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CHAPTER I

INTRODUCTION

Ever since Leonhard Euler solved the “Seven Bridges of Koénigsberg” problem in the
early eighteenth century, graph theory has developed into an important tool in the study of
natural sciences, computer science, and other areas of mathematics. Several characteristics
of graphs are related to drawings of those graphs on surfaces. This thesis addresses the
genus problem — one of the central problems in topological graph theory — as well as some
additional embedding problems.

We begin by introducing the required terms and concepts.

I.1 Basic graph theory

A graph G = (V(G), E(G)) consists of a set V(G) of vertices and a set E(G) of 2-element
subsets of V(G) called edges. Thus, our graphs are simple, with no loops or parallel edges.
In this setting, if e = {u, v}, we will simply write e = uwv = vu € E(G). If e = uv, then we
say e joins u and v and the vertices u and v are called the ends of e. If v is an end of e, then
we say e is incident with v. For distinct u,v € V(G), we say u and v are adjacent (or u and
v are neighbors), denoted u ~ v, if uv € E(G). A subset X C V(G) is called an independent
set if u o0 v for all u,v € X. The degree of a vertex v is the number of edges incident with
v; equivalently, the number of neighbors of v. If every vertex in GG has degree d, we say G is
d-reqular.

For k > 3, a cycle of length k in a graph G is a sequence of distinct vertices (vivg - - - vy)
such that v; ~v; 1 fori=1,2,....k — 1 and v, ~ v;. A cycle that contains every vertex in
G is called a hamilton cycle; if G contains n vertices, then a hamilton cycle is simply a cycle
of length n. A walk of length k in a graph G is an alternating sequence of (not necessarily

distinct) vertices and distinct edges (vie1v9e003... v,V 1) such that each edge e; is incident



G H G+H G[H]

Figure I.1: Examples of a join graph and a lexicographic product.

with both v; and v;y1 for ¢« = 1,2,...)k. If v; = viyq1, then the walk is closed. A cycle
is necessarily a closed walk, but the converse does not hold. A closed walk that contains
every edge in G is called an euler circuit, and a graph that contains an euler circuit is called
eulerian.

We will be studying hamilton cycles in some special classes of graphs. The complete
graph K, is an n-vertex graph such that every vertex is adjacent to every other vertex. For
k > 2, the complete multipartite graph K, n,... n, consists of k independent sets of vertices
X1, X, ..., Xj; such that |X;| = n; and two vertices u € X; and v € X, are adjacent if
and only if ¢ # j. If G is a multipartite graph with & = 2,3 or 4, then G is a complete
bipartite graph, complete tripartite graph or complete quadripartite graph, respectively. The
complement of a graph G, denoted G, is a graph on the same vertex set such that u ~ v in

G if and only if u o v in G. The complement of a complete graph K, is the edgeless graph

2

At times we consider ways of building larger graphs from smaller ones. The join of G and
H, denoted G + H, is the graph with vertex set V(G) UV (H) such that two vertices u and
v are adjacent if and only if wv € E(G)UE(H) or u € V(G) and v € V(H). In other words,
G + H contains all the original edges of G and H, as well as an edge from every vertex in
G to every vertex in H. The lexicographic product of G and H, denoted G[H], is the graph

with vertex set V(G) x V/(H) such that two vertices (u,z) and (v, y) are adjacent if and only



if u~vin Goru=wvand x~yin H. In other words, G[H] is obtained by replacing each
vertex v in GG with a copy H, of H and placing an edge between every vertex in H, and H,
whenever u ~ v in GG. Figure 1.1 shows graphs G and H together with their join G + H and

the lexicographic product G[H]. Note that if G = K, p,...

Let G be a graph and let X = {z;, | h€ H} C V(G) and Y ={y, | h € H} C V(G)
be disjoint subsets of V(G) indexed by the group H. We call zp,yn,n, € E(G) an XY -edge
of slope hy. Unless otherwise noted, we will assume H = Z, and the edge x;y; will be the
XY-edge of slope j —¢. For the majority of this thesis, we will focus on complete tripartite
graphs. To that end, let A = {aq,...,an_1}, B = {bo,...,b,—1} and C = {cy, ..., c,_1} be the
vertices of K, so that A, B and C are the maximal independent sets. A hamilton cycle

of the form (aj,bx,ce, @5, bk Co, - - aj, bg, o, ) is called an ABC' cycle.

For further information on graphs, see [3].

[.2 Topological graph theory

[.2.1 Background

Topological graph theory is the study of graphs drawn on surfaces. A surface in this case is
a compact 2-manifold without boundary. There are two families of surfaces: the orientable
surfaces and the nonorientable surfaces. The orientable surface of genus h, denoted Sy, can be
interpreted as a sphere with A handles attached; equivalently, it is a torus with h holes. The
nonorientable surface of genus k, denoted Ny, can be interpreted as a sphere with k crosscaps
attached, where a crosscap is essentially a Mcdbius strip. The euler characteristic of Sy, is
2 — 2h, while the euler characteristic of N is 2 — k; we denote the euler characteristic of an
arbitrary surface 3 by x(X). The orientability characteristic of an orientable or nonorientable
surface is +1 or —1, respectively.

An embedding of a graph G, denoted G — 3, consists of an injective map v : V(G) — X
and a continuous injective map ¢; : [0,1] — X for each edge ¢; € E(G) satisfying the

following properties: 1) if e; = wwv, then {€;(0),£:(1)} = {v(u),v(v)}; 2) &(t) & v(V(G))



for all t € (0,1); and 3) for i # j, ei(s) # ¢;(t) for all s,¢ € (0,1). An embedding
of G can be thought of as a drawing of G on the surface ¥ such that no edges cross.
Let C' = U.,ce(q) €i([0,1]) be the image of all the maps of an embedding; the connected
components of ¥\ C' are called faces and denoted F(G). If every face is homeomorphic to
an open disk, then the embedding is an open 2-cell embedding; if the closure of every face is
homeomorphic to a closed disk, then the embedding is a closed 2-cell embedding. The faces
of an embedding satisfies the relation |V (G)| — |E(G)|+ |F(G)| = x(X); this is known as the
Euler formula. In an open 2-cell embedding, a face is usually characterized by the ordering
of vertices as you walk around the boundary of the face; we will simply use “face” to indicate
the boundary walk of a face. For a closed 2-cell embedding, each face is simply a cycle in
the original graph.

A given graph G can often be embedded on many different surfaces; therefore, we usually
desire embeddings with certain properties. The genus of G, denoted ¢(G), is the minimum
h such that G < S),. Likewise the nonorientable genus of G, denoted g(G), is the minimum
k such that G — N,. The embeddings that achieve these minima — hereafter referred to
simply as genus embeddings — generally have very small faces, such as triangles. There are
related notions of mazimum genus and nonorientable mazimum genus; the embeddings that
achieve these maxima generally have very large faces, the largest possible of which — when
restricting to closed 2-cell embeddings — is a hamilton cycle. An embedding where every
face is a triangle is called a triangulation or a triangular embedding, while an embedding
where every face is a hamilton cycle is called a hamilton cycle embedding. 1f the faces of an
embedding can be colored with k colors so that any two faces that share an edge are assigned
different colors, then we say that embedding is face k-colorable. Some of the embeddings we
construct will be face 2-colorable.

Finding these special embeddings for general graphs can be quite difficult. In fact,
Thomassen [50] showed that determining the genus of a general graph is NP-complete. How-

ever, it is possible to determine the genus exactly for certain families of graphs. Ringel used



some graphs with known genus to solve most cases of the Map Coloring Theorem [41], a
generalization of the Four Color Theorem.

After Ringel and Youngs solved the final case of the Map Coloring Theorem in 1968,
there was little progress made on the graph genus problem for the next three decades. But
with the recent development of new techniques, interest in determining the genus of special
graphs has been renewed. In particular, Ellingham, Stephens and Zha [14] used nonorientable
embeddings of complete bipartite graphs with several large faces to prove that, with a few
small exceptions, §(Kymn) = §(Kpmin). This essentially means that we can add the required
edges to a genus embedding of Kj,,+, to obtain an embedding of K, , without raising the
genus of the surface. In a similar fashion, Ellingham and Stephens [12] used nonorientable
embeddings of complete graphs whose faces were all hamilton cycles to prove that, with a
few small exceptions, §(K,, + K,) = §(K,nn) when m > n — 1. This again means we can
add the required edges to a genus embedding of K, , to obtain an embedding of K, + K,
without raising the genus of the surface. The pursuit of a similar result for the genus of
K,, + K, has proven to be much more challenging [13]; one of the goals of this thesis is to
make progress towards resolution of the orientable case.

Another goal of this research is to find embeddings of certain complete multipartite graphs
that satisfy given properties. In a series of papers, Ringel and Youngs, et al., [37-40, 43-48]
found genus embeddings of K, and K,,, on both orientable and nonorientable surfaces. In
[42] they also found hamilton cycle embeddings of K, ,, on orientable surfaces. As mentioned
in the previous paragraph, Ellingham, Stephens, and Zha [14] found genus embeddings of
K, on nonorientable surfaces; this work included hamilton cycle embeddings of K, ,
on nonorientable surfaces for all n > 4. Moreover, Ellingham and Stephens found genus
embeddings of K,, + K, from hamilton cycle embeddings of K, on nonorientable surfaces
[12] and on orientable surfaces for certain values of n [13]. In this thesis we extend these
results to include hamilton cycle embeddings of K, , , and genus embeddings of K, for

t > 2n on both orientable and nonorientable surfaces.



Figure [.2: An embedding of K5 on the projective plane.

For more background on topological graph theory, see [27] or [36].

[.2.2 Combinatorial descriptions of embeddings

It is possible to represent an embedding completely combinatorially. The most common way
to do this for open 2-cell embeddings is by specifying the rotation system, which includes
a cyclic ordering R, = (ege1 ---ex) of the ends of edges incident with each vertex v; the
permutation R, is called the rotation around v. The faces of the embedding are given by
the collection of all closed walks W = (vgequie1vs...v5_1€x_1p) satisfying the condition that
R, (ei_1) = e; for every i € Zi. The embedding resulting from a rotation system is always
in an orientable surface.

To extend the definition of rotation systems to get nonorientable embeddings, we consider
embedding schemes. An embedding scheme consists of a rotation system together with a map
A E(G) — {—1,+1} that associates to each edge e the edge signature \(e). For any open
walk W = (voepuie1vg... 0516510 ), define A(W) = A(eg)A(eq) - - - A(ex—1) to be the net walk
signature. The faces of the resulting embedding are traced out in the following manner.
Choose any edge ey with ends vy and vy, and let Wy = (vpepvy). The next edge is given by
e = R{}l(WO)(eO); assuming the other end of e; is vy, we set Wi = (vgeguie1v2). Now to each
open walk W; we continue adding the edge ej;; = R;\J.(Kj )(ej) until we encounter the edge

e again with a net walk signature of +1. The collection of all closed walks determined by



this process correspond to the faces of the resulting embedding. If all of the edge signatures
are +1, then the resulting embedding will be identical to the orientable embedding obtained
from the rotation system alone. The following example gives the embedding scheme for the
embedding K5 — N; shown in Figure 1.2. The nonorientable surface N; represented in
Figure 1.2 is the projective plane, obtained by identifying the upper dashed curve with the

lower dashed curve such that the arrows point in the same direction.

Ezxample 1.2.1.

Ry, : (eseseqen)
R, : (coeseses)
Ry, : (eoegeres)
Ry, : (ereseacs)
Ruy ¢ (ese9e567)
co) = Aer) = Aes) = Ales) = Aes) = Aes) = Aleg) = Aer) = +1

A 68) = /\(69) =-—1

The benefit of using rotation schemes is that you know you have an embedding; the
detriment is that tracing out the faces can be quite difficult. Since we are trying to construct
embeddings with specific facial boundaries, this is a problem. To remedy this, we use an
alternate representation of an embedding. Rather than specifying the cycles that make up
each rotation, we give the cycles that make up the boundary of each face. This obviously
gives us control over the sizes of each face; however, it comes at a cost. While it is known that
a collection of faces that double covers the edges of a graph G can be “sewn” together along
common edges to get a drawing of G, it is possible that this drawing is on a pseudosurface
rather than a surface. This happens if the neighborhood of any vertex in the resulting
topological space is not homeomorphic to a disk. To ensure that we do have an embedding
on a surface, it must be shown that there is a well-defined cyclic rotation around each vertex.

Because all of the graphs we will encounter in this thesis are simple graphs, we will adopt



the convention of presenting the rotation R, around the vertex v as a rotation graph on the
neighbors of v. If a face contains the subsequence (---wuvw---), then the vertices u and w
are adjacent in R,, representing the fact that the edges uv and vw occur consecutively in
the rotation around v. Every rotation graph will be 2-regular; a rotation graph is proper
if it consists of a single cycle. A collection of faces determines an embedding of a graph
in a surface if the rotation graph around each vertex is proper. Example [.2.2 provides
the collection of faces that corresponds to the embedding K5 — N; shown in Figure 1.2.
Following each face is the edge that appears in the rotation graph R,,. Considering all these
edges, we conclude that R, is given by the cycle (vaugusvs). Note that this is equivalent to

the rotation R,, given in Example [.2.1.

Ezample 1.2.2.

Fo: (voviva);  wova
Fi: (vovaus)
Fy: (vousvy)
Fs5: (vovgvy);  wvgvg
Fy: (vv3v402); v9u3
F5: (vquqvyv3); w403

For further information on representing embeddings combinatorially, the reader is again
referred to [27] or [36].

The benefit of having combinatorial descriptions of embeddings is that it makes it possible
to present purely combinatorial methods of construction. We develop two new methods
for building embeddings of K, ,,. In Chapter II, we present a cyclic construction that
generates an entire embedding from two sequences of edge slopes. The facial boundaries in
the resulting embedding are highly structured. While this construction can be used to create
both nonorientable and orientable embeddings, we will focus on the nonorientable case. In
Chapter III, a correspondence between an orientable hamilton cycle embedding of K, ,

with certain properties and two pairs of orthogonal latin squares of order n with certain



properties is demonstrated. We further show that an orientable hamilton cycle embedding
of K, can be generated from a single pair of orthogonal latin squares provided one of

those squares exhibits an additional property.

[.2.3 Voltage graphs

In addition to creating new methods for constructing embeddings, we will take advantage of
some known techniques. The first of these — the voltage graph — was introduced by Gross in
1974 [25]. We will only need voltage graphs in Chapter I1I; therefore, we restrict our focus in
this section to voltage graphs that yield orientable embeddings. For information on voltage
graphs yielding nonorientable embeddings, see [27]. Let G < X be an embedding of a graph
G, possibly with loops and parallel edges, in some orientable surface . Assign a direction
to each edge in G, and let o : E(G) — T be a function from the edges of G' to the group T'.
The map « is called a wvoltage assignment, the group I is called the wvoltage group, and the
pair (G — X, «) is called a wvoltage graph.

From a voltage graph (G < X, ) we obtain an embedding of the derived graph G* in the
surface 3¢ as follows. The vertex set of G* is V(G) x I, and the edge set of G* is E(G) x T'.
We adopt the notation v, and e, for the vertex (v,a) and the edge (e, b), respectively. If
e € E(G) is directed from u to v and a(e) = b, then there is an (undirected) edge e, in
G“ connecting u, and v,, for all a € I'. Each vertex v, € G¢, for every a € I, inherits
the rotation around v in the original embedding; this produces a rotation system that yields
an embedding in the derived surface X*. In Figure 1.3, the graph G is shown on the left,
embedded in the plane with voltage assignments from Z3, along with the derived graph G*
on the right, also embedded in the plane.

Using this construction, the resulting surface X% will always be orientable. We do, how-
ever, want to determine the structure of each face in the embedding G* — 3¢. To determine
the faces of the derived embedding, one must trace out the faces of the embedded voltage

graph. Let W = e7'e5? - - - e;* be the closed walk bounding a face in the embedding G — 3,
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Figure [.3: Example of a voltage graph and its derived graph.

where ¢; = +1 if ¢; is traced in the forward direction and ¢; = —1 if e; is traced in the
reverse direction. We define the net voltage of W to be |W| = a(e1) a(eg)® - - - ey ). We
want to be able to determine whether a closed walk W yields a hamilton cycle in the derived
embedding without actually constructing the embedding. The following theorem aids in this

determination.

Theorem 1.2.3 (Gross and Tucker, Theorem 2.1.3 [27]). Let W be a closed walk of
length k bounding a face in the voltage graph (G — 3, ), and let the net voltage |W| have

order n in I'. Then W yields % faces of size kn in the derived embedding of G*.

Because we are only considering orientable graphs without edge signatures, we can trace
the faces of the voltage graph without actually considering the embedding. To do so, we
assign a consistent orientation, say clockwise, to each vertex; this induces a cyclic ordering of
the edges, or rotation, around each vertex. Say, for example, that R, is the rotation around
v. If we enter v on the edge e as we are tracing a facial boundary, then we leave v on the
edge R,(e). Following this procedure, every closed walk traced out corresponds to a face of

the voltage graph. We consider the voltage graph in Figure [.3 as an example. We use the

10



notation et € R, to indicate the edge is traced in the forward direction as we leave v and
e! € R, to indicate the edge is traced in the reverse direction. This is equivalent to e*!
and e~! representing the tail and head of e, respectively. The rotation around each vertex
is given below.

R,: (d*letif-1d-1)

R,: (e7'fT).
We now choose any edge, say d, to use as the starting point for our trace. If we follow d
in the forward direction from its tail at u to its head at u, we see that R,(d™') = d™, so
we have a closed walk, call it Wy = (d™'). Next, we start with d and trace it in the reverse
direction from its head at u to its tail at u. Since R,(d') = e'!, we next trace e in the
forward direction from its tail at u to its head at v. Since R,(e™') = f™!, we next trace f in
the forward direction from its tail at v to its head at u. Here we find that R,(f™!) =d™!, so
our walk is closed, call it W, = (d~te™ f!). Repeating this process with any unused edge as
our starting point, we obtain the closed walk W5 = (e7!f~!). Since each edge has been used
exactly once in both the forward and reverse directions, we have found all possible closed
walks. We compute the net voltage of each closed walk below. Because we are working in

the abelian group Zs, we use addition to represent the group operation.

Wo| = a(d)™ =1
Wil =a(d) ' +ale) +a(f)T'==-1+0+1=0

Wyl =ale) ' +a(f) t=-0-1=2

Applying Theorem 1.2.3, we learn that W, yields 1 face of size 3, W yields 3 faces of size
3, and W, yields 1 face of size 6. Thus, the derived embedding G* < > has 6 vertices, 9
edges and 5 faces. Plugging this information into the Euler formula, we learn that y (%) = 0,
confirming what we knew from Figure 1.3.

In Chapter III, we will build voltage graphs for hamilton cycle embeddings of K, ,, .

The required voltage graph will have vertices a,b and ¢ corresponding to the independent

11



sets A, B and C. There will be n edges directed from a to b, with each voltage from an
abelian group of order n being assigned to one of these edges. If a(e) = 4, then e represents
all AB-edges of slope ¢. Similarly, there will be n edges directed from b to ¢ and n edges
from ¢ to a, with each possible slope appearing once in each collection. Since the vertices
and edges of our voltage graph are known ahead of time, all we will need to specify is the
rotation around each vertex. It will suffice, then, to show that all of the faces in the derived

embedding are hamilton cycles.

[.24 Surgical techniques

Some of the methods we will employ require performing surgery on some preexisting embed-
dings. One of these methods is quite simple. Let G — ¥ be a hamilton cycle embedding
of G with m hamilton cycle faces. By placing a new vertex in the center of each face and
connecting it by new edges to each vertex on the boundary of that face, we create an em-
bedding K,, + G — Y. Moreover, since this new embedding is necessarily a triangulation,
we actually have a genus embedding of K,, + G. In particular, we can derive triangulations
of Koy nn,n from hamilton cycle embeddings of K, ,,, and triangulations of K, + K, from
hamilton cycle embeddings of K.

Another, more complex method we will employ is the so-called “diamond sum” construc-
tion. This surgical technique was introduced in dual form by Bouchet [8], reinterpreted by
Magajna, Mohar and Pisanski [32], developed further by Mohar, Parsons, and Pisanski [35],
and generalized by Kawarabayashi, Stephens and Zha [31]. In particular, the diamond sum
construction allows us to combine genus embeddings of Ky, , ., and Ky, 3, to get a genus
embedding of K, +t,—2nnn. This is achieved by removing a disk containing a vertex of de-
gree 3n and all of its incident edges from each embedding and identifying the boundaries of
the resulting holes in a suitable fashion. For similar applications of the diamond sum, see
[12-14], and for more information on this technique, see [36, pages 117-118].

In Chapter IV, we extend the doubling construction in [13] to a tripling construction

12



for hamilton cycle embeddings of complete graphs. By taking three copies of a hamilton
cycle embedding of K,,, removing a point from each and joining them via a hamilton cycle

embedding of K,,_1,-1,-1, we are able to obtain a hamilton cycle embedding of K3,,_3.

[.2.5 Bouchet covering triangulations

In a series of papers [2, 7, 9] in the 1970’s and 1980’s, Bouchet — together with Bénard and
Fouquet — developed several methods for lifting triangulations of a graph G to triangulations

of G[K,,]. These methods, which Bouchet calls covering triangulations, are especially useful
when G is the complete multipartite graph K, . ., because the lexicographic product G[K,,]
is the complete multipartite graph Ky, ... .mn,- Thus, these covering triangulations yield a
product construction for genus embeddings of complete multipartite graphs. There are three
of the methods employed by Bouchet that will be useful in Chapter IV. A brief description
of each follows, along with the relevant result.

The first method is a generative m-valuation [7]. Let 7 : G — ¥ be a triangulation
of GG, and let T be the collection of triangle faces in 7. A map ¢ : T — Z,, is called
an m-valuation of 7. Let V(G[K,]) = V(G) X Z,; for every triangle t = wvw € T,
set Cy = {(u,1)(v,j5)(w, k) | i+ 7+ k = ¢(t)}. Under certain conditions, the collection of
triangles {C; | t € T} defines a triangulation of G[K,,] in a surface with the same orientability
characteristic as X; this is called the expansion of 7. For an eulerian graph, the required
condition is straightforward. For each vertex v € V/(G), let (t1tz - - - tox) be the permutation of

triangle faces incident with v as they appear in clockwise order around v in the triangulation

G — X. Define

i=1
If p(v) generates the entire group Z,, for every vertex v € V(G), then ¢ is a generative

m-valuation of T.

Theorem 1.2.4 (Bouchet, Theorem 1 [7]). Let 7 : G — X be a triangulation of an
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a aq a q

Figure 1.4: Select neighborhoods from triangulation 7.

eulerian graph G, and let ¢ be a generative m-valuation of T for some integer m > 2.

Then the expansion of T is a triangulation of G[K,,| in a surface with the same orientability

characteristic as X.

Thus, it suffices to show that the triangulations we want to expand admit a generative
m-valuation. For complete multipartite graphs, this is addressed in another theorem of

Bouchet.

Theorem 1.2.5 (Bouchet, Theorem 4 [7]). Let G be an eulerian complete multipartite

graph. If there exists a triangulation T : G — X, then there exists a triangulation of G[K,]

i a surface with the same orientability characteristic as 3.
We are now able to prove the following result.

Corollary 1.2.6. If there exists a nonorientable triangulation of Koy ypnn with n even, then

there exists a nonorientable triangulation of Komn mnmn,mn fOT every integer m > 1.

Proof. Every vertex in Ks, . has even degree, thus it is an eulerian graph. The result

follows from Theorem 1.2.5. O

While we omit the proofs of Theorems 1.2.4 and 1.2.5, we provide the following example

for clarification.

Example 1.2.7. Figure 1.4 shows the neighborhoods of the D vertices for a nonorientable

triangulation T K4727272 — N4, where A = {ao,al}, B = {bo,bl}, C = {Co,Cl} and D =
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(a9,0) (ap,1)

(c1,0) (bo,1) (c1,0) (bo,1)
(b1,0) (co,1) (by,1) (¢o,0)
(alao) ((11,1) (aleo) (alal)
(Co,O) (blal) (Co,l) (bl ,O)

(b,0) (c1,1) (b,0) (c1.1)

(a9,1) (a,0)
Neighborhood around (d,0) Neighborhood around (dj,1)

Figure [.5: Select neighborhoods from expansion of 7.

{dy, dy,ds,d3} are the sets of the partition. The value ¢(t) is displayed in each triangle ¢;
each vertex is contained in an odd number of triangles ¢ with ¢(¢) = 1. Thus, ¢(v) = 1
for every v, and ¢ is a generative 2-valuation. The neighborhoods for the two vertices that

result from d; in the expansion of 7 are shown in Figure L.5.

The second method is similar to generative m-valuations, except that instead of requiring
triangles to satisfy a condition based on ¢, triangles must satisfy a condition that comes from
a nowhere-zero p-flow on the dual of the original triangulation (p is prime). Using induction
and Seymour’s proof that every graph GG without an isthmus admits a nowhere-zero 6-flow

[49], Bouchet proved the following theorem.

Theorem 1.2.8 (Bouchet, Corollary, p. 234 [9] ). If there exists a triangulation G — %

and m is an integer such that 2,3,5 1 m, then there exists a triangulation of G[K,,] in a

surface with the same orientability characteristic as .

Remark 1.2.9. If Tutte’s conjecture that every isthmus-free graph admits a nowhere-zero
5-flow is proven to be true, then we could remove the requirement that 5 t m from the

statement of Theorem [.2.8.
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This leads directly to the following corollary.

Corollary 1.2.10. If there ezists a nonorientable triangulation of Koy ynn, then there exists

a nonorientable triangulation of Ko mn.mn.mn for every integer m > 1 such that 2,3,5 1 m.

The last method that we will utilize is based on the existence of a well-separating cycle
in G. We will leave the details to Bénard, Bouchet and Fouquet [2], but we present the

following theorem.

Theorem 1.2.11 (Bénard, Bouchet and Fouquet, Corollary 4.3 [2]). Let G be a 4-
colorable graph different from K,, and let m = 3P for some integer p > 1. If there exists a

triangulation G — X, then there ezists a triangulation of G[K,,| in a surface with the same

orientability characteristic as 3.
We can now obtain the final result we need from Bouchet’s covering triangulations.

Corollary 1.2.12. If there exists a nonorientable triangulation of Koy pnn, then for every

integer p > 0 there ewists a nonorientable triangulation of Komn mn,mn,mn, Where m = 3P.

Proof. Providing each independent set with a different color, it is easy to see that Koy, ;nn

is 4-colorable. The result follows from Theorem 1.2.11. O

1.3 Latin squares

1.3.1 Definitions

Our terminology agrees with that set forth by Wanless in [51, 52]. A latin square of order n
is an n X n matrix on some n-set E such that every row and every column contain exactly one
copy of each element of E. Assume the rows and columns of L are labeled using the n-sets R
and C, respectively; if the entry in row » € R and column ¢ € C contains the entry e € E, we
say that L contains the ordered triple (r,c,e), or L,. = e. A latin square is thus equivalent
to a set of ordered triples. Unless otherwise noted, we will assume R = C = FE = 7Z,. Two

latin squares L; and L, on the sets E; and Ejy, respectively, are called orthogonal, denoted
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Ly L Lo, if the ordered pairs obtained by overlapping the two squares cover every element

of 1 X Fy exactly once. If L; L Ly for some Lo, we say L; has an orthogonal mate.

Example 1.3.1. A and B are orthogonal latin squares of order 3, as evidenced by the over-

lapping entries shown in the matrix C. The center entry of A would be denoted (1,1,2).

01 2 01 2 (0,0) (1,1) (2,2)
A= 120 |:B=1201 [.C=| (1,2) (2,00 (0,1)
2 01 120 (2,1) (0,2) (1,0)

Given an n x n latin square L, a transversal is a set of n ordered triples {(r;,¢;, e;) €
L i€ Z,} such that {rg,...,7n—1} = {coy ..., a1} = {€0, ..., en—1} = Z,,. In other words, a
transversal is a collection of cells from L such that every row, column, and entry is covered
exactly once. In Example 1.3.1, note that the 0 entries in B correspond to a transversal in
A; likewise for the 1 and 2 entries. It is well known that a matrix has an orthogonal mate if

and only if it can be decomposed into disjoint transversals.

Theorem 1.3.2. A latin square L has an orthogonal mate if and only if L can be decomposed

into disjoint transversals.

For this thesis, we will utilize a generalization of a transversal known as a k-plex. If L is
a latin square of order n, a k-plex is a set of kn ordered triples {(r;,¢;,e;) € L | i € Zy, } such
that the collections {rg, ..., "kn—1}, {€0s.-; Ckn—1} and {eg, ..., €xn—_1} each cover Z, k times.
In other words, a k-plex is a collection of cells from L such that every row, column, and
entry is covered exactly k times. Thus, a transversal is a 1-plex, and an example of a 2-plex

is given in Example 1.3.3.

Example 1.3.3. The starred entries in L form a 2-plex.
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o 1 2 3 4 5
1 2038 4 5 0

3 4 57 0 1
3 4 5 0 17 2
4

ot

o 1 2 &

50 1 2 3 4~
If L can be decomposed into disjoint parts Ky, Ks, ..., K4, where each K; is an k;-plex,
then we call this a (k, ks, ..., kq)-partition of L. If all the parts have the same size k, then

we simply call this a k-partition. A decomposition into transversals is a 1-partition; thus,

we get the following result.

Theorem 1.3.4. A latin square L has an orthogonal mate if and only if there exists a

1-partition of L.

While transversals can be difficult or impossible to locate in latin squares, k-plexes are
generally much easier to find. In fact, it is conjectured that every latin square contains the

maximum number of disjoint 2-plexes.

Conjecture 1.3.5 (Wanless, Conjectures 2 and 3 [51]). If L is a latin square of even
order, then L admits a 2-partition. If L is a latin square of odd order, then L admits a

(2,2,...,2,1)-partition.

A latin square of order nm is said to be of m-step type if it can be divided into m x m

latin subsquares A;; as follows

All A12 te Aln
A21 AQZ e AQn
Anl An2 e Ann
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where A;; and A;; contain the same entries if and only if ¢ + 7 = ¢’ + 7' (mod n). These
squares were first presented by Euler [16]; it was later shown that in certain cases m-step

type latin squares are resistant to transversals.

Theorem 1.3.6 (Maillet [33]). Suppose that m is odd and n is even. If L is a m-step type

latin square of order nm, then L contains no transversals.
This result was later extended to include any odd k-plex.

Theorem 1.3.7 (Wanless, Theorem 6 [51]). Suppose that m and k are odd and n is

even. If L is a m-step type latin square of order nm, then L contains no k-plexes.

For more information and results concerning transversals and k-plexes in latin squares,
see [51, 52].

For this thesis, we will use a slight generalization of Euler’s m-step type latin square. Let
L be a latin square of order n; a latin square of order nm is said to be a m-step type latin

square based on L if it can be divided into m x m latin subsquares A;; as follows

All A12 e Aln
A21 AQZ e A2n
Anl AnQ e Ann

where A;; and A;;; contain the same entries if and only if L;; = L;;». Thus, Euler’s m-step
type latin square is simply a m-step type latin square based on L = 7Z,, where we write
L = Z,, throughout this paper to denote that L is the latin square formed by the addition
table for Z,,.

In Chapter III, we will construct m-step type latin squares based on a latin square L that
actually admit a 1-partition. One idea that will aid in the construction of such squares is
that of a turn-square. A turn-square is a latin square obtained by starting with the Cayley

table of a group and “turning” some number of order 2 latin subsquares. This is equivalent
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to permuting the rows of the order 2 subsquares. In the example below, the starred entries

in L are “turned” to form the turn-square L;.

Ezample 1.3.8.

0 1 23 4 5 0 1 2 3 4 5

1 23 4 50 1 53 4 2 0

2 3 45 0 1 2 3 45 0 1
L - s Lt e

3 4 50 1 2 3 4 50 1 2

4 5 01 2¢ 3 4 2 0 1 5 3

5 0 1 2 3 4 5 0 1 2 3 4

We generalize this concept to include more than just Cayley tables and allow turns on
larger subsquares. An m-turn-square is a latin square obtained by taking a given latin
square and permuting the rows of some latin subsquares of order m. If K is a m-turn-square
obtained from a m-step type latin square based on L, we call K a turned m-step type latin
square based on L. The latin square L; given in Example 1.3.9 is a turned 4-step type latin
square based on Zs that is obtained from L by permuting the rows of Ay and A;; down three

rows, permuting the rows of A;y down two rows, and leaving the rows of Ay; unchanged.

Ezxample 1.3.9.

0246|1357 246 01 357
246 0(3 5 71 4 6 0 2/3 5 71
4 6 0 2|5 7 1 3 6 02 4(5 71 3
I 6 0 2 4|71 3 5 - 02 46(71335
1 35 7|02 46 5 71 32 46 0
357 1(2 46 0 71 3 5[4 6 0 2
5 71 3[4 6 0 2 135 7|6 0 2 4
713 5[6 0 2 4 357 1[0 2 46
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In Chapter III, we will also need a property of latin squares that describes the relative
position of consecutive entries. Let L be a latin square of order n. For each i € Z,, we
form the graph G; with n vertices cy, ..., c,_1 corresponding to the columns of L and an
edge for each row between the columns that contain 7 and 7 4+ 1. In other words, ¢; ~ ¢jr
if and only if (r,¢;,1), (r,¢jr,i + 1) € L for some r. Since each column contains both i and
1 + 1 exactly once, GG; is 2-regular; if GG; is a single cycle of length n for all ¢+ € Z,, then
we say L is consecutively entry hamiltonian, or ce-hamiltonian for short. An example of a

ce-hamiltonian latin square is Z,, for every n > 2.

[.3.2 Biembeddings of latin squares

A Steiner triple system of order n, denoted STS(n), is a pair (V,B), where V' is a set of n
elements and B is a set of 3-element subsets of V' called blocks such that every distinct pair
of elements in V' is contained in exactly one block. If every distinct pair of elements of V
is instead contained in exactly two blocks, then (V,B) is a twofold triple system, denoted
TTS(n). A transversal design of order n and block size 3, denoted TD(3,n), is a triple
(V,G,B), where V is a set of 3n elements, G is a partition of V' into 3 subsets of size n called
groups, and B is again a set of blocks of size 3 such that every distinct pair of elements is
contained in exactly one group or one block (but not both). A latin square of order n is
equivalent to a TD(3,n), where the rows, columns and entries form the 3 groups and each
cell corresponds to a block. A parallel class in a STS(n), TTS(n) or TD(3,n) is a subset
of B that covers every element of V' exactly once. For a TD(3,n), this corresponds to a
transversal in the associated latin square.

The connection between combinatorial designs and graph embeddings has been known
for over a century. In [29], Heffter observed that a triangular embedding of K, gives rise to a
TTS(n). Later, Alpert proved that twofold triple systems are in one-to-one correspondence
with triangulations of complete graphs (possibly in pseudosurfaces). Given a triangulation

of K,, the faces correspond to the blocks of a TTS(n); moreover, if the triangulation is
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face 2-colorable, each color class corresponds to an STS(n). Conversely, we can construct
face 2-colorable triangulations of K, from pairs of STS(n); under certain conditions, this
triangulation will be in a surface. This is called a biembedding of STS(n), and has been
used, for example, to develop recursive constructions for triangulations of complete graphs
[21]. We note that biembeddings of STS(n) can be in either a nonorientable or an orientable
surface.

In a similar fashion, a face 2-colorable triangulation of K, ,, ,, yields a pair of latin squares,
and this process can be reversed. If the pair of latin squares satisfies certain conditions, the
resulting triangulation will be in a surface; this is known as a biembedding of latin squares.
Contrary to its STS counterpart, these biembeddings are always in orientable surfaces; in

fact, they comprise all orientable triangulations of K, ,, ,,.

Theorem 1.3.10 (Grannell, Griggs and Knor, Proposition 1 [18]). Let7 : K,,,,,, — X

be a triangulation of K, ., in some surface ¥. The following are equivalent.

(1) X is orientable.
(2) T is face 2-colorable.

(3) T is a biembedding of latin squares.

Our goal is to establish conditions on latin squares that ensure those squares are biem-

beddable. To describe one such condition, we need the following definition from [17].

Definition 1.3.11. Suppose that L = (L; ;) is a latin square of order n. If the permutation
given by
Lio Liv - Lina

Livio Livin -+ Liyipa

is a single cycle of length n for all ¢« € Z,, then we say L is consecutively row hamiltonian,

or cr-hamiltonian for short.

The usefulness of this property is shown in the following result.
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Theorem 1.3.12 (Grannell and Griggs, Lemma 2.1 [17]). If L is c¢r-hamiltonian, then

there exists a biembedding of L with a copy of itself.

Grannell and Griggs used this construction, along with some surgical techniques, to create
large families of nonisomorphic triangulations of complete tripartite graphs, such as in the

following theorem.

Theorem 1.3.13 (Grannell and Griggs, Corollary 2.1.1 [17]). For n = 3(2°) and
n2
s sufficiently large, there are at least n2s8 nonisomorphic face 2-colorable triangulations of

Ky, each of which has a monochromatic parallel class.

Using this result on triangulations of complete tripartite graphs and additional surgical
techniques, Grannell and Griggs were also able to obtain large families of nonisomorphic

triangulations of complete graphs.

Theorem 1.3.14 (Grannell and Griggs, Corollary 3.1.2 [17]). Suppose there is a face
2-colorable triangulation of K, 4, with a monochromatic parallel class. Suppose further that
n=2%(m — 1)+ 1, where m =3 or 7 (mod 12) and m > 7, and set a = Wﬁm. Then,

as s — 00, there are at least pn*(a—o(1)) nonisomorphic face 2-colorable triangulations of K,

i a nonorientable surface.

Similar results for different families of n were obtained by Grannell and Knor in [24]. In
Chapter V, we show that ce-hamiltonian latin squares are conjugate to cr-hamiltonian latin
squares. A latin square L is conjugate to L' if L' can be obtained from L by permuting the

roles of the rows, columns and entries.

1.4 Statement of Main Results

The main results of this paper fall into two categories: hamilton cycle embeddings and
minimum genus embeddings. The following result addresses nonorientable hamilton cycle
embeddings of complete tripartite graphs and is proved in Chapters II and IV using a cyclic

construction and some Bouchet covering triangulations.
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Theorem 1.4.1. There exists a nonorientable hamilton cycle embedding of Ky, for all

n > 2.

The orientable counterpart to this result is proved in Chapter III using latin squares and

voltage graphs.

Theorem 1.4.2. There exists an orientable hamilton cycle embedding of K, ,, , for alln > 1,

n # 2. Moreover, at least one face in this embedding is bounded by an ABC' cycle.

Using these hamilton cycle embeddings, we are able to construct minimum genus embed-
dings of some large families of graphs. The following results are proved in Chapter IV. We

first address the orientable genus of joins of edgeless graphs with complete graphs.

Theorem 1.4.3. Ifn = 37 (2° + 1) + 2 for some p > 3 and q > 0, then g(K,, + K,) =
9(Kmn) = {W-‘ for allm >n —1.

Because K, , C K,, + G C K,, + K,, for any n-vertex simple graph G, Theorem 1.4.3 can

easily be extended to the following result.

Corollary 1.4.4. Let n = 3¢ (2p + %) + g for some p > 3 and q > 0. If G is any n-vertex

simple graph, then g(K,, + G) = g(K.,) = {WW for allm >n — 1.

In fact, we can obtain even stronger results by using both the doubling and tripling con-
structions provided in Section IV.1. This process is discussed further in Section V.1.
The remaining theorems below address the genus of some quadripartite graphs. The first

theorem and corollary cover the nonorientable case.
Theorem 1.4.5. For alln > 1, §(Kapnnn) = §(Kansn) = (n —1)(3n — 2).

Using the diamond sum, we can extend Theorem 1.4.5 to include complete quadripartite

graphs where the largest independent set has size greater than 2n.

Corollary 1.4.6. For alln > 1 and allt > 2n, §(Kipnnn) = §(Kisn) = [w—‘
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This nonorientable genus result can be extended to an even larger family by using a “sand-
wiching” effect as we did to obtain Corollary 1.4.4; this is covered in Remark IV.2.2.
We obtain orientable genus results for some quadripartite graphs as well; however, there

is a special case when n = 2.
Theorem 1.4.7. For alln # 2, ¢(Konnnn) = 9(Konsn) = [Wl)éﬂ-‘
As before, this is extended using the diamond sum construction.

Corollary 1.4.8. Foralln > 1 and allt > 2n, except (n,t) = (2,4), 9(Kinnn) = 9(Kisn) =

[W] Also, g(Ky222) = 3.

Remark IV.3.2 explains how this can be extended even further by using a “sandwiching”

effect.
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CHAPTER II

NONORIENTABLE HAMILTON CYCLE EMBEDDINGS

The work in this chapter appears in [11].

I1.1 Slope sequence construction

In this section we describe the general construction on which the proofs in Section II.3 are
based. Some preliminary definitions are required. Let S = ((so,%0), (S1,%1); e, (Sn—1,tn-1))-
If s; # t; for all j € Z,, and the collection {sq, ..., Sp—1, to, ..., tn—1} covers every element of Z,
twice, we say S is a slope sequence (because s; and t; will specify the slope ¢ —k of each edge
brce in the cycles X; and Y; below). Form the graph Gg with vertices {vo, vy, ..., v,—1} and
m edges joining distinct vertices vj;, and vj,, where m = |{s;,,t;,} N {sj,,¢;,}|. We call Gg
the induced pair graph for the slope sequence S. This graph is 2-regular, so Gg decomposes
into a union of cycles. As Theorem II.1.1 shows, it will be desirable to have induced pair

graphs that consist of a single cycle.

Theorem I1.1.1. Suppose S = ((So,t0), (1,t1), -, (Sn_1,tn_1)) is a slope sequence such that
the following hold:

(2) t; — s; is relatively prime to n for all j € Zy;
(8) the induced pair graph Gg consists of a single cycle of length n.

Then the collection of cycles X = {X; |i € Z,} and Y ={Y; |i € Z,}, given by

Xi: <a0bicz‘+50a1bi+16i+l+sl T ajbi+jci+j+sj e 'Cln—1bz‘+n—10i+n—1+sn71)a

Yi: (aobiCiyio@1bit1Ciprie, - @jbi+jci+j+tj U 1bipn1Cin—14t, 1),
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form a hamilton cycle embedding of K, ., with all faces bounded by ABC' cycles.

Proof. First, we must show that X; and Y; are indeed hamilton cycles. It is clear that every
A and B vertex appears in every X; and Y;. Since j + s; covers Z,, it follows that 7 + j + s;
also covers Zj, so every C vertex appears in X;. The same argument with j 4 ¢; shows that
every C' vertex also appears in Y;. By construction, these cycles are all ABC cycles.

Next, we show that these hamilton cycles form a double cover of K, ,, ,. The cycles Xj_;

and Y;_; both cover the edge a;by for all j,k € Z,. Similarly the cycles X,_¢;_) and

s
Yo (j—1)-¢,_, both cover the edge c,a; for all 5,¢ € Z,. Finally, consider an edge byc,. We
know from S being a slope sequence that there exist j* and j” such that one of the following
holds: (1) sy =ty =€ —k, (2) sy = sju =€ —k, or (3) t;y = tj» = ¢ — k. These cases
correspond to the following: (1) the cycles Xj_;» and Yj_;» both cover the edge bic,, (2) the
cycles Xj_j; and Xj_;» both cover the edge bycy, or (3) the cycles Yj,_js and Yj,_;» both cover
the edge byc,. This holds for all k, ¢ € Z,,; therefore, X U Y forms a double cover of K, ,, .

To show that these hamilton cycles can be sewn together along common edges to yield
an embedding of K, ,, ,, it remains to prove that the rotation graph around each vertex is a
single cycle of length 2n. Since this collection consists of all ABC faces, we know that the
rotation graph around a vertex a; € A will alternate between B and C' vertices. If all of the
C vertices appear in the same component of R,;, then all of the B vertices must be in the
same component as well. Thus, it will suffice to prove that the C' vertices are contained in
the same cycle in the rotation graph around every A vertex. Similarly, it will suffice to prove
that the A vertices are contained in the same cycle in the rotation graph around every B
and C' vertex.

Consider the vertex a;. We know the cycle X,_;_1) contains the sequence

—85-1

(- coajhers s, )
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and the cycle Yy (;_1)_s,_, contains the sequence

(' . CZ—Sj_1+tj_1ajbf+1—Sj—1 U )

Thus, the vertex c,—s;_, 4¢;_, follows the vertex ¢, in the rotation graph around a;. Continuing

this argument, we find the C' vertices form the cyclic sequence

(CkckJr(tj—l—Sj—l)ck+2(tj—1—sj—1) T Ck+(n—1)(tj—1—sj—1))

in the rotation graph around a;. Since t;_; —s;_; is relatively prime to n, this includes every
C vertex.

Consider the vertex b,. We know the cycle X},_; contains the sequence

(. .. a]bkck+5] ... >‘

Since S double covers Z,, there exists j' such that either (1) s;; = s; or (2) t;; = s;. In either
case we know the vertex v; arising from the pair (s;,t;) is adjacent in the slope graph Gg to

the vertex v; arising from the pair (s, t;). Since Gg is a single cycle of length n, we write

Gs = (W“é(j)“é?(j) o 'Ué"*l(ﬂ)v

where §(j) = j'. In case (1), the cycle X;_; contains the sequence

(- apbpcrss, ).

Likewise in case (2), the cycle Yj_; contains the sequence

(- apbpcrse, - )-
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Since either (1) k+ s;; = k+s; or (2) k+tj =k + s, we have that aj = as(;) follows a; in
the rotation graph around by. Repeating this argument, we see that the A vertices form the

cyclic sequence

(ajasi)as () -~ agn-1(;))

in the rotation graph around by, which includes every A vertex. An analogous argument

shows that the A vertices form the cyclic sequence

(aj+1a5(j)+1a62(]’)+1 s aé"—l(j)Jrl)

lying in a single component in the rotation graph around c. O

I1.2 Special case constructions

We begin by presenting the required nonorientable hamilton cycle embeddings of K, ,, , when
n € {3,5,7,11,13}.

By checking all possible cases, we know there does not exist a slope sequence construction
for a nonorientable embedding of K333. The desired embedding is given by the following

facial boundaries:

(agbocoarbicrazbacs), (apbociaibicaasbacy),

(apbicraibacoasbocy), (agbacoasbicaarbocy),

(apbacyasbicoarbocs), (agbicoasbocaaibacy).
For n € {5,7,11,13}, Table II.1 provides a slope sequence that yields a nonorientable
hamilton cycle embedding of K, ,,. To show that these embeddings are indeed nonori-
entable, in the same way as in the proof of Lemma I1.3.1, consider the following sequences

of faces and edges, where F' ¢ F’ implies F' and F’ share the edge e:
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n=5: Xy aoby Yo bsc; Y1 cay Xy
n="7: Xo bocx Xy aobys Yy czas Xo;
n=11: Xo apby Yy csag X9 boc1 Xo;
n=13: Xy agby Yo csas Xi1 boci Xo.

n| 4 Jol1]2]3]4[5][6]7[8]9]10][11][12
55 114,114/, 0

50 4 [2[3[3]07]2

tj—8j14 2 1 2

s 641 0[3

Tt 415 3[5

s; |L[10] 1][10[4[5[3[0][7[8]6
1 ¢ 2[99 [4]5][3[0]7
ti—s; [1]10] 8|5 |1 |98 7197

oo
D
[\

11121126 ({405 (39| 7|10 8
13 t; 21111116 | 4 3 7110 8
tj—s; (112710 7 |11 (9|5 |11 |6 |11 3 |11 | 7

]
ot
Ne
[\

Table II.1: Slope sequences for n € {5,7,11, 13}.

IT.3 Applications of slope sequence construction

Lemma I1.3.1. There exists a nonorientable hamilton cycle embedding of K, . with all

faces bounded by ABC' cycles for alln =1 (mod 4) such that n > 5 and 3,7t n.

Proof. Table I1.1 in Section I1.2 gives the necessary slope sequences for n = 5 and 13. It is
a straightforward exercise to show that these sequences meet all the required conditions of
Theorem II.1.1, and that the resulting embeddings are nonorientable.

Table I1.2 gives the necessary slope sequences for n = 4r + 1, r > 4. It is easy to see

that the collection {sq, ..., Sn_1, %0, ..., tn_1} double covers Z,. The slope graph Gg consists
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J S5 tj tj —s; J 54 t; t; — s
0 1 2 1 2r+3 | —=2r+2 —2r —2
1 -1 —2 -1 2r+4 —2r 2r —5 —6
2 1 -2 -3 2r+5| 2r—>5 2r — 17 -2
3 -1 2r 2r+1 | 2r+6| 2r—7 2r —9 -2
4 2 | 2r—2| =2 : :
5 2r —2 | 2r—4 -2 3r 5 3 -2
: : : : 3r+1 3 —2r+3 | 2r+1
r+1 6 4 -2 3r+2| -2r+3| -2r+1 —2
r+2 4 0 —4 3r+3| -2r+1 -3 2r — 4
r—+3 0 2r—112r—11 3r+4 -3 -5 -2
r+4|2r—11|2r—3 -2 3r+5 -5 —7 -2
r+5|2r—3 —4 2r : : : :
r—+6 —4 —6 -2 4r —2 | =2r+9 | —2r+7 -2
r+7| —6 -8 -2 dr =1 =2r4+7| =2r+5| =2
4r —2r+5 2 2r—3

Table I1.2: Slope sequence for

n=4r+1,r > 4.

of edges v;v;41 for all 3 < j < n — 1, along with the edges vyve, vov1, and vyv3. This is a

cycle of length n, as seen in Figure II.1. Let D = {t; — s; | j € Z,}. From the table we see

that
D —

Since 2,3,7 { n, we

{—6,—4,-3,-2,—1,1,2r — 4

,2r —3,2r — 1,2r,2r + 1}

{—6,—4, —3,—-2,—1,1,22 nT n=3 n-1 ntl

know n is relatively prime to every element of D. The last condition

we must prove is that {j +s; | j € Z,} ={j+t; | j € Z,} = Z,. Note that for every j

we have s; = k & sj4, = —kand t; = k & ¢4, = —k. Let i € Z,, and set k = s; and

Jj =t+k. It follows that j+s; =i+ k+ s, = i+k—k = 4. Since ¢ was arbitrary, we know

{j+s;|j€Z,} =7Z, The same argument shows that {j +¢; | j € Z,} = Z,. Applying

Theorem II.1.1 yields a hamilton cycle embedding of K, ,, ,. To determine the orientability
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V2

Vi

Vo V-1

Figure I1.1: The slope graph Gg for the slope sequences given in Tables 1.2 and I1.3.

of this embedding, consider the following three cycles:

Xy (a0blc2a1b201a2b304 ce )’
}/0 : (a0b002a1b10n_1(12b200 e )7

Yi . (aoblcgaleCoangcl cee )

Assume this embedding admits an orientation, with X; oriented forwards. Note that Yj
and X share the edge coa; and Y] and X, share the edge agby, so both Yy and Y; must be
oriented backwards. However, Yy and Y] share the edge bacy, so they must have different

orientations. This is a contradiction, so this embedding is nonorientable. Il

Lemma I1.3.2. There exists a nonorientable hamilton cycle embedding of K, ., with all

faces bounded by ABC' cycles for alln =3 (mod 4) such that 3,7 1 n.

Proof. Table II.1 in Section I1.2 gives the necessary slope sequence for n = 11. It is a
straightforward exercise to show that this sequence meets all the required conditions of
Theorem II.1.1, and that the resulting embedding is nonorientable.

Table I1.3 gives the necessary slope sequences for n = 4r+3, r > 3. It is again easy to see
that the collection {sy, ..., $n_1, to, ..., tn_1} double covers Z,. The slope graph Gg (Figure

I1.1) is identical to the slope graph constructed for the slope sequence in Table 11.2. Let D
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J 55 t; t; — 8 7 5 t; tj —s;
0 1 2 1 2r+4 | —2r+1| -2r—1 —2
1 —1 -2 —1 2r+5 | —2r—1| 2r—4 —6
2 1 -2 -3 2r+6 | 2r—4 2r — 6 -2
3 -1 2r+1 | 2r4+2 | 2r+71| 2r—=6 2r — 8 -2
4 2r+1|2r—1 -2 : : : :
5 2r—1|2r—3 -2 3r+1 6 4 -2
: : : 3r+ 2 4 —2r+2 | 2r+1
r+1 7 5 —2 3r+3| =2r+2 —2r —2
T+ 2 5 3 -2 3r+4 —2r 0 2r
r+3 3 2r 2r—3 1 3r+5 0 —4 —4
r+4 2r 2r — 2 -2 3r+6 —4 —6 -2
r+51|2r—2 -3 2r+2 || 3r+7 —6 -8 -2
r+6 -3 -5 -2 : : : :
r+7 -5 -7 -2 n—2 | -2r+6| —2r+4 -2
n—11|-2r+4 2 2r — 2

Table I1.3: Slope sequence for n = 4r + 3, r > 4.

again be the set of differences; from the table we see that

D = {—6,—4,-3,-2,—1,1,2r —3,2r —2,2r,2r + 1,2r + 2}

_ n—9 n—7 n—3 n—1 ntl
- {_67 _47 _37_27_1717777777777

This is the same D as in the proof of Lemma I1.3.1, so again we know n is relatively prime
to every element of D. We also have s; = k & sj1;, = —kand t; = k & tj4, = —k as in
the proof of Lemma I1.3.1, which implies that {j +s; | j € Z,} ={j +t; | j € Z,} = Z,.
Applying Theorem II.1.1 yields a hamilton cycle embedding of K, ,, ,. Because sg, s1, s2, to, t1,

and t, are the same in Tables I1.2 and I1.3, analyzing X;,Y; and Y] in the same way as in

the proof of Lemma II.3.1 shows that this embedding is nonorientable. O]
J 0|12 3] 4 n—3| n—-2|n—-1
55 171 3 [3] 5 n—3|n—1|n-1
t; 0|22 (4] 4] |n—=-2|n-—-2 0
ti—s; | -1 |1 ] —=1|1]—=1]--- 1 -1 1

Table I1.4: Slope sequence for n = 4r + 2, r > 0.
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Lemma I1.3.3. There exists a nonorientable hamilton cycle embedding of K, . with all

faces bounded by ABC' cycles for alln =2 (mod 4).

Proof. Table I1.4 gives the necessary slope sequences for n = 2 (mod 4). Since t; — s; =
(—1)7*, we know t; — s; is relatively prime to n for all j € Z,,. Since G5 consists of the edges
v;v;41 for all j € Zy, it is clearly a single cycle of length n. Finally, note that j+s; = 2541 if
jiseven and j+s; = 27 if j is odd. Since n = 2 (mod 4), this implies {j+s; | j € Zyn, j even}
covers all the odd values of Z,, and {j + s; | j € Z,,j odd} covers all the even values of Z,.
Thus, {j+s; | j € Z,} = Z,. Using the fact that j+1¢; = 2j if jis even and j +t; = 2j + 1
if j is odd, we derive that {j +1¢; | j € Z,} = Z,, as well. Applying Theorem II.1.1 provides
a hamilton cycle embedding of K, , ,. To determine the orientability of this embedding,

consider the following three cycles:

Xo: (6105001%5102@25205 Tt )7
Yo : (@05000a1b103a25204 T )7

3/1 . (a06101a1b264a2b305 cee )

Assume this embedding admits an orientation, with X, oriented forwards. Note that Y
and X, share the edge agbg and Y; and X, share the edge cia;, so both Y, and Y; must be
oriented backwards. However, Yy and Y; share the edge bscy, so they must have different
orientations. This is a contradiction, so this embedding is nonorientable. (This argument

works even in the case n = 2, reducing subscripts modulo 2.) O

11.4 Nonorientable results

To complete the proof of Theorem 1.4.1, we need to use the connection between these em-
beddings and triangulations of Ks,, . To these triangulations we must apply some of the
covering triangulations developed in Section 1.2.5. While the details of this procedure are

saved for Chapter IV, the result is restated here for completeness.
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Theorem 1.4.1. There exists a nonorientable hamilton cycle embedding of Ky, for all

n > 2.
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CHAPTER III

ORIENTABLE HAMILTON CYCLE EMBEDDINGS

II1.1 Preliminaries

We will use induced pair graphs again in this chapter, albeit in a different context. To
facilitate the application of Corollary II1.2.3, we present a collection of pairs for which the
induced pair graph is a hamilton cycle. To show this, we present an ordering of the pairs
such that v; is adjacent to both v;_; and v, for all i € Z,,. We will denote by ged(m,n) the
greatest common divisor of integers m and n; as usual, we say m and n are relatively prime

if ged(m,n) = 1.

Lemma III.1.1. Let p be an integer relatively prime to n, and define the collection of pairs

P=A{(j,7+p)lj €Z,}. Then the induced pair graph Gp is a hamilton cycle.

Proof. Noting that P = {(0,p), (p,2p), (2p,3p), ..., ((n — 2)p, (n — 1)p), ((n — 1)p,0)} it is

readily seen that Gp is a hamilton cycle. [

The addition table for the group Z, will be a key ingredient in all of the constructions

presented in this chapter. In particular, the following property will be useful.

Lemma I11.1.2. If n is odd, then Z, admits a 1-partition. If n is even, then Z, admits a

2-partition.

Proof. For all j € Z,, let T; = {(i,i+ j,2i + j) | i € Z,}. Tj clearly covers every row and
column of Z,, exactly once. If n is odd, the set of entries {2i +j | i € Z,} = Z,, as well, so
T; is a transversal. Moreover, T; and T}, are clearly disjoint for any j # k. The collection
T ={Ty | k € Z,} provides the desired 1-partition.

If n is even, then for j =0,2,...,n—21et S; =T;UT},. S; clearly covers every row and

column of Z, exactly twice. The set of entries covered by T} is given by {2i +j | i € Z,};
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since 7 and n are even this set covers every even element of Z,, exactly twice. Similarly, the
set of entries covered by T} is given by {2i+j+1 | i € Z,}; since j+1 is odd and n is even
this set covers every odd element of Z,, exactly twice. It follows that \S; is a 2-plex. Moreover,
S; and Sy are clearly disjoint for any j # k. The collection S = {S; | j = 0,2,...,n — 2}

provides the desired 2-partition. ]

We will refer to an orientable face 2-colorable hamilton cycle embedding as an O2HC-

embedding.

I11.2 O2HC-embeddings from Latin squares

Lemma III1.2.1. Let Z be the collection of facial walks obtained from a hamilton cycle
embedding of K, ., such that Z consists of all ABC faces. The following conditions are

equivalent:

(1) There exist collections X, C Z such that X UY = Z, X N Y =), and every edge of

G appears in a face from both X and ).
(2) The embedding is orientable.
(8) The embedding is face 2-colorable.

Proof. (1)=-(2) Since every edge appears once in a X face and once in a Y face, the faces
admit a proper orientation (e.g. orient the X" faces forwards as written in ABC order, and
orient the Y faces backwards as written in ABC order).

(2)=(1) Let X be the faces oriented forwards as written in ABC' order and ) be the
faces oriented backwards as written in ABC' order. If any distinct faces Xi, Xy € X share
an edge, then they cannot both be oriented forwards. Thus, no two X faces share an edge,
so each edge is appears in at most one face from X. An analogous argument shows that each
edge appears in at most one face from ), and the result follows.

The equivalence (1)<(3) is straightforward, so the proof is complete. O
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Assume we have an O2HC-embedding of K, ,,,, that consists of all ABC' faces. Further-
more, assume that the A vertices appear in the same fixed order in each cycle. Partition
the cycles into X and ) as in Lemma II1.2.1, and let X = {X,, X3, ..., X,,_1}. We can form
a latin square Lx of order n by taking each subsequence (- -a;bgc,---) € X; and letting ¢
be the entry in row j of column k. Following this process, it is readily seen that the entries
arising from X; form a transversal for all 0 < ¢ < n — 1. Thus, Ly admits a 1-partition,
which is equivalent to Lx having an orthogonal mate. Following a similar procedure, we can
form a latin square Ly that corresponds to the cycles in ).

Consider the following O2HC-embedding of Kj 5 5:

Cl()boCQalblcga2b204a35301a4b403

CloblClGlbzc3azb3coa3b462a4boc4

( )
( )
Xy (agbacaarbscyasbyciasbocsasbyco)
(apbsczarbycoasbocaagbycyasbacy )
( )

apbacyarbociagbyczazbacoasbscy

apbociabycsasbacoasbscaasbycy

apbi caaybacyazbsciagbyczasbocy

( )
( )
Yo 1 (apbacsaybscoasbycaasbocyashyicy)
(apbsciarbycrasbocsasby coasbacs)
( )

apbacoarbocaagbycaazbaciasbscs

From this we obtain the following latin squares, where L’y and L} provide the transver-

sals.
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012 34 01234
12340 401 2 3
Lx=123401 |, Lx=]34012
3401 2 23401
401 2 3 12340
12340 012 34
2340 1 401 2 3
Ly=134012]|:Ly=]34012
401 2 3 23401
01234 12340

Since we can form two latin squares of order n from an O2HC-embedding of K,, ,, , with
certain properties, it is natural to determine the conditions under which a pair of order
n latin squares give rise to an O2HC-embedding of K, ,,. To that end, we present the

following theorem. The following notation is used, where 7' is a transversal of a latin square

L.
E(L,r,¢) = entryin L that appears in row r of column c;
C(L,r,e) = column in L that contains entry e in row r;
E(T,r) = entryin T that appears in row r;
C(T,r) = column in T that contains entry in row r.

In other words, (r,c, E(L,r,c)), (r,C(L,r,e),e) € L and (r,C(T,r), E(T,r)) € T.

Theorem I11.2.2. Let Lx and Ly be latin squares of order n that each admit a 1-partition.
For each j, label the transversals Sg,S{, ...,Sﬁhl in order as they appear in row j of Lx.
In other words, Si is the transversal in Lx that contains the entry in row j of column k.
Similarly, label the transversals Tg, le, ey Tﬂ;_l in order as they appear in row j of Ly . Thus,
T,f 1s the transversal in Ly that contains the entry in row j of column k. Define the following

collections of pairs:
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(1) Py={(B(S,j— 1), E(T{,j = 1))k € Zy} for all j € Zy;
(2) Pk ={(E(Lx,j,k), E(Ly,j, k))|j € Z,} for all k € Zy;
(3) P& ={(C(Lx,j,0),C(Ly, j,0))|j € Zn} for all £ € Zy,.

If the induced pair graphs GPZ;’ Gpg, and Gpé form hamilton cycles for all j, k,0 € Z,,

then there exists an O2HC-embedding of K, ..

Proof. Form the following cycles:

Xi+ (aobe(s0,0)Cr(s0,0) " "+ ibo(s0 j)Cr(s0.5)  * * An—100(59 n-1)CE(50 1) );
Yir (aoboo0)Cpm o - aibom j)Crery )+ an10o(md n1)Coro n1))-

Note that each X; corresponds to the transversal SY. If the entry (j,k, ) appears in
S? then the cycle X; contains the sequence a;brc,. Moreover, these sequences of length 3
are assembled row by row so that the A vertices appear in increasing order. In a similar
fashion, each Y; corresponds to the transversal 7. We will prove that the collections X =
{Xo, X1,.... X1} and Y = {Y0, Y1, ..., Y1} together form an O2HC-embedding of K, , .
It is not hard to show from the properties of latin squares that every AB edge and every
BC edge is covered once by a cycle from X and once by a cycle from ). The fact that the A
vertices appear in the same fixed order in each cycle implies that every C'A edge is covered
once by a cycle from X and once by a cycle from ) as well. To prove that this double cycle
cover is in fact an O2HC-embedding, it remains to show that the rotation around each vertex
is a single cycle of length 2n.

Consider first the vertex a;. For every k € Z,, there exist ¢; and 4y such that k =
C(S},j) = C(T2, 7). The cycle X;, contains the sequence Ch(s9, j—1);bk- But we also know
that F (S?1 ,J — 1) is the entry in row j — 1 of the transversal that contains the entry in
column k of row j; in other words, F(S),j — 1) = E(S],j —1). Similarly, Y;, contains the

sequence cE(TZ%,j,l)ajbk = Cp(qy

i j_l)ajbk. Thus, for each k, the rotation around a; contains
k>

the sequence Cp(si ,jfl)bkcE(T,z,jfl)' To determine the complete rotation around a; we need
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to determine how the endpoints of these sequences match up. But the subscripts on these
endpoints are exactly the pairs in Pi, which we know match up to form a hamilton cycle for
every j. Thus the rotation around a; is a single cycle of length 2n for every j.

Next, consider the vertex by. For every j € Z,, we know the sequence a;bice(rLy jk)
appears in some cycle of X'. Similarly, the sequence a;bycg (L, ;) appears in some cycle of
Y. Thus, for each j, the rotation around b, contains the sequence cg(ry jk)@iCE(Ly jk)- TO
determine the complete rotation around by, we again need to determine how the endpoints
of these sequences match up. But the subscripts on these endpoints are exactly the pairs
in P¥, which we know match up to form a hamilton cycle for every k. Thus the rotation
around by, is a single cycle of length 2n for every k.

Finally, consider the vertex ¢,. For every j € Z,, we know the sequence a;bc(ry,j,¢)Cetj41
appears in some cycle of X'. Similarly, the sequence a;bc(r, j)ceaj41 appears in some cycle
of Y. Thus, for each j, the rotation around ¢, contains the sequence bo(ry j.0)@j+10c(Ly j,0)-
Just like the two preceding paragraphs, this corresponds exactly to the pairs in P%, so the
rotation around ¢y is a single cycle of length 2n for every ¢.

We have shown that the rotation around every vertex is indeed a single cycle of length
2n. Combining this with Lemma II1.2.1 proves that X U Y forms an O2HC-embedding of
K nn.

m

While the preceding construction is powerful, it can be quite difficult to find two latin
squares that meet the required conditions. To simplify this matter, the following corollary

describes a situation when it is sufficient to find a single latin square with certain properties.

Corollary IT1.2.3. Let L be a latin square of order n that admits a 1-partition. Let p be an

integer relatively prime to n, and define the collection of pairs

P, ={(C(L,j,0),C(L,j, 0 —p))|j € Zy,} for all L € ZLy,.
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If the induced pair graph Gp, is a hamilton cycle for all ¢ € Z,, then there exists an
O2HC-embedding of K, ;.n-

Proof. Let Lx = L and let Ly = L + p be the latin square obtained by adding p to every
entry in L (and reducing modulo n). Since the transversals in L are maintained by adding
p to each entry, Lx and Ly both admit a 1-partition. We will show that these two latin
squares meet the conditions of Theorem II1.2.2.

Since the transversals in Ly are simply the transversals in Lx with p added to each entry,

we have that

= {(B(8],j — 1), BE(S],j = 1) + )|k € Zy}
= {(r,r+p)rez,}
for all j € Z,,. By Lemma III.1.1 the induced graph for these pairs is a hamilton cycle.

It is also clear that F(Ly,j,k) = E(Lx,j,k) + p, so

Pg = {<E<LX737 k>7E(LY7j> k))‘] € Zn} = {(7’,7” +p)‘7’ € Zn}

for all k € Z,,. Again by Lemma III.1.1 the induced graph for these pairs is a hamilton cycle.
Finally, we have that C(Lx,j,¢) = C(L,7,¢) and C(Ly, j,¢) = C(L,j,¢ — p). Thus,

Pt = {(C(Lx,j:£),C(Ly. 5, O)lj € Zn} = {(C(L, 5, 0), C(L, j, £ = p))|j € Zn} = Pr.
By assumption, we know the induced graph for these pairs forms a hamilton cycle. By

Theorem II1.2.2, we have an O2HC-embedding of K, ,, .. O

If a Latin square satisfies the conditions of Corollary I11.2.3 for some p, then an appropri-
ate permutation of the entries leads to a latin square that satisfies the conditions of Corollary
[11.2.3 for p = 1. The induced pair graph condition for p = 1 is simply a restatement of the

definition of a ce-hamiltonian latin square.
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The following construction for odd n is straightforward and illustrates the usefulness of

Corollary 111.2.3.

Theorem II1.2.4. If n is odd, then there exists an O2HC-embedding of K, ,,» obtained from

a latin square.

Proof. Consider the square given by Z,; we know Z,, has a 1-partition by Lemma II1.1.2. Tt
remains to show that the induced pair graph Gp, is a hamilton cycle for all ¢ € Z,,. We have

that

Py = {(C(L,j,0),C(L,j, b —INj € Zn} = {(t = j, b —j = D|j € Zn} = {(r,7 = 1)|r € Zy}.

By Lemma III.1.1, Gp, is a hamilton cycle. Thus, Z, is ce-hamiltonian, and by Corollary
II1.2.3 there exists the desired embedding of K, ,, .. O

It is worth noting that we can also obtain orientable hamilton cycle embeddings from
slope sequences. In fact, the slope sequence in the following theorem yields an embedding

identical to the one obtained from the latin square in Theorem I11.2.4.

Theorem II1.2.5. If n is odd, then there exists an O2HC-embedding of K, ,,» obtained from

a slope sequence.

Proof. 1t is a straightforward exercise to show that S = {(j,j + 1) | 7 € Z,} satisfies the
conditions of Theorem II.1.1. Moreover, since the first and second coordinates each cover
Z,, once, it follows that the collections & and ) cover each edge of K, , ,, exactly once. By

Lemma III.2.1, the resulting hamilton cycle embedding of K, ,, , is orientable. O

IT1.3 Step product construction

The construction of the required latin squares when n is even is considerably more compli-
cated. In fact, Euler famously conjectured that for n = 2 (mod 4), no latin square of order n

had a 1-partition [16]. Although Euler was wrong, it took nearly two centuries to construct a
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counterexample of order 4k + 2 for all k& > 2 [5, 6]. We now seek to impose further structure
on these squares. To accomplish this goal, we introduce a new construction called a step
product construction. If L and M are latin squares of order n and m, respectively, then the
step product of L and M will be a turned m-step type latin square based on L.

Let L be a latin square of order n with entries from Z,,. For an integer x € Z,,, denote by
x o L the Latin square obtained by cyclically shifting the rows of L down z rows. Moreover,
for an integer a and an integer b € {0,1,...,a — 1}, let aL + b be the latin square obtained
by multiplying every entry in L by a and then adding b to every resulting product, where

the arithmetic is done in Z,,,, not Z,.

Example 111.3.1. Let

012 3
1 0 3 2
L =
2 3 01
3210
Then

3210 2 7 12 17
012 3 7 2 17 12

loL = and 5L +2 =
1 0 3 2 12 17 2 7
2 3 01 17 12 7 2

Let L and M be latin squares of order n and m, respectively, with rows, columns, and
entries indexed by Z,, and Z,,, respectively. Let X = (z;;) be an n x n matrix with entries
from Z,,. Define the step product L[-1x M to be the turned m-step type latin square of order

nm given by
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ZL'(),O O (TLM + L070) xO,l O (TLM + LQJ) s xO,n—l (@) (nM —f- LO,n—l)
x100 (RM + Ly ) x110 (M + Ly ) e T1p—10 (MM + Ly 1)
Tp100 (MM 4+ Ly_19) | p—110 (MM 4+ Ly—11) | -+ | Tp—1m—1 0 (MM + Ly 1)

To help clarify this construction, we present a couple of examples.

Ezxample 111.3.2. Let L = Zo and M = Z3, where we recall that this means L and M are
the addition tables of the groups Z, and Zs, respectively, and let X be the matrix of all 0’s.

Then
0 2 4|1 3 5

24013 51

LUx M =

FExample 111.3.3. Let L = Z3, M = Z5, and

3 1 4
X=100 2
4 1 4
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Then

6 9 12 0 3|13 1 4 7 105 8 11 14 2
9 12 0 3 6|1 4 7 10 138 11 14 2 5
12 0 3 6 9|4 7 10 13 1|11 14 2 5 8
0 3 6 9 12|7 10 13 1 4|14 2 5 8 11
3 6 9 12 010 13 1 4 7,2 5 8 11 14
1 4 7 10 13/2 5 8 11 14|9 12 0 3 6
4 7 10 13 1|5 8 11 14 2(12 0 3 6 9
LUxM=1 7 10 13 1 4|8 11 14 2 5[0 3 6 9 12
10 13 1 4 7|11 14 2 5 8|3 6 9 12 0
13 1 4 7¢ 10{14 2 5 8 11/6 9 12 0 3
5 8 11 14 21{12 0 3 6 9|4 7 10 13 1
8 11 14 2 5|0 3 6 9 12(7 10 13 1 4
11 14 2 5 8|3 6 9 12 0|10 13 1 4 7
14 2 5 8 116 9 12 0 3|13 1 4 7 10
2 5 8 11 14|9 12 0 3 6|1 4 7 10 13

Remark 111.3.4. We use the set Z, X Z,, to label the rows and columns of a step product
square, while the entries are from Z,,,. For example, the starred entry in Example I11.3.3

corresponds to the ordered triple ((1,4), (0,3),7).

Now that we have our construction, we need to use it to create O2HC-embeddings of
complete tripartite graphs. By Corollary I11.2.3, we simply need to find ce-hamiltonian latin
squares that have a 1-partition. In Section III1.4 we develop conditions for the step product
of two latin squares to be ce-hamiltonian. In Section II1.5 we determine when these squares

have a 1-partition. Finally, the step product construction is used to construct embeddings

in Sections III.6 and III.7.
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I11.4 Ce-hamiltonicity of step product squares

Requiring that L and M are ce-hamiltonian is not sufficient to ensure that the step product
L [y M is ce-hamiltonian. The permutations of rows given by the entries in X affect the
requisite induced pair graphs. Thus, to obtain a step product square that is ce-hamiltonian,
we need to have some conditions on X. Let X (k) be the set of cells that contain the entry

kin L. In other words, X (k) = {(¢,7) | Li;; = k}. Moreover, set o), = Z z;; for all
(i.5)eX (k)
k € Z,, where the addition is done in Z,,. We call the vector v(X, L) = (09, 01, ...,0,_1) the

representative vector for X over L.

Remark 111.4.1. Let L be a latin square of order n and let X be an n x n matrix with entries
from Z,,. We can permute the rows and columns of L without affecting v(X, L) if we apply
the same permutation of the rows and columns to X. Namely, if A\, and \. are permutations

of Z,, applied to the rows and columns, respectively, of L and X, then
ArAe(L) D ne(x) Zm = (Ar; Lin) (A, Lin ) (L Bx Zip)
where 1,, is the identity permutation on Z,,, and
V(AA(X), ArAc(L)) = v(X, L).
Here and later in this chapter we will need the following observation about the square

T 0 Ly,

Observation I11.4.2. If M = Z,, = {(r,c,r +¢) | r,c € Zp,}, then x o M = {(r,c,r + ¢ —

x) | ryc €Ly}
We now prove sufficient conditions on X for the product L[y Z,, to be ce-hamiltonian.

Theorem II1.4.3. Let L be a ce-hamiltonian latin square of order n, let X be an n X n

matriz with entries from Z,, and let v(X, L) = (0y, ..., 0n_1) be the representative vector for
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X over L. Suppose that the following conditions hold:
(1) o) — ok 1s relatively prime to m for all0 < k <n —2;
(2) 0n_1 — 09 — n is relatively prime to m.

Then the latin square L [x Z,, 1s ce-hamiltonian.

Proof. Let K = L[y Z,,. Define

Pror = {(C(K, (i, ), £+ 1), C(K, (i, ), O)](0,7) € Zoy X Ly} for all £ € Zy,

as in Corollary II1.2.3. We need to show that the induced pair graph Gp,,, is a hamilton
cycle for all £ € Z,,,.

Write ¢ = an + b, where 0 < a <m —1and 0 < b <n — 1; we know every occurrence
of ¢ € K corresponds to the entries a € Z,, and b € L. By Remark II1.4.1, permuting the
rows and columns of L and X simultaneously does not affect v(X, L). It also does not affect
ce-hamiltonicity of the resulting step product square K. Thus, since L is ce-hamiltonian,
we can permute the rows and columns of L and X simultaneously to obtain the following

representation of L:

b b+1
b b+1

b+1 b

For each (i,j) € X(b), write a; = z;;. Similarly for each (,j) € X(b+ 1), write §; = x;.
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We have the following representation for L:

g © (N, +b) Bo o (nZy, +b+1)

a3 o (nZy, +b) | Bro(nZy,+b+1)

Bn-10(nZpym+b+1) ap_10 (nZy, +b)

We note here that z o (aM +b) = a(x o M) + b for any latin square M and any integers a
and b, and we will use the latter representation in the following arguments.

Assume first that £ # —1 (mod n); we know that every occurrence of /41 in L corresponds
to the entries a € Z,, and b+1 € L. Assume that for some (4, j) we have C(K, (i,7),(+1) =
(y,2). Then the entry a appears in row j and column z of the square 3;0Z,,; from Observation
I11.4.2 we know a = 5 + z — (3;. We want to determine a column ~ such that a appears in
row j and column ~ of square a; o Z,,. We know that a = 7 +~v — «o; = j + z — 3;, which
implies that v = 2z + «; — ;. From this we learn that C(K, (¢,5),¢) = (y — 1,2 + a; — ;).
Thus, all of the pairs in Py, have the form ((y, 2), (y — 1,z + «; — 3;)). From this it is clear

that we can partition P, into subsets of the form

Ply) = {((y,2), (y = 1,2 + iy — Biy)),
((y - 1 z + Ay — ﬁio)v (y - 2>Z+ Qg + QG — 61'0 - ﬁh))v cey
((y+ L2+ 30070 gy = 32070 Biy)s (s 2 + 20000 @iy — 30720 B,))}

for all y € Z,,. Using our representation of L described earlier, we know b + 1 occurs in the
row above b in each column of L, so we must have 4,11 = i; — 1 and {io, %1, ..., 71} = Zp;
therefore, Z;:ol a;; = op and Z;:ol Bi; = opy1. Since o, — 01 is relatively prime to m, we
know z + 0, — 0p11 # 2, so each P(y) induces a path on n edges. Moreover, the fact that
op — 0py1 1S relatively prime to m implies that the endpoints of these paths match up to form
a single cycle of length nm.

If ¢=—1 (mod n), then £ =an+ (n—1) and £+ 1 = (a + 1)n, so we have b = n — 1
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and b+ 1 = 0. Let oy = z;; for all (¢,j) € X(n — 1) and let §; = z;; for all (¢,7) € X(0).
Assume that for some (i,7) we have C(K, (i,7),¢ + 1) = (y,z). Then the entry a + 1
appears in row j and column z of the square 3; 0Z,,; again from Observation I11.4.2 we know
a+1=j+2z— 3. We want to determine a column ~ such that a appears in row j and
column ~ of square «; 0 Z,,,. We know that a = j +~v —a; = j + 2 — 3; — 1, which implies
that v = z + a; — §; — 1. From this we learn that C'(K, (i,5),¢) = (y — 1,z + o — B; — 1).
Thus, all of the pairs in Ppyq have the form ((y, z), (y — 1,z + a; — §; — 1)). From this it is

clear that we can partition P, into subsets of the form

Ply) = {((v,2),(y = 1,2+ iy = Bi, — 1)),

(y—1,z4+ ey — Big — 1), (y — 2, 2 + iy + iy — Big — Biy — 2)), -1,

((y+ Loz + 3000 i, = 2520 By — (n = 1)), (y, 2 + o500 auy — Y5 By — )}
for all y € Z,,. From our representation of L described earlier, it is again clear that i;,, =
i; — 1, so we must have {ig, i1, ..., 4,1} = Zy; therefore, Z?;& o, = 01 and Z;‘;Dl By, =0
Since 0,1 — 0p — n is relatively prime to m, we know z + 0,,_1 — 09 — n # z, so each P(y)
induces a path on n edges. Moreover, the fact that o, 1 — 09 — n is relatively prime to m
implies that the endpoints of these paths match up to form a single cycle of length nm.

Since Gp, , is a hamilton cycle for all ¢ € Zyy,, the step product square K is ce-

hamiltonian. N

I11.5 Decomposing step product squares into transversals

We want to present conditions for lifting k-plexes in L and Z,, to transversals in L [y Z,,.

Before we proceed, a deeper exploration of the step product construction is required.

Observation IIL.5.1. Let (ry,c1,e1) € L and (r2, o, €2) € Zp,; furthermore, let z,, ., € X
be the entry found in row ry and column c; of the matriz X. Utilizing Observation II1.4.2,

the step product square K = L [x Z,, has the following form, where here and elsewhere
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in this chapter we write [f(x)],, to denote that the expression f(x) is evaluated in Z, and

assume all other arithmetic for K is done in Zy,y,.

(c1,e2)

(r1,r2) R n[€2 — xm,cl]m + €1 R )

where we note that ey = 9 + ¢o. Thus, each pair of triples (ri,c1,e1) € L and (rq, ¢a,€2) €
M defines a unique triple ((r1,72), (c1,¢2),n[e2 — Ty cyJm + €1) € L. We use this to de-
fine a binary operation [x on entries of L and M such that (ri,ci,e1) Oy (rg, c2,e3) =
((r1,72), (c1,¢2), nle2 — Tpy oy |m + €1). Furthermore, for any subset of ordered triples Ty C L
and Ty C M, we define Ty Ly Ty = {(r1,c1,e1) Ox (1o, co,€2) | (r4,¢i,€;) € Tyi = 1,2}, We
extend this definition to include (11, c1,e1) Ox Ty and Ty Ex (ra, ¢a, €2) in the obvious way.

Observation II1.5.2. For every entry ((r1,72),(c1,¢2),e) € LEx M, there exist unique

(r1,c1,e1) € L and (rg, c2,€3) € Zy, such that (11, c1,e1) Hx (1o, ¢, €2) = ((r1,72), (€1, ¢2), €).

Thus, if SNS" =0 or TNT" =0, then (SEx T)N (S'Dx T') = 0.

The following lemma explains how transversals in L and Z,, are lifted to transversals in

LUx Zy,.

Lemma II11.5.3. Let L be a latin square of order n, and let S be a transversal in L. Fur-
thermore, let T be a transversal in Z,,. For any nxn matriz X on Z,,, the collection STx T

forms a transversal in K = L Ux Z,,.
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Proof. Let (ry,13) € Zy, X Zyy, be any row in K. Since S is a transversal in L, there is a unique
triple (r1,c1,e1) € S covering the row r;. Since T is a transversal in Z,,, there is a unique
triple (19, co,e2) € T covering the row ro. The element (71, ¢y, e1) Hx (12, ¢0,62) € SEx T
covers the row (ry, 7).

Let (c1,¢2) € Zy X Zyy, be any column in K. Since S is a transversal in L, there is a unique
triple (r1, c1,e1) € S covering the column ¢;. Since T is a transversal in Z,,, there is a unique
triple (rg, c2,e3) € T covering the column ¢y. The element (71, ¢1, e1) Hx (re, o, e2) € SEHx T
covers the column (¢, ¢g).

Let e € Z,, X Z,, be any entry in K. Define e; and es to be the unique integers such
that e = ean + e, with 0 < ey < m —1and 0 < e; < n — 1. Since S is a transversal
in L, there is a unique triple (rq,c1,e1) € S covering the entry e;. Let z,, ., € X be
the entry found in row r; and column ¢; of the matrix X; since T is a transversal in Z,,,
there is a unique triple (79, co, [e2 + x],,) € T covering the entry [es + x],,. The element
(r1,c1,e1) By (re, 2, [ea + x]) € S Ex T covers the entry e.

We have shown that every row, column, and entry in K is covered at least once by SExT.
Since |S [Ox T| = nm, it must be true that every row, column, and entry in K is covered

exactly once by S [y T'; therefore, S [1x T is a transversal in K. m

While the preceding lemma shows how to lift transversals in L to transversals in L[dx Z,,
for any matrix X, the following results prove only that there erists a matrix X that allows
m-plexes in L to be lifted to transversals in L [lx Z,,.

Before we state and prove this lemma, however, some additional ideas are needed. Given
an m-plex S in L, let 7 and 7 be maps from all row and column pairs in S to the group Z,,;
with a slight abuse of notation, we write 7,7 : S — Z,,. For convenience we will use 7 + g
to denote the map given by (r,¢) — [7(r, ¢) + ¢lm; similar conventions will be used for 7. If

we also have an n x n matrix X with entries from Z,,, then we define
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TS, m,7,X) ={(r,ce)Qx (w(r,c), 7(r,c), [x(r,c) + 7(r,c)|m) | (r,c,e) € S}
={((r,m(r,c)), (c,T(r,c)),nm(r,c) + 7(r,c) — TreJm + €| (r,c,e) € S}

Lemma I11.5.4. Let L be a latin square of order n, and let S be an m-plex in L. Suppose

there exist functions w,7 : S — Z,, and an n X n matriz X with entries from Z., such that:
(1) for every fized row r of L, W(m,r) = {x(r,c) | (r,c,e) € S} = Zy,;
(2) for every fized column ¢ of L, U(7,¢c) = {7(r,c) | (r,c,e) € S} = L,
(3) for every fized entry e of L, ¥(m,T,e) = {[r(r,c) +7(r,c) —Zyc|m | (r,c,e) € S} = Zy,.
Then T =T(S, 7,7, X) is a transversal in K = Ly Zy,.

Proof. For each row r of L, condition (1) implies that the set {(r,x(r,c)) | (r,c,e) € S}
covers every row of K with first coordinate r exactly once; since this holds for all r, T covers
every row of K exactly once. An analogous argument based on condition (2) implies that T
covers every column of K exactly once. Finally, for each entry e of L, condition (3) implies
that the set {n[n(r,c) + 7(r,c) — TrcJm + € | (r,c,e) € S} covers every entry of K that is
congruent to e modulo n exactly once; since this holds for all e, T' covers every entry of K
exactly once. Thus, T is a set of triples that covers every row, column and entry of K exactly
once; we simply need to show all of these triples are actually in K. Note that the triples in

T are of the form described in Observation I11.5.1, so T" is indeed a transversal in K. O

Corollary II1.5.5. Let L be a latin square of order n, and let S be an m-plex in L. Suppose
the conditions of Lemma II1.5.4 hold for some functions m and 7 and some matriz X. Then

there exists a family of m? disjoint transversals in K = L [x Z,, covering all of S Cx Zy,.

Proof. Define T, ), = T(S, 7+ g, 7+ h,X) and set T = {1, | (9,h) € Zy, X Zy,}. Assume

(9,h) # (¢, 1); without loss of generality we can assume g # ¢'. Since m + g differs from
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7+ ¢ on all of S, it is clear that T, ;, and T, ;s are disjoint. It remains to show that 7T} is
a transversal for any (g, h) € Zy, X Zp,. By Lemma I11.5.4, it will suffice to show that 7 + ¢
and 7+ h satisfy conditions (1), (2) and (3). We obtain the sets ¥ (7 +g,7), ¥(7 + h, c) and
U(m+ g, 7+ h,e) by adding the fixed amounts g, h and g+ h to the sets W(m,r), ¥(7,c) and
U(m, 1, e), respectively, and reducing modulo m. It is clear that these three sets also cover
the entire group Z,,, so each T, is a transversal. Thus, the collection 7 forms a collection
3

of m? disjoint transversals contained in S Lx Z,,; since 7 and S [x Z,, both cover nm

entries, we must have that 7 covers all of S Ly Z,,. O

We now want to show that for any 7 and 7 satisfying conditions (1) and (2) of the

previous lemma, we can always find a matrix X such that condition (3) is satisfied as well.

Lemma I11.5.6. Let L be a latin square of order n, and let S be an m-plex in L. Suppose

there exist functions w,7 : S — Z,, such that:
(1) for every row r of S, ¥(m,r) = {n(r,c)| (r,c,e) € S} = Zp;
(2) for every column ¢ of S, V(r,c) ={r(r,c) | (r,c,e) € S} = Zp,.

Then we can assign values to the cells in an n x n matriz X that correspond to S such that

for every entry e of S, U(m,7,e) = {[m(r,c) +7(r,c) — Trcm | (r,c.€) € S} = Zyp,.

Proof. Since any distinct (r,c,e), (7', ¢, €’) € S must satisfy (r,¢) # (',¢), we can define

zr. independently for each (r,c,e) € S such that ¥(w, 7,e) = Z,, for every entry e of S. O

If 7 is simply the projection of each pair (r,c¢) € S to its order by column amongst all
pairs in row r of S, then we say 7 is the canonical row projection. Similarly, if 7 is simply
the projection of each pair (r,¢) € S to its order by row amongst all pairs in column ¢ of S,
then we say 7 is the canonical column projection. If m or 7 is the projection of each pair to
its reverse order by row or column, then we say 7 or 7 is the reverse canonical row projection

or reverse canonical column projection, respectively.
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Remark T11.5.7. The canonical projections and reverse canonical projections both satisfy the

conditions of Lemma II1.5.6.

Finally, we put the previous lemmas together to get a decomposition theorem.

Theorem II1.5.8. Let n and m be integers with m odd, and let L be a latin square of order
n that admits an (m,m,...,m,1,1,...1)-partition. Then there exists an n X n matric X on

Ly such that K = L Uy Z,, admits a 1-partition.

Proof. Because m is odd, we know Z,, has a 1-partition by Lemma III.1.2. Assume L can be
decomposed into p transversals and ¢ labeled m-plexes, all of which are mutually disjoint. By
counting the number of entries covered by each transversal or m-plex, we know p 4+ qgm = n.
By Lemma II1.5.3, each of the p transversals in L combines with each of the m transversals in
Zpy, to yield a transversal in K for any matrix X, providing pm total disjoint transversals in
K. For each m-plex S, let m and 7 be any maps that satisfy the conditions of Lemma III.5.6.
By that result, we can assign values to the cells in an n x n matrix X that correspond to
each m-plex S such that the conditions of Corollary II1.5.5 are satisfied. Thus, each of the ¢
m-plexes in L yields m? disjoint transversals in K, providing ¢gm? total disjoint transversals
in K. Because all of the underlying transversals and m-plexes in L are mutually disjoint, we
know from Observation II1.5.2 that the pm + ¢m? transversals in K are all mutually disjoint.

Moreover, pm + qm? = (p + gm)m = nm, so we have the desired 1-partition of K. Il

We can relax the restriction that m is odd if L has a complete decomposition into m-

plexes.

Lemma II1.5.9. Let L be a latin square of order m that admits an m-partition. Then there

exists an n X n matric X on Z,, such that K = L [x Z,, admits a 1-partition.

Proof. For each m-plex S, let m and 7 be any maps that satisfy the conditions of Lemma
II1.5.6. By that result and Corollary II1.5.5, there exists an n X n matrix X such that each
of the ™ m-plexes in L yields m? disjoint transversals in K, providing nm total disjoint

transversals in K. O
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I11.6 Construction for n = 2 (mod 4)

Our goal is to build ce-hamiltonian latin squares that admit a 1-partition. In Section III.5,
we proved the existence of a matrix X so that for an appropriate choice of L and M the
step product L [Ux M has a 1-partition. Moreover, we showed in Section II1.4 that if X
satisfies certain properties, this step product square will be ce-hamiltonian. In this section,
we determine some squares L and M for which the X from Theorem III.5.8 can be modified
to also meet the conditions of Theorem II1.4.3. The result will be a family of latin squares
that correspond to O2HC-embeddings of complete tripartite graphs.

The first step will be defining appropriate latin squares to use as L and M in the step
product. For the case when n = 2 (mod 4), we are going to find a matrix X so that
Ky, = Z, Lx Zy has the desired properties of L, and M will be Z, for some odd ¢. In
particular, we want K5, to be ce-hamiltonian and to have a (¢, ¢, 1,1, ..., 1)-partition for any

fixed odd ¢, 3 < ¢q < p.

Lemma II1.6.1. Let p and q be odd integers with q prime andp > q > 3. There exists a pXp
matriz X on Zy such that Ko, = Z, Cx Zy is ce-hamiltonian and admits a (¢,q,1,1,...,1)-

partition.

Proof. Let X initially be the p x p matrix of all 0’s; we will modify X to get appropriate
values. Since the union of two disjoint transversals is a 2-plex, Lemma III.1.2 implies that we
can find %(p—q) disjoint 2-plexes in Z,; call them S, ..., 5%—1- Using the canonical row and
column projections together with Lemma II1.5.6 and Corollary II1.5.5, we can assign values
to X so that the collection § = {SyHx Zo, ..., 5%4 [Ox Zs} can be partitioned into 2(p — q)
disjoint transversals. Note that we only assigned values to the cells in X corresponding to
the cells of Z, covered by the S;’s.

The previous paragraph required combining p — ¢ disjoint transversals in Z, to get %(p —
q) disjoint 2-plexes. Thus, there are ¢ disjoint transversals in Z, remaining; call them

1o, ..., Ty—1. We need to assign values to X so the collection {7y [y Zo, ..., T;,—1 x Zs} can
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be partitioned into 2 disjoint g-plexes. For all (r,c¢,e) € Ty, we keep x,. = 0 and form the

collection

Wy ={(r,c,e) x (0,0,0),(r,c,e) Dx (0,1,1), (r,c,e) Ox (1,0,1) | (r,c,e) € T}

= {((r,0),(¢,0),¢), ((r,0), (¢, 1), p + ¢), ((r, 1), (¢, 0),p + €) | (¢, €) € To}-

Note that W, covers every row of the form (r,0) twice and every row of the form (r, 1) once,
every column of the form (c,0) twice and every column of the form (¢, 1) once, and every
entry of the form e once and every entry of the form p + e twice, where r,c,e € Z,. For all

(r,c,e) € Ty we set x,. = 1 and form the collection

Wy ={(r,c,e)Hx (1,1,0) | (r,c,e) € 11}

- {((Tv 1)) (Cv 1),])—1—6) | (T7 &) 6) € Tl}'

Note that Wy covers every row of the form (r, 1) once, every column of the form (¢, 1) once,
and every entry of the form p + e once, where r,c,e € Z,. The collection W; U W; covers
every row and column of Kj, exactly twice, covers every entry of the form e once, and covers
every entry of the form p + e three times, where e € Z,,.

Thus far, we have assigned values to all entries z, . € X except if (r,c,e) € T; for some
i=2,3,...,q—1. Let v(X, L) = (09,01, ...,0p—_1) be the representative vector for X over L
as defined in Section III.4. Enumerate Ty = {(70, co,0), (r1,¢1,1), ..., (rp—1,¢p—1,p — 1) }. We
will assign values to z,, ., for all i € Z, such that v(X, L) satisfies the conditions of Theorem
IIT1.4.3. Since every z,, ., and o; is simply 0 or 1, we assign values to z,, ., such that o; = 1 if
i is even, and o; = 0 otherwise. Thus, for alli =0, 1,...,p—2 we have 0; — 0,41 = 1 (mod 2),
and 0,1 —0p—p=1—1—p=1 (mod 2) as well, so the conditions of Theorem II1.4.3 are
satisfied. It remains to show that we can find the partition into 2 disjoint ¢-plexes without
changing any more entries in X.

Let Ey = {(0,0,0),(1,1,0)} C Zsy and Ey = {(0,1,1),(1,0,1)} C Z,. Form the collection
W3 = {(r,c,e) x E

Tr,c

| (r,c,e) € Ty}; W5 can take two forms depending on the value of
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Zype. If 2, . =0, then

W; = {((T‘, 0)7 (Cv 0)76)7 ((T7 1)7 <C7 1)76) | (T> G, 6) S TZ};

if . =1, then

W3 ={((r,0),(c,1),e),((r,1),(c,0),e) | (r,c,e) € Tp}.

Note that in either case W3 covers every row and column in Ky, exactly once; moreover, W3
covers every entry plz, . — o, o +e = e exactly twice, where e € Z,. Therefore, the collection
Wi U Wy U W3 forms a 3-plex. We now have ¢ — 3 remaining unused transversals, which are

Ts, ..., T,—1. Recalling that =, . = 0 for any (r,c,e) € T; with i =3, ...,¢ — 1, let

Weven = {T;x Ey | i even}

={((r,0),(c,0),e),((r,1), (¢, 1),€) | (r,c,e) € T;,i even}

and
Wodd = {Tl DX E1 | ) Odd}

= {((Ta 0)7 (Ca 1)7p+ 8)7 ((7’, 1)a (Ca 0),p+ 6) | (7’, C, 6) c Ti,i Odd}

Note that Weye, covers every row and column of Ky, exactly %(q — 3) times. Additionally,
Weven covers every entry e exactly ¢ — 3 times, where e € Z,. Similarly, W,4 covers every
row and column of Kj, exactly %(q — 3) times. Additionally, W4 covers every entry p + e
exactly ¢ — 3 times. Thus, Weye, U Wogq forms a (¢ — 3)-plex, and the collection W =
Wi UWoUWsUWepen UWogq forms a g-plex. Let V = Ky, \ (SUW); since S and W together
cover every row, column, and entry of Ky, exactly 2(p — ¢) + ¢ = 2p — ¢ times, V must cover
every row, column, and entry of Ky, exactly 2p — (2p — ¢) = ¢ times. Therefore, V is also a
¢-plex, and we have our desired partition of Ky, into 2(p — ¢) transversals and 2 g-plexes, all
of which are mutually disjoint. As mentioned before, the matrix X we constructed satisfies

the conditions of Theorem II1.4.3, so K, is also ce-hamiltonian. O]
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We want to use Ky, as the first ingredient of a step product construction with Zg,; to
differentiate from the matrix X used to form Kj,, we will form the product Ky, Ly Z,. We
need to show that the matrix Y that we obtain from Theorem III.5.8 can be modified to
satisfy the conditions of Theorem II1.4.3 without destroying the partition into transversals.
To do so, we will apply Theorem III.5.8 to K5, and Z, with one g-plex labeled with the
canonical projections and the other ¢-plex labeled with the reverse canonical projections.
This will yield a matrix Y such that K, [y Z, has a 1-partition. We will then alter = and
T for each ¢-plex and show that making appropriate changes in Y yields a matrix such that
Ko, Ly Z still admits a 1-partition, but is ce-hamiltonian as well.

Before we accomplish this goal, it will now be helpful to identify some properties of
the g-plexes created in Lemma III.6.1. According to the construction described by the
collections Wy and Wy, 3 of the 4 entries of Ky, obtained from (r,c,e) Hx Zy are in W,
where (r,c,e) € Ty. Similarly, 1 of the 4 entries of Ky, obtained from (r, ¢, e) Hx Zy is in W,
where (r,¢,e) € T1. We assume for the sake of presentation that Ty and T} are found along
the first two diagonals of Z,. We then have the following representation for Ky,, where the

superscript denotes whether each entry is in the g-plex W or V:

OW pW p+ 1V 1V

pW OV 1V P + 1W

Y p+ 2V p+3Y Y

p+2W 2V 3V p+3W

2p—1V p—1Y p—2" 2p—2W

p—1V 2p—1W 2p—2W  p—2V

Assume that W is labeled with the canonical projections 7 and 7. The triple (r, ¢, e) € Tg

gives rise to the triples ((r,0), (¢,0),¢e), ((r,0), (¢, 1),p+e), ((r,1), (c,0),p+e) € W. Assume
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7w and 7 take the following values:

7((r,0),(,0) = pi
7((r,0),(,1) = po
7((r1).(c,0) = py
(r,0),(c.0) = m
(r,0), (e, 1)) =
r((r,1),(c,0) =

From the way 7 and 7 are defined, we know p; = p; +1 and 73 = 7, + 1. We want
to switch the values of m and 7 for these triples while preserving condition (3) of Lemma
I11.5.4. To do so, we will simultaneously need to change the matrix Y. First, consider the
elements Ay = [p1 + 71 — T(r0),(c,0)]q a0d Az = [p2 + 72 — Z(r0),(c,1)]q- If We switch py and p,
then to ensure A; and Aj; cover the same elements of Z,, we also need to increase () (0
by one and decrease x.) (1) by one. This increases o, by one while decreasing o, by one.
Such a switch is called a W-row switch on e. Now consider Az = [p3 + v3 — Z (1), (c,0)]q- 1f We
switch 7, and 3, then to ensure A; and Aj cover the same elements of Z,, we also need to
increase (. ),(.,0) by one and decrease x(,,1),,0) by one. This again increases o, by one while
decreasing o, by one. Such a switch is called a W-column switch on e.

Given any e € Z,, we can perform just a W-row switch on e or we can independently
perform both a W-row switch and a W-column switch on e. Thus, we can increase o, by
either one or two, respectively, while decreasing o,.. by that same amount. We want to
define similar switches for the triples in )V that are obtained from 77; however, if we want the
switches to affect o, and 0,. in the same way, we need to assume that V is initially labeled
with the reverse canonical projections. It is not hard to show that V-row and V-column
switches on e also increase o, by one or two while decreasing op;. by that same amount.
Thus, we can increase o, by up to four while decreasing o,,. by that same amount without

affecting the transversals that ¥V and V yield through Corollary II1.5.5.
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The following lemma supplies a special case in the proof of Theorem II1.6.3 below, while

also providing an example of both Lemma I11.6.1 and switches.

Lemma 111.6.2. There exists a ce-hamiltonian latin square of order 18 that admits a 1-

partition.

Proof. A matrix X’ guaranteed by Lemma II1.6.1 so that K¢ = Z3 [y Zs is ce-hamiltonian
and can be partitioned into 2 disjoint 3-plexes is shown below, along with Kg. The starred

entries in Kg provide the 3-plex VW, while the unstarred entries provide the other 3-plex V.

0* 314 1 |[2% 5
g0 |1 47|55 2

010
, 412 53 0
X' = 1 01 7K6:
1 4 15 2 |0 &7
1 00

5 2 (0" 3 |1 47

2 513 0747 1
Let my and 7 be the canonical projections for W, and let m, and 7, be the reverse
canonical projections for V; a matrix X guaranteed by Theorem II1.5.8 so that Kg [y Zg

has a 1-partition is shown below.

0 1/0 22 2

At this point, we have v(X, L) = (1,1,1,2,2,2). This does not satisfy the conditions of
Theorem II1.4.3, so we perform the following W-row switch on 1. The superscript on an

entry (r,c,e) € Kg below is given by my(r, ¢), 7w (r, ¢); the resulting changes in X are also
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shown, denoted by .

0 314 12 5) 0 314 1|2 5)
3 0|1 415 2 3 0|1 4|5 2
4 112 5|3 0 4 112 5|3 0
KG - )
1 4|5 2|0 3 1 4|15 2|0 3
5 210 3|11 422 5 210 3]1%1 417
2 5|3 014 1 2 5|3 014 1
0 02 0|0 O 0 02 0|0 O
2 2|0 0j1 2 2 210 0j1 2
0 00 0|0 O 0 0j0 0|0 O
X —
0 0[O0 2|0 O 0 0j0 2]0 O
0 0|0 0|2 17 0 0j]0 00 O
0 1(0 2|2 2 0O 110 2|2 2

These switches increased o7 by one while decreasing o4 by one; we now have v(X, L) =
(1,2,1,2,1,2). This satisfies the conditions of Theorem II1.4.3, so the square Kg[x Zs is

ce-hamiltonian and has a 1-partition. Il

We are now ready to provide the main construction for most values of n such that n = 2

(mod 4). The remaining cases of this residual class are covered in Section I11.8.

Theorem II1.6.3. Let p and q be odd integers with q prime and p > q > 3. There exists
a 2p X 2p matriz X such that Ky, Llx Z, is a ce-hamiltonian latin square that admits a

1-partition.

Proof. Lemma II1.6.1 gives us a partition of Kj, into 2(p — ¢) transversals and 2 g-plexes
W and V; we can assume W is labeled with the canonical projections and V is labeled with

the inverse of the canonical projections. By Theorem II1.5.8, there exists a 2p X 2p matrix
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X such that Ky, [x Zg has a 1-partition. We need to show that this X can be altered to
meet the conditions of Theorem I11.4.3.

If p > ¢, then K5, contains at least one transversal, call it T'. Since ¢ is prime, ged(y, ¢) =
1 for all 0 # y € Z,. Moreover, since ¢ > 3, there exists some § € Z, such that 1 — ¢ and
0—1—2p are both nonzero. Since Lemma II1.5.3 works for any X, and Theorem II1.5.8 allows
arbitrary values in entries of X corresponding to transversals in Kj,, we can assign arbitrary
values to z, . when (r,c,e) € T. Enumerate T = {(r0, co,0), ..., (rap—1, c2p—1,2p — 1) }; just
as in the proof of Lemma III.6.1, both z,,. and o; are integers modulo ¢, so we simply
assign values to x,, ., so that o; =1 if i iseven, 0, =0if i =1,3,...,2p — 3, and 09,1 = 9.
Thus, for ¢ = 0,2,...,2p — 4 we have 0; — 0,41 = 1 (mod q), for i = 1,3,...,2p — 3 we have
o; —0iy1 = —1 (mod q), 09p—2 — 09p-1 = 1 =0, and 09,1 — 09 —2p = § — 1 — 2p. Since
—1,1,1—¢ and 6 — 1 — 2p are all relatively prime to ¢, the conditions of Theorem II1.4.3 are
satisfied.

Now assume p = ¢ > 5, and for e = 1, ..., p — 2 define the following expressions, where all

arithmetic is done modulo ¢:

= 0Oc-1— 0O¢

(€)
2(€) = 0c—0Ocq1

(€) = Opre—1— Opte

(e) = Opte — Optetl
If e = 0, then simply replace €1(e) with 09,1 — 09 — 2p, while if e = p — 1, then simply
replace e4(e) with 09,1 — 09 — 2p.

Set z1 = —e1(e), 2o = ea(e), z3 = €3(3) and zy = —e4(e). Let I(e) = {i | g;(e) # 0; if

|I(e)| = 4 then ¢;(e) is relatively prime to ¢ for all i. If |I(e)| < 4, then let Z;(e) = {z; | i €
I(e)}; there must exist some number s € {1,2,3,4}\ Z;(e). By definition of Z;(e), it must be

true that e1(e) + s, e2(e) — s, e3(e) — s, and £4(e) + s are all nonzero, and therefore relatively

prime to g. Now, we simply perform enough switches so that o is increased by s and o,
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is decreased by s. Since switching on e in this way will never make any ¢;(e¢’) = 0 for any
other ¢’ € Z,, we can repeat this process for all e € Z, until v(X, L) satisfies the conditions
of Theorem II1.4.3.

The final case p = ¢ = 3 is covered by Lemma I11.6.2. O]

IIL.7 Construction for n = 0 (mod 4)

In the case when n = 0 (mod 4), we will use L = Zn» and M = Z,. Before we provide the
general constructions, we modify the switching procedure described for Kj, to work on the
square Zz. In the 2-partition guaranteed by Lemma II1.1.2, every row r of each 2-plex S
contains the entries (r,¢,e) and (r,c+ 1,e + 1), where e = r + ¢ is even. Let 7 be defined

so that 7w(r,c) = 0 and 7w(r,c + 1) = 1 for each row r; this is equivalent to the canonical

n __

5 — 1. We again want to switch the values of 7 for these

row projection except when ¢ =
triples without changing the entries they yield in S [lx Zs. As before, this switch results in
increasing z, . by one and decreasing x, .11 by one; in Z, this is equivalent to flipping the
values o, and 0., from 0 to 1 or from 1 to 0. This will similarly be called a S-row switch on
e. In an analogous fashion, we note that every column of S contains the entries (r,c,e — 1)

and (r + 1,¢,e), where again e = r + ¢+ 1 is even. Let 7 be defined so that 7(r,c) = 0

and 7(r + 1,¢) = 1 for each column c¢; this is equivalent to the canonical column projection

no__

except when r =

1. By switching the 7 values of these triples, we flip the values o, 1
and o, in Zsy; this is a S-column switch on e. By performing both a S-row switch on e and a
S-column switch on e, we leave the value of o, unchanged while flipping both o._; and 0.1

in Zs. The following lemma will be needed.

Lemma IIL.7.1. Let p be even, and let S be a 2-plex in Z,. If m,7 and X satisfy the
conditions of Lemma II1.5.4, then the set {x,. | (r,c,e) € S,x,. = 1} contains an even

number of elements.

Proof. For each entry e € Z,, let (11,¢1,¢€), (r2,c2,€) € S be the two triples of S containing
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e; condition (3) of Lemma II1.5.4 implies that we must have

{77'(7’1, Cl) + T<T17 cl) - xT1,6177T(T27 CQ) + T(T27 02) - ‘rTQ,CQ} = {07 1}

Thus, since p is even,

Z (m(r,e) +71(r,c) —x,.) =0,

(r,c,e)€S

where the addition is taken in Z,. Again since p is even,

Z 7(r,c) = Z T(r,c) =0

(r,c,e)€eS (r,c,e)eS

in Zs, so we must have

Z ZTpe =10

as well. It follows that the set {z,. | (r,¢,e) € S, 2, . = 1} has even order. O

We are now ready to prove the main construction for n = 0 (mod 8).

Theorem II1.7.2. Let n =0 (mod 8). There exists an § x § matriz X such that Zn Ux Zy

18 a ce-hamiltonian latin square that admits a 1-partition.

Proof. Set b = %; note that b is even. By Lemma II.1.2 there exists a 2-partition S of
Zagy. For each 2-plex we use m and 7 as defined at the beginning of this section; by Lemma
IT1.5.9 there exists a 2b x 2b matrix X such that Zo, [x Zs has a 1-partition. We need to
show that this X can be modified to meet the conditions of Theorem II1.4.3. According to
Lemma II1.7.1, each 2-plex S' € § has an even number of corresponding 1’s in X. Thus, if

V(X, Z2b) = (0'0,0'1, ...,0'21,,1), then

2b—1
E g; = § Lre = E E Lr.c - 07
=0 T c€X SeS \ (r,c,e)eS

and the representative vector v(X, Zg,) has an even number of 1’s. Let v(i) be the vector of
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length 2b with 1’s in position ¢ and i+1 and 0’s everywhere else; the set {v(7) | 0 <7 < 2b—2}
forms a basis over Zs, for all length 2b vectors with an even number of 1’s. Furthermore, any
S-row or S-column switch on e will simply add v(e) or v(e — 1), respectively, to v(X, Zay).
Since b is even, the vector (0,1,0,1,...,0,1) contains an even number of 1’s; we now perform
the required S-row and S-column switches to ensure that v(X,Zy) = (0,1,0,1,...,0,1). It

is now clear that v(X, Zg,) meets the conditions of Theorem I11.4.3. [

When n = 4 (mod 8), we require a special construction. Again set b = %, where b is now
odd, and let X be the 2b x 2b matrix with 9,1, = 1 for all even ¢, and z, . = 0 otherwise.

We form the square J,, = Zoy, [Jx Zo and show that it has the required properties.

Theorem II1.7.3. Let n =4 (mod 8) with n > 12. The latin square J,, is ce-hamiltonian

and admits a 1-partition.

Proof. Tt is readily seen that v(X,Zs) = (0,1,0,1,...,0,1); thus, J, is ce-hamiltonian by
Theorem II1.4.3. It remains to show that J,, admits a 1-partition.

For a 2-plex S in Zg, and any maps 7w and 7, we say (r,c,e) € S has a uniform label
if m(r,c) = 7(r,c); otherwise we say (r,c,e) € S has a mized label. Let S be the following

2-plex in Zoy,, where the superscript on each entry (r, ¢, e) defines 7 (r,c), 7(r, ¢).

00,0 11,1

300 (b+2)"°

(2b — 1)09 (b—2)10

b>t (b+1)M°

(b+3)%! 2h!

(b—1)%1 (2b — 2)b1
Set T, = T(S,m+ g, 7+ h,X); we will show that the conditions of Lemma III.5.4 are
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met. It is readily seen from their definition that 7 takes both values 0 and 1 in every row
of S and 7 takes both values 0 and 1 in every column of S, so conditions (1) and (2) are
met for any g,h € Z,. Finally, z,. = 0 for all (r,c,e) € S, and each entry in S has one
uniform label and one mixed label, so V(7 + g, 7 + h,e) = {0, 1} for each entry e € S, and
condition (3) is met for any g,h € Zy as well. By Lemma II1.5.4, Ty, is a transversal in
Jn. As in the proof of Corollary I11.5.5, Tj; is also a transversal in J,. Additionally, let
S + y be the 2-plex with the same labels as S that is obtained by shifting the cells of S y
columns to the right, and let T, ,, +y = T'(S + y,m + ¢g,7 + h, X). If y is even, then the
entries in row 2b — 1 of S + y are all even, so the corresponding entries in X are 0 and
it is readily seen that Ty o + y and Ty, + y are also transversals. We claim the collection
S ={To0,To0+2,..,Too+(2b—2),T01,To1+2, ..., To1 + (2b—2) } forms 2b mutually disjoint
transversals in .J,. Indeed, the 2-plexes S + y and S + z are disjoint unless z =y +b—1
(or y = z+b—1). In that case, the 2-plexes S + y and S + (y + b — 1) overlap in every
row except row 0 and b. However, for every overlapped entry, the transversals 7y 4 y and
Tb1 + y use the entries in row 0 of the corresponding subsquare Zy, while the transversals
Too+ (y+b—1) and Tp;+ (y+b— 1) use the entries in row 1 of the corresponding subsquare
Zs. Thus, the members of § are mutually disjoint, and |S| = 2b.

We now present a similar 2-plex that we can use to cover the remaining entries in Zoy,.

Let S’ be the following 2-plex, with superscripts again defining , 7.
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10.,0 21,1

400 (b+3)"°

(2 — 2)00 (b—3)L0

S, (b— 1)1,0 00,0

(b+1)%r (h+42)L0

(b+4)%* bt

(b— 2)01 (2b — 3)1
(2b _ 1)0,1 bl’l

Note that b has two uniform labels and 2b — 1 has two mixed labels; these correspond
to nonzero entries in the last row of X. Every other entry has both a uniform and a
mixed label, and the corresponding entries in X are 0. Lemma II[.5.4 again implies that
T'=T(S w7, X) is a transversal. By defining S' +y and 7} , + y in a manner similar to
S +y and Ty + y in the previous paragraph and using an analogous argument, we learn
that S = {14, Ty o + 2, -, Too + (20 = 2), T4, Tg 1 +2, ..., T + (20 — 2)} forms 2b mutually
disjoint transversals in J,.

It remains to show that the transversals in S are disjoint from the transversals in S§’. For
even y and z, it is clear that each 2-plex S + y is disjoint from each 2-plex S’ 4 z in every
row except row 0 or b, because S + y and S’ + z use columns of different parity in all rows
except 0 and 0. But for any even overlapped entry in row 0, Ty + vy and 7y + y use the
entries found in row 0 of the corresponding subsquare Z,, while Ty, + 2 and Ty, + 2 use
the entries found in row 1 of the corresponding subsquare Zs. In a similar fashion for any
odd overlapped entry in row 0, Tpo + y and Tp; + y use the entries found in row 1 of the
corresponding subsquare Zs, while T 6,0 +z and Tj | + 2 use the entries found in row 0 of the
corresponding subsquare Z,. It is similarly shown that Ty +y, To1 +y, Too+2 and Ty | + 2

are disjoint in row b. The collection S U 8’ contains 4b = n mutually disjoint transversals
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and is the desired 1-partition of .J,,. O]

An example of the process used to find the 1-partition of Ji» guaranteed by Theorem

I11.7.3 can be found in Appendix A.

I11.8 Voltage graph constructions

The latin square constructions presented in this chapter yield hamilton cycle embeddings of
Ky nn for all n # 2p, where p = 1 or p is prime. A simple exhaustive search shows that
every hamilton cycle embedding of K349 must be nonorientable; in this section we present
a voltage graph construction that covers all the remaining open cases.

As mentioned in Section 1.2.3, the voltage group will be an abelian group of order n,
and all edges are assumed to be directed from a to b, from b to ¢, and from ¢ to a. We will
use i, 4, and i, to denote the edge with voltage ¢ from a to b, from b to ¢ and from c to a,
respectively. Additionally, we will use € to denote that e is traced in the reverse direction.
We do this to keep track of the directions in which each edge is traced, which will allow us to
verify that the embeddings we construct are orientable. The following lemma will simplify

the proofs in this section.

Lemma I11.8.1. Let Wy = (i, jp ke) and Wy = (Pe @ Ta) be closed walks in a voltage graph
for Ky nn with voltage group Z,. If ged(i + j + k,n) =1 (resp. ged(—p —q —r,n) = 1),

then Wy (resp. Wy) yields a single hamilton cycle face in the derived embedding.

Proof. Theorem 1.2.3 implies that both W; and W; yield a single face of length 3n in the
derived embedding. We must show that these faces are actually hamilton cycles. The

resulting faces are shown below. For convenience, we set 3 =i+ j+kand y=p+q+r.

Wi (ao bi ciyj ag bitp Ciyjip Q28 bitop Citjros - An-1)p bit(n-1)p Citjt+(n-1)8)

Wa (a0 copbpgaycopnybpgoy@oyCpoybpgoy G (n1)y Cop—(n-1)y b—p—q—(n—l)w)
Because ( and v are both of order n in Z,, these are hamilton cycles. O]
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We begin by presenting some special case constructions for p = 2 and p = 3.

Lemma I11.8.2. Forp = 2 or 3, there exists a voltage graph such that the derived embedding

is an orientable hamilton cycle embedding of Koy opp-

Proof. For p = 2, consider the voltage graph with the following rotation system.

R(l . (0(1 1a 2a 3a OC 36 20 10)
Rb . (Oa Ob 3a 2b 2a lb 1a 3b)
Rc . (OC Ob 1c 1b 20 31, 30 21,)

A trace of the faces in this voltage graph yields the closed walks and net voltages below.

W()I
Wli

—_
]
&
&
&
&
|
=
=
I
(\]

(
(

Wat (20 1 2 1c 1y 1a); [Wa| =
Wy (
(

W4:

We know W, and W, each yield a hamilton cycle face from Lemma III.8.1. From Theorem
[.2.3 we know W, yields 2 faces of length 12 for + = 1,2,3. To prove they are indeed
hamilton cycles, it will suffice to show that one of the faces obtained from each closed walk

is a hamilton cycle. This is accomplished below.

Wl . (ao bl Co a3 C1 bg (05} b3 Cy 471 C3 bo)
WQ . (ao bg C3 1 Cy b3 Q9 bg C1 Qg Co bl)

W3 : (CLO bg C1 a1 C2 bo [25)) b1 C3 a3 Cy bg)

Thus, the embedding derived from this voltage graph is an orientable hamilton cycle embed-

dlng of K47474 .
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For p = 3, consider the voltage graph with the following rotation scheme.

Ro: (041,14 20 24 5¢ 4e 44 0 34 3¢ 5a)
Rb . (Oa 2b 1a 3(, 4a 55 3a 4b 2a 1b 5a Ob)
Rc . (Ob 5c 1b 20 4b Oc 3b 3c 5b 4C 2b 15)

A trace of the faces in this voltage graph yields the closed walks and net voltages below.

Wo: (0425 1 14 3p 3 5a Oy 5e 4 24 14 2. 4y 24 Be 1, 5_a); [Wo| =0
Wi : (2a Ly 20);|Wl| =5

Wyt (344 0.); [Wal| =

W3 (44 5p 4c); |[Ws| =

Wit (03 40); Wyl =

Ws 2 (1c 0y 04); [Ws| =

We = (3¢ 5y 3a); [Ws| =1

From Lemma II1.8.1, W; yields a single hamilton cycle face for ¢ = 1,2, ...,6. From Theorem
[.2.3 we know W yields 6 faces of length 18. To prove that they are indeed hamilton cycles,
it will suffice to show that one of the faces obtained from this closed walk is a hamilton cycle.

This is accomplished below.

Wo . (CLO bo Co Q3 b4 C1 Qg b3 C3 Q9 Cy bg a1 Cy bl as Co b5)

Thus, the embedding derived from this voltage graph is an orientable hamilton cycle embed-

dlng of K6,6,6 ]

We are now going to give a general construction for n = 2p, where p > 5 is prime. This
voltage graph will be constructed in several steps. To start out, we will present the closed
walks we want to be facial boundaries in our voltage graph. Then, we will show that these

walks yield hamilton cycles in the derived embedding. Finally, we will verify our voltage
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graph is well-defined by showing that the rotation graph around every vertex is proper. The
voltage group we will be using for these graphs is Z, X Z,; this group is isomorphic to Zs,
but is preferred for notational convenience. For the remainder of this section, we simply

write z for (z,0) and 2’ for (x,1).

Definition IT1.8.3. Let p > 5 be prime, and define the sequences w; = i, (i+3), (p—2i—2),

and 0; = (p — 2i). (i — 1) 1. Define Q to be the following closed walk.

Q: (1L (p—1),0,0,35 (p—2)c w1 wa -+ Wp_3 Wp_2

(P—1).2, (p—3), 6102 -+ 36,22 (p—2) (p— 1))

Lemma II1.8.4. For all prime p > 5, Q yields 2p hamilton cycle faces in the derived

embedding of Kap op 2p-

Proof. 1t will suffice to show that one of the resulting faces in the derived embedding is a
hamilton cycle. Starting with the vertex ay, we obtain the following facial boundary in the

embedding of Ky, 9, 2,

(agp by co aor by c3 ay by ¢ az by co az bs cia -+

A(p—1) Dp-8) Cp-9) Up-3) D(p—6) C(p—6) Ap-2) Dp-1) Cp-3)

Qp-1) Co/ b(p—2) ay cy by ay ce by az cy by -

a(p—3) C(p—9) bp—5)y Ap—2) C(p—6) bp-3y Ap—1y C(p—3) bip-1y)
For the sake of clarity, we list the vertices below by the order in which they appear within
each independent set. Note that the net voltages of w; and 6; are both 1, the net voltages

of the sequences (i +3), (p — 2i — 2). (i + 1), and 4, (p — 2i — 2). i, are both 2, and the net

voltages of the sequences (p — 2i —2), (i + 1), (i +4), and (i — 1) i, (p — 26 — 2), are both
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3. This is evident in the following sequences.

Az (ag ay ar ag -+ Ap-2) Agp-1) a1 G+ Ap-2y A(p-1y)
B (br bo by by -1y bip—2) by bs - - b3y bip-1y)
C:

(CO C3 Cg Cg * * C(p_G) C(p_g) Cor Cgr = - C(p_ﬁ)/C(p_g)/)

This cycle is clearly a hamilton cycle. Since ) was a walk of length 6p, it must be true that
|2] = 0. From Theorem 1.2.3, we know € yields 2p faces of length 6p, each of which must

be a hamilton cycle. O

The closed walk €2 provides half of our desired voltage graph. Before we build the
remaining half, we want to construct the partial rotations at each vertex in the voltage
graph as determined by €. In the observation that follows, we use the notation [a b c- - - d]

to denote a path in the corresponding rotation (i.e. a is not adjacent to d in the rotation

graph).

Lemma II1.8.5. The partial rotations determined by 2 consist of the following paths with

the given endpoints. Fach path is labeled for reference later in this section.

a: Pi=[p-3), - 1]
P =[(p-1), 1]
Pt = [0, 0]

b: PP =1[2 - (p—1)]
PP =2, (p—3)i
P =0, - (p—1)]
PP =1, (p — 1)}

c: PU=[(p—1p - 2)
Py =[(p—1). 2

Py ={[(p—1); 0]
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Proof. Let Q) = (wo wy -+ -wp—1) and Qy = (6 0y - - - 0,_1). The rotation around a determined

by the closed walks €2y and €25 is given by

Ql = (Oa (p - 2)6 1a (p - 4)0 2(1 (p - 6)0 e (p - 2)(1 20 (p - 1)(100)'

To construct 2 from €2; and 2y, we must first remove the subsequence w,_; wy from €y and
the subsequence 6,1 6y from €2y. By doing so, we lose the subsequence (p — 2), 2. (p —

1)q 0. 04 (p — 2). 1, from @1, which results in a partial rotation around a given by

Q2 = [1a (p_4)c 24 (p—6)c~~~(p—2)a].

Finally, we add the sequences 6, 5 2. (p—2), (p— 1), 1, (p —1); 0.0, 3y (p — 2). w1 and

wyp—a (p— 1), 2 (p—3), 6, which induce the following partial rotations around a.

Pt =1[p=3), (p—2)c L] Q2 [(p = 2)a 2 (p — 1);]
Pt =[(p—1); 1]]
Pt = (07, 0]

For the partial rotation around b determined by 2, we again consider first the rotation

around b determined by €2; and €25, which is given by

Ry =(0,340 768, 11 (p—8)a (p—5)p (p —4)a (p— 1)).

Removing wy,_; wp and 6,1 6y results in a loss of the subsequences (p — 1), 0, 3, and
(p—2) (p—1)4 2 from Ry; this splits R; into the two partial rotations Ry and Rs shown

below.

Ry = (3444 Ty 84 115 -+ - (p — 2)s)
Ry=12---(p—=8)a (p—5)s (p —4)a (p — 1)s]

Finally, we add in the remaining pieces of 2 to obtain the following partial rotations around
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PP — R,

Py =2, (p—3);]

PP =10, 3] Rz [(p = 2)s (p — 1)]
PP =[1; (p— 1)}

Using a similar process on ¢, we get an initial rotation from €y and {25 given by

Sl - (Oc (p - ]-)b 6c (p - 4)1) 126 (p - 7)6 e (p - 12)0 5b (p - 6)0 2b)

Removing w,_1 wp and 6,_1 O results in a loss of the subsequences 2, 0. (p — 1);, 3 (p — 2).
and 2. (p — 2), from Sy; this splits S into three partial rotations. Note, however, that the
subsequences 3, (p — 2). and 2, (p — 2), are included in the remaining pieces of €2, so the

removal of the subsequence 2, 0. (p — 1), yields a partial rotation around ¢ given by

SQ = [(p - 1)b 68 (p - 4)b 120 (p - 7)b e (p - 12)0 b (p - 6)0 26}

Adding in the unused subsequences from 2 results in the following partial rotations around

C.
PC =S8,

P =(p—1).2)
PE =[(p—1), 0]

O

We now progress to the 3-cycles that will complete our voltage graph. Because we want
to use each edge once as e and once as €, we present p 3-cycles of the form (i, j, k.) and
p 3-cycles of the form (i, j, kq). Cycles of the first form are presented in Table III.1, while
cycles of the second form are presented in Table II1.2. In both tables, we let h = 21

Before the main theorem is proved, we again make an observation about the partial

rotations determined by the A;’s and A;’s.
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Cycle (iq jp ke) i j k Net Voltage
Ao 0 D% 0 5%
A 3 1’ (p—3) 1/
A, 20+1) (20—1Y (p—20—1Y (20— 1)
A -2 -ty ¥ (v — 4y
A p—1 P 3 &
Apos o A (p—2) A
A, 20+1)Y (20+3) (p—20—1)Y  (20+3)
AV (p=35)" (—=3) o (p—3)
Ap-s (p=3) (-2 1 (p—4)
Ap (r—1) v (p—1) (p—2)

Table II1.1: Required 3-cycles of the form A = (i, jj k), where h =

p=1
5

Cycle (ic jp ko) ) j k Net Voltage

Ao 0 (p—1) p—1 2/

Ay it (p—3) o o

A 3 (p—>5) (p—>5) 7

Ay 20—1Y (p—20—1) (p—20—1) (20+3)
Ap_s (p—6) 4! 4’ (p—2)
Ap_q (p—4) (p—4) 2/ 6’

Ay, (p—2) (p—6) (p—2) 10’
Apia o p—1 0 1
Apio 2’ (p—8) (p—4) 10/

Ay (20—-1) (p—2¢=5) (p—20—-1) (20+7)
Aps (p—7) i 5 i
Ap_s (p—>5) (p—2) 3 4
Apoy (p—3) o 1 o

Table I11.2: Required 3-cycles of the form A = (i, jj k,), where h =
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Lemma IIL.8.6. Let p > 11. The partial rotations determined by the A;’s and A;’s consist

of the following paths with the given endpoints. FEach path is again labeled for future reference.

a: Pi=[p—1).(p-1)]
P =1, - 0]
P =10, 1, (p—3),)

b: PQB—[(p 1)y 0a 2]
=[p—3)q -+ 0]
PaB =[(p = 1); 0, 1]

PP =[(p—1), (p—1)a 2]

c: Py=[2 - (p—1)]
Pf =12, 0. (p—1)}]
Pg =107 (p— 1))

Proof. For the rotation around a, observe that the families {A, | 1 < ¢ < h — 1} and

{A¢| h+2 < {<p— 3} yield the partial rotations

Qu=1[p—=5)c5, (p—=T7). 7o (p—=9). 94 (p—4)5 2 (p — 2)a
Q2 = [(p—3). 3]

and the families {A, | h+1 < ¢ <p—3} and {A; | 2 < ¢ < h—2} yield the partial rotations
Qs =1[(p—4).4, (p—6). 6, (p—8). 8, (p—T7) 5 (p—5)s 3]

Qs = [(p—2) 2]

By considering the remaining 3-cycles — namely Ay, Ay, Ao, Ap_1, Ao, A1, Apy, Ap,

Api1, Ap—o and A,_;, where h = Tl — we learn that the partial rotations around a are the
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following.

P =[(p—1).(p—1)]
Pl =[1,(p—3)]Q2[3, (p—5).] Q1 [(p—2), (p—2).] Qs [2, (p—4).] Qs [3, (p — 1)a 0 0, O]
P =10, 1, (p—3),]

For the rotation around b, observe that the families {A, | 1 < ¢ < h—1} and {A; | h+2 <

¢ < p — 3} yield the partial rotations

Ry =1[3,1,5,3, 7,5, (p—6), (p—8), (p—4), (p—6)3)
Ry=[(p—2), (p—4))

and the families {A, | h+1 < /¢ <p—3} and {A;| 2 < ¢ < h— 2} yield the partial rotation

Ry = [2, 43 4, 63, 6, 8-+ (p = 7)g (p = 5), (0 = 5)a (p = 3)3).

By considering the remaining A and A cycles, we learn that the partial rotations around b

are the following.

PP =[(p— 1) 04 2]

PP =[(p—3), (p—2), 3] R [(p—6); (p—2),] B2 [(p—4), 2] Rz (p — 3);0,]
PP =p—1), 0, 1]

P =[(p—1) (p—1)a 2]

For the rotation around ¢, we consider two cases. If p = 1 (mod 4), then h is even.
Observe that the families {A, |1 </ < h—1} and {A; | h+2 < ¢ < p— 3} yield the partial

rotations

Si=[p—4),2.(p—8), 6. (p—12), 10,---5, (p — 7). 1, (p — 3).]
Sy =1[(p—6),4. (p—10), 8 (p—14),12,--- 7, (p —9). 3} (p — 5).]

78



and the families {A, | h+1 < ¢ <p—3} and {A; | 2 < ¢ < h—2} yield the partial rotations

Ss=1[(p—3),5.(p—7), 9. (p—11); 13..--- 10, (p — 8).. 6, (p — 4).]
Se=1[3.(p—=5), 7. (p—9), 11, (p — 13);--- 8, (p — 6). 4, (p — 2)L].

By considering the remaining A and A cycles, we learn that the partial rotations around ¢

are the following.

Py = [2,3]S:[(p—2). (p—6)3] Sz [(p—5). (p—2); 1. (p — 3)] Ss
[(p—4). (p—4)3) S1 [(p—3). 0 (p—1).]
Pf = (2,0, (p—1);]

Pg = [0, (p— 1))

On the other hand, if p = 3 (mod 4), then h is odd. Observe that the families {A, | 1 <

¢ <h—1}and {A;| h+2 < {<p—3} yield the partial rotations
S1=1p—4) 2 (p—8), 6, (p—12), 10¢--- 7 (p = 9);. 3, (p — 5)c]
Sy = [(p = 6) 4. (p = 10);, 8. (p = 14)5 12;--- 5, (p = 7). 13 (p = 3)¢]

and the families {Ay | h4+1 < ¢ <p—3}and {Ay | 2 < ¢ < h—2} yield the partial rotations
Sz =[(p=3)5 (P =T 9. (p = 11); 13¢--- 8 (p — 6); 4; (p — 2)]
Sa=[3.(p=5), 7 (p—9), 117 (p — 13)3- - 104 (p — 8). 6, (p — 4)c].

By considering the remaining A and A cycles, we learn that the partial rotations around c

are the following.

Py = (23] Sa[(p—4) (p— 4] Su [(p = 5)e (p = 2);, 1 (p = 3)3] s
[(p = 2) (p = 6)3] Sz [(p = 3). 0 (p — 1))
Pf = (2,0 (p— 1))

Py = [0, (p— 1))
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]

By concatenating the paths representing the partial rotations given by Lemmas II1.8.5
and II1.8.6, we get the following cycles which, as we will see later, represent the complete

rotation graphs around the vertices a, b and c.

Lemma II1.8.7. Let p > 5 be prime. The following are cycles of length 4p.

Ra: (PA PA PA PA PA )
Re: (PP P P} PP PP PP PP PE)
Re: (P B¢ B¢ PE PE FY)

Proof. By concatenating the corresponding paths, it is clear that R, is a closed walk. More-
over, each of the 2p edges from a to b and each of the 2p edges from ¢ to a appears either
exactly once in the interior of one of the partial rotation paths, or appears as the endpoint
of two different partial rotation paths. Therefore each edge appears exactly once in R,, so

R, is a cycle of length 4p. Similar arguments apply for both R, and R.. [

We are now able to construct hamilton cycle embeddings of K, ,, , whenever n = 2p for

a prime p.

Theorem IIL.8.8. Let p > 11 be prime. The embedding given by the faces 2, Ay, ..., Ap_1,
Ao, ..., Ap_1 is an orientable voltage graph embedding whose derived embedding is an orientable

hamilton cycle embedding of Kap op op-

Proof. From the way the faces 0, Ay, ..., Ap_1, Ao, ..., A,_1 were constructed, we know each
edge is used once as e and once as €; thus, the embedding given by these faces is orientable.
Moreover, the rotation graphs that we obtain from these faces are given by Lemma III.8.7.
Since R,, R, and R, consist of a single cycle, our voltage graph is embedded in some orientable
surface. It follows that the derived embedding is an orientable embedding of Ky, 2, 2,; thus, it

remains to show that the boundary of every face is a hamilton cycle. From Lemma II1.8.4 we
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Cycle (iq jo k) ¢ j k Net Voltage | Cycle (i, jo ko) @ j k Net Voltage
Ao 0 2 0 % Ao 0 4 4 3
Ay 3 1 2 1 Ay 1 o 2/
p=5 A, 4 2 3 A Ay 3 3 3 &
As 23 1 1 As 0 4 0 4
Ay 4 o 4 3 Ay 20 v 3
JAY) 0 2 0 2/ Ao 0 6 6 5
Ay 31 4 1 Ay 7 4 o 5
Ao 5 3 2 3 Ay 3 3 2 1
p=7 As 6 2 3 A As 5 1 5 &
Ay 2 45 4 Ay 0 6 0 6’
As A 3 As 2 5 3 3
Ag 6 0 6 5 Ag 40 v 5

Table II1.3: Required 3-cycles for p =5 and 7.

know (2 yields 2p hamilton cycles in the derived embedding. To show that all of the 3-cycles
yield hamilton cycles, we use the isomorphism from Z, x Zy to Zs, induced by mapping the
generator 1’ to 1. Under this mapping, Lemma III.8.1 implies that it suffices to show |A,]|
and |A;| are of order 2p in the group Z, x Z,. This is true as long as |A;| = 2" and |[A;| = ¢/
for some x,y € Z, \ {0}. From Tables III.1 and II1.2 this condition is satisfied, so all of the
3-cycles yield hamilton cycles as well. Thus, the derived embedding from the voltage graph

given by Q, Ay, ..., Ap_1, Ay, ..., Ap—1 is a hamilton cycle embedding of Ky, 2y 2, n
The following lemma covers the remaining cases p =5 and p = 7.

Lemma I11.8.9. Forp =15 or 7, there exists a voltage graph such that the derived embedding

is an orientable hamilton cycle embedding of Kapopop-

Proof. The construction uses (2 together with the 3-cycles shown in Table II1.3. The resulting

rotations for p = 5 are

a: (040,01, 2 3,14 1e 2, 40 3, 2,4, 4, 1/, 2,3 3] 4, 0,)
b: (0p1q 4y 042 2, 33, 1404 3, 4L 05 1, 4 44 2, 34 15 2,)
¢ (0. 45 0L 4y 1, 15 20 3y 3¢ Op 4 2 3, 35 1115 2, 05 4% 2})
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and for p =7 are

a: (0,0.0,1 4 5.1, 30 2 1, 34 6, 4q 4e 5 2, 6. 6, 1, 4 3!

a ~c a2;5;5/c2g3/06!100)
b (0 1g 4y 54 1y 24 5y 6, 0 1 6} 6, 2 34 65 04 2, 4" 55 3. 15 5 35 2 41 0 3, 4,)

C: (Oc 62 OIC 6b 6C 3b 5C Ob 4C 4b 3C 1b 26 5b 1c 2() 3; 32 22 52 1/C 42 52 12 4’6 02 6’6 2;])

II1.9 Orientable results

Combining the latin square construction with the voltage graph construction, we can prove

Theorem 1.4.2, which we restate.

Theorem 1.4.2. There exists an orientable hamilton cycle embedding of K, ., for alln > 1,

n # 2. Moreover, at least one face in this embedding is bounded by an ABC' cycle.

Proof. If n is odd, then the desired embedding is given by Theorem I11.2.4. If n = 0 or 4
(mod 8) with n > 8, apply Theorem II1.7.2 or II1.7.3, respectively, to get a ce-hamiltonian
latin square that has a 1-partition. The desired embedding follows from Corollary I11.2.3. If
n = 2m for some nonprime odd m, m > 1, then we can write n = 2pq, where p and ¢ are
odd, ¢ is prime, and p > ¢ > 3. Apply Theorem II1.6.3 to get a ce-hamiltonian latin square
that has a 1-partition. Again, the desired embedding follows from Corollary I11.2.3. If n =4
or 6, then the desired embedding is given by Lemma II1.8.2. If n = 10 or 14, the desired
embedding is given by Lemma II1.8.9. Finally, if n = 2p for a prime p > 11, the desired

embedding is given by Theorem III.8.8. Il
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CHAPTER IV

APPLICATIONS TO GENUS CALCULATIONS

V.1 Genus of some joins of edgeless graphs with complete graphs

This section is an extension of the work of Ellingham and Stephens in [13]. We start by
presenting two useful lemmas, which are Lemma 4.1 and Lemma 2.2, respectively, in [13].
We note here that Lemma IV.1.2 was proved using the diamond sum technique described

briefly in Section [.2.4.

Lemma IV.1.1. Let G be an m-regular simple graph on n wvertices, with m > 2. The

following are equivalent.
(1) G has an orientable hamilton cycle embedding.
(2) K,, + G has an orientable triangulation.
(3) 9(Km+ G) = g(Kinn) and 4 | (m —2)(n —2).

Lemma IV.1.2. Let n > 1 and m > n — 1 be integers. If g(K,, + K,,) = g(K,nn) and

41 (m—2)(n—2), then g(K,w + K,,) = g(Ky ) for allm' > m.

Using the first lemma, we can determine the genus of K,,_; + K, from orientable hamilton
cycle embeddings of K,,. Using the second lemma, we can extend this result to K, + K,
for all m > n — 1. To that end, we present a recursive construction for orientable hamilton
cycle embeddings of complete graphs. Our construction is a slight extension of the following

result.

Theorem IV.1.3 (Ellingham and Stephens, Theorem 4.3 [13]). Suppose n =2 (mod
4) and n > 6. If K, has an orientable hamilton cycle embedding, then Ko, o also has an

ortentable hamilton cycle embedding.
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Figure IV.1: Rotations and faces for hamilton cycle embedding of K.

Instead of a recursive construction that roughly doubles the number of vertices, we will
take an existing orientable hamilton cycle embedding of K, and produce an orientable hamil-

ton cycle embedding of K3,,_3.

Theorem IV.1.4. Supposen > 4 and K,, has an orientable hamilton cycle embedding. Then

K3, 3 also has an orientable hamilton cycle embedding.

Proof. Suppose K, has an orientable hamilton cycle embedding, and provide each vertex
with a clockwise rotation. This induces a counterclockwise direction on the boundary of
each face.

Take one copy of the embedding, which we will denote by G,, and label any vertex a.
Label the remaining vertices ag, ay, ..., a,_s in clockwise order as they appear in the rotation
around a.,. For each i € Z, 1, let A; denote the face that follows the path a;a..a;11 as it
passes through a.,. Let G, = G, — a be the graph on vertex set V, = {a; | i € Z,,_1}
obtained by removing a., and all of its incident edges from G,. Each face A; now corresponds
to a directed path from a;41 to a; in G,. This rotation scheme and the resulting paths can
be seen in Figure IV.1. We take another copy of the embedding of K, and construct the
graph G} on vertex set V, = {b; | i € Z,_1} in an identical manner, replacing each a; and
A; with b; and B;, respectively. We take a third copy of the embedding of K,, and construct
the graph G’ on vertex set V. = {¢; | ¢ € Z,_1} in a similar manner, only the vertices

are labeled cg, ¢,_2,¢n_3, ..., Co, 1 in clockwise order as they appear in the rotation around
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Coo. The resulting C! is now a directed path from ¢; to ¢;1;. This rotation scheme and the
resulting paths can also be seen in Figure IV.1.

Let F,, be the directed cycle (c,_2bn—2an—2Cn—3bn_3an_3 - - - c1biaicoboag), and let ., be
the underlying undirected cycle. For each i € Z,,_1, let F; be the directed cycle A, U B_, U
C!_ U{a;b;, bi_1¢;—1, c;a; 41 }. These new directed edges a;b;, b;—1¢;—1 and ¢;a;41 are the reverse
of edges in F,. Therefore, the collection F = {F; | i € Z,_1}U{F} covers every edge of the
graph H; = G, UG, UG, U F,, (on vertex set V, UV, UV,) once in each direction. It is clear
from construction that every face is actually a hamilton cycle in Hy; we claim the collection
F determines an orientable hamilton cycle embedding of H;. To do so, it suffices to show
that the rotation around each vertex is a single cycle. We will prove this for an arbitrary
vertex a;. Assume the rotation around a; in G, is given by the cycle (aoc@r(1)@r(2) - - * Ar(n—2))-
This rotation stays the same except for the subsequence (- - Oy (n—2)Uoolr(1) " * * ). Instead of
the paths ar(,—2)0i0o and asa;ar(1y appearing in the cycles A; and A;_;, respectively, we
have the paths ar(,—2)a;b; in Fj, bja;c;_1 in Fi, and ¢;_1a;a-(1) in F;_;. Thus, the rotation
around a; in H; is given by (bici,law(l)aw(g) cee aﬁ(n,g)), which is a single cycle. An analogous
argument works for the rotations around b; and c¢;, so our claim is correct.

By Theorem 1.4.2, there exists a hamilton cycle embedding of Hy = K,,_1 ;,—1,-1 With at
least one ABC face, call it D. We can label the vertices of Hs so that D is the reverse of
F; this forces V,, V;,, and V. to be the tripartition of Hj.

Delete the interior of the face F, in H; to get an embedding with boundary curve F.
Also delete the interior of the face D in H, to get another embedding with boundary curve
F.. The two embeddings share no edges except those in Fi, so we can glue them together
by identifying their boundary curves. The result is an orientable embedding of H; U Hy such
that every face is a hamilton cycle on V, UV, UV,. Since G,, G}, and G, are complete graphs
on V,, V, and V,, respectively, and Hs is the complete tripartite graph with independent sets
V., Vi and V.., Hy U Hy is simply the complete graph on vertex set V, UV, U V.. Therefore,

we have an orientable hamilton cycle embedding of K3, 3. O]
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We apply Theorem IV.1.4 to a family of embeddings obtained in [13]. The following

result is actually a restatement of Theorem 4.4 in that paper.

Theorem IV.1.5 (Ellingham and Stephens [13]). If n = 2P + 2 for some p > 3, then

there exists an orientable hamilton cycle embedding of K,,.

The following theorem presents the first infinite family of values of n congruent to 3
modulo 4 for which the genus of K,, + K, is known for all m > n — 1. Recall that the
condition m > n — 1 allows us to view the embedding of K,, + K,, as an embedding of Kpn

with some edges added to form a complete graph on the partite set of size n.

Theorem IV.1.6. If n = 3(2° + 1) for some p > 3, then (K, + K,) = g(Knn) =

[W-‘ for allm >n— 1.

Proof. We apply Theorem IV.1.4 to an orientable hamilton cycle embedding of Ky, o guar-
anteed by Theorem I'V.1.5 to obtain an orientable hamilton cycle embedding of K,,. Applying

Lemmas IV.1.1 and IV.1.2 yields the desired result. O

One advantage of the tripling construction given by Theorem IV.1.4 over the doubling
construction in [13] is that it can be applied to hamilton cycle embeddings of K, for both
n =2 (mod 4) and n = 3 (mod 4). By a repeated application of this construction to the
hamilton cycle embeddings obtained in Theorem IV.1.6, we obtain Theorem 1.4.3, which

holds for an infinite family that includes values in both modulo classes.

Theorem 1.4.3. If n = 3¢ (2p+ %) + % for some p > 3 and q > 0, then g(K,, + K,) =
9(Kmn) = {W-‘ for allm >mn —1.

Proof. 1f ¢ = 0, then this is equivalent to Theorem IV.1.5. Now for ¢ > 1 and a fixed p, take
the orientable hamilton cycle embedding of K341y found in the proof of Theorem IV.1.6.

The result is obtained by induction on ¢ using Theorem IV.1.4 together with Lemmas IV.1.1
and IV.1.2. n

As mentioned in Section 1.4, this easily extends to the following result.
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Corollary 1.4.4. Let n = 3¢ (2” + %) + % for some p >3 and ¢ > 0. If G is any n-vertex

simple graph, then g(K,, + G) = g(K.,) = {WW for allm >n — 1.
We can further extend these results using the following lemma of [13].

Lemma IV.1.7. If g(K,, + K,,) = g(K,nn) for allm > n—1, then g(K, + Ky 1) = Ky

for allm’ > n.

Corollary IV.1.8. Let n = 34 (2” + %) + % for some p >3 and ¢ > 0. If G is any n-vertex

simple graph, then g(K,, + G) = g(Kynn) = {W-‘ for allm >n—+1.

All of the results in Theorems IV.1.5, IV.1.6 and I1.4.3 and Corollaries 1.4.4 and IV.1.8 were
obtained by repeated applications of the doubling and tripling constructions to an orientable
hamilton cycle embedding of K 10,10. Finding more embeddings to serve as starting points

would greatly increase the usefulness of these recursive constructions.

V.2 Nonorientable genus of some complete quadripartite graphs

Here we develop the connection between hamilton cycle embeddings of K, ,,, and triangu-
lations of Ky, ,n, and utilize the covering triangulations from Section 1.2.5. The following

result is the nonorientable counterpart to Lemma 4.1 in [13].

Lemma IV.2.1. The following are equivalent.
(1) There exists a nonorientable hamilton cycle embedding of G with p faces.
(2) There exists a nonorientable triangulation of K, + G.

Moreover, if either (1) or (2) holds, then G is p-regular.

Lemma IV.2.1 leads to a proof of Theorem 1.4.5, which we restate; here we use the

convention that the nonorientable genus of a planar graph is zero.

Theorem 1.4.5. For alln > 1, §(Kappnnn) = §(Kansn) = (n —1)(3n — 2).
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Proof. K511 is planar, so we will assume n > 2. We know from [39] that §(Ksn3,) =
(n —1)(3n —2). Since Kopsn C Kopnnn, we have §(Kopnnn) > (n—1)(3n — 2). From
Euler’s formula, an embedding that achieves this genus must be a triangulation, so it will
suffice to find a nonorientable triangulation of K, 1 pn-

If n is odd, write n = 3?7%m, where 3,7 t m. If m # 1, then Lemmas II.3.1 and
I1.3.2 imply the existence of a nonorientable hamilton cycle embedding of K, ,, . Lemma
IV.2.1 yields a triangulation of Koy, yn.m.m- Applying Corollary 1.2.12 provides a triangulation
of Ko3pm),3vm,30m,30m, and applying Corollary 1.2.10 gives us the desired triangulation of
Kopnnn If m =1, then we use a nonorientable hamilton cycle embedding of either K33 3 or
K777 from Section I1.2 as our starting point before applying Lemma IV.2.1 and the results
of Section 1.2.5.

If n is even, write n = 2P2m, where m is odd. By Lemma I1.3.3 there exists a nonori-
entable hamilton cycle embedding of Koy, 2m.2m. Lemma IV.2.1 yields a triangulation of
Kim 2m,2m,2m, and applying Corollary 1.2.6 gives us the desired triangulation of Koy, 5 n-

This completes the proof. Il

The construction of the necessary triangulations for n > 2 in the proof of Theorem
[.4.5 completes the proof of Theorem I.4.1. Unfortunately, the hamilton cycle faces in the
embeddings of K, , , obtained from Bouchet’s covering triangulations of Ks,, ,, », are not,
in general, ABC cycles.

The following extension of Theorem 1.4.5 is the application of the diamond sum technique

alluded to in Section 1.2.4.

Corollary 1.4.6. For alln > 1 and all t > 2n, §(Kipnnn) = §(Kisn) = [W—‘

Proof. We know that K;3, C Kinnn, and from [39] we know §(K;3,) = [W%ﬂ-‘,
so §(Kinnn) > [ww We now apply the diamond sum construction to nonori-

entable minimum genus embeddings of Ky, nn and K;_9,493,. By Theorem 1.4.5 we know

G(Konnnn) = (n—1)(3n—2), and again by [39] we know §(K;—2n123n) = [%2(3”_2)} Via
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the diamond sum construction, we learn that §(K;,n.) < (n—1)(3n—2)+ {%(3”_2)—‘ =

[w-‘ , and the result follows. -

Remark 1V.2.2. Corollary 1.4.6 implies that for any graph G satisfying K3, € G C Ky
and for all t > 2n, the nonorientable genus of K; + G is the same as the nonorientable genus
of K 3y,. In other words, §(E—I— G) = {w—‘ . Moreover, in the special case t = 2n, we
also get (G + H) = (n — 1)(3n — 2) for graphs G and H satisfying K3, C G C Ky, and

K2n g H g Kn,n-

V.3 Orientable genus of some complete quadripartite graphs

We again use the connection between hamilton cycle embeddings of K, ,, , and triangulations
of Koy pnnn to determine the orientable genus of some quadripartite graphs. The following

result is a slight restatement of Lemma 4.1 in [13].
Lemma IV.3.1. The following are equivalent.
(1) There exists an orientable hamilton cycle embedding of G with p faces.
(2) There exists an orientable triangulation of K, + G.
Moreover, if either (1) or (2) holds, then G is p-regular.
Lemma IV.3.1 leads to a proof of Theorem 1.4.7, which we restate.

Theorem 1.4.7. For alln # 2, ¢(Kannnn) = §(Kansn) = [Wl)gﬂ-‘

Proof. We know from [38] that g(Ka,3,) = [ww Since Koy 3, C Koppnn, we have

9(Konnnn) > [w-‘ From Euler’s formula, an embedding that achieves this genus

must be a triangulation, so it will suffice to find an orientable triangulation of Koy, j . By
Theorem I.4.2 there exists an orientable hamilton cycle embedding of K, ,, ,,, and the desired

triangulation follows from Lemma IV.3.1. O]
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G, G,

Figure IV.2: Voltage graphs for embeddings ¥; and V3.

We would like to extend this theorem using the diamond sum in a manner similar to
our extension of Theorem [.4.5 in the previous section. Before we can do that, however,
we must address the case when n = 2. Because there is no orientable hamilton cycle

embedding of K55, no triangulation of /K429 5 exists either; thus, contrary to expectations,

2
g(K5,2,2,2) = [W-‘ = 3.

Let ¥, : K33 — S; be the embedding of K33 with three hamilton cycle faces Cy, € and

9(Ky222) > [w—‘ = 2. To perform the diamond sum operation, we need to show that

(U5 that is derived from the voltage graph (G; with voltage group Zs that is shown in Figure
IV.2. By placing a new vertex ¢; in the center of each hamilton cycle face C; and placing
an edge between ¢; and each vertex in C; in the natural way, for i € {0, 1,2}, we obtain a
triangulation Wy : K333 <— S;. We can assume without loss of generality that the rotation
graph around ag is given by the cycle (bocobicibaca).

Now let U5 : K44 — Sy be the embedding of K, with two hamilton cycle faces Fj
and F| (derived from Fy and F} in Figure IV.2, respectively) and four 4-cycle faces that is
derived from the voltage graph G5 with voltage group Z,4 that is shown in Figure IV.2. By
placing a new vertex f; in the center of each hamilton cycle face F! and placing an edge
between f; and each vertex in F} in the natural way, for i € {0, 1}, we obtain an embedding
Uy K49 — Sy The rotation graph around dy is given by the cycle (eq foeiesfiez).

We now form the diamond sum of ¥y and W, by removing the vertex ay and its neigh-
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bo=e; co=/1

c2=ep bi=e;3

by=fy ci=ej

H

Figure IV.3: Graph K that arises from diamond sum operation.

borhood from Wy, removing the vertex dy and its neighborhood from ¥y, and identifying
the vertices around the boundaries of the holes as shown in Figure IV.3. Doing so yields
an embedding K5 + H < S3, where V(K5) = {a1, as,d1,dy, ds} and H is the graph shown
in Figure IV.3. Note that H = Kj51; thus, we have an embedding of K521 in the ori-
entable surface S3. Since K56 C K522 C Ks52211, we know 3 = g(K56) < g(K5222) < 3,
as required.

We are now able to extend Theorem 1.4.7 using the application of the diamond sum

technique alluded to in Section 1.2.4.

Corollary 1.4.8. For alln > 1 and allt > 2n, except (n,t) = (2,4), 9(Ktpnnn) = 9(Ki3n) =

[w-‘ Also, g(K4222) = 3.

Proof. We know that K3, C Kinnn, and from [38] we know ¢(K;s3,) = ’V(t72)(437172)-‘7

s0 9(Kipnnn) > [ww If n # 2, we apply the diamond sum construction to ori-

entable minimum genus embeddings of Ky, nn and K;_9,493,. By Theorem 1.4.7 we know
9(Kannnn) = {m_l)éﬁ—‘, and again by [38] we know ¢(K;—on123n) = {w—‘ Via
the diamond sum construction, we learn that g(K¢pn,) < {w—‘ + {w—‘ =
[%ﬂ-‘, and the result follows. If n = 2, we apply the diamond sum construction
to orientable minimum genus embeddings of K520 and K;_36. As mentioned before,

g(K47272’2) > 27 because K47272,2 C K572’2727 we kHOW g<K4,27272) S g(K57272’2) = 3 as WGH,
SO g(K472,272) = 3. O
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Remark 1V.3.2. Corollary 1.4.8 implies that for all n > 1 and all t > 2n, except (n,t) = (2,4),

and for any graph G satisfying K3, C G C K, ,, ,, the genus of K, + G is the same as the

genus of K, 3,. In other words, (K, +G) = {%43"_2)—‘ Ifn=2and K¢ C G C Ky,
then g(K; + G) € {2,3}. Moreover, in the special case t = 2n and n # 2, we also get
g(G+H)= {(”_l)gﬁ—‘ for graphs G and H satisfying K3, C G C Ky, ,, and Ky, C H C

Ko
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CHAPTER V

FUTURE RESEARCH

The topics in this thesis open the door to several future research endeavors. While
progress was made on some difficult genus problems, there are still open cases to consider.
Several of the concepts for latin squares introduced in this paper can be used to generalize
some known results. Moreover, the constructions presented in these pages are often very

flexible and could potentially be applied to solve other problems.

V.1 Genus of join graphs

The genus of the join graph K,, + G, where |[V(G)| = n and m > n — 1, has only been
determined for a few infinite, yet sparse, families of n. If n = 2 or 3 (mod 4), then this
problem is equivalent to constructing orientable hamilton cycle embeddings of the complete
graph K. The tripling construction given in Chapter IV can be applied to any hamilton
cycle embedding of K,,. If we were to find more families of embeddings to serve as building
blocks, this would greatly enhance the power of this construction. Of the 12 residual classes
that need to be resolved modulo 24, the doubling and tripling constructions imply only 6 of

these are needed, as shown in the following result.

Proposition V.1.1. Suppose there exists an orientable hamilton cycle embedding of Kis
and of K,, for allmn > 11 such that n = 7,11,14,19,22 or 23 (mod 24). Then there exists an

orientable hamilton cycle embedding of K,, for alln =2 or 3 (mod 4), n & {2,6,7}.

Proof. There is trivially no such embedding when n = 2, and Jungerman [30] showed that
there are no orientable hamilton cycle embeddings of K4 or K7. We show how to cover the
remaining residual classes, proceeding by induction on n. The graph K3 has an obvious
hamilton cycle embedding in the sphere, and we know such an embedding exists for Ky

from Theorem IV.1.5, so the proposition holds for n < 10.
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Assume the proposition holds for all n’ < n, where n = 2 or 3 (mod 4) and n > 11.
If n =7,11,14,19,22 or 23 (mod 24), then an orientable hamilton cycle embedding of K,
exists by assumption. If n = 2,3,6,10,15 or 18 (mod 24), then either n = 2 (mod 8), or
n=3or 6 (mod 12).

Suppose first that n = 2 (mod 8), so n > 18. Then n = 8p + 2 = 2(4p + 2) — 2, where
4p+2 > 10. By induction Ky,12 has the required embedding, so by Theorem IV.1.3 K, has
the required embedding as well.

Suppose now that n = 3 (mod 12). The required embedding exists for n = 15 by
assumption, so we may suppose that n > 27. Then n = 12p + 3 = 3(4p + 2) — 3, where
4p+2 > 10. By induction Ky, has the required embedding, so by Theorem 1V.1.4 K, has
the required embedding as well.

Finally, suppose that n = 6 (mod 12). Since n = 18 is covered by the case of n = 2 (mod
8), we may assume that n > 30. Then n = 12p + 6 = 3(4dp + 3) — 3, where 4p + 3 > 11.
By induction K443 has the required embedding, so by Theorem IV.1.4 K, has the required

embedding as well, and the proof is complete. Il

Therefore, we will seek alternative methods for building orientable hamilton cycle em-
beddings of complete graphs for the values specified in Proposition V.1.1. Along with new
construction methods, a better understanding of applications of the doubling and tripling
construction is desired. From any value n for which an orientable hamilton cycle embedding
of K, is known to exist, we can construct an infinite set of values T'(n) such that an orientable
hamilton cycle embedding of K, exists for all m € T'(n). The set is constructed recursively
as follows: for any value m € T'(n), if m = 2 (mod 4), then 2m — 2 and 3m — 3 are also in
T'(n) by virtue of the doubling construction given in [13] and the tripling construction given
by Theorem IV.1.4, respectively; if m = 3 (mod 4), then only 3m — 3 is also in 7'(n). A tree
depicting several values in T'(10) and how they were obtained is shown in Figure V.1. An
edge labeled by d represents a link formed by virtue of the doubling construction, while an

edge labeled ¢ represents a link formed by virtue of the tripling construction.
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Figure V.1: A tree showing m € T'(10) with m < 500.
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We want to determine how many of the possible values m for which an orientable hamilton

cycle embedding of K, could possibly exist that are covered by a given T'(n). Let X C Z,

and define the nth partial density of X to be

_]{x€X|x§n}|
n n

PD(X,n)

and the density of X to be
p(X) = lim PD(X n).

n—oo

From Figure V.1 we learn that

= S = 0.080

12
= 12— 0.060

300

— 18 _
= B = 0045

)
)
00) = 48 ~ 0.053
)
)

- 20 _
= 20— 0.040.
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We would like to find an n such that p(7'(n)) > 0 for any n, but evidence suggests this is

not possible.
Conjecture V.1.2. p(T'(n)) =0 for every integer n.

If Conjecture V.1.2 is true, then we would like to find a set N of zero density such that

p <U T(n)> > 0.

neN

V.2 Properties of latin squares

With the generalization of Euler’s ¢-step type latin square that was given in Section 1.3, we
would like to determine conditions on L such that generalizations of Theorem 1.3.6 or 1.3.7
hold true for a ¢-step type latin square based on L. In particular neither theorem is true for
all L, because the square K¢ [ Z3 constructed in Lemma II1.6.2 has m = 3 and n = 6 yet
has a 1-partition.

While we were able to obtain orientable hamilton cycle embeddings of K, ,, for all
possible values of n, some of these were obtained using voltage graph constructions. For the
case n = 10, the following ce-hamiltonian latin square with a 1-partition yields an O2HC-

embedding of KlO,lO,lO-

Example V.2.1. The following latin square L, found by a computer search on data collected
by McKay [34] and manipulated using the sum composition method of Hedayat and Seiden

[28], meets the conditions of Corollary I11.2.3 with p = 1 and provides an orientable hamilton
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cycle embedding of Kig1010; L' provides the 1-partition.

4 275369081 01234567289
346 08971235 5 6 1 4038297
6 94217350 8 489517260 3
9823714650 7561943028
[ 170495286 3 U 8 05 72149 36
8 59 7401236 1406895372
76 89540312 3749521860
2316085479 2978360145
0158236794 6 382709514
50316 28947 9230687451

We believe that such a latin square exists for all n = 2p, where p > 5 is prime, and
we plan to conduct a further analysis of the sum composition method to see if it can be

extended to all such values.

Conjecture V.2.2. If n = 2p for a prime p > 5, then there exists a ce-hamiltonian latin

square of order n with a I1-partition.

V.3 Enumeration results

A promising research direction offered by the results of this thesis is the enumeration of some
special structures. In particular, the following property of ce-hamiltonian latin squares could

prove to be very useful.

Proposition V.3.1. If L is ce-hamiltonian, then L is conjugate to a square L. that is

cr-hamiltonian.
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Proof. 1f L is ce-hamiltonian, then the induced pair graph Gp for

Py ={(C(L,j,0),C(L, j,t —1))|j € Zy} for all £ € Zy,

is a hamilton cycle. Put another way, the permutation given by

C(L,0,0) c(L,1,6) - C(Lin—1,0)
C(L,0,(—1) C(L,1,6—1) --- C(Lyn—1,0-1)

Ty =

consists of a single cycle of length n for each ¢ € Z,. We form the conjugate square L. by
permuting the roles of the rows, columns and entries in L. Specifically, we map the row ¢ in
L to the column ¢ in L., the column j in L to the entry 7 in L., and the entry k£ in L to the

row k in L.. Applying this map, we obtain

C(L,0,0) c(L,1,0) -~  C(L,n-1,0)
. C(L,0,1) cr,1,1) - C(L,n—1,1)
C(L,0,n—1) C(L,1,n—1) --- C(L,n—1,n-1)

It is clear that any two consecutive rows ¢ and ¢ + 1 yield the permutation 7ri_+11, which is a

single cycle of length n. Thus, the square L. is cr-hamiltonian. O]

Theorem 1.3.12 tells us that any cr-hamiltonian square has a biembedding with a copy of
itself. Since the flexibility of the latin square construction in Chapter III allows us to build
many ce-hamiltonian latin squares (thus, cr-hamiltonian latin squares), we may obtain many
nonisomorphic triangulations of complete tripartite graphs. Using this connection, we might
be able to extend the results of Grannell, Griggs and Knor [17, 24] concerning lower bounds
on the number of nonisomorphic orientable triangulations of K, , , and K,,. Moreover, the
step product construction may also allow for the creation of many nonisomorphic pairs of

orthogonal latin squares, which would improve the known lower bound on the number of
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such squares of each order. Enumeration attempts could also be made in the nonorientable

case using the slope sequence construction.
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APPENDIX A

EXAMPLE OF THEOREM I11.7.3

In this appendix, we construct the latin square Ji» and show how we obtain the 1-
partition guaranteed by Theorem II1.7.3. We will address each 2-plex in Zg and the resulting
transversals in Jio separately. Recall that X is the 6 x 6 matrix of all 0’s except that the

final row is given by

101010,

and Jy5 is the step product

0O 6|1 7,2 8|3 9|4 105 11

2 813 914 105 110 6|1 7

Jio = L Lx Zo =

3110 411 5|6 O |7 1|8 2

10 411 5,6 O|7 1|8 2|9 3

11 510 6|7 112 819 3|4 10

5 116 0|1 7|8 2|3 910 4
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We start with the 2-plex S labeled with 7, 7 as shown below:

which yields the underlined transversal Tj o in J;2 marked by the superscript a below:

J12 =

000 111 2 3 4 5
1 2 3%0 4 540
2 3 4 500 o 110
S = :
801 410 5 0 1 2
4 5 001 1 2bl 3
5 0 1 201 3 it

4&

We now give the underlined transversal Tj; in Jj; marked by the superscript b below;

note that all of the entries are obtained by shifting the a transversal across the row of its
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corresponding size-2 subsquare:

J12 =

0* 6"

1(1

3&

11¢

7CL

9(1

10¢

6CL

2(1

8a

10°

4(1

The next 2-plex to consider is S + 2; the unlabeled version is shown below:

0o 1 2% 3" 4 5

2 3 4 50 0

2 37 4 5 0 17
S+2=

3 4 5 00 1 2

45 0 1 2 3

5 0 1 2 3 4~

The 2-plex S+ 2 together with m and 7 yields the underlined transversals Ty o +2 and Tp ; +2

shown below in Jis marked by the superscripts ¢ and d, respectively. Note that ¢ and d are
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obtained by shifting the transversals a and b, respectively, four cells to the right:

0* 6 2¢ 8¢
™ol 9* 3¢
3¢ 9 5° 117
7¢ 14 11¢ 5b
54 11° 1c 7
9¢ 3_d 7a b
J12:
30 9 54 11°
10 4° 6° 04
0* 6 2?7 8
1_0d 4¢ gb 9a
20 g 4% 10°
67 0° 10°  4¢

The final shift of S to consider is S + 4; the unlabeled version is shown below:

o 1 2 3 4 5

2 8 4 5 0

2 37 4 57 0 1
S+4=

3 4 5 0 17 2

4 5 0 1 2 3

5 0 1 20 3 4

The 2-plex S'+4 together with m and 7 yields the underlined transversals Ty o +4 and Tj ; +4

shown below in Ji marked by the superscripts e and f, respectively. Note that e and f are
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again obtained by shifting the transversals ¢ and d, respectively, four cells to the right:

J12 =

So far we have found 6 transversals in Ji5; the remaining transversals come from shifts

0 6 2¢ &4 4¢ 10
710 94 3¢ 1/ 5
¢ 7 3¢ 9 5¢ 114
¢ 14 9¢ 3/ 11 5°
3¢ 9/ 57 11 e 7
9¢ 34 11c 5/ 7 1°
3 9e 5 11¢ 1 e
10¢ 4° 6 04 8 2f
4 10° 0® 6 2¢ 8¢
10¢  4¢ 6 0° g 20
of 6° 2t ge 44 10°
64 0° 8 2¢ 100 4

of S’. The 2-plex S’ labeled with 7, 7 is shown below:

0
1
21,0
3

10,0
2
3

40,1

21,1
3
4

51,0

104

3

40,0
5)




which yields the underlined transversal Tj , in Ji2 marked by the superscript g below:

0* 6° | 19 DAL 4¢ 107
7 o1e 29 | 94 3¢ 11/ 5¢
¢ 7/ 3@ 9% | 49 5¢ 114
¢ 14 9¢ 3f 11¢ 5 | 69
3¢ 9f 5¢  11°| 0¢ 1 7
89 9¢ 34 11¢ 5/ 7¢ 1
J12 =
3t 9e 109 | 5% 11° o7
10¢ 4% | 119 6 04 g 2f
47 10° 0> 62 79| 20 g
104 4¢ 6/ 0° g 20 39
59 | of  6° 20 g 4% 10¢
64 0° g/ 2¢ 99 | 10° 4¢

We now give the underlined transversal T, in Ji» marked by the superscript i below;

note that all of the entries are obtained by shifting the g transversal across the row of its
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corresponding size-2 subsquare:

0° 6> |19 7|20 & 4¢ 107
70 12| gh 29| 9 3¢ 11/ 5¢
17/ 3@ 9 |49 10" | 5¢ 114
¢ 14 9¢ 3/ 11 50 | 69 0"
3¢ 9f 5¢ 110 09 6t | 1¢ 7
g 2h | 9c 3¢ 11¢ 5/ 7e 1°
J12 =
3 9e | 4 109| 54 11° oo
10 4° 119 5" | 6¢ 04 g 2f
47 10¢ 0 6% | 1" 79| 2¢ 8
107 4¢ 67 0° g 20 | 9t 39
1" 59 | of 6° 2 g 44 10¢
64 0° & 2¢ | 3" 99 | 10b 40

The next 2-plex to consider is 7"+ 2; the unlabeled version is shown below:

0 1 2 8 4* 5
1 2 3 4 5 ¢
2 3 4+ 5 0 1
T+2=

3 4 5 0% 1* 2
4 5 0 1 2 g

50 1 2 3 4

The 2-plex T'+2 together with 7 and 7 yields the underlined transversals Tf , +2 and Tj ; +2

shown below in Ji5 marked by the superscripts ¢ and j, respectively. Note that ¢ and j are
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obtained by shifting the transversals g and h, respectively, four cells to the right:

0@ 6> |19 Th 20 g4 3 9|4 10/

70 12| 8 20| 9 3¢ |10 4 |11f B¢

17/ 3¢ 9 |49 10h| 5¢ 114] 00 6
7 14 8 20| 9¢ 3 11¢ 5 | 69 0t
2 & | 3 9 5 11| 09 6" | 1¢ T4
g8 2k | 9 394|100 4 |11¢ 5/ 7¢ 10

J12 =

30 9a | 4h 109 5¢ 11¢| ¢ 6 | 1f 7
100 4 [ 119 5% | 6c o | ¢ 19| & 2f

47 10¢ 0w 6|1+ 79|29 8 | 9
104 4¢ 119 5 | 6 o0° g 20 | 9 39
11" 59 0of 6| @ 11| 2 8 47 10¢
5 11t 67 0° & 2¢ | 30 99 | 10b 40

The final 2-plex to consider is 1"+ 4; the unlabeled version is shown below:

0* 1 2 3 4 5
1 2° 3 4* 5 0
2 3 4 5 0° 1
T+4=

$* 4 5 0 1 2

4 5 0 17 2 3

5 0 1 2 58 4

The 2-plex T + 4 together with 7 and 7 yields the final two underlined transversals 7g , + 4
and Tg ; +4 shown below in Ji5 marked by the superscripts k and ¢, respectively. Note that

k and /¢ are again obtained by shifting the transversals ¢ and j, respectively, four cells to the
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right. The complete decomposition of Jio is given below:

J12 =

0 6 | 19 7h |20 8|3 9o |4 10/| 5" 11f
6 o |7 1e |8 2997 3¢ |10 4 |11f 5°
1 7/ |28 8¢ |3+ 9|49 10"| 5¢ 117| 0F 6
7 14 8 20| 9 3|10 4% |11* 5| 69 0O
20 & | 3¢ 9f | 45 10| 5* 11*| 09 6" | 1¢ 74
g8 2k | 9 34 10" 47 |11¢ 5/ | 6F 0 | 7T 1P
3 9 | 4 109 5% 11| 09 68 | 1F e | 2t gk
9k 3¢ |10* 4° {119 5| 6c 0o | 7P 1| 8 2f
47 100 54 11k ob e6* [ 1P 79| 2¢ 8 | Y O
104 4¢ 119 5 |6/ o0°| 78 1k | 8 20| 9h 3¢
11" 59 [ of e6¢ |7 17| 26 8| 9¢ 3k | 49 10°
5 110 64 o0c | 1¢ 7F |8 2¢| 3" 99 | 10° 4o
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