rooted tree with threeends . . . . . . . . . . . ... 25
6. A rough sketch of case 1 in lemma 5.14 . . . . . . . . . .. .. .. .. 38
6. A rough sketch of the continuous isometry used in case 2 of lemma 5.14 . 39
7. A rough sketch of the tree (T, w) in example 7.3 . . . . . . . . . .. .. 53
8. A rough sketch of the tree (S,v) in example 7.3 . . . . . . . . .. . .. 53
9. A rough sketch of the tree (R, x) in example 7.3 . . . . . . . . ... .. 54
10.  The tree (T, w) of example 7.3 with Cantor trees added on . . . . . . . . 58
11.  The tree (S,v) of example 7.3 with Cantor trees addedon . . . . . . . . 58
12.  The tree (R, z) of example 7.3 with Cantor trees added on . . . . . . . . 59

v



TABLE OF CONTENTS

Page
DEDICATION . . . . . o e ii
ACKNOWLEDGMENTS . . . . . . . . . o iii
LIST OF FIGURES . . . . . . . . . o iv
TABLE OF CONTENTS . . . . . . . . . . o o o v
Chapter
L. INTRODUCTION . . . . . . ..o oo 1
II.  LOCALLY FINITE TREES . . . . . . . . . . ... ... ... ... 5
III. QUASI-ISOMETRIES . . . . . . . . ... . .. 10
IV. THE END SPACEOF ATREE . . . . . . . ... ... .. ... ... 22
V.  QUASI-RAYS IN PROPER METRIC SPACES . . . . . ... ... .. 30
VI. THE FUNCTOR E. . . . . . . . . .. .. 42
VII. EXAMPLES AND COUNTER-EXAMPLES . . . . . .. ... ... .. 49

VIII. SIMILARITIES AND DIFFERENCES WITH RELATED PAPERS . . . 62

IX. PROBLEMS FOR FUTURE RESEARCH . . . . . . ... .. ... .. 79
APPENDIX A . . . . . o 82
REFERENCES . . . . . . . 90



CHAPTER I

INTRODUCTION

If X is a locally finite tree of minimal vertex degree three the end space of X is a
perfect compact ultrametric space of diameter one. Although it is quite easy to work
with trees, even in the infinite case, ultrametric spaces are not as accessible. Having
seen Euclidean spaces as the main examples of metric spaces, it is not very intuitive
to work in ultrametric spaces where if two balls intersect, then one contains the other,
or consider balls where every point in the ball is the center of that ball.

In this paper a faithful functor between the category 7 of locally finite trees
with minimal vertex degree three and equivalence classes of quasi-isometries, and the
category U of perfect compact ultrametric spaces and bi-Holder homeomorphisms is

established. The main theorem is as follows:

Theorem 1.1. There is a faithful functor from the category of locally finite trees of
vertex degrees at least equal to three and equivalence classes of quasi-isometries to the

category of perfect compact ultrametric spaces and bi-Holder homeomorphisms.

Ghys and de la Harpe [GH] establish that if f : X — Y is a quasi-isometry
between locally finite trees of vertex degree greater than or equal to three, then the
induced map 0f between the end spaces of X and Y is a bi-Holder quasi-conformal
homeomorphism. They do not look at equivalence classes of quasi-isometries or at

categories. We prove that if two quasi-isometries are in the same equivalence class,



then they induce the same map on the end spaces.

Holly [Hol] provides illustrations that help us visualize ultrametric spaces and
gives p-adic norms as the main examples of such spaces. We prove many interesting
properties that are unique to compact ultrametric spaces some of which are well
known and some of which are not.

Quasi-conformal homeomorphisms on metric spaces have not been extensively
studied. If f : X — Y is a conformal homeomorphism between metric spaces, the
image of circle in X is a circle in Y. If f is a quasi-conformal homeomorphism, then
the image of a circle in X will lie between two circles in Y. In chapter 7 we will see
that even in the special case where ¢ : X — Y and ¢ : Y — Z are quasi-conformal
homeomorphisms and X, Y and Z are perfect compact ultrametric spaces of diameter
one, the composition ¥ o ¢ need not be quasi-conformal. It is shown however, that
in the case where the where ¢ and v are the induced bi-Holder homeomorphisms,
then, not only are ¢ and v quasi-conformal, but the composition is a bi-Holder quasi-
conformal homeomorphism.

There are many results related to the main theorem in this paper. Bridson and
Haefliger [BH| observe that if f : X — Y is a quasi-isometry, where X and Y are
proper geodesic spaces, then f induces a homeomorphism on the end spaces of X and
Y and prove this. They also introduce the notion of quasi-isometry classes. We have
adapted their definition of quasi-isometry classes and show that the composition of
maps induces a group structure on the set of equivalence classes of quasi-isometries
from a metric space X to itself. Bridson and Haefliger do not look at categories.

Hughes [Hug] shows that there is an equivalence from the category of geodesi-



cally complete, rooted R-trees and equivalence classes of isometries at infinity, to the
category of complete ultrametric spaces of finite diameter and local similarity equiv-
alences. Thus, our approach to looking at categorical equivalences is similar to the
one taken in [Hug|. Even though the trees considered in the category studied in this
paper are geodesically complete, rooted R-trees, the morphisms that we consider are
not the same. Section 9 of [Hug] gives an example of a bi-Holder quasi-conformal
homeomorphism between the end spaces of the Cantor tree and the Fibonacci tree.
He then goes on to show that there exists no local similarity equivalence between these
two spaces. In Chapter VIII of this paper we give examples showing that the mor-
phisms in the categories studied here are different from the ones in [Hug], although
any object in the categories in this paper are objects in the categories in [Hug]. Many
of the relevant definitions, lemmas and theorems in [Hug] have been utilized here.

Bonk and Schramm [BS] show that there exists a functor from the category C
whose objects are Gromov hyperbolic almost geodesic spaces and whose morphisms
are quasi-isometries to the category D whose objects are complete and bounded B-
structures and whose morphisms are power quasi-symmetries. They also go on to
show that there is a morphism from the category whose objects are bounded metric
spaces, and whose morphisms are quasi-symmetries to the category whose objects are
visual Gromov hyperbolic spaces and morphisms are quasi-isometries. Although the
objects in the category 7 considered in this paper have the property of the objects
in the category C' in [BS], the morphisms have more restrictions imposed on them.
In Chapter VIII we compare the morphisms in the two categories.

The paper is organized as follows. Chapters Il and III introduce the objects



and morphisms in the first category, and Chapters IV and V introduce the objects
and morphisms in the second category. The main theorem is proved in Chapter VL.
Chapter VII of the paper shows, by examples, why the conditions imposed on the
objects and the morphisms in the categories are necessary. Chapter VIII discusses the
morphisms in [Hug] and in [BS] and shows the relationship between those morphisms
and the ones studied here. Chapter IX looks at problems for future research. The
proofs related to the properties of some of the maps in chapter VIII are in Appendix

A.



CHAPTER II

LOCALLY FINITE TREES

In this chapter we will introduce the objects of our interest, which are geodesically
complete locally finite classical trees, and establish the fact that any such object
endowed with its natural metric is a O-hyperbolic proper geodesic space. All the
definitions and lemmas in this chapter are well known and are stated for clarification

purposes only.

Definition 2.1. A real tree, or R-tree, is a metric space (T,d) that is uniquely arcwise
connected, and for any two points x,y € T the unique arc from z to y, denoted [z, y],

is isometric to the subinterval [0, d(z,y)] of R.

Definition 2.2. Classical trees are one-dimensional, simply connected simplicial com-
plexes. The metric assigned to these trees is a length metric; see [BH] for the defini-

tion; such that every l-simplex is isometric to the unit interval [0, 1].

Note that classical trees are R-trees.

Definition 2.3. A rooted R tree (T, v) consists of an R-tree (T, d) and a point v € T,

called the root.

Definition 2.4. A rooted R-tree (T,v) is geodesically complete if every isometric

embedding f : [0,t] — T, t > 0, with f(0) = v, extends to an isometric embedding

f:]0,00) — T. In this case, we say that [v, f(¢)] can be extended to a geodesic ray.



Lemma 2.5. If T is an R-tree, a, 3 : [0,00) — T are two isometric embeddings such
that a(0) = B(0) and there exist ty,t; > 0 such that a(ty) = B(t1), then ty = t, and

a(t) = B(t) whenever 0 <t < t.

Definition 2.6. A simplicial complex K is said to be locally finite if each vertex of

K only belongs to finitely many simplicies of K

Some of the theorems we will be referring to in the next sections require our objects
to be d-hyperbolic proper geodesic spaces. For clarification purposes, in this section
we will give the well known formal definitions of d-hyperbolic, geodesic and proper
spaces (see [GH] or [BH]). We will then verify that any locally finite tree equipped

with the tree metric is a 0-hyperbolic proper geodesic space.

Definition 2.7. ([GH], 1.25) Let (X,d) be a metric space and let xq, z1 be points
in X and a = d(x, 1) their distance. A geodesic segment in X starting at zo and
terminating at z; is an isometric embedding g : [0,a] — X such that ¢g(0) = zy and
g(a) = x1. We say that g is a parameterized geodesic segment and that the image of g

is a geometric geodesic segment (or even by abuse of notation, a geodesic segment).

Definition 2.8. A metric space (X, d) is said to be a geodesic space if for all pairs
of points zp and z; in X there exists a geodesic segment g : [0, d(xg, ;)] — X with

endpoints zg and x;.

Definition 2.9. Let X be a metric space. For z,y,p € X the Gromov product (z|y),

is defined by

2(zly)p =z —pl + |y —p| — |z — ¥l (2.1)



Definition 2.10. Let 6 > 0. A metric space X is Gromov d-hyperbolic if

(z[2)p = min{(z[y)p, (y|2)p} — 0 (2.2)

for all x,y,z,p € X.

An equivalent definition of Gromov-hyperbolicity is the Rips condition in which
thin triangles are considered. In many papers the Rips condition is taken as the

definition of a Gromov hyperbolic space.

Definition 2.11. A geodesic triangle with vertices x,y, and z in X is the union
of three geodesic segments joining these points two by two. We say a triangle is
degenerate if x,y and z are not distinct or if one point lies on the geodesic segment

containing the other two.

The following are well-known definitions, see for example [GH].

Definition 2.12. Let § > 0. A geodesic metric space X is said to satisfy the Rips
condition for the constant § if for any geodesic triangle A in X the distance of any
point on a side of the triangle to the union of the other two sides is at most §. In

formulas :

for all A = [z,y] U [y, 2] U [z, 2]

and for all u € [y, z], one has d(u, [z,y] U [z, z]) < 0.

Definition 2.13. A metric space is said to be proper if any closed ball is compact.



Henceforth in this paper whenever we say tree we mean classical rooted trees
endowed with the natural tree metric. We also require that the trees be geodesically

complete.

Lemma 2.14. Every locally finite tree is a 0-hyperbolic, proper geodesic space.
Proof: Let T be a locally finite tree. Let z,y and z be three distinct points in the
tree T and let A = [z,y] U [z, 2] U [y, z]. If A is a degenerate triangle then figure 2.1

is a sketch of A.

x
Y
z
Figure 2.1: Case (i)
Observe that [z,z2] = [z,y] U [y,z]. Therefore if u € [z,z] then u € [z,y] or

u € [y, x]. In both these cases either d(u, [z, x] U [y,z]) = 0 or d(u, [z,y] U [y, z]) = 0.
If w € [x,y] or u € [y,z] then u € [z,z] and we have d(u,[z,y] U [y,z]) = 0 and
d(u, [z,2] U [y, z]) = 0 and hence Rips condition is satisfied.

Suppose that A is not degenerate. Let u be a point in A. If u € [y, 2], then
u € [x,y] or u € [z, 2] so that d(u, [x,y] U[z,z]) = 0. The proof of the other cases are

similar to the above and is proved by interchanging x,y and z. Figure 2.2 is a rough

8



sketch of this case.

The tree T' is proper since any closed ball will only contain finitely many vertices
and each vertex has finite degree, therefore each ball will be isometric to a finite union
of compact subsets of R, and hence compact. [Munk2] lemma 2.6 gives an alternate

proof for this statement.O

Figure 2.2: Case (ii)



CHAPTER III

QUASI-ISOMETRIES

In this section we will be looking at the category M whose objects are metric

spaces and whose morphisms are classes of quasi-isometries.

Definition 3.1. A category, C, consists of a collection of objects, ob(C) together with
morphisms between them. Specifically, if X and Y are objects of C there is a set of
morphisms from X to Y, denoted More(X,Y). Morphism may be composed: If Z is
another object of C, then for any f € More(Y,Z) and any g € More(X,Y) there is
a composite morphism f o g € More(X, Z). The composition rule has to satisfy two
properties. First, there’s an associativity law: if h € More(Z, W), then for f and g
as above, we have ho (f og) = (ho f) o g as elements of Morc(X,W). Second, each
object has an identity morphism. We write idx € More(X, X) for the identity of X.
The defining property of the identity morphisms is that g o idy = idy o g = ¢ for all

g€ More(X,Y).

Our aim in this section will be to introduce quasi-isometries on metric spaces,
define an equivalence relationship on them, and prove that the resulting equivalence

classes form the morphisms in the category M.

Definition 3.2. ([BH],1.8.14) Let (X,dx) and (X, dx,) be metric spaces. A map
F: Xy — X is said to be a (A, €)-quasi-isometric embedding if there exists A > 1 and
€ > 0 such that for any s,t in Xo;

10



% Ay, (5,1) — € < dx (F(s), F(£)) < Mo, (5,1) + €.

If in addition, there exists a constant C' > 0 such that every point of X lies in the
C' neighborhood of the image of F', F' is called a (), €)-quasi-isometry. In this case

X and X are said to be quasi-isometric.

Note that F need not be continuous.

Example 3.3. Let (T,w) be a tree in which every vertex has degree two. Let w be
the root of T'. In this case T has two ends, which we shall call f and g. In other
words, end(T,w) = {f, g} where f,g:[0,00) — (T,w) with f(0) =w and g(0) = w

are isometric embeddings. Note that Im(f) U Im(g) = (T, w).

Figure 3.1 is a rough sketch of this tree.

Figure 3.1: A rooted tree with two ends of distance 1

Define v : (T, w) — (T,w) by

f(2t), if x = f(t) for some t € [0, 00)

(z) = {g(2t), if z = g(t) for some ¢t € [0, 00) &y

Then ~ defined above is a quasi-isometry. To see this we need to show that
there exists real numbers A > 0 and ¢ > 0 such that for any x,y € T" we have

11



%d(:z:,y) —c < d(y(z),7(y)) < Ad(z,y) + ¢, and there exists a real number D > 0
such that for any z € T" we can find x € T such that d(z,v(z)) < D. To prove this
we consider the following cases:

Case 1) z,y € Imf. In this case there exists ¢1,ts such that x = f(t1),y = f(t2).
Therefore, y(x) = f(2t1), 7(y) = f(2t2). Thus, d(y(z),7(y)) = d(f(2t1), f(2t2)) =
|2t1 — 2to| = 2|t; — to] = 2d(x,y).

Case 2) x,y € Img. As in case 1) we see that d(v(x),v(y)) = 2d(z,y).

Case 3) x € Imf,y € Img. This means that there exist t1,ty such that z =
f(t1) and y = g¢(t2). In this case d(z,y) = d(z,w) + d(y,w) = d(f(t1), f(0)) +
d(g(t2),g(0)) = t1 + ta. We also have that vy(z) = f(2t;) and y(y) = g(2ts),
and d(y(z),7(y)) = d(f(2t1),9(2t2)) = d(f(t2), F(0)) + d(g(t2), 9(0)) = 2t1 + 2t =
2d(x,y).

By the above three cases and the fact that ~ is onto, we conclude that v is a

(2, 0)-quasi-isometry.

Example 3.4. Let (T,w) be a tree in which every vertex has degree two except the
vertex v, that has vertex degree three, and the root w, that has vertex degree one.
Furthermore, d(w,v) = 10. In this case (T,w) has two ends f,g : [0,00) — (T, w)

and t, = sup{t| f(t) = g(t)} = 10. Figure 3.2 gives a rough sketch of this tree.

12



Figure 3.2: A rooted tree with two ends of distance 10
Define v : (T, w) — (T,w) as follows:

(f(t—1), ife=f(t) andl <t <10
(t—1), ifx=g(t) and1 <t <10
)
)

B (t) and t > 10
) = glt+1), ifx=g(t) andt > 10 3.2
w, ifx=f(t) and 0 <t <1

L w, ifx=g(t) and0 <t <1

We claim that v is a (1,2)-quasi-isometry. The first thing to note is that v is
well defined. If x = f(¢;) for some ¢, € [0,00], and x = ¢(t2) for some t5 € [0, 00),
then by 2.5, t; =ty and for any ¢ < 1, f(t) = ¢g(t) and hence t; < 10 and therefore,
t; —1 < 10 and hence f(t; — 1) = g(t; — 1), which implies that v is well defined.
Let z,y € (T,w). Suppose that © = f(¢;) and y = f(t2), furthermore, suppose that
t; <10 and ¢ < 10. In this case y(x) = f(t1 — 1) and v(y) = f(t2 — 1) and hence,
d(v(z),v(y) =d(f(ts = 1), f(ta— 1)) = [t — 1 —t; + 1| = d(z,y). If z and y are as
above but t; > 10 and t5 > 10, then y(z) = f(t, +1) and v(y) = f(t2 + 1) and hence
d(y(x),v(y)) =d(f(ti +1), f(ta+ 1)) =|ta + 1 —t; — 1| = d(x,y). If v and y are as
above and t; < 10, but t5 > 10. Then y(z) = f(t1—1) and v(y) = f(t2+1) and hence,

13



d(y(x),y(y)) =d(f(ts = 1), f(ta+ 1)) = [ta — 1 — t; — 1| < d(x,y) + 2. In the above
if we replace f by g the same will hold, i.e. d(y(z),v(y)) = d(g(t1 — 1),g(ta + 1)) =
lto =1 —t; — 1] < d(z,y) + 2.

Now suppose that z = f(¢1), and y = g(t2) and ¢; > 10 and ¢, > 10. In this case
d(z,y) = |ta + t; — 20]. On the other hand d(y(x),v(y)) = d(f(t1 + 1), g(ta + 1)) =
[t + 1+t +1—20| >d(x,y) — 2.

Therefore v is a (1, 2)-quasi-isometry.O

In [GH] the definition of two metric spaces being quasi-isometric is stated as

follows:

Definition 3.5. The metric spaces (X, dx) and (Xy,dy,) are quasi-isometric if and
only if there exist maps f: Xo — X and g : X — X, and constants A > 0 and € > 0

such that the following hold:

i) dx(f(x), f(y)) < Mdx,(x,y) + € for any =,y € Xy
i) dx,(g(2"),9(y")) < Mdx(a',y") + ¢, for any o',y € X
i) dx,(9(f(x)),r) <, for any z € X

iv) dx(f(g(z"),2") <e, for any 2’ € X

The following lemma proves that definitions 3.2 and 3.5 are equivalent. We will
be using both definitions depending on which is more appropriate in the text and

hence the need for this lemma.

Lemma 3.6. Definitions 3.2 and 3.5 are equivalent.

Proof that 3.2 implies 3.5: Let f and g be as above. We need to show that there

14



exists constants A > 1 and € > 0 and a (), €)-quasi-isometry F' : Xy — X with the
properties stated in definition 3.5.

Define F(x) = f(z) for any x € X,. Then by the hypothesis,
dx(F(z),F(y)) < AMdx,(z,y) + ¢, for any z,y € Xo. Also F(x), F(y) € X, therefore
by (i), dx, (9(F(2)), 9(F))) < € and by (iv), dx(F(g(x")), F(g()) < ¢ , for any

2’y € X. By the triangle inequality in (Xo, dx,) :
dx, (2, y) < dx, (9(F (), ) + dx, (9(F(2)), 9(F(y))) + dx,(9(F(y)), )

By (il) dx, (9(F(2)), g(F())) < Mx(F(x), F(y)) + ¢, for any 2,y € X,.

Therefore,
dx, (2, y) < €+ Mdx(F(z), F(y) + e+ e

Hence,

1 3€

T xo(,y) — 5 < dx(F(x), F(y))

Let € = max {%,e} and let \' = max{\, 1}, then
dXo(xay)__ S dX(F(.T), F(?/)) S )\dXO(a:,y)—i-e S )\,dXo(xay>+€,

Hence, F is a (X, €' )-quasi-isometric embedding from X, to X.
Now we need to show that there exists C' > 0, such that dx(x,ImF) < C for
any r € X. Let 2 € X be given. Then g(x) € Xy, and F(g(z)) € Imf. By (iv)

d(z,F(g(x))) <e. Letting C = ¢ we obtain the desired result. O

15



Proof that 3.5 implies 3.2: Suppose that F' : Xy — X is a (A, €)-quasi-isometry, and
there exists ¢ > 0 such that for any = € X there exists xy € X, with d(z, F(xq)) < c.
We need to find maps f and g with properties (i)-(iv) above.

Let f(z) = F(z) for any x € Xy. Define g : X — Xy by g(x) = zo , where
dx,(F(xg),x) is minimum. Note that g(F(z)) = « for any z € X.

Let 2’y € X and g(2') = x; and g(y') = y;. Then
dx,(9(«"), 9(y))
= dx,(z1,1)
< My (F(z1), F(y1)) + Ae
< Mdx (¢, F(21)) + dx (F(y1),y') + dx (2, 4) + Ae
< A2c+dx(2',y)) + Xe
< MNdx(2',y') + ¢

This proves (ii). Item (i) follows from the definition of F. Item (iii) holds trivially
since g(f(z)) = x for all x € X,. Item (iv) holds since dx(z, ImF) < ¢ < € for any

re X. O

Definition 3.7. The map g defined above is called the quasi-inverse of f.

Lemma 3.8. The composition of any two quasi-isometries is a quasi-isometry.

Proof: Let f : Xg — X and g : X — X; be (\,€) and (XN, ¢€)- quasi-isometric
embeddings respectively. Then go f : Xy — X is a map from X, to X; and :

% dx(f(z), f(y)) — € < dx,(go f(x), g0 f(y)) < Ndx(f(z), f(y)) + €.

S dxlw9) — )~ ¢ <dx, (g0 f(2),90 F1)) < Ny (a,9) + ) + €.

16



() = (5 +€) < dx, (g0 F(2). 90 f(3) < XAdx, (2.9) + (Ve + ).

N
Since \' > 1,
1 1 €
mdxo(l‘,@/) - (Ne4¢€) < mdxo(%y) — (y +€) < dx(go f(x),g0 fly) <

N)dx, (z,y) + (Ne+¢€).

Therefore g o f is a (M)A, Ne + € )-quasi-isometric embedding from X, to X;. To
prove that it is a quasi-isometry, we need to show that there exists ¢ > 0 such that
every point of X; lies in the c-neighborhood of the image of g o f.

Since g is a quasi-isometry there exists ¢, > 0 such that for any z; € X ,
dx,(z1,Img) < ¢q. Let y € X;. Then there exists x € X such that dx, (v, g(z)) < ¢,.
Since f is a quasi-isometry there exists ¢; > 0 such that for any v € X , dx(x, Imf) <
cy. Therefore, there exists xy € Xy such that dx(f(zo),z) < ¢y. Thus,

dx, (g0 f(x0),y) < dx,(y,9(2)) + dx,(9(z), g 0 f(20)) < ¢+ Ndx(z, f(z0)) + € <
cg+Neg+ €.

N, ¢y, ¢; and € do not depend on the choice of y, hence g o f is a quasi-isometry. O

Definition 3.9. Let f,g : Xqg — X; be two quasi-isometries from the metric space
(X0, dp) to the metric space (X, d). We say that f is equivalent to g and write f ~ g,

if sup d(f(z), g(x)) is finite.

zeX

Lemma 3.10. The relationship defined in 3.9 is an equivalence relation.

Proof: The reflexive and symmetric properties of this relation are obvious. For the

transitivity property suppose that f ~ g and g ~ h, then supd((f(z),g(x)) < M,
zeX

and supd((g(z),h(x)) < My for some real numbers M; and M. Note that for
zeX

17



any x € X, d(f(x),h(x)) < d(f(x),9(x)) + d(g(z),h(x)) < supd((f(z),g(x)) +

supd((g(x),h(x)) < My + M,. Therefore f ~ h.O
zeX

Notation: Let QZ(Xy, X) denote the set of equivalence classes of quasi-isometries

from X, to X. We write QZ(X) for QZ(X, X)

Definition 3.11. The composition of equivalence classes of quasi-isometries is defined

as follows: let [f] € QZ(Xy, X) and [g] € QZ(X, X;), define [g] o [f] to be [g o f].

The following lemmas have been stated as exercises in [BH]. Proofs have been

given for the sake of completion.

Lemma 3.12. The composition of quasi-isometry classes is well-defined.

Proof: Let [f] € QI(Xo, X) and [g] € QI(X, X;), where (Xo, dp), (X,d) and (X;,d;)

are metric spaces. Let fi, fo € [f] and g1, 92 € [g]. We need to show that [g; o f1] =

(g2 © f2], which is equivalent to showing that Seu)? di((g10 f1)(x), (g2 0 f2)(x)) is finite.
z€Xo

Since f; and f, are in the same quasi-isometry class, there exists M; € R such that

di(fi(x), fa(x)) < My for any x € Xy. Using the triangle inequality in (X, d;) we

have

di(g1(f1(7)), g2(fa(2))) < di(g:(f1(2)), go(fi(2))) + di(g2(f1(2)), g2(f2()))

Since g; and g9 are in the same quasi-isometry class there exists M, € R such that
di(g1(x), g2(x)) < My for any = € X, hence dy(g1(f1(x)), g2(f1(x))) < M;. On the
other hand since ¢, is a quasi-isometry from X to X;, there exist A > 1 and € > 0

such that for any s,t in X,
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S(5,1) — € < da(ga(5), () < Ad(s, 1) e

and therefore, di(g2(f1(2)), g2(f2(z))) < Adx(fi(x), f2(z))) + €. Combing the above

facts we see that,

di(91(f1(x)), g2(fo(2))) < My + AM; + €

The constants My, My and € do not depend on the choice of x € Xy or fi, fo, 1

orgs, therefore g; o fi ~ goo fo. O

Lemma 3.13. The composition of maps induces a group structure on QZ(X) and

any quasi-isometry ¢ : Xg — X induces an isomorphism ¢, : QT (Xy) — QI (X).

Proof: We have already shown that the composition of quasi-isometries is well defined,
and that each object has an identity morphism. By definition 3.5 parts (iii) and
(iv) for any [f] € QZ(X) there exists [g] € QZ(X) such that [g] o [f] = [idx] and
[f] o [g9] = [idx]. Therefore QZ(X) is a group.

Let ¢ : Xog — X bea (), ¢)-quasi-isometry and let ¢! be its quasi-inverse. For any
[f] € QI(X,) define ¢.([f]) = [¢po fod']. Since ¢, f and ¢~ are quasi-isometries,
then ¢ o f o ¢ ' is a quasi-isometry and [po f o ¢~ '] € QZ(X) and the function is

well defined.

X ofog !
A T

X()" X() X
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We claim that ¢, is a homomorphism. To prove this we need to show that for
fr9 € QL(Xo), ¢u([fl0[g]) = &:([f]) 0 ¢u([g]). By the definition of ¢., ¢.([f] e
[9]) = [po fogo¢']. By definition 3.7 and the definition of quasi-isometry classes,
[pofogop ] =[pofoptogdogop '] By definition 3.11 and the definition of
s, [po fog T opogogT]=[pofodo[pogod™]=ou([f]) o bu(lg)).

To show that ¢, is an isomorphism it suffices to show that ¢, has an inverse. We
claim that (¢~ '), is the inverse of ¢,. This is easy to see since (¢,' o ¢.)([f]) =

6 0o foo og] = [f]. Similarly (6, 0 67")([f]) = [f] showing that ¢, is an

isomorphism.O

Definition 3.14. Let M denote the category of metric spaces and classes of quasi-
isometries. The objects of M are metric spaces and the morphisms are equivalence

classes of quasi-isometries.

Lemma 3.15. The category M defined above is a category.

We only need to verify that the quasi-isometry classes form morphisms. We need to
show that there is an associativity law, and each object has an identity morphism. The
associativity law follows from the associativity property of composition of functions.
Let X be an object in M, the identity morphism of QZ(X) is [id]. Note that,
lid] = {f : X — X|su}13(d(x,f(x) < oo}. It is clear that [id] o [g] = [g] for any

xe
lg] € QZ(X).0
Definition 3.16. A morphism f : A — B in a category is called an isomorphism if

there exists a morphism which is a left and right inverse for f.
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Theorem 3.17. M is a category in which every morphism is an isomorphism.

Proof: The proof follows directly from Lemma 3.8. O
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CHAPTER IV

THE END SPACE OF A TREE

In this section we will take a close look at perfect compact ultrametric spaces and
some of their properties. We will then go on to associate to every locally finite rooted
tree of minimal vertex degree three, the space of its ends and show that this space is

a perfect compact ultrametric space.

Definition 4.1. If (X, d) is a metric space and d(z,y) < max{d(zx, z),d(z,y)} for all

x,y,z € X, then d is an ultrametric and (X, d) is an ultrametric space.

The following proposition lists some well-known properties of ultrametric spaces

which have been quoted from [Hug](Proposition 4.2).

Proposition 4.2. (Elementary properties of ultrametric spaces). The following prop-
erties hold in any ultrametric space (X, d).

1- If two open balls in X intersect, then one contains the other.

2- If two closed balls intersect, then one contains the other.

3- (Egocentricity)Every point in an open ball is a center of the ball.

4- (Closed Egocentricity)Every point in a closed ball is a center of the ball.

5- Every open ball is closed, and every closed ball is open.

6- (ISB) Every triangle in X is isosceles with a short base

(i.e., if 21, z9, 3 € X, then there exists an i such that

d(z;,x) < d(x;,x;) = d(z;, ;) whenever j # i # k). O
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Definition 4.3. Let X be a metric space. The point x € X is an accumulation point
of X if there exists a sequence {y,}>>; such that, lim y, = = and y, # z for all

n € N. The set of all accumulation points of X is denoted by P’

Definition 4.4. Let P’ be the set of accumulation points of the topological space P.

If P = P’ then P is a perfect space.

Lemma 4.5. Let X be a metric space with metric d. Then x € X is an accumulation
point of X, if and only if, there exists a sequence of positive real numbers {e,}o°

converging to zero such that {y € X|d(y,z) = e,} is not empty.

Proof: Let x be an accumulation point of X. Then there exists a sequence {y,}°,
such that nllj& yn = x and y,, # x for any n € N. Let d(z,y,) = €,, then, nh_{& e, = 0.
The sequences {e,}o°; and {y, }o°, satisfy the lemma.

Conversely, let © € X and let {g;}32, be such that {y € X|d(y,z) = ¢;} is not
empty. Let V; = {y € X|d(z,y) = ¢;} for i € N. By the hypothesis Y; # (. Let
y; € Y;, then d(z,y;) = &; which converges to zero. This implies that x is a limit point
of X. O

The following is a well-known theorem about perfect compact ultrametric spaces.

A proof of this theorem can be found in [Ber].

Theorem 4.6. The set A C R is the set of positive distances of some perfect, compact
ultrametric space if and only if A can be enumerated as a countable decreasing sequence
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From here on we focus our attention to the end space of a rooted tree.

Definition 4.7. An isometric embedding g : [0,00) — T is called ray in the tree T

Notation: We will denote the set of rays in the rooted tree (T, w) starting at w by

end(T,w). In other words,

end(T,w) = {g:]0,00) — (T,w)| g(0) =w and g is aray in T }.

Definition 4.8. We denote the metric on end(T,w) by d,,, and define it as follows:

for f,g € end(T, w)

0, if f=g

o (4.1)
1/e*, if f # g and to = sup{t > 0|f(t) = g(t) }

dw(fvg) = {

This definition is adapted from [Hug](Def 5.1). We use the notation (f|g), to
denote sup{t > 0|f(t) = g(t)}; the notation (f|g) will be used when the root w is

clear from the context.

Remarks 4.9. Let (T, w) be a rooted tree and (end(T,w),d,,) its end space. Then,

{(du(f,0)11. 9 € (end(T, w),du)} € (510

Example 4.10. Let (T, w) be a rooted tree in which every vertex has degree two.
(T, w) has two ends which we will denote by f and g. In other words end(T,w) =
{f,g}. Observe that t, = sup{t > 0|f(t) = g(t)} = 0 and hence d,(f,g9) = 1. The

figure below shows this tree.
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Example 4.11. Let (7, w) be the tree in figure 4.1.

Figure 4.1: A rooted tree with three ends

1 1 1
Then end(T,w) = {f, g, h}, and du(f,g) = o2 dw(f, ) = ;,and dw(g,h) = py

The fact that d,(f,h) = dy(f,g) is not a coincidence as proposition 4.12 will

show.

Proposition 4.12. The space (end(T,w),d,,) is an ultrametric space of diameter < 1

which is totally bounded and complete (and therefore compact).

Proof : A proof that the space is a complete ultrametric space of diameter < 1 can be
found in [Hug](Proposition 5.2). We will prove that it is totally bounded. To show
that it is totally bounded, we need to show that for any given § > 0, there is a finite

covering of end(T,w) by § balls.
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Note that since (T, w) is a locally finite tree, then for any point w € T' and any
number n > 0, there are only finitely many vertices in B(w,n).

Let 0 > 0 be given. If § > 1, B(f,d) will cover end(T,w) for any f € end(T,w),
and the proposition is proved. Let 0 < 6 < 1 and let n = [| — Ind|] + 1, where [|z]] is
the greatest integer part of z. Let k be the number of points in B(w,n+ 1) such that
the distance between these points and w is equal to n and let {x1, x5, ..., 2} be this
set of points. Let f; : [0,00) — T be an isometric embedding such that f;(0) = w
and fi(n) = z;. We claim that OB(fi,(S) covers end(T,w). let f € end(T,w),
then Imf([0,n]) € B(w,n + 1). flzlé an isometric embedding, thus |w — f(n)| = n.
Therefore, there exists a unique i between 1 and k such that f;(0) = f(0) and fi(n) =
f(n). By lemma 2.5, filjo.n] = flon- Hence, (filf)w > n, therefore d,,(f;, f) < e ™" <

Lemma 4.13. Let (T, w) be a locally finite rooted tree of minimal vertex degree three.

Let (end(T,w),d,,) be its end space. Then for any f € (end(T,w),d,) we have

{dw(f,9)lg € (end(T,w),dy,)} = {l}

€" ) n=o
Proof: Let f € (end(T,w),d,) and let n € NU {0}. We need to show that there
exists g € (end(T,w),d,,) such that for any 0 <t <mn, f(t) = g(t) and if ¢ > n, then
f(t) # g(t). Let n € NU {0} be given, and let x = f(n). Let y € (T, w) such that
dr(z,y) = 1 and y ¢Im(f). Such a y can be found because the minimal vertex degree
of (T, w) is three. Since (7, w) has the natural tree metric we can find an isometry

g1 [n,n+1] — (T,w), such that g(n) =z and g(n+ 1) = y. Let
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g(t):{f(t), if0<t<n (42)

qt), fn<t<n+l1

We have that g;(n) = f(n), therefore g is well defined and by the pasting lemma it
is continuous. To see that it is an isometry, let ¢1,t5 € [0,n+1]. If ¢1,15 € [0,n], then
dw(g(t1),g(t2)) = du(f(t1), f(t2)) = |ta — t1], and similarly if ¢1, ¢y € [n,n + 1], then
dw(G(t1),g(t2)) = dw(g1(t1),91(t2)) = |ta — t1]| because both f and g are isometries.
If t; < nand tp > n, then dy(§(t),g(t2)) = du(f(t2), f(n)) + duw(g1(n), g1(t2)) =
(n—1t) + (ta —n) = ta —t; = |t — t1|. Hence § is an isometry. Using the fact
that (7, w) is a geodesically complete rooted tree we can extend § to an isometric

1
embedding ¢ : [0,00) — (T, w). Therefore, g € (end(T,w),d,) and d,(f,g9) = —. O
en

Proposition 4.14. Let (T,w) be a rooted tree with root w, and let (end(T,w),d,,) be
the end space of (T, w). If the minimal vertex degree of the rooted tree (T, w) is three,

then (end(T,w),dy,) is a perfect compact ultrametric space of diameter one .

Proof: Let f € (end(T,w),d,). By lemma 4.13, the set
{9 € (end(T,w),dy)|dw(f,g9) = ei”} is non-empty for every n € N U {0}. Hence
by lemma 4.5, f is an accumulation point of (end(T,w),d,). The choice of f was
arbitrary. Therefore, every point of (end(T,w),d,) is an accumulation point, hence
(end(T,w),d,) is a perfect metric space.

By the above and lemma 4.12 we conclude that (end(T,w),d,,) is a perfect com-
pact ultrametric space.

By lemma 4.13 there exists g € (end(T,w),d,,) such that d,(f,g) = 1, therefore

the diameter of end(T,w) is equal to one. O
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Lemma 4.15. Let ¢ : (U,dy) — (V,dy) be a homeomorphism from the perfect com-
pact ultrametric space (U,dy) to the perfect compact ultrametric space (V,dy). Let
{ap}zozo be the set of distances in U. Furthermore, suppose that for ¢ > p we have
ag < ap. Then for any p > 0 there exists § > 0 such that for any x,2’ € U with

dy(z,2") < 0 we have:

{dv(6(z),0(y))] dv(z,y) = ap,y € Ut = {dv(d(z'), 6(y)| du(z’,y) = oy, y € U}.

Proof: Let 6; = aj,41. By the hypothesis, ¢ is a homeomorphism from the perfect
compact ultrametric space (U, dy) to the perfect compact ultrametric space (V,dy ),
and hence ¢ and ¢! are both uniformly continuous. By the uniform continuity
of ¢!, there exists ¢ > 0 such that for any z,y € U if d,(¢(x),é(y)) < e, then,
dy(x,y) < 6;. Similarly, by the uniform continuity of ¢, there exists d, > 0 such that
if dy(z,y) < 09, then, dy(¢(x), p(y)) < e.

Let p > 0 be given and let dy(x,y) = «,. Then dy(z,y) > d; and hence,
d(é(x), ¢(y)) > €. Let § = min{dy,d2}. Let 2’ € U be such that dy(z,2’) < d. Then
dy(o(x),¢(z") < e. In (U,dy) every triangle is isosceles with a short base because
it is an ultra-metric space. Hence in the triangle with vertices x, 2’ and y we must
have dy(2,y) = dy(z,y), and therefore dy(z',y) = a,. Thus, dy(é(x'), d(y)) > e
Similarly, in the ultra-metric space (V, dy) the triangle with vertices ¢(z), ¢(z") and

o(y) is isosceles with a short base and thus dy (¢(z), ¢(y)) = dv(p(2), ¢(y)). O

The above lemma does not hold in general metric spaces.

Example 4.16. Let X = [0,1], Y = [1,4]. Define f:[0,1] — [1,4] by x + (x + 1)*.
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Then f is a homeomorphism from the compact metric space [0,1] to the compact
1 1
metric space [1,4]. Let x = 5 and let p = 1 We will show that for any given 6 > 0

we can find &' such that d(z,x") < & but

{dy (f(@), f(y)] dx(z,y) = p,y € X} # {dy(f(2'), f(y))] dx(z',y) = p,y € X},

In order for y € X

| S

1 9
Proof: For any given ¢ take 2’ = 5t5 In this case dx (z,2') =

1 1
and dx (z,y) = 7 e must have y = 10TV = Z Therefore {dy (f(z), f(y)| dx(z,y) =

9 7 1 3 9 1 0

p,yEX}:{l—G,l—G}. To have dx(2',y) = 7 e must have y = 1—1—5 ory= é_l+§
5 0 3 0

in which case {dy (f(2'), f(y))| dx(z',y) =p,y € X} = {E toet Z_l} These two

sets are not equal for any value of §.

Lemma 4.17. Let the hypothesis of lemma 4.15 hold. Let oy > «, and let § be
the value obtained in lemma 4.15 associated to p. Suppose that for x,z' € U with

dy(z,2") < & then,

{dv(é(z),0(y))] du(z,y) = agy € U} = {dv(¢(z'), (y)| du(2,y) = ag,y € U}.

Proof: The proof is analogous to the proof of lemma 4.15 with «, substituted for

ap.D
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CHAPTER V

QUASI-RAYS IN PROPER METRIC SPACES

Definition 5.1. Let (X, d) be a metric space. Let Y and Z be subsets of X, and H
a positive real number. The H-neighborhood of Y in X is denoted by Vg (Y) and is
the set {x € X|d(z,Y) < H}. The Hausdorff distance between Y and Z is denoted
by H(Y,Z), and is defined as inf{H > 0|Y C Vg(Z) and Z C Vy(Y)} if this is a
real number and infinity otherwise. Let A and B be two sets and f : A — X and
g : B — X be two maps, note that they do not need to be continuous. The Hausdorft
distance between f and g is denoted by H(f,g) and is defined to be the Hausdorff

distance between the images f(A) and g(B).

Remarks 5.2. The Hausdorff distance between the images of maps on a metric space
X forms an equivalence relation on the set of maps with images in X.

1) For any map f: A — X where X is a metric space H(f, f) < oo.

2) Let X be a metric space and A and B be sets. Let f: A— X andg: B — X
be maps into X. If H(f, g) < oo, then H(g, f) < oo.

3) Let X be a metric space and A, B and C' be sets. Let f: A— X, g: B— X
and h : C'— X be maps into X. If H(f, g) < oo, and H(g, h) < oo, then H(f, h) < oc.
Proof: Let Hy = H(f,g) and Hy = H(g,h). Then f(A) C Vy,(g(B)) and ¢g(B) C

Vi, (f(A)). Similarly g(B) C Vg, (h(C)) and h(C) C Vy,(g(B)). Therefore,
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WC) € Vi, Vi, (f(A)) € Vi o, (f(A)) and f(A) € Vi, Vi, (M(C))) € Vi 411, (R(C)).-

Hence, H(f,h) < co. O

Lemma 5.3. Let T be a locally finite tree, and f and f' two rays in T with the same

initial point. H(f, f') < oo if and only if f = f'.

Proof: Recall that a ray in the tree T is defined to be an isometric embedding
g :[0,00) = T. Let to = sup{t|f(t) = f'(t);t € [0,00)}. Suppose that t, = oo.
This means that f(t) = f/(¢) for all ¢t € [0,00), hence f = f'. If ¢, is finite, then
for any ¢ > to we have f(t) # f'(t). In this case d(f(t), Im(f")) = d(f(t), f'(to)).
Note that, f'(to) = f(to) therefore, d(f(t), Im(f")) = d(f(t), f(to)). Let t — oo ,then

d(f(t), f'(ty)) — oo. This implies that H(f, f') = co. O

Definition 5.4. A (A, ¢)-quasi-segment in X is a map g : [ — X, where [ is a
bounded interval in R or in N, with the property that there exists A > 1 and ¢ > 0

such that for any s,t € I:

1
X|S —t]—c<d(g(s),g(t)) < As—t|+c

Looking closely at the definition above we see that a quasi-segment is a distorted
geodesic segment. The next theorem shows that every quasi-segment is in fact “close”

to a geodesic segment.

Theorem 5.5. (/GH], Theorem 5.11) Let X be a d-hyperbolic geodesic space, I =
la,b] an interval in R or in N, and f : I — X a (X, c)-quasi-segment, with A > 1

and ¢ > 0. Let J be an interval in R of length |f(a) — f(b)|, and let g : J — X be a
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geodesic segment starting at f(a) and terminating at f(b). Then H(f,g) < H, where

H is a constant that depends only on \,c and 0.
The complete proof of this theorem can be found in [GH].

Definition 5.6. A (), ¢)-quasi-rayin X isamap g : [ — X, where [ is an unbounded
interval in [0, 00) or in N, with the property that there exists A > 1 and ¢ > 0 such

that for any s,z in I or in N:

1
Sl =t = ¢ < d(g(s),9(8)) < Als — tle.

Lemma 5.7. ([GH], Lemma 6.5(ii)) Let T be a locally finite tree. Let f : [0,00) — T
be a quasi-ray. Then there ezists a unique ray fo : [0,00) — T such that fy(0) = f(0)

and the Hausdorff distance between f and fq is finite.

Proof: The existence follows from [GH], Theorem 5.25. Uniqueness follows from

lemma 5.3. O

Theorem 5.8. Let (T, w) and (S, v) be locally finite rooted trees. If v : (T,w) — (S,v)
is an isometry such that y(w) = v, then 7 : (end(T,w),d,) — (end(S,v),d,) defined

by Y(f)(t) = (v o f)(t) is also an isometry.

Proof: Since any isometry is a homeomorphism, ~ is continuous and has a continuous
inverse 7~ '. Define 4(f) = g where g(t) = (yo f)(t) for any f € end(T,w). We
note that 4 is well defined and ¢(0) = (yo f)(0) = y(w) = v. The composition
of two isometries is an isometry therefore g € end(S,v). Let 4(f) = A(f’), then
(yo f)(t) = (yo f)(t) for any t € [0,00). Since 7y is one to one, this implies that
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f(t) = f'(t) for any t € [0,00). Therefore f = f', so 4 is one to one. For any
g € end(S,v), ¥(v o g)(t) = (yoy T og)(t) = g(t) for any ¢ € [0,00), thus 4

—to

is onto. To see that 4 is an isometry, note that d,(3(f),5(f') = e ™ where t, =

sup{t > 0|3(f)(t) = A(f")(t)}. Since 4 is one to one, to = {t > 0|f(t) = f'(¢)}.

Hence d,(Y(f),5(f")) = dw(f, f'). Therefore ¥ is an isometry. O

Theorem 5.8 and the similarities between quasi-isometries and isometries leads us
to conjecture that a quasi-isometry between locally finite trees may induce some type
of map from the space of ends of these trees to each other. Bridson and Haefliger;
[BH]; show that the induced map is a homeomorphism. Ghys and de la Harpe; [GH];
show that if the trees have minimal vertex degree three, then the induced map is a

bi-Holder quasi-conformal homeomorphism. The definitions and proofs follow.

Definition 5.9. Let (X, dx) and (Y, dy) be metric spaces and h : X — Y a home-
omorphism. We say h is an (a, ¢)-bi-Holder homeomorphism if there exist constants

a > 0 and ¢ > 0 such that for any =,y € X

%dx(x’y)olc < dy(h(l'), h(y)) < CdX(xay)a'

Definition 5.10. Let X and Y be metric spaces with metrics dx and dy, respectively.
Let # € X be an accumulation point of X. Let {¢;}32, be a sequence of positive real
numbers tending to zero such that {y € X|d(y,z) = ¢;} is not empty. Such a
sequence can be found by lemma 4.5. Let ¢ : X — Y be a homeomorphism. Let

A; ={dy(o(x),o(y))|d(z,y) = ¢;} for j =1,2,.... We say that ¢ has finite dilation

33



A

su
at the point z, if H%¥ (z) = lim su

is finite for any sequence {e;}32, with the

above properties .

Definition 5.11. Let (X,dy) be a perfect metric space. Let (Y,dy) be a metric
space and ¢ : (X,dyxy) — (Y,dy) be a homeomorphism between these two metric
spaces. Let H;X (x) be defined as in definition 5.10.

(1) If Hg(x) =1 for all x € X, ¢ is said to be conformal.

(2) If sup Hg(x) < 00, ¢ is said to be quasi-conformal.

rzeX
3) If there exists a constant K such that sup H%(z) < K, ¢ is said to be K -quasi-
¢
zeX
conformal.

Definition 5.12. Let (7, w) be a locally finite rooted tree. The set

Srp ={f" € end(T, w)|(f1/")w = P}

is defined to be the closed sphere of radius p and center f. In other words, Sy, is the

set of all rays such that for all ¢ < p we have f(t) = f'(¢).

Theorem 5.13. Let (T,w) and (S,v) be locally finite trees of vertex degree greater
than or equal to three. Let v : (T,w) — (S,v) be a (A c)- quasi-isometry such that
v(w) =wv. Then, ¥ : (end(T,w),d,) — (end(S,v),d,) is a quasi-conformal bi-Holder
homeomorphism where 7 is defined as follows:

For any f € (end(T,w),d,) define ¥(f) = (yo f)o where (yo f)o € (end((S,v),d,)

and H (yo f,(yo f)o) < oc.
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The proof that 4 is a homeomorphism is left as an exercise in [BH]. [GH] state
that 4 is a quasi-conformal bi-Hoélder homeomorphism, but only prove that it is quasi-
conformal. I found that the proof of 4 being quasi-conformal was not clear. The proof
given here is not the same as those in [BH] or in [GH]. A complete proof of the theorem

follows.

We will prove the theorem in the following steps:
1. Establish that 4 is well-defined.
2. Show that 4 is onto.
3. Show that % is one-to-one.
4. Show that 4 is bi-Holder and continuous, and hence with items 2 and 3 above,
deduce that 4 is a Holder homeomorphism.

5. Show that 4 is quasi-conformal.

Proof:
1. 4 is well defined.
Proof: 4 being well defined follows from lemma 5.3.

2. 4 is onto
Proof: To prove that 4 is onto, we need to show that for any g € end(S,v) there exists
f € end(T,w) such that 4(f) = g. We claim that f =4 ' o g satisfies this condition,
where 471 : end(S,v) — end(T,w) is the map induced by 7! the quasi-inverse of .
By lemma 5.4 it suffices to show that H((f),g) < oco. That is, to show that there
exists a constant H, such that for any ¢ € [0, 00) there exists ', t" € [0, 00) with the

property that (i) ds(5(f)(t), g(t')) < H and (ii) ds(g(¢),5(f)(t")) < H. We note that
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“10g)o)o. Let t € [0,00) be a given base point. By the

S0 = 33 o) = (vo (3
definition of 4 there exists t; € [0, 00) such that
ds((yo(v 1t og)o)o(t), vo(y tog)o(t1)) < Hy, where Hj is a constant that only depends
on A and c. Let ty € [0, 00) be such that dp((y ™ o g)o(t1), (v ' 0 g)(t2)) < Hy. Since
v is a (A, ¢)-quasi-isometry :
;dT((v1(9))0(751)(71(9))@2)) —c < ds(v(v(9))o(tr), 7 (7 (9)) (£2))
< Mr((vH(9)o(tr), (v (9)(t2) +c.

Therefore ds((y o (7' 0 g)o)o(t), (y o vt 0 g)(tz)) < Hy + AHy + c¢. By lemma
3.2(iii) dg(y o v~ ' o g(ta),g(tz)) < ¢ for some constant c, which depends only on

A and ¢. Hence dg((yo (7" 09)o)o(t), g(t2)) < Hy + AHy + ¢+ ¢;. This proves (i).

The proof of (ii) is similar.

3. 4 is one-to-one.
Proof: Let f,g € (end(T,w),d,) be such that ¥(f) = 4(g). By the definition of %
we conclude that H((f), (v o f)o) < oo and H(%(g), (70 g)o) < oo, hence H((y o
o), (v 0g)o) < oo. By lemma 5.3 we must have (yo f)g = (70 ¢g)o. By remark 5.2,
H((yo f),(yog) < co. Let t € [0,00) be arbitrary. Then, there exists t' € [0, 00)
such that dg((y o f)(t),(y o g)(t')) < H for some constant H. Since v is a (), ¢)-

quasi-isometry, we have

Sr((0),9(0)) — ¢ < ds((70 P)(O), (ro )() < H

This implies that Im(f) C Vagier(Im (g)). By the same argument we see that
Im(g) CVamten(Im(f))and hence f and g are a finite Hausdorff distance apart and
thus by lemma 5.3, 4 is one-to-one.
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4. Show that ¥ is bi-Holder and continuous
Proof: Let f € (end(T,w),d,) and let x € Im(f). Therefore, there exists ty € [0, 00)
such that f(ty) = z. Let p = d,,(w, x). Let Sy, be the closed sphere of radius p and
center w, i.e. Sy, = {f € end(T,w)|(f|f")w = p}. Let 2’ be the projection of ~(z)
on 4(f), in other words, the point on 4(f) which is the closest to y(x). Note that
such a point exists because (S, v) is a tree. Let p’ = dg(v,2'). Let f' € Sy, be a base

point and zj be the unique point on 4(f’) such that (5(f)|3(f"))s = ds(v, ).

Only one of the following two cases can occur.
Case 1 v — 2| < |v — (v/)(to)
Case 2: v — x| > [v — (7f)(to)]
Using the fact that v is a (), ¢)-quasi-isometry we obtain the following inequalities:

Case 1: |v — a3 < v — (7.f) ()] = [(7./)(0) = (/) (to)| < Mo+ = A

—~

) +e.

Case 2 Jo — 23] v = (1) (t0)] = [1)(O) = ()] = st — e = £ (f1F) — e

| =

1
Hence from the two cases above we have that X(ﬂf/) —c<|v=zy] < A(f|f) +e
Recall that [v — 23] = (4(f)[A(f")). Substituting in the above and multiplying the

inequality by -1 and taking exponentials of the inequality we obtain:

e AIf)=e < o=GNIAU) < ex(FIFFe Lot ¢ = k and recall that e~ (DU — do(f, f)

and e~ GO = q (A(f),4(f"). Substituting we get

FdulF, ) < B < W, 1)

Therefore, 4 is bi-Hélder and continuous with a continuous inverse. This fact in
1
conjunction with 2 and 3 lets us deduce that 4 is a (X, k:)— bi-Holder homeomor-
phism.
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5. 4 is quasi-conformal

Before proving this point we need the following lemma.

Lemma 5.14. Let f, f', x, to, ¥}, and 7 be as in 4 above. Then there exists a constant

k, which only depends on vy, such that ds(y(x),x}) < k.

Proof : There are two cases to consider.

Case 1)dg(v,2") > dg(v, x})

We have v(z) = (y o f)(to) = (v 0 f')(to), and therefore by the construction of 4(f),
ds(y(x),2z")) < H. On the other hand, (S, v) is a tree therefore the projection of (z)
on 4(f) is x}, and again by the construction of 4(f’) we must have dg(v(z),z}) < H.
Thus, in this case, any k > H satisfies the conclusion of the lemma. The figure 5.1 is

a rough sketch of this case.

Figure 5.1: dg(v,2") > dg(v,z})

Case 2) dg(v,2") < dg(v,x,) To prove this case we use lemma I11.1.11 of [BH] called

“Taming Quasi-Geodesics”.
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Lemma 5.15. Let X be a geodesic space. Given any (A, ¢)-quasi-segment g : [a, b] —
X, there exists a continuous (), ¢')- quasi-segment ¢ : [a,b] — X such that:

g(a) = g'(a) and g(b) = g'(b)

d=2(A+c¢)

H(g,d') <A +ec

O

The construction of ¢’ is such that ¢'(t) = g(t) for all integer values of ¢.

Let (yo f)" : [0,00) — (S,v) be the continuous (), ¢)-quasi-segment obtained from
the “Taming quasi-geodesics” lemma related to vy o f.

Since (yo f) :[0,t0] — (S,v) is continuous. Then we can find ¢y, ts,t5 € [0, to] such
that 0 < t; <ty <tz <tpand (yo f)(t;) = (yo f)(t3) = 2" and (yo f)(t2) = .
Note that (y o f)" and v o f agree on all integer values of ¢ € [0,to]. Figure 5.2

represents the above.

(@) = (v o f)(to)
[

a’ = (yo f)(t1) = (yo f)(t3)

xy, = (v 0 f)(t2)

Figure 5.2: dg(v,2") < dg(v, z)

v o fis a (), ¢)-quasi-segment, therefore
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%dw(f@l)a f(t3)) —c <du((v o f)(ta), (v 0 f)(ts)) < Adw(f(t1), f(ts)) + ¢

Since d,((y o f)(t1), (v o f))(t3) = 0, we conclude form the above equation that
dw(f(t1), f(t3)) < Ac. On the other hand, f € end(T,w) therefore, d,,(f(t1), f(t3)) =
|t1 —t3|. From the above conditions on t1,ts and t3 we have |t; — to| < |t; — t3], hence
[t — t2] < Ac. By the triangle inequality for d, we have d,(v(z),z}) < dy(v(z),2') +
dy(2', ) < H+dy((vo f)(t2), (vof)(t1)) < H4+Ac+c. In this case any k > H+Mc+c
satisfies the conclusion of the lemma.

By taking k to be the maximum of the k values found in case 1 and 2, the lemma

is proved. O

We now go on to show that 4 is quasi-conformal. We have two cases: (1) z;
lies on the geodesic segment between v and x’ or (2) 2’ lies on the geodesic segment
between zj and v. In the first case d, (v, x}) = d,(v,2’) — d, (2, x}), and in the second
case we have d,(v,x;) = d,(v,2') + d,(2',x}). We note that d,(y(z),z') < H and
dy(y(x),z;) < H. By the triangle inequality in the tree S, d (', 2;) < 2H. Recall
that ' = dy(u,25) = G Therefore f — 20 < GRS )0 < #' + 28,
This implies that e 2 < d,(9(f),4(f")) < e and thus HI(f) < e, and H

is independent of f. Therefore 4 is quasi-conformal. O

The proof of theorem 5.13 is now complete.

The following lemmas will be used in the proofs of theorems in future chapters.

Lemma 5.16. : Let 7,8 : (T,w) — (S,v) be (\,¢) and (N, )-quasi-isometries
respectively which are in the same quasi-isometry class (recall definition 3.9) and
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~

v(w) = B(w). Then y = 0.

Proof: We need to show that for any f € (end(T,w),d,) we have 4(f) = B(f),
which by lemma 5.4 is equivalent to showing that H((y o f)o, (5o f)o) is finite. Let
t € [0,00), then since the Hausdorff distance between v o f and (y o f)g is finite,
there exists ¢ € [0,00) such that dg((y o f)o(t), (v o f)(#')) < H, where H is a
number that only depends on A and ¢. Similarly, there exists ¢ € [0, 00) such that
ds((Bo fo(t),(Bo f)(t")) < Hy, where Hy is a constant that only depends on A" and
¢. By the triangle inequality in S, ds((y o f)o(t), (B o f)o(t)) < Hy + Hy, for any

~

t €[0,00). Hence ¥ = 4. O

Lemma 5.17. Let ¢ : (U, dy) — (V,dy) be an («,k)-bi-Holder homeomorphism
between metric spaces of diameter less than or equal to one with at least one accumu-

lation point. Then, 0 < a < 1.

Proof: If ¢ is an (o, k)-bi-Hélder homeomorphism we must have:

Q=

%{dU@, )} < dv(é(z), 6(y)) < k{dy(x,9)}°

for all x,y € U. Hence dU(a;,y)é_o‘ < k% Taking natural logs of both sides of

1
the inequality we have (— — «a)In(dy(z,y)) < 2Ink. Since dy(x,y) < 1 we have
a

In(dy(z,y)) < 0 for all z,y € U. Let z be an accumulation point of U, then there

exists a sequence {y,}-2; such that lim dy(z,y,) = 0. Hence,

_ 1 2Ink
lim Indy(z,y,) = —oo. Suppose that o > 1, then — —a < 0. Let L < 5
n—00 o R

(67

1
Therefore we can find N > 0 such that Indy(z,yny) < L. This implies that (— —
a

a)In(dy(z,y)) > 2Ink, which is a contradiction. Hence, 0 < o < 1. O
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CHAPTER VI

THE FUNCTOR &

In this section the categories 7 and U and a functor £ from 7 to U are defined.

It is also shown that the functor £ is faithful.

Definition 6.1. Let 7 denote the category whose objects are locally finite rooted
trees of minimal vertex degree three and morphisms are equivalence classes of quasi-

isometries between objects in 7 that map roots to roots.

Lemma 6.2. 7 is a category.

Proof: Let (T, w), (S,v) and (R, z) be objects in 7. Let [5] and [y] be morphisms
in 7. Let 8 € [3] and 7y € [y] be representatives of these quasi-isometry classes such
that v : (T,w) — (S,v) and 3 : (S,v) — (R,x). Then §o~y(w) = B(v) = z. The
associativity property of morphisms and the existence of an identity morphism follow

from lemma 3.15. Hence, 7 is a category.O

Theorem 6.3. Let (U,dy), (V,dy) and (W, dw) be perfect compact ultrametric spaces.
Let f : (U,dy) — (V,dy) and g : (V,dy) — (W,dw) be (a, k)- and (3,1)-bi-Hélder
homeomorphisms, respectively. Then go f : (U,dy) — (W, dw) is a (B, kl)-bi-Hélder

homeomorphism.

Proof: Let z,y € U, since f is an (a, k)-bi-H6lder homeomorphism we have :
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%{dU(x,y)}i < dv(f(2), f(y)) < k{du(z,y)}"

Since f(z), f(y) € (V,dy) and g is a (5, )-quasi-conformal bi-H6lder homeomor-

phism, we have :

HA @), TN F < dw (o), 0 W) < Hay (), F0)}

Combining these two inequalities we obtain :

Q‘H

(e, )} < d (9 (), 9 () < K ()}

The above combined with the fact that the composition of two homeomorphisms

is a homeomorphism enables us to deduce that go f is a bi-Holder homeomorphism.O

Definition 6.4. Let U denote the category whose objects are perfect compact ultra-

metric spaces and whose morphisms are bi-Holder homeomorphisms.

Lemma 6.5. U is a category.

Proof: For any object (U,dy) in U the identity morphism is the identity map
id : (U,dy) — (U,dy) defined by id(x) = x for any x € U. Lemma 6.3 shows
that the composition of two morphisms is a morphism. The associativity property of
morphisms follows from the associativity property of maps. All the condition stated

in definition 3.1 are satisfied, hence U is a category. O

Definition 6.6. Define £ : 7 — U in the following manner:
E((T,w)) = (end(T,w),d,), i.e., € takes any rooted tree to the space of its ends, and
E([y]) = 4 where ¥ is defined as in theorem 5.13. In other words, £ takes any class
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of quasi-isometries to the quasi-conformal bi-Hélder homeomorphism induced by any

representative of that class.

Theorem 6.7. £ is a well defined.

Proof: In section 3 we saw how we could associate to every locally finite rooted tree
the space of its ends. In Proposition 4.14 we observed that for any rooted tree which is
locally finite and has minimal vertex degree three (end(T,w), d,,) is a perfect compact
ultrametric space. The fact that the image of any morphism in 7 is a morphism in

U follows from theorem 5.13 and lemma 5.16.0

Definition 6.8. A functoris a map between categories that maps objects to objects,

and morphisms to morphisms.
Theorem 6.9. £ is a functor.

Proof: In Chapter V we saw how we could associate to every locally finite rooted tree
the space of its ends. In Propositions 4.12 and 4.14 we observed that for any rooted
tree which is locally finite and has minimal vertex degree three (end(T,w),d,,) is a
perfect compact ultrametric space.

The fact that £([y]) is a morphism in U follows from theorem 5.13 and lemma
5.16.

Lets check the functorial properties. In other words, show that:
1) For any object (T, w) in the category & if [id](r. is the quasi-isometry class of the

identity on (T',w), then E([id(r,]) is the identity map on E((T,w)).
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2) E([y] o [8]) = E([7]) 0 £([B]) for any morphisms [y] and [3] in the category 7 when
the compositions can be defined.

Proof:

1) Let (T,w) be an object in 7. Let id(p.) : (T,w) — (T, w) be the identity map
from (T, w) to itself. Then, id(p . € [id(14)] and can be taken as a representative of
this class. Recall that £([id(7,.)]) : (end(T,w),d,) — (end(T,w),d,) is defined by
E([id(rw)))(f) = (id(rw) © f)o, where (id(r.,) © f)o and (f)y are defined as in theorem
5.13, but (id(rw) o f)o = (f)o = f. By lemma 5.16, £([id(1,4)]) is independent of the

representative taken in [id ()] and hence E([id(7,.]) is the identity map on £((T, w)).

2) Let (T,w), (S,v) and (R,x) be objects in 7 and let v : (T,w) — (S,v) and
B:(S,v) — (R,z) be (A, ¢) and (N, ') quasi-isometries between them. Denote E([7])
by 4 and £([4]) by 8. Then, 4 : (end(T,w),d,) — (end(S,v),d,) and
3 : (end(S,v),d,) — (end(R,z),d,). Recall that for any f € (end(T,w),d,) we
define 4(f) = (0 f)o where (70 f)o € (end(S,v),d,) and H((7 o flo,7 o ) < o0.
We need to show that E([5] o [y]) = E([B]) o £([7]), but this is equivalent to showing
that E([Bov]) = E([B]) o £([7]) by definition 3.11. Thus it suffices to show that for
any f € (end(T, w), dw) we have H((F oo fo, (B0 (70 fo)o) < oo.

First we show that (5o (yo f)o)([0,00)) € Vyarse (8o o £)([0,00)), where M
is the Hausdorff distance between yo f and (yo f)o. Let t € [0,00), then there exists
t" € [0, 00) such that d,((yo f)o(t), (yof)(t')) < M. Since §is a (N, ¢’)-quasi-isometry,

we have
1

v Do o), (vo /){E) = < du((Bo(yo flo)t) (Fove f)(E)
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and
dz((B o (yo flo)(t), (Boyoe [)(t) < Ndu(yo flo(t), (ve [)(E)) + .

Therefore %M Ce < d((Bo(vo flo)t), (Boyo fIE)) < NM + ¢, and hence
(Bo(y0£)0)([0,00)) € Vyarre((Bovyo f)(]0,00)). Similarly, following the same steps
as above, (6o (0 £))([0,00)) € Vanrie((Bo7y 0 f)o)([0,00)). Hence

H(Bo(yof), Bo(yof)a) < oo. On the other hand, H(Bo (yo fo)o, Bo(yo f)e) < oo.
Using these facts and remark 5.2 part (3), H(3 o (v o f)o)o, (6070 f)o) < co. Thus

by lemma 5.3, (Govyo f)g= (6o (y0 f)g)e.O

Definition 6.10. A functor F is said to be faithful if it is injective on morphisms.

Theorem 6.11. The functor &€ is faithful.

Proof: Let (T, w) and (S,v) be objects in the category 7. Let v € [y] and 3 € [] be

representatives of [y] and []. Let v : (T,w) — (S,v) and 5 : (T,w) — (S, v) be (A, ¢)

and (N, ) quasi-isometries respectively. We need to show that if E([y]) = £([5]),

then [y] = [B]. In other words, we need to prove that for any f € (end(T,w),d,,) if

(7o flo(t) = (Bo fo(t) for all t € [0,00), then S(I;I) )dv(fy(x),ﬁ(x)) < 00, where d,
ve(Tw

is the metric on end(S,v).

Let v and (8 be as above, and let x €lm(f), and f € end(T,w). Let f(t,) = x
and t, € [0,00). Let us further suppose that z is a vertex of the rooted tree (T, w).
Then there exists g € end(T,w) such that for any ¢ < t,, f(t) = g(¢t) and for any
t > t,, f(t) # g(t). By lemma 5.14, there exists k; such that d,(y(x),z;) < k; where

xy is defined as in lemma 5.14. The same holds for 3, i.e. there exists ko such that
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d,(B(z),x}) < ko where ko only depends on 3. Thus, by the triangle inequality in
(S,v) we have d,(y(z), B(x)) < ki + ko.

Now suppose that z is not a vertex of (T, w). In this case let 2’ be a vertex of
(T,w) such that d,(z,z") < 1 and let f € end(T,w) have the property that there
exists ¢,¢ € [0,00) with ¢t < ¢ and f(t) =z and f(') = '

Then d,(y(z),v(z")) < X+ ¢ and similarly d,(3(x), 3(z')) < N + ¢'and hence
dy(y(2),8(x)) < ki +hko+A+c+ N+ Let k =k +hka+X+c+ N+,
k is independent of the choice of z,z’, f and g and only depends on ~ and f.

Hence, sup d, (1(z), 3()) < k.0
ze(T,w)

The following are corollaries of theorem 6.9. In the next chapter we will show that

these corollaries are not true in more general cases.

Corollary 6.12. Let (T,w) and (S,v) be objects in the category T and let v be a
quasi-isometry between them. Let ¢ be its induced bi-Holder homeomorphism. Then,

¢ 1is quasi-conformal.

Proof: This follows directly from theorem 6.9 and theorem 5.13 . O

Corollary 6.13. Let (T,w), (S,v) and (R,x) be objects in the category T and let
v (Tyw) — (S,v) and B : (S,v) — (R, x) be quasi-isometries. Let ¢ : end(T,w) —
end(S,v) and ¥ : end(S,v) — end(R, ) be their induced bi-Hélder homeomorphisms

respectively. Then, ¥ o ¢ : end(T,w) — end(R,x) is bi-Hélder and quasi-conformal.

Proof: By lemma 3.8, § o+ is a quasi-isometry. By theorem 5.13 the map induced by
Bo~ is a bi-Hélder and quasi-conformal homeomorphism. By theorem 6.9, £([Fo7]) =
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E([A]) o E([7]) = ¥ o ¢. Hence 9 o ¢ is the map induced by [ o v, therefore, it is a

bi-Holder and quasi-conformal homeomorphism. O

Corollary 6.14. Let (T, w) and (S,v) be objects in the category T and -y be a quasi-
isometry between them. Let ¢ be its induced bi-Holder homeomorphism. Then the

wmverse of ¢ is a bi-Holder and quasi-conformal homeomorphism.

Proof: Let v~' be the quasi-inverse of . Then [yo 7! = lid(sw)]. By theorem
6.9, E([id(s.)] = idend(s,0), Where idenaes, is the identity map on end(S,v). By the
same theorem; that is theorem 6.9; E([y oy~ '] = £[y] o E[y™!]. Using the fact that
E([7]) = ¢ and the above, we conclude that £([y']) = ¢~*. By theorem 5.13 the

map induced by v~ is bi-Hélder and quasi-conformal, hence the desired result. O
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CHAPTER VII

EXAMPLES AND COUNTEREXAMPLES

When we look at the categories being studied in this text, we notice that there are
many conditions imposed both on the objects and the morphisms in these categories.
This section will give examples showing that when the conditions are weakened, the
conclusion of the main theorem does not hold.

The objects in the category 7 are locally finite trees with minimal vertex degree
three. The following examples show the necessity of such a condition. We will see
examples of quasi-isometries that are not in the same equivalence class, but induce
the same bi-Holder quasi-conformal homeomorphism. Therefore, if we remove the
minimal vertex degree three condition from the objects in the category 7, the functor

€ will not remain faithful.

Example 7.1. Let (T,w) and ~y be the tree and the (2,0) -quasi-isometry from ex-

ample 3.3 respectively.

Let (8 be the quasi-isometry (: (T, w) — (T, w) defined by

(7.1)

Bla) = f(4t), if x = f(t) for some t € [0, 00)
= g(4t), if x = g(t) for some t € [0, c0)

The proof that 3 is a (4, 0)-quasi-isometry is analogous to that of 7 being a (2, 0)-
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quasi-isometry in example 3.3.
The definitions of 3 and ~, and the properties of supremum let us deduce that,

sup d(y(x), B(x)) = sup d(y(f(t)), B(f(t)) = sup 2t = oo, therefore y and 3 do
z€(T,w) t€[0,00) te€[0,00)
not belong to the same isometry class.

Let € be as in definition 6.6; then, £(7)(f) = (yo f)o = f = E(B)(f) and

EMM(g) = (vog9)o=9==E(F)(g). Hence £ cannot be a faithful functor.

Example 7.2. Let (T, w) be a tree for which there exists an isometric embedding
f:]0,00) — (T, w) with f(0) = w, Furthermore,suppose that there exists t; € (0,00)
such that for any t > t1, if f(t) a vertex of (T,w), the degree of f(t) is 2. In
other words, f is an isolated end. We claim that in this case we can find two quasi-
isometries v and [ such that [y] # [B], but E(y) = E(B) with € as in definition 6.6.

This example shows that £ is not faithful in this case.

Define « : (T, w) — (T, w) by

V(x) =

{x’ ite g Im(f)orifz=f@amdt<ti

f2t—ty), ifx=f(t)andt>1t

We claim that v is a quasi-isometry.
Proof of claim: If z and y both satisfy the first condition, then d(v(x),v(y)) = d(zx,y).
If z = f(t,) and y = f(t,), and ¢, > ¢; and ¢, > t;, then y(z) = f(2t, — ;) and
1(y) = f(2ty—t1), thus d(y(x),7(y)) = d(f (2te—t1), f(ty—t1)) = [2te—t1 =2ty +1:] =

2|ty —ty| = 2d(z,y).
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Ifz ¢ Im(f)andy = f(t,) and t, > 1, then y(y) = f(2t,—t;) and d(y(x),v(y)) =
d(z, f(2t, —t1)) = d(x, f(t1)) +d(f(t1), f(2t, —t1)) because (T, w) is a tree and f(t;)
lies on the geodesic segment between f(2t, —t;) and x. On the other hand, f is an
isometric embedding hence, d(f(¢1), f(2t, — t1)) = 2t, —t1 — t1 = 2(t, — t1), and
for the same reason we have 2(t, — t1) = 2d(f(t1), f(t,)) = 2d(f(t1),y). Therefore,
d(y(x),7(y)) = d(z, f(t2)) + 2d(f(tr), y) < 2(d(z, f(tr)) + d(f(t2),y)) = 2d(x, y) due
to the fact that f(¢1) lies on the geodesic segment between z and y.

If v = f(t;) and y = f(t,), and t, < ¢; and t, > t;, then d(y(z),v(y)) =
A(f(ty), fty —t) = 2t, — bt — t, < 2, — 2t = 2d(z, ).

Therefore for any z,y € (¢, w) we have %d(x,y) <d(y(z),v(y)) < 2d(z,y).

We also need to show that there exists D > 0, such that for any z € (T, w)
there exists z € (T, w) such that d(z,v(z)) < D. The claim is that for D = 2t
this holds. If z ¢ Imf take z = z, then d(y(2),2) = 0 < D. If z = f(t) and
if t > 3t1, let v = f(%(t —t1)). We have %(t — t1) > ti, and therefore y(z) =
f(Q(%(t —t1) —t1)) = f(t) = z, thus d(y(z),2) = 0 < D. If t; <t < 3ty, let

x = f(t1), then d(z,v(f(t1)) = d(f(t), f(t1)) =t —t; < 3ty —t; = 2t; = D. Hence v

is a quasi-isometry.

Define 3 : (T, w) — (T, w) by :

B(x)—{x’ ifx ¢ Im(f)orife=f(t)andt <t (73)

f(4t —3ty), ifx= f(t)and t > t;

We can see, by following the same steps as we did for v, that 3 is a (4,0)-quasi-
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isometry.

sup d(v(x), B(x)) = sup d(v(f(£),B(f(t))) = sup d(f(4t — 3t1), f(2t —

ze(T,w) te(t1,00) te(t1,00)
t1)) = sup |4t — 3ty — 2t + 21| = sup |2t — 2t;| = oo, Therefore, [v] # [5].
tE[tl,OO) tG[t1,00)

On the other hand £(7)(g) = g = £(F)(g) for any g € end(T,w). This shows that

the functor € is not faithful in this case.

In the category U we ask that our morphisms be bi-Holder homeomorphisms. One
may wonder why so many conditions are imposed on the morphisms. In Theorem 6.3
we saw that the composition of two bi-Hélder maps is bi-Holder. We will now give
examples of quasi-conformal homeomorphisms on perfect compact ultrametric spaces
for which the composition is not quasi-conformal. In doing so, we give two examples
of quasi-conformal homeomorphisms on perfect compact ultrametric spaces, one that

is not bi-Hoélder, and another one that is bi-Holder.

The following in an example that shows that the composition of two functions
with finite dilation does not necessarily have to have finite dilation. Another purpose

of this example is that it will help set up the examples mentioned above.

Example 7.3. Let (T, w) be the tree with {fo, fi1, fi2|i =1,2,3,...;7=1,2,3,... }
its set of ends for which the following relationships hold:

1
1- (folfi;) = 2i where i = 1,2,... and j = 1,2, implying that, d.,(fo, fi;) = —-
e 7
1
2- (fialfiz) =2i+ 1 where i = 1,2,..., implying that d,(fi1, fi2) = =T
e 13

3- (fijlfey) =2iifi < kandi,k=1,2,... and j,l = 1,2, implying that, d.,(fi;, fx1) =

621
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Figure 7.1 is a rough sketch of (7, w) and its ends.

Figure 7.1: The tree (T, w)

Let (S,v) be the tree with ends {go, g;]t = 1,2,...} for which the following rela-

tionships hold:

1
1- (golgi) =1 — 1 where i = 1,2, ... which implies that d,(go, g;) = —.
el
2- (g9ilg;) =i — 1 with i < j fori,j =1,2,..., hence d,(g;, g;) = ——-
e
Figure 7.2 rough sketch of this tree and its ends.
v
g1
g
93
94
g5
9o
g7
gs g
9
d10 go

Figure 7.2: The tree (S, v)

Finally let (R, z) be the tree with ends {hg, h;|i = 1,2,...} for which the following

relationships hold:
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1
1- (ho’hgz) =24 fori = 1, 2, ... and hence, dx(ho, h21> = =
e2t

1

2- (h0|h2i_1) = 222 +1 for 1 = 1, 2, ... and hence, dw(ho, hgz‘_l) = IR
e2i

1
3- (hgi’hgj) = 21 when 7 < j for Z,j = 1, 2, ... and hence dx(h%, hgj) = -
e2i

4- (hgi_1|h2j_1) = 2Z2 + 1 when 7 < j for Z,j =1,2,... and hence dz(hgi_l, hgj_l) =
1

€2i2+1 ’

1
5- (hailhej—1) = 2i when 2i < 2j*+1for4,j = 1,2,... and hence d,(hy;, haj 1) = —-.

621

6- (hoi|hoj—1) = 25241 when 2i > 2541 fori,j = 1,2,... and hence d, (hy;, hoj_1) =
1

e252+1"

The following is a rough sketch of this tree and its ends.

X

ho

Figure 7.3: The tree(R, z)
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We will show that there exist maps ¢ : end(T, w) — end(S,v) and
¥ end(S,v) — end(R,x) such that Hg“’ (fo) and Hﬁ“(qﬁ(fo)) are finite, but H$g¢(f0)

is infinite.

Define ¢ : end(T, w) — end(S,v) as follows:
o(fo) = g0 , #(fin) = g2i-1 and ¢(fi2) = gai-

Let Dist(fy) = {dw(fo, fi;)|li = 1,2,... and j = 1,2}. From the above construc-
tion of (T, w), Dist(fy) = e%“f =1,2,...} and this sequence tends to zero.

Let Ay = {d,(ofo, ofi;)|dw(fo, fij) = 6—;} For any k, if dy,(fo, fij) = €k, then

fij = fe1or fij = fre, and since ¢ fr1 = gor—1 and @ fr2 = gox, then d, (@ fo, O fr1) =

dy(9o, gor—1) = # and dy(¢fo, d.fi2) = du(go, g2x) = %7 hence -
therefore ng( fo) =e.

Define ¢ : end(S,v) — end(R,x) by ©¥(go) = ho and ©(g;) = h;. As above define
Dist(go) = {dv(90,9:)|i = 1,2,...}. By the construction of the tree (S,v) we see
that Dist(go) = {BZLJZ = 1,2,...}. There is only one end satisfying the required
condition,therefore for each k the set By = {d,(¥(90), 9i)|dv(90, g:) = €x and &; = ﬁ}
is a singleton. Therefore sup B), = inf B, and hence, Hj}” (90) = 1.

The composition ¢o¢ : end(T, w) — end(R, x) has the property that oo (fy) = ho
and 1 o ¢(f;1) = h2i—1 and ¢ o ¢(fi2) = ho; where i = 1,2,.... If Cy = {d.(¢ o
&(fo0): ¥ o ¢(fij))|dw(fo, fij) = ek}, then Cj consists of two points, one is d,(¢ o

o(fo); Yo d(fr1)) = # and the other is d, (Yo ¢(fo), Yo d(fr2)) = e%' Therefore

sup C}, . sup C},
=8 — % hence HE

:l. p—
inf Oy woo(fo) = lim sup < rm” = 00

This example shows that the composition of two functions that have finite dilation
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does not necessarily have to have finite dilation.

We use example 7.3 to construct trees (77, w'), (S’,v") and (R, z") such that their
end spaces are perfect compact ultrametric spaces. We will also construct quasi-
conformal homeomorphisms ¢ and 1 on their end spaces such that 1 o ¢ is not
quasi-conformal. Before doing so we need the following well-known definitions. The

definitions stated below have been adapted from [Hug] definition 9.1 and 2.12.

Definition 7.4. The Cantor tree C' and its end space end(C').

The Cantor tree C', also called the infinite binary tree, is a locally finite, simply
connected one dimensional simplicial complex (with the natural length metric d so
that every edge is of length 1). It has a root r of valency two (i.e., there exist exactly
two edges containing r ) and every other vertex is of valency three. If v is a vertex
different from r, then two edges that contain v and are separated from r by v are not
labelled identically. Each edge is labelled 0 or 1 so that for every vertex v, at least
one edge containing v is labelled 0 and at least one is labelled 1.

Let end(C) = end(C,r) since the root r is understood. An element of end(C),
being an infinite sequence of successively adjacent edges in C' beginning at r, can be

labelled uniquely by an infinite sequence of 0’s and 1’s. Thus,
end(C) = {(xo, x1, 2, ...)|z; € {0,1} for each i}

and

(@) =41 ' ° (7.4)

ot
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Definition 7.5. If ¢ is any point of the rooted R-tree (T,v), the subtree of (T,v)

determined by c is

T.={z €T|c€ v,z]}.

Note that 7T, is indeed a subtree of T (that is to say, as a metric subspace of T,

T. is a tree).

Example 7.6. Let (T, w) be the tree in example 7.3, let ¢;; be the vertex on f;;
such that d(c;;, fij(fialfi2)) = 1. The figure below shows these as filled in vertices

in the tree (T, w).

fia
J2a
JER
Jan

fo

Define the subtree T, ; for i = 1,2,... and j = 1,2 as in definition 7.5. Then
T, , Ue,, [w,cij] = fij where [w, ¢ ] : [0,t] — (T, w) is an isometric embedding with
(w, ¢; ;](0) = w and [w, ¢; ;](t) = ¢ ;.

Let X, ; be a copy of the Cantor tree for any ¢ = 1,2,... and any j = 1,2. Let

kij:T¢,;, — Xi; be the isometry that identifies T¢, ; with the end in Xj ; represented

T Xij . .
by the sequence {0}:°,. Define (7", w") = (T.w) HUX, , where ~ is the equivalence
coming from k; ;. The following is a schematic drawing of the tree (T, w’).
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Figure 7.4: The tree (T",w")

By the same construction as above, we can obtain the trees (S’,v") and (R',2'),

schematic drawings of which are shown in figures 7.5 and 7.6.

!
(Y

Figure 7.5: The tree (S',v)

Note that in the above constructions we have identified g; and h; with the sequence
of zeros {0}32; of the Cantor trees X; and X respectively for i = 1,2, ...
Notation:

Let [w', ¢; j] U (2o, 21, Za, .. .) denote the end in (7", w") starting at w’, identifying
¢;; with the root r in the Cantor tree X;; and other vertices with the sequence
(g, x1,22,...) of the Cantor tree X, ;, for i € {1,2} and j = 1,2,3,.... Define
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ho

Figure 7.6: The tree (R, z")

[V, ¢;] U (g, 1,22, ...) and [/, ] U (xg, x1, x9, ... ) analogously.

Example 7.7. The following example is an example of a bi-Hélder quasi-conformal

map between perfect compact ultra-metric spaces.

Let (T',w") and (S’,v") be as above. Then, by lemma 4.5 and proposition 4.12,
end(T',w") and end(S’,v") are perfect compact ultrametric spaces.
Define ¢ : end(T',w") — end(S’,v") by

¢(fo) = 9o, and

[U,,Cgi_l]U([Eo,xl,l’g,...), lfj =1

gb([w’, Ci,j] U (IL‘O,ZEhl’Q, Ce )) = { (75)

[U,,CQZ']U("L‘O,I17$2,...), lfj:2
1
The map ¢ defined above is a (5, e*)-bi-Hélder e-quasi-conformal homeomorphism.
This statement is proven is Appendix A by considering the different cases that can

occur.

Example 7.8. This is an erample of a quasi-conformal homeomorphism between
perfect compact ultra-metric spaces that is not bi-Hélder.
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Let (S',v") and (R',2') be defined as above. By lemma 4.5 and proposition
4.12, end(R',x') is a perfect compact ultrametric space, and by the above example,
end(S’,v") is also a perfect compact ultrametric space.

Define ¢ : end(S’,v") — (R, 2") as follows:

¥(go) = ho, and

([, ¢l U (xo, 21, 29, ...)) = [2/, ] U (x0, 21, T2, . . .) (7.6)

The map v defined above is a conformal, i.e. 1-quasi-conformal, homeomorphism

which is not bi-Holder. The complete proof of this statement can be found in Appen-

dix A.

Example 7.9. An example of two quasi-conformal maps on perfect compact ultramet-

ric spaces one of which is also bi-Hdlder whose composition is not quasi-conformal.

Let ¢, ¢, (T',w'), (S',v") and (R',2") be as in examples 7.8 and 7.7. We will
show that although ¢ and v are both quasi-conformal, their composition ¥ o ¢ :
end(T',w'") — end(R', 2") is not.

1 o ¢ is defined by ¥ o ¢(fy) = ho, and

w [e) gb([w', ci,j] U ({L‘O, T1,T9, ... ))

{[x’,c'%_l] U (o, z1,22,...), ifj=1 (7.7)

[z, ch] U (g, 21, 20, ...), if j =2

1
Let dy (fo,7) = = Then = € {[w,¢;;] U (xo,21,...)|j = 1,2 and x;, € {0,1}

for all k = 0,1,2,...}. Hence A; = {du (¢ o ¢(fo),¥ o ¢(x))|dw (fo,x) = % =
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1 1 1 . 1 . sup A;
{W’ E} Therefore sup A; = =7 and inf 4; = Ty thus h?iigp A

= Q.

Therefore 1 o ¢ is not quasi-conformal.
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CHAPTER VIII

SIMILARITIES AND DIFFERENCES WITH RELATED PAPERS

In the paper titled “Trees and Ultrametric Spaces: A Categorical Equivalence”,
Hughes shows that there is an equivalence from the category of geodesically complete
rooted R-trees and equivalence classes of isometries at infinity, which we will call 7”,
to the category of complete ultrametric spaces of finite diameter and local similarity
equivalences, which we will call /. Locally finite rooted classical trees of minimal
vertex degree three in the category 7 are objects in 77, and perfect compact ultra-
metric spaces in the category U are objects in the category U’. One may wonder
about the relationship between the morphisms in these categories. We will show that
any morphism in the category 7’, when defined on an object in the category 7, is a
morphism in the category 7. We will also investigate the relationship between the
morphisms in U and U’

The following definitions are quoted from [Hug].

Definition 8.1. A cut set C for a geodesically complete, rooted R-tree (T,v) is a
subset C' of T such that v ¢ C and for every isometric embedding « : [0,00) — T'

with a(0) = v there exists a unique o > 0 such that a(ty) € C.

In other words, to go to infinity from v you must pass through a unique point of

C.

Definition 8.2. Let (T, w) and (S,v) be geodesically complete, rooted R-trees. An
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isometry at infinity from (T,w) to (S,v) is a triple (f,Cr,Cs) where Cp and Cg
are cut sets of 7" and S respectively, and f : U{T¢|c € Cr} — U{S¢c|c € Cs} is a
homeomorphism such that

(1) f(Cr) = Cs, and

(2) for every c € Cp, f|: T. — Sf() is an isometry.

Theorem 8.3. Let (T, w) and (S,v) be locally finite rooted classical trees of minimal
vertex degree three, and let (f,Cr,Cs) be an isometry at infinity between them. Then

f s a quasi-isometry.

Proof: The proof of the theorem is in two steps:
Step 1: We prove that Cr is finite.
Step 2: By considering the different cases that can arise for x,y € T', we show that f
is a quasi-isometry.

Step 1

Let ap € end(T,w). Then there exists o € [0, 00) such that ag(ty) € Cr.
Claim: For all 3 € B(ag, e ") we have ((ty) € Cr.
Proof of claim: Let 3 € B(ap,e ™) then, deparw)(ao,) < e . Recall that
ena(rw) (@0, ) = e~ @) and that (ap|3) = sup{t € [0, 00)|ao(t) = B(t)}. Therefore,
we have e”(@l®) < ¢~ hence —(ap|B) < —to and thus, (ag|3) > to. Hence we have
B(to) = alto), so B(to) € Cr.0

If for all @ € end(T,w), o € B(ap,e ), we are done because Cr = {a(ty)}
and is finite. If not there exists a; € end(7T,w) such that a; ¢ B(ap,e ™), and

there exists ¢; € [0,00) such that a;(t;) € Cp. Consider the open ball B(ay,e™ ™).
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If end(T,w) C B(ag,e ) U B(ag,e™™), then Cr = {ag(to),a1(t1)}. Otherwise,
we continue to find as. We claim that this process will stop after finitely many
steps. Suppose not, then there exist infinitely many distinct isometric embeddings «;
such that end(T,w) C U2, B(ay, e ") and no finite subset of these open balls covers
end(7,w). This is contradictory to proposition 4.12 which states that end(T,w) is
compact. Observe that the number of points in C'r is equal to the number of distinct
balls that cover end(T,w). Therefore Cr is finite.

Note that Cs = {f(c)lc € Cr}. Let Dy = max{du(w,c)lc € Cr} and let
Dg = max{d(s.(v, f(c))|f(c) € Cs}. We will show that f is a (1,2Dp + 2Dg)-quasi-
isometry. Let x,y € (T, w).

Case 1: Suppose that there exists ¢ € Cp such that ,y € Te. Then, f(x), f(y) € Ty
and f| : T, — Ty is an isometry, therefore d,(f(z), f(y)) = dw(z,y) and hence f is
a (1,2Dr + 2Dg)-quasi-isometry.

Case 2: There does not exist any ¢ € Cp such that x € T or any ¢ € Cr such
that y € Cp. This implies that f(x) ¢ Ty for any f(c) € Cs and f(y) & Ty
for any f(c) € Cs. In this case drw)(w,x) < dirw(w,c) for all ¢ € Cp, and the
same holds for y, in other words, dru)(w,y) < dirw)(w,c) for all ¢ € Cp. Hence

dirw)(®,y) < 2Dp. Similarly, we can see that d(s.)(z,y) < 2Dg. In this case

dy(,y) = 2Ds = 2Dr < dy(f (), f(y)) < dw(@,y) +2Ds + 2Dr.

Hence, f is a (1,2Dg + 2D7)-quasi-isometry.
Case 3: There exists ¢ € Cp such that z € T, and there exists ¢ € Cr with ¢ # ¢

such that y € T.,. Therefore f(z) € Ty and f(y) € Ty(). Let a: [0,00) — (T, w)
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and
3 :[0,00) — (T,w) be isometric embeddings such that = € Im(a) and y € Im(B).
Then dy(z,y) = du(z,c) + du(c,a((a]B))) + du(a((@]B)),¢) + du(c,y). On the
other hand, d,(f(z), f(y)) = du(f(z), f(c)) + du(f(c), (<)) + du(f(c), f(y)). Since
fl : T. — Ty is an isometry, we have d,(f(x), f(c)) = dy(z,c), and similarly,
f|': T — Ty is an isometry, therefore dy(f(c'), f(y)) = dw(c’, ). Hence
do(f(@), f(y)) = duw(z,c) + du(f(c), f()) + du(c, )

< drw) (2, ¢) + do(v, f(€)) + du(v, f()) + du(c y)

< dy(z,c) +2Ds + dy(c,y)

< dy(z,¢) +2Ds + du(c, y) + du(c, a((a]B))) + duw(a((@]B)), )

< dw(x,y) +2Dg+ 2Dy.

We will now go on to show that dy(z,y) — 2Ds — 2Dr < dyo(f(z), f(y)). The
first thing to note is that d,(z,w) > d,(v,¢) and d,(y,w) > d,(v,) due to the
fact that € T, and y € T.. On the other hand, Dy > dy(w,c) which implies
that dy(z,w) — Dp < dy(z,w) — du(w,c) = du(z,¢) = do(f(2), f(c)). Similarly,
dw(y, w) — Dr < dy(f(y), f()). Therefore,

(2, w) + dy(w, y) = 2Dr < dy(f(2), f(c)) + du(f(c'), f(y)). We also have

dw(z, a(@|B))) < dy(z, w) and

dw(y, a(a]B))) < dw(y, w) and

dw(z, a((alB))) + duw(y, a((e]B))) = du(z,y),

thus dy,(z,y) — 2Dr < do(f(2), f(y)). This implies

dw(z,y) — 2Ds — 2D7 < dy(f(x), f(y)). In this case

dw(z,y) — 2Ds — 2Dr < dy(f(x), f(y)) < dw(z,y) + 2Ds + 2Dr. So f is a (1,2Dg +
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2Dr)- quasi-isometry.
Case 4: Suppose that x ¢ T, for any ¢ € Cr and there exists ¢ € Cr such that
y € Ty. This implies that f(x) ¢ Ty, for any f(c) € Cs and f(y) € Cy). We have
dy(f(2), [(y)) < du(f(x),v) +du(v, () + du(f(), f(y))
< 2Dg + du(f(c), f(y))
=2Dg+ dy(c,y)
< 2Dg + dy(z,y)
< dw(z,y)+2Dg + 2Dy.
For the left hand side of the inequality we use the fact that
dw(y, a((a|B)))—Dr < dy(y,w)—Dr < d,(f(), f(y)). We also have d,,(z, w)— Dy <
0. Adding the two inequalities we obtain:
dw(z,y) — 2Dy < d,(f(2), f(y)) < dw(z,y) +2Dg. By adding Dg to the right hand
side and subtracting Dy from the left hand side we have
dw(z,y) —2Ds — 2Dy < d,(f(x), f(y)) < dw(x,y) +2Ds+2Dr. So fisa (1,2Dg +
2Dr)-quasi-isometry.
The above four cases are all the cases that can occur, hence the conclusion of the

theorem.O

In [Hug] and the current paper the morphisms in the categories under study are
equivalence classes. In what follows we give the definition of an equivalence class
of an isometry at infinity and go on to show that if [(f, Cr,Cs)] = [(g,C7, C%)] as
equivalence classes of isometries at infinity, then [f] = [g] as equivalence classes of

quasi-isometries.
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Definition 8.4. If C' and C' are cut sets for (T,w), then C' is larger than C' if
for every ¢ € C, [v,cJNC" C {c}. C"is strictly larger than C if for every ¢ € C,

(v, ] NC" = 0.

Definition 8.5. Two isometries at infinity (f,Cr,Cs) and (f, C%, C%) from (T, w)
to (S,v) are said to be equivalent if there exists a cut set C7. for (T, w) larger than

C7 and C7 such that for every ¢ € CF:

(1) if T, is not an isolated ray, then f|T. = f'|T.,

(2) if T, is an isolated ray, then f(T.) N f'(T.) # 0.

The category 7 is only concerned with trees of minimal vertex degree at least
equal to three, and hence isolated rays do not exist in these trees. Therefore, we do

not need to concern ourselves with case (2).

Lemma 8.6. If two isometries at infinity (f, Cr,Cs) and (f,Ch, CS) from (T, w) to
(S,v) are in the same equivalence class as isometries at infinity, then f and f' are in

the same equivalence class as quasi-isometries.

Proof: Let C7 be a cut set that is larger than C7 and C7.

Let Dg = max{d,(f(w), f(c))|c € C}}. In order to prove that f and f’ are in the
same equivalence class as quasi-isometries we need to show that 8161);3 d,((f(z), f'(x))
is finite. Let = € (T, w).

If x € T, for some ¢ € C7. Then by (1) of definition 8.5 we have f|T. = f'|T. and

hence, f(x) = f'(z), therefore d,(f(z), f'(x)) = 0.
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Suppose that z ¢ T, for any ¢ € C7. Then f(z) ¢ Ty for any ¢ € C7. This
implies that d,(f(z),w) < Dg and d,(f'(x),w) < Dg. By the triangle inequality
in the metric space (S,v) we have d,(f(z), f'(z)) < d,(f(z),w) + do(f'(x), w) and
hence, d,(f(x), f'(x)) < 2Dg.

The two cases above are the only cases that can occur, therefore

supd((f(z), f'(z)) < 2Dg which is finite, thus the conclusion of the lemma. O
reX

Corollary 8.7. Let (T, v) and (S,w) be objects in the category T and let [(f, Cr,Cs)]

be a morphism in T' between them. Then [f] is a morphism in T .

We will now go on to talk about the morphisms in the categories U and U’. Before
doing so, we need to lay the foundation by giving relevant definitions and lemmas

from [Hug].

Definition 8.8. A function f: X — Y between metric spaces (X, dx) and (Y, dy) is
a similarity if there exists A > 0 such that dy (f(z), f(y)) = Adx(z,y) for all z,y € X.
In this case X is the similarity constant of f, and f is a A-similarity. A similarity

equivalence is a similarity that is also a homeomorphism.

Definition 8.9. A homeomorphism between metric spaces is a local similarity equiv-
alence, if for every x € X there exists € > 0 and A > 0 such that the restriction

h|: B(xz,€) — B(h(x), \e) is a surjective \-similarity.
Notation: Let ||z|| = d(z,r) for any tree T with root r and metric d.

Proposition 8.10. (Proposition 5.6 of [Hug/) Let (f,Cr,Cs) : (T,v) — (S,w) be
an isometry at infinity between geodesically complete, rooted R-trees. Then there is
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an induced local similarity equivalence f, : end(T,v) — end(S,w). Moreover, if

(g9,C%,C"'S) is another such isometry at infinity and [f] = [g], then f. = g..

The complete proof can be found in [Hug]. In the proof he defines the induced
map of f which he calls f, as follows:

In order to define f,, let o : [0,00) — T be an element of end(T,v). Since
Cr is a cut set, there exists a unique ¢ty > 0 such that «a(ty) € Cr. Moreover,
a([tg,00)) € Tauy). Let & : [0,][fa(to)||]] — S be the unique isometric embedding

such that &(0) = w and &(||fa(t)]|) = fa(to). Define

a(t), if 0 <t <|[[falto)ll

falt —[|falto)l] +to), if |Ifalto)]] <t (8.1)

fula)(t) = {

Recall that the map induced by the quasi-isometry f, is f : end(T,v) — end(S,w)
and is defined as follows: for « : [0,00) — T which is an element of end(T,v),
f(@) = (f oa)o, where (f o)y € end(S,w) is the unique isometric embedding which
is a finite distance away from f o . If we show that H(f.cv, f o a) is finite, then we
can conclude that f, = f :

Let us use the notations in lemma 8.6. If 0 <t < ||fa(ty)]], then a(t) ¢ T, for any
¢ € Cr, therefore d,,(w, f o a(t)) < Dg. On the other hand, d,(&(t), w) < Dg and
thus, d,(&(t), foa(t)) < 2Dg. By lemma 8.6, f is a (1,2Dy + 2Dg)-quasi-isometry.
If ||fa(to)]| < #, then dy(f.(a(t), f(a(t) = du(falt — [|falte) + tol), fo(t)) <
dw(a(t), a(t —||falte) +tol|) + 2D +2Ds = ||| fa(to) — to|| +2Dr 4+ 2Ds||. This is a
fixed finite value, therefore, H( f.c, f o«) is finite. Hence, f, = f . We can summarize

our results in the following theorem.
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Theorem 8.11. Let (f,cr,Cs) : (T,v) — (S,w) be an isometry at infinity between
objects in T . Then the induced local similarity equivalence f, : end(T,v) — end(S,w)

1s a bi-Hélder quasi-conformal homeomorphism.

The following is an example of a quasi-isometry that is not an isometry at infinity.

Example 8.12. Let (T, w) be the tree defined as follows:
The root of T'is w and has valency three, i.e., there exist exactly three edges containing
w, and every other vertex is of valency four. If v is a vertex different from w, then the
three edges that contain v, and are separated from w by v, are not labelled identically.
Each edge is labelled 0, 1 or 2 so that for every vertex v, at least one edge containing
v is labelled 0, at least one edge is labelled 1, and at least one is labelled 2.

An element of end(T,w), being an infinite sequence of successive adjacent edges
in (T, w) beginning at w, can be labelled uniquely by an infinite sequence of 0's, 1's
and 2's. Thus end(T, w) = {(zo, z1, Ta,...)|z; € {0,1,2} for each i}.

Let = be a vertex in (7,w). Then d(w,z) € Z. Let d(w,x) = n,. There exists
f € end(T,w) such that € Im(f). Suppose that f = (xg, T1,Z2, ..., Tn,, Tyt --- ),
then x = f(z,,). Denote the vertex x by (zg, x1, X2, ..., Z,,). This notation is unique,
forif g € end(T,w) is another end such that = € Im(g), then we must have f(t) = g(¢)
for all 0 <t < n,, which means that the first n, terms in the sequence representing
g is the same as that which represents f.

Define v : (T, w) — (T,w) in the following manner. If x = (x¢, 1, 22,. .., Zn,),
then v(x) = (zo, 21, X2, ..., Tpn,, Tn,, Tn,). If £ is not a vertex of (T, w), then there ex-
ists a vertex v = (xg, 1, T2, . .., Ty, ) of (T, w) such that x belongs to the geodesic seg-
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ment [w, v] and d(z,v) < 1. Thus, if v €lm(f) for some f € end(T, w), then z €lm(f).
Let f € end(T,w) be such that v(v) = (xg, 21, L2, - - ., Tn,, Tn,, Tn,) €Im(f). Define
y(x) = flng + 2+ d(,v)).

The claim is that 7 is a (1,4)-quasi-isometry. Let z,y € (T,w) be vertices in

(T,w), and let © = (w0, 21,T2,...,%n, ), ¥ = (Y0,Y1,Y2:---+Yn,), let n = max{i >

0|z; = v;}, then d(z, y) = ny+n,—n. From the definition of v, y(x) = (2o, 21, T2, . . ., Ty, Tny, Ty

and y(y) = (Yo, Y1, Y2, - - -+ Uny» Uny» Un,) thus, d(v(2),7(y)) = (na +2) + (ny +2) —n =
d(z,y) +4. If x and y are not vertices of (T, w), and v, and v, are as above, then
d(z,y) < d(z,y) +4.

We also need to show that there exists a constant C' > 0 such that every point of
(T, w) lies in the C' neighborhood of the image of v. C' = 4 satisfies the condition.
Let x € (T,w). Then z € Im(7). If x = (2, 1, X2, ..., x,,) is a vertex of (T, w), then
v(z) = (o, 21, T2y . . ., Tpy, Ty, T, ) and we have d(z,y(z)) = 2. Suppose that z is not
a vertex in (T, w), and v is the vertex in (T, w) such that x € [w,v] and d(z,v) < 1.
Then, d(z,7(x)) < d@,v) + d(v,7(0)) + d(x(v), 7(x)) = 2d(z,v) + d(v, () < 4.
Hence v is a (1, 4)-quasi-isometry.

We will show that for any cut set Cp of (T, w), v is not an isometry at infinity.

Let Cr be an arbitrary cut set, and let ¢ = (co,c1,...,¢,) € Cp. If x € Tp is
a vertex of Cr, then x = (cy,c1,...,Cn Tns1, ..., Tn,). Therefore the vertex z =
(co, €15+ Cny Tpg1) belongs to Cp, where 2,41 # c,. The image of Tt under 7 is T’
where v(c) = (co, €1, - -+, Cn, Cny €n). But v(x) = (co, €1y -+, Cny Tpt1, Tnp1, Tne1) Which

does not belong to T, which means that v cannot be an isometry at infinity.

O
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The following is an example of a bi-Holder quasi-conformal homeomorphism that

is not a local similarity equivalence.

Example 8.13. Let (7",w'), (S',v") and ¢ be as in example 7.7. We have seen that
¢ :end(T' w') — (S',0) is a (%, 63) -bi-Holder e-quasi-conformal homeomorphism.
We claim that ¢ is not a local similarity equivalence. To prove this claim, we must
show that there exists € end(T",w’) such that for any and A\ > 0 the restriction
¢| : B(z,e) — B(¢(x), Ae) is not a surjective A-similarity. In other words, for any
e > 0 we can find y € B(x,¢) such that d, (¢(x), ¢(y)) # Adw (x,y) for any A > 0.
Let x = fp and € > 0 be a given arbitrary value. There exists ¢ > 0 such that % <

e. Lety = [w,¢;1]U(1,1,1,...). Then by case (I) in appendix A, we have d,(z,y) =

L and dy (o(z), o(y)) = 621.11. Hence, d(¢(x), d(y)) = edyw (x,y). In order for ¢ to

e2i

be a local similarity equivalence we must have A\ = e. We will show that this value

of ¢ does not work for all z € B(x,e). To see this let z = [w',¢;2) U (1,1,1,...).

1
Case (II) of appendix A shows that d(x,z) = o and dy(p(z),0(2)) = oy

and therefore d,(¢(2), ¢(y)) = €*dw (x,y) # My (z,y). Therefore, ¢ is not a local

similarity equivalence.

At this point, we focus our attention to the paper titled “Embedding of Gromov
Hyperbolic Spaces” by M. Bonk and O. Schramm. The above mentioned paper is of
interest because of its similarities to the current paper. In [BS] a functor is constructed
from the category C'; whose objects are Gromov k-almost geodesic metric spaces, and
whose morphisms are quasi-isometries to the category D whose objects are bounded

and complete B-structures and morphisms are power quasi-symmetries. Concepts
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and definitions are given in the following paragraphs. It is shown that although the
objects studied in the categories in C} and D; of [BS| contain the objects in the
categories 7 and U of the current paper, the morphisms in D; are morphisms in the

category U.

Notation: Let X be a metric space, and let z,y € X. Denote the geodesic segment

between x and y by [z, y].

Definition 8.14. A metric space X is said to be k-almost geodesic, if for every
xz,y € X and every t € [0, |z — yl|], there is some z € X with ||z — z| — ¢] < k and
lly — z| — (Jz — y| — t)| < k, where |x — y| denotes the distance from z to y in the

space X.

Let X be an object in the category 7, and let x, € X. The geodesic segment [z, y]
between z and y is connected, and hence, there exists z on the geodesic segment [z, y]
such that d(z, z) = t. Hence X is 0-almost geodesic. The choice of X was arbitrary,

therefore we conclude that every object in the category 7 is 0-almost geodesic.

Definition 8.15. Let X and Y be two metric spaces with metrics d; and dsy respec-
tively, f : X — Y be a bijection and a > 0, A > 1 The map f is an (a, \)-power

quasi-symmetry if for all distinct points x,y,z € X

g E) -

Here

MY for0<t<1
Tax = o
At for 1 <t.
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Note that any power quasi-symmetry is a homeomorphism. Let z € X be a given

arbitrary point, and let y € X be a fixed point in X not equal to x. Given € > 0 we

€

Ady(f(z) — f(y))>

can let § < ( di(x —y).

Lemma 8.16. Let (T, w) and (S,v) be rooted classical trees, and let end(T,w) and
end(S,v) be their end spaces. Let ¢ : end(T,w) — (S,v) be an (a, \)-power quasi-

symmetry. Then ¢ is a bi-Holder homeomorphism.

Proof: We need to show that given f, g € end(T,w), there exists > Oand & > 1

such that:

Wl

%dl(f, 9)F < dy(6(f), 6(9) < Edi(f. g)° (8.3)

where d; and dy are the metrics in end(7', w) and end(S,v) respectively .

Let f € end(T,w) be an arbitrary point which is fixed from now on. Let h €
end(T,w) be such that dy(o(f), #(h)) = 1, such an end exists as seen in the proof of
lemma 4.14. Since ¢ is a homeomorphism on compact metric spaces it is uniformly
continuous, hence for ¢ = 1 there exists § > 0, independent of the choice f' and
h', such that if dy(f',h') < 0, then do(d(f"), d(R')) < e. Since do(d(f),d(h)) = 1,
then di(f,h) > 6. The diameter of end(T,w) is one by proposition 4.14, hence
d < d(f,h) < 1. Using the fact that ¢ is an («, \)-power quasi-symmetry the following

inequality holds:

da(p(f), 9(g)) di(f,9)
da(@(f), ¢(h)) = Tl <d1(f: h))

dl(fv g)

Suppose that 0 <
bp di(f,h)

< 1, by equation 8.2 and the hypothesis that
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Similarly,
da(o(f), o(h di(f, h)
L), olg) ~ " <d1(f, g)>'
dl (fv h)
and ) > 1, hence
BS(), () 2 5 ()"

Combining the above relationships we obtain:

Q=

L(19)"  B6(1).6(0)) < (1)

dl(fv g)
d1<f7 h)

A proof similar to the above for the case where > 1 results in the following

inequality:
1 1 A a
Th(f:9)7 < da(0(f),0(9) < = di(f9)

1
Let £ = max{\ } and = min{a, —} to obtain equation 3.2. O
a

(o)
Q\»—‘| >

LA
N ga
Let ¢ : end(T,w) — end(S,v) and 9 : end(S,v) — end(R,x) be power quasi-
symmetries. Using definition 8.15, it is easy to see that the composition ¥ o ¢ :
end(T,w) — end(R, x) is a power quasi-symmetry.
In example 7.8, a quasi-conformal map is given that is not bi-Holder and hence,
cannot be a power quasi-symmetry. This shows that quasi-conformal maps are not
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in general power quasi-symmetries. Lemma 8.16 along with proposition 5.13, show
that in the case where ¢ is a power quasi-symmetry induced by a quasi-isometry, ¢
is quasi-conformal.

The following concept is quite well-known. Let X be a metric space. Given three
points z,y,w € X, the Gromov product of x and y with respect to the base point w

is defined by

1
(@|y)w = §(Ix —w| + [y —w| — |z —y|)

Definition 8.17. Let X be d-hyperbolic and w € X. A sequence of points {z;} C X

is said to converge at infinity, if

lim (2;]z;), = oo.

1, —00

Two sequences {z;} , {y;} that converge at infinity are equivalent, if
lim (2;]y;)w = o0.
71— 00

This defines an equivalence relation for sequences in X converging at infinity. It is easy
to see that convergence at infinity of a sequence and equivalences of two sequences
does not depend on the choice of the point w. The boundary 0X of X is defined as

the set of equivalence classes of sequences converging at infinity.

In the special case where X is a locally finite classical rooted tree every sequence

of points {z;} C X that is convergent can be identified with an isometric embedding
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f € end(X) and w can be taken to be the root of the tree X. This identification
is such that H({z;},Im(f)) < oo. Using this vocabulary, two sequences {z;} , {y;}
that converge at infinity are equivalent, if they are identified with the same isometric
embedding f € end(X).

Bonk and Schramm give the standard construction of the metrics on d.X, where

X is a Gromov hyperbolic space. If x,y € 0X, w € X, € > 0, let

doxwe(®,y) = dye(z,y) = inf{z e~c@imilziuy (8.4)
i=1
where the infimum extends over all finite sequences x = g, x1, %2, ...,x, =y in 0X.

* = ( is understood.

Here the convention e~
Let us translate the above metric into the vocabulary we have been using in this

paper. If © = (zg, 1, 2, ...) is identified with f € end(X) and y = (yo, y1,¥2,...) is

identified with g € end(X), then dox w(2,y) = €(f|g). Recall that

(flg) = sup{t = 0]f(t) = g()}.

By changing the value for € different metrics on X can be defined.

Definition 8.18. The canonical gauge G(X) on 0X is the set of all metrics of the
form d = d,, .. We say that (e1,d;) is B-equivalent to (2, ds) if there is a constant

¢ > 0 such that

cldy < d? < cdy.

A B-structure on 0X is an equivalence class of this equivalence relation.

Although [BS] introduce a B-structure on 90X they go on to work with a fixed
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metric on the canonical gauge and abbreviate this metric by dyx. Let € = 1, then the
metric defined on dyx is the same as the metric that has been studied in the current
paper.

The functor that Bonk and Schramm construct takes a Gromov hyperbolic almost
geodesic metric space to a bounded and complete B-structure, and takes a quasi-

isometry to a power quasi-symmetry. They do not show that the functor is faithful.
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CHAPTER IX

PROBLEMS FOR FUTURE RESEARCH

The following is a list of conjectures that have come to mind while working on

this paper.

Conjecture 9.1. The functor £ : T — U defined in definition 6.6 is full. That is
to say that if (T,w) and (S,v) are objects in the category T, and ¢ : end(T,w) —
end(S,v) is a bi-Hélder homeomorphism between them, then there exists a quasi-

isometry 7y : (T, w) — (S,v) such that E([Y])

o.

By definition a functor is said to be an equivalence of categories if it is faithful
and full and every object in the range category of the functor is isomorphic to the
image of an object under the functor. The above conjecture, if true, combined with
theorem 6.11 enables us to deduce that the functor £ is an equivalence of categories.

If the above conjecture is true, then we can prove the following conjectures.

Conjecture 9.2. Let (T,w) and (S,v) be objects in the category T, and let ¢ :

end(T,w) — end(S,v) be a bi-Hélder homeomorphism. Then ¢ is quasi-conformal.

Proof that conjecture 9.1 implies conjecture 9.2: By conjecture 9.1 there exists
a quasi-isometry v : (T, w) — (S,v) such that £([y]) = ¢. By theorem 5.13, ¢ is

quasi-conformal. O
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Conjecture 9.3. Let (T, w) and (S,v) and (R, x) be objects in the category T .Let ¢ :
end(T,w) — end(S,v) and ¢ : end(S,v) — end(R, ) be bi-Hdolder homeomorphisms.

Then, 1o ¢ : end(T,w) — end(R, x) is a bi-Hélder quasi-conformal homeomorphism.

Proof that 9.2 implies conjecture 9.3: The composition ¥ o ¢ : end(T,w) —
end(R, x) is a bi-Hoélder homeomorphism by lemma 6.13. By conjecture 9.2, 1) o ¢ is

quasi-conformal.O

The above conjecture leads to the following conjectures.

Conjecture 9.4. Fvery bi-Holder homeomorphism on perfect compact ultrametric

spaces is quasi-conformal.

Conjecture 9.5. The composition of two bi-Hdélder homeomorphisms on perfect com-

pact ultrametric spaces is a bi-Holder quasi-conformal homeomorphism.

Proof that conjecture 9.4 implies conjecture 9.5: By theorem 6.3 the composi-
tion of two bi-Holder homeomorphisms is a bi-Holder homeomorphism, therefore by

conjecture 9.4 the composition is also quasi-conformal.

Conjecture 9.6. The composition of two bi- Holder quasi-conformal homeomorphisms

on perfect compact ultrametric spaces is a bi-Holder quasi-conformal homeomorphism.

Note that conjecture 9.6 is a weaker version of conjecture 9.5. On the other hand

conjecture 9.6 may be true, even if conjecture 9.5 is false.

If conjecture 9.6 is true, then we can define the category U’ to be the category
whose objects are perfect compact ultrametric spaces and whose morphisms are bi-
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Holder quasi-conformal homeomorphisms. Note that ¢’ is a sub-category of U and
contains the image of the functor £. In this case, we can give the following version of

conjecture 9.1.

Conjecture 9.7. The functor £ from the category T to the category U’ is full. That
is to say that if (T, w) and (S,v) are objects in the category T, and ¢ : end(T,w) —
end(S,v) is a bi-Hélder quasi-conformal homeomorphism between them, then there

exists a quasi-isometry v : (T, w) — (S,v) such that E([7]) = ¢.

Conjecture 9.7, if true, combined with theorem 6.11 enables us to deduce that
the functor £ is an equivalence between the categories 7 and U’. If conjecture 9.1 is
true, then conjecture 9.7 will be true. On the other hand conjecture 9.7 may be true
without conjecture 9.1 being true. If this is the case, then there exist trees (7, w) and
(S,v) in the category 7, and a bi-Hélder homeomorphism ¢ : end(T, w) — end(S, v)

that is not induced by any quasi-isometry between the trees (7, w) and (S, v).

If the following conjecture can be proved, the techniques used in [Hug] might be

useful in proving that the functor is full.

Conjecture 9.8. If f : U — V is a local similarity equivalence between perfect

compact ultrametric spaces, then f is a bi-Hélder quasi-conformal homeomorphism.
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Appendix A

In this appendix, we present proofs of the statements made in several of the exam-
ples in Chapter VII. The example being referred to is clearly indicated by the example
number. In this appendix (zg, z1, %9, ... ) and (yo, Y1, Y2, - - . ) represent sequence of 0's
and 1’s; in other words, z;,y; € {0,1} for all i =0,1,2,....

Proof of claim for example 7.7. Recall that in example 7.7 we claim that
¢ :end(T',w'") — end(S’,v") defined by

¢(f0) = 9o, and

[V, coi 1| U (z0, 21, 22,...), ifj=1 ©.1)
[V, coi| U (w0, 21, T2, . . . ), if j =2 '

(W', cijl U (zo, 1, 20,...)) = {

is a (%, 63) - bi-Holder e-quasi-conformal homeomorphism. What follows is the proof
of this claim.
Proof of claim:

The proof that ¢ is a homeomorphism is trivial. To prove the other statements
let us first look at the distances d,(z,y) between the ends x,y € end(T',w'). We
have the following cases:

i) If 2 = foand y = [w', ¢ 5] U (w0, 21,29,...), for i = 1,2,... and j = 1,2, then

1

(x|y) = 2i, implying that, du (z,y) = .
e 13

i) If £ = [w, ¢;1] U (zo, 21,22, ...) and y = [w', ¢;2) U (Yo, y1, Y2, ... ), for i =1,2,...,

1
e2i+1’

then (z|ly) = 2i + 1 and dy (z,y) =
i) If o = [w', ¢; j]U (20, 21, 22, ... ) and y = [W', e ) U (Yo, y1, Y2, - - ), for i, k = 1,2, ...
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1
and j,l = 1,2 and i < k, then (z|y) = 2i and dw/(z,y) = —.
e 7

i) If z = [w', ¢; ;] U (2o, 21,29, ... ) and y = [w', ¢ ;] U (vo, ¥1, Y2, ... ), for i = 1,2, ...

and j = 1,2. Then (z|y) = dw (W', ¢;j) +n = 2i+ 14 n where n = inf{i > 0|x; # y;}

1
o e2i+1+n’

and d (z,y)
The distances between the ends x,y € end(S’,v"). The following are the cases
that can occur:

a) If v = gp and y = [V, ¢;] U (wg, w1, @9,...), for i = 1,2,..., then (x|y) =i — 1,

implying that, d(z,y) = g

b) If x = V', ¢;] U (w0, @1, 22,...) and y = V', ¢;] U (Yo, y1, Y2, ... ), for i,j = 1,2,...

1

and i < j, then (z]y) =i — 1 and dy(z,y) = e

c) If v = [V, ¢;)U(wg, 21, 22,...) and y = [v', ;] U (yo, Y1, Y2, .. ), fori = 1,2,..., then

1
_ / ] s _ . ) ) _
(x|y) = dy (v, ;) +n =i—1+4n where n = inf{i > 0|z; # y;} and d,/(z,y) = prapey
We will show that
1 1
e {du(2,9)}” < du(6(2),0(y)) < & {du(,7)}? (9.2)

1
which means that ¢ is a (5, e3>— bi-Holder homeomorphism.

Case I) z and y are as in (i) above and j = 1. In this case ¢(z) = go and ¢(y) =

[V, coi1] U (20, 21, X2,...). By (i) and (a) above, d,(x,y) = % and d(¢(x), ¢(y)) =

. We substitute these values in relationship 9.2 and obtain :

SR EEY SR

e2i—1

IN

which is a true statement.
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Case II) « and y are as in (ii) above and j = 2. In this case ¢(z) = go and ¢(y) =

[V, c9i] U (g, x1, o, ...). By (i) and (a) above, d/(x,y) = % and d(¢(z), o(y)) =
1

e2i—2 ’

We substitute these values in relationship 9.2 and obtain :

which is always true.

Case III) z and y are as in (i) above. In this case ¢(x) = [v/,co-1] U (0,0,0,,...)

and ¢(y) = [v',co] U (0,0,0,...). By (i) and (b) above, dy(z,y) =

1
d(op(z), p(y)) = iz We substitute these values in relationship 9.2 to obtain :

L1V 1 g 1"
&3 | e2i—2 = 2i+l € ©2i—2

which is a true statement.

. and
o2i+1

Case 1IV) z and y are as in (iii) above and j = [ = 1. In this case ¢(z) =

[V coi1] U (xg, 21,22, ...) and ¢(y) = [v', car—1] U (Y0,%1,Y2,--.). By (iii) and (b)

1 1
above, dy(z,y) = o and d(¢(x),9(y)) = iz We substitute these values in

relationship 9.2 and obtain:

which is always true.

Case V) z and y are as in (iii) above and j = [ = 2. In this case ¢(x) = [V, c] U
(o, x1, 22, ... ) and ¢(y) = [V, cax)U(yo, Y1, Y2, - - - ). By (iii) and (b) above, dy(x,y) =
% and d(¢(z),o(y)) = %. We substitute these values in relationship 9.2 and

obtain :
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which is always true.
Case VI) x and y are as in (iii) above and 7 = 1 and [ = 2. In this case ¢(x) =
[V, coi1]U (0, T1, T2, ... ) and ¢(y) = [V, car] U (Yo, Y1, Y2, - - - ). By (iil) and (b) above,

1 1
dy (z,y) = o and d(o(z), ¢(y)) = iz We substitute these values in relationship

9.2 and obtain :

which is always true.
Case VII) z and y are as in (iii) above and j = 2 and [ = 1. In this case ¢(z) =
[V cos) U (20, 21, Xa, ... ) and @(y) = [V, car—1]U (Yo, Y1, Y2, - - - ). By (iii) and (b) above,

1 1
dy (z,y) = o and d(¢(z),¢(y)) = iz We substitute these values in relationship

9.2 and obtain :

which is always true.
Case VIII) z and y are as in (iv) above and j = 1. In this case ¢(z) = [v/, co_1] U

(0, 21,2, ... ) and ¢(y) = [V, c2i—1]U(yo, Y1, Y2, - - - ). By (iv) and (c) above, dys (2, y) =

1

1
T where n is defined in (iv) and d(¢(z), ¢(y)) = ————. We substitute these
6 T n

€2i—1+n

values in relationship 9.2 and obtain :

2 1
1 1 1 3 1 2
_ . < - <e -
63 e2z+1+n - 62171+n — 621+1+n
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which is always true.
Case IX) z and y are as in (iv) above and j = 2. In this case ¢(x) = [/, co;] U

(w0, 1,2, ...) and @(y) = [v/, co)]U (Yo, Y1, Y2, - - - ). By (iv) and (c¢) above, dy/(x,y) =

1 1

—io, Where n is defined in (iv) and d(¢(z), é(y)) = ——.. We substitute these
e 13 n e TN

values in relationship 9.2 and obtain :

1
1 1 7 _ b a1
3 | e2itl+n = g2itn — € e2i+14n

which is always true.

The above nine cases exhaust all the possible cases that can occur, therefore ¢ is
1
a <§, 63>— bi-Holder homeomorphism.

To show that ¢ is e-quasi-conformal, we need to show that sup ng' (z) < e, where
zeX

sz’ (x) is as in definition 5.10.

o0

1
Let © = fo, then {dy (z,y)|ly € end(T',w")} = {—2} and this is a decreasing
e 7

i=1

1
sequence tending to zero. Let dy(fo,y) = —, then,
e 12
y e {[w, ci;]U (Yo, v1,-- )| (Yo, y1,...) € end(X;) and j = 1,2},
Therefore, ¢(y) € {[v/,c2i-1] U (Yo, y1,-- - )|(%0, 91, -..) € end(Xoi1)} U {[v/,cai] U

(Yo, Y1, - )| (Yo, Y1, - .. ) € end(Xy;) for all i =1,2,... }.

1 1 1
Hence, 4; = {du(¢(2), ¢(y))ldu(z,y) = —} = {pﬁ} Thus, sup 4; =
: 1 sup 4; o
o and inf A; = i and A e, therefore H,*' (z) = e.
1 o
Let @ = [w', ¢; ;] U (xo, 21, . .. ), then {dy(z,y)|y € end(T", w'")} = {—} which
€ )iz
1

tends to zero. Without loss of generality, let & > 2i + 1, and let d(x,y) = —, then
e
y € {[w, cij]U(yo,y1,-- )| (Yo, y1,...) € end(Xai—1) and ys = x5 for s < k —2i — 1

for all j =1,2}.
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Therefore, ¢(y) € {[v, c2i-1] U (Yo, y15 - )| (Y0, ¥1,- .. ) € end(Xa;_1) and y, = x4 for

s < k—2i—1}U{[V,co] U (yo,v1,--)|(Wo,v1,...) € end(Xz—1) and ys = x4 for
1 1

s <k —2i—1}. Hence, A; = {dy(é(2), ¢(v))|duw (7,y) = =} = {5} ifj=1, and
e e

A = {dv(9(2), o)) |dw (2, y) = l} = {%} if 7 =2 . In both cases

e
sup 4; = inf A; and hence, Hg“” () =1
Therefore, sup H;l“” (x) =sup{l,e} =e.O
zeX

Proof of claim for example 7.8. In example 7.8 we claim that v : end(S’,v") —
(R',x") defined by :

¥(go) = ho, and

(V' e] U (zo, 21, @0, ... ) = [2'¢;] U (w0, 1, 22, . . .) (9.3)

is a conformal homeomorphism which is not bi-Holder. The following is a detailed
proof of this statement.

First let us look at the distances in end(R’', ).
i) (holl2', ca;) U (x0,21,...)) = 2i for i = 1,2,... , therefore d,(ho, |2, co_1] U

1
(33'0,5[}1,...)) = @

i) (hol[2, cai1] U (w0, m1,...)) = 2i* + 1 for i = 1,2,... , therefore d,(ho, [2', c2i] U

1
($0,ZL’1,...)) = W

111) ([x',c%] U (l’o,xl, .. .))HZL’/,CQJ'] U (yo,yl, . )) = 27 for Z,] = 1,2, ...and 1 < j,
therefore d, ([2, co] U (2o, 21, ...)), [/, c2] U (Yo, 41, - .. ) = —.

iV) ([[E,,CQZ‘,A U ([L’O,$1, e ))l[l'/,CQj,l] U (y07y17 e )) = 2Z2 + 1 for Z,j = 1,2, PN and

1

7 < j, therefore dr/([.fl, 622'—1] U (Z’O, Ty, .. )), [IE/, C2j—1] U (y(), Y1y - )) = W
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v) ([2', cai] U (zo, 21, .. )@, e25-1] U (Yo, y1,...)) = 2i for i,j = 1,2,... and 2i <
2j% + 1, therefore d, ([, coi] U (w0, 21, ... ), [#s coj 1] U (Yo, 91, - ) = —=

vi) ([2, c2] U (@0, 21, ... ))|[2", c2j-1] U (Yo, y1,...)) = 2 for 4,5 = 1,2,... and 2i >

. 1
2j% + 1, therefore d,/ ([, co;] U (w0, 21, ... ), [7, caj-1] U (Yo, 41, ... ) = Ty
vil) ([2, ;] U (xo, 21, .. )|[2', ¢l U (Yo, 1, - -+ ) = dw (2, ¢;) +nfor i,5 =1,2,... and

n = inf{i > Olys # x4}, therefore dy([2', ;] U (zg,21,...)), [2',c] U (Yo, y1,-..)) =

1
edm' (z,ci)+n "

The fact that v is a homeomorphism is obvious. We will show that ¢ is conformal.

1 oo
Let @ = go, then {dy(z,y)|y € end(S",v')} = {—Z} which is a decreasing se-

€ )i=o
1
quence tending to zero. Let dy (g, y) = —, theny € {[v', ¢;1]U(Wo, v1, - - )| (yo, y1, - -+ )
el
end(Xiy1)} . Ifi+1is even, and i+ 1 = 2k for some integer k, then ¢ (y) € {[2, c,]U

1 . .
(Yo, Y1, -+ (Yo, 915 - -+ ) € end(Xy;_,)}. Hence, du(1(2),9(y)) = —. If i+ 1 is odd,

(&

and i+1 = 2k—1 for some integer k, then ¢ (y) € {[2', b _1]U(Yo, 1, - - )| (Yo, y1,-..) €
end(Xy_1)}. Hence, dy(1(z),4(y)) = ﬁ Let A; = {do (¢(x), ¥(y))|duw (2, y) =
é}. In both cases sup A; = inf A;, thus, HZI' (x) = 1.

Let x = [V, ¢;]U (2o, x1,...), where i = 1,2, ..., then {d,(z,y)|y € end(S",v")} =

1 o0
{—Z} and this is a sequence tending to zero. Without loss of generality, let k£ > ¢

e j=1

1
and let d, (z,y) = s then
y € {[v, el U (yo,y1, - )|(Wo,y1,-..) € end(Xgi—1) and ys = x5 for s < k — i}
Therefore,
U(y) € {[2', &)U (Yo, v1, - - )| (Yo, v1, - .. ) € end(Xy;_,) and x5 = y; for all s < k—2i}

and Y(x) = [/, &) U (zo, 21, ... ). Hence,
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1 S S
A = {dy (Y(x), v (y))|dw (z,y) = g} = {edw’(“"’ck””“‘”} Thus, sup A; = inf A, for

. d,s
all k > 4, therefore H," (x) = 1.

By the above cases we see that 1 is a conformal homeomorphism.

To see that 1 is not bi-Hélder consider the following case. Let z = gy and

y=[w, dy 1]U(0,0,0,...). Then, dy(x,y) = By the definition of 1) we have

¥(go) = ho and Y(y) = [2,ch,_1] U (0,0,0,...). Hence dy(¢(x),¥(y)) = ﬁ

e2i—2 :

We will show that there is no a > 0 such that the following inequality holds:

1( 1 )= 1 1)
E ©2i—2 3622‘2“ <k ©2i—2

By talking natural logarithms of both sides and rewriting the inequality we obtain:

1
a(2i* +1) — In(k) < 2i — 2 < In(k) + —(2i* + 1)
(0]

therefore

2i — 2+ In(k)

Y

This relationship has to be true for all 7. If we let i — oo we see that a — 0.

Therefore, 1 is not bi-Holder. O
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